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ABSTRACT

Electron transport through a variety of helical structures has been shown to exhibit high-efficiency spin filtering, which is called chirality-
induced spin selectivity (CISS). In this paper, we consider a helical chain of atomic p orbitals, which has been employed as a model in exploring
the mechanism of CISS in previous theories, and show that the interatomic hopping along the helical chain induces an effective magnetic field
(EMF) acting on the atomic orbital angular momentum (OAM). In chains where the curvature and torsion of the helix are small, we find that
the EMF on the binormal component of the atomic OAM is created by the curvature, while that on the tangential component is produced
by the torsion. We show that such coupling of the atomic OAM and the interatomic hopping leads to current-induced orbital and spin
polarizations. We expect that the present coupling, which is expressed locally, can be used to estimate orbital and spin polarizations locally

induced in molecules and solids.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0156461

I. INTRODUCTION

A high-efficiency spin filtering has been observed in helical
organic molecules such as dsDNA, oligopeptides, and helicene' "'
and is called chirality-induced spin selectivity (CISS) (see, for a
review, Ref. 12). In this paper, we focus on the spin selectivity in
electron transport through a single organic molecule,” """ in
which the current at each voltage is larger for the electron spin direc-
tion parallel or antiparallel to the current depending on the chirality
of the helix. Since the employed organic molecules are nonmagnetic
and consist of light elements with small spin—orbit interaction (SOI),
the observed high spin selectivity might be caused by an unknown
mechanism originating from the helical geometry.

Another important observable quantity, in addition to the flow
of spin observed in CISS experiments, is the density of spin due
to the current-induced spin polarization. In our previous study,'*
we calculated the spin polarization and the polarization of the
atomic orbital angular momentum (OAM) in the presence of cur-
rent through a chain of atoms along the helix as a model system.
This model, a helical atomic chain, which takes into account intra-
atomic SO, has been employed in recent theoretical studies'”'® on
the CISS. We have found there that both polarizations are induced in

the direction of the helix axis and are proportional to the curvature
when the radius of the helix is much larger than the pitch, that is, the
curvature is much larger than the torsion of the helix. This finding
suggests that the curvature generates the polarization of the atomic
OAM perpendicular to the plane containing the electron trajectory,
and this orbital polarization induces spin polarization through the
intra-atomic SOL

There is another parameter, the torsion, to define the helical
geometry in addition to the curvature. In this paper, we study the
dependences on torsion as well as the curvature of polarizations
of the atomic OAM and the spin in a helical atomic chain. Here,
we calculate the atomic polarizations of the OAM and the spin in
the tangential, normal, and binormal directions at the position of
each atom on the helix. For this purpose, we describe eigenvec-
tors in a linear combination of atomic p orbitals, p;, p;, and pj» in
these directions. First, we derive, from the tight-binding Hamilto-
nian with nearest-neighbor hopping, the coupling of the interatomic
hopping and the atomic OAM in the form of the effective mag-
netic field (EMF) acting on the atomic OAM. We find that the EMF
on the binormal (tangential) OAM is proportional to the curvature
k (torsion 7) in the lowest order of xd and 7d with d the interatomic
distance. Then we calculate the current-induced polarizations of the
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atomic OAM and the spin by taking into account the intra-atomic
SOI'* ' and find that both polarization in the binormal (tangential)
direction are proportional to the curvature x (torsion 7), reflecting
the geometry dependence of the EMF on the corresponding OAM.

Il. COUPLING OF INTERATOMIC HOPPING
AND ATOMIC OAM

We start with a more general system, a chain of atoms on an
arbitrary curve. In this section, we focus on the coupling of the
interatomic hopping to the intra-atomic OAM without consider-
ing the spin degree of freedom. As a basis set for orbitals in each
atom, we employ p orbitals, p;, p;, and p;, in the tangential, nor-
mal, and binormal directions, respectively, at the position of each
atom on the curve. Neighboring p; orbitals form o-like bonding,
while neighboring p; orbitals and neighboring p; orbitals form
ni-like bondings. The Hamiltonian describing the nearest-neighbor
hopping is written as

Hhop = Z Z §|p/3n>tﬂ n+lan (pal’l‘ +he, (1)

n o p=fib

where n is the number in sequential order of each atom on the
curve, the vector |pan) (a = £ 7, b) represents the py orbital in the
nth atom, and h.c. denotes the Hermitian conjugate of the preceding
term. Here, the operator S, which is defined by

§|pﬁn) = [pgn + 1), (2)

increases n by one without changing the orbital j3.
Now we restrict our discussion to a chain of atoms that are
placed on a helix with equal distances, d, between neighboring atoms
(Fig. 1). By choosing the z axis along the helix axis, the coordinates

of the nth atom are

(%Xn>yn>zn) = (a cos ng, a sin ng, bng). 3)

27h

o
~

L Al

FIG. 1. Chain of atoms on a helix with radius a and pitch 27b. The curvature
and the torsion of the helix are given by x = a/(a% + b?) and 7 = b/(&® + b?),
respectively. The interatomic distance d is chosen to be d = 2.9 A for iodine atoms.
In addition, shown are tangential (f), normal (/), and binormal (b) directions at
an atom.
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Here, a(>0) and 27]b| are the radius and pitch of the helix, while
¢(>0) is the increment of the angle around the z axis. The number
of atoms per pitch, 271/¢, is not restricted to being an integer. The
periodic boundary condition with a periodicity of N is assumed, and
the limit of N — oo is taken. The sign of b determines the chirality.
In the following, we only consider the chirality of b > 0.

Owing to the helical symmetry, the Hamiltonian is invari-
ant with respect to the combined operation of the rotation
by ¢ around the z axis and the translation by bg along z.
The corresponding operator is S, defined in Eq. (2). In such
helical symmetry, the hopping integral g n+1an is independent
of n, as derived from fg, 1an = (pgn + 1|Hpop|p,n) = (pgn + 1/$

HiopS ' p,n) = (pﬁn|Hhop|pan — 1) = tgyq n—1. Then Hpop reduces to

Hup=D. > SIpgn)tpiao{p,n| + he. (4)

n o p=fib

We divide Hpp into terms of a = B and those of a # f3,

Hhop = Z me + Z I:Iaﬂ (5)
a=t,inb (a)=(E),(inb).(b,F)
with
Hoa =Y. S|pon) tatao (pan| + hc, (6)

Hep=3. §(|pﬁn)tﬂ1ao(pan| + |pan>ta1ﬁ0(pﬁn|) +he. (7)

In a helical atomic chain, the hopping integral ¢5,49 has the following
symmetry:

tiio = ~ti1ios (8)
im0 = ~tario> )
Liio = Livior (10)

First we consider Hg with (a, ) = (£, ), which reduces to
ﬁfﬁ = tmeSAZ (|Pﬁ”><Pf”| - |P£">(P;q”|) +hec
= tmfo(—i)gié + h.c. (11)

We find that H, is the coupling between the interatomic hop-
ping $ and the binormal component of the atomic OAM. Here,
I:y (y= i, b) is the sum of the OAM of each atom in the y direction,
given by

N
Ly = Z Lyn (12)
n=1
with
Lyn = —i[p,n)(pgn| + h.c, (13)

where (a, ,y) = (£, 7,b), (7, b, £), (b, £, 7).
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As a basis vector in the presence of the helical symmetry, we
employ an eigenvector of S for each of pa,

Ip.k) \/—Z exp (ikn)|p,n), (14)

which satisfies
Slpok) = exp (=ik)|p k). (15)

Here, k is the dimensionless momentum. The helical symmetry
[Fhop» ] = 0 ensures that (pﬁl;'|I:Ihop|pal~<) = 0 when k’ # k, that is
Hhop is diagonal in k. Because of the assumed periodic boundary
condition with a periodicity of N, the momentum k is quantized into
k = 27j/N with j the integer. Since |p, k + 27) = |p k), the value of

k is restricted within the first Brillouin zone |k| < 7z. With the use of
eigenvectors of §, we can express L, as

Ly=>" Ly (16)
k
with
L= —i|pal~c)(pﬁl~c| +he, (17)
since Y |pal~<)(pﬂl~<| = X4 [Pan)(pgn|- Then we obtain

Hfﬁ = tmgo(—i)SAZ I:i],-( +h.c

k
=-2 B (k) Ly (18)
k
with
BLB(I}) =214 sin i( (19)

We find that H;,
the momentum k describing transport through the helix, in which
B,; (k) acts on L;; as an EMF. Similarly, H,; is expressed as

is the coupling of the binormal OAM ﬁiﬂ; to

s

Hﬁg = ti)lho(ii)gi‘f +hec
=-> Byi(k) Ly (20)
k
with
By (k) =2ty sink. (21)
Thus, H b couples the tangential OAM ﬁﬁ( to the momentum I~c,

and B, ;(k) is the corresponding EMF. On the other hand, Hj; pro-
duces no terms with the atomic OAM because tiio = Livior Finally,
the diagonal-in-orbital component Hy, is given by

Huo = ta1a0SY, [pk)(pok| + hec.
k

= 2ta1a0y, cos k|p,k)(p,kl, (22)
k

ARTICLE pubs.aip.org/aipl/jcp

which shows that H,, alone leads to o-like p; bands as well as 7-like
p; and p; bands.

The value of the atomic OAM I:yi( (y = b, ) induced by the
EME By (k) in a state vector |y;) = ¥ Cz|pk) is given by

a="t,n,b

<1//k|Lyk|V/k> (villylyg) = Z (yilLynlw)
n=1

= N{yelLyolyz), (23)
since (;|Lyn|y;) does not depend on 7 as derived from (y;|Lyn|y;)
= (WilSLyn18Twz) = (wele ™ Lynare® yg) = (wglLyalyg).  There-
fore, By, (k) induces an equal OAM in each atom. Since the EMF
is an odd function of k: By, (k) = -Bry(- k), the same is the case
for the induced atomic OAM: (y;|L,|y;) = —(v_¢|Lylv ;). Thus,
the atomic OAM does not appear in equilibrium. However, in the
presence of the electric or thermal current through the helix, the
difference in electron population between k and —k leads to a net
atomic OAM. In Sec. I1I, we present the calculated results of orbital
and spin polarizations induced by the electric current.

We express hopping integrals with the use of the Slater-Koster
parameters'” Vppr(<0) and Vppe(>0). Applying the formula in Ref.
18, the hopping integral tg149 is given by

tg1a0 = €g1 - €a0 Vppr + (€10 - €p1) (€10 - €a0) (Vipps = Vppr ) (24)

where ey, is the unit vector in the « (=7, 7, b) direction at the nth
atom and ey is the unit vector in the direction from the #n = 0 atom
to the n = 1 atom given by eio = (x1 — X0, ; — ¥> 21 — 20)/d. Using
Eq. (24) we calculate the dependence of ;49 on the geometry of the
helix described by the radius a and the pitch 27b as well as on the
interatomic distance d. In expressing the geometry dependence of
tg1a0, We use the curvature x and the torsion 7 given by

a b

K= , T= 25
a+ b @+ b (25)

instead of a and b. To obtain a simple expression for the geome-
try dependence of tg140, we consider the case of ¢ « 1, in which

~\/ (kd)? + (td)? and, therefore, xd < 1 and 7d <« 1. Then, in

the lowest order of xd and 7d, we obtain, for ;,; in B; (k) [Eq.
(19)] and t;,,, in B, (k) [Eq. (21)],

Voo + V,
tinio = —kd b phe 2 e, (26)

t —1d Vppr. (27)

b1a0 =
Therefore, in the case qf xd << 1 and 7d « 1, the binormal OAM is
proportional to xd sin k, while the tangential OAM is proportional
to 7d sin k. On the other hand,

\% \%
fiio = de(% N %) (28)

This shows that the mixing between binormal and tangential
p orbitals, H; ;, is of the second order of ¢ in the ¢ < 1 region and is

much smaller than H;, and H,;, which are of the first order of ¢.
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I1l. ORBITAL AND SPIN POLARIZATIONS INDUCED
BY CURRENT

We employ the Hamiltonian,
H = Hyop + Hyo (29)

in calculating orbital and spin polarizations induced by the current.
Here, we take into account, in addition to the interatomic hopping
Hiop in Eq. (4), the intra-atomic SOI Hy, given by

Hyo = Awoln-6/2 (30)

with & = (0%, 6y,6.) the Pauli spin operator. We use atomic para-
meters for iodine. In determining As, the strength of the intra-atomic
SOIL we employ the value of the spin-orbit splitting in p levels,
3)s0/2 = 1.029 eV, in Ref. 19. In the interatomic hopping Hiop,
we use values of the Slater-Koster parameters, Vp, = 2.282 eV
and Vppr = —0.549 eV, which have been obtained in Ref. 20, so as
to reproduce energy bands of a straight linear iodine chain with
d = 2.9 A in the density functional calculation.

Since we include the SOI Hy, in the Hamiltonian, we choose
basis vectors that satisfy

8Ip,ok) = exp (~ik)|p,ok) (31)

by taking into account the spin degree of freedom. Then the basis
vector |p,ok) is expressed by*'

Ip,ok) = exp (ikn)$ "|p,00) (32)

R
with [pa00) = |ps0)|o) and § "|p,0) = |p n). Here, |o) is the eigen-
vector of 6, the z component of the Pauli spin operator, satisfying
6:|0) = 0|o) with eigenvalue ¢ = +1. The operation $ on |g) is
given by

$lo) = exp (~igpa/2)|o), (33)

since $ is the rotation by ¢ around the z axis and the translation by
be along z. Eigenvalues and eigenvectors of H are obtained by diag-
onalizing the 6 x 6 matrix with elements (p,o’k|H|p ok) (e, o
=in, b and 0,0’ = +1). Calculated eigenvalues as a function of
k of the helical atomic chain with ¥ = 0.1 A™" and 7 = 0.01 A™*
presented in Fig. 2.

Now we calculate orbital and spin polarizations in the pres-
ence of an electric current, which is generated at absolute zero by
the chemical potential difference: the chemical potential of channels
with a velocity in the positive z direction is higher by Ay than that in
the negative z direction. Such electron distribution is obtained in the
ballistic transport induced by the chemical-potential difference Ay
between the source and drain electrodes in the Landauer formalism.
Induced orbital and spin polarizations of each atom divided by Ay
are given, in the linear response (that is, in the limit of Ay — 0), by

v>0 . .
Pry = Z (VK|Lyo|vk)O(E,; — EF), (34)
vk
v>0 -1 .
Psy = 37 (VK| dy0lvk)O(E, - Er), (35)

vk

ARTICLE pubs.aip.org/aipl/jcp

FTNOF

FIG. 2. Energy bands of the helical atomic chain with «=0.1 A~' and
7=001A-",

for the y (=£,#,b) component, where E,; and |vk) are the energy
and the vector, respectively, of the eigenstate with band index v at
momentum ic, Er is the Fermi energy, and Gy = 6 - e0 with ¢ the
Pauli spin operator.

Figure 3 shows the Fermi energy Er dependence of binor-
mal orbital polarization P; and tangential orbital polarization Py;

@) Py ()
0.2

0.1

0.0

-0.1

0.1H— k=0.1A-

0.0

-0.1

| T=0;01A"1

_ . . . L1 L
0.2 -4 -2 0 2 4

Er(eV)

FIG. 3. Orbital polarization induced by current as a function of the Fermi energy
Ef: (a) binormal component P, ; and (b) tangential component P, ;. Vertical dashed
lines indicate the Fermi energy corresponding to the fixed electron density, which
is used in calculating dependences on x and 7 in Figs. 4-6.
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(a) 0.00
—0.02} Pp[(eV)7']
—— T=0.01A"1
—004n o _paA
— 1=0.2A"1
0.00 005 010 015 020
k(A1)
(b)
-1t
2| Py [(10%eV)71]
_3ll— T=0.01A"!
— 1=0.1A"1
—4H— t=0.2A1

0.00 0.05 0.10 0.15 0.20
k(A1)

FIG. 4. Binormal component of (a) orbital polarization P, ; and (b) spin polarization
Pg; induced by current as a function of «.

induced by current. Orbital polarizations (and similarly spin polar-
izations) depend strongly on Fermi energy, reflecting the orbital
character of each energy band. In the following, we focus on the o-
like band, which is mainly formed by p; orbitals. The location of the
corresponding Fermi energy is indicated by the vertical dashed line
in Fig. 3.

Figure 4 presents the curvature x dependence of binormal
polarizations P, ; and Pg; at values of torsion 7(A™') =0.01,0.1, and
0.2. We find that binormal polarizations are proportional to « in the
small x region with weak 7 dependences. The linear-in-x dependence
of P;; is consistent with the linear-in-x dependence of the strength
tiso [EQ. (26)] of the EMF Bu;(ic) in Eq. (19). Since the orbital polar-
ization acts as an EMF on the spin, the linear-in-«x dependence of P, ;
leads to that of Pg;.

Figures 5 and 6 present the 7 and x dependences, respectively,
of tangential polarizations P;; and Pg;. We find that tangential
polarizations are proportional to 7«* in the region of 7d < 1 and
xd < 1. This dependence can be understood as follows: Energy
bands that cross Er are of the o-band character and are formed,
in the limit of straight linear atomic chains (x - 0 and 7 — 0), by
p; orbitals, which have a zero eigenvalue of the tangential OAM. In
the presence of xd («1) and 7d («1), the tangential-normal mixing
Hy, with strength £, o< k [Eq. (26)] induces p, component and
the binormal-tangential mixing H p¢ With strength ¢, oc k7 [Eq.
(28)] induces p; component. The tangential polarization of OAM
P;; formed by p, and p; components is, therefore, proportional

2
to 7x”.
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(@) 5
—— k=0.01A"1
4 — k=0.1A"1
3|— k=0.2A"1
2 L
Pp; [(10%V) ]
1+
0 : ; ;
0.00 0.05 0.10 0.15 0.20
T(A-1)
(b) 8
—— k=0.01A1
6 —— k=0.1A"1
— k=0.2A"1
4l

2} Ps; [(10%eV) ]

0 ; n ;
0.00 0.05 0.10 0.15 0.20

(A1)

FIG. 5. Tangential component of (a) orbital polarization P, ; and (b) spin polarization
Pg; induced by current as a function of 7.

(a) 3
—— 1=0.01A"1
4rl— T=0.1A"1
3||— t=02A"

0.00 0.05 0.10 0.15 0.20
K(A™1)

b) 1
O e ]
—— T1=0.01A"1
— 1=0.1A"1
0.5 — t=0.2A""

0 n n i
0.00 0.05 0.10 0.15 0.20

k(A1)

FIG. 6. Tangential component of (a) orbital polarization P, ; and (b) spin polarization
Pg; induced by current as a function of .
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IV. DISCUSSION
A. Extending to slowly-varying curvature and torsion

We go back to the hopping Hamiltonian of a chain of
atoms on a general curve given in Eq. (1). When variations
along the curve of the curvature and the torsion are slow enough
that

dx(s)
ds

d < x(s), diT(sS)d < 1(s), (36)

(s is the coordinate along the curve), the hopping integral ¢g,+1,an
approximately satisfies &, 41 40 = ~fipe1m 304 £ 00 = —Fa g
Then, even in the absence of the helical symmetry, H;, reduces to

Hi~ Y b ind(IPan)(pin| — [pin)(p;nl) + hee.

=3 thwsrim(-1)SL;, +he (37)

Thus, the binormal OAM in the nth atom, ]:én’ locally couples to
the interatomic hopping with strength ¢; ., 5, proportional to the
local curvature. Similarly, the tangential OAM, L, couples to the
interatomic hopping with strength ¢; ., . proportional to the local
torsion.

B. Extending to non-polar molecules and solids

We expect that the direction and geometry dependence of the
EMF obtained in this paper for the helical chain (and approxi-
mately helical chain) of atomic p orbitals will be useful in estimating
the EMF in many non-polar molecules and solids. In molecules
and solids in general, transport paths cross and overlap each other.
However, if a particular path dominantly contributes to the current-
induced EMF, as illustrated in Fig. 7(a), the EMF can be estimated
from the curvature and the torsion of the dominant path. Such a

(a) o o

FIG. 7. Transport paths in a molecule and a solid. (a) A molecule with a dominant
current path (thick line). (b) Three transport paths (thick lines) through an atom in
an atomic layer with all atoms in the same plane.
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dominant path often winds rapidly. Nevertheless, the local curva-
ture can be defined for a chain of three neighboring atoms, to which
the local coupling of L;  and transport, as expressed in Eq. (37), may
be considered.

The EMF at an atom may also be estimated by the sum of con-
tributions from different paths through the atom. In an atomic layer
with all atoms in the same plane as shown in Fig. 7(b), for example,
any path through an atom has a curvature but no torsion. Then we
find, by applying the local coupling Eq. (37) to each path, that the
EMEF due to the three paths is perpendicular to the plane.

In previous studies,”” >’ the coupling of the atomic OAM and
the crystal momentum has been introduced in a system with lattice
translational symmetry. Here, we have derived the local coupling
Eq. (37) of the atomic OAM and the interatomic hopping with
strength expressed by the local curvature and the local torsion. We
expect that the present coupling can be used to estimate the spin
polarization locally induced by current in a system without lattice
translational symmetry.

C. Spin current

Finally, we discuss the spin current induced by connecting
another atomic chain to the helical atomic chain, as shown in Fig. 8.
The connected chain consists of s-orbital atoms with no SOI and
is connected at the other end to the drain electrode. By raising the
chemical potential of the source electrode placed below the helical
chain relative to that of the drain electrode, electrons flow upward
along the helical chain, and spin polarization is induced in each
atom of the helical chain. By connecting the s-orbital chain to the
helical chain, some electrons diffuse into the connected chain, car-
rying the spin polarization in the atom at the connecting point.
Then, electrons, which continue to travel through the helical chain
after passing the connecting point, carry the spin polarization in the
opposite direction. In this way, the current-induced spin polariza-
tion in the helical atomic chain produces the spin current through
the connected chain and that through the helical chain, which has
the opposite spin polarization and the same order of magnitude.

The calculated magnitude of the spin current exhibits its max-
imum as a function of the hopping integral between the helical
chain and the connected chain. We find, in the calculation at abso-
lute zero for the helical iodine chain, that the magnitude of the
spin current J, expressed by a conductance, G; = (2e/h)J,/Vsp,
with Vgp the source-drain voltage, reaches G;=0.1Gy with
Go = ¢*/h by adjusting the interchain hopping integral. Since
Gs = Go in the 100% spin selectivity, Gs = 0.1Gy means 10% spin

T
_/

d Spip e,
I len
27h

. . L. s-orbital chain
current-induced spin polarization § 4—e—e—e_—e—e—

lG/ i i
X

spin current
FIG. 8. Spin current induced by connecting an s-orbital chain to the helical chain.
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selectivity, which is much smaller than the spin selectivity of greater
than 50% observed in CISS experiments. To explain such a large
magnitude of the spin selectivity observed in organic molecules
with small SOI at room temperature, we need further theoreti-
cal studies with consideration of other effects, which may include
electron-phonon and electron-electron interactions.

V. CONCLUSIONS

We have considered a helical chain of atomic p orbitals and
derived, from the hopping term of the tight-binding Hamilto-
nian, the coupling between the atomic OAM operator L, of the
nth atom and the hopping operator § = ¥, Yacing [Pett + 1){p, 1,
which transfers an electron from an orbital in atom 7 to the same
orbital in atom 7 + 1. Since this term couples two local operators
with the inversion asymmetry expressed by the curvature and the
torsion at the position of each atom, it is also applicable to a chain
with slowly-varying curvature and torsion.

In the presence of the helical symmetry in which the associ-
ated momentum k is conserved, the present coupling reduces to the
coupling of k and L;, which is expressed by the k-dependent EMF
acting on L;. This EMF, which appears due to the inversion asym-
metry at each atom, is proportional to the curvature «, or torsion
7, of the helix in the case where x and 7 are much smaller than the
inverse of the interatomic distance. More specifically, we have found
that the EMF components acting on the binormal and tangential
components of L; are proportional to x and 7, respectively.

We have confirmed such geometry dependence by calculat-
ing the current-induced polarizations of L, and the spin at each
atom. We have shown, in the region of small « and 7, that binor-
mal and tangential components of current-induced polarizations are
proportional to x and 7, respectively.
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