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ARTICLE INFO ABSTRACT
Keywords: The static light scattering technique potentially offers a nondestructive evaluation of a particle size distribution
Particle size distribution effects in dense colloidal suspensions. Understanding the size distribution’s correlation with the light scattering
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Light scattering properties
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Local monodisperse approximation

properties and modeling electromagnetic scattering with high accuracy and efficiency are crucial for technique
development. The polydisperse dependent scattering theory (DST) is an accurate model, but its calculation
is costly. We aim to numerically examine the size distribution effects on the scattering properties of dense
suspensions up to the volume fraction of 20% in the near-infrared wavelength of 600-1000 nm using three
electromagnetic models: the polydisperse and monodisperse DST, and the local monodisperse approximation
(LMA). We considered various size distributions in Gaussian and logarithmic forms with constant standard
deviations of 21 nm and 101 nm in the mean diameter range of 75-700 nm by shifting the distribution while
keeping its shape. We showed that the monodisperse approximation is invalid at a small mean diameter of
less than 200 nm, even at the sharp Gaussian distribution. It suggests the strong size distribution effects.
Meanwhile, the approximation holds at a large diameter of more than 650 nm, even at the broad logarithmic
distribution. We showed that the LMA results nicely agree with the polydisperse DST results for all the current
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conditions. At the same time, the LMA calculations are over a thousand times faster than the polydisperse DST
because the LMA reduces the sum calculation over particle diameter pairs. Thus, the LMA is a great candidate

for the electromagnetic model.

1. Introduction

The particle size distribution of colloidal suspensions, such as slurry
and lipid emulsions, is a key factor in their physicochemical properties
(viscosity [1], zeta potential [2], etc.) and industrial quality control
(paint and coating qualities [3,4], food qualities of soymilk [5,6], etc.).
Non-destructive evaluation of the size distribution in non-diluted sus-
pensions is crucial for quality and process control in broad engineering
fields. A high slurry concentration is desirable for the efficiency of the
chemical production process. Lipid emulsions and food suspensions are
often dense, and their volume fraction is around 10% [7,8]. Electron
microscopy is widely accepted as the most accurate method, but it
requires sample solidification. The dynamic light scattering method is
a gold standard for non-destructive evaluation, but it requires sample
dilution, usually to less than 1% volume fraction. Hence, the evaluation
method is still under development.

The static light scattering method potentially offers the size dis-
tribution evaluation, relying on a quantitative correlation of the size
distribution with the light scattering properties. The scattering proper-
ties, which are physicochemical properties, quantify a light scattering
degree. For example, the scattering coefficient corresponds to an in-
verse of the mean free path of photons [9]. The method often uses
near-infrared light, whose wavelength ranges from 600 nm to 1000 nm,
because of low water absorption. Mie scattering dominates in single-
particle scattering because the optical wavelength is comparable to the
particle size. This method consists of the two inverse analysis. The first
inverse analysis evaluates the scattering properties by minimizing the
difference in light intensity between measurements and calculations
of a light propagation model. The propagation model is based on
the radiative transfer theory [10,11] and is valid on the millimeter
scale [12,13]. The second analysis uses a model of electromagnetic scat-
tering to evaluate the size distribution from the scattering properties.
The electromagnetic model is valid on the sub-micrometer scale and
treats the electric fields scattered by colloidal particles.

Modeling electromagnetic scattering with high accuracy and effi-
ciency is required in the light scattering method because the evaluation
accuracy strongly depends on the model accuracy, and the method
involves many model calculations. Among the electromagnetic models,
the independent scattering theory (IST) for a polydisperse system has
been widely used [14,15]. However, the IST is limited to a low volume
fraction of less than 5% [7] because it treats no interaction of the
scattered fields. Bressel et al. have evaluated the mean particle diameter
by applying the dependent scattering theory (DST) for a monodisperse
system [16]. The DST considers the interference between the scat-
tered fields, which is enhanced in dense samples. Hence, applying the
DST does not require sample dilutions. Their results were consistent
with those using transmission electron microscopy. Their target colloid
was polystyrene with a sharp size distribution, and they assumed the
monodisperse approximation. Meanwhile, lipid emulsions and food
colloids have broad size distributions [7,8]. Then, the polydisperse DST
must be employed to treat the distribution appropriately. However,
its calculation is more complicated and costly than monodisperse DST
because it involves summating the contributions over pairs of par-
ticle diameter classes. Hence, little research work has employed the
polydisperse DST for the size distribution evaluation.

We aim to numerically examine the size distribution effects on the
scattering properties of the non-diluted suspensions up to the volume
fraction of 20% in the near-infrared wavelength of 600-1000 nm
using three electromagnetic models: the polydisperse and monodisperse
DST, and the local monodisperse approximation (LMA). We previously

showed that the size distribution’s broadness or standard deviation
strongly influences the scattering properties. The monodisperse approx-
imation (monodisperse DST) holds for the sharp Gaussian distribution,
while it does not for the logarithmic distribution [17,18]. Meanwhile,
Borah et al. extensively showed that the mean diameter influences
the scattering properties more than the other statistical parameters in
dilute suspensions [19]. Despite the effort, the mean diameter effect
in non-diluted suspensions is not fully understood. Motivated by the
above facts, we considered various size distributions in Gaussian and
logarithmic forms at the mean diameter range of 75-700 nm by shifting
the distribution while keeping its shape.

The LMA has been used in chemical physics [20,21] to examine the
structure in dense media. Meanwhile, little research has employed the
LMA for the light scattering properties. Sun et al. showed the validity
of the LMA to the scattering properties in the volume fractions up to
20% [22] but in certain conditions for a sharp Gaussian size distribu-
tion at two optical wavelengths. They did not discuss the efficiency
of the LMA. Motivated by these facts, we also aim to examine the
versatility and computational efficiency of the LMA at the various size
distributions and optical wavelengths above.

2. Theory/calculation

This paper mainly considers the scattering and reduced scattering
coefficients, u, and yu/, in the light scattering properties (ones of the
physicochemical properties). The two coefficients correspond to inverse
mean free paths of photons on the macroscopic (millimeter) scale, as
shown in Fig. 1(a). The photon diffusion process, where the scattering
is effectively isotropic, is characterized by u!. Each diffusion process
involves multiple scattering events on a smaller scale characterized by
u, [9,23,24].

We provide the explicit formulations of u, using the electromag-
netic models in the subsections below. We can readily derive the x!
formulations from the u, formulations. For simple expressions in the
formulations, we explicitly denote dependence on the diameter and
scattering angle of the physical quantities, although the quantities also
depend on the optical wavelength.

2.1. Models of electromagnetic scattering

The electromagnetic model considers a colloidal suspension a sys-
tem consisting of discrete spherical particles suspended in a continuous
solvent medium, as shown in Fig. 1(b). We employ the three electro-
magnetic models based on the dependent scattering theory (DST): the
polydisperse and monodisperse DST, and local monodisperse approxi-
mation (LMA). The DST treats the interference between electric fields
scattered by particles on the sub-micrometer scale [25]. We consider a
discrete size distribution whose total number of the diameter classes is
N,. We denote a particle diameter class by « or g and its diameter by
d, or dg. The number-based particle fraction of the a-class diameter,
f2» is normalized so that Zyjl fa=1

2.1.1. Polydisperse DST
The polydisperse DST provides the theoretical formulation of the
scattering coefficient as [17]

2r T Ng Ny
K poly = /0 de /0 d0sing 3" N /iy FY0,4) - F1 (0, $)S,5(0).
a=1p=1

@
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Fig. 1. Schematics of (a) light propagation on the macroscopic scale and (b)
electromagnetic scattering on the microscopic scale in a polydisperse colloidal
suspension.
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Fig. 2. Schematics of (a) monodisperse approximation and (b) local monodisperse
approximation. The other details are the same as Fig. 1(b).

Here, ¢ and 6 are the azimuthal and polar angles, and 6 is set to be
equal to the scattering angle. n, or ng is the number density for the «
class or the g class. The number density relates with the volume fraction
of particles n as n, = nf,/v, with the mean particle volume v, =
Z;,V:d] zd3 f, /6. F;"’ ie is the scattering amplitude vector for the a-class
using the Mie theory [26] as shown in Fig. 1(b). F /’,” fe* js the complex
conjugate of F;," fe; and S, is the partial static structure factor (SSF).
The SSF represents the interference between the scattered fields, and
its calculation requires the particle interaction model. We employed
the polydisperse Percus-Yevick(PY) model [27,28] in the partial SSF
calculation. The PY model treats the hard-sphere interaction between
particles [29]. The polydisperse DST requires sum calculations over the
particle diameter pairs of N; X N, which leads to high computational
costs.

2.1.2. Monodisperse DST (monodisperse approximation)
The scattering coefficient using the monodisperse DST with a diam-
eter d is given as

2
Hs.mono(d) = 27rn00'S!M,‘Z(d)/ dfsinOPy;,(0,d)S,,,,,(0,d). (2)
0

Here, the number density n, is given as n/v,, with the particle vol-
ume v, = zd’/6. o, and Py, are the scattering cross section
and normalized phase function using the Mie theory [26]. S,,,., IS @
monodisperse SSF, and we employed the monodisperse PY model for
the calculation [30].

The monodisperse DST treats a single class of diameter as shown
in Fig. 2(a) and corresponds to a case of N, = 1 in the polydisperse
DST. Moreover, the monodisperse DST does not require numerical cal-
culations for ¢. Hence, the monodisperse DST can provide much faster
calculations than the polydisperse DST. However, the monodisperse
approximation must be valid when applied.

2.1.3. Local monodisperse approximation (LMA)
In the LMA, the partial SSF for polydisperse systems is approximated
to [20,21]

Sup(0) ~ 5,5.S,(0), ®)
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Table 1

Statistical properties of the particle size distributions of Psi-0.5 (silica suspension) and
Intralipid-10% (lipid emulsion); Total number of the diameter classes N,, the mean
value, and standard deviation (SD) of the distribution.

N, Mean SD
Psi-0.5 (original) 7 373 nm 21.0 nm
Intralipid-10% (original) 13 96.8 nm 101 nm
Psi-0.5 (shifted) 7 doean 21.0 nm
Intralipid-10% (shifted) 13 dean 101 nm

where S,(0) = S,0m0(0.d,) is the monodisperse SSF with the a-th
diameter class. The LMA treats the interference at different pairs of
the same diameter classes, as shown in Fig. 2(b). The LMA reduces the
scattering coefficient using the polydisperse DST (Eq. (1)) to

Ng
”s,LMA = Z fa”s,a’ (4)
a=1

where g, is the scattering coefficient using the monodisperse DST,
Hg mono With d,. Here, we used the following relation,

2
/ dPIFM0, ) = 270, pr;o(dy) Payie(0. dy). ©)
0

Eq. (4) means that the LMA reduces the double sums over the size dis-
tribution in the polydisperse DST to the single sum. This fact achieves
faster calculations by the LMA than the polydisperse DST. The prior ¢
calculation in Eq. (5) is also the reason for the faster calculation.

2.2. Particle size distributions of a silica suspension and lipid emulsion

We used the size distributions based on the measurement data
of Psi-0.5 (silica suspensions) [31] and Intralipid-10% (lipid emul-
sions) [7] with electron microscopy. Table 1 lists the statistical prop-
erties of the size distributions: mean value and standard deviation
(SD). The size distribution of Psi-0.5 is sharp, while that of Intralipid-
10% is broad. To investigate the effect of the mean value of the
distributions on the scattering properties, we numerically shifted the
distribution by changing the mean value, d,,,,,,, while keeping its shape
(i.e., the constant SD), as shown in Fig. 3. We refer to it as “shifted size
distribution”.

2.3. Numerical methods and conditions

In numerical calculations of the polydisperse DST, we discretized
two angles, 6 and ¢. We numerically solved a linear matrix equation
for the partial SSF (Fourier transform of the Ornstein-Zernike rela-
tion) [27,28] at each discrete value of 6. We obtained the integrand
of Eq. (1) by combining Mie theory calculations with the SSF results.
Then, we numerically integrated the integrand over the angles using
the extended trapezoidal rule. In calculations of the monodisperse DST,
we used the analytical form for the SSF [29,30] as a function of
0. The other procedure is almost the same as the polydisperse DST
calculations. In calculations of the LMA, we summed up the results for
the monodisperse DST over the diameter classes.

We calculated the scattering properties using the three electromag-
netic models at different volume fractions and optical wavelengths. The
volume fraction ranges from 0.1% to 20%, and the wavelength ranges
from 600 nm to 1000 nm (near-infrared region). For the other details
of the numerical calculations, please refer to our previous papers [32].

3. Results and discussion
3.1. Static structure factor (SSF)

Before examining the scattering properties, we investigated the SSF
for the size distribution of Psi-0.5 (gray distribution in Fig. 3(a)) at the
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Fig. 4. Static structure factors (SSFs) for the Psi-0.5 size distribution (gray distribution in Fig. 3(a)) at the optical wavelength of 600 nm and volume fraction of 20%. (a) Partial
SSFs, S, (@ # f) at six pairs for the 310 nm diameter class at different diameter pairs. (b) Partial SSFs, S,,, at the same diameter pairs. (c) Monodisperse SSFs for different mean
diameters: 310 nm (smallest diameter class), 370 nm (mode class), and 430 nm (largest diameter class).

wavelength of 600 nm and volume fraction of 20%. The partial SSFs
have a total of 28 combinations. Although not shown here, the trend
of the results for the Intralipid-10% size distribution was qualitatively
the same.

Fig. 4(a) shows the partial SSFs, S,; (a # ), in six pairs for the
310 nm diameter class at different diameter pairs, e.g., the 310-330
class pair and the 310-350 class pair. The partial SSF depends on
the diameter class pairs, which complicates the contributions to the
interference between the scattered fields. All the results have single
peaks in the scattering angle region of 65-90 degrees. Their peak
values are roughly proportional to the fractions of the size distribution
(Fig. 3(a)). For example, the results of the 310-370 and 310-390 class
pairs (yellow and green colors in Fig. 4(a)) have larger SSF peaks
and size fractions. The scattering angle having the peak is smaller for
the larger diameter class. For instance, the 310-430 class pair has
the smallest peak angle (blue color in Fig. 4(a)). This result could be
explained by the fact that the interference pattern generally changes
more rapidly at the larger two-point distance (larger diameter class).

Fig. 4(b) shows the partial SSFs, S,,, at the same diameter pairs
for three cases. Generally, the partial SSF includes the Kronecker delta
dyp [33]. Thus, S, is larger than Saﬁ(a # ) in Fig. 4(a). The results for
the 310-310 and 430-430 class pairs vary less from unity than that for
the 370-370 class pair. This is because of the smaller size fractions for
the 310 nm and 430 nm classes. Fig. 4(c) shows the monodisperse SSFs,
S,, at the three diameters. The peak values for the different diameters
are almost the same as 1.24 because the monodisperse SSF does not
treat the size fraction. The 430 nm diameter result has the smallest
scattering angle, like the partial SSF in Fig. 4(a).

All the results in Figs. 4 suggest that when focusing on SSFs, the
monodisperse approximation and LMA seem invalid because the partial
SSFs differ from the monodisperse SSFs, although their trends (e.g., the
scattering angle having the peak) are similar. However, the approxi-
mation validity in the scattering properties should differ from that in
the SSF because the properties include the single-particle scattering
contribution and integration over the scattering angle in addition to
the SSF.

3.2. Comparison with experimental data

In this subsection, we compare the numerical results of the scat-
tering properties with the experimental results to test the validations
of the electromagnetic models: polydisperse and monodisperse DST
(Egs. (1) and (2)), and LMA (Eq. (4)). We used the measurement
data of Psi-0.5 by J. D. Nguyen et al. [31] at the wavelength of
1297 nm, and Intralipid-10% by P. Lee et al. [34] at 834 nm, and by
M. Bondani et al. [35] at 532 nm. In the experimental results by M.
Bondani et al. we converted the weight-volume concentration C to the
volume fraction 5 by the relation # = 0.114C [34]. In the numerical
calculations, we used the original size distributions (Fig. 5(a)) for the
polydisperse DST and LMA, while we used the mean diameters for the
monodisperse DST as listed in Table 1. We used the refractive indices
of the silica and lipid particles as 1.41, 1.47, and 1.46 in the three
cases (Figs. 5(b)-(d)) based on the references of the measurement data.
The validity of the polydisperse DST has been little discussed so far,
while the previous research extensively examined the validity of the
monodisperse DST [31,36-38].

In Psi-0.5 (Fig. 5(b)), all the numerical results agree with the mea-
surement data, indicating the validity of the electromagnetic models.
The curvilinear trend of the volume fraction dependence of the scatter-
ing coefficient is ascribed by the destructive interference between the
scattered fields, as previous studies have extensively discussed [31,35].
The agreement between polydisperse and monodisperse DST means
that the monodisperse approximation holds, and the size distribution
little influences the scattering properties in the sharp size distribution.
In Intralipid-10% (Figs. 5(c) and (d)), the polydisperse DST describes
well the measurement data, while the monodisperse DST does not,
especially for the scattering coefficient. These results suggest the strong
influence of the size distribution in the broad size distribution.

The LMA results in the three cases nicely agree with the experimen-
tal and polydisperse DST results, which means the LMA is valid. The
LMA validity implies that the same diameter pairs mainly contribute to
the scattering properties compared with different diameter pairs. This
is also suggested by the fact that the partial SSF at different diameter
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Fig. 5. (a) Original size distributions of Psi-0.5 [31] and Intralipid-10% [7]. (b)—(d) Volume fraction dependence of the scattering and reduced scattering coefficients for numerical
and experimental results. We calculated the three electromagnetic models: the polydisperse and monodisperse DST (Egs. (1) and (2)), and LMA (Eq. (4)). We used the measurement
data of (a) Psi-0.5 by J. D. Nguyen et al. [31] at the wavelength of 1297 nm, (b,c) Intralipid-10% by P. Lee et al. [34] at 834 nm and by M. Bondani et al. [35] at 532 nm.

pairs is much smaller than the SSF at the same diameter pairs, as shown
in Fig. 4. We discuss a possible reason why the LMA works well for the
scattering properties but not for the SSF (the amplitude of the SSF at the
same diameter pairs in the polydisperse system differs from that in the
monodisperse system). The scattering properties calculations involve
the single-particle scattering contribution, integration over the scatter-
ing angle, and summing over the diameter pairs, in addition to the SSF
contribution (please see Egs. (1)-(4)). Our previous study [17] showed
that n,o; ».(d,) (one of the single-particle scattering contributions)
reached around 100 in the unit of inverse centimeters in the current
volume fraction range. Meanwhile, the difference in the amplitude of
the SSF between polydisperse and monodisperse systems is in the order
of unity, as shown in Figs. 4(b) and (c). Hence, the difference in the
SSF would be smoothed out in the scattering properties by the other
contributions, resulting in no significant effects.

3.3. Effects of the mean value of the size distribution

We investigated the effects of the mean value of the size distribution
on the scattering properties. We considered the shifted size distribution
at a smaller mean of d,,,, = 100 nm for Psi-0.5 and at a larger
mean of d,,,, = 800 nm for Intralipid-10%, as shown in Fig. 6(a). We
numerically extended the volume fraction range of Intralipid-10% up
to 20%, the same range as Psi-0.5.

Figs. 6(b)—-(d) show that differences in the scattering properties
between the polydisperse and monodisperse DST are quite different
from those in the original distributions before shifting (Figs. 5(b)—(d)).
At the figure’s bottom, we plotted the relative difference (RD), defined
as

RD(Model) = [N R(Poly.) — NR(Model)]/N R(Poly.), 6)

where NR(Poly.) and NR(Model) are the numerical results of the
polydisperse DST and model (monodisperse DST or LMA).

Fig. 6(b) for Psi-0.5 shows significant differences in the scatter-
ing coefficient, although there are minor differences before shifting
(Fig. 5(b)). The RD between the monodisperse and polydisperse DST
is over 30%. Although not shown here, we also observed significant
differences in the reduced scattering coefficient. This result suggests

that the size distribution strongly influences the scattering properties
at the small mean diameter, even in the sharp size distribution.

Figs. 6(c) and (d) for Intralipid-10% show much smaller differences
between the polydisperse and monodisperse DST than those in the orig-
inal distributions (Figs. 5(c) and (d)). The RDs in the shifted distribution
are less than 6% for the scattering coefficient (Fig. 6(c)) and 4% for
the reduced scattering coefficient (Fig. 6(d)), respectively. These results
suggest less size distribution effects at the large mean value, even in the
broad distribution.

The LMA results nicely agree with the polydisperse DST results in all
the cases of Figs. 6(b)-(d). This agreement suggests that the accuracy
of the LMA is little influenced by the mean value of the distribution.

3.4. Wavelength dependence of the size distribution effects

We investigated the wavelength dependence of the scattering prop-
erties at a constant volume fraction for the shifted distributions of
Psi-0.5 and Intralipid-10%. We chose the constant value as 20%, where
the RD between polydisperse and monodisperse DST has a maximum
value, as shown in Figs. 6(b)-(d). We treated the wavelength depen-
dence of the refractive indices for the particle and water (background
medium) based on the Refs. [7,39].

Figs. 7(a) and (b) show the wavelength dependence of the scattering
properties for Psi-0.5 at d,,,,, = 100 nm (small mean and small SD). The
scattering properties decrease with increasing the wavelength, and its
trend is usually described by the inverse 4 function [23]. The RD be-
tween the polydisperse and monodisperse DST slightly depends on the
wavelength, varying from 37% to 38% for both scattering coefficients,
which means the strong size distribution effects. Although not shown
here, we observed the same trend of the wavelength dependence for
Intralipid-10% (large SD) at the small mean case.

Figs. 7(c) and (d) show the wavelength dependence of the scattering
properties for Intralipid-10% at d,,,,, = 700 nm (large mean and large
SD). The absolute RDs are within 10% for both scattering coefficients,
which suggests the less size distribution effects. As shown in Fig. 7(d),
the reduced scattering coefficient using the monodisperse DST is wave-
like, unlike the other results. This possible reason is that the wavelength
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(600-1000 nm) is comparable to the mean diameter, where Mie scatter-
ing is enhanced. Meanwhile, the polydisperse DST results are smoothed

out by the summation with the particle diameter pairs.

Fig. 7 shows that the LMA results nicely agree with the polydisperse
DST results at different wavelengths or refractive indices because the
refractive index varies according to the wavelength. The agreement
means the LMA validity depends less on the wavelength or refractive

index.

'mean = 100 nm (small mean and small

3.5. Monodisperse approximation region at wavelengths and mean diame-

ters

We investigated the absolute value of the RD between the polydis-
perse and monodisperse DST in the scattering properties at different
wavelengths and mean values of the shifted size distributions with a
volume fraction of 20%. The mean diameter ranges from 75 nm to
700 nm in the step size of 25 nm.
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Figs. 8 (a) and (b) show for Psi-0.5, the RD trends in the two
scattering coefficients are quite similar to each other. The RD slightly
depends on the wavelength at all the mean diameters. The RD rapidly
changes in the mean diameter range of 75-200 nm, while in the mean
diameter range above 300 nm, the RD little changes with less than
5%. Figs. 8 (¢) and (d) show that for Intralipid-10%, the RD trends in
the two scattering coefficients are different from each other, unlike the
Psi-0.5 results. Fig. 8(c) shows that the mean diameter dependence of
the scattering coefficient is gentler among the four cases in the figure.
For the reduced scattering coefficient (Fig. 8(d)), the strong wavelength
dependence is observed in the mean diameter region of 175-275 nm.
The different RD trends for the Psi-0.5 and Intralipid-10% probably
come from the difference in the size distribution shape, such as the SD.

From the four figures, the RD is larger than 10% at the mean
diameter region below 200 nm, even for Psi-0.5 (small SD), which
means the monodisperse approximation is invalid. Meanwhile, the RD
is smaller than 10% at the mean diameter region above 650 nm,
even for Intralipid-10% (large SD), which means the monodisperse
approximation holds.

We plotted the absolute RD at the normalized mean diameter by
the SD in Fig. 9. The use of the normalization is motivated by the
different RD trends for the two samples (Psi-0.5 and Intralipid-10%)
with different SDs, as shown in Fig. 8. Here, we calculated the RD for
Psi-0.5 in the finer step size of 5 nm than that in Fig. 8. Figs. 9(a)
and (b) show the RD trends for the two samples become similar to
each other in the scattering coefficient. The result suggests that the
mean diameter and SD roughly capture the size distribution effect on
the scattering coefficient. Meanwhile, Figs. 9(c) and (d) show that the
RD trends in the reduced scattering coefficient still broadly differ for
the two samples. The fact implies that other statistical properties of
the size distributions, like skewness, influence the reduced scattering
coefficient.

3.6. LMA region at wavelengths and mean diameters

To examine the validation of the LMA, we plotted the absolute RDs
between the polydisperse DST and LMA at different wavelengths and

Table 2

Computational times and efficiency of the electromagnetic scattering models at each

volume fraction and wavelength. Speedup factors are calculated as the ratios of

computational times by the polydisperse DST and are listed in parentheses.
Polydisperse DST Monodisperse DST LMA

465 s (1.0) 0.03 s (15500) 0.30 s (1550)
2145 s (1.0) 0.03 s (71500) 0.68 s (3154)

Psi-0.5
Intralipid-10%

mean diameters in Figs. 10. The RD is sufficiently small in all cases,
less than 9% for Psi-0.5 and 3% for Intralipid-10%. The results suggest
that the LMA is valid for the scattering properties in the wide ranges
of the wavelength, mean diameter, and size distribution shape.

The RD tends to increase at a longer wavelength and smaller mean
diameter. This is probably because the single-scattering contribution
decreases in the above case, resulting in the relative enhancement of
the difference in the SSF amplitude between polydisperse and monodis-
perse systems. In the above case, the application of the LMA is probably
limited. Conversely, at a shorter wavelength and larger mean diameter,
the LMA works very well.

Table 2 lists the computational costs of the three electromagnetic
models at each volume fraction and wavelength when using a personal
computer (Intel Core i5-6400 CPU @ 2.7 GHz) with MATLAB codes.
Monodisperse DST calculations are over ten thousand times faster than
polydisperse DST calculations, but their applicability is limited to a
large mean diameter, as discussed at the previous subsection. The
LMA calculations are over a thousand times faster than polydisperse
calculations. The speedup factor of the LMA for Intralipid-10% is two
times larger than that for Psi-0.5, suggesting the LMA is more useful
for a broader size distribution (larger N,).

4. Conclusions
We numerically examined the effects of a particle size distribution

on the light scattering properties (scattering and reduced scattering
coefficients) of dense colloidal suspensions up to the volume fraction
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Fig. 10. Absolute RDs between the polydisperse DST and LMA. The other details are the same as in Figs. 8.

of 20% in the near-infrared wavelength of 600-1000 nm using the
three electromagnetic models: the polydisperse and monodisperse DST
and LMA. We considered various size distributions in Gaussian and
logarithmic forms with constant SDs of 21 nm and 101 nm in the
mean diameter range of 75-700 nm by shifting the distribution while
keeping its shape. We showed that the monodisperse approximation is
invalid at a small mean diameter of less than 200 nm, even at the sharp
Gaussian distribution (Psi-0.5). This suggests that the strong size distri-
bution effects and the size distribution must be treated. Meanwhile, the
approximation holds at a large diameter of more than 650 nm, even
at the broad logarithmic distribution (Intralipid-10%), meaning the
little distribution effect. The size distribution’s effect on the scattering
coefficient is roughly specified by the mean diameter normalized by
the SD. Meanwhile, the distribution’s effect on the reduced scattering
coefficient depends on its other statistical properties, such as skewness.

We showed that the LMA results agree nicely with the polydisperse
DST results for all current conditions because the LMA effectively treats
the size distribution. The LMA also describes well with the independent
experimental results, the same as the polydisperse DST does. At the
same time, the LMA calculations are over a thousand times faster than
the polydisperse DST because the LMA reduces the sum calculation over
particle diameter pairs.

Our findings will help attain a systematic understanding of the size
distribution effects on the scattering properties and non-destructively
evaluate the size distribution in non-diluted colloidal suspensions by
static light scattering technique. Developing the inverse analysis to
evaluate the size distribution by the LMA is challenging in future work.
Based on our findings, potential applications would be particle sizing
techniques for various colloidal systems (e.g., slurry and lipid emul-
sions) without dilution and imaging of biological tissue morphology
(e.g., nuclei as a spherical scatterer [14]).

CRediT authorship contribution statement

Hiroyuki Fujii: Writing - original draft, Software, Investigation,
Funding acquisition, Conceptualization. Hyeonwoo Na: Writing — re-
view & editing, Software, Investigation, Formal analysis. Jungyun
Yi: Writing — review & editing, Methodology, Investigation. Kazu-
michi Kobayashi: Writing — review & editing, Supervision. Masao
Watanabe: Writing — review & editing, Supervision.

Declaration of competing interest

The authors declare the following financial interests/personal rela-
tionships which may be considered as potential competing interests: Hi-
royuki Fujii reports financial support was provided by Konica Minolta
Science and Technology Foundation, Japan Society for the Promotion
of Science, and Nakatani Foundation for Advancement of Measuring
Technologies in Biomedical Engineering. If there are other authors,
they declare that they have no known competing financial interests or
personal relationships that could have appeared to influence the work
reported in this paper.

Data availability

Data will be made available on request.

Declaration of Generative AI and Al-assisted technologies in the
writing process

During the preparation of this work, the authors used “Gram-
marly” in order to improve language and readability. After using this
tool/service, the authors reviewed and edited the content as needed
and take full responsibility for the content of the publication.

Acknowledgments

The authors would like to thank Dr. G. Nishimura (Hokkaido Uni-
versity) for his fruitful comments from the experimental point of view.
The first author (H.F.) acknowledges financial support from the Konica
Minolta Science and Technology Foundation (Konica Minolta Imag-
ing Science Encouragement Award), Grant-in-Aid for Scientific Re-
search (22KK0243) of the Japan Society for the Promotion of Science,
KAKENHI, and the Nakatani Foundation.

References

[1] J. Chun, T. Oh, M. Luna, M. Schweiger, Effect of particle size distribution on
slurry rheology: Nuclear waste simulant slurries, Colloids Surf. A: Physicochem.
Eng. 384 (2011) 304-310, http://dx.doi.org/10.1016/j.colsurfa.2011.04.003.

[2] R.S. Hyam, K.M. Subhedar, S.H. Pawar, Effect of particle size distribution and
zeta potential on the electrophoretic deposition of boron films, Colloids Surf. A:
Physicochem. Eng. 315 (2008) 61-65, http://dx.doi.org/10.1016/j.colsurfa.2007.
07.010.

[3] L. Giinther, W. Peukert, Control of coating properties by tailored particle
interactions: Relation between suspension rheology and film structure, Colloids
Surf. A: Physicochem. Eng. 225 (2003) 49-61, http://dx.doi.org/10.1016/S0927-
7757(03)00325-X.

[4] F. Tiarks, T. Frechen, S. Kirsch, J. Leuninger, M. Melan, A. Pfau, F. Richter, B.
Schuler, C.L. Zhao, Formulation effects on the distribution of pigment particles in
paints, Prog. Org. Coat. 48 (2003) 140-152, http://dx.doi.org/10.1016/50300-
9440(03)00095-X.

[5] A. Malaki Nik, S.M. Tosh, L. Woodrow, V. Poysa, M. Corredig, Effect of soy
protein subunit composition and processing conditions on stability and particle
size distribution of soymilk, LWT - Food Sci. Technol. 42 (7) (2009) 1245-1252,
http://dx.doi.org/10.1016/j.1wt.2009.03.001.

[6] Z. Yan, L. Zhao, X. Kong, Y. Hua, Y. Chen, Behaviors of particle size and bound
proteins of oil bodies in soymilk processing, Food Chem. 194 (2016) 881-890,
http://dx.doi.org/10.1016/j.foodchem.2015.08.100.

[7]1 H.J. van Staveren, C.J.M. Moes, J. van Marie, S.A. Prahl, M.J.C. van Gemert,
Light scattering in Intralipid-10 % in the wavelength range of 400-1100 nm,
Appl. Opt. 30 (31) (1991) 4507-4514, http://dx.doi.org/10.1364/A0.30.004507.

[8] V.M. Kodach, D.J. Faber, J.V. Marle, T.G.V. Leeuwen, J. Kalkman, Determination
of the scattering anisotropy with optical coherence tomography, Opt. Express 19
(7) (2011) 6131-6140, http://dx.doi.org/10.1364/0E.19.006131.

[9] V. Ntziachristos, Going deeper than microscopy: The optical imaging frontier in
biology, Nat. Methods 7 (8) (2010) 603-614, http://dx.doi.org/10.1038/nmeth.
1483.

[10] S. Chandrasekhar, Radiative Transfer, Dover, 1960.

[11] F. Martelli, S.D. Bianco, A. Ismaelli, G. Zaccanti, Light Propagation Through
Biological Tissue and Other Diffusive Media: Theory, Solutions, and Software,
SPIE Press, 2009.


http://dx.doi.org/10.1016/j.colsurfa.2011.04.003
http://dx.doi.org/10.1016/j.colsurfa.2007.07.010
http://dx.doi.org/10.1016/j.colsurfa.2007.07.010
http://dx.doi.org/10.1016/j.colsurfa.2007.07.010
http://dx.doi.org/10.1016/S0927-7757(03)00325-X
http://dx.doi.org/10.1016/S0927-7757(03)00325-X
http://dx.doi.org/10.1016/S0927-7757(03)00325-X
http://dx.doi.org/10.1016/S0300-9440(03)00095-X
http://dx.doi.org/10.1016/S0300-9440(03)00095-X
http://dx.doi.org/10.1016/S0300-9440(03)00095-X
http://dx.doi.org/10.1016/j.lwt.2009.03.001
http://dx.doi.org/10.1016/j.foodchem.2015.08.100
http://dx.doi.org/10.1364/AO.30.004507
http://dx.doi.org/10.1364/OE.19.006131
http://dx.doi.org/10.1038/nmeth.1483
http://dx.doi.org/10.1038/nmeth.1483
http://dx.doi.org/10.1038/nmeth.1483
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb10
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb11
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb11
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb11
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb11
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb11

H. Fujii et al.

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

Y. Yamada, S. Okawa, Diffuse Optical Tomography : Present Status and Its
Future, Opt. Rev. 21 (3) (2014) 185-205, http://dx.doi.org/10.1007/s10043-
014-0028-7.

Y. Hoshi, Y. Yamada, Overview of diffuse optical tomography and its clinical
applications, J. Biomed. Opt. 21 (9) (2016) 1-11, http://dx.doi.org/10.1117/1.
JB0.21.9.091312, 091312.

C. Li, H. Jiang, Imaging of particle size and concentration in heterogeneous
scattering media using multispectral diffuse optical tomography, Opt. Express 12
(25) (2004) 6313-6318, http://dx.doi.org/10.1364/0PEX.12.006313.

R. Michels, F. Foschum, A. Kienle, Optical properties of fat emulsions, Opt.
Express 16 (8) (2008) 5907-5925, http://dx.doi.org/10.1364/0E.16.005907.

L. Bressel, R. Hass, O. Reich, Particle sizing in highly turbid dispersions by
Photon Density Wave spectroscopy, J. Quant. Spectrosc. Radiat. Transfer 126
(2013) 122-129, http://dx.doi.org/10.1016/j.jqsrt.2012.11.031.

H. Fujii, L. Tsang, J. Zhu, K. Nomura, K. Kobayashi, M. Watanabe, Photon
transport model for dense polydisperse colloidal suspensions using the radiative
transfer equation combined with the dependent scattering theory, Opt. Express
28 (15) (2020) 22962-22977, http://dx.doi.org/10.1364/0E.398582.

H. Fujii, K. Nishikawa, H. Na, Y. Inoue, K. Kobayashi, M. Watanabe, Numerical
study of light scattering and propagation in soymilk: Effects of particle size
distributions, concentrations, and medium sizes, Infrared Phys. Technol. 132
(2023) 104753, http://dx.doi.org/10.1016/j.infrared.2023.104753.

R. Borah, S.W. Verbruggen, Effect of size distribution, skewness and roughness
on the optical properties of colloidal plasmonic nanoparticles, Colloids Surf.
A: Physicochem. Eng. 640 (2022) 128521, http://dx.doi.org/10.1016/j.colsurfa.
2022.128521.

J.S. Pedersen, Determination of size distributions from small-angle scattering
data for systems with effective hard-sphere interactions, J. Appl. Crystallogr.
27 (1994) 595-608, http://dx.doi.org/10.1107/50021889893013810.

D. Gazzillo, A. Giacometti, R.G. Della Valle, E. Venuti, F. Carsughi, A scaling
approximation for structure factors in the integral equation theory of poly-
disperse nonionic colloidal fluids, J. Chem. 111 (16) (1999) 7636-7645, http:
//dx.doi.org/10.1063/1.480089.

Z. Sun, C.D. Tomlin, E.M. Sevick-Muraca, Approach for particle sizing in dense
polydisperse colloidal suspension using multiple scattered light, Langmuir 17
(20) (2001) 6142-6147, http://dx.doi.org/10.1021/1a0107260.

V.V. Tuchin, Tissue Optics : Light Scattering Methods and Instruments for
Medical Diagnosis, SPIE Press, 2015.

L.V. Wang, H. Wu, Biomedical Optics: Principles and Imaging, John Wiley &
Sons, Ltd, 2009.

J.D. Cartigny, Y. Yamada, C.L. Tien, Radiative transfer with dependent scattering
by particles: part 1 - theoretical investigation, J. Heat Transf. 108 (1986)
608-613, http://dx.doi.org/10.1115/1.3246979.

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]
[34]

[35]

[36]

[37]

[38]

[39]

Colloids and Surfaces A: Physicochemical and Engineering Aspects 703 (2024) 135208

C.F. Bohren, D.R. Huffman, Absorption and Scattering of Light By Small Particles,
John Wiley & Sons, 1983.

R.J. Baxter, Ornstein—Zernike relation and Percus-Yevick approximation for fluid
mixtures, J. Chem. Phys. 52 (9) (1970) 4559-4562, http://dx.doi.org/10.1063/
1.1673684.

L. Tsang, J.A. Kong, K.-H. Ding, C.O. Ao, Scattering of Electromagnetic Waves:
Numerical Simulations, John Wiley & Sons, Ltd, 2001.

J.K. Percus, G.J. Yevick, Analysis of classical statistical mechanics by means of
collective coordinates, Phys. Rev. 110 (1) (1958) 1-13, http://dx.doi.org/10.
1103/PhysRev.110.1.

R.J. Hunter, Foundations of Colloid Science, Oxford University Press Inc., New
York, 2001.

V.D. Nguyen, D.J. Faber, E. van der Pol, T.G. van Leeuwen, J. Kalkman,
Dependent and multiple scattering in transmission and backscattering optical
coherence tomography, Opt. Express 21 (24) (2013) 29145-29156, http://dx.
doi.org/10.1364/0E.21.029145.

H. Fujii, M. Ueno, Y. Inoue, T. Aoki, K. Kobayashi, M. Watanabe, Model equations
of light scattering properties and a characteristic time of light propagation for
polydisperse colloidal suspensions at different volume fractions, Opt. Express 30
(3) (2022) 3538-3552, http://dx.doi.org/10.1364/0E.447334.

J.-P. Hansen, I. McDonald, Theory of Simple Liquids, Elsevier, 2006.

P. Lee, W. Gao, X. Zhang, Performance of single-scattering model versus multiple-
scattering model in the determination of optical properties of biological tissue
with optical coherence tomography, Appl. Opt. 49 (18) (2010) 3538-3544,
http://dx.doi.org/10.1364/A0.49.003538.

M. Bondani, D. Redaelli, A. Spinelli, A. Andreoni, G. Roberti, P. Riccio, R.
Liuzzi, I. Rech, Photon time-of-flight distributions through turbid media directly
measured with single-photon avalanche diodes, J. Opt. Soc. Am. B 20 (11) (2003)
2383-2388, http://dx.doi.org/10.1364/josab.20.002383.

Y. Yamada, J.D. Cartigny, C.L. Tien, Radiative transfer with dependent scattering
by particles: part 2 - experimental investigation, J. Heat Transf. 108 (1986)
614-618, http://dx.doi.org/10.1115/1.3246980.

S. Fraden, G. Maret, Multiple light scattering from concentrated, interacting
suspensions, Phys. Rev. Lett. 65 (4) (1990) 512-515, http://dx.doi.org/10.1103/
PhysRevLett.65.512.

L.F. Rojas-Ochoa, S. Romer, F. Scheffold, P. Schurtenberger, Diffusing wave
spectroscopy and small-angle neutron scattering from concentrated colloidal sus-
pensions, Phys. Rev. E 65 (2002) 051403, http://dx.doi.org/10.1103/PhysRevE.
65.051403, 1-8.

I.H. Malitson, Interspecimen comparison of the refractive index of fused silica,
J. Opt. Soc. Am. 55 (10) (1965) 1205-1209, http://dx.doi.org/10.1364/josa.55.
001205.


http://dx.doi.org/10.1007/s10043-014-0028-7
http://dx.doi.org/10.1007/s10043-014-0028-7
http://dx.doi.org/10.1007/s10043-014-0028-7
http://dx.doi.org/10.1117/1.JBO.21.9.091312
http://dx.doi.org/10.1117/1.JBO.21.9.091312
http://dx.doi.org/10.1117/1.JBO.21.9.091312
http://dx.doi.org/10.1364/OPEX.12.006313
http://dx.doi.org/10.1364/OE.16.005907
http://dx.doi.org/10.1016/j.jqsrt.2012.11.031
http://dx.doi.org/10.1364/OE.398582
http://dx.doi.org/10.1016/j.infrared.2023.104753
http://dx.doi.org/10.1016/j.colsurfa.2022.128521
http://dx.doi.org/10.1016/j.colsurfa.2022.128521
http://dx.doi.org/10.1016/j.colsurfa.2022.128521
http://dx.doi.org/10.1107/S0021889893013810
http://dx.doi.org/10.1063/1.480089
http://dx.doi.org/10.1063/1.480089
http://dx.doi.org/10.1063/1.480089
http://dx.doi.org/10.1021/la010726o
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb23
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb23
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb23
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb24
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb24
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb24
http://dx.doi.org/10.1115/1.3246979
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb26
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb26
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb26
http://dx.doi.org/10.1063/1.1673684
http://dx.doi.org/10.1063/1.1673684
http://dx.doi.org/10.1063/1.1673684
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb28
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb28
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb28
http://dx.doi.org/10.1103/PhysRev.110.1
http://dx.doi.org/10.1103/PhysRev.110.1
http://dx.doi.org/10.1103/PhysRev.110.1
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb30
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb30
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb30
http://dx.doi.org/10.1364/OE.21.029145
http://dx.doi.org/10.1364/OE.21.029145
http://dx.doi.org/10.1364/OE.21.029145
http://dx.doi.org/10.1364/OE.447334
http://refhub.elsevier.com/S0927-7757(24)02072-7/sb33
http://dx.doi.org/10.1364/AO.49.003538
http://dx.doi.org/10.1364/josab.20.002383
http://dx.doi.org/10.1115/1.3246980
http://dx.doi.org/10.1103/PhysRevLett.65.512
http://dx.doi.org/10.1103/PhysRevLett.65.512
http://dx.doi.org/10.1103/PhysRevLett.65.512
http://dx.doi.org/10.1103/PhysRevE.65.051403
http://dx.doi.org/10.1103/PhysRevE.65.051403
http://dx.doi.org/10.1103/PhysRevE.65.051403
http://dx.doi.org/10.1364/josa.55.001205
http://dx.doi.org/10.1364/josa.55.001205
http://dx.doi.org/10.1364/josa.55.001205

	Particle size distribution effects on the light scattering properties in non-diluted colloidal suspensions: A numerical study
	Introduction
	Theory/calculation
	Models of electromagnetic scattering
	Polydisperse DST
	Monodisperse DST (monodisperse approximation)
	Local monodisperse approximation (LMA)

	Particle size distributions of a silica suspension and lipid emulsion
	Numerical methods and conditions

	Results and Discussion
	Static structure factor (SSF)
	Comparison with experimental data
	Effects of the mean value of the size distribution
	Wavelength dependence of the size distribution effects
	Monodisperse approximation region at wavelengths and mean diameters
	LMA region at wavelengths and mean diameters

	Conclusions
	CRediT authorship contribution statement
	Declaration of competing interest
	Data availability
	Declaration of Generative AI and AI-assisted technologies in the writing process
	Acknowledgments
	References


