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Abstract

This thesis concerns an inverse problem for time-domain fluorescence diffuse op-
tical tomography (FDOT) reconstructing multiple point targets from the boundary
measured data. The targets are fluorophores. The FDOT process is modeled by two
diffusion equations coupled with the source term in a half-space domain (DE model).
Our measured data are the time-domain data (temporal response function), measured
at some detector points as the temporal response of the fluorescence intensity to an
instantaneous injection of the excitation light from a source point. For a fixed pair of
detector and source points (S-D pair), the time-domain data has a unique time when
the fluorescence intensity reaches its maximum. We call this time the peak time of
time-domain data. Physically, the peak time has three unique advantages: (i) it is
unique, (ii) it is the least noisy data point in time-domain data, (iii) it can reflect the
optical path length distribution. Considering these advantages, the ill-posedness of
the inverse problem and large-scale computation costs, we give a precise mathematical
analysis and propose an efficient reconstruction algorithm as follows.

We start with studying the asymptotic formulae of the solution to the DE model
and its derivative in the case of a single point target. Based on this, we introduce an
approximate peak time satisfying a polynomial function, which agrees very well with
the peak time obtained by the numerical calculation using typical optical parameters.
Then, using approximate peak time and combining it with the bisection method, we
propose a mathematically rigorous bisection reconstruction algorithm to reconstruct
the target. For multiple point targets, we show the asymptotic formulae of the cor-
responding solution and its derivative. By choosing a localized S-D pair, we derive
a localized asymptotic analysis on a specific target and define its approximate peak
time. A localized reconstruction algorithm is proposed under the assumption of well-
separateness to the targets. Finally, we consider the target with a small volume and
extend the bisection reconstruction algorithm to reconstruct its approximate location.

The novelty of this thesis is that we apply asymptotic analysis to derive recon-
struction formulae containing the physical properties of the data. Several numerical
experiments show that our proposed algorithms are efficient, robust and accurate even
for deeply embedded targets.

https://www.math.sci.hokudai.ac.jp/en/
https://www2.sci.hokudai.ac.jp/gs/en
https://www.global.hokudai.ac.jp


ii

Thesis Outline

The time-domain data measured by a pair of source and detect points (S-D pair)
for our FDOT problem has a unique peak time when it reaches its maximum. Con-
cerning the physical properties of the peak time that can reflect the distance between
the targets and the S-D pair, we develop precise asymptotic analyses to introduce ap-
proximate peak times for a single point target and multiple point targets, respectively.
Then, we propose some algorithms to reconstruct the location(s) of the target(s) by
using the peak time as an index.

For the case of single point target, we first introduce a non-dimensional solution
to equally handle the physical parameters inside the solution of the mathematical
model of FDOT. We derive the asymptotic formula of the non-dimensional solution
in Theorem 3.1, which includes the effect of Robin coefficient. In Theorem 3.2, we
derive the asymptotic formula of the time-derivative of the non-dimensional solution
in a specific time interval (see the details in (3.1.17)). Since it is asymptotically
given in the form of cubic polynomial times a non-vanishing function, as in (3.1.19),
we define the approximate peak time as the positive root of the cubic polynomial
equation. It turns out that the approximate peak time has very nice accuracy to
the peak time, numerically. Based on the approximate peak time formula, we derive
the properties (see Theorems 4.2 and 4.3) on the approximate peak time, which are
related to the distance between the target and the S-D pair. By the proposed bisection
reconstruction algorithm as in Chapter 5, the properties of the approximate peak time
will be used to reconstruct the first two coordinates of the location of the target. For
the reconstruction of the depth of the target, we can directly solve the cubic equation
as in (5.1.1) to obtain the depth of the target. This bisection algorithm is not only
rigorous but also numerically effective.

For the multiple point targets case, we can derive the asymptotic formulae of its
solution by using the principle of superposition to the asymptotic formulae of the
single point target case (See Theorem 6.1). The approximate peak time formula is
derived by using a localized S-D pair (See Corollary 6.1). We numerically study the
properties of the peak time and the accuracy of the approximate peak time. After
this, we define the well-separatedness of multiple point targets as in Definition 6.2 and
give a localized reconstruction algorithm to reconstruct the locations of well-separated
multiple point targets. Even though we cannot validate this algorithm theoretically,
this algorithm numerically works well for well-separated multiple point targets.

We would also like to point out the following. For a region in the measurement
surface, we repeat the step of the bisection algorithm only for shrinking the region
of the horizontal location of the target a limited number of times, which gives a
good approximation of its horizontal location. In addition, the whole reconstruction
algorithm is less time-consuming, efficient, potentially robust and accurate for recon-
structing the locations of the deeply embedded targets. We also expand this algorithm
to reconstruct a marker point of the target with a small volume in Chapter 7.

This thesis is organized as follows:

• Chapter 1: We introduce the background of FDOT and the advantage of the
time-domain method, which will be applied to our FDOT problem. We explain
the research motivation of this thesis.
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• Chapter 2: We briefly describe the derivation of the mathematical model of our
FDOT problem. The aim and some related works of our FDOT problem are
given.

• Chapter 3: We study asymptotic formulae of solution of our mathematical model
for FDOT and its time-derivative in the case of single point target. Some nu-
merical verifications are presented to further explain the asymptotic analysis.

• Chapter 4: We introduce the definition of approximate peak time and its math-
ematical properties for the case of single point target. Then, we verify the
consistency of the properties and the accuracy between the approximate peak
time and the peak time, numerically.

• Chapter 5: Based on the properties and the accuracy of the approximate peak
time, we present a bisection reconstruction algorithm to reconstruct the location
of an unknown single point target from several measured peak times.

• Chapter 6: We start to consider the FDOT problem for multiple point targets.
We first derive asymptotic formulae of the solution and its time-derivative. An
approximate peak time for each target is defined by using a localized S-D pair.
Based on numerical verifications of the approximate peak time, we propose
a localized reconstruction algorithm to reconstruct the locations of unknown
targets. Some numerical experiments are presented to examine the performance
of the proposed algorithm.

• Chapter 7: We consider reconstructing an approximate location of an unknown
target from measured peak times, where the unknown target has a small volume.
We conduct some numerical experiments to extend the bisection reconstruction
algorithm for approximately reconstructing the unknown target.

• Chapter 8: We give conclusions and discuss some future works.

The Chapters 3–5 of this thesis is mainly based on the paper [11].
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Chapter 1

Introduction to FDOT and Inverse
Problem

In this chapter, we will briefly introduce the background of fluorescence diffuse
optical tomography (FDOT) and some methods of its study in Section 1.1. In Section
1.2, we give the concept of the inverse problem and its difficulty of research. Since
FDOT is a typical inverse problem and contains large computational costs, we explain
the research motivation of our thesis.

1.1 Fluorescence diffuse optical tomography

1.1.1 Background of fluorescence diffuse optical tomography

FDOT is one of the imaging techniques that makes use of fluorescence light from
fluorophores. This imaging technique has potentially powerful potential for medical
and biological applications. For some specific diseases and biological activities, their
unknown regions can be fluorescently labeled and be reconstructed in a non-invasive
way [41, 44, 47]. This imaging technique is also commonly referred to as fluorescence
molecular tomography (FMT).

FDOT is an extension of the standard fluorescence imaging method to strongly
scattering media like biological tissues. In this medium, the light propagation is
considered as an energy dissipation by random scattering. The spatial distribution of
fluorescence will be significantly blurred by strong scattering. In this case, many usual
imaging techniques cannot be applied to this problem. Since light diffuses strongly,
we should first model the propagation of the light, and then the fluorescence image
should be reconstructed from the blurred image. FDOT is a method to reconstruct
such fluorescence and an essential for the strongly scattering media.

The reconstruction of the distribution of the fluorophores needs to solve an inverse
problem with a light propagation model for such media. This inverse problem is the
so-called FDOT. This problem is a kind of diffuse optical tomography (DOT) [15] but
specifically using fluorescence. As shown in Figure 1.1, for fluorescence, two phys-
ical processes are coupled, namely excitation and fluorescence (emission). Excita-
tion photons injected at the boundary of the medium propagate to the fluorophores,
and then some of the photons are absorbed by them which excite the fluorophore
molecules. After a moment of absorption by fluorophores, the fluorophore emits other
photons at a longer wavelength than those of the excitation photons. These photons
again propagate until they are observed by a detector located at the boundary of the
medium [31,51].

FDOT has advantages in medical applications because fluorophores can be de-
signed for specific targets. Fluorescence is generated only in this target region, which
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Figure 1.1: Physical processes of excitation and emission in FDOT

results in FDOT being potentially sensitive to specificity compared with many DOT
applications using intrinsic absorption.

1.1.2 Time-domain method and its advantage

The FDOT or DOT technique can be categorized by measuring physical quantities
[5, 28], such as the steady-state fluorescence intensity (continuous wave method; CW
method) [12,27], the temporal response of the fluorescence intensity with an instanta-
neous injection of the excitation light (time-domain method; TD method) [39,49], the
phase and demodulation of the fluorescence intensity with a sinusoidally modulated
excitation light (frequency-domain method; FD method) [2,43] and a hybrid method
of them [48], combining geometrical information of the excitation light source and the
detector locations.

The measured data of the TD method is a temporal response function, which
records the fluorescence intensity over time when the excitation light is injected. Com-
pared with the measured data of other methods, the unique advantage of this data
is that it reflects the optical path length distribution [4]. More precisely, if a single
target produces fluorescence, the temporal response function is related to the distance
to that object. This relation will guide in reconstructing the location of the target.
Therefore, this thesis will focus on the TD method.

Since the TD method provides information on the optical path in the medium,
several approaches have been proposed. For example, only early arrival photons are
used to reconstruct the geometrical shortest path [9,46]. However, due to the specular
reflections, the limitation of the detector and the insufficient number of photons, the
early time of the temporal profiles suffers artifacts, which may cause problems in use.
The peak time is used [22, 23], where the peak time is the time when the temporal
response function reaches its maximum. The physical intuition of the peak time is
similar to the first moment [13, 38] because both reflect the time when the majority
of photons arrive. However, the peak time can always uniquely be evaluated and is
the least noisy data point in the temporal response function, making it potentially
robust in the reconstruction. In this thesis, we focus on this advantage and consider
applying the peak time to our FDOT problem (see Section 2.2).

1.2 FDOT as an inverse problem

In this section, we introduce the concept of the inverse problem. Since FDOT is
an important, typical and well-studied inverse problem, we will explain the difficulty
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of studying inverse problems by introducing the definition of ill-posedness. And then
we return to our FDOT problem and explain the research motivation.

1.2.1 Concept of inverse problem

When using the terminology, inverse problem, the natural questions are “inverse to
what” and “which problem is an inverse problem”. The terminology inverse problem
is defined as the terminology itself indicates, as the inverse of forward problems.
Following Keller [36], one calls two problems inverse to each other if the formulation
of one problem involves the other one. For mostly historical reasons, people might
call one of these problems (usually the simpler one or the one which was studied
earlier) the forward problem, the other one the inverse problem. However, if there is a
practical problem behind the mathematical problem studied, there is, in most cases, a
quite natural distinction between the forward and the inverse problem. For instance,
if we want to predict the future behavior of a physical system from knowledge of its
present state and the physical laws (including concrete values of all relevant physical
parameters), we will call this the forward problem. Possible inverse problems are the
reconstruction of physical parameters from observations of the evolution of the system
(parameter identification).

From the applied point of view, we might say the inverse problems are concerned
with determining causes giving a measured effect, such as seismic exploration [53],
computerized tomography [45], air and water quality control [26], etc. Back to the
FDOT problem, it aims to reconstruct the fluorophores quantitatively from the bound-
ary measurements. So FDOT is an inverse problem.

For the mathematical study, we can define inverse problems with the help of
abstract operator equations. Let q and f represent the unknown and the measured
data of the inverse problem, respectively. Then, we define an operator equation

K(q) = f, (1.2.1)

where K is an operator acting to the space Q of the unknown to the space F of the
measured data. The forward problem is to determine f for a given q within the space
Q, whereas the inverse problem is to reconstruct q from f for a given K.

1.2.2 Well-posedness and ill-posedness

The well-posedness of problem (1.2.1) was defined by Hadamard [21,37] as follows.

Definition 1.1. Let Q and F be normed spaces and let K : Q 7→ F be a (possibly
nonlinear) continuous operator from Q into F . The inverse problem defined by (1.2.1)
is well-posed if all three conditions are satisfied:

(i) Existence: For any f ∈ F , there exists at least one solution q such that K(q) =
f , i.e., Range(K) = F .

(ii) Uniqueness: For any f ∈ F , the solution q∗ to the equation K(q) = f is unique
in Q, i.e., there exists an inverse operator K−1 : F 7→ Q.

(iii) Stability: Any sequence q1, q2, · · · ⊂ Q satisfying K(qn) → K(q) as n → ∞
implies qn → q as n→∞. i.e., the operator K−1 is continuous.

A problem for which at least one of the three conditions above fails to hold is termed
ill-posed.
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Usually, the forward problems are well-posed because they are correctly modeled
according to physical laws. Then the inverse problem in physical processes is usually
ill-posed because it may encounter the following difficulties [29]:

(i) A given measurement is inevitably noisy. If the noisy measurement f δ /∈
Range(K), there exists no solution in Q.

(ii) Even if K−1 exists and f δ ∈ Range(K), it does not guarantee the solution qδ

solved by K−1f δ satisfies qδ → q as f δ → f , since the operator K−1 may be
unbounded. That is, a small error in f may produce an enormous error in qδ.

Due to their practical importance and ill-posedness, the research of inverse prob-
lems has attracted the attention of many scholars.

1.2.3 Overview of our FDOT problem

In this section, we explain our research motivation through an intuitive argument
for our FDOT problem.

Through mathematical formulation, some inverse problems will eventually be re-
duced to solving a Fredholm integral equation of the first kind [33]. Our FDOT
problem is one of them.

Let us introduce the following example to explain the ill-posedness of our FDOT
problem.

Example 1.1. (Fredholm integral equation of the first kind) Consider the
problem of solving a Fredholm integral equation of the first kind∫ b

a
k(t, y)q(y)dy = f(t), c ≤ t ≤ d. (1.2.2)

For given the kernel k(t, y) and the function f(t), the problem is to find q(y). It
is assumed that f(t) ∈ C[c, d], q(y) ∈ C[a, b], k(t, y), ∂tk(t, y) and ∂yk(t, y) are
continuous in the rectangle c ≤ t ≤ d, a ≤ y ≤ b.

The problem of solving equation (1.2.2) is ill-posed because solutions may not exist
for some functions f(t) ∈ C[c, d]. For example, take a function f(t) that is continuous
but not differentiable on [c, d]. With such a right-hand side, the equation cannot have
a continuous solution q(y) since the conditions for the kernel k(t, y) imply that the
integral in the left-hand side of (1.2.2) is differentiable with respect to the parameter
t for any continuous function q(y).

In this thesis, we use the TD method to consider our FDOT problem. The mea-
surement is a temporal response function um(x, t; xs) satisfying (2.2.3), where x and
xs are given. Our FDOT problem aims to reconstruct µf from um(x, t; xs) via (2.2.3).
Hence, if we assume Ω = [a, b] in (2.2.3), our problem can be reduced to (1.2.2) with

k(t, y) := D

∫ t

0
K(x, y; t− s)K(y, xs; s) ds, q(y) := µf (y), f(t) := um(x, t; xs).

Unfortunately, the measurement u(x, t; xs) inevitably contains noise, i.e., may not be
differentiable. So, our FDOT problem is ill-posed.

The research motivation for our FDOT problem comes from the following issues:

(i) How to reduce the effect of the ill-posedness of the inverse problem on the
reconstruction of µf?
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(ii) Since the domain Ω in our problem is a half-space of three-dimensional space,
reconstructing µf by (2.2.3) must be of large-scale numerical computations.

These two issues require to develop a mathematical analysis. There are many very
classical methods, which can be easily applied to our FDOT problem. For instance,
we can transform the problem into a minimization problem for a cost functional in-
corporated with an appropriate regularization [16, 30, 35]. Then, we can propose an
iterative method to solve the minimization problem. However, we may need to discuss
the computational costs of the algorithm, the selection of regularization parameters
and so on. Instead of doing these, we can take advantage of the inherent advantages
of the TD method as mentioned above. Namely, we applied an asymptotic analysis on
the temporal response function um(x, t; xs) to derive the relation between the peak
time and the optical path length distribution. In this way, we can have an efficient
and robust reconstruction method.



6

Chapter 2

Mathematical Formulation to Our
FDOT Problem

In this chapter, we introduce the mathematical description of FDOT and our
FDOT problem. In Section 2.1, the physical processes of FDOT are described by
radiative transfer equations (RTEs) in half space. Using this mathematical model to
reconstruct the absorption coefficient of fluorophore, the amount of computations is
so heavy to solve our FDOT problem, numerically. We introduce coupled diffusion
equations, whose solution nonlinearly depends on the absorption coefficient of the
fluorophore. In Section 2.2, we formulate our FDOT problem based on linearized
diffusion equations. We list some related works in Section 2.3.

2.1 From RTE Model to DE Model

In this section, we introduce the radiative transfer equation (RTE) in the half-
space domain, which is considered to be a general description of dissipating light in
the scattering medium. Then, we give its approximation modeled by coupled diffusion
equations (DEs) for the averaged fields [40].

There are several geometrical situations in realistic problems. It should be reason-
able to consider the case of simple half-space geometry for potential medical applica-
tions on the body of a human, like a chest, which is significantly larger (∼ 20 cm) than
the size of the measurable distance (< 3−4 cm) in the case of the point source and de-
tector measurement scheme. Therefore, the curvature of the measurement boundary
is approximately flat. Let us define the domain (medium)

Ω := R3
+ = {x := (x1, x2, x3) : (x1, x2) ∈ R2, x3 > 0}

with the boundary ∂Ω := {(x1, x2, 0) : (x1, x2) ∈ R2}.

2.1.1 Coupled radiative transfer equations model

As shown in Figure 1.1, we inject the excitation light on ∂Ω at the first process of
FDOT. The RTE can accurately describe the light propagation through strong turbid
media [10,19]. The following coupled RTEs can formulate the two physical processes
(excitation and emission) in FDOT:

v−1∂tΦe+θ ·∇Φe+(µae+µf (x)+µse)Φe−µse

∫
S2
η(θ, θ′)Φe(x, θ

′, t)dθ′ = 0, (2.1.1)
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and

v−1∂tΦm+ θ ·∇Φm+(µam+µsm)Φm−µsm

∫
S2
η(θ, θ′)Φm(x, θ′, t)dθ′ = qm, (2.1.2)

where Φe(x, θ, t) and Φm(x, θ, t) represent the angularly resolved radiant intensity
of the excitation and emission light, respectively. v is the speed of light propagation.
µae and µam are the absorption coefficients for the excitation and emission light,
respectively. µse and µsm are the scattering coefficients for the excitation and emission
light, respectively. S2 is the unit sphere. The scattering phase function, η(θ, θ′),
describes the probability that a photon traveling in direction θ is scattered within the
unit solid angle around the direction θ′, which meets the condition

∫
S2 η(θ, θ

′)dθ = 1.
The source term for Φm in (2.1.2) coming from the excitation field is specified by

qm(x, t) =
γµf (x)

4πℓ

∫ t

0

∫
S2
exp

(
− t− t′

ℓ

)
Φe(x, θ

′, t′)dθ′dt′, (2.1.3)

where ℓ > 0 is the fluorescence lifetime. 0 < γ ≤ 1 is the quantum efficiency of the
fluorescence. µf is the absorption coefficient of the fluorophore.

Assume that the excitation field Φe is generated by a point source at xs ∈ ∂Ω.
Then the Fresnel reflection law [6, 55] leads to the boundary conditions

Φe(x, θ, t) = Re(|θ · ν|)Φe(x, θ
⊤, t) + δ(x− xs)δ(θ + ν)δ(t), x ∈ ∂Ω, (2.1.4)

Φm(x, θ, t) = Rm(|θ · ν|)Φm(x, θ⊤, t), x ∈ ∂Ω (2.1.5)

for θ · ν < 0, where ν = (0, 0, −1) is the unit outward normal vector. Here, δ(·) is the
Dirac δ-function, θ⊤ ∈ S2 is the angle symmetric to θ about ν. Re and Rm are the
Fresnel reflection coefficients. Let n1 and n2 with n1 > n2 be the refractive indices
inside and outside of the medium, respectively. Assuming that R := Re = Rm and
for the unpolarized light, there is [42]

R(cos ξ) :=

{
1
2(Rs(cos ξ) +Rp(cos ξ)), 0 ≤ ξ ≤ ξc,

1, ξc ≤ ξ ≤ π/2,

where Rs and Rp denote the Fresnel reflection of the perpendicular and parallel po-
larizations given as

Rs(cos ξ) :=

∣∣∣∣n1 cos ξ − n2 cos ξt
n1 cos ξ + n2 cos ξt

∣∣∣∣2 , Rp(cos ξ) :=

∣∣∣∣n1 cos ξt − n2 cos ξ

n1 cos ξt + n2 cos ξ

∣∣∣∣2 ,
with the critical angle ξc := arcsin n2

n1
, while cos ξt = (1− (n1

n2
sin ξ)2)1/2.

The initial conditions are given by

Φe(x, θ, 0) = 0, (x, θ) ∈ Ω× S2, (2.1.6)
Φm(x, θ, 0) = 0, (x, θ) ∈ Ω× S2. (2.1.7)

From above, the physical processes (excitation and emission) in FDOT can be
described by the governed equations (2.1.1)–(2.1.2), the boundary conditions (2.1.4)–
(2.1.5) and the initial conditions (2.1.6)–(2.1.7).
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2.1.2 Coupled diffusion equations model

Since both Φe and Φm depend on the scattering direction θ ∈ S2, for reconstructing
µf from measuring Φm over the boundary, the amount of numerical computation is
huge. Hence, instead of RTEs, people use its approximation given as the following
coupled diffusion equations [40]:

(
v−1∂t −D∆+ µa + µf (x)

)
Ue = 0, (x, t) ∈ Ω× (0, ∞),

Ue = 0, (x, t) ∈ Ω̄× {0},
∂νUe + βUe = weδ(x− xs)δ(t), x, xs ∈ ∂Ω, t ∈ (0, ∞),

(2.1.8)

and 
(
v−1∂t −D∆+ µa

)
Um = S[µf , Ue](x, t), (x, t) ∈ Ω× (0, ∞),

Um = 0, (x, t) ∈ Ω̄× {0},
∂νUm + βUm = 0, (x, t) ∈ ∂Ω× (0, ∞),

(2.1.9)

where ∂ν := ν · ∇ is the exterior normal derivative, the physical parameters

D :=
1

3µs(1− g)
, µa := µae = µam, µs := µse = µsm,

we :=
6µs(1− g)

1 + 3
∫ 1
0 R(µ)µ2 dµ

, β :=
3µs(1− g)

2

1− 2
∫ 1
0 R(µ)µdµ

1 + 3
∫ 1
0 R(µ)µ2 dµ

,

where g is called the anisotropy factor, which is defined by the average cosine of the
phase function η(θ, θ′), and usually given by a physical parameter of the medium. The
source term in (2.1.9) for Um is

S[µf , Ue](x, t) :=
γµf (x)

ℓ

∫ t

0
e−

t−s
ℓ Ue(x, s) ds. (2.1.10)

Here, we remark that Um depends on µf , nonlinearly.

2.2 Liniarized FDOT problem for multiple point targets

In this section, we formulate our FDOT problem (inverse problem) based on the
linearized diffusion equations of (2.1.8)–(2.1.10), whose solution linearly depends on
µf .

Let ue and um be excitation and emission light for the fluorescence process, re-
spectively. These two processes can be modeled as a coupled initial boundary value
problem as follows:

(
v−1∂t −D∆+ µa

)
ue = 0, (x, t) ∈ Ω× (0, ∞),

ue = 0, (x, t) ∈ Ω̄× {0},
∂νue + βue = δ (x− xs) δ(t), (x, t) ∈ ∂Ω× (0, ∞)

(2.2.1)

and 
(
v−1∂t −D∆+ µa

)
um = µfue, (x, t) ∈ Ω× (0, ∞),

um = 0, (x, t) ∈ Ω̄× {0},
∂νum + βum = 0, (x, t) ∈ ∂Ω× (0, ∞),

(2.2.2)
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where Ω := R3
+. ∂Ω is the boundary of Ω. µa is the absorption coefficient. D is the

diffusion constant. v is the speed of light in the medium. β = b/D > 0 is the Robin
coefficient. xs ∈ ∂Ω denotes the location of the point source where the excitation light
is injected.

Remark 2.1. The diffusion equation (2.1.8) can be linearized by assuming that
∥µf∥L2(ω) ≪ µa. This assumption is quite natural in many applications. The er-
ror estimate of this linearization has been proved in [40]. Further, if we take we = 1
and ℓ→ 0, we can get (2.2.1)–(2.2.2), where the solution um linearly depends on µf .

The solution um to (2.2.2) is given as

um(x, t;xs)

= D

∫ t

0

∫
Ω
µf (y)K(x, y; t− s)K(y, xs; s) dyds, (x, t) ∈ Ω× (0, T ). (2.2.3)

Here, K(x, y; t) is the Green function associated with (2.2.2),

K(x, y; t) = ve−vµat

(4πvDt)3/2
e−

(x1−y1)
2+(x2−y2)

2

4vDt K3(x3, y3; t), (2.2.4)

where K3 satisfies the Robin boundary condition, which is
K3(x3, y3; t) = e−

(x3+y3)
2

4vDt + e−
(x3−y3)

2

4vDt

−2β
√
πvDteβ(x3+y3)+β2vDt erfc

(
x3+y3+2βvDt√

4vDt

)
,

erfc(η) = 2√
π

∫∞
η e−s2 ds, η ∈ R,

where xj denotes j-th component of the three dimensional vector x.

Now, our inverse problem (FDOT problem) is formulated as follows.

Inverse Problem: Let

µf (x) =
J∑

j=1

cjδ(x− x(j)c ), (2.2.5)

where each x
(j)
c is the location of an unknown target, and each unknown cj is the

absorption strength of the fluorophore committed by the target at x
(j)
c . Then, recon-

struct each x
(j)
c from the measured peak times given as

t
(n)
peak := tpeak(x

(n)
d , x(n)s ) = {t : argmax

t>0
um(x

(n)
d , t; x(n)s )}, n = 1, 2, · · · , N,

where {x(n)d , x
(n)
s }, n = 1, 2, · · · , N, are N sets of source and detector points (S-D

pair) located on ∂Ω. For J = 1 and J ≥ 2, we call µf a single point target and
multiple point targets, respectively.

Then, the inverse problem is to reconstruct the location of small fluorophores
(point targets), whose simplified system allows us to make a precise mathematical
analysis.

2.3 Related works

In this section, we review some related works to our FDOT problem, which primar-
ily focus on using the time-domain data and studying the peak time of time-domain
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data in the diffusion approximation models of FDOT. These studies are one kind of
FDOT problem considering its data (model) types. As discussed in Chapter 1, there
are other fruitful studies besides the time-domain data.

For the case of the target having a volume, there are some works reconstructing
the target by using the time-domain data. In [52], the authors introduced the idea of
cuboid approximation to reconstruct the shape of the target based on the linearized
DE model with the fluorescence lifetime ℓ > 0. In [54], the authors considered the
inverse problem of reconstructing an ellipsoidal target or an untilted cubic-shaped
target based on the linearized DE model with ℓ > 0. Both [52] and [54] first recov-
ered a location of the target on the measurement surface. After that, the detailed
approximation of the shape of the target is reconstructed by solving an optimization
problem. The paper [14] reduced the inverse problem of choosing the best data fea-
tures. The data feature problem has been reinterpreted from the point of view of the
projection of the data onto some basis functions and a wavelet approach has been
proposed. Some reconstruction frameworks are proposed based on a formulation of
the three-dimensional finite element method [20,56].

For assuming the target is a point target, the paper [18] considered using a minimal
number of S-D pairs to reconstruct the location of the point target. By a local analysis,
they gave a reconstruction algorithm using the Levenberg-Marquardt method and
proved its local Lipschitz stability. For their reconstruction, they need a good initial
guess.

There are several studies on the peak time of the time-domain data. In [22, 23],
they reconstructed the depth of the point target with the homogeneous Neumann
boundary condition by numerically calculating the peak time. However, their analysis
was based on an empirical way using numerical simulation of the peak time without
analytical investigations yielding a mathematical formula of the peak time. In [17],
they first considered the expressions of the approximate peak time of time-domain
data for Dirichlet, Neumann and Robin boundary conditions based on the asymptotic
formulae of the solution of the linearized DE model. However, the expression under
the Robin boundary condition only considers an extreme condition with a lack of
verification for applying our actual inverse problem.

In general, FDOT is an ill-posed inverse problem discussed in enormous studies,
and it is known that the initial guess and the regularization to confine the problem
are ones of crucial points to solve FDOT [5]. To improve the image quality, we refer
to [8, 25] for Lp regularization, [1, 7] for total variation regularization and [24, 34, 41]
for sparsity regularization.

For more extended studies of FDOT, we can refer to the monographs [31] and [32],
which introduce the principles and applications of DOT and FDOT, respectively. Con-
cerning diffusion approximation models to describe the physical processes of FDOT,
we refer to [3, 6, 40] and the references therein.
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Chapter 3

Asymptotic Formulae of Solution
for Single Point Target

In this chapter, we begin with studying asymptotic formulae of the solution um to
(2.2.2) and its time-derivative solution ∂tum in the case of a single point target, i.e.,
J = 1 in (2.2.5). After that, we provide some numerical verifications to examine the
asymptotic behaviors.

For J = 1 in (2.2.5), we suppressed the superscript (j) of x(j)c and the subscript j
of cj , i.e.,

µf (x) = c δ(x− xc).

Then, for any given xd, xs ∈ ∂Ω, um of (2.2.3) becomes

um(xd, t;xs) =
ce−vµat

16π3D2v

∫ t

0

(
(t− s)s

)− 3
2 e

− |xd−xc|2

4vD(t−s) e−
|xs−xc|2

4vDs

× K̂3(xc3 ; t− s)K̂3(xc3 ; s) ds, (3.0.1)

where

K̂3(xc3 ; t) := 1− β
√
πvDt exp

((
xc3 + 2βvDt√

4vDt

)2
)
erfc

(
xc3 + 2βvDt√

4vDt

)
.

Here, |x|2 = x21 + x22 + x23 for x = (x1, x2, x3) ∈ R3.

The rest of this chapter is organized as follows. We first derive non-dimensional
asymptotic formulae of the solution defined by (3.0.1) and its time-derivative in Sec-
tion 3.1. Then, dimensional asymptotic formulae of the solution defined by (3.0.1) and
its time-derivative are established in Section 3.2. The effectiveness of the asymptotic
formulae is demonstrated by using some numerical verifications in Section 3.3.

3.1 Non-dimensional asymptotic formulae of solution

In this section, we give a non-dimensional asymptotic analysis of solution defined
by (3.0.1). The motivation for doing this is to equally handle all the parameters inside
the solution without concerning their physical dimension,

Let us define non-dimensional lengths and time as follows:

ρ =
x

D
, ρd =

xd
D

, ρs =
xs
D

, ρc =
xc
D

, τ =
vt

D
, b = βD,

and
ũm(ρ, τ ; ρs) := um(x, t;xs), K̃3(ρ3; τ) := K̂3(xc3 ; t).



Chapter 3. Asymptotic Formulae of Solution for Single Point Target 12

Then, ũm is written as follows (see [18, Lemma 2.1]).

Lemma 3.1. For any given ρd, ρs ∈ ∂Ω,

ũm(τ) = C(τ)τ−2
(
Iλd,s

(τ) + Iλs,d
(τ)
)
, (3.1.1)

where

C(τ) :=
cv exp (−µaDτ)

16π3D4
, λd :=

|ρd − ρc|2

4τ
, λs :=

|ρs − ρc|2

4τ
, λc :=

ρ2c3
4τ

, (3.1.2)

Iλd,s
(τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ e−

λs−λd
1−σ K̃3(λc; 1− σ)K̃3(λc;σ) dσ, (3.1.3)

and Iλs,d
(τ) is defined by switching the role of λd and λs in Iλd,s

(τ). Here, K̃3 is given
as

K̃3(λc;σ) = 1− b
√
τσ√

λc + b
√
τσ

√
π zσ exp

(
z2σ
)
erfc (zσ) (3.1.4)

with zσ =
√
λc+b

√
τσ√

σ
for 0 < σ < 1.

In the next Theorem 3.1, we obtain the asymptotic formula of ũm based on the
asymptotic of K̃3 as ρc3 →∞.

Theorem 3.1. Let ρd, ρs ∈ ∂Ω. Assume that∣∣∣|ρd − ρc|2 − |ρs − ρc|2
∣∣∣ ≤ Cτ for some C > 0. (3.1.5)

Then, ũm of (3.1.1) satisfies

ũm(τ) = ũam(τ) +O
(
ũam(τ)ρ−1

c3

)
(3.1.6)

as ρc3 →∞, where

ũam(τ)

:=
√
πC(τ)τ−

3
2

(
2

|ρd − ρc|
+

2

|ρs − ρc|

)
e−

|ρd−ρc|2+|ρs−ρc|2

2τ

(
ρc3

ρc3 + bτ

)2

. (3.1.7)

Proof. The proof of Theorem 3.1 can be done in a similar way as in [18, Corollary
2.3]. For readers’ convenience, we provide the proof here in detail. By (3.1.4) and

exp
(
z2
)
erfc (z) =

2√
π
exp

(
z2
) ∫ ∞

z
exp

(
−s2

)
ds

=
1√
πz
−

exp
(
z2
)

√
π

∫ ∞

z
s−2 exp

(
−s2

)
ds, z > 0,

we obtain

K̃3(τ, ρc3 ;σ) =
ρc3

ρc3 + 2bστ
+ r(σ),

where

r(σ) := b
√
τσ exp

(
z2σ
) ∫ ∞

zσ

s−2 exp
(
−s2

)
ds.
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This implies ∣∣∣∣K̃3(τ, ρc3 ;σ)−
ρc3

ρc3 + 2bστ

∣∣∣∣ = |r(σ)| ≤ Cz−3
σ = O

(
ρ−3
c3

)
(3.1.8)

as ρc3 →∞. Set

e−
λs−λd
1−σ K̃3(τ, ρc3 ;σ)K̃3(τ, ρc3 ; 1− σ) = g(τ ;σ) + l(τ ;σ), (3.1.9)

where

l(τ ;σ) := e−
λs−λd
1−σ

(
ρc3

ρc3 + 2bστ
r(1− σ) +

ρc3
ρc3 + 2b(1− σ)τ

r(σ) + r(σ)r(1− σ)

)
,

g(τ ;σ) := e−
λs−λd
1−σ

ρc3
ρc3 + 2bστ

ρc3
ρc3 + 2b(1− σ)τ

. (3.1.10)

Based on (3.1.9), we split Iλd,s
of (3.1.3) into

Iλd,s
(τ) := Iad (τ) +Rr

d(τ), (3.1.11)

where

Iad (τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ g(τ ;σ) dσ,

Rr
d(τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ l(τ ;σ) dσ.

(3.1.12)

By (3.1.8), we note that Rr
d is a remainder term of Iλd,s

in (3.1.11) as ρc3 → ∞.
Further, we split Iad by applying the Taylor theorem to g of (3.1.10) at the center
σ = 1/2. Then, we obtain

g(τ ;σ) = g(τ ; 1/2) + ∂σg(τ, θσ)

(
σ − 1

2

)
with 0 < θσ < 1/2,

and

Iad (τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ

[
g(τ ; 1/2) + ∂σg(τ, θ)

(
σ − 1

2

)]
dσ. (3.1.13)

We decompose Iad (τ) into Iad (τ) = Id(τ) +Rd(τ), where

Id(τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ g(τ ; 1/2) dσ,

and

Rd(τ) :=

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ ∂σg(τ, θ)

(
σ − 1

2

)
dσ.

By change of a variable, we obtain

Id(τ) = g(τ ; 1/2)

∫ ∞

0
ξ−

1
2 e−λd(4+ξ) dξ = g(τ ; 1/2)

√
πλ

− 1
2

d e−4λd

=
2
√
πτ

|ρd − ρc|
e−

|ρd−ρc|2+|ρs−ρc|2

2τ

(
ρc3

ρc3 + bτ

)2

,
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which determines the asymptotics in (3.1.7). By (3.1.5), we have |∂σg(τ ;σ)| < C,
which implies

|Rd(τ)| =

∣∣∣∣∣
∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ ∂σg(τ, θ)

(
σ − 1

2

)
dσ

∣∣∣∣∣
≤ C

∫ ∞

0
e−λd(4+ζ)(ζ + 4)−

1
2 dζ

≤ Cλ−1
d e−4λd for τ > 0. (3.1.14)

This implies Rd is a remainder term of Iad in (3.1.13), precisely,

C(τ)τ−2|Rd(τ)| = C(τ)τ−2O
(
λ−1
d e−2(λd+λs)

)
= O

(
ũam(τ)ρ−1

c3

)
as ρc3 →∞. Then, by (3.1.1), (3.1.7), (3.1.11) and (3.1.13)-(3.1.14), we obtain

ũm(τ) = C(τ)τ−2
(
Iλd,s

(τ) + Iλs,d
(τ)
)

= C(τ)τ−2
(
[Iad (τ) +Rr

d(τ)] + [Ias (τ) +Rr
s(τ)]

)
= C(τ)τ−2 [Id(τ) + Is(τ)] + C(τ)τ−2O

(
Rd(τ) +Rs(τ)

)
= ũam(τ) +O

(
ũam(τ)ρ−1

c3

)
(3.1.15)

as ρc3 →∞. This implies (3.1.6), and the proof of Theorem 3.1 is complete.

Remark 3.1. In Theorem 3.1, the error between ũm of (3.1.6) and its asymptotic
expansion is estimated by ρ−1

c3 . This is the same as the case b = 0, i.e., β = 0 as
in [18, Corollary 2.3]. However, a new feature here is that there is a factor(

ρc3
ρc3 + bτ

)2

(3.1.16)

in (3.1.7), which is an effect coming from the boundary. We will show the effect of
Robin coefficient β by using some numerical verifications shown in Subsection 3.3.2.

In the next Theorem 3.2, we obtain the asymptotic formula of ∂τ ũm under the
condition ∣∣∣|ρd − ρc|2 − |ρs − ρc|2

∣∣∣ ≤ C1τρ
−1
c3 for some C1 > 0,

C2ρc3 ≤ τ ≤ C3ρc3 for some C2, C3 > 0.
(3.1.17)

Theorem 3.2. Let ρd, ρs ∈ ∂Ω. Assume (3.1.17). Then, ũm of (3.1.1) satisfies

∂τ ũm(τ) = ∂τ ũ
a
m(τ) +O

(
ũam(τ)ρ−3/2

c3

)
, (3.1.18)

as ρc3 →∞, where ũam(τ) is as in (3.1.7). Here,

∂τ ũ
a
m(τ) = P̃3(τ)ũ

a
m(τ),

P̃3(τ) := −µaD −
3

2
τ−1 +

|ρd − ρc|2 + |ρs − ρc|2

2
τ−2 − 2b

ρc3 + bτ
.

(3.1.19)

Proof. The proof of Theorem 3.2 can be done in a similar way as in Theorem 3.1. The
only difference occurs when we compute ∂σg, where g is as in (3.1.10). By (3.1.17),
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we obtain ∣∣∣∣∂σe−λs−λd
1−σ

∣∣∣∣ ≤ C |λd − λs| e−
λs−λd
1−σ ≤ Cρ−1

c3

for 0 < σ < 1/2, which yields

|∂σg(τ ;σ)| =
∣∣∣∣∂σ (e−λs−λd

1−σ
ρc3

ρc3 + 2bστ

ρc3
ρc3 + 2b(1− σ)τ

)∣∣∣∣ ≤ Cρ−1
c3 (3.1.20)

for 0 < σ < 1/2. This implies

|Rd(τ)| =

∣∣∣∣∣
∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ ∂σg(τ, θ)

(
σ − 1

2

)
dσ

∣∣∣∣∣
≤ Cρ−1

c3

∫ ∞

0
e−λd(4+ζ)(ζ + 4)−

1
2 dζ = O

(
ρ−1
c3 λ−1

d e−4λd

)
(3.1.21)

as ρc3 →∞. By (3.1.17), we have∣∣∣∣∂τe− λd
(1−σ)σ

∣∣∣∣ ≤ C
|ρd − ρc|2

τ2
e
− λd

(1−σ)σ ≤ Ce
− λd

(1−σ)σ for ρc3 > 0,

which yields from (3.1.20) that

|∂τRd(τ)|

≤

∣∣∣∣∣
∫ 1/2

0

(
(1− σ)σ

)− 3
2

[
∂τe

− λd
(1−σ)σ

]
∂σg(τ, θ)

(
σ − 1

2

)
dσ

∣∣∣∣∣
+

∣∣∣∣∣
∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ [∂τ∂σg(τ, θ)]

(
σ − 1

2

)
dσ

∣∣∣∣∣
≤Cρ−1

c3

∫ 1/2

0

(
(1− σ)σ

)− 3
2 e

− λd
(1−σ)σ

∣∣∣∣σ − 1

2

∣∣∣∣ dσ = O
(
ρ−1
c3 λ−1

d e−4λd

)
(3.1.22)

as ρc3 →∞. By (3.1.17), (3.1.21) and (3.1.22), we obtain∣∣∣∂τ [C(τ)τ−2Rd(τ)
] ∣∣∣

≤C
(∣∣∂τ [C(τ)]τ−2Rd(τ)

∣∣+ ∣∣C(τ)τ−3Rd(τ)
∣∣+ ∣∣C(τ)τ−2∂τRd(τ)

∣∣)
=C(τ)τ−2

(
O (Rd(τ)) +O (∂τRd(τ))

)
=C(τ)τ−2O

(
ρ−1
c3 λ−1

d e−4λd

)
=O

(
τ−

1
2λ−1

d ũam(τ)
)
= O

(
ρ−3/2
c3 ũam(τ)

)
(3.1.23)

as ρc3 →∞. In a similar way as in (3.1.15) and (3.1.23), we obtain

∂τ ũm(τ) = ∂τ

(
C(τ)τ−2

[
Iλd,s

(τ) + Iλs,d
(τ)
])

= ∂τ

(
C(τ)τ−2 [Iad (τ) + Ias (τ)]

)
+ ∂τ

(
C(τ)τ−2 [Rr

d(τ) +Rr
s(τ)]

)
= ∂τ ũ

a
m(τ) +O

(
∂τ

[
C(τ)τ−2[Rd(τ) +Rs(τ)]

])
= P̃3(τ)ũ

a
m(τ) +O

(
ρ−3/2
c3 ũam(τ)

)
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as ρc3 →∞, where P̃3 is as in (3.1.19).

3.2 Dimensional asymptotic formulae of solution

In this section, we are going to rewrite the asymptotic formulae of the non-
dimensional solution ũm (see Theorem 3.1) and its time-derivative ∂τ ũm (see Theorem
3.2) into the dimensional case.

Recall the change of variables

x = Dρ, xd = Dρd, xs = Dρs, xc = Dρc, t =
Dt

v
, b = βD. (3.2.1)

We easily obtain the following dimensional asymptotic formula of the solution um as
the depth xc3 of the target goes to infinity.

Theorem 3.3. For the original solution um, (3.1.5), (3.1.6) and (3.1.7) are given as
follows. Let xd, xs ∈ ∂Ω, and assume that∣∣∣|xd − xc|2 − |xs − xc|2

∣∣∣ ≤ Ct for some C > 0. (3.2.2)

Then, um satisfies

um(t) = uam(t) +O
(
uam(t)x−1

c3

)
as xc3 →∞, (3.2.3)

where

uam(t) :=
c exp (−µavt)

8π
5
2 v

1
2D

3
2

(
1

|xd − xc|
+

1

|xs − xc|

)
t−

3
2

× exp

(
−|xd − xc|2 + |xs − xc|2

2vDt

)(
xc3

xc3 + βvDt

)2

. (3.2.4)

It should be mentioned that the condition (3.2.2) is natural. Since the domain Ω
is the upper half space and the location xd of the detector and the location xs of the
source are on the boundary ∂Ω, the left hand side of the condition (3.2.2) will become
small when we set the distance between xd and xs is small and the depth xc3 of the
target is large.

Using the changes (3.2.1) again, we can derive the following asymptotic formula
of time-derivative ∂tum as the depth xc3 of the target goes to infinity.

Theorem 3.4. For the original solution um, (3.1.17) and (3.1.18) are given as follows.
Let xd, xs ∈ ∂Ω, and assume∣∣∣|xd − xc|2 − |xs − xc|2

∣∣∣ ≤ C1
t

xc3
for some C1 > 0,

C2xc3 ≤ t ≤ C3xc3 for some C2, C3 > 0.

(3.2.5)

Then, um satisfies

∂tum(t) = ∂tu
a
m(t) +O

(
uam(t)x−3/2

c3

)
as xc3 →∞, (3.2.6)
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where uam(t) is as in (3.2.4). Here,

∂tu
a
m(t) = P3(t)u

a
m(t),

P3(t) := −µav −
3

2
t−1 +

|xd − xc|2 + |xs − xc|2

2vD
t−2 − 2βvD

xc3 + βvDt
.

(3.2.7)

From Theorem 3.4, we derived a nice asymptotic formula of ∂tum, because its
dominant term is in the form of a polynomial multiplied by the asymptotic solution
uam. In the following, we make a minor remark on the constraint (3.2.5) and the
motivation of giving Theorem 3.4.

Remark 3.2.

(i) Due to the constraint (3.2.5), as the depth xc3 increases the time t also increases.
Roughly speaking, the rate of increase in xc3 and the time t is the same as
xc3 →∞. In fact, we pay more attention to the asymptotic formula at t∗, where
t∗ is the zero of ∂tum(t) = 0. From Verfication II given in Section 4.2, we
will observe the fact that the time t∗ increases as xc3 increases.

(ii) The motivation for discussing the asymptotic formula of the time-derivative ∂tum
is from the physical experience. That is, the process um(t) has a unique maximum
value to t. We will show this fact by numerical experiments in the next section.
But it is difficult to directly prove this fact by using the analytical solution (3.0.1).

3.3 Numerical verification

In this section, we verify the effectiveness of the asymptotic solution uam by study-
ing some numerical examples. Also, the effect of Robin coefficient β will be numerically
demonstrated. These numerical experiments will clearly demonstrate the importance
of our asymptotic analysis.

3.3.1 Comparison of exact and approximate solutions

In this subsection, we numerically verify the effectiveness of the asymptotic so-
lution uam given by (3.2.4) compared with the exact solution um as the depth xc3
increases. Here, we use the numerical solution, denoted by unm, instead of the exact
solution.

The numerical solution is obtained by calculating the exact analytical solution
(3.0.1) through numerical integration. From (3.0.1), there is no singularity in numer-
ically calculating um(xd, t; xc) for xd ∈ ∂Ω. Let the integral interval (0, t) be divide
into J equal subintervals with step size ∆t with grid points

tj = j ·∆t, j = 0, 1, · · · , J.

For fixed detector point xd, we use the right rectangle method to calculate an approx-
imate estimate for the area under the curve um(xd, t; xc) by drawing many rectan-
gles with very small width adjacent to each other between the graph of the function
um(xd, t; xc) and the t axis.
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It is obvious to see that unm(xd, t0; xs) = 0. For each grid points tj , j = 1, 2, · · · , J ,
the numerical solution unm(xd, tj ; xs) can be computed by

unm(xd, tj ; xs) =
∆tce−vµatj

16π3D2v

j∑
j′=1

[(
(tj − sj′)sj′

)− 3
2 e

− |xd−xc|2

4vD(tj−sj′ ) e
− |xs−xc|2

4vDsj′

× K̂3(xc3 ; tj − sj′)K̂3(xc3 ; sj′)
]
, (3.3.1)

where sj′ = j′ ·∆t and

K̂3(xc3 ; t) := 1− β
√
πvDt exp

((
xc3 + 2βvDt√

4vDt

)2
)
erfc

(
xc3 + 2βvDt√

4vDt

)
.

Here, |x|2 = x21 + x22 + x23 for x = (x1, x2, x3) ∈ R3.
For the asymptotic solution, we compute the value uam(xd, tj ; xs) at each grid

point tj , j = 0, 1, · · · , J, by (3.2.4).
To show the approximation of the asymptotic solution given in (3.2.3), we will

show the changes of the error Err := Err(xd, xs, xc) between the numerical solution
and the asymptotic solution as the depth xc3 increases, where the error is computed
by

Err =

J∑
j=0

∣∣unm(xd, tj ; xs)x
−1
c3 − uam(xd, tj ; xs)x

−1
c3

∣∣ . (3.3.2)

In (3.2.4) and (3.3.1), we set the physical parameters as following:

v = 0.219mm/ps, D = 1/3mm, µa = 0.1mm−1, β = 0.5493mm−1, (3.3.3)

which are typical values in biological tissues.
For fixed xd and xs, we numerically calculate uam and unm for different location

xc of target by (3.2.4) and (3.3.1), respectively. The numerical results are shown in
Table 3.1 and Figures 3.1–3.2.

Table 3.1: Error between un
m(xd, t; xs) and ua

m(xd, t; xs) defined by
(3.3.2) for different xc.

(xd, xs) xc Err Figure

(
(14, 10, 0), (6, 10, 0)

) (10, 10, 10) 2.3739e-12 Figure 3.1 (a)
(10, 10, 20) 3.9208e-18 Figure 3.1 (b)
(10, 10, 30) 1.4695e-23 Figure 3.1 (c)
(10, 10, 40) 6.1498e-29 Figure 3.1 (d)

(
(14, 10, 0), (6, 10, 0)

) (15, 15, 10) 3.5653e-13 Figure 3.2 (a)
(15, 15, 20) 1.3741e-18 Figure 3.2 (b)
(15, 15, 30) 6.9087e-24 Figure 3.2 (c)
(15, 15, 40) 3.2834e-29 Figure 3.2 (d)

It is easy to observe that there are the following advantages from the numerical
results:

(i) The error defined by (3.3.2) between the numerical solution unm and the asymp-
totic solution uam decreases as the depth xc3 increases.

(ii) The profiles of the numerical solution unm and the asymptotic solution uam are
the same. More precisely, the value of both unm and uam increases from 0 to
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Figure 3.1: Numerical solution un
m(xd, t; xs) and asymptotic so-

lution ua
m(xd, t; xs) for {xd, xs} =

{
(14, 10, 0), (6, 10, 0)

}
and dif-

ferent xc: (a) xc = (10, 10, 10), (b) xc = (10, 10, 20), (c) xc =
(10, 10, 30), (d) xc = (10, 10, 40)

.
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Figure 3.2: Numerical solution un
m(xd, t; xs) and asymptotic so-

lution ua
m(xd, t; xs) for {xd, xs} =

{
(14, 10, 0), (6, 10, 0)

}
and dif-

ferent xc: (a) xc = (15, 15, 10), (b) xc = (15, 15, 20), (c) xc =
(15, 15, 30), (d) xc = (15, 15, 40)

.
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the maximum over time t and then gradually decreases to 0. There is only one
maximum in the whole process.

(iii) For each fixed {xd, xs} and xc, although the maximum of unm is obviously differ-
ent from the maximum of uam, the time t when they reach the maximum value
is almost the same.

Remark 3.3. In this subsection, we will temporarily abandon verifying the asymptotic
formula of ∂tum shown in Theorem 3.4. In Chapter 4, we will introduce the definition
of approximate peak time based on the result of Theorem 3.4. After this, a more
detailed discussion about the approximate peak time will be given.

3.3.2 Effected by Robin coefficient β

In this subsection, the effect of Robin coefficient β on the solution is verified
by using some numerical examples, which will ensure that the asymptotic solution
obtained in this chapter is suitable for any β.

We continue a similar discussion as in the previous subsection by calculating the
numerical solution unm(xd, t; β) and the asymptotic solution uam(xd, t; β) for different
β. Here we write unm(xd, t) = unm(xd, t; β) to clarify that unm(xd, t) depends on β, as
well as uam(xd, t; β).

Due to the condition β = b/D > 0, b ∈ [0, 1] and D = 1/3mm, we calculate
unm(xd, t; β) and uam(xd, t; β) for

β ∈ {0mm−1, 0.5mm−1, 1.0mm−1, 1.5mm−1},

where xc = (10, 10, 30), {xd, xs} =
{
(14, 10, 0), (6, 10, 0)

}
and parameters v, µa set

as (3.3.3). In Figure 3.3, we plot the values of unm and uam for different β.
From the numerical results shown in Figure 3.3, we can summarize the following

observations:

(i) For β = 0mm−1, um and uam are almost indistinguishable, which implies that
our asymptotic formula is accurate as β approaches 0.

(ii) As β changes, uam has the same change as um, which shows that uam depends on
Robin coefficient β.

(iii) Comparing the case β = 0 and β > 0, the order of magnitude of um and the
time (peak time) to reach the maximum are significantly different. Physically,
photons scattered by fluorophores are less easily observed by the boundary as β
increases. Therefore, the measured data at the boundary is smaller and the peak
time is earlier. We show the maximum of um and uam in Table 6.2, where tpeak
and tapeak are the times when um and uam reach their maximum, respectively.

Table 3.2: Maximum of numerical solution and asymptotic solution
for different Robin coefficient β

β tpeak um(tpeak) tapeak uam(tapeak)

0 723.5000 1.0400e-21 723.4726 1.0400e-21
0.5 704.5000 3.0421e-22 703.6550 2.9803e-22
1.0 697.3000 1.4492e-22 696.5935 1.3978e-22
1.5 693.6000 8.3908e-23 692.9314 8.0989e-23
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Figure 3.3: Numerical solution un
m(xd, t; β) and Asymptotic solution

ua
m(xd, t; β) for {xd, xs} =

{
(14, 10, 0), (6, 10, 0)

}
, xc = (10, 10, 30)

and different β: (a) β = 0mm−1, (b) β = 0.5mm−1, (c) β =
1.0mm−1, (d) β = 1.5mm−1

.
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We close this chapter by giving some discussions, which is also the motivation
for the next chapter. Although we get the asymptotic solution (3.2.4) is more con-
cise than the analytical solution (3.0.1). We already numerically verified that the
asymptotic solution approximates the solution very nicely. However, it is still difficult
to reconstruct the location xc of the unknown single point target directly by using
(3.2.4). Fortunately, concerning the asymptotic solution and the analytic solution,
each of their peak times is unique. Also, their peak times are very close to each
other, which can be seen in Table 3.2. Besides this observation, Theorem 3.4 gave
the asymptotic formula to the time derivative of um, which is written as a polynomial
equation multiplying uam. In the next chapter, we are going to use these to analyze
the relation between the peak time and the distance between the target and the S-D
pair.
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Chapter 4

Approximate Peak Time for Single
Point Target

In this chapter, we discuss the properties of approximate peak time for the case of
single point target. Then, we verify the consistency of the properties and the accuracy
between the approximate peak time and the peak time, numerically.

By (3.2.6), which is the asymptotic formula of ∂tum, we obtain

∂tum = P3(t)u
a
m + o (uam(t)P3(t)) as xc3 →∞,

where P3 is a cubic polynomial as in (3.2.7),

P3(t) = −µav −
3

2
t−1 +

|xd − xc|2 + |xs − xc|2

2vD
t−2 − 2βvD

xc3 + βvDt
. (4.0.1)

Here, note that uam(t) defined by (3.2.4) is nonnegative for t > 0.
Let us first give the mathematical definitions of peak time tpeak and approximate

peak time tapeak to um(t) and uam(t), respectively.

Definition 4.1. We respectively call the times tpeak > 0 and tapeak > 0 the peak time
and the approximate peak time if

∂tum(tpeak) = 0 and P3(t
a
peak) = 0,

where approximate peak time formula P3 is defined by (4.0.1). We will prove later that
tapeak is unique in Theorem 4.1, and we can numerically verify that there is only one
tpeak near tapeak.

The rest of this chapter is organized as follows. The unique existence and mathe-
matical properties of tapeak will be rigorously proved in Section 4.1. Numerical verifi-
cations of both the unique existence and mathematical properties of tpeak are shown
in Section 4.2.

4.1 Mathematical properties of approximate peak time

In this section, we show the uniqueness, order relation and symmetry of the ap-
proximate peak time, which will be used to propose a reconstruction algorithm in
Chapter 5.

We first prove the unique existence of the approximate peak time as follows.

Theorem 4.1 (Uniqueness). Fix any xc ∈ Ω and xd, xs ∈ ∂Ω. Then, ∂tu
a
m has a

unique positive zero at t = tapeak, which is given as the unique positive root of the
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following cubic equation:

T (t) :=− 2µaβD
2v3t3 − (7βv2D2 + 2µaDv2xc3)t

2 +
(
(|xd − xc|2 + |xs − xc|2)βvD

− 3vDxc3
)
t+ (|xd − xc|2 + |xs − xc|2)xc3 = 0. (4.1.1)

Proof. Note that T (t) = 2vDt2(xc3 + βvDt) × P3(t). Since there is no positive root
of t2(xc3 + βvDt) = 0, we show the existence of only one positive root to (4.1.1). To
begin with, we examine the monotonicity of T (t). That is,

∂T
∂t

= −6µaβDv2t2− (14βvD+4µavxc3)t+(|xd−xc|2+ |xs−xc|2)β− 3xc3 . (4.1.2)

Since the physical parameters µa, β, D, v and the depth xc3 of the target are positive,
it is obvious that the symmetry axis of the parabola associated with the quadratic,
the right-hand side of (4.1.2),

t = −7βD + 2µaxc3
6µaβDv

is negative. When the first-order coefficient of T (t) is less than or equal to zero,
the function T (t) decreases monotonically over t > 0. Conversely, the function T (t)
increases and then decreases. It follows from the positivity of the zero-order term of
T (t) that there exists only a positive root to (4.1.1).

From the proof of Theorem 4.1, the unique approximate peak time satisfies the
cubic equation (4.1.1). For given xc ∈ Ω, the approximate peak time tapeak changes
with the distance

ξ(xd, xs; xc) := |xd − xc|2 + |xs − xc|2. (4.1.3)

In the next theorem, we show that there is an order relation between the distance
ξ(xd, xs; xc) and the approximate peak time tapeak(xd, xs; xc).

Theorem 4.2 (Order relation, see Figure 4.1). Let xc ∈ Ω and x
(n)
d , x

(n)
s ∈ ∂Ω, n =

1, 2, satisfy
|x(1)d − x(1)s | = |x

(2)
d − x(2)s |. (4.1.4)

Then, the order of approximate peak times

tapeak(x
(1)
d , x(1)s ; xc) > tapeak(x

(2)
d , x(2)s ; xc) (4.1.5)

is equivalent to the order of distances

ξ(x
(1)
d , x(1)s ; xc) > ξ(x

(2)
d , x(2)s ; xc). (4.1.6)

Furthermore, tapeak(x
(2)
d , x

(2)
s ; xc) attains its minimum when x

(2)
d and x

(2)
s satisfy

xc1 =
x
(2)
s1 + x

(2)
d1

2
, xc2 =

x
(2)
s2 + x

(2)
d2

2
, (4.1.7)

where x
(2)
dj

and x
(2)
sj , j = 1, 2, denote the j-th coordinate of x(2)d and x

(2)
s , respectively.

Proof. For simplicity, we write

ξ(n) := ξ(x
(n)
d , x(n)s ; xc), t

a,(n)
peak := tapeak(x

(n)
d , x(n)s ; xc), n = 1, 2.
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Suppose that t
a,(n)
peak , n = 1, 2, satisfy (4.1.5). By the proof of Theorem 4.1, we have

t
a,(1)
peak = t

a,(1)
peak = t

a,(1)
peak , (4.1.8)

where
t
a,(1)
peak := sup{t > 0 : T (t′; ξ(1)) > 0 (0 < t′ < t)},
t
a,(1)
peak := inf{t > 0 : T (t′; ξ(1)) < 0 (t′ > t)},

(4.1.9)

and write T (t) = T (t; ξ) to clarify that T (t) depends on ξ = ξ(xd, xs; xc). Then,
(4.1.5) implies

0 = T (ta,(1)peak ; ξ
(1)) < T (ta,(2)peak ; ξ

(1)).

Combining this with T (ta,(2)peak ; ξ
(2)) = 0, we have

0 < T (ta,(2)peak ; ξ
(1))− T (ta,(2)peak ; ξ

(2)) = (βvDt
a,(2)
peak + xc3)(ξ

(1) − ξ(2)),

which immediately implies (4.1.6).
Conversely, suppose that ξ(n), n = 1, 2, satisfy (4.1.6). Then, by the definition of

T (t; ξ(j)), j = 1, 2, we have

0 = T (ta,(2)peak ; ξ
(2)) < T (ta,(2)peak ; ξ

(1)),

which implies (4.1.5) by using (4.1.8).
The distance ξ(2) has a unique smallest value whenever x

(2)
d and x

(2)
s satisfy the

condition (4.1.7). Hence, (4.1.7) gives the condition of taking the minimal approximate
peak time. The uniqueness has been proved in Theorem 4.1.

xs

xd

x3

x1

(1)

(1)

xs

x'dx's
xd

(2)

(2)

xc

x2

Figure 4.1: Mathematical property of the order relation shown in
Theorem 4.2. The red symbol is the point target xc. Two S-D pairs
{x(n)

d , x
(n)
s }, n = 1, 2, satisfy (4.1.4). A smaller distance between the

S-D pair and the target implies a smaller approximate peak time (i.e.,
(4.1.6) ⇒ (4.1.5)). {x′

d, x
′
s} satisfying (4.1.7) is one of the S-D pairs

with the same distance between the source x
(1)
s and the detector x

(1)
d .

It gives the smallest approximate peak time
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Next, for two S-D pairs {x(n)d , x
(n)
s }, n = 1, 2, and their corresponding approxi-

mate peak times tapeak(x
(n)
d , x

(n)
s ; xc), n = 1, 2, we define the property of symmetry

for the approximation peak times as follows.

Definition 4.2. Let xc ∈ Ω. We call two approximate times tapeak(x
(1)
d , x

(1)
s ; xc),

tapeak(x
(2)
d , x

(2)
s ; xc) are symmetric if we have

tapeak(x
(1)
d , x(1)s ; xc) = tapeak(x

(2)
d , x(2)s ; xc), (4.1.10)

where x
(n)
d , x

(n)
s ∈ ∂Ω, n = 1, 2, are two arbitrary S-D pairs .

The meaning of the symmetry here is coming from the following fact:

tapeak(x
(1)
d , x(1)s ; xc) = tapeak(x

(2)
d , x(2)s ; xc)

⇕ (4.1.11)

ξ(x
(1)
d , x(1)s ; xc) = ξ(x

(2)
d , x(2)s ; xc).

This can be easily observed from (4.1.1) and the uniqueness of the approximate peak
times tapeak(x

(n)
d , x

(n)
s ; xc), n = 1, 2 for given {x(n)d , x

(n)
s }, n = 1, 2. However, there

exist several S-D pairs such that their distances defined by (4.1.3) are equal. That
is, these two S-D pairs satisfying (4.1.11) cannot be uniquely determined from each
other.

In the next theorem, we show one special symmetry to the approximate peak time.
The advantage of this kind of symmetry is that if we assume two S-D pairs satisfy
the condition (4.1.12), then one of the S-D pairs can be uniquely determined by the
other.

Theorem 4.3 (Symmetry, see Figure 4.2). Let xc ∈ Ω and let x(n)d , x
(n)
s ∈ ∂Ω, n =

1, 2, satisfy
x
(1)
d − x

(2)
d = x(1)s − x(2)s . (4.1.12)

Then,
tapeak(x

(1)
d , x(1)s ; xc) = tapeak(x

(2)
d , x(2)s ; xc)

implies

x(2)s = x(1)s + M̃(e1, e2, 0), x
(2)
d = x

(1)
d + M̃(e1, e2, 0), (4.1.13)

where M̃ := (2xc1 − x
(1)
d1
− x

(1)
s1 )e1 + (2xc2 − x

(1)
d2
− x

(1)
s2 )e2 and (e1, e2, 0) is a unit

vector. Here, M̃ is uniquely determined once we choose a unit vector (e1, e2, 0).

Proof. As mentioned above, the symmetry of the approximate peak times implies
the fact (4.1.11). Let us further assume that x

(1)
d − x

(2)
d = x

(1)
s − x

(2)
s . That is, we

assume that there exist some vector M := M̃(e1, e2, 0) with M̃ ∈ R and a unit vector
(e1, e2, 0) ∈ R3 satisfying

x
(2)
d = x

(1)
d +M, x(2)s = x(1)s +M.

Consequently, (4.1.11) implies

M̃(x
(1)
d1
−xc1)e1+M̃2e21+M̃(x

(1)
d2
−xc2)e2+M̃2e22+M̃(x(1)s1 −xc1)e1+M̃(x(1)s2 −xc2)e2 = 0.
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Since the vector (e1, e2, 0) is a unit vector, we obtain

M̃ = (2xc1 − x
(1)
d1
− x(1)s1 )e1 + (2xc2 − x

(1)
d2
− x(1)s2 )e2,

which implies the unique existence of vector M .

x2

xs

x3

(1)

xd
(2)

x2

M(e1,e2,0)
~

xs
(2)

xc

x1

xd
(1)

Figure 4.2: Mathematical property of symmetry shown in Theo-
rem 4.3. The red symbol is the point target xc. For two S-D pairs
{x(n)

d , x
(n)
s }, n = 1, 2, satisfying (4.1.12), these two S-D pairs satisfy

the relation (4.1.13) if their corresponding approximate peak times are
the same (i.e., (4.1.10) ⇒ (4.1.13))

Based on Theorem 4.3, for given x
(n)
d , x

(n)
s ∈ ∂Ω, n = 1, 2, satisfying (4.1.12),

the same approximate peak times (4.1.10) implies that xc1 and xc2 are coupled in the
relation as follows:

x
(2)
d1

= x
(1)
d1

+ (2xc1 − x
(1)
d1
− x

(1)
s1 )e

2
1 + (2xc2 − x

(1)
d2
− x

(1)
s2 )e1e2,

x
(2)
d2

= x
(1)
d2

+ (2xc1 − x
(1)
d1
− x

(1)
s1 )e1e2 + (2xc2 − x

(1)
d2
− x

(1)
s2 )e

2
2,

(4.1.14)

where e1 =
x
(2)
d1

−x
(1)
d1√

(x
(2)
d1

−x
(1)
d1

)2+(x
(2)
d2

−x
(1)
d2

)2
and e2 =

x
(2)
d2

−x
(1)
d2√

(x
(2)
d1

−x
(1)
d1

)2+(x
(2)
d2

−x
(1)
d2

)2
. However, even

if we had relation (4.1.14), we might not be able to solve for xc1 , xc2 for given xd, xs.

With an additional assumptions on (4.1.12), we have the following conclusion on
the solvability of xc1 and xc2 in (4.1.14).

Corollary 4.1. For unknown xc ∈ Ω, setting x
(n)
d , x

(n)
s ∈ ∂Ω, n = 1, 2, with

x(1)s1 − x(2)s1 = x
(1)
d1
− x

(2)
d1

, x(1)s2 = x(2)s2 , x
(1)
d2

= x
(2)
d2

, (4.1.15)

then, (4.1.10) implies

xc1 =
x
(1)
s1 + x

(2)
d1

2
.
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Similarly, if we set x(n)d , x
(n)
s ∈ ∂Ω, n = 1, 2, with

x(1)s2 − x(2)s2 = x
(1)
d2
− x

(2)
d2

, x(1)s1 = x(2)s1 , x
(1)
d1

= x
(2)
d1

, (4.1.16)

then, (4.1.10) implies

xc2 =
x
(1)
s2 + x

(2)
d2

2
.

We give a remark about different assumptions for the S-D pairs in Theorem 4.2,
Theorem 4.3 and Corollary 4.1.

Remark 4.1.

(i) The assumption (4.1.4) indicates that the distance between each detector point
and source point in the two S-D pairs is equal. The assumption (4.1.12) indicates
that one of these two S-D pairs can be obtained by moving the other at the same
time. The assumption (4.1.15) and the assumption (4.1.16) indicate that one of
these two S-D pairs can be obtained by moving the other at the same time along
x-axis and y-axis, respectively.

(ii) The properties of approximate peak time shown in Theorem 4.2 and Corol-
lary 4.1 can be obtained under the same assumption (4.1.15) or (4.1.16) on
x
(n)
d , x

(n)
s ∈ ∂Ω, n = 1, 2, since the assumption (4.1.15) or (4.1.16) directly

implies the assumption (4.1.4).

4.2 Numerical verification of the properties of the peak
time

In this section, we numerically verify that the peak time has the same properties,
which have been rigorously proved for the approximate peak time in section 4.1. Also,
the approximate peak time closes to the peak time as the depth of the single point
target increases.

We still set the physical parameters as follows,

v = 0.219mm/ps, D = 1/3mm, µa = 0.1mm−1, β = 0.5493mm−1.

they are typical values in biological tissues. For given xc ∈ Ω and xd, xs ∈ ∂Ω, we
can numerically compute the peak time tpeak(xd, xs; xc) and the approximate peak
time tapeak(xd, xs; xc) from (3.3.1) and (4.1.1), respectively.

To show the accuracy of the approximate peak time, we calculate the relative error
RelErrt(xd, xs; xc) of the approximate peak time defined as

RelErrt(xd, xs; xc) :=
|tpeak(xd, xs; xc)− tapeak(xd, xs; xc)|

tpeak(xd, xs; xc)
, xd, xs ∈ ∂Ω. (4.2.1)

We divide the numerical verification into two parts, i.e., Verification I and Ver-
ification II.

Verification I: the uniqueness, order relation, symmetry of tpeak and the accuracy of
tapeak.
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Let xc = (10, 10, 20), with 21× 21 sets of S-D pairs defined as{
{x(n,m)

d , x(n,m)
s }

= {(4 +m, n, 0), (−4 +m, n, 0)} , n, m = 0, 1, · · · , 20
}
. (4.2.2)

Figure 4.3 (a) and (b) show the peak time tpeak and the relative error (4.2.1) of the
approximate peak time for each S-D pair given in the set (4.2.2), respectively. Here, we
should mention that each grid point (n, m) in Figure 4.3 (a) and (b) corresponds to the
peak time tpeak(x

(n,m)
d , x

(n,m)
s ; xc) and the relative error RelErrt(x

(n,m)
d , x

(n,m)
s ; xc),

respectively. For simplicity, let us write

t
(n,m)
peak := tpeak(x

(n,m)
d , x(n,m)

s ; xc), t
a,(n,m)
peak := tapeak(x

(n,m)
d , x(n,m)

s ; xc),

ξ(n,m) := ξ(x
(n,m)
d , x(n,m)

s ; xc),

where the distance ξ(n,m) is defined by (4.1.3).

(a) (b)

Figure 4.3: Peak times (a) and relative error of approximate peak
time (b) for target xc = (10, 10, 20) and for all S-D pairs (4.2.2)

.

The results shown in Figure 4.3 indicate the consistency between the approximate
peak time and the peak time to some extent: uniqueness, the same properties, and
nice accuracy. Let us give a more precise explanation as follows.

• Uniqueness: For each S-D pair {x(n,m)
d , x

(n,m)
s }, n, m = 0, 1, · · · , 20, there al-

ways exists only one peak time, because the grid points in Figure 4.3 (a) corre-
spond to the peak times one by one.

• Order relation: From the settings of xc and (4.2.2), the distance ξ(n,m) reaches
the minimum as (n, m) = (10, 10). As (n, m) → (10, 10), the distance ξ(n,m)

becomes shorter and shorter. From Figure 4.3 (a), the peak time t
(n,m)
peak becomes

smaller and smaller as (n, m)→ (10, 10). We obtain the smallest peak time as
(n, m) = (10, 10).

• Symmetry: From the contour lines of the peak times at the bottom of Figure 4.3
(a), the peak times have some symmetry with (n, m) = (10, 10) as the center of
symmetry. It is easy to observe that this symmetry agrees with Theorem 4.3 and
Corollary 4.1. Furthermore, we already proved the symmetry of the approximate
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peak time in Theorem 4.3 and Corollary 4.1. The observed symmetry of the
relative error in Figure 4.3 (b) implies that the peak time satisfies the same
symmetry as the approximate peak time.

• Accuracy: The relative error in Figure 4.3 (b) indicates a good approximation
of the approximate peak time.

Table 4.1: Peak times and approximate peak times for some S-D
pairs in (4.2.2)

xc (n, m) x
(n,m)
d x

(n,m)
s t

(n,m)
peak t

a,(n,m)
peak RelErrt

(10, 10, 10)

(20, 4) (8, 20, 0) (0, 20, 0) 341.4000 341.0046 1.1580e-03
(0, 16) (20, 0, 0) (12, 0, 0) 341.4000 341.0046 1.1580e-03
(10, 9) (13, 10, 0) (5, 10, 0) 222.1000 220.5207 7.1109e-03
(10, 10) (14, 10, 0) (6, 10, 0) 221.1000 219.4309 7.5491e-03
(10, 11) (15, 10, 0) (7, 10, 0) 222.1000 220.5207 7.1109e-03

(10, 10, 20)

(0, 4) (8, 0, 0) (0, 0, 0) 533.3000 532.6174 1.2800e-03
(20, 16) (20, 20, 0) (12, 20, 0) 533.3000 532.6174 1.2800e-03
(10, 9) (13, 10, 0) (5, 10, 0) 458.8000 457.6963 2.4056e-03
(10, 10) (14, 10, 0) (6, 10, 0) 458.2000 457.1005 2.3997e-03
(10, 11) (15, 10, 0) (7, 10, 0) 458.8000 457.6963 2.4056e-03

(10, 10, 30) (10, 10) (14, 10, 0) (6, 10, 0) 703.5000 702.6783 1.1681e-03
(10, 10, 40) (10, 10) (14, 10, 0) (6, 10, 0) 951.1000 950.4580 6.7505e-04
(10, 10, 50) (10, 10) (14, 10, 0) (6, 10, 0) 1199.7000 1199.1492 4.5911e-04
(10, 10, 60) (10, 10) (14, 10, 0) (6, 10, 0) 1448.8000 1448.3039 3.4242e-04

We further quantify the mentioned consistency between the approximate peak
time and the peak time by randomly selecting several sets of S-D pairs from (4.2.2)
in Table 4.1. Let us take the case xc = (10, 10, 20) as an example, and the case
xc = (10, 10, 10) shows a similar result. We obtain

t
a,(0,4)
peak = t

a,(20,16)
peak , t

(0,4)
peak = t

(20,16)
peak , t

a,(10,9)
peak = t

a,(10,11)
peak , t

(10,9)
peak = t

(10,11)
peak ,

when {x(0,4)d , x
(20,16)
s } and {x(10,9)d , x

(10,11)
s } satisfy the condition (4.1.13), respectively.

Also, we observe the order relation

t
(0,4)
peak > t

(10,9)
peak > t

(10,10)
peak

for ξ(0, 4) > ξ(10, 9) > ξ(10, 10). We get the smallest peak time t
(10,10)
peak and the small-

est approximate peak time t
a,(10,10)
peak , because {x(10,10)d , x

(10,10)
s } satisfies the condition

(4.1.7).

Next, we verify the asymptotic formula of ∂tum as xc3 → ∞ proven in Theorem
3.4. Here, we only consider the approximation of the asymptotic formula of (3.2.6) at
the peak time.

Verification II: the error between tpeak and tapeak as the depth of target xc increases.

Let
xc = (10, 10, 10), (10, 10, 20), · · · , (10, 10, 60).
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In Table 4.1, we show the results of t
(10, 10)
peak (xc), t

a,(10, 10)
peak (xc) and RelErrt(xc) for

fixed {x(10, 10)d , x
(10, 10)
s }. Comparing the relative errors, we observe that ta,(10, 10)peak gets

closer and closer to t
(10, 10)
peak as the depth xc3 of the target increases, which is consistent

with asymptotic formula given in (3.1.18).

Despite the limited numerical results, the same properties can be observed regard-
less of the S-D pair and the target location. Therefore, it is reasonable to use the
approximate peak time formula and the nice properties of the approximate peak time
to formulate a scheme to reconstruct the location of the unknown point target in the
next chapter.
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Chapter 5

Bisection Reconstruction
Algorithm and Numerical
Experiments for Single Point
Target

In this chapter, we present a reconstruction algorithm to reconstruct the location
xc := (xc1 , xc2 , xc3) of an unknown single point target from several measured peak
times. It is a bisection-type algorithm. More precisely, by using the mentioned order
relation and symmetry, we first reconstruct (xc1 , xc2) by the bisection method taking
the measured peak time tpeak as an index. Then, the depth xc3 can be reconstructed
by solving a cubic equation. We have assumed here that the peak time has the same
properties as the approximate one, i.e., uniqueness, order relation, and symmetry.
From here, unless specified, we do not distinguish the peak time and the approximate
peak time.

The rest of this chapter is organized as follows. In Section 5.1, we give a framework
of the proposed algorithm. A detailed explanation of reconstructing (xc1 , xc2) is given
in Section 5.2. Several numerical experiments are presented in Section 5.3.

5.1 Framework of algorithm

In this section, we utilize the properties of the peak time shown in Chapter 4 and
the approximate peak time formula P3(t) defined by (4.1.1) to give a framework of
the bisection reconstruction algorithm.

Rewrite the approximate peak time formula (4.1.1) as a cubic equation for xc3 as
follows:

2x3c3 + 2βDvtx2c3 +
(
− 2µaDv2t2 − 3Dvt+ (xd1 − xc1)

2 + (xd2 − xc2)
2

+ (xs1 − xc1)
2 + (xs2 − xc2)

2
)
xc3 +

(
− 2µaβD

2v3t3 − 7βD2v2t2

+ βDvt((xd1 − xc1)
2 + (xd2 − xc2)

2 + (xs1 − xc1)
2 + (xs2 − xc2)

2)
)
= 0. (5.1.1)

From the statements given in Theorem 4.2 and Corollary 4.1, it is obvious that
the properties of the peak time only depend on (xc1 , xc2). Hence, we can divide the
procedure of reconstructing xc into two stages as follows:

Stage 1: Let (xc1 , xc2) be inside of a region of interest (ROI), where ROI ⊂ ∂Ω.
By using the peak time as an index, we draw lessons from the idea of the
bisection method to gradually shrink ROI to get an approximation (xinvc1 , xinvc2 )
(see Section 5.2 for details).
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Stage 2: Substituting a set of parameters xd, xs ∈ ∂Ω, t = tpeak := tpeak(xd, xs; xc)
and (xc1 , xc2) = (xinvc1 , xinvc2 ) into (5.1.1), the depth xc3 can be determined by
solving the cubic equation (5.1.1).

Now we give the existence of a positive solution to equation (5.1.1).

Proposition 5.1. For given a set of positive parameters β, D, v and tpeak, the cubic
equation (5.1.1) has at most one positive root.

Proof. For convenience, write (5.1.1) as X(xc3) = 0 and consider its monotonicity
over xc3 > 0. The xc3-derivative of X is

dX

dxc3
=6x2c3 + 4βDvtpeakxc3 − 2µaDv2t2peak − 3Dvtpeak

+ (xd1 − xc1)
2 + (xd2 − xc2)

2 + (xs1 − xc1)
2 + (xs2 − xc2)

2. (5.1.2)

Since both the physical parameters β, D, v and the peak time tpeak are positive, the
symmetry axis of the parabola associated with the quadratic, the right hand side of
(5.1.2),

xc3 = −
βDvtpeak

3

is negative. If the constant term of dX
dxc3

is less than or equal to zero, which also implies
that the constant term of X is less than zero, there exists a unique positive root to
(5.1.1). If the constant term of dX

dxc3
is larger than zero, we need to consider whether

the constant term of X is larger than, equal to or less than zero. (5.1.1) has a unique
positive root when the constant term of X is less than zero. Otherwise, there is no
positive root.

We remark here that even though Proposition 5.1 does not state the existence of
solution xc3 , it does exist in terms of actual physical processes.

5.2 Alogorithm of reconstructing (xc1, xc2)

In this section, we use the properties of the peak time discussed in Chapter 4
to develop the reconstruction algorithm of Stage 1. The main purpose here is to
show how the bisection method taking the peak time as an index can be applied to
reconstruct (xc1 , xc2).

From Remark 4.1, for any x
(n)
d , x

(n)
s ∈ ∂Ω, n = 1, 2, satisfying x

(1)
d − x

(2)
d =

x
(1)
s − x

(2)
s , the peak times

t
(n)
peak := tpeak(x

(n)
d , x(n)s ; xc), n = 1, 2,

satisfy the following three properties.

P1) The order relation t
(1)
peak > t

(2)
peak implies ξ(x

(1)
d , x

(1)
s ; xc) > ξ(x

(2)
d , x

(2)
s ; xc),

where ξ(x
(n)
d , x

(n)
s ; xc) := |x(n)d − xc|2 + |x(n)s − xc|2, n = 1, 2.

P2) t
(2)
peak attains its minimum when x

(2)
d , x

(2)
s ∈ ∂Ω satisfy the condition xc1 =

x
(2)
s1

+x
(2)
d1

2 and xc2 =
x
(2)
s2

+x
(2)
d2

2 .
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P3) Equal peak times t
(1)
peak = t

(2)
peak implies{

x
(2)
d1

= x
(1)
d1

+ (2xc1 − x
(1)
d1
− x

(1)
s1 )e

2
1 + (2xc2 − x

(1)
d2
− x

(1)
s2 )e1e2,

x
(2)
d2

= x
(1)
d2

+ (2xc1 − x
(1)
d1
− x

(1)
s1 )e1e2 + (2xc2 − x

(1)
d2
− x

(1)
s2 )e

2
2,

(5.2.1)

where e1 =
x
(2)
d1

−x
(1)
d1√

(x
(2)
d1

−x
(1)
d1

)2+(x
(2)
d2

−x
(1)
d2

)2
and e2 =

x
(2)
d2

−x
(1)
d2√

(x
(2)
d1

−x
(1)
d1

)2+(x
(2)
d2

−x
(1)
d2

)2
.

For easy understanding, assume that we already know the second coordinate xc2 =
xinvc2 of the unknown target. Let ROI := (xl, xr) ⊂ ∂Ω be the region of interest for
xc1 , i.e., xc1 ∈ ROI. In light of the idea of the bisection method to determine the root
of a continuous function [50], we can choose two S-D pairs {x(1)d , x

(1)
s } and {x(2)d , x

(2)
s }

satisfying x
(1)
d − x

(2)
d = x

(1)
s − x

(2)
s defined as

{x(1)d , x
(1)
s } :=

{
(xl +

L
2 , x

inv
c2 , 0), (xl − L

2 , x
inv
c2 , 0)

}
,

{x(2)d , x
(2)
s } :=

{
(xr +

L
2 , x

inv
c2 , 0), (xr − L

2 , x
inv
c2 , 0)

}
,

(5.2.2)

with L > 0. In this case, we have e1 = 1 and e2 = 0. Then, we use the peak times as
the index and the properties P1)–P3) as the criteria to determine xc1 .

More precisely, if t(1)peak = t
(2)
peak, we get the reconstruction xinvc1 =

x
(1)
s1

+x
(2)
d1

2 = xl+xr

2
from the property P3). Otherwise, we need to shrink ROI step by step via the property
P1) until we arrive at the property P2). That is, if t(1)peak < t

(2)
peak, we halve the current

ROI, update xr as xl+xr

2 , denoting it by xr ← xl+xr

2 , and update ROI ← (xl, xr).
Conversely, if t(1)peak > t

(2)
peak, we halve the current ROI, update xl ← xl+xr

2 , ROI ←
(xl, xr). We can go further, setting the S-D pairs as (5.2.2) and repeating to use the
order relation of the peak times to reconstruct xc1 . Figure 5.1 shows the shrinking
ROI of the first four times by using the peak times as the index when there are no
two equal peak times. We refer to this scheme as Algorithm 1 and call it the bisection
reconstruction algorithm after the dimensionality reduction.

Algorithm 1 Bisection reconstruction algorithm after the dimensionality reduction
Input: Reconstruction xinvc2 , ROI=(xl, xr), tolerance ϵ1 and distance L.

Step 1 Define two S-D pairs as (5.2.2).

Step 2 Compare t
(1)
peak and t

(2)
peak and update ROI.

If t(1)peak = t
(2)
peak, break the loop and output xinvc1 = xl+xr

2 .

If t(1)peak < t
(2)
peak, update xr ← xl+xr

2 , ROI← (xl, xr).

If t(1)peak > t
(2)
peak, update xl ← xl+xr

2 , ROI← (xl, xr).

Step 3 Compute Err1 = xr − xl and check stop criterion.

If Err1 ≤ ϵ1, break the loop and output xinvc1 = xl+xr

2 . Otherwise, go to Step
1.

(Note: The case of inputting xinvc1 , ROI = (xb, xt), ϵ2 and L can be done in the same
way.)
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xs

tpeak < tpeak
(1) (2)

tpeak > tpeak
(1) (2)

tpeak < tpeak
(1) (2)

xl xrxd
(1) (1)

xs xd
(1) (1)

xs xd
(1) (1)

xs xd
(1) (1)

xs xd
(2) (2)

xs xd
(2) (2)

xs xd
(2) (2)

xs xd
(2) (2)

xr      (xl+xr)/2

Figure 5.1: Bisection reconstruction algorithm to shrink ROI =
(xl, xr) at the first four times. (Red symbol: projection of point target
to ROI. Green circles connected dotted lines: S-D pairs. Solid lines:
ROI. Blue boxes: endpoints xl, xr of ROI. Black arrows: shrink ROI

once via property P1). Dash lines: abandoned ROI)

We are currently at the point of extending Algorithm 1 to reconstruct xc1 and
xc2 simultaneously. Without loss of generality, we consider the region of interest as
a rectangle, i.e., xc = (xc1 , xc2 , xc3), (xc1 , xc2) ∈ (xl, xr) × (xb, xt) =: ROI, which
is enclosed by the solid lines in the upper left sub-graph of Figure 5.2. In light of
Corollary 4.1, we define four S-D pairs as

{x(1)d , x
(1)
s } :=

{
(xl +

L
2 , xb, 0), (xl −

L
2 , xb, 0)

}
,

{x(2)d , x
(2)
s } :=

{
(xr +

L
2 , xb, 0), (xr −

L
2 , xb, 0)

}
,

{x(3)d , x
(3)
s } :=

{
(xr +

L
2 , xt, 0), (xr −

L
2 , xt, 0)

}
,

{x(4)d , x
(4)
s } :=

{
(xl +

L
2 , xt, 0), (xl −

L
2 , xt, 0)

}
,

(5.2.3)

with L > 0. For (5.2.3), we will have four peak times

t
(n)
peak := tpeak(x

(n)
d , x(n)s ; xc), n = 1, 2, 3, 4.

We continue to use the peak times as the index and the properties P1)–P3) as the
criterion to simultaneously determine (xc1 , xc2). For instance, if we have

t
(1)
peak = t

(2)
peak < t

(3)
peak = t

(4)
peak, (5.2.4)

that implies that

ξ(x
(1)
d , x(1)s ; xc) = ξ(x

(2)
d , x(2)s ; xc) < ξ(x

(3)
d , x(3)s ; xc) = ξ(x

(4)
d , x(4)s ; xc).

Hence, the equalities in (5.2.4) give xinvc1 = xl+xr

2 using the property P3). The inequal-
ity in (5.2.4) leads to update xt ← xb+xt

2 by the property P1), update ROI← (xb, xt),
and go to Algorithm 1. If there are no equal peak times, we can apply the property
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P1) to shrink ROI according to the order relation of the peak times. As shown in the
upper left sub-graph to the upper right sub-graph of Figure 5.2, the order relation

t
(4)
peak < {t(1)peak, t

(2)
peak, t

(3)
peak}

gives the information that the S-D pair {x(4)d , x
(4)
s } is closer to the unknown target

than the other S-D pairs. From the property P1), we halve the sides of the current
ROI, update xr ← xl+xr

2 , xb ← xb+xt

2 and ROI← (xl, xr)×(xb, xt). Figure 5.2 shows
shrinking ROI of the first four times in the bisection reconstruction algorithm. The
detailed explanation of the reconstruction scheme is given as Algorithm 2.

tpeak < {tpeak, tpeak ,tpeak }
(4) (1) (2) (3)

tpeak < {tpeak, tpeak ,tpeak }
(4) (1) (2) (3)

tpeak < {tpeak, tpeak ,tpeak }
(3) (1) (2) (4)

xs xd
(1) (1)

xs xd
(1) (1)

xs xd
(2) (2)

xs xd
(4) (4)xs xd

(3) (3)

xs xd
(4) (4)

xs xd
(2) (2)

xs xd
(3) (3)

xs xd
(4) (4)

xs xd
(3) (3)

xs xd
(1) (1)

xs xd
(2) (2)

xs xd
(4) (4)

xs xd
(3) (3)

xs xd
(1) (1)

xs xd
(2) (2)

Figure 5.2: Bisection reconstruction algorithm to shrink ROI =
(xl, xr) × (xb, xt) at the first four times. (Red symbol: projection
of the point target to ROI. Green circles connected dotted lines: S-
D pairs. Region enclosed by solid lines: ROI. Blue boxes: endpoints
xl, xr, xb, xt of ROI. Black arrows: shrink ROI once via property P1).

Dash lines: abandoned ROI)

Remark 5.1.

(i) There is another type of situation in Step 2 of Algorithm 2. For instance, we
may arrive at t(4)peak < t

(1)
peak = t

(3)
peak < t

(2)
peak. From (5.2.1), we can only know that

the true location (xc1 , xc2) satisfies the linear equation

xc2 = −xr − xl
xt − xb

xc1 +
x2r − x2l

2(xt − xb)
+

xt + xb
2

, xc1 <
xl + xr

2
. (5.2.5)

Hence, we classify this situation as situation 3d).

(ii) If the peak time has the same properties as the approximate one, Algorithm 2
is convergent, and its proof is similar to the bisection method for finding the
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Algorithm 2 Reconstructing (xc1 , xc2) by bisection reconstruction algorithm
Input: ROI = (xl, xr)× (xb, xt), tolerances ϵ1, ϵ2 > 0 and distance L.

Step 1 Define four S-D pairs as (5.2.3).

Step 2 Compute t
(n)
peak, n = 1, 2, 3, 4, and update ROI.

1a) If t
(1)
peak = t

(2)
peak = t

(3)
peak = t

(4)
peak, break the loop and output xinvc1 =

xl+xr

2 , xinvc2 = xb+xt

2 .

2a) If t(1)peak = t
(2)
peak < t

(3)
peak = t

(4)
peak, output xinvc1 = xl+xr

2 , update xt ← xb+xt

2 ,
ROI← (xb, xt), break the loop and go to Algorithm 1.

2b) If t(1)peak = t
(2)
peak > t

(3)
peak = t

(4)
peak, output xinvc1 = xl+xr

2 , update xb ← xb+xt

2 ,
ROI← (xb, xt), break the loop and go to Algorithm 1.

2c) If t(1)peak = t
(4)
peak < t

(2)
peak = t

(3)
peak, output xinvc2 = xb+xt

2 , update xr ← xl+xr

2 ,
ROI← (xl, xr), break the loop and go to Algorithm 1.

2d) If t(1)peak = t
(4)
peak > t

(2)
peak = t

(3)
peak, output xinvc2 = xb+xt

2 , update xl ← xl+xr

2 ,
ROI← (xl, xr), break the loop and go to Algorithm 1.

3a) If t
(1)
peak < {t(2)peak, t

(3)
peak, t

(4)
peak}, update xr ← xl+xr

2 , xt ← xb+xt

2 , ROI ←
(xl, xr)× (xb, xt).

3b) If t
(2)
peak < {t(1)peak, t

(2)
peak, t

(4)
peak}, update xl ← xl+xr

2 , xt ← xb+xt

2 , ROI ←
(xl, xr)× (xb, xt).

3c) If t
(3)
peak < {t(1)peak, t

(2)
peak, t

(4)
peak}, update xl ← xl+xr

2 , xb ← xb+xt

2 , ROI ←
(xl, xr)× (xb, xt).

3d) If t
(4)
peak < {t(1)peak, t

(2)
peak, t

(3)
peak}, update xr ← xl+xr

2 , xb ← xb+xt

2 , ROI ←
(xl, xr)× (xb, xt).

Step 3 Compute Err1 := xr − xl, Err2 := xt − xb and check stop criterion.

If Err1 ≤ ϵ1, Err2 ≤ ϵ2, stop and output xinvc1 = xl+xr

2 , xinvc2 = xb+xt

2 .

If Err1 > ϵ1, Err2 ≤ ϵ2, output xinvc2 = xb+xt

2 , go to Algorithm 1 with ROI :=
(xl, xr).

If Err1 ≤ ϵ1, Err2 > ϵ2, output xinvc1 = xl+xr

2 , go to Algorithm 1 with ROI :=
(xb, xt).

If Err1 > ϵ1, Err2 > ϵ2, go to Step 1.
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root of a continuous function. Even though the speed of convergence is slow,
we show that in Section 5.3, a finite number of shrinks can give a reasonable
reconstruction.

5.3 Numerical experiments

In this section, we give several numerical experiments to examine the efficiency of
the proposed bisection reconstruction algorithm.

Assume that the peak time tpeak := tpeak(xd, xs; xc) is measured from the emission
light um(xd, t; xs), where {xd, xs} is the location of the selected S-D pair. To simulate
the emission light for a given S-D pair, we employ the analytical solution (3.0.1) to
generate it. However, noise is always unavoidable in the measurements, causing jitters
and drifts of the peak time. We assume the noise level of the peak time is of order δ,
namely

|tδpeak − tpeak| ≤ δ, (5.3.1)

where tδpeak and tpeak are the peak time having the noise and the peak time, respec-
tively. We perturb tpeak by

tδpeak :=
(
1 + δ̂ × (2× rand(1)− 1)

)
× tpeak, (5.3.2)

where δ̂ is the relative noise level, and rand(1) generates a uniformly distributed
random number on the interval (0, 1).

In the following numerical experiments, we still set the typical values (3.3.3) of
biological tissues as the physical parameters. We define the time step size as 0.1 ps.
We compute the relative error of the reconstruction by the following formula:

RelErr =
|xc − xinvc |
|xc|

, (5.3.3)

where xc and xinvc are the actual and the reconstructed locations of the target, respec-
tively.

In this subsection, let us see the numerical performances of reconstructing a single
point target for different noise levels δ̂, tolerances ϵ1, ϵ2, and depths of targets xc.
As the tolerances increase, we can decrease the number of shrinking ROI and then
avoid an infinite set of data. We denote by ROIinv the final region of interest when
we stop shrinking. Since this ROIinv does not always include (xc1 , xc2), we want to
determine what tolerances can be used to get an optimal ROIinv, which is ROIinv

including (xc1 , xc2) for different noise levels.
Theorem 4.2 shows that the value of peak time depends on the distance between

the S-D pair and the target. For xd, xs ∈ ∂Ω with |xd − xs| = L, L > 0, (4.1.7)
implies that the smallest peak time is

tmin
peak := tpeak

(
(xc1 +

L

2
, xc2 , 0), (xc1 −

L

2
, xc2 , 0); xc

)
. (5.3.4)

This value will help us visualize at least how a larger noise has been added.

Example 5.1. Let xc = (7, 17, 20), ROI = (0, 20)× (0, 20) and L = 8. The results
of numerical inversions for different noise levels and tolerances are listed in Tables
5.1 and 5.2.
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First, let us set the relatively small tolerances ϵ1 = ϵ2 = 0.1, which means the
initial ROI needs to be shrunk up to eight times. The numerical results are shown for
different noise levels δ̂ in Table 5.1.

Table 5.1: Reconstructions for different noise levels and fixed toler-
ances ϵ1 = ϵ2 = 0.1

xc δ̂ xinvc RelErr ROIinv

(7, 17, 20)

0 (6.95, 16.95, 20.04) 2.95e-03 (6.88, 7.03)× (16.88, 17.03)
0.1% (6.76, 17.30, 20.03) 1.44e-02 (6.72, 6.80)× (17.27, 17.34)
1% (7.54, 16.99, 19.94) 2.00e-02 (7.50, 7.58)× (16.95, 17.03)
5% (7.85, 17.30, 19.50) 3.80e-02 (7.81, 7.89)× (17.27, 17.34)

For the noise-free data in Table 5.1, the reconstruction (xinvc1 , xinvc2 ) is very close
to the true location, and it is also included in ROIinv. From the size of ROIinv,
we will find that the algorithm terminates before Err1, Err2 ≤ ϵ1 because the peak
times corresponding to the current four S-D pairs become equal. In fact, these peak
times are theoretically not equal but numerically equal due to the current precision
limit of time, 0.1 ps. As this precision is improved, the reconstructed coordinate
(xinvc1 , xinvc2 ) will converge to the true one. When we get excellent (xinvc1 , xinvc2 ), the
error for xinvc3 mainly comes from the approximation error of the peak time formula
(4.1.1). By (5.3.4), we can compute that the smallest peak time tmin

peak = 458.2 ps for
given xc = (7, 17, 20) and L = 8. For the noisy data, the orders of noise contained in
the peak time (5.3.1) are at least 0.4582 ps, 4.582 ps and 22.91 ps for 0.1%, 1% and 5%
relative noise levels, respectively. We find that the true location (xc1 , xc2) is outside
of ROIinv, but the reconstructions are still very close to the true ones. Even for the
data at a 5% relative noise level, the absolute error for each reconstructed coordinate
is less than 1mm.

Next, we consider larger tolerances to reduce the number of shrinks and to find
the optimal ROIinv. We can still have reasonable numerical results, which are shown
in Table 5.2.

Table 5.2: Reconstructions for different noise levels and different
tolerances

δ̂ ϵ1, ϵ2 xinvc RelErr ROIinv

0.1% 1.25, 1.25 (6.88, 16.88, 20.06) 6.89e-03 (6.25, 7.50)× (16.25, 17.50)
1% 1.25, 1.25 (8.13, 16.83, 20.27) 4.29e-02 (7.50, 8.75)× (16.25, 17.50)
5% 1.25, 1.25 (8.13, 16.83, 20.64) 4.79e-02 (7.50, 8.75)× (16.25, 17.50)
1% 5, 5 (7.50, 17.50, 20.06) 2.61e-02 (5.00, 10.00)× (15.00, 20.00)
5% 5, 5 (7.50, 17.50, 20.50) 3.19e-02 (5.00, 10.00)× (15.00, 20.00)

The numbers of shrinks are 4 and 2 for tolerances ϵ1 = ϵ2 = 1.25 and ϵ1 = ϵ2 = 5,
respectively. For the case of ϵ1 = ϵ2 = 1.25, we obtain a better reconstruction xinvc ,
and further ROIinv is also much more accurate than the result of the 0.1% case in
Table 5.1. The absolute errors of reconstructions xinvc1 and xinvc2 are less than ϵ1

2 and
ϵ2
2 , respectively. However, the 1% case results in a false shrink for ϵ1 = ϵ2 = 1.25,
which occurs in the third shrink. The reason is that the true location (xc1 , xc2)
is approximately in the center of the current region of interest when the region of
interest shrunk too small. Consequently, the peak times measured by current S-D
pairs are very close to each other, making them indistinguishable. When we increase
the tolerances, ϵ1 = ϵ2 = 5, we get a better reconstruction and the optimal ROIinv
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compared with the result of setting ϵ1 = ϵ2 = 1.25. Numerical results show that a
finite number of shrinks can also give a good result and an optimal ROI for the peak
time containing the noise.

From Tables 5.1 and 5.2, the depth reconstruction xinvc3 is less affected by the noise
than the reconstruction (xinvc1 , xinvc2 ).

In the next example, we test the inversion effects on deeper targets.

Example 5.2. We choose the same parameter settings as Example 5.1, i.e., ROI =
(0, 20) × (0, 20), L = 8. Let xc be at (7, 17, 30) and (7, 17, 40). The results of
numerical inversions for different noise levels are listed in Table 5.3.

Table 5.3: Reconstructions for different noise levels and fixed toler-
ances ϵ1 = ϵ2 = 0.1

xc δ̂ xinvc RelErr ROIinv

(7, 17, 30)

0 (7.03, 17.03, 30.03) 1.56e-03 (6.88, 7.19)× (16.88, 17.19)
0.1% (6.76, 17.30, 30.01) 1.11e-02 (6.72, 6.80)× (17.27, 17.34)
1% (7.85, 17.30, 29.88) 2.59e-02 (7.81, 7.89)× (17.27, 17.34)
5% (7.85, 17.30, 29.19) 3.45e-02 (7.81, 7.89)× (17.27, 17.34)

(7, 17, 40)

0 (7.03, 17.03, 40.03) 1.16e-03 (6.88, 7.19)× (16.88, 17.19)
0.1% (6.60, 17.30, 40.00) 1.14e-02 (6.56, 6.64)× (17.27, 17.34)
1% (7.85, 17.30, 39.81) 2.59e-02 (7.81, 7.89)× (17.27, 17.34)
5% (7.85, 17.30, 38.88) 3.26e-02 (7.81, 7.89)× (17.27, 17.34)

By (5.3.4), we can compute the smallest peak times tmin
peak = 703.5 ps and tmin

peak =
951.1 ps for xc = (7, 17, 30) and xc = (7, 17, 40), respectively. The peak time is more
delayed as the target depth increases, causing an increase in the order of noise. Hence,
the reconstruction will become worse. Compared with the results in Table 5.1, the
relative error of reconstruction for different noise levels is quite similar. However, for
deeper targets, the absolute error in each reconstructed coordinate of the target is
increasing. Moreover, ROIinv is moving further away from (xc1 , xc2). In a word, the
relative errors of these reconstructions are still marginal, less than a few percent.

We give the following summary of the proposed bisection reconstruction algorithm
according to the numerical results:

(i) There are no complicated calculations and regularization in our proposed algo-
rithm.

(ii) Even with a finite number of shrinks, we can still get a good reconstruction (See
results in Table 5.2).

(iii) The proposed algorithm is efficient in reconstructing deeper unknown single
point target (See results in Table 5.3).
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Chapter 6

FDOT Problem for Multiple Point
Targets

In this chapter, we consider our FDOT problem for multiple point targets. Based
on the asymptotic formulae for single point target given in Theorems 3.3 and 3.4
with the principle of superposition, we first derive asymptotic formulae of the solu-
tion um and its time-derivative ∂tum. Since the asymptotic formulae exponentially
depend on the distance between the given S-D pair and each target, we can derive
their localized asymptotic formulae. Then, an approximate peak time for each target
is defined by a localized S-D pair. We numerically verify the properties and accuracy
of the approximate peak time. After that, we propose a localized reconstruction algo-
rithm to reconstruct the locations of unknown targets. We also provide the numerical
performance of this algorithm by studying some numerical experiments.

Recall the multiple point targets defined in (2.2.5),

µf (x) =
J∑

j=1

cjδ(x− x(j)c ), cj > 0, j = 1, 2, · · · , J,

where x
(1)
c , x

(2)
c , · · · , x(J)c ∈ Ω are locations of multiple point targets. By the super-

position and for any given xd, xs ∈ ∂Ω, um of (2.2.3) becomes

um(xd, t;xs) =

J∑
j=1

cje
−vµat

16π3D2v

∫ t

0

(
(t− s)s

)− 3
2 e

− |xd−x
(j)
c |2

4vD(t−s) e−
|xs−x

(j)
c |2

4vDs

× K̂3(x
(j)
c3 ; t− s)K̂3(x

(j)
c3 ; s) ds, (6.0.1)

where

K̂3(xc3 ; t) := 1− β
√
πvDt exp

((
xc3 + 2βvDt√

4vDt

)2
)
erfc

(
xc3 + 2βvDt√

4vDt

)
. (6.0.2)

Here, |x|2 = x21 + x22 + x23 for x = (x1, x2, x3) ∈ R3.

The rest of this chapter is organized as follows. In Section 6.1, we derive asymptotic
analyses on um and ∂tum. We will obtain localized asymptotic formulae of um and
∂tum by choosing a localized S-D pair. In Section 6.2, we define an approximate peak
time for each x

(j)
c , j = 1, 2, · · · , J, by choosing a localized S-D pair. The properties

and the accuracy of the approximate peak time have been numerically demonstrated.
In Section 6.3, we propose a localized reconstruction algorithm. In Section 6.4, we
apply this algorithm in some numerical experiments.
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6.1 Asymptotic formulae of solution and its numerical
verification

In this section, we give the asymptotic formulae of the solution um defined by
(6.0.1) and its time-derivative ∂tum for multiple point targets. By localized S-D pair
{xd, xs}, we derive their localized asymptotic formulae. Some numerical experiments
are presented to verify the asymptotic formulae.

6.1.1 Asymptotic formulae of solution

In this subsection, we extend the asymptotic formulae given in Theorem 3.3 and
Theorem 3.4 to the case of multiple point targets.

Theorem 6.1. Let xd, xs ∈ ∂Ω and x
(1)
c , x

(2)
c , · · · , x(J)c ∈ Ω. For 1 ≤ j ≤ J , assume

that ∣∣∣|xd − x(j)c |2 − |xs − x(j)c |2
∣∣∣ ≤ C(j)t for some C(j) > 0.

Then, we have the asymptotic formula of um

um(t; x(1)c , x(2)c , · · · , x(J)c ) =

J∑
j=1

ua,(j)m (t)
[
1 + o(1)

]
(6.1.1)

as x
(j)
c3 →∞, 1 ≤ j ≤ J , where

ua,(j)m (t) =
cj exp (−µavt)

8π
5
2 v

1
2D

3
2

(
1

|xd − x
(j)
c |

+
1

|xs − x
(j)
c |

)
t−

3
2

× exp

(
−|xd − x

(j)
c |2 + |xs − x

(j)
c |2

2vDt

)(
x
(j)
c3

x
(j)
c3 + βvDt

)2

. (6.1.2)

Proof. We denote by for 1 ≤ j ≤ J ,

u(j)m (xd, t;xs) :=
cje

−vµat

16π3D2v

∫ t

0

(
(t− s)s

)− 3
2 e

− |xd−x
(j)
c |2

4vD(t−s) e−
|xs−x

(j)
c |2

4vDs

× K̂3(x
(j)
c3 ; t− s)K̂3(x

(j)
c3 ; s) ds, (6.1.3)

where function K̂3 is defined by (6.0.2). By Theorem 3.3, we have asymptotic formula

u(j)m (t) = ua,(j)m (t) +O(ua,(j)m (t)(x(j)c3 )
−1) as x(j)c3 →∞.

Then, as x
(j)
c3 →∞, 1 ≤ j ≤ J , we have

um(t) =

J∑
j=1

u(j)m (t) =

J∑
j=1

(
ua,(j)m (t) +O(ua,(j)m (t)(x(j)c3 )

−1)
)

=

J∑
j=1

ua,(j)m (t) +O

 J∑
j=1

(
ua,(j)m (t)(x(j)c3 )

−1
) , (6.1.4)

which implies (6.1.1).
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Theorem 6.2. Let xd, xs ∈ ∂Ω and x
(1)
c , x

(2)
c , · · · , x(J)c ∈ Ω. For 1 ≤ j ≤ J , assume

that ∣∣∣|xd − x(j)c |2 − |xs − x(j)c |2
∣∣∣ ≤ C

(j)
1

t

x
(j)
c3

for some C
(j)
1 > 0,

C
(j)
2 x(j)c3 ≤ t ≤ C

(j)
3 x(j)c3 for some C

(j)
2 , C

(j)
3 > 0.

Furthermore, t-derivative of um is given as

∂tum(t) = ∂tu
a
m(t)[1 + o(1)] =

J∑
j=1

P
(j)
3 (t)ua,(j)m (t)[1 + o(1)] (6.1.5)

as x
(j)
c3 →∞, 1 ≤ j ≤ J , where u

a,(j)
m is defined by (6.1.2) and

P
(j)
3 (t) := −µav −

3

2
t−1 +

|xd − x
(j)
c |2 + |xs − x

(j)
c |2

2vD
t−2 − 2βvD

x
(j)
c3 + βvDt

. (6.1.6)

Proof. By Theorem 3.4, we obtain

∂tum(t) =
J∑

j=1

∂tu
a,(j)
m (t) +O

 J∑
j=1

(
ua,(j)m (t)(x(j)c3 )

−3/2
) (6.1.7)

as x
(j)
c3 →∞, 1 ≤ j ≤ J . Then, we can get (6.1.5) with direct computation.

Since each term, exp
(
− |xd−x

(j)
c |2+|xs−x

(j)
c |2

2vDt

)
, in u

a,(j)
m is exponentially small, the

dominant parts of the summations in (6.1.1) and (6.1.5) are determined by the smallest
value of |xd − x

(j)
c |2 + |xs − x

(j)
c |2, 1 ≤ j ≤ J .

Then, we have the following localized asymptotic formulae of solution um and its
time-derivative ∂tum.

Corollary 6.1. Let xd, xs ∈ ∂Ω and x
(1)
c , x

(2)
c , · · · , x(J)c ∈ Ω. Assume that some

x
(k)
c , 1 ≤ k ≤ J, satisfies

|xd − x(k)c |2 + |xs − x(k)c |2 < |xd − x(j)c |2 + |xs − x(j)c |2, 1 ≤ j ̸= k ≤ J, (6.1.8)

and ∣∣∣|xd − x(k)c |2 − |xs − x(k)c |2
∣∣∣ ≤ Ct for some C > 0.

Then, um satisfies

um(t; x(1)c , x(2)c , · · · , x(J)c ) = ua,(k)m (t)
[
1 + o(1)

]
(6.1.9)

as x
(j)
c3 →∞, 1 ≤ j ≤ J . Furthermore, assume that∣∣∣|xd − x(k)c |2 − |xs − x(k)c |2

∣∣∣ ≤ C1
t

x
(k)
c3

for some C1 > 0,

C2x
(k)
c3 ≤ t ≤ C3x

(k)
c3 for some C2, C3 > 0.

The asymptotic formula of t-derivative of um is

∂tum(t) = P
(k)
3 (t)ua,(k)m (t)[1 + o(1)] (6.1.10)
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as x
(j)
c3 → ∞, 1 ≤ j ≤ J , where u

a,(k)
m and P

(k)
3 are defined by (6.1.2) and (6.1.6),

respectively.

Remark 6.1.

(i) From Corollary 6.1, we can approximate (6.0.1) as there is only a single point
target by using some localized S-D pair {xd, xs}. The localized S-D pair {xd, xs}
means that the condition (6.1.8) holds.

(ii) In fact, the accuracy of the localized asymptotic formulae given in Corollary 6.1
depends on the condition (6.1.8). That is, in the case of {xd, xs} satisfying

|xd− x(k)c |2 + |xs− x(k)c |2 ≪ |xd− x(j)c |2 + |xs− x(j)c |2, 1 ≤ j ̸= k ≤ J, (6.1.11)

the asymptotic formulae (6.1.9) and (6.1.10) should be more accurate.

6.1.2 Numerical verification

In this subsection, we verify the asymptotic formulae given in Corollary 6.1 through
numerical experiments. Without loss of generality, we assume that there are two point
targets, i.e., J = 2 in (2.2.5), with locations x

(1)
c and x

(2)
c .

The following numerical verifications mainly examine the influence of condition
(6.1.8) on the asymptotic analysis. The accuracy of the asymptotic formulae is deter-
mined by the distance between x

(1)
c and x

(2)
c for arbitrarily chosen S-D pairs by Remark

6.1 (ii). Therefore, we consider the two extreme cases where two point targets are very
far apart and very close in Verification I and Verification II, respectively. That is,
there exists some S-D pair satisfying condition (6.1.11) in Verification I. However,
there is no such S-D pair in Verification II.

For J = 2, the analytical solution um =
∑2

j=1 u
(j)
m , where u

(j)
m is defined by

(6.1.3). Given x
(1)
c , x

(2)
c ∈ Ω and xd, xs ∈ ∂Ω, we numerically calculate each u

(j)
m by

the numerical integration (3.3.1) and then obtain numerical solution unm of um. The
asymptotic solution u

a,(j)
m , j = 1, 2, defined by (6.1.2) can be directly calculated at

grid points.

Verification I: Let x
(1)
c = (2, 10, 20), x

(2)
c = (18, 10, 20). These two point targets

are far apart.

We choose the following three S-D pairs to calculate unm, ua,(1)m and u
a,(2)
m :

{xd, xs} ∈
{
{(4, 10, 0), (0, 10, 0)}, {(12, 10, 0), (8, 10, 0)}, {(20, 10, 0), (16, 10, 0)}

}
.

The numerical results are shown in Figure 6.1, Figure 6.2 and Figure 6.3 for each S-D
pair.

Discussion I: For the result of S-D pair {xd, xs} =
{
(4, 10, 0), (0, 10, 0)

}
, we have

the condition

|xd − x(1)c |2 + |xs − x(1)c |2 ≪ |xd − x(2)c |2 + |xs − x(2)c |2. (6.1.12)

Hence, it is obvious that the asymptotic solutions ua,(1)m and u
a,(1)
m +u

a,(2)
m are indistin-

guishable in Figure 6.1. Also, both of them have a good approximation to unm. Due
to (6.1.12), the value of ua,(2)m is much smaller than u

a,(1)
m and unm.
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Figure 6.2: Numerical solution un
m(xd, t; xs) and asymp-

totic solution ua
m(xd, t; xs) of Verification I for {xd, xs} ={

(12, 10, 0), (8, 10, 0)
}
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Figure 6.3: Numerical solution un
m(xd, t; xs) and asymp-

totic solution ua
m(xd, t; xs) of Verification I for {xd, xs} ={

(20, 10, 0), (16, 10, 0)
}



Chapter 6. FDOT Problem for Multiple Point Targets 49

For the result of S-D pair {xd, xs} =
{
(20, 10, 0), (16, 10, 0)

}
, we have

|xd − x(2)c |2 + |xs − x(2)c |2 ≪ |xd − x(1)c |2 + |xs − x(1)c |2.

From Figure 6.3, there is a similar observation to the result of S-D pair {xd, xs} ={
(4, 10, 0), (0, 10, 0)

}
.

For the result of S-D pair {xd, xs} =
{
(12, 10, 0), (8, 10, 0)

}
, we only have

|xd − x(1)c |2 + |xs − x(1)c |2 < |xd − x(2)c |2 + |xs − x(2)c |2.

instead of condition (6.1.12). So we could not see the localized asymptotic behavior
(Corollary 6.1) in Figure 6.2, clearly.

Remark 6.2. Despite visible differences in the values of solutions unm and uam, the
times at which they reach their maximums are almost the same for each localized S-D
pair. i.e., Compare Figure (6.1) and Figure (6.3) with Figure (6.2).

Verification II: Let x
(1)
c = (8, 10, 20), x

(2)
c = (12, 10, 20). These two point targets

are too close.

We choose the following three S-D pairs to calculate unm, ua,(1)m and u
a,(2)
m :

{xd, xs} ∈
{
{(10, 10, 0), (6, 10, 0)}, {(12, 10, 0), (8, 10, 0)}, {(14, 10, 0), (10, 10, 0)}

}
.

The numerical results are shown in Figure 6.4, Figure 6.5 and Figure 6.6 for each S-D
pair.
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Figure 6.4: Numerical solution un
m(xd, t; xs) and asymp-

totic solution ua
m(xd, t; xs) of Verification II for {xd, xs} ={

(10, 10, 0), (6, 10, 0)
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Figure 6.5: Numerical solution un
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m(xd, t; xs) of Verification II for {xd, xs} ={

(12, 10, 0), (8, 10, 0)
}
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Figure 6.6: Numerical solution un
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totic solution ua
m(xd, t; xs) of Verification II for {xd, xs} ={
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Discussion II: In this verification, the distance between x
(1)
c and x

(2)
c is smaller than

the distance in Verification I. For {xd, xs} =
{
(10, 10, 0), (6, 10, 0)

}
, which still

satisfies
|xd − x(1)c |2 + |xs − x(1)c |2 < |xd − x(2)c |2 + |xs − x(2)c |2.

In this verification, we could not use u
a,(1)
m to locally approximate unm. The same

observation is in the case of {xd, xs} =
{
(14, 10, 0), (10, 10, 0)

}
. At least, the

asymptotic solution u
a,(1)
m + u

a,(2)
m and the numerical solution unm have almost the

same time to reach their maximums. This is also true (see Figure 6.5) for the S-D
pair {xd, xs} =

{
(12, 10, 0), (8, 10, 0)

}
, which is not a localized S-D pair. So the

asymptotic behavior of ∂tum shown in (6.1.5) looks very nice.

6.2 Approximate peak time and its numerical verification

In this section, we define an approximate peak time for each target by using the
localized S-D pair. Then, we numerically study the properties of the peak time and
verify the accuracy of the approximate peak times.

Let x(1)c , x
(2)
c , · · · , x(J)c be the locations of multiple point targets. From Corollary

6.1, if xd, xs ∈ ∂Ω satisfies

|xd − x(k)c |2 + |xs − x(k)c |2 < |xd − x(j)c |2 + |xs − x(j)c |2, 1 ≤ j ̸= k ≤ J, (6.2.1)

then ∂tu
a
m(t) = 0 implies that

0 =P
(k)
3 (t; xd, xs, x

(k)
c )

:= −µav −
3

2
t−1 +

|xd − x
(j)
c |2 + |xs − x

(j)
c |2

2vD
t−2 − 2βvD

x
(j)
c3 + βvDt

, (6.2.2)

where {xd, xs} is a localized S-D pair to x
(k)
c .

We define the approximate peak time for x
(k)
c , k = 1, 2, · · · , J, as follows.

Definition 6.1. For each x
(k)
c , k = 1, 2, · · · , J , if there is a localized S-D

pair {xd, xs} satisfying (6.2.1), we can define an approximate time t
a,(k)
peak :=

tapeak(xd, xs; x
(k)
c ) > 0 for x

(k)
c such that

P
(k)
3 (t

a,(k)
peak ; xd, xs, x

(k)
c ) = 0,

where approximate peak time formula P
(k)
3 for x

(k)
c is defined by (6.2.2).

We give the following remark to the definition of ta, (k)peak , k = 1, 2, · · · , J .

Remark 6.3. The approximate peak time formula P
(k)
3 (t) is the same to P3(t) defined

in (3.2.7) as x
(k)
c = xc. From Theorem 4.1, we proved that there is a unique positive

root of P (k)
3 (t) = 0 for any xd, xs ∈ ∂Ω. But the approximate peak time t

a,(k)
peak defined

in Definition 6.1 is related to its corresponding localized S-D pair {xd, xs}. That is,
for any S-D pair {xd, xs}, the unique positive root of (6.2.2) is the approximate peak
time of x(k)c depends on whether the current S-D pair satisfies the condition (6.2.1).

Next, we give some numerical studies from the following two issues: for given
x
(1)
c , x

(2)
c , · · · , x(J)c ∈ Ω,
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(i) study the properties to the peak time tpeak of um(t) as S-D pair changes.

(ii) study the accuracy of approximating the peak time tpeak with the unique positive
roots, still denoted by t

a,(k)
peak , of P (k)

3 (t) = 0, k = 1, 2, · · · , J for different S-D
pair.

We assume two point targets, i.e., J = 2 in (2.2.5), with locations x
(1)
c =

(5, 10, 20), x
(2)
c = (15, 10, 20). Give several S-D pairs as

{xd, xs} ∈
{
{(1 +m, n, 0), (−1 +m, n, 0)}, m, n = 0, 1, · · · , 20.

}
. (6.2.3)

The peak time tpeak(xd, xs) can be observed from the numerical solution unm(xd, t; xs)

of um(xd, t; xs). We estimate the accuracy of ta,(1)peak(xd, xs) and t
a,(2)
peak(xd, xs) using the

absolute errors defined by

Err(j)(xd, xs) = |t
a,(j)
peak(xd, xs)− tpeak(xd, xs)|, j = 1, 2.

In Figure 6.7, we plot the peak times measured by all S-D pairs defined by (6.2.3),
where each grid point (m, n) corresponds to the peak time for {xd, xs} = {(1 +

m, n, 0), (−1+m, n, 0)}. The approximate peak times ta,(1)peak(xd, xs) and t
a,(2)
peak(xd, xs)

for all S-D pairs defined by (6.2.3) are shown in Figure 6.8 and Figure 6.9.

Figure 6.7: Peak time tpeak(xd, xs) for x
(1)
c = (5, 10, 20), x

(2)
c =

(15, 10, 20)

We have the following important observations:

(i) For each S-D pair defined by (6.2.3), there exists a unique peak time. In Figure
6.7, there are two local minimums for S-D pair {xd, xs} = {(6, 10, 0), (4, 10, 0)}
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(a) (b)

Figure 6.8: Approximate peak time: (a) t
a,(1)
peak , (b) t

a,(2)
peak

.

(a) (b)

Figure 6.9: Absolute error between peak time and approximate peak
time: (a) |tpeak − t

a,(1)
peak |, (b) |tpeak − t

a,(2)
peak |

.
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and {xd, xs} = {(16, 10, 0), (14, 10, 0)}, respectively. These two S-D pairs are
closest to x

(1)
c and x

(2)
c , respectively. That is, the shortest distance from S-D

pair to the target gives the smallest peak time (the property of order relation).

(ii) Both t
a,(1)
peak and t

a,(2)
peak satisfy the property of order relation. t

a,(1)
peak and t

a,(2)
peak

reach their minimums as {xd, xs} = {(6, 10, 0), (4, 10, 0)} and {xd, xs} =

{(16, 10, 0), (14, 10, 0)}, repspectively. Hence, both t
a,(1)
peak and t

a,(2)
peak have the

same minimization condition as tpeak.

(iii) Since the S-D pairs defined by (6.2.3) are close to x
(1)
c for m ≤ 10, the values

t
a,(1)
peak have a good approximation to tpeak shown in Figure 6.9 (a). For m ≥ 10,

the values t
a,(2)
peak have a good approximation to tpeak.

Based on the above observations, the localized asymptotic formula of ∂tum given
in Corollary 6.1 is reasonable and effective. The approximate peak time can be applied
to reconstruct the locations of multiple point targets by choosing a localized S-D pair.

From the comment in Remark 6.1, we can imagine that there is a bad situation as
in the following example.

Example 6.1. Let x(1)c = (9, 10, 20), x
(2)
c = (11, 10, 20). We calculate the peak time

for different S-D pair {xd, xs} defined by (6.2.3).

Figure 6.10: Peak time tpeak(xd, xs) for x
(1)
c = (9, 10, 20), x

(2)
c =

(11, 10, 20)

From Figure 6.10, we found that there is only one minimum for two close point
targets. That is, although there are some localized S-D pairs such that the condition
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(6.1.8) assumed in Corollary 6.1 holds, the localized asymptotic formula may not work
well for two close point targets.

6.3 Localized reconstruction algorithm

In this section, we propose a localized reconstruction algorithm based on the lo-
calized asymptotic formula of ∂tum given in Corollary 6.1. For this, we first introduce
the definition of well-separated multiple point targets.

In Section 6.2, we defined the approximate peak time for x(j)c , j = 1, 2, · · · , J, by
choosing localized S-D pair. To avoid the situation given in Example 6.1, we define
the well-separated multiple point targets as follows.

Definition 6.2. Let x
(j)
c ∈ Ω, j = 1, 2, · · · , J, be the locations of unknown point

targets, where (x
(j)
c1 , x

(j)
c2 ) ∈ ROI := (xl, xr)× (xb, xt). Introduce a uniform partition

in ROI using a mesh

x(m,n) :=

(
m · xr − xl

M
+ xl, n ·

xt − xb
N

+ xb, 0

)
for m = 0, 1, · · · , M, n = 0, 1, · · · , N. We define the set Ξ of S-D pairs as

Ξ :=
{
{x(m,n)

d , x(m,n)
s } : x

(m,n)
d := x(m,n) + (1, 0, 0), x(m,n)

s := x(m,n) + (−1, 0, 0),

m = 0, 1, · · · , M, n = 0, 1, · · · , N
}
. (6.3.1)

Let us further assume that there is a unique peak time for each {x(m,n)
d , x

(m,n)
s } ∈ Ξ.

Then, a set P of the peak times exists corresponding to Ξ. We say that these J
unknown point targets are well-separated if there are J local minimums in P for J
multiple point targets

t
min,(j)
peak := tmin

peak(x
min,(j)
d , xmin,(j)

s ; x(1)c , · · · , x(J)c ), j = 1, 2, · · · , J, (6.3.2)

where the S-D pair {xmin,(j)
d , x

min,(j)
s } ∈ Ξ is the S-D pair of the smallest distance

from the j-th target in Ξ.

Assume that J point targets are well-separated. Hence, we can define J approxi-
mate peak times as by (6.2.2) for localized S-D pairs. From the numerical verification
shown in Section 6.2, the approximate peak times defined by using localized S-D pairs
have a good approximation to the peak time.

By using the property of order relation of the approximate peak time and (6.2.2),
we divide the process of reconstructing the locations of multiple point targets into the
following two stages.

Stage 1. From the information of J local minimums (6.3.2), we approximately re-
construct the locations (x

(j)
c1 , x

(j)
c2 ), j = 1, 2, · · · , J , of J point targets denoted

by

x(j),invc1 :=
x
min,(j)
s1 + x

min,(j)
d1

2
, x(j),invc2 :=

x
min,(j)
s2 + x

min,(j)
d2

2
. (6.3.3)
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Stage 2. Substituting t = t
min,(j)
peak , (xc1 , xc2) = (x

(j),inv
c1 , x

(j),inv
c2 ) and {xd, xs} =

{xmin,(j)
d , x

min,(j)
s } into the cubic equation (5.1.1), the depth x

(j),inv
c3 can be

recovered by solving the cubic equation (5.1.1) for j = 1, 2, · · · , J .

From Proposition 5.1, we can obtain that the reconstructions x(j)c3 , j = 1, 2, · · · , J,
are unique in Stage 2.

6.4 Numerical experiments

In this section, we conduct two numerical experiments on the proposed localized
reconstruction algorithm for reconstructing multiple point targets.

We assume that there are two unknown point targets, i.e., J = 2. We estimate
the relative error of the reconstruction computed by the following formula:

RelErr =

2∑
j=1

|x(j)c − x
(j),inv
c |

|x(j)c |
,

where x(j)c and x
(j),inv
c are the actual and the reconstructed locations of the j-th target,

respectively.

Example 6.2. Let x(1)c = (6, 8, 20), x(2)c = (14, 12, 20) and ROI := (0, 20)× (0, 20).
We choose the S-D pairs as (6.3.1) for M = N = 20.
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Figure 6.11: Noise-free peak times measured by different S-D
pairs (6.3.1) in Example 6.2: (a) 3D contour plot of peak times
for m = 0, 1, · · · , 20, n = 0, 1, · · · , 20, (b) peak times for m =

0, 1, · · · , 20, n = 7, 8, 9, 11, 12, 13

For each S-D pair in the set Ξ defined in (6.3.1), we observe that there is a
unique peak time. Hence, 21× 21 peak times are measured by 21× 21 S-D pairs for
M = N = 20. In Figure 6.11 (a), the noise-free peak times measured by all S-D pairs in
Ξ are plotted as a contour graph. We find that there exist two local minimums, which
indicates that there should exist two point targets. For the sake of observation, we plot
the changes of the noise-free peak times as {x(m,8)

d , x
(m,8)
s }, {x(m,12)

d , x
(m,12)
s }, m =

0, 1, · · · , 20, and their two neighboring S-D pairs in Figure 6.11 (b). These two local
minimums are t

min,(1)
peak = 452.5 ps and t

min,(2)
peak = 452.5 ps for (n, m) = (8, 5) and

(n, m) = (12, 15), respectively. According to (6.3.1), we will get the locations of S-D



Chapter 6. FDOT Problem for Multiple Point Targets 58

pairs, which give the local minimums. Then, we can compute the reconstructions via
(6.3.3) and (5.1.1). As a similar discussion for the measured noise peak times, the
numerical results are shown for different noise levels δ̂ in Table 6.1.

Table 6.1: Reconstructions for different noise levels in Example 6.2

x
(1)
c , x

(2)
c δ̂ x

(1),inv
c x

(2),inv
c RelErr

(6, 8, 20), (14, 12, 20)
0 (5.00, 8.00, 20.18) (15.00, 12.00, 20.18) 8.28e-2

0.1% (6.00, 7.00, 20.18) (15.00, 12.00, 20.18) 8.28e-2
1% (6.00, 7.00, 20.02) (14.00, 14.00, 18.57) 1.35e-1

From the results listed in Table 6.1, these two point targets are accurately recon-
structed from the peak times under low noise levels (δ̂ ≤ 1%). However, two local
minimums will not be distinguished when the order of the noise becomes much larger
than the height of two bumps, local minimums, of the peak times, as shown in Figure
6.11 (b).

Next, we reconstruct two unknown point targets with different depths.

Example 6.3. Let x(1)c = (5, 5, 18), x(2)c = (15, 15, 20) and ROI := (0, 20)× (0, 20).
We choose the S-D pairs as (6.3.1) for M = N = 20.
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Figure 6.12: Noise-free peak times measured by different S-D
pairs (6.3.1) in Example 6.3: (a) 3D contour plot of peak times
for m = 0, 1, · · · , 20, n = 0, 1, · · · , 20, (b) peak times for m =

0, 1, · · · , 20, n = 4, 5, 6, 14, 15, 16

As in the previous Example 6.2, we observe a unique peak time for each S-D pair
and have 21× 21 peak times. In Figure 6.12 (a), the noise-free peak times measured
by all S-D pairs in Ξ are plotted as a contour graph. In Figure 6.12 (b), we plot the
changes of the peak times as {x(m,5)

d , x
(m,5)
s }, {x(m,15)

d , x
(m,15)
s }, m = 0, 1, · · · , 20,

and their two neighboring S-D pairs. There are two local minimums tmin,(1)
peak = 399.8 ps

and t
min,(2)
peak = 450.5 ps for (n, m) = (5, 5) and (n, m) = (15, 15), respectively. By

the same discussions as in Example 6.2, the numerical results are shown for different
noise levels δ̂ in Table 6.2.

Similarly, two unknown point targets can be well reconstructed from the peak times
under low noise levels (δ̂ ≤ 1%). From Figure 6.12 (b), the peak times for the S-D pairs
{x(m,5)

d , x
(m,5)
s } are more affected by the target at the shallow depth, but those for the
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Table 6.2: Reconstructions for different noise levels in Example 6.3

x
(1)
c , x

(2)
c δ̂ x

(1),inv
c x

(2),inv
c RelErr

(5, 5, 18), (15, 15, 20)

0 (5.00, 5.00, 18.05) (15.00, 15.00, 20.10) 6.02e-3
0.1% (5.00, 5.00, 18.05) (15.00, 16.00, 20.10) 3.71e-2
1% (6.00, 5.00, 17.92) (16.00, 14.00, 20.02) 1.00e-1
5% (6.00, 5.00, 17.51) — —

S-D pair {x(m,15)
d , x

(m,15)
s } are less affected by the targets but from both the targets,

as m = 0, 1, · · · , 20. The reason is due to the different depths of the two unknown
targets; the S-D pairs {x(m,5)

d , x
(m,5)
s } are closer to the target at the shallower depth.

An increase in the noise level (δ̂= 5%) makes the two local minimums of the peak
times indistinguishable, resulting in only one point target being reconstructed and
another target being invisible. Comparing the inversion results of a single unknown
point target, the reconstruction of two unknown point targets sensitively depends on
the errors of the measured peak times due to the interaction between point targets.
Hence, proper preprocessing of data, such as a denoising method, must reduce the
influence of noise contained in the peak times.

According to the results of Example 6.2 and Example 6.3, it is feasible to apply
the peak time and peak time formula defined by the localized asymptotic formula
to reconstruct multiple point targets. The localized reconstruction algorithm is a
generalization of the bisection reconstruction algorithm under the condition that the
multiple point targets should be well-separated.
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Chapter 7

Application of Approximate Peak
Time to Unknown Target with
Volume

In this chapter, we try to numerically reconstruct the location of an unknown
target with a small volume from measured peak times. Since its volume is very small,
we reconstruct the location of the target as if it is a single point target which is
any fixed point inside the target. Thus, we can directly apply the approximate peak
time and the approximate peak time formula defined in Chapter 4 for a single point
target. We conduct some numerical experiments to numerically extend the bisection
reconstruction algorithm for reconstructing the target.

Let µf have the form:

µf (x) = cχω(x), x ∈ Ω, ω ⋐ Ω, (7.0.1)

where c > 0 is a positive constant and χω is the characteristic function of a strictly
convex bounded domain ω. Then, the solution um to (2.2.2) is given as

um(x, t;xs)

= D

∫ t

0

∫
ω
µf (y)K(x, y; t− s)K(y, xs; s) dyds, (x, t) ∈ Ω× (0, T ), (7.0.2)

where K(x, y; t) is the Green function associated with (2.2.2) defined by (2.2.4).
Let us give a numerical scheme for calculating the numerical solution unm(xd, t; xs)

of um(xd, t; xs) for xd, xs ∈ ∂Ω. Then, the peak time can be observed from unm. For
the spatial integral region ω, we divide it into K small regions ωk, k = 1, 2, · · · , K
satisfying ω =

⋃K
k=1 ωk. Let the integral interval (0, t) be divide into J equal subin-

tervals with step size ∆t with grid points tj = j ·∆t, j = 0, 1, · · · , J. we calculate
the numerical solution unm(t) of um(t) at t = tj by

unm(xd, tj ; xs) = ∆tD

 j∑
j′=1

K∑
k=1

|ωk|µf (yk)K(xd, yk; tj − sj′)K(yk, xs; sj′)

 , (7.0.3)

where yk ∈ ωk, |ωk| is the area of subdomain ωk, k = 1, 2, · · · , K. sj′ = j′ ·∆t, j′ =
1, 2, · · · , J .

The rest of this chapter is organized as follows. In Section 7.1, we formulate
our inverse problem as reconstructing a marker point of ω and then directly use the
bisection reconstruction algorithm. We give some numerical experiments to examine
the performance of this algorithm in Section 7.2.
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7.1 Formulation of inverse problem and reconstruction
scheme

In this section, we simplify the problem of reconstructing ω to reconstruct one
marker point xc := (xc1 , xc2 , xc3) of ω, where xc is any fixed point in ω.

Now, our inverse problem is reduced as follows.

Inverse Problem: Reconstruct xc from the measured peak times given as

t
(n)
peak := tpeak(x

(n)
d , x(n)s ) = {t : argmax

t>0
unm(x

(n)
d , t; x(n)s )}, n = 1, 2, · · · , N,

where {x(n)d , x
(n)
s }, n = 1, 2, · · · , N, are N sets of source and detector points (S-D

pair) located on ∂Ω. The temporal function unm(x
(n)
d , t; x

(n)
s ) is defined by (7.0.3).

For the inverse problem, we directly apply the bisection reconstruction algorithm
given in Algorithm 2 to reconstruct xc. The only difference compared with the ex-
periments given in Section 5.3 is that the peak time is observed from unm defined by
(7.0.3). To consider the measured peak times inevitably containing noise, we generate
the noisy peak times tδpeak via (5.3.2).

7.2 Numerical experiments

In this section, we give two numerical experiments for reconstructing the marker
point xc of the unknown small ball-shaped target. For a small ball-shaped target
with constant absorption strength of fluorescence c = 1, we temporarily regard the
marker point xc as the center of the ball. Then, we estimate the relative error of the
reconstruction xinvc computed by (5.3.3).

Example 7.1. Let ω := {(x1, x2, x3) : (x1−xc1)2+(x2−xc2)2+(x3−xc3)2 < 0.252}
with (xc1 , xc2 , xc3) = (10, 10, 10). We set the parameters ROI = (0, 20)×(0, 20), L =
8 and ϵ1 = ϵ2 = 0.1 in Algorithm 2. The results of numerical inversions for different
noise levels δ̂ are listed in Table 7.1.

Table 7.1: Reconstructions of marker point of target for different
noise levels δ̂ in Example 7.1

xc δ̂ xinvc RelErr

(10, 10, 10)

0 (9.96, 10.04, 10.07) 5.10e-03
0.1% (9.96, 10.04, 10.07) 5.10e-03
1% (9.96, 10.04, 9.94) 4.85e-03
5% (9.88, 10.04, 10.29) 1.81e-02

Here, ω is a ball with xc as its center and 0.25 as its radius. The radius of the
ball is very small compared to the distance between the center of the ball and the
boundary ∂Ω. So it is reasonable to assume the target is a point target xc.

From the numerical results shown in Table 7.1, we found the marker point of the
unknown target has been reconstructed very well. For the relative noise level δ̂ ≤ 1%,
xinvc are always inside ω. In other words, the result of reconstruction still represents
some information of the target. Even for the data with large relative noise level
(δ̂ = 5%), the absolute error for each reconstructed coordinate of xinvc is less than 0.3
mm. The reconstructed marker point is very close to the boundary of ω.
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Next, we consider the case of the unknown target inside the domain Ω with deep
depth.

Example 7.2. Let ω = {(x1, x2, x3) : (x1−xc1)
2+(x2−xc2)

2+(x3−xc3)
2 < 0.252}

with (xc1 , xc2 , xc3) = (10, 10, 20). We set the parameters ROI = (0, 20)×(0, 20), L =
8 and ϵ1 = ϵ2 = 0.1 in Algorithm 2. The results of numerical inversions for different
noise levels δ̂ are listed in Table 7.2.

Table 7.2: Reconstructions of marker point of target for different
noise levels δ̂ in Example 7.2

xc δ̂ xinvc RelErr

(10, 10, 20)

0 (10.04, 10.00, 20.02) 1.78e-03
0.1% (10.04, 9.96, 20.04) 2.70e-03
1% (10.12, 9.88, 20.20) 1.06e-02
5% (9.96, 10.04, 20.20) 8.51e-03

Compare the numerical results shown in Table 7.2 with Table 7.1, our reconstruc-
tion scheme is less affected by the depth of the unknown target. From the results for
δ̂ = 0, we obtain that there must be a marker point in ω that satisfies the approxi-
mate peak time formula (4.1.1) because the reconstructed xinvc always inside ω, where
(4.1.1) is the approximate peak time formula for the point target.

Since the inverse problem is ill-posed, it is usually necessary to regularize the
reconstruction process to overcome the influence of noise. From Table 7.1 and Table
7.2, our reconstruction scheme is robust to noise without any regularization.

We close this chapter with some discussions. Even though in this chapter, we
do not derive the approximate peak time for the target with volume to discuss its
properties. Indirectly, we can come to the following conclusions:

(i) The peak time for the target with volume should have the same properties as
the peak time for the point target.

(ii) The peak time for the target with volume should be an approximate positive
root of (4.1.1), where (4.1.1) is the approximate peak time formula for the point
target.

These conclusions inspire us to study the FDOT problem for the target with volume
by using peak time. Of course, it should be pointed out that we assume that ω is a
ball. The good symmetry of the ball with respect to the center of the ball provides
a good basis for our inversion. For more general ω, such as slender bars, we need to
give a rigorous mathematical theoretical study.
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Chapter 8

Conclusion and Future Works

Conclusion

In this thesis, we focused on reconstructing the locations of unknown point tar-
gets using peak times, which are clearly observed in temporal response function
um(xd, t; xs) for given {xd, xs} on the measurement surface. Analyzing the asymp-
totic behaviors of um and ∂tum, we derived the approximate peak time formula as
a cubic polynomial equation. Its positive root is the approximate peak time. We
analyzed the properties of the approximate peak time (uniqueness, order relation,
symmetry, and accuracy) and numerically verified the peak time. Based on these
analyses, we proposed the bisection reconstruction algorithm to reconstruct the loca-
tion of a single point target, where the peak time is used as the index to shrink ROI.
For the case of multiple point targets, we derived a localized asymptotic analysis of
the solution. Under the well-separated assumption between targets, we proposed a
localized reconstruction algorithm. We remark on the advantage of considering the
peak time. The peak time is uniquely and visibly identified in the measured data. It
is the least noisy data point in um(xd, t; xs), making it potentially robust for iden-
tification. Through our analysis, we found that the peak time directly reflects the
relation between the S-D pair and the target.

We close the conclusion by summarizing the novelties of this study as follows.

• We found no other study that analytically derived the approximate peak time
formula and systematically used it for reconstructing the locations of unknown
targets.

• In the theoretical part, our asymptotic analysis took care of β, coming from
the boundary influence. As a consequence, we obtained a much more accurate
approximation of the peak time, which fits more practical situations.

• The proposed algorithm is a direct imaging method by comparing the order of
the measured peak times. There are no complicated calculations and regular-
ization. For given ROI, the projections of reconstructed targets are always in
ROI. Further, we do not need to deliberately choose ROI, except for including
the projections of targets. Moreover, it is potentially robust and accurate for
reconstructing target locations deeply embedded.

• Our analysis is also useful for reconstructing a target with a small volume. That
is, our algorithm can provide better initial guesses for more accurate reconstruc-
tion.

Future works

Based on the current work, there are three prospects for future research as follows.
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• From the numerical results shown in Chapter 7, we only obtain a rough recon-
struction of the target with volume. We need to give a detailed mathematical
analysis to obtain a more accurate reconstruction scheme.

• We can apply our method to practical experimental data.

• We can consider the fluorescence lifetime ℓ > 0 instead of ℓ → 0 in our math-
ematical model of FDOT, which should be more practical. The peak time will
be delayed for ℓ > 0.
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