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Abstract

In the absence of a gold standard, sensitivity and specificity could be evaluated
using the Bayesian latent class model underlying true positives and true negatives.
However, when the frequency of positivity is limited owing to low prevalence, the es-
timates may be strongly influenced by prior information or small-sample bias. In this
study, we evaluated the performance of the Bayesian latent class model with two in-
dependent tests under a rare frequency of positivity, varying the strength and way of
giving prior information under the conditional independence assumption is satisfied.
Throughout the simulation experiments, a small-sample bias led to underestimation
and overestimation when the frequency of positivity was low. Furthermore, we ob-
served that placing an informative prior distribution for only one of the two tests
resulted in a constant bias of sensitivity or specificity for the other test, regardless of

the strength of the prior information.

Keywords: Diagnostic test, finite population, latent class model, Markov chain Monte

Carlo, sparse data



1 Introduction

To prevent the spread of infectious diseases, such as coronavirus diseases 2019 (COVID-
19), it is essential to develop diagnostic methods that detect transmissive individuals who
should be quarantined. The gold standard is whether a transmissive person should be quar-
antined, and such an ideal test has not been developed yet. Diagnostic performance should
be examined under conditions that allow for less than perfect sensitivity and specificity.
Traditionally, we test repeatedly in a particular cohort, and the sensitivity and specificity
are calculated by whether the future disease develops or no as the gold standard. Because of
the time lag between exposure and onset of disease, it is often difficult to determine whether
the patient was infected at the time of each test or whether they were transmissive.

On obtaining multiple binary test results, the sensitivity and specificity can be estimated
based on the latent class model. In an earlier report 2, the latent model was imposed on
the conditional independence (CI) assumption that the diagnosis was independent across
tests conditional on the latent class. The latent class model can lead to bias in the estimates

4 and heterogeneity in sensitivity or specificity within a

by violating the CI assumption®
population®. In particular, Pepe et al.®® have criticized the CI assumption not only for
its strength, but also that it cannot be fully verified whether the assumption holds and
that the latent class does not provide a clinical definition of the disease. In terms of the CI
assumption, several methods have been proposed to relax the assumption using more than

=13 Nevertheless, latent

two latent classes”, random effects!'®, and hierarchical models
class models are still characterized by their sensitivity to misspecification!.
The identifiability of the latent class model has been discussed based on Jacobian anal-

15,16~ This indicates that the latent class model for the two tests is not identifiable

ysis
regardless of the CI assumption or data from multiple populations, and conventional max-
imum likelihood estimation cannot be adapted. In contrast, the Bayesian method may
enable estimation using the prior of parameters effectively. In addition, we can impose the
constraint on the range of probability for each parameter. Previously, many issues have

been pointed out for the Bayesian latent class model '8,

Mass screening of severe acute respiratory syndrome coronavirus 2 (SARS-CoV-2) na-



sopharyngeal swabs and patient saliva simultaneously was carried out and the CI model
was applied using latent classes for reverse transcription-polymerase chain reaction of each
specimen'®. The screening showed excellent sensitivity and near-perfect specificity of both
nasopharyngeal-based and saliva-based tests. When the prevalence is low, such as in the
mass screening of the general population, the frequency of positivity is rare. To deal with

20.21 or weak prior??2* has been proposed.

sparseness, the use of the Jeffreys-prior penalty
Most often, the performance is known for some diagnostics. Performing Bayesian esti-
mation using this information or beliefs as a prior distribution would be useful. However,
because of sparse data, the amount of prior information has a relatively large impact on the
parameter estimation. Therefore, in this study, we aimed to investigate the impact of the
strength of the prior distribution on the estimation of sensitivity and specificity in latent

class models in situations where (1) two independent tests were applied for one population

and (2) the frequency of positive results was rare.

2 Latent class model

2.1 Conditional independence model

Suppose that all subjects have positive or negative results for tests 1 and 2, respectively.
Let y;;(i, j = O(negative), 1(positive)) be the frequency of the diagnosis pattern, as shown
in Table 1(a). We assumed that two latent classes are reflected in the presence (D = 1) or
absence (D = 0) of the infection. Note that the true infection here is defined in the latent
class model and cannot be observed. As shown in Table 1(b), in the infected latent class,
the sensitivity in each test is observed as positive and (1-sensitivity) is observed as a false
positive. Because the two tests are assumed to give results conditionally independent of
latent classes, the diagnostic pattern is expressed as the product of the sensitivities of each
test. A similar probability model is expressed using specificity in the non-infected latent

class.

[Table 1 about here.]



In the CI latent class model described above, the probability 7 of observing a pattern

of testing is expressed as follows:

m11 = pSelSe2 + (1 — p)(1 — Spl)(1 — Sp2)
T = pSel(l — Se2) + (1 —p)(1 — Spl)Sp2
o1 = p(1 — Sel)Se2 + (1 — p)Spl(1 — Sp2)

oo = p(1 — Sel)(1 — Se2) + (1 — p)SplSp2

where p denotes the prevalence. Because of the independence between each combination
for the diagnostic by two tests, a quadrinomial distribution is applied to the likelihood.

Then, the log-likelihood function is determined using the following equation:

log L = y1110g(7T11) + ylolog(ﬁlo) + ?J0110g(7701) + yoolog(ﬂoo)-

2.2 Bayesian estimation

The parameters are unidentifiable in the standard maximum likelihood estimation because
the number of parameters exceeds the number of degrees of freedom in this probabilistic
model. Alternatively, the parameters are estimated using the Bayesian approach. We used
the beta distribution as prior information as doing so has the following two advantages: (1)
beta distribution can express any probability by changing arguments, and (2) the posterior
distribution is also a beta distribution because the beta distribution is a conjugate prior
distribution for likelihood. Bayesian estimation with some prior information? generates the
joint posterior distribution of parameters using Markov chain Monte Carlo (MCMC).

Jones et al.'® reported that it is reasonable to constrain the parameter space for the
sensitivity and specificity in the same test such that the sum of the two is greater than
one because of label switching. Therefore, we addressed this problem by specifying the
log-likelihood function as -1e4200, if it is not Sel > 1 — Spl or Se2 > 1 — Sp2 in the
MCMC sampling.

Because of the large number of parameters and the expected skewed distribution of

specificity, a blocking Metropolis-Hastings algorithm was adopted to improve the efficiency



of MCMC?. Specifically, we used the three-block strategy for the MCMC sample as
{Sel, Se2},{Sp1, Sp2}, {p}.

3 Simulation study

3.1 Design

3.1.1 Simulation 1: The performance of estimation with the strength of prior

information

We investigated a situation in which the positivity frequency was low due to mass screening
in a low prevalence population. In this case, most individuals would have negative results
for both, and the frequency of one or both being positive would be rare. In addition to the
small-sample bias due to sparse data, the posterior distribution should be relatively strongly
influenced by the prior distribution because it is a shrinkage estimator. We carried out
Monte Carlo simulations under several scenarios with different sets of prior distributions.
Because all parameters are binomial proportions, prior and data-generating distribu-
tions were set based on beta and binomial distributions. We denote the prior effective
sample size as Nggg, which expresses the strength of the prior distribution?%27. Since we
aimed to assess the bias in finite samples, we set the expectation of prior distributions to
the true values of sensitivity 7, specificity (, and prevalence 6, except for the uninformative
prior. In the case of an uninformative prior, the distribution was Uniform(0, 1), that is, a

uniform distribution.
[Table 2 about here.|

Table 2 provides a summary of the scenarios. We examined situations in which both
sensitivity and specificity were equal between the two tests. We tried four such scenarios
mainly. Scenario 1 had informative prior distributions for sensitivity and was divided into
two scenarios: scenario 1-1 and scenario 1-2. Scenario 2 had informative prior distributions
for specificity and was also divided into two scenarios: scenario 2-1 and scenario 2-2. In

addition, in both scenarios 1 and 2, we set up the situations in which we had an informative

6



prior for both tests and only one of the tests. Scenario 3 had informative prior distributions
for sensitivity and specificity for only one of the tests. Finally, scenario 4 had informative
prior distributions for the prevalence. We also worked out scenario 0 with uninformative
prior distributions for all parameters.

The strength of the prior information, Nggg was varied as 5, 10, 20, 30, 50, 100, 200,
300, and 500. As a reference result, we also evaluated the situation where the informative
prior was fixed by a degenerate distribution at the true value, which corresponds to Nggg
as infinity. We set the sample size to 2,000, the true sensitivity n to 0.7, and the true
specificity ¢ to 0.99. The true prevalence 6 was varied as 0.1%, 0.5%, 1.0%, and 10%.
The point estimates were defined as the mean of the posterior distribution generated using
50,000 MCMC samples after 5,000 burn-in periods without thinning. We evaluated the
bias, statistical efficiency, and convergence of MCMC using the absolute bias, root mean
squared error (RMSE), and the probability of autocorrelation with 500 lags being less than

0.1 for 10,000 repetitions. All simulations were implemented using proc meme in SAS®)9.4.

3.1.2 Simulation 2: Varying the true value of sensitivity

We assessed the absolute bias and RMSE by changing the true value of sensitivity, where
1 was set to 0.5, 0.6, 0.7, 0.8, 0.9, and 1.0. The informative prior in each scenario was fixed
using a degenerate distribution at the true value. ¢ and 6 were set to the same values as in

simulation 1, and the settings of the Monte Carlo simulation were the same as simulation

1.

3.1.3 Simulation 3: Comparison with existing frequentist methods

We compared the Bayesian method with original Hui and Walter!, and Lu et al.?® that
modified the likelihood function to increase the stability in estimation. Under holding
the CI assumption, the sensitivities and specificities were estimated in two populations of
size 1,800 and 200. The true sensitivity n was set to 0.5, 0.6, 0.7, 0.8, and 0.9, the true
specificity ¢ was set to 0.99, and the prevalence 6 was set to 0.5% and 10%. In Bayesian

estimation, the prior of specificity, Spl and Sp2, was informative with Nggs = 200 and



the other parameter of sensitivity and prevalence was uninformative.

3.2 Simulation results

3.2.1 Simulation 1: The performance of estimation with the strength of prior

information

We present some representative results in this section; all the results are presented in
the supplementary material. Regarding sensitivity, the performances for Sel and Se2 were
similar in scenarios 1-1, 2-1, and 4, where the prior distributions were defined symmetrically
with each other. The results for Sel were similar between scenarios 1-1 and 1-2, with the
same informative prior for Sel. Scenario 2-1 had informative priors for both specificity and
scenario 2-2 for Sp;. This shows that the bias in Se2 decreases as the prior for specificity
becomes stronger. Although Sel shows a smaller bias in scenario 2-1 as the prior becomes
stronger, it shows a constant bias in scenario 2-2 regardless of the strength of the prior
distribution for Spl.

Figure 1 shows the simulation results for Se2 with a prevalence of 0.5% and 10%. The
convergence rate in scenarios 1-1, 1-2, and 4 was almost 1.0 in all situations. On the
contrary, this rate in scenarios 2-1, 2-2, and 3 was less than 1.0 when the effective sample
size was smaller than 100. Moreover, the rate in scenario 2-1, when effective sample size
is from 10 to 20, was lower compared with that when the size was 5. In scenario 1-2, in
which the only Se2 has an informative prior, we observed a constant bias, irrespective of
how strongly the information was fed in. The bias in scenario 2-1 and 2-2 was almost
the same value by same effective sample size. The bias in scenario 3 was also almost the
same value by same effective sample size compared with the bias in scenario 2-1 and 2-2;
however, the absolute bias in scenario 3 on a fixed effective sample size was larger than
the bias in scenarios 2-1 and 2-2. As long as Se2 was a uninformative prior (except for
in scenario 1-1), a large absolute bias of more than 10% was observed in lower prevalence
situations, namely, low-positive frequencies. In scenario 1-1, the bias moved toward zero
as the prior distribution strengthened, despite the low prevalence. In addition, the bias

generally moved toward zero as the prior distribution information increased at a higher



prevalence.
[Figure 1 about here.|

Figure 2 shows the simulation results for Sp2 with a prevalence rate of 0.5% and 10%.
The convergence rate in scenarios 1-1, 1-2, and 4 was almost fair in all situations. This
rate in scenarios 2-1, 2-2, and 3 increased as the effective sample size increased, and the
convergence ratio was almost 1.0 when the effective sample size was greater than 100. In
scenario 2-2, in which the only Sp2 has an informative prior, we noticed a constant bias,
regardless of how strongly we put the information. However, the bias in all scenarios,
except for scenario 2-2, was asymptotically 0 as the effective sample size increased. In all
situations, absolute bias observed higher prevalence rate is larger than lower.

Because the negative frequency was relatively high, it was found that the bias could
be generally reduced if some prior information was provided. Uniquely, when estimating
specificity, bias was smaller, and the convergence rate was better in scenario 1 with infor-
mative prior for sensitivity than in scenario 2, which has an informative prior distribution.
As with the above considerations for sensitivity, when an informative prior distribution
is placed on the other test exclusively, a constant bias regardless of the strength of the

information is inevitable.

[Figure 2 about here.|

3.2.2 Simulation 2: Varying the true value of sensitivity

Figure 3 shows the results of Se2 bias and RMSE at prevalence rates of 0.5% and 10%
for variations in the true value of sensitivity. In scenario 1-2, the absolute bias was large
compared with that in other scenarios where the prevalence was 0.5%. In situations where
positive frequencies were rare, sensitivity was underestimated in all settings. In particular,
scenario 1-2, in which only Sel was fixed at its true value, had a severe bias compared
with that observed in the previous method. In situations where the prevalence was 10%,
although the bias was generally small given an informative prior in specificity (scenario 2)
or prevalence (scenario 4), scenario 1-2 showed bias in both directions depending on the

true sensitivity.



[Figure 3 about here.|

3.2.3 Simulation 3: Comparison with existing frequentist methods

In the Hui-Walter method, there were cases where parameters were estimated outside the
range of 0 to 1. Also in the Lu’s modified likelihood method, there were cases where the
likelihood was maximized when any of the parameter took 0 or 1. In this study, we regarded
these cases as inestimable. The performances of bias, RMSE, and estimable proportion in

the sensitivity Sey are shown in Figure 4.
[Figure 4 about here.|

Jacobian analysis already revealed that the situation of two-test and two-population
was unidentifiable and the Hui-Walter method could not be estimated in most cases. For
the 0.5% prevalence setting, the bias of the Hui method appears to smaller than the other
methods, but it summarizes only the few repetitions that could be estimated. Comparing
the case with a prevalence of 0.5% to the case with a prevalence of 10%, the bias of the
Bayesian method was smaller for the 10% prevalence, where the frequency of positive cases
is higher. The Lu’s method also showed a similar trend of bias, still with some cases that
could not be estimated. Throughout, the RMSE of the Bayesian method was smaller than
the RMSE of the other methods implying that the estimation is more stable.

4 Discussion

In this study, we assessed the Bayesian estimates of sensitivity and specificity from the
two test results using a CI model with latent classes. In the absence of a gold standard,
the performance of a convenient statistical method for finite samples for developing and
evaluating clinical laboratory testing has been demonstrated. We found a certain magnitude
of bias of the sensitivity and specificity in finite samples even if the CI assumption is held.

Five essential points can be listed based on the results of Se2 in simulation 1. First,
sampling by the MCMC method is inefficient because of the low convergence rate in scenario

2-1, 2-2, and 3 when the effective sample size is lower than 50. Therefore, we recommend
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using a sample size of 100 or more to improve the bias. Second, the absolute bias is reduced
by giving informative prior to Spl based on the results obtained on comparing 1-2 with 3.
We can suggest that, although the bias of Se2 is not improved regardless of the effective
sample size, the sensitivity of the other test (Sel) increases. Third, absolute bias remains
even if the effective sample size is fixed at the true value in scenarios, except for 0 and 1-1.
Fourth, the bias of scenarios 2-1, 2-2, and 3 in the effective sample size that is lower than
500 is almost the same for each size, so the scenario providing information to only Spl
can be used to represent the change of bias for both the scenarios providing information to
Spl and Sp2, and the scenario providing information to Spl and Sel. Finally, the absolute
bias of Se2 in low prevalence is larger than that in high prevalence for each scenario, so
estimating the sensitivity is highly influenced and underestimated owing to the bias of Se2
in diseases where the frequency of positive results is rare, such as that observed in this
study.

Four essential points can be listed based on the results of Sp2 in simulation 1. First,
sampling by the MCMC method is inefficient because of the low convergence rate in sce-
narios 2-1, 2-2, and 3 when the effective sample size is lower than 50, similar to the results
in Se2 of simulation 1. Second, the bias in scenario 2-1 is larger than that in scenario 2-2
for an effective sample size of less than 200. We found that giving informative prior to Spl
and Sp2 is worse than giving informative prior to only Spl for the bias of Sp2 when the
effective sample size is less than 200. Third, because the change in bias in scenario 2-2 does
not affect the magnitude of the effective sample size, and the change in bias in scenarios
1-1, 1-2, and 3 is the same, we can say that the estimation of Sp2 is highly influenced by
the informative prior given to Sel. Finally, the absolute bias of Sp2 in low prevalence is
smaller than that in high prevalence for each scenario, so the bias of Sp2 is not an important
factor for consideration when estimating the specificity in diseases for which the frequency
of positive results is rare, such as that observed in this study.

Compared to the frequentist methods shown in simulation 3, the Bayesian method tends
to have more stable estimates and smaller bias. This is because it can be computed as a

shrinkage estimator by giving a prior distribution. In the practical development of diagnos-

11



tic tests, information on sensitivity and specificity of the conventional test or measurement
of specificity using negative controls will be performed, so a Bayesian method that can
utilize such information would be valuable.

Two novel essential points can be considered based on the simulation studies. When
a low frequency of positivity is observed, there is a small-sample bias of the sensitivity
estimates in both directions, unless there is a strong prior distribution for the parameter
directly. Although there is a tendency for the bias for sensitivity to be smaller when a
strong prior distribution is placed in specificity or prevalence, it remains a certain bias
even when the degenerate distribution at the true value is given.

Second, we found that giving an informative prior distribution for sensitivity to only
one test leads to severe bias in estimating the sensitivity of other tests. A similar trend
in specificity was observed in situations where a modest negative frequency was observed.
In scenario 1-2, the bias of Sel and prevalence improved as the prior distribution for
Sel was strengthened, while the bias of Se2 did not improve. This leads us to think
that the information obtained from observational data may contribute to the estimation
of parameters for which we already have prior information. However, since scenarios 1-2
and 2-2 have four parameters with uninformed prior distributions, which is larger than the
observed data with 3 degrees of freedom, the general validity of this argument is doubtful.
Nevertheless, we recommend that an informative prior distribution for either sensitivity or
specificity should be provided in both tests.

There is a good convergence status of MCMC. In our simulation study, the three-
block strategy significantly improved the autocorrelation compared to that by simultaneous
MCMC sampling. Scenario 2 presented some degree of autocorrelation in the MCMC-
derived samples. Because of the rarity of positive frequencies, the MCMC series would
likely be more stable if we placed an informative prior distribution on the less informative
sensitivities and prevalence provided by the data.

In our simulations, we only evaluated limited situations in which we placed an infor-
mative prior distribution on only one or two of the five estimated parameters. For three

or more tests, it is possible to fit a conditional dependence model with latent classes,
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which incorporates the correlation between tests into the model. Our study suggests that
a small-sample bias may be present even in these complex models. Furthermore, if the CI
assumption violates, the bias could be greater and further evaluation in finite sample would
be valuable.

Finally, in developing new diagnostic methods, it is essential to compare their diagnostic
performance with that of previously established diagnostic methods. Because the concor-
dance probability between the two tests is a measure depending on the prevalence, it is
crucial to decompose the results into sensitivity and specificity and to discuss the estimated
concordance probability under various prevalence rates. However, we must be cautious
about the impact of CI assumptions in interpreting the estimated sensitivity and speci-

ficity??, and clinical interpretations should be considered for the estimated latent classes.
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Table 1: Observed patterns and probabilistic model for two tests.

(a) Observed frequencies.

test 2
test 1  positive negative
pOSitiV@ Y11 Y10
negative Yo1 Y00

(b) Probabilistic model for conditional independent model.

Infectious status (latent class)

Infected, D =1 Non-infected, D = 0
test 2 test 2
test 1 positive negative test 1 positive negative
positive Sey - Sesg Sei(1 — Sey) positive (1 — Sp1)(1 —Spa) (1 — Sp1)Spe
negative (1 — Sej)Sey (1 — Sep)(1 — Sey) negative Sp1(1 — Spy) Sp1 - Spo
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Table 2: Details of prior distribution in each scenario.

Scenario \ Informative prior

‘ Uninformative prior

0 Sel, Se2, Spl, Sp2,p ~ Uniform(0,1)
1-1 Sel ~ Beta(nNgss, (1 —n)Ngss) | Spl, Sp2,p ~ Uniform(0, 1)
Se2 ~ Beta(’f]NEgs, (1 - n)NESS)
1-2 Sel ~ Beta(nNgss, (1 —n)Ngss) | Se2 ~ Uniform(0,1)
Spl, Sp2,p ~ Uniform(0,1)
2-1 Spl ~ Beta((Ngss, (1 —()Ngss) | Sel, Se2,p ~ Uniform(0,1)
Sp2 ~ Beta((NEss, (1 — C)NESS)
2-2 Spl ~ Beta((Ngss, (1 —()Ngss) | Sp2 ~ Uniform(0,1)
Sel, Se2,p ~ Uniform(0,1)
3 Sel ~ Beta(nNgss, (1 —n)Ngss) | Se2 ~ Uniform(0,1)
Spl ~ Beta((Ngss, (1 — ()Ngss) | Sp2 ~ Uniform(0,1)
p ~ Uniform(0,1)
4 p ~ Beta(ONgss, (1 — 0)Ngss) Sel, Se2, Spl, Sp2 ~ Uniform(0,1)
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Figure 1: Results at Se2 for simulation 1 at prevalence rates of 0.5% (left panel) and 10%
(right panel). The black dots and straight lines represent the bias and RMSE of Se2,
respectively, and the bars represent the convergence rate of the Markov chain Monte Carlo.
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Figure 2: Results at Sp2 for simulation 1 at prevalence rates of 0.5% (left panel) and 10%
(right panel). The black dots represent the bias of Sp2, and the length of the straight line
represents the RMSE of Sp2. The bars colored by the ESS represent the convergence rate
of the Markov chain Monte Carlo.
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Figure 3: Results at Se2 for simulation 2 at prevalence rates of 0.5% (left panel) and 10%
(right panel). The dots and straight lines represent the bias and RMSE of Se2, respectively.
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Figure 4: Results at Se2 for simulation 3 at prevalence rates of 0.5% (left) and 10% (right).
The dots and straight lines represent the bias and RMSE of Se2, respectively.
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