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Preface

The goal of this thesis is to study the critical point for four statistical models in upper-
critical dimension: memory-7 walk, self-avoiding walk, lattice trees and lattice animals.
These are known as statistical-mechanical models for branched polymers. The value of
the critical point is one of interesting topics related to the critical phenomena, and it has
been studied for various statistical-mechanical models. The lace expansion is useful tool
for investigating the critical point in upper-crititical dimension. Also in this thesis, we
rely on the lace expansion for our analysis.

First, we explain some background and basic knowledge.

Background

In physics, we refer to substances whose size is large enough for us to recognize as
macroscopic systems. On the other hand, tiny substances like molecules or atoms,
which constitute macroscopic systems are called microscopic systems.

The phenomenon caused by the interaction of innumerable microscopic systems is called
a cooperative phenomenon, and studying the phenomenon is at the center of interest
of statistical mechanics. The most prominent cooperative phenomenon is known as a
phase transition, in which the properties of a substance change qualitatively at a certain
value (critical points) when parameters such as temperature and pressure are altered.
One of the most famous examples of the phase transition is the transformation of water
under atmospheric pressure (1013 hPa), turning into ice at 0°C and vapor at 100°C. This
transformation results from the interaction of innumerable HoO molecules contained in
water.

Phase transitions has been observed in various statistical mechanical models. Even
more interesting is the fact that various physical observabls exhibit anomalous behavior,
such as divergence around the critical point, which is called critical phenomenon. It is
conjectured that the manner of such divergence around the critical point obeys a power
law with an exponent called a critical exponent. The critical exponents are believed to
depend on dimension and symmetry of the model but to be independent of details of it
such as lattice structure. This property is known as universality. Due to universality,
statistical mechanical models can be classified into classes for the value of the critical
exponent, which is called the universality class. This makes the critical phenomena



universal research objectives.

It is still challenging to give a proof for the existence of the critical exponent and its
value in low dimension. However, it is proved for various models that the critical exponent
in sufficiently high dimension is identical to that of the so called mean-field model, in
which individual particles or elements uniformly influence their surrounding environment,
neglecting the effects of many-body interactions, i.e., the interactions between particles
are averaged and the particles behave as if they were in a homogeneous mean field. For
example, the mean-field model of the self-avoiding walk, a model for walks without no
self-intersection, is the simple random walk. We call the dimension above which the
value of the critical exponent degenerates to the mean-field value the critical dimension
and it is model-dependent.

The lace expansion is a most powerful tool for understanding the critical phenomena
in the upper critical dimension. In fact, the lace expansion played an important role in
identifying the value of the critical exponent in d > d.. Brydges and Spencer [7] first
introduced the lace expansion. Their lace expansion was for the weakly self-avoiding
walk which is a model for walks in which self-intersection is allowed but imposed prob-
abilistic penalty. Then, the lace expansion has been successfuly developed to be applied
to various statistical mechanics models.

Critical point and critical exponent

The 2-point function is most important observable for statistical mechanics, which
is defined for each models. The susceptibility Y, is defined by sum of the 2-point
function. It has been known that there is a critical point p. such that y, is
finite if and only if p < p. and diverges as p T p.. Especially, for the models such
that x, can be written with a form of infinite series, we can define the critical point p. by
radius of convergence of x,. For example, self-avoiding walk, memory-7 walk, lattice trees
and animals, which we consider in this thesis, are such models. The critical point p,. is
model-dependent and the precise value of it has been investigated for various statistical-
mechanical models, especially above their respective critical dimension d.. The divergence
of xp as p T p. is the representative critical phenomena. It is conjectured that there is
the critical exponent v such that

Xp ~ (pe —p) 77,
where the notation ~ means log x,/log(p. — p)~7 converges to 1 as p T p.. As an exam-
ple, let us consider the nearest—neigdhbor simple random walk of which 1-step transition
1 = ) .
probability is given by D(z) = % Let 0 < p < 1. The 2-point function Cy(z)



and susceptibility x, for the simple random walk are defined by

. *N 7 . n 1
Cp(z) = ZD (T)p", Xp= Z Cp(z) = Zp = Tp (0.0.1)
n=0 reZd n=0

where D**(x) denote n-fold convolution of D, i.e., n-step transition probability of the
simple random walk from o to x. Therefore, in the case of the simple random walk,
p. = 1 and v = 1. We call these values the mean-field values for the self-avoiding walk
and other models which belong to the same universality class as the self-avoiding walk.
For the memory-7 walk, it is known that v = 1 for all d > 1, which means that the
universality class is same as the simple random walk. For the self-avoiding walk, it is
proven (e.g.,[19, 20]) that v = 1 for d > 4, however, the values of v for d > 4 are still left
open. For the lattice trees and the lattice animals, it is proven for both lattice trees and
animals (e.g., [16, 35]) that v = 3 for d > 8, but for d < 8, it is still open.

The lace expansion

We use G,(x) to denote the 2-point function to be considered, of which definition
depends on each model. Only in the simple random walk, we use C,(x) defined in (0.0.1).
The starting point of the lace expansion method is a convolution equation for the 2-point
function expressed in the following form:

Gy(z) = Iy(z) + Z Ip(y)Gp(z — y) (p < pe) (0.0.2)

yezZd

where I, and J, are functions on Z¢ which are translation invariant and absolutely
summable. As understandable examples, we here consider the simple random walk and
the self-avoiding walk. The 2-point functions for each models can be written as

Cp(x) = bou+ Y _ pD(Y)Cylz — ), (0.0.3)
Gp(r) = 0o + Z pD(y)Gp(z —y) + Z 1L, (y) Gz — y), (0.0.4)

where II,() is an alternating series: II,(v) = Y, .y(=1)"7y" (), and 7{" () (n € N) are
nonnegative. We call {75 },.cx the lace-expansion coefficients. As seen in (0.0.3)-(0.0.4),
the term in which the lace-expansion coefficients appear is unique to the expansion for
Gp(z) because the lace-expansion coefficients arise due to the removal of the local self-
avoidance constraint in a self-avoifding walk. If we neglect the third term in (0.0.4), G,(z)
seems to exhibit similar behavior to Cy(z). In d > d., it is known that the lace expansion
coefficients are small enough for the series II, to converge to a small constant (see e.g.,

[37, 52] and reference therein). This can be interpreted intuitively as the self-constraint
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Models H m ‘ C ‘ de
Self-avoiding walk > U™(0)  a]

Contact Process 220:2 U*(0) ~[a] 4
Oriented Percolation 2y, U (0)  —a]

Percolation 1 U(0) + >0, nTJj2U (o) —[a] 6
Memory-7 walk S, U™0) — 25 <ﬁ> T (d>4) [b] |2
Lattice trees 1e EZOZQ nQ—J;lU (0) —[c] 8
Lattice animals Sy U (0) — 555 Y ov s U (0)  —[c]

%% 1: The asymptotics of the ctirical point p. = m + CL~%+ O(L~%1) for the spread-out
models as L 1 oo in d > d, (for the memory 7 walk, in d > 4), where m is the mean-field
value and C' is the model dependent constant. Here, U*" is the n-fold convolution of the
uniform distribution on the d-dimensional ball {x € R?: ||z|| < 1} and %% is its variance.
la] van der Hofstad and Sakai [26], [b] Kawamoto [33], [c] Kawamoto and Sakai [34].

being weak in d > d.. Therefore, in d > d., the heart of the lace expansion analysis is to
show the mean-field behavior of physical quantities representing the 2-point function by
bounding the lace-expansion coefficients above by constants. However, in d < d,, since
the constraint has strong effect, it is difficult to show that the lace-expansion coefficients
are small enough. This is the main reason why there are still many open problems in

d<d..

Purpose of this thesis

In this thesis, we consider the spread-out model, i.e., the underlying random walk is
allowed to take steps only in A = {zx € Z% : 0 < ||z|| < L}, where || - || is an arbitrary fixed
norm on R? and L is a given sufficiently large positive constant. The results detailed
in this thesis, which the author has worked on, are divided into two subjects: [I] to
investigate rate of convergence of the critical point for the memory-7 walk in terms of 7,
and [II] to obtain asymptotics as L 1 oo of the value of the critical point for the lattice
trees and the lattice animals. The analysis for both results is highly related to the lace
expansion. Below is a brief overview of the two results.

[I]: Rate of convergence of the critical point for memory-7 walk [33] The memory-

7 walk is a model for walks with no loops of length 7 or less. The self-avoiding walk
is defined as the 7 1 oo limit of the memory-7 walk. We use w to denote an simple
random walk on Z¢ taking steps in A. Let W7 (o0,2) (resp., W>(o0,x)) be the set
of memory-7 walk (7 < 00) (resp., self-avoiding walk (7 = o0)) from o to z. The
2-point function is defined to be G}(x) = >_ cypr( )(10/]/\\)|“| for 7 < oo and for

0,x



T = 00, where |w]| is the number of steps of w. It is known that the critical point for
memory-7 walk p? converge to that for self-avoiding walk p° as 7 1 0o (e.g., [37]).

In [33], the author give the estimate for rate of convergence of pI:
) T —d=2 —42 -1
P —pl=Cyr— 2 +0(1 2 (log7)™") (771 ) (0.0.5)

for d > d. = 4 where the exact expression of a constant Cy is identified [33]. This
improves the estimate obtained by Madras and Slade [37]: p> — pT < K7~(F9),
where § < (d —4)/2 A1 and K < oo may depend on d, 4, L but not on 7. The
proof is based on comparison of the lace expansions for G (z) and G5°(x).

[II]: The critical points for lattice trees and lattice animals [34] A spread-out lat-

tice animal is defined by A = (Vy4, E4), where Vj is a finite subset of 74 and any
pair of vertices in V4 are connected by a path of edges E4 C {{z,y}: 2z —y € A}.
A lattice tree T is a lattice animal with no loops. The 2-point functions 7,(z) for
lattice trees (resp., lattice animals) is defined by 7,(x) = > rcr . (p/|A])F7], where
Toz (resp., A, ) is the set of T with {o,2} C Vr (resp., A with 7{0, z} C Vy).

In [34], Sakai and the author show
pe=1/e+CL™ +O(L™ ) (0.0.6)

for d > d. = 8, where the exact expression of the model-dependent constant C'
for both models are identified [34]. This improves the estimate on p. achieved by
Penrose [43]: p. = 1/e + O(L™2¥7log L) (d > 1). The proof is based on a novel use
of the lace expansion for 7,(z).

Organization

The remainder of this thesis is organized as follows. In Section 1.1, the models are
defined precisely and in Section 1.2 we summarize the previous results related to the
critical points for several statistical-mechanical models, focusing on memory-7 walk, self-
avoiding walk, lattice trees and lattice animals.

In Chapter 2, we introduce the lace expansion, which is key for our analysis for the
main results stated in Section 1.2. Based on the derivation introduced by Brydges and
Spencer[7], we define the lace-expansion coefficients for the four models defined in Chap-
ter 1.

In Chapter 3, we concentrate on proving the results [I] (Theorem 1.2.1 below). First,
in Section 3.1.1, we summarize the results in [29] by van der Hofstad and Slade which we
heavily use in the proof of the main statement. The core of this chapter is Section 3.2
where we estimate the proportionality constant in Theorem 1.2.1. We divide the leading

term which is expressed with the lace-expansion coefficients (flf,;o(l; in (3.0.19)) further

6



into two parts: a dominant term and the remainder, which we estimate in Section 3.2.1
and in Section 3.2.2, respectively. In Appendix, we give the proof of Lemma 3.1.5, which
is used to approximate variance of D defined by (1.1.1). Finally, in Section 3.3, we discuss
the possibilities regarding the extension of Theorem 1.2.1 to other models.

In Chapter 4, we provide the proof of the results [II] (Theorem 1.2.2 below). In Sec-
tion 4.1, we show that p. is close (up to order L~2%) to p; that satisfies the identity
P19p, = 1, which is heavily used in the analysis in Sections 4.2 and 4.3. Here, g, is called
1-point function which we define in Section 1.1.2. Section 4.2 is devoted to evaluating g,,
for lattice trees. The 1-point function is split into two parts, G and H, which are inves-
tigated in Sections 4.2.1 and 4.2.2, respectively. Finally, in Section 4.3, we demonstrate
how to evaluate the difference between lattice trees and lattice animals.

Notations

Given absolutely summable functions on Z¢, f, g and h, the notation * denotes convo-
lutions on Z?

(f+g)@) =D fly (0.0.7)

yezZd

and the notation ~ denotes Fourier transform and the inverse, i.e.,

= h(x)e**, h(z) = /[_M]dﬁ(k;)eik-z (;’;d, (0.0.8)

x€Z4

where k € [-m, 7] and k -z = Zj Lkjz;. We use ||| and ||-||; to denote the [, norm

and the [; norm respectively:

Bl = sup A(z), [Ikll, =D |h(x
xC€Z4

x€Z4

ik
= /[_m]d 2| (0.0.9)



B1E Introduction

1.1 Models

In this section, we introduce the spread-out self-avoiding walk, the memory-7 walk (Sec-
tion 1.1.1), the lattice trees and the lattice animals (Section 1.1.2). First, we here sum-
marize the notations needed in the rest of thesis. Let A = {x € Z¢: 0 < ||z| < L}, where
| - || is an arbitrary fixed norm on R? and L is a given positive constant. We define a
uniform distribution over A defined by

1

where |A| denotes the cardinality of A and 1, is an indicator function. The function
D will be used as a transition probability of the underlying random walk. Only for
the self-avoiding walk and the memory-7 walk, we restrict the norm || - || to sup-norm;
|z||oo := max; |z;|. Hence, in this case,

Lio<o) <L}
(T) = o

GLT T (1.1.2)

However, we believe that the main result (Theorem 1.2.1 below) holds for any fixed norm
on R%.

The heat-kernel bound is important for our analysis (see e.g., [26, (1.10)] and [29]):

ID" |, <O@n s (=), D

(SO0@E)(n+1)7E (n20). (113)

By (1.1.3), we obtain

ST D) 2 0E), S aDm (@) Z o), Y nPD™(x) = oE).  (1.14)

Moreover, it is also known that

: k[
>

1—D(k) > 937 (k € [-m,7]%). (1.1.5)

For (1.1.5), see e.g., [52, Appendix A] and references therein.



We use U*™ to denote the n-fold convolution of the uniform distribution on the d-

dimensional box {z € R%: ||z|| < 1}. For example, if ||z]| = ||z|| := max; |z;|, then, for
all n € N,
Ljafloo<t) +(n+1) n d
U(r) = HE== e = [ 0 Ul -y aly, (116)
R
¥E = /U(x)\:c]dex < 00. (1.1.7)

These quantities (1.1.6)-(1.1.7) are the spread-out limit of the underlying random walk
generated by D [26, Section 4]. For example, for d > 4,

“n+1_, it —d-1
D" =L —U™ L 1.1.
32 5 (0) 32 5 U™ (0) + O( ) (1.1.8)

where the error term O(L~%7!) is due to Riemann-sum approximation.

1.1.1 The self-avoiding walk and the memory-7 walk

The memory-7 walk is a model for walks with no loops of length 7 or less. The self-
avoiding walk is defined as the 7 1 oo limit of the memory-7 walk, i.e., an ensemble of
walks with no self-intersections. The memory-7 walk was used to analyze the original
lace expansion and a lot of results related to the self-avoiding walk were proved via the
memory-7 walk (see, e.g., [7, 50]).

For n > 0, an n-step spread-out simple random walk on Z? taking steps in A is defined
as a sequence w = (wp, w1, -+ ,wy,) of sites in Z? with w;y; —w; € Afori=1,--- ,n. We
difine the weight function of w by

||

Wy(w) = [ pD(wi = winn), (1.1.9)

where |w| denotes the number of steps of w. By convention, the empty product in (1.1.9)
that arises when |w| = 0 is defined to be 1. Let W, (z,y) be the set of the n-step walks
with wy = z and w,, = y. In particular, Wy(z,y) consists of the 0O-step walk if z = y and
the empty set otherwise. To consider walks which remember self-avoidance constraint
only for a time span 7, we difine for 1 <7 < 00

Ui = =0uowi, Krla b= ] (1+Ua) (1.1.10)
a<s<t<b
|s—t|<T
and
Cro(m) =) Wy(w)K.[0,n]. (1.1.11)
WEW,, (0,x)



This defines the self-avoiding walk (7 = o) and the memory-7 walk (7 < 00) all at once.
Since K]0, |w|] = 1 from the definition of (1.1.1), the case of 7 = 1 is identical to the
simple random walk. The two-point function is defined to be

p) =Y Cr(r)= > Wyw)K[0|wll, (1.1.12)

weW(0,x)

where W(o, z) = Us2 W, (0, ). The susceptibility x, is the sum of the 2-point function

=D Glo) = ip”Cfm (1.1.13)

xCZ4

where CA’fm = > 4eze C7 (7). The submultiplicative property é{yn o < é{,né’{,m implies
the existence of the connective constant

;= lim (CT )™ = mf(C’T’ )i, (1.1.14)

n— 00 ’ n>1

The susceptibility has the radius of convergence

L= —. (1.1.15)
[ir

For example, simple calculation shows p. = 1. This p7, is called the critical points.

1.1.2 The lattice trees and the lattice animals

We consider spread-out lattice animals A = (V, E4), where the vertex set V4 is a finite
subset of Z? and any pair of vertices in V4 are connected by a path of spread-out edges
Ey C {{z,y} : v —y € A}. A lattice tree is a lattice animal with no loops. We define the
weight function for a tree T as

= I »DG (li|)IET, (1.1.16)

{zy}ebT

and similarly for a lattice animal A as W,(A). For a finite set X C Z?, we denote by T
(resp., Ax) the set of lattice trees T" with X C Vi (resp., lattice animals A with X C Vy);
if X consists of a vertex or two, we simply write, e.g., T, (for X = {o}; see Figure 1.1) or
To (for X = {0, x}; see Figure 1.2).

The generating functions we want to investigate are the 1-point and 2-point functions,
defined respectively as

=D W(T), ()= Y Wy(T), (1.1.17)

TeT, T€To,x

10



Rl *—e p—9
0 Rs
Y1 Y3
o—yq e-Y2 ——o

[ L.

Ry

1.1: A sample T of 7,. Removal of all edges {o,y;} € Er leaves disjoint subtrees R;
rooted at y;: Vr \ {o} =, Vg, and Er \ U;{{o,y;}} = U, Er, (e.g., [34]).

for lattice trees, and similarly defined for lattice animals. The susceptibility x," is defined

by

XT= D @) =) Tevy Wo(T) = ) [V W(T), (1.1.18)

zeZd z€7d T€To TeT,

for lattice trees, and similarly for lattice animals (replacing LT and 7' € 7, by LA and
A € A,). The susceptibility x;" also has a series expansion form:

=Dt = Lgvp e WAT). (1.1.19)
n=1 TeTo

Asin (1.1.14), lim,pee tx/™ exists and the critical point is defined by

P = lim (nt,)"/"™. (1.1.20)

n—oo

1.2 Main results

In this section, we first summarize the estimates of the critical points of various mod-
els obtained so far, with particular focus on self-avoiding walk, memory-7 walk, lattice
trees and lattice animals, and then introduce our main theorems (Section 1.2.1 and Sec-
tion 1.2.2). From now on, we drop subscripts from p; to simplify the notation and use p,.
to denote the critical point of the respective models, except when we have to emphasize
the model dependence.

The critical point p. is model-dependent and much work have been done for investigating
the precise value of the critical point for various models in statistical mechanics, especially
above their respective upper-critical dimension d, (see [37, 52| and references therein). As

11



RQ e
R,
[ —
Ro R8
o i
—
—s R,
R;

1.2: A sample tree in 7,,. Removal of the backbone edges (in blue) yields disjoint
subtrees {R;}, called ribs. In this example, Ry, R3 and Rg are single-vertex trees (e.g.,
[34]).

we mentioned in Preface, y, is finite if and only if p < p. and diverges as p T p.. In
particular, it has already been known that in d > d., x, obey the power law (p. — p)~?
with the respective mean-field value of the critical exponent ~.

In [26], van der Hofstad and Sakai applied the lace expansion to the spread-out models
(defined by D in (1.1.1)) of self-avoiding walk, percolation, oriented percolation and the
contact process, and showed that, for all d bigger than the respective critical dimension
de,

pe=1+CL+O(L""1), (1.2.1)

as L T oo, where 1 is the mean-field value, and the model-dependent constant C' has the
following random-walk representation:

( oo

Z U™ (o) [self-avoiding walk, the contact process],
n=2
1 o0
C= 5 ; U*?"(0) [oriented percolation], (1.2.2)
“n+1
U+ U lation].
(o) + nz; 5 (o) [percolation]

\

We want to achieve a similar result for memory-7 walk, lattice trees and lattice animals,
i.e., we want to obtain a random-walk representation for the difference between p. and
the respective mean-field value 1 and 1/e, and see how the model-dependence arises in it.

12



1.2.1 The critical point of self-avoiding walk and memory-7 walk

Since CA’f’n = >, C7 . (x) is decreasing in 7, u, is decreasing in 7 (see (1.1.14) and
(1.1.15)). Hence, we can conclude

pe /pE (11 00) (1.2.3)

(see [37, Lemma 1.2.3]). Various approaches have been known for the estimate of .,
for the nearest-neighbor model. The exact value of . is obtained for small 7 (see, e.g.,
[11, 42]), which gives an upper bound on . Our main concern of this thesis is the speed
of convergence of (1.2.3). For the nearest-neighbor model A = {z € Z¢: 3¢ | |z;| = 1},
Kesten showed in [32, Theorem 1] that for each even integer 7 and d > max{137 — 13,5},

T4+2 T4+2

e — o = O], iie, ¥ —pl = O(AI"#) (47 o0) (1.2.4)

with |A| = 2d. His approach to show (1.2.4) is to remove loops from a memory-7 self-
avoiding path and construct a self-avoiding path. He combined (1.2.4) with the value of
14 and obtained

oo = 1= JA]™" = [A]2 + O(IA] ). (1.2.5)

Furthermore, in [22], Hara and Slade showed that there is an asymptotic expansion of
lioo for the nearest-neighbor model and that all coefficients in expansion are integers by
using the lace expansion for the memory-7 walk. Because of Kesten’s result (1.2.4), it
was sufficient for them to prove the existence of such |A|~!- expansion of p,. They also
obtained more improved estimate compared to (1.2.5):

oo = 1 — |A|™" — |A|72 = 3|A| 72 — 16|A|™* — 102|A|° + O(|A|79). (1.2.6)

The proof is based on the lace expansion for the self-avoiding walk.
For the spread-out model, Madras and Slade proved in [37, Lemma 6.8.6] that for d > 4
and sufficiently large L, there is a constant K < oo such that

P —pp < Km0 (1.2.7)

where § < (d —4)/2 A1 and K may depend on d, 6, L but not on 7. They also showed
(1.2.7) for the nearest-neighbor model with sufficiently large d. Their proof of (1.2.7) is
based on the lace expansion for the memory-7 walk. They used the estimate (1.2.7) to
show that there exists a constant B < oo such that sup, Cp% () < Bn~%2 for sufficiently
spread-out self-avoiding walk, which is the result about the self-avoiding walk proven via
the memory-7 walk. However, in [29], van der Hofstad and Slade succeeded in getting
sup, Cps () < O(L~%n~%? without making use of the memory-7 walk.
Our main theorem is the following, which is proved in Chapter 3:
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Theorem 1.2.1 ([33]). Letd > 4 and L > 1. There is a constant Cy such that as T 1 oo,

T —pl = CdT_% + O(T_%Uog )7h. (1.2.8)
Moreover, as L T oo
2 d : —d —d—1

where 3%, is defined by (1.1.7).

From Theorem 1.2.1, we can conclude that the speed of convergence of p. to pX° is of

order 7—(@-2)/2

, which is better than the known result (1.2.7). Moreover, we can identify
the exact expression for the proportionality constant up to an error in terms of L=¢ of
order L=9"! and an error in terms of 7 of oreder 7—(4=2/2(log 7).

The proof of Theorem 1.2.1 is based on comparison of the lace expansions for the
self-avoiding walk and the memory-7 walk. We will introduce the derivation of the lace

expansion in Section 2.1, Chapter 2.

1.2.2 The critical point of lattice trees and lattice animals

The best estimate so far on p. for the spread-out lattice trees and lattice animals was
achieved by Penrose [43]. He investigated (JA[""'t,)/n (¢, is defined by (1.1.19)) and
showed that the nth root of it is asymptotically e|A| + O(|A]>"log|A]) as |A| 1 oo [43].
Therefore, for large |A],

(1.1.20)

Al
. = li tn —l/n _ |
p Nim (ntn) e[A] + O(|A]P"log |A])

e+0(|A| YTog|A]),  (1.2.10)

which is true for all dimensions d > 1. Penrose also claimed in [43, Section 3.1] that p.
for lattice animals obeys the same bound, due to the result of Klarner [30].

A weaker estimate, p. = 1/e+o0(1) as L 1 oo for all d bigger than the critical dimension
d. = 8, was obtained by Miranda and Slade [39]. In fact, their main concern was to obtain
1/d expansions of p. for the nearest-neighbor models. In [38, 40], they showed that,

115
L3 —|A| 2+ o(JAI7?) [lattice trees],
e =—+ —|A|7! 1.2.11
pe= gAY s A2 4 o|A]2) [lattice animals (12.11)
_— = —= attice a als
1o = 0 ice animals|,
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as |A| = 2d 1 co. The proof is based on the lace expansion for the 2-point function 7,(z)
and an expansion for the 1-point function g, based on inclusion-exclusion. Notice that
the model-dependence appears only from the O(JA|72) term, which is due to unit squares
contained in g, for lattice animals, but not in g, for lattice trees.

Our main theorem is the following, which is proved in Chapter 4:

Theorem 1.2.2 ([34]). For both models with d > 8 and L 1 oo,
1
pe=—+CL?+O(L™%1), (1.2.12)
e

where the model-dependent constant C' has the following random-walk representation.:

[e.9] o0

CLT = Z n26 U <0)7 CLA = CLT — @ U (O) (1213)

n=2 n=3

The difference in p. already shows up in the first error term of order L~ for the spread-
out models, while it appears in (1.2.11) from the second error term of order d=2 for the
nearest-neighbor models, as mentioned earlier. This is due to closed loops of length bigger
than 2 in g, for lattice animals. The smallest among such loops for the spread-out model
is of length 3 and of order L~¢, while that for the nearest-neighbor model is of length 4 and
of order d=2 (see Lemma 4.3.1 below). Identifying coefficients of the higher order terms
for the spread-out models may need more work since they are absorbed in the error term
O(L~%71) in (1.12), which is inherent in Riemann-sum approximation, just as mentioned
below (1.1.8).

The proof of the above theorem is based on the lace expansion for the 2-point function
and detailed analysis of the 1-point function, similarly to the previous work by Miranda
and Slade [40]. We will introduce the lace expansion for lattice trees and lattice animals
in Section 2.2, Chapter 2. However, the use of the lace expansion is kept to be a minimum
in the proof of Theorem 1.2.2, so you do not necessarily have to understand Section 2.2
in order to read the proof of Theorem 1.2.2.

15



28 The lace expansion

The lace expansion was first introduced by Brydges and Spencer [7]. In [7], they
proved that the variance of the end point of a T-step weakly self-avoiding walk in d > 4
is of order T" and the scaling limit behave as Gaussian, where the weakly self-avoiding
walk is a model for walks in which self-intersection is allowed but imposed probability
penalty. Then, the lace expansion has been successfuly developed to be applied to various
statistical mechanics models and has played an important role in showing mean-field
critical behavior in high dimensions. For example, the models are self-avoiding walk for
d > 4 (eg., [7, 16, 20]), lattice trees and lattice animals for d > 8 (e.g., [16, 18, 21}),
percolation for d > 6 (e.g., [16, 17]), oriented percolation and the contact process for the
spatial dimension d > 4 (e.g., [41, 46]), and the Ising and p* models for d > 4 (e.g.,
6, 47, 48, 49]).

In this chapter, we provide the original derivation of the lace expansion by Brydges and
Spencer [7] which is the so-called algebraic lace expansion, for memory-7 walk, lattice
trees, and lattice animals. The algebraic lace expansion was derived through an expansion
and resummation procedure, inspired by the cluster expansion of statistical mechanics.
Another approach to the lace expansion is the inclusion-exclusion approach, developed
by Hara and Slade (e.g., [51, 22]). The inclusion-exclusion approach is useful for gaining
intuition in the derivation, while the algebraic approach is more systematic and considered
in a general context. For derivations of the lace expansion for other models, see, e.g.,
[7, 37, 52].

2.1 The lace expansion for memory-7 walk

Given an interval [a, b] with nonnegative integers a, b, an open interval (s, t) for a < s <
t < b is abbreviated to st, which we call an edge. A set of edges is called graph, which is
denoted by I'. Then we obtain a rewrite of K,[a,b] for 1 <7 < oo in (1.1.10) as

K o0 = J] Q+ua)= D [ (2.1.1)

a<s<t<b reB:la,b] stel’
[s—t|<7T
where Usy = —0,(5)w(t) and Bla,b] is used to denote the set of all graphs on [a,b], of

which the length of any edges is 7 or less than 7. From now on, we use the subscript 7
for 1 < 7 < oo in the notation of the set of graph to indicate that all graph in the set
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consist of edges of length 7 or less. Also, we abbreviate the notation oo, i.e., for example,
Goola,b] = Gla,b]. A graph T is said to be connected if both a and b are endpoints of
edges in I, i.e., for any ¢ € (a,b), there are s,t € [a, b] such that s < ¢ <t and st € I'. In
other words, I' is connected if |J, (s, t) = (a,b). The set of connected graph is denoted
by G.[a,b]. Let

> I e (2.1.2)

I'€G, [a,b] stel

The following lemma is a starting point of the lace expansion for the 2-point function.

Lemma 2.1.1 ([51]). For any a < b,
K-[a,b] = K Ja+ 1} + Y Jela, j]K,[j,b]. (2.1.3)

(2.1.3) holds for both T < 00 and T = o0

Proof of Lemma 2.1.1. We abbreviate the notation 7 here.

Kla, )= Y []Ua

reBla,b] stel’

= > Jluet+ > T 4 (2.1.4)

TeBla+1,b] stel’ TeBla,b]\B[a+1,b] stel’

:K[a—‘rl,b]

We define the largest value of j such that the set of edges of I' with both ends in [a, j]
forms a connested graph on [a, j] by j(I'). Since there is at least one edge containing a
in I' € Bla,b]\Bla + 1,b], j(I') always exists and is bigger than a + 1. Thus, all edges in
I' € Bla,b]\B[a + 1,b] can be separated into 2 graphs: Gla, j] and B[j,b]. By summing
over j(I'), the second term can be written as

S Mu-yY Y

reBla,b]\Bla+1,b] stel’ j=a+1TeBa,b]\Bla+1,b] stel’
J@)=j

Z S ITue > [T tor (2.1.5)

J= a+1reg[a3} stel F’GB[jb s't’el

J/

—Jla.j —K[ji8

which completes the proof of (2.1.3). |
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2.1: The 3 figures from the top are examples of L € £ [a,b] for N = 1,2,3. An
arc represents an edge. The length of each edge is less than or equal to 7. If b — a is
strictly bigger than 7, then obviously E(Tl)[a, b = @. If we apply the procedure to the
second figure from the bottom, which is an connected graph, we get the lace for N = 3 of
the third figure from the top. The bottom figure is an example of a connected graph for
lattice trees and lattice animals while this graph is not said to be connected in context of
memory-7 or self-avoiding walk (e.g., [33]).

A connected graph L is said to be a lace, if L is a minimally connected graph, i.e., a
connected graph for which the removal of any edge results in a disconnected graph. For
N > 1, alace L on [a,b] is identical to be a set of N edges L = {sit1, sato, - ,sntn}
such that s1 = a < 9, s;01 < t; < sip for 1,-++ N —2 and sy < ty_1 <ty = b (see
Figure 2.1). We use £ [a, b] to denote a set of laces on [a, b] each of which consist of NV
edges.

Given a connected graph I', we define a lace Lp = {s1t1, sato, - - - } associated to I' by

determing t1, s1, to, S9, - - - in the following way:
1. ty =max{t:at €'}, s =a,
2. tiy1 = max{t: Js < t; such that st € '}, s;41 = min{s: st;4; € I'}.

We iterate this procedure until ¢;,; = b. Given a lace L, an edge st ¢ L such that
Lzugsty = L is called a compatible edge with L. We use C;(L) to denote a set of compatible
edges with L of length 7 or less. For example, see Figure 2.1. Then we can rewrite J;|a, b|
in (2.1.2) as

Jrla,0) = Y (=) I [a, 0], (2.1.6)
N=1
= 3 11U 1 (i), (2.1.7)
LeL™ap] StEL $'t'€Cr (L)
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Using (2.1.3) and (2.1.6) for (1.1.11) yields the recursion equation

n+1
O;)—n—&-l Z pD + Z Z pn+1 m(‘r - y)> (218)
yeZ y€ZI m=2

where

(@) =Y (=) ap (), (2.1.9)

T (@) = Wy (w) JH[0,n]. (2.1.10)
wWEW, (0,x)

By summing both sides of (2.1.8) over n > 0, we obtain an expansion for the 2-point
function:

Gp(x) =Y pDy)Gy(x —y) + > I (y)Gplx — y) (2.1.11)

where

2.2 The lace expansion for lattice trees and lattice

animals
We begin with the lattice trees. Since a tree T' € 7, , can be divided into a unique path
w = (wo, w1, - ..,W) from wy = o0 to wy,| = x, called a backbone, and disjoint subtrees
R; € T, called ribs (see Figure 1.2), we can rewrite the the 2-point function for lattice
tree as
IR LAt
T€Tox
el Il
p
SIS (m) IS W) T tunmi-o
weEW(o,x) J=0 R;€Te; 0<s<t<|w]
lw| |w]
p
= Gploa + Y (IT) 0> wur) I +ua) (2.2.1)
weEW(o,x) J=0 R;€Ty; 0<s<t<|w]
=K[0]
where
Z/{st - _]]‘{VRSQVRﬁé@}' (222)
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2.2: A sample animal in A, ,. Removal of the backbone edges (in blue) yields disjoint
subanimals {B;}. Each animal B; contains a double connection between b; and b1 1e.,
Bj S ngvbj+1'

Next we consider lattice animals. Given A € A, ,, we define a backbone of A by the
set of pivotal edges for the event that o is connected to x. In other words, removal of any
edges of a backbone is fatal for the connection between o and x (see Figure 2.2). Let B
be an arbitrary sequence of directed edges by, ..., b

B={(by.B0), .., (b Bis)}- (2.2.3)

We use D, , to denote the set of all animals such that there is at least one pair of edge-
disjoint paths from o to x, where we say “o is doubly connected to x” and use 0 <= =z to
denote such situation. By convention, we define D, , by A,. Let b = o and Q|B‘ 1=
Then the 2-point function for lattice animals can be rewritten as

18| 1B
(1.1.17) p
B 7S W) =gt X (f) T X Wb 8] @24)
Achy B j=0 B;eD; ,
21 s+
where in the definition of K10, |B|] in (2.2.1)
Z/{St — _H{VBSHVBﬂé@}‘ (225)

To obtain an expansion of the 2-point function for both lattice trees and lattice animals,
we use the same terminology introduced in Section 2.1, with a change in the definition of
connected graph. A graph I' is said to be connected if both a and b are endpoints of edges
in T, i.e., for any ¢ € (a,b), there are s,t € [a, b] such that s < ¢ < t with either st € T or,
sc € I' and ct € I'. In other words, I' is connected if | J,.p[s,t] = [a,b] (see Figure 2.1).
This definition of connected graph for lattice trees and lattice animals is more suitable for
dealing with the interaction between ribs. The set of all connected graph is denoted by
Gla,b]. From the definiton, G|a, b] encompasses that for memory-7 walk and self-avoiding

walk. In a same way introduced in Section 2.1, we can obtain a lace and compatible edges

20



associated to an connected graph defined in this context. Let

Jla,b] = > (=1)NJNa, b], (2.2.6)
N=1
JMab = > [[to JI @ +Uow) (2.2.7)
LeL(N)[a,b] stel s't'eC(L)

By following the proof of Lemma 2.1.1 with the modified definition of connected graph,
we obtain the following identity, where we omit the proof.

Lemma 2.2.1 ([51]). For any b > 1,

K[0,b] = K[1,b] + i J[0, 1K [j + 1,b] + J[0, b] (2.2.8)

Then, by substituting (2.2.8) to (2.2.1) and (2.2.4) respectively, we obtain an expansion
for the 2-point function for both lattice trees and lattice animals:

() = Gplo + hp(z) + my()

+3 (gp(so,u + hy(u) + ﬂp(u)) pD(v — u) 1,(x — v), (2.2.9)
where
() =Y (=1)"7i (x), (2.2.10)
neN
( lw| |l
Z < > H Z W,(R;)J™[0, |w|]  [lattice trees],
weW(0,x) j=0 R; ET
(n) — |w|>1
T (z) e (2.2.11)
Z ( ) H Z W,(B;)J™[0,|B|] [lattice animals],
‘A| j=0 B; €Dy
\\B\>1 bjobj+1
and
0 [lattice trees],

() = (1—"6oz) Z W,(A) [lattice animals]. (22.12)

AEDO,Z
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38 Rate of convergence of the
critical point for the
memory-7 walk

In the rest of paper, we will frequently use
B=L" (3.0.1)

which is a small parameter as L increases. Recall our main theorem stated in Section 1.2.1.

Theorem 3.0.1. Let d > 4 and L > 1. There is a constant Cy such that as T T oo,

PP —pl = Car™ % +O(r~ 7 (log 7). (3.0.2)
Moreover, as L 1 oo
Cy= -2 d gﬁ+0(ﬁL‘1) (3.0.3)
‘T d—2 \2n52 e

where X% is defined by (1.1.7).

In the rest of Chapter 3, we prove Theorem 3.0.1, based on [33]. All items in this
chapter that do not specify a source are from [33]. First, we rewrite p>°® — pI with the
lace-expansion coefficient and see where the leading term of (3.0.2) arises.

By summing both sides of (2.1.11) over x € Z%, and then by solving the equation for
Xp», we formally obtain

(3.0.4)

where

=> 1) => (-)"®™, 1M =3 " 1M(). (3.0.5)
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Since x;, diverges as p T pg, we obtain the identity
pr=1-1I,. (3.0.6)

To prove Theorem 3.0.1, we first rewrite p2® — p7 as

Pe
o0 T IT;; —-fQ§ 100 T
= _(pc - pc) p;o _ pTC - (Hpg - Hpg> . (307)

11°9, —1I°2 A
By the mean-value theorem, there is a p € (p7, p2°) such that W = OplI°.

In [28], van der Hofstad and Slade proved that for d > 4 and L > 1,

37zl ™(@) < O(BV)o !N~ F (p<p N>1, n>2 ¢=0,2,4). (3.0.8)

z€Z4

Thus,
01 =3, (=DM YN we @) = p I ()N Y m Y wn ™)
N=1 m=2geZ4 N=1 m=2  gzczd
(3.0.8)
=7 0(B). (3.0.9)

By solving (3.0.7) in terms of p°* — pI, we obtain

0 T o0 T 1
p - o = — (107 - 117 )

1+ Q,lIce
X . . . - 1
_ HO?’(”—HT;(”)— _1N<H037<N>_HT;<N>) . (3.0.10
(1157 — 1 2 T ST s (3010)

Since the length of any edge in [0, n] for n < 7 is less than 7, we have J&) [0,n] = JN) [0, n]
for N > 1 and n < 7. Hence,

oM (z) = 77N (@) (N>1, n<7). (3.0.11)

p’n p7n
Moreover, since E(Tl)[(), n] = & for n > 741 (see Figure 2.1), we have

JU0,n] =0, ie, MY =0 (n>7+1) (3.0.12)

pe,>T

where for ¢t > 0

=33 wM). (3.0.13)

z€Z4 n=t+1
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Therefore the first term of (3.0.10) can be decomposed as

~

ﬂoov(l) . HT;(l) — 1—/:[007(1)

pe e pe,>T
=102, — (= pl)a, 11 (3.0.14)
: / T 00 HP°°<,1>)7'71£[:?' :(iv‘r) 00,(1)
where the mean-value theorem yields p’ € (pl,p2®) such that R ) Hp o
Also, (3.0.8) immediately implies
el =05, Il =0@)r 7. (3.0.15)
The following Proposition is important for our analysis.
Proposition 3.0.2. Letd >4 and L > 1. As 71 oo,
Y (¥ (ﬂ;‘;<N) . ﬁ;’;N)) — 0(8%)r 7. (3.0.16)
N=2
Proof of Proposition 3.0.2. By (3.0.11),
o™ 1™ = 2™ Y (V> 2). (3.0.17)

Hence, the bound (3.0.8) immediately implies that the first term of (3.0.16) is O(3%)7~(@=2)/2,
In [28], van der Hofstad and Slade proved (3.0.8) by checking if Assumption G in [29], un-
der which the solutuion to a recursion relation satisfying other assumptions (Assumptions
S,D,E in the paper) behaves as a Gaussian, holds for the self-avoifding walk. Since we can
easily verify that Assumptions S,D and E holds for the memory-7 walk, to obtain (3.0.8)
for > cya ) (x), it suffices to check if Assumption G also holds for the memory-7 walk.
By using the same method as [28], we can confirm that Assumption G is satisfied for the
memory-7 walk (see, [28, Proposition 5.1]), which implies the second term of (3.0.17) is

also O(?)7~@=2/2_ We will mention this again in Section 3.1.1. |

By substituting (3.0.14) and (3.0.16) into (3.0.10), we obtain
oo (1)

oo _ o _ 11°0M) 1 00 N 2y, —94=2
p =T S (e ) T (825 3.0.18
e O I O 3.0.15)
and then, by solving (3.0.18) for p2® — pZ, we obtain
oo T i 00,(1) 1 2y —4=2
Yo _pc:H +O(5 )T
"1+ 9,05 4 g, T1e
. . a1 + a1 o
= - I, v +0(8)r 7 (30.19)
‘ < 1+0 Hp 0 ) 19, HOO
(3.(;15)0(6)7__# ~ ~
(3.0.9)&3‘0‘15)0(5)
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This proves that p2° — pl = 0(5)7’%. To identify the multiplicativity constant to 3 in
the O(p) term, we further investigate the first term on the RHS of (3.0.19).

3.1 Preliminaries

In this section, we summarize some known results which are used in Chapter 3.

3.1.1 The results by the inductive method

We will heavily use the result achieved by van der Hofstad and Slade in [29]. They gave
the conditions for the solution to the recursion relation derived from the lace expansion:

n+1
far1(ksp) = Z Gm (k3 p) frs1-m(k;p) + enia(k;p)  (n>0) (3.1.1)

m=1

to behave as a Gaussian both in Fourier space and in terms of a local central limit
theorem. Here, the functions g,, and e,, are given and the solution of (3.1.1) is f,(k;p),
where k € [—7m,7]? and p > 0 are parameters. As for the self-avoiding walk and the
memory-7 walk, the Fourier transform of (2.1.8):

n+1
m=2
is in the form of (3.1.1) with
fnlk;p) = CF (k) (m>0),  gi(k;p) = pD(k),
gnlkip) = 7, () (m>2), enlkip) =0 (m>1). (313)

There are four conditions which they introduce for a Gaussian behavior of the solution to
(3.1.1): Assumptions S,D,G and E. Assumption S is about the symmetries of the functions
in (3.1.1) with respect to the underlying lattice symmetries, as well as the uniform bound-
edness in k € [—m,71]? of f, for each n. We can easily check that Assumption S holds for
the self-avoiding walk and the memory-7 walk. Since e,, =0 (n > 1) for the self-avoiding
walk and the memory-7 walk, we do not have to check Assumption E. They proved in
29, Appendix] that D defined by (1.1.1) satisfies Assumption D. In [28, Proposition 4.1],
van der Hofstad and Slade checked that Assumption G holds for the self-avoiding walk.
Assumptions D and G are the following:
Assumption D [29]. For some ¢ > 0, D has 2 4+ 2¢ moments, i.e.,

> 2] D(x) < oo, (3.1.4)

x€Z4
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and there exist constants C, Cy, ¢1, co and 7 such that

0= |o[’D(z) < C1L%  ||D|, < CaB, (3.1.5)
x€Z4

a LAk? <1 - D(k) < L2k (|||l < L7Y), (3.1.6)

1= D(k)>n (k> L), (3.1.7)

1-D(k)<2—n (kel[-mmn), (3.1.8)

where the right inequality of (3.1.6) holds for k € [—n, 7]%.
Assumption G [29]. There is an Ly, an interval I C [1 — 4,1+ d] with § € (0,1) and
a function Ky — Cy(Ky), such that if the bounds

d
2

| D20aim)| < BpBm=%, 1fn0ip) < Ky V2S00 < KpoPm (3.1.9)

hold for some Ky > 1, L > Ly, p € I and for all 1 < m < n, then for that L and p, and
for all k € [—m, 7T]d and 2 <m < n+ 1, the following bounds hold:

lgm (ki )| < Co(Kp)Bm™2, V20, (0;p)| < Cyl(Kp)o?Bm™"%",  (3.1.10)
109 (05 )| = mp~ g (0; p) < Cy(Ky)Bm~ 7, (3.1.11)

19 (0 p) = g (k3 p) — [1 = D(K)]o >V, (0; )|
< C(Kp)B[L — D(k)+m =5 (3.1.12)

where € € [0, ] with € given in (3.1.4).

Since (3.1.9) are shown to be true for all m > 1 by the inductive method in [29], all
bounds in Assumption G, i.e., (3.1.10)—(3.1.12), also hold for all m > 2.

From now on, we consider only the self-avoiding walk and drop oo from the notation.
The following is the summary of the results in [29] which we need for our analysis for the
self-avoiding walk:

Theorem 3.1.1 ([29]). Letd > 4 and L > 1. For n > 1, the followings hold:

e Theorem 1.1(a)(d): Fizy € (0,1A(d—4)/4N¢€) and § € (0,(1N(d—4)/4Ne)—7),
where € is defined by (3.1.4). Then,

4

Cpen (/V/00n) = et [1+0(kn=%) + O(pn~"%")] (3.1.13)

where

0%+ oo Paege |7 T (2)
o2(1 +8,11,,) .

v = (3.1.14)

The error term is estimated uniformly in {k € R? : 1 — D(k/vvo?n) < yn~'logn}.
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o (Hj): Forke {k e [-mx]*:1—D(k)>~n 'logn},

C”pc,n(k)‘ < Cj(1— D(k))">*n"%, (3.1.15)
Cpon(k) — C’pc,n—l(k)‘ < Cy(1— D(k)) " ~Pn~2. (3.1.16)

where C1, CY are independent of 5 and T and satisfy that C > Cj.

The results in [29] also hold for the memory-7 walk. To prove them, it suffices to verify
Assumptions G for the memory-7 walk. To do so, we can easily follow the same proof in
[28, Proposition 4.1], in which van der Hofstad and Slade verified Assumption G for the
self-avoiding walk.

By (3.1.10) and (3.1.12) with g¢,,(k;p) = 7pm(k) (m > 2), we can conclude the following
lemma.

Lemma 3.1.2 ([29]). There are constants Cy(Ky),C, < oo for d > 4 and L > 1 such
that for all k € [—m,w|%,

|rpeam (k)] < Cy(Kp)pm™2  (m > 2), (3.1.17)
L. <8, | ol (z)| < C)Bo?, (3.1.18)
€74
I, — I, (k) = (1 = D(k))o™ Y _ |2"T,, (x)| < CyB(1 — D(k)). (3.1.19)
z€Z4

3.1.2 Quantities at the critical point

Here, we define the Fourier representation of the two-point function at p = p.. Since
G,.(2) is not summable, we can not define G, (k) in definition of (0.0.8). To understand
G,.(k), we take p 1 p, limit of G,(z). Let

Jp(z) =p (D(z) +p 'L, (z)). (3.1.20)
Notice that J,, (0) = 1. It is known as the infrared bound

1—Jy(k) > Kolk]* (p < pe). (3.1.21)
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In [14, Appendix A], Hara proved the left-continuity of ﬂp(k:) for p < p.. By (3.1.21), the

dominated convergence theorem and the left-continuity of jp(k‘),

Gp. () = lim G,(x) = lim ! e e Ak
Pe N PP P N pTpe [,ﬂ-’ﬂ-]d 1 — jp<k) (27T)d

/ 1 v A
== ———¢€ —d
[7Tr77r]d 1 - Jpc (k) (27T)

00 . d
:/ e—im/ e—t[l—Jpc(k)]dt d’k .
[—m,m]d 0 (27T)d

(3.1.22)

We define épc(k) by the integrand of (3.1.22). Next lemma is important for our analysis

through the rest of Chapter 3.

Lemma 3.1.3. Let d >4 and L > 1. Then, for all k € [—m, 7]¢,

a (k)‘<1+—0(ﬁ)
P T 1 - D)

Consequently, there is a positive constant K| < oo independent of 3 such that

A

2 ik
G ()| vy <1+ KB,

(Gp.) 2ny

1 -~ /[—w,w}d

Furthermore,

.= 0(p)

Proof of Lemma 3.1.3 A rewrite of 1 — jpc(k):

. R I, —1II, (k
1—%&@20—D%»&w%“ A“)}
(1= D(k))
yields
R 1 1 1
Coek) = 1— D) 1- D(k) TR TR
Pe T "Dy
1 ﬁpc_ﬁpc(k)
o) 1 =)
1 — D(k) Do+ My —Tlp (k)

(1-D(k))
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Therefore, by (3.1.18)—(3.1.19) and (3.1.27), we can conclude (3.1.23). We obtain (3.1.24)
as consequences of (1.1.5) and (3.1.23). By using

Gp(7) =00+ Y _ Cpn(2) < 0o+ (D xGy)(z) (p<p.) (3.1.28)
n=1
with (1.1.5) and (3.1.23), we can show (3.1.25). |
Let
7= 3 el () = <a2 Y |x|2npc<x>) . (3.1.29)
z€L? zeZd

Then, the following lemma holds.

Lemma 3.1.4.
o2 L2 =33+ 0(L™) (L1 o0), (3.1.30)

where X% is defined in (1.1.7).

Proof of Lemma 5.1.4 By combining (3.1.29) and (3.1.18) with (1.2.1) for the self-
avoiding walk, we obtain

o2 =o*(1+0(p)). (3.1.31)

To approximate 0%, we use the following lemma, which we prove in Appendix, the end of
Chapter 3.

Lemma 3.1.5.
il 24+ O0(L72)  (L1oo) (3.1.32)
— = 00). 1.
(L+1/2° 7
By (3.1.31) and Lemma 3.1.5, we complete the proof of Lemma 3.1.4. [ |
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3.2 Estimate of the proportionality constant

We investigate Hz(g )>T = 1> oo >T, from which we obtain the dominant term in terms of

both 5 and 7 of (3.0.2).
Since J®[0,n] can be regarded as the indicator function, which is 1 if there are no

self-intersections except for w(0) = w(n) = o, and is 0 otherwise, we can rewrite H;() )>T as

pc >T = Z Z w)J [0, n] = Z (D * Cp.n-1)(0)

n=7+1 weWnr(0,0)

= PGB (B2

[_Wvﬂ]d

where
Cpe,>r( Z C ) (3.2.2)

First we show the following lemma, which gives a rewrite of C,_>, (k).

Lemma 3.2.1. For1 > 2,

Copeizr(k) = Gpo(k) | Couir (k) = Frper (k) + B ()| (3:23)
where
. T7—1 T—1 . oo T—1 R
Epc:T(k) = Z Z ﬁpmm<k’)0pcm‘(k) + Z Apc’m(k)cpcvn<k)' (324)
m=2n=1+1-m m=1 n=0

Proof of Lemma 3.2.1. By summing the both sides of (3.1.2) over n > 7, we obtain

[1 - pcf?(k)} Cpezr(k) = épcﬂ'(k) + Z Tpen (k) + Z Z Tpesn (K) Cpens1-m (k).

n=71+1 n=r1 m=2

(3.2.5)

The last term of RHS of (3.2.5) can be rewritten as

Z ZWPC Pc n+l— M<k) = Z Z 7rJDc pc n+l— m(k)

n=1 m=2 m=2n=17Vm

= (Z Z + Z Z) Wpc m pc n+l— m(k> (3‘2'6)

m=2 n=1 m=1T n=m
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T—1 o T—1 00
Zﬁpcm(k)opc nt1-m(k) = Z 7A"pcrn<k7)qvcn(k)
m=2 n=1 m=2n=1+1-m
T—1 00 T—1
= (Z + Y| Fpen(B)Cn(B), (3.2.7)
m=2 \n=17 n=7+1-m
D2 e B)Comirom(k) = DD Fn (k) Cpen (k)
Mm=T n=m m=1 n=1

ACE
which concludes (3.2.3). |

From (3.2.1) and Lemma 3.2.1, we can decompose f[fglc)yw as

M) = pe (My = My + M), (3.2.11)
where
M, = / DIC, - (1)Cor (k) -F (3.2.12)
R A" Perh e (2m) o
M. / D(k)#y, (k)G (k) d'k (3.2.13)
= Ty, T 5 L.
2 [—7,m]d be P (27T>d
M; = / D(k)E, ..(k)G,, (k) dk (3.2.14)
- [—7,m]e beit be (27T)d' o
Let
Sy = {k e-ma)*:1—D(k) <yn7! logn} : (3.2.15)
L, = {k: e [-m 7?1 —D(k) >~yn"'log n} : (3.2.16)
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where 7 is defined by Theorem 3.1.1. M; can be decomposed as

a A A d?k A R R Ak
w = [ DG ()G 4) 555 + / DG B, By, (3217)

We will show the following two lemmas in Section 3.2.1 and in Section 3.2.2 respectively,
by which we can conclude Theorem 3.0.1.

Lemma 3.2.2. Letd > 4 and L > 1. Fiz v and 0 defined in Theorem 3.1.1. Then, for
e>0, as 771 o0,

. " A d’k
/ DG ()G ) 5
- % (%dz_z > T [1 +0(™) +0( @) 1 o(pr—¥)|  (3:2.18)
_ U

where the last error term is valid for any € > 0, and co, Cy appearing in the 3rd term are
the constants that satisfy (3.1.6) and

o3 L7 > Cy (3.2.19)

with 0% defined by (3.1.29), respectively.

Lemma 3.2.3. Letd >4 and L > 1. As 11 oo,

A~ N ~ d d—2 1
[ DG WG (R g5y = 0(8) 5 [0l ) +0(BH)]. (32:20)

My=0(8)r"%, Ms;=0(82)rz. (3.2.21)

Proof of Theorem 3.0.1. Summarizing (1.2.1), (3.0.19), (3.2.11), (3.2.17), Lemma 3.2.2
and Lemma 3.2.3, we complete the proof of Theorem 3.0.1. [ |

3.2.1 Detailed analysis of the main term

In this section, we are going to show Lemma 3.2.2.
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Proof of Lemma 3.2.2. By (3.1.13), the LHS of (3.2.18) can be decomposed as

A - d?k

D ) Coer ()G () s = [1 +0 (57*“5‘“)} Miy + My (3.2.22)
where
S R vo2 k|2 N d k
M, = / D(k)e eI ®W] 22 gy (3.2.23)
S- (2m)?
Ll 22 1-5y Ak
M, = D G, (K)O(L?|k|*r )(27r)d' (3.2.24)
We begin with (3.2.23). Since 1 — D(k) < 7~ 'log 7 for k € S,, we obtain
My = [1+0(r " log7)] / / B P LG ]<27T>ddt. (3.2.25)
=,
We shortly show that for any ¢ > 0
oo o2 k|2 ddk} o0 .
M, — / / Ll i / Ladt = o( B+t~ "5, (3.2.26)
0 Sr (27T) T
where
~ o2 (k|12 d
L, :/ {e_Tvo;kF ot [1=dpe ()] _ } (;i l;d. (3.2.27)
T

Hence, we first consider

o0 2.2 d [e'¢) 2.2 d
_(T_H)"JW d*k :/ / 2l d*k dt 3998
A = A (3229

-
=Ii1—1i2—1t 3

where
az‘k@ ddk
I, = —t = 3.2.29
e = (3.2.29
2.2 d
o il d*k
- /[R e (3.2.30)
_02‘k|2 ddk‘
It,?,:/ et ) (3.2.31)

The first integral I, ; is calculated exactly as

A R O R (32:32)

2most

vl
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el 4k < oxp(—ab?/2)(2ma)”"? (Ya,b > 0) and ¢ > 7,

For I; 5 and I3, by using f|k|2b (2)

we can bound each of them as

d
22 Jik d 2 7252 72
s < / et < < ) e < O(f)e T 8, (3.2.33)
|k|>m

(2m)d moit

d

A dk d \? __75 ¢

Iis S/ et - < ( 5 ) T A2l < O(B)T chgt_g, (3.2.34)
|k|2>~L27(c2 logT)~1 (271-) 7TO-Jt

where the first inequality of (3.2.34) is due to (3.1.6). Therefore, we obtain

/ (Itn — Lo — I 3)dt

)+ O )| . (3.2.35)

2 d 272Cq
- () ot [roun o
U

Next we show (3.2.26). By the change of variables from k to [ := L'™¢\/t!*<k for any

€ > 0, we obtain

d(1+5)

= Bttt I, 4 (3.2.36)

~ 'uo'2 2 —(T—T — j % 02 2 d
Iia =/ effme ¢ )[1 JpC(L”EW“E)] —e*2dL%£‘2€t5 A (3.2.37)
s (2r)°

with S, being the domain of [ corresponding to S,. To apply the dominated convergence
theorem, by using (3.1.21), we get the uniform upper bound on ft74 as

4] < /
3,

Notice that

d’l
(2m)4

Ly vet? —(t— )Koim2 __ogl?
e 2dL2+25t1+56 T 12+2e4l+e + e 2dL2+2ee

< 00. (3.2.38)

Tvo?|l|? o3 |l)?

exp (—(t —7) {1 —J, (ﬁ)b = exp (-%) {1—E,}. (3.2.40)

where

(vo? — %12
E1 =1- exp (—TW y (3241)

_ l AP
Ey=1—exp (—(t —7) [1 —J, <L1+£\/tl?) ~ Sypsreie | |- (3.2.42)
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Therefore the integrand of [~t74 can be decomposed into three terms which have the

0212)/2dL2T2e¢e

common term e and at least one of the two extra factors: F; or E5. Since

there is a positive constant ¢ < oo such that

ﬂpc - pcapﬂpc = Z(l — M) Tp.,m(0) = Z(m - 1>7A"11(:1?m(0) +0(6%)

m=2 m=2
(3.1.17)

> cf, (3.2.43)

we obtain
1 1 0.6) 1, — ped,ll
vo? — 0?, 3144 - 03 — a?, (3.26) Zpe 7D pA Pe 03
pe (149,11, pe (1+0,11,,)
> 0(B)o3, (3.2.44)

where the constant in O(/3) is positive. Therefore, E; goes to zero as t 1 oo or L T oo
with fixed [ € R?. For E,, the Taylor expansion

, 1 ! ,
e’ =1+1x — 5372 - x2/ (1 —s)(** —1)ds (z€R) (3.2.45)
0

yields

L ! o3|l?
re \ [iren/piee ) 2L+

1-9—:1'z 1+4¢ 0-3|l|2
:ZJC(SC) 1 —ertteve T og[taie
zeZd

(-2 [ P
=D @) | (1= )T —1)ds, (3.2.46)

x€Z4

which goes to zero as t T oo or L 1 oo with fixed I € RY. Thus, the dominated convergence
theorem implies ft,4 =o(l)ast 1T ooor L1 oo. Thus, we can conclude (3.2.26) as required.

Finally we consider M;,. By using (3.1.23) and the change of variables from k to
| := L\/7k, we can bound M 5 as

d%k
(2m)
vo2 (k)2 1

—r 2z I 2(}|2,1-6 d’k
<00 [ oW s ow )

_puallk? A -
(M| < / e TR |G (k) |O(L2|K[2r10)

Rl = S— 2y 4L
< 0BT /S K — D(Z/L\/F)O(m ) @) (3.2.47)
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with S, being the domain of I corresponding to S,. By (3.1.6) and (3.1.7), we obtain

1 L=z (). < ,
A . {\ 7 (e < v7) (32.48)
1= D(/(Ly7)) (0" (e = v/7)-
Therefore, the integral of (3.2.47) can be bounded uniformly, which conclude
My, =0B)r 2" (3.2.49)

By summarizing (3.2.26), (3.2.35) and (3.2.49), we finish the proof of Lemma 3.2.2. H

3.2.2 Estimates of the error terms

In this section, we prove Lemma 3.2.3. The following is the key lemma for Lemma 3.2.3.

Lemma 3.2.4. Letd >4 and L > 1. Form > 2, n >0,

o . L dik [o(B)m s (n=0),
D(k)#tp, (k) Clp (k)G (K - S 3.2.50
L D (K1l ) 5 {O(ﬁz)m_m_z oy 6290
Especially, forn > 1,
. A " 2 d°k oy _d _d=2
[ 1P G ()G ()] g = O8Im0~ (3.2.51)
A A A~ d 3 d —2
[ 1P 0G0 061G )] 55 = O(BE Y~ T ogm) ™. (3:252)

Assuming Lemma 3.2.4, we first prove Lemma 3.2.3 and then we prove Lemma 3.2.4.

Proof of Lemma (3.2.20), assuming Lemma 3.2.4. First we consider (3.2.20). By using
(3.1.2), the LHS of (3.2.20) can be decomposed as

A d?k

D(k)Cy, +(k)Gp, (k) === = peMis + My, (3.2.53)
L, (2m)
where
Ao A d?k
Ml.g - D(k) Cpc,Tfl(k)Gpc(k) R (3254)
L, (2m)
T . . A A dk
M1~4 - Z I ‘D(k:)ﬂ-pmm(k>0pc,7'_m(k)Gpc(k> (27T)d (3255)
m=2 T



First we consider M; 3. To use (3.1.15)—(3.1.16), we decompose M 3 as

A . dk
M13 = LT D(k) Ome(k)Gpc(k) (27_(_)d
D(k)?|C, k)—C,. (k)| G kddk 3.2.56
+ [ DO [Coos(k) = Gy )] G (R 3 (3.2.56)
which is bounded above by
1+p
R 1 R dk
Cirt | D(k)? <;> 1+ (—)] Gpc(k)‘ 5
L. 1— D(k) 1—D(k) )| . L (2m)
(341.23)1_%(?([3)
= 1-D(k)
24p
L, R 1 d?k
<O(r % (logr)™ / D(k)? - , 3.2.57
<0 o)) |- <>(1_D(k)> o (3.2.57)

where for the last inequality we use 1— D(k) > y7~log 7. When ||k|, > L', by (3.1.7),
the integrand of (3.2.57) can be bounded above by D(k)? with proportionality constant.

Thus,
2+p
R 1 d%k
/ D(k)? ] .
Lo Ikl =L~ 1-D(k))  (2)

1 . dek (1.1.3)
—n2+p/[ ]dD(/f)QW < 0(B). (3.2.58)

For ||k||., < L™, the change of variables from k to [ := kL and (3.1.6) yields

2+p
. 1 %
/ D(k)? : .
Ll osi-t = \ 1 = D(k) (2m)

<1 -2 L _ o). (3.2.50)

IR T (2m)

The integral is bounded because p < (d — 4)/2. Therefore, we conclude
Ms=0(8) 7% (log7) " (3.2.60)

Next we consider M; 4. When m = 7, by (3.1.17) and the Schwarz inequality, we obtain

/L [)(k)ﬁ'pcﬁ(k)épc(k) (Zﬂ.];d S 0(6)77% /[_ 14

3.1.24
0(51/2)( < )(1+K15)1/2
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For m < 7, by using (3.2.51)—(3.2.52), we obtain

[ DK 9.
L Tpe,m Pe,T—m Pe (2m)d
A A A dk 3. _d _d-2
< D) (K)o ()G ()| g = O(Bm (7 —m) =5,
Lr—mUSr—m (2m)
(3.2.62)
By (3.2.61)—(3.2.62), (3.2.55) can be estimated as
Mia=0(52)Y m 3(r—m+1)""7
m=2
3 d—2 L(T+1)/2J d d T d—2
<SO(BH){0F) Y mEHOrE) Y (rem+1)E
m=2 m=|(7+1)/2]+1
= 0(B2)r 7, (3.2.63)

where we bound either m or 7—m+1 longer bound below by 7/2 for the second inequality.
We next show (3.2.21). Recall the definition of M, and Ms:

. . dik
M, = D(k)#,, (k)G (K : 2.
o= [ PWR G s (3.2.64)
M = M3, + Mso, (3.2.65)
where
T—1 T—1 . . . ddk
Myr=) > /[ DO )G (WG () (3.2.66)
m=2n=7+1—-m Y 7T
oo T—1 R . . ddk
My =) ) /[ ]dD(k)ﬁpc,m(k)cpc,n(k)apc(k) o (3.2.67)
m=1 n=0 ™

Since C,_o(k) = 1, the case of m = 7,n = 0 of (3.2.50) immediately implies
= O(B?)7 2. (3.2.68)

For M4, by (3.2.50), it is estimated in a similar way to (3.2.63) as

T—1 —1

M =0Eh Y, ¥ b
m=2n=7+1-

L(T+1)/2J

B m™T +O0(r%) Z Z

=|(t+1)/2]+1 n=T+1—m

= 0(B2)r 7. (3.2.69)

K\J\Cﬂ

38



where we bound either m or n longer bound below by (7 + 1)/2 for the second inequality.
We finally consider Mjs,. The integral of (3.2.67) can be rewritten in terms of convolu-
tions on Z¢ and then Mj, is estimated as

Ms, = Z Z Tpesm () <D * i Cpen * Gpc> (y)

m=T yeZ3 n=0
<D+ G2 .Y |Fpm(0)] =0(8)r (3.2.70)
(3.1.25) m=r (3.1.17)
= "0 < "O(B)ym—4/2

M =0(82)r 7 . (3.2.71)
Then we finish the proof of Lemma 3.2.3. [ |

Finally we show Lemma 3.2.4.

Proof of Lemma 3.2./ First of all, we consider n = 0 case, i.e., C .0(k) =1. By (3.1.17),
it is estimated as

. L dik
| D0 (DG (055 = 3 (@)D 5 G ) 0)
[—m,m]d ( ﬂ—) ezl
< 1D % Gyl [ m(O)] < O~ (3:272)
—_——
(3.1.25)

=0(8)

For n > 1, we split the domain of integration into S, and L,,. First we show (3.2.51).
By using (3.1.13) and (3.1.22), we can bound the LHS of (3.2.51) as

[ D0 0G0 0] 5
(3,1§.17) O(ﬁ)mg/s D(k?)épg,n(k)épc(k)‘ (élﬁ];d

(3.1.13)(3.1.22)
<

d—2
(3.2.26)(3.2.35)0

ERTCITICI 5 A%
+ [ e G, W0 ) W}

d—2
(3A2:A47)O o

= 0B )m 2n" 2z (3.2.73)
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where M |(n) is defined by (3.2.25) in which 7 replaced n.
By (3.1.15) and (3.1.23), the LHS of (3.2.52) can be bounded as

[ D0 (11006509 5
_d _a - 1 3+p ddk
< O(B)m™=n /L D("")‘ (1—D(k)> (2m)
2+p d
< O(ﬁ)mgndzz(logn)l/ ﬁ(k)) <1—1ﬁ(l€)> (;Zﬁljd’ (3.2.74)

where for the last inequality we use 1 — D(k) > yn~'logn. By (3.1.6) and (3.1.7), the
integral of (3.2.74) can be bounded above by

oo o) 75 o P
Lokl <L \C1L?[k|? @m)d - n? e S ks (2m)?
cow [ Ly (3:2.75)
<1 (2m)? e 1
<oo G190 (g1/2)

where we use the change of variables from k to [ := kL for the first term and the Schwarz
inequality for the second term. By combining (3.2.74) and (3.2.75), we obtain (3.2.52).
This completes the proof of Lemma 3.2.4. [ |

Appendix: Proof of Lemma 3.1.5.

This Appendix give the proof of Lemma 3.1.5, which is used for approximation of o2

Proof of Lemma 3.1.5. For x € Z¢, we difine

Ly
Dy(x) = —12l==t) (3.2.76)
(2L +1)
It is known that the Fourier transform of D, and U have the simple product expressions
26, Section 4] as follows:

U(k) = / U(z)e**dly = HSH;"‘“J', (3.2.77)
Do) = 3 D)t = [ 2L D] ULEA 2k (3.2.78)

= i1 (2L +1)sin U(%)
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Notice that we can rewrite o2/(L + 1/2)% and X% as

Y2 = —d 20 (k)‘ . (3.2.79)

Y (L
(L+1/2)2 ML+ 1/2 k=0

)
k=0

Therefore, to prove Lemma 3.1.5, it suffices to show

52D (%1/2) - 32 D, (L +k‘1/2) 2 ezt 1 (D() — Do(2))

k=0 (L+3)°
— 0(B), (3.2.80)
and
2D, (#1/2) B 6,31(7(k)‘k:0 — O(L?). (3.2.81)
Since
D(x) - Dy(a) = —rll==0__ | Ll st (3.2.82)

QL+1)*—1  @2L+1)YQ2L+1)-1]

by using (3.1.5) we obtain

2seza @1 (D(x) — Do) _ ~d AR
1)) = (2L +1) (L+§) ;delz)(x)

-~
<00

= 0(B), (3.2.83)

which shows (3.2.80).
Next we consider (3.2.81). Using (3.2.78), we get

. k U(k) - (K
2 D, =R | = RO —82U( ) 3.2.84
. (L+ 1/2) k=0 o U(Tﬁﬁ k=0 ; " =0 ! 2t 1 im0 ( |
where for the last equation we use the facts that 0y, U (k)’ = O, U (T]:-l) =0
k=0 =

because of the reflection, and that U(0) = 1. The second term of (3.2.84) can be calculated
directly as

~ k
onU =—(2L 1‘2/ Ulz)zidiz = O(L™?). 3.2.85
20 (apg)| | = —ere 0 [ v o) (3:2:85
=% /d <oco
Therefore we have (3.2.81) and this completes the proof of Lemma 3.1.5. ]

41



3.3 Notes

The author identifies the leading-order asymptotic of the difference of p] and p° in
terms of 7 for the uniform spread-out model in dimension d > 4. The main reasons why
the author restricts the models to the uniform spread-out model are as follows. First, due
to the results by van der Hofstad and Slade [29] (Lemma 3.1.1 in this thesis), which are
proved only for the spread-out model, the analysis can be simplified to the computation
problem. Second, for the uniform spread-out models, the estimate of Riemann-sum ap-
proximation is simple because U and D, have the simple product expression (see Proof
of Lemma 3.1.5). The results of [29] can be applied to the general spread-out model (not
only the uniform spread out model), where 1-step transition probability of underlying
randomwalk is defined by

h(xz/L)
2 weza M/ L)

with h being a probability distribution over R%\o, which is invariant under rotations by

D(z) = (3.3.1)

7/2 and reflections in the coordination hyperplanes, and almost everywhere continuous.
Therefore, at least, the results of Theorem 3.0.1 should be extended to the general spread
out model. Below, possibilities about the extension of Theorem 3.0.1 to other models are
summarized.

Weakly self-avoiding walk The weakly self-avoiding walk is a model for walks in
which self-intersection is allowed but assigned probability penalty. Let

@)= > I 0= Abow) =) culx) (3.3.2)

weW(o,z) 0<s<t<n x€Z4
|w[=n

where Ay is defined in [24] and [5] respectively as follows: for 0 < § < 1 and p > 0,

B

1—e =P in |24

Aot = ‘ in [24] (3.3.3)
1—e” in [5].

For the weakly memory-7 walk, we need the condition |s — ¢| < 7 in the product
of (3.3.2). In [24], van der Hofstad, Hollander and Slade consider the weakly self-
avoiding walk where loops of length m are penalis zed by a factor e #/™" for d >
4, p >0, and for d <4, p> (4 —d)/2, which is so-called elastic self-avoiding walk,
while Bolthausen and Ritzmann [5] consider general weakly self-avoiding walk, where
any loops are penalized with the same probability weight uniformly. In [24], van
der Hofstad, Hollander and Slade proved that for d > 4, p > 0, or, for d < 4, p >
(4 — d)/2, there is a 5y = Py(d, p) such that for 5 < fy,

1 k _k2 [1+O(n*5/)} Cn(fL‘) d 2 g2
R —= 2d — n
Cncn (\/D_n) e : 2 5D | € P [1+0(1)] (3.34)
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where ¢ € (0,1 A zptlﬂ) and D is identified with the lace-expansion coefficient.
Notice that the second result in (3.3.4) for d > 4, p = 0, which is a local central
limit theorem, was not proved by them. For d > 4, p = 0, where this case is
equivalent to the general weakly self-avoiding walk for d > 4, they showed weaker
results: sup, C"C—S‘”) < O(n~%?). On the other hand, in [5], Bolthausen and Ritzmann
proved that for d > 4,

_1 _d .
< n72punl(@) +n72 > joua) |, (3.3.5)

where

py(x) 1= (2mn)"2e B0 (3.3.6)

and ¢ is identified with the lace-expansion coefficient and v is a dimension-dependent
constant. Their estimates in [5] are in z-space not in Fourier space, so they did not
show the gaussian behavior in Fourier space such as the first results in (3.3.4).

In light of the above, using the results (3.3.4) or (3.3.5), we should be able to
obtain the leading-order asymptotics of the difference between the critcal points
for the weakly self-avoiding walk and the weakly memory-7 walk, and identify the
expression of the coefficient of the leading term. For the elastic self-avoiding walk,
due to the Fourier estimate of (3.3.4), we can follow the same proof in [33] to
obatain such results. Furthermore, for the elastic self-avoiding walk, we can obtain
the results in d < 4. On the other hand, since we do not have the results in Fourier
space for the general weakly self-avoiding walk, the proof would not be the same
and we will have to estimate carefully the error which comes from the right hand
side of (3.3.5).

Nearest-neighbor model For the nearest-neighbor model, the underlying random walk
takes steps only in A = {z € Z%: "% |z;| = 1}. In [37], Madras and Slade proved
that for the nearest-neighbor self avoiding walk, there is a constant B such that for

sufficiently high dimension bigger than 5,

sup Cps ,(7) < Bn~%?, (3.3.7)
zeZd
This is a weaker version of the statesments such as (3.3.4)—(3.3.6), but the best
estimate related to the behavior of Cp% (x) so far. If we consider using (3.3.7)
for the estimate of the difference of the critical points between memory-7 walk and
self-avoiding walk, we shoud show that the upper bound of it is of order 7~ 2
for sufficiently high dimension bigger than 5. For such results, we would not need

conditions about the relation between 7 and d while for Kesten’s result (1.2.4) we
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have to suppose d > max{137 — 13,5}. However, it seems difficult to obtain the
exact expresson of the coefficient of the leading term such as Cyj in Theorem 1.2.1
because (3.3.7) is just an upper bound, which is insufficient for our goal.

To extend the results of Theorem 1.2.1 to the nearest-neighbor model, we seem to
need a kind of the local central limit theorem for the nearest-neighbor self-avoiding
walk and memory-7 walk. The proof for such results obtained for the spread-out
or weakly self-avoiding walk so far (e.g.,[29, 1, 5, 24]) relies on the fact that we can
take a sufficiently small parameter while we can not for the nearest-neighbor model.
Also, we have the same difficulty for the long-range model. For the long-range
model, we require h in (3.3.1) to satisfy |z|¢T®h(z) is bounded away from zero and
infinity where @ > 0 is the characteristic index. The author has not known such
results on the nearest-neighbor or long-range self-avoiding walk, even though these
are more natural models for self-avoiding walk.
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HB45F Estimates of the critical
points for the lattice trees
and the lattice animals

This chapter gives the proof of the following main theorem stated in Section 1.2.2. All
items in this chapter that do not specify a source are from [34].

Theorem 4.0.1. For both models with d > 8 and L T oo,

Pe = L + CB +O(BL™), (4.0.1)

.= —
e
where the model-dependent constant C' has the following random-walk representation.:

(e 9]

+1 1
Cir =Y o —U"(0), Cua = Cix — 55 Y U™(0). (4.0.2)

=2 n=3

As we mentioned in Section 1.2.2, the proof of Theorem 4.0.1 is based on the lace
expansion for the 2-point function and detailed analysis of the 1-point function, similarly
to the previous work by Miranda and Slade [40]. The different point of our method from
that of them is to introduce a new base point p; defined in (4.1.1) below, as p1g,, = 1.
It is to estimate various generating functions in terms of massless random walks. For the
spread-out models of self-avoiding walk, percolation, oriented percolation and the contact
process, van der Hofstad and Sakai [26] simply used the base point p; = 1, because of the
unity of the 1-point function for those models. Since the analysis in terms of the underlying
random walks is very simple, we do not have to know in detail the lace expansion; the
exception is in Lemma 4.1.1 below, where we investigate the first lace-expansion coefficient
7 to prove p. — p1 = O(B?%). However, the basic facts (summarized in Proposition 4.1.2
below) and a minimum definition about the lace expansion coefficients should be enough
to read the proof, which we hope makes this paper more accessible to wider audience.

Our method can be applied to the nearest-neighbor model as well to identify the coef-
ficient of (2d)™!, as we can use the same method (i.e., Lemma 4.1.1 below) to conclude
pe —p1 = O(d™?), but this limit the accuracy our method can achieve. Therefore, to iden-
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tify the higher-order coefficients, we may need investigate the lace expansion coefficients

at p. more carefully as Miranda and Slade do in [40].

4.1 Results due to the lace expansion

In this section, we approximate p. by p; that is defined for both models by the identity

P19y, = L. (4.1.1)

Lemma 4.1.1. For both models with d > 8 and L T oo,

0<p.—p = 0(B?. (4.1.2)

The key to the proof is the following collection of the lace-expansion results [16, 35].

Proposition 4.1.2 ([16, 35]). For both models in d > 8, there is a model-dependent
Lo < oo such that, for all L > Lg, the following holds for all p < p.:

1. The 1-point function is bounded away from zero and infinity. In fact,

1<g, <4 (4.1.3)

2. There is a constant K < oo such that the lace-expansion coefficients 7 (z) (n € N)
defined in (2.2.10) are bounded as

KL™(KpB)"

Z¢, a(z) < : 4.14
B ) S gy Iy L

p

As a consequence of (2.2.9) and (4.1.4), it is concluded that there is a K' < oo such that

K'L™? 1/2
Vr #o0, Tp(x) < el v D&z Xp = (pe —p)~ 7%, (4.1.5)

where the latter means X,/ (p. — p)~Y/? is bounded away from 0 and co as p T pe.

The above results for lattice trees are proven in [35] by following the same line of proof
as in [16] and using the convolution bounds in [9, Lemma 3.2] instead of the weaker ones
in [16, Proposition 1.7]. The same strategy applies to lattice animals, and we refrain from

showing details.
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Consequently, for any p < p,
R (4.1.4) od
A0 =" w(x) < K@EBR)H > L7 ) T2 sz =) =0(B)". (4.1.6)
zezd x|z <L a:|z]|>L
Moreover, by subadditivity (i.e., forgetting edge-disjointness among paths from o to x),
(4.1.5)
<Snr S e X P S el ) —0p). @1
xF#0 z:||z|| <L x:||z||>L

By summing (2.2.9) over z € Z¢, solving the resulting equation for x, and then using the
fact that x, diverges as p 1 p., we obtain the identity

pe = AlA:{%+Z%@+;M@Yi (4.1.8)

gpc + h‘Pc + ﬂ-pc rF#0

where h, = > weza hp(x). Substituting (4.1.6)-(4.1.7) to (4.1.8) yields'

1 iL A -1 1 A }AL .
po= (1T o) = (14 B o), @
gpc gpc gpc gpc

which is the starting point of the analysis.

Proof of Lemma 4.1.1. First we show p; < p.. Since pg, is increasing in p with p;g,, =1,
it suffices to show p.g,. > 1. By (4.1.3) and (4.1.10), it then suffices to show that 7" — B
is bounded from below by [ times a positive constant for large L. Here, and only here,
we use the actual definition of the lace-expansion coefficient (" (see, e.g., [18]). We
can easily check that (" for both models is larger than the sum of triangles consisting
only of three distinct edges: #(" > [A|(|A] — 1)(p/|A[)?, which is enough for lattice trees
because izp = (. For lattice animals, we show below ﬁp < ifr}gl) + O(B?) for p < p. in high
dimensions d > 8. The aforementioned sufficient condition for p.g, > 1 is now verified.

Next we show p.—p; = O(3?) for lattice animals by induction. The same induction also
works for lattice trees with A =T and ch = 0. Let {{,}nen be the following increasing
sequence bounded above by 2:

{.
=1, liv1=1+ 53 [j € NJ. (4.1.11)

In [35], Liang investigated 7l in (4.1.10) for lattice trees and showed that, for all d > 8, pcg,, rather
than p. exhibits

= 1
Pegp. =1+ f; (n—2|— >U*”(0) +O0(B/L) as L 1 oo. (4.1.9)

This may be a bit of surprise, as the coefficient of 8 is much larger than that in (4.0.1)—(4.0.2).
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Since p. = O(1) (see,e.g., (1.2.10) or [16, Proposition 2.2]) and p1gp, = pe(gp. +hp. +7p.) =
1, we have

0<1_Pog et F T Gy =Gy Py T (4.1.12)
De Ip Ip1 Im
—
>0
which is bounded above by 7Arpc/g;,,1 = O(B) (due to (4.1.6)), confirming p. — O(B%).
Now we suppose p, — O(B%). Notice that g, — g,, can be rewrltten as
|Eal DP1 L D1\"
g =3 (1= ()= (1-2) 5% (2) W
AcA, Pe Pe flEAo n=0 Pe J
—F
(4.1.12) < gpc gpl hpc + ﬁ-pc ) F (4 1 13)
gpl gpl
Solving this for g,. — gp, yields
hy. + 7
— = =F 4.1.14
gpc gp1 gpl 4 F ( )

which is bounded above by —7,. = O(8) (due to (4.1.6)) for both models. By substituting
(4.1.14) to (4.1.12), we obtain

D N . + 7y,
Pe — D1 = De Pe Pepr— e Pe) = _p P _Fe
9py G T F 9p: gpy + F

(4i6)p 7T(1>
‘ gpl +F

o (A) = (peo/p1)/Bal="W, (A), which

< +0(8%). (4.1.15)

Recall the definition of F'in (4.1.13). Since (p;/p.)"W,
is also true for lattice trees, we have

Pc

|Eal <pe <ot
F=> Z<p0> AT B a) T2 XTP (4.1.16)
AEA n=1 AEAO

By (4.1.15) and (4.1.16), we can estimate p. — p; as

ﬂ—l(?lc) hpc F +O /8 O 1 O 2
DPe —P1 = plF 1 +1 ( ) (B)Xp + (5 )
1

= O(B)(pe — 1) + O(8?), (4.1.17)
where, for the last inequality, we use x,, < (pc — p1)_1/ 2 for both models in dimensions
d > 8. Applying the inductive hypothesis p. — O(B%) to (4.1.17), we obtain p, —
(BKJ“). Therefore the induction completed. Since lim o, ¢; = 2, this proves
pe — p1 = O(3?), as required. -
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A T ’/‘“/ Ay ‘7\
) / 0 T U v
(} ) A A
A1 0 v—I—‘ x AQ
e e/
o x u v
~ A \> As -—/

4.1: Schematic representations of the three terms in (4.1.21). The black line segments
are pivotal for o <= 2 in A. Removal of those edges results in the animals {A;}5_, or
{A;}j-, that are mutually avoiding, as indicated by the red arrows. The vertices in A are
ordered in an arbitrary way (counter-clockwise in the above 2-dimensional figures).

Proof of ibp < 370+ O(B?) for lattice animals.  First we recall that

Z Z ( >|E| Z Z < )Eﬂﬂ{ogm}. (4.1.18)

z#0 A€D, 4« r#0 A€ A,

14
4

We split the sum into two depending on whether or not there are distinct vertices y, z € V4

such that o < Y, Yy x, 0 » 2, z < x and y <— z occur in A edge-disjointly,

i.e., those connections occur in distinct sets of EF4. (We note that, if y = o, for example,
then we should interpret this as 0 «— z, 0 <= z and z <— x occuring edge-disjointly.)

@ (4.1.19)
y,2€V4

(y#2)

Intuitively,

Using submultiplicativity and the xz-space bound in (4.1.5), we can show that the contri-
bution from this case is O(3?). On the other hand, if there are no such vertices y, z € Vy,

O @ (4.1.20)

(y#2)

ie.,

then there are exactly two edge-disjoint connections between o and x, with two pivotal
edges from o, say {o,u},{o,u'}, and two from z, say {v,z}, {v',z}, one of which may
coincide with either {o,u} or {o,u’}, for the double connection 0 <= = in A. Suppose
that there is order among vertices in A. If u € A is earlier than u' € A in this order, we
write u < /. Let A(z) = {v € V : v—x € A}. Then, the contribution to h, from (4.1.20)
is bounded above by (see Figure 4.1)
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DD WA Wy(A) (1{xeA}| |Z > ( |>2 D Wi(4s)

z#0 A1€A, ueA veA(z) Az€Ay v
AreA, (z=wu) (v#0)
e & F () X w

ueA veA(x
(u=z) (v;éo)

+ > DL ( |) > WP<A3>WP<A4>)Hﬂ{vAmVAj:@}. (4.121)

u,u’ €A v’ €A(z) Az€Auw i#£]
(u-<u ) (v#£) As€A s

As G.Au,y

Since A is symmetric with respect to the underlying lattice symmetry, the first and second
terms are the same. Due to the same reason, the third term remains unchanged when the
restriction u < v’ is replaced by v’ < u. Therefore, (4.1.21) equals

N (1“6“|A| 2 2 ( )3

z#0 A1€A, ueEN ’UGA ASEAU,U
A€ Ay (u#7) (v;éo)
Yy oy ( ‘) S WA Wp(A4)> Tt ovs ey (4122
u,u’ €A v, EA(T A3z€Ay v i#]
(u;éu ) (v ) As€A s

Now we compare (4.1.22) with 71( for lattice animals, which is defined as (see Figure 4.2)

|B| I8
#-Y Y (&) I X W) e
T B={(b b HE, J=0BjeAy 4.,
(IB>1)
X 1{BonB g £0} H 1¢B,nB1=2}) (4.1.23)

0<k<I<|w]
((k,D)#(0,1BI))
where we have abused the notation by = o and Q‘ Bl+1 = T This can be bounded below
by restricting the sum over B to those satisfying b; = o and bz = x (so that Agyp, = Ao
and 'Agxswb\sm = A,) and then by restricting the sum over By € A, to By = {0} (so that
L{BonB s 22} = 1{063\5\9 or restricting the sum over Bjg € A, to Bz = {} (so that
L BonB s 20} = Lizeno}):

B‘B‘ By
U . (4.1.24)

[ T o T

bl bQ b‘g‘ bl b2 aé\

Those two terms are basically the same. Splitting the sum over w into two depending on
whether |B| =1 (so that B = {b;}, where b; = (0,z)) or |B| > 2 and then, for the latter,
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4.2: Schematic representation of w(" (x). The sequence of edges B = {by, ..., bjs} joined
by the animals By, ..., Bjz form the backbone from o to z in A. The terminal animals
By and B share a vertex (due to 1(BonB g £} N (4.1.23)), otherwise those animals are
mutually avoiding (due to the product of indicators in (4.1.23)). Each animal B; contains

a double connection between b; and b, l.e., B; € D; .
j 95415 )y Dj bj.bj 4

by summing over the animals By, ..., Bjg—1 (to form an animal A3 € .Aghb‘m), we obtain

. p
2y ) Wp(B)<ﬂ{<o,x>¢EB}ﬂ{xeA}m

x#0 BEAo,x

+ Z Z < |) Z Wy (As) IL{VBmVAg:@}>- (4.1.25)

u€A veA(x Az€Auw
(u#z) (v;éo)

We further bound this below by restricting the sum over B € A, , to smaller animals
B = <V37 EB) with either
(i) Vg = Va4, UVa,, Eg = E4, U{(0,2)} U E4, for some A; € A,, Ay € A, (as in the
left and middle figures of Figure 4.1), or
(i) Ve = Va, UVa,UVy,, Eg = Ex U{(0,u)}UE4, U{(V,2)} UE,, for some A; € A,,
Ay € A, v € N, v € A(x), Ay € Ay (as in the right figure of Figure 4.1).
The contribution from (i) to the right-hand side of (4.1.25) is

22 Z Wy (A1) W, A2 IL{LUEA}‘A| Z Z ( ) Z WP(A3)H1{VAZ,OVAJ,:®}7

rF#0 A1€A, ucl ’UEA(I A3€Au,’u i#£j
Asc A, (u#w) (v#o0)

(4.1.26)
while the contribution from (ii) is

23" 3 Wy (A)) W (Ay) (hm}' LY > ( ) S WAy

z#£0 A1€A, uEN veA(z) Az€Auw
A2€A; (u#x) (v#0)

+ Z Z (%) Z Wy (As) Wp(A4)> Hl{vAivaj:@}' (4.1.27)

u,u’ €A v, EA(x A3z€Ay v i#]
(u;éu ) (v ) AQ€A 1 1
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Notice that the sum of (4.1.26) and (4.1.27) is four times as large as (4.1.22). This
completes the proof of ﬁp < 370 +0(3%). [ |

4.2 Detailed analysis of the 1-point function for lat-
tice trees

To complete the proof of Theorem 4.0.1, it remains to investigate p; = 1/g,, (due to
(4.1.1) and (4.1.2)). In this section, we concentrate our attention to lattice trees and show
the following:

Lemma 4.2.1. For lattice trees with d > 8 and L 1 oo,

Gy = e<1 -y r ;r 1D*”(0)> +O(8). (4.2.1)

n=2
Consequently,
—1+§:n+11)*n(o)+0(ﬁ2) (4.2.2)
p1 = e & 90 0 2.

To prove Lemma 4.2.1, we first rewrite g,, by identifying the connected neighbors Y of
the origin as

o = Z (6\_1|)IET|
ww x ()

YCA TeTyuo)
(Y|=1)

e (B S (B) T e 429)

YCA yeY RyeTy\To u,ve€Y
(Y=1) o (ustv)

where, and from now on, >y, is the sum over sets Y of distinct vertices of A (we recall
that o is not included in A) and

I Y A==l = S /Al 3" (p/|AD el (4.2.4)

yeY RyeTy\To Ry, €Ty \To Ry, €Ty, \To
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SR

w_+v

- A

4.3: Intuitive explanation of (4.2.5). The double-headed arrows on the left (= g,,)
represents mutual avoidance among subtrees. In the first term on the right (= G), those
subtrees are independently summed over 7, \ 7, y € Y, where Y is the set of connected
neighbors of the origin. In the second term on the right (= H), there is at least one pair

of subtrees that share vertices.

for Y = {y1,...,yn}. By convention, [],_, Livy, vy, =2} is regarded as 1 when [Y| = 1.
Let (see Figure 4.3)

gp, =G — H, (4.2.5)
where

G=1+ Y (%)lyﬂ 3 (%)lERy, (4.2.6)

(V) Ve LETATe

i= > (BT S () (0 I tweesr) G20

YCA y€Y Ry, €T \To u,weY
(1Y[>2) e (uztv)

We investigate those G and H in Sections 4.2.1 and 4.2.2, respectively (cf., Lemmas 4.2.2
and 4.2.4 below).

4.2.1 Detailed analysis of GG

From now on, we frequently use
Sei(z) =Y D™ (), (4.2.8)
n=t

where D*(z) = §,, by convention. The following is what we are going to show in this

section:

Lemma 4.2.2. For lattice trees with d > 8 and L T oo,

G= e<1 — %D’&(o) — Szg(o)) +O(B8?). (4.2.9)
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Proof. Since pig,, = 1, we can rewrite G as

o YZCA ( )|Y|H<R%(%)|E%_ > <|%)Em|>

yey Ry€To,y

(IY[>1) -~ . . _
9pq Tp1 (y)
Z v H T (Y)
=1+ ( ) (1 - A ) (4.2.10)
YCA yey Ip:
(IY[>1)

If we replace [[,cy (1 — 75, (y)/gp.) by 1, then we obtain

Go=1+ Y (w)m: (1+%’)|Al. (4.2.11)

YCA

(1Y]=1)
Since klog(1+1/k) =1—1/(2k)+O(k™?) as k 1 0o, and since |A|~! = D*?*(0), we obtain
1 1
Go = e(l 2|A|> +O(JA|7?) = 6(1 — 2D*2( )) +0(3%). (4.2.12)

Next we consider the remainder, which is

G- 3 <m>(H(ﬁ>)

(IY[=1)
Y] _Tp
= (| A|> e (42.13)
YCA ZCY yeZz
(1Y[=1) (12]=1)

Changing the order of sums yields

|Z| 1 Y\Z|
! (K) > (w)
ZCA yeZ Ip1 || ZCYCA ||

(12]=1)

| LU (EN

ZCN yeZ
(121=1)

G+ G (4.2.14)

where

1\ (7, +D)0) Gy
ZH (”W) =T g rippy 42D

Tpl 1\ vzl
=Y === (HW) : (4.2.16)
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We make use of reflection symmetry for (4.2.14)—(4.2.16), and will use it below frequently.
To estimate GG; and G5, we use the following lemma, which will be proven after the proof
of Lemma 4.2.2 is completed.

Lemma 4.2.3. For any d > 2 and x # o, the lattice-tree 2-point function satisfies

0 S 521< Tpl < Z S S>0( )521(2 — y) Szo(l’ — Z). (4217)

y,2EL%
(y#2)

Remark. The right-hand side of (4.2.17) is diagrammatically represented by

D 8%z =) Sx0(y) Soa(z —y) Ssolw—2) =, /L N, (4.2.18)

y,2€L%
(y#2)

where an unslashed (resp., slashed) line represents Ss (resp., S>1) and an unlabelled
vertex is summed over Z¢. Due to translation invariance, we can change the order of
terms in (4.2.17) for a given x # o. Then (4.2.18) is also equal to

D Sy S —y) Ser(z —y) =, / N\ (4.2.19)

yeZ®
(y#x)

These diagramatic representations will be used in the proof of Lemma 4.2.4 below.

First we estimate Go. By the first inequality in (4.2.17) and (1.1.3), we can show

(7, * D)(0) T () - d>2
AP Y < su <sup S < D™ = O(B). 4.2.20
2 < B <o) < 1D E 0B, (@2)
Therefore,
< Tpl = Tpl * D ) " 2
Gol <Go Y Y [ 22— <G —0(3).  (4.2.21)
n= 2(|§‘CA)yEZ n=2 I
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Next we estimate G in (4.2.15). By using (4.2.17), we have

02 82a(0) - 2220 57 iy (5400 - )

€24 I
(4. 2 17) 2
< ) D(x) Y S%(z—y) Ss0(y) Ss1(z — y) Sso(z — 2)

z€Z4 y,2€Z%

(y#7)
< ) SH(z—y) Sso(y) S=1(z — y) S=1(2)
y,2€2%
(y#2)
< sup S5 (w) (Sso * 5%)(0). (4.2.22)
w#o -

By (1.1.4), we can estimate each term as

S = Y 0w LY e D) o), w2)
s,t=0 n=1
(820 % 5%3) (0 ;t; Dt () = ; (Z) D*™(0) Z° 0(B), (4.2.24)
so that
0 < Ssa(0) — w = 0(p?). (4.2.25)

Therefore, by (4.2.12),

Gi = (= $alo) +0(8)(e - 500 +0())

———
(4.2.20) —
o Do(s)
Summarizing (4.2.12), (4.2.14), (4.2.21) and (4.2.26), we complete the proof of Lemma 4.2.2.

Proof of Lemma 4.2.5. First we recall

() _ 1 3 (p_ly)mﬂ, (4.2.27)

gpl gpl TETo » ’A

Since a tree T € 7, , can be divided into a unique path w = (wo, w1, . . . ,wWj,|) from wy = o
to wy,| = 7, called a backbone, and disjoint subtrees R; € 7, called ribs (see Figure 1.2),
we can rewrite the above expression as

lw| |w]

Tm—:_ 2 <|A|) Il > (|A|) IHH{VRS”VRFQ}‘ (4229

w:io—x j=0 R; GT s<t
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If we replace the indicator [], <t Lvp, Vs, =2} by 1, then we obtain

3 (|A|)Mﬁ 2 (|A|)| Ty () Zs a2

I w:0—x 7=0 R GT w:o—x

J/

e

9Ip1

Next we consider the remainder. Since 1 —[[7_; a; <3 7 (1—a;) aslongas0 < a; <1

for all j, we can bound the remainder as

Su1(x) — T’“—I— Z <|A|>W|ﬁ Z (W) v (1_3111{VRSWRF®}>

ol 1 ||
. Z (|A!> H Z (|A|) ZB{VRSHVR#@}- (4.2.30)

If Vi, NVg, # @, then there must be a w € Z¢ that is shared by those two ribs. Therefore,

the remainder is further bounded above as

Sa(a) - 2212 —Z()ZHZ()J

w:0—T s<t ]768 t R;j€Tw,

J/

le 1
9Ipy

I GO

wEZA Rs€Twg, w Rtent,w
N ~ 7 ~

Tpy (W—ws) Tpq (Wt —w)
|w]
= ¥ (1) TE mw-wma-w
gpl w:0—T | | s<t wezd

_y w5 %)

y,2€24 Ip1 Wi0—Y—2Zz—T
(y#2)
2z —y
= # S>0(y) S>1(2 = y) S>o(z — 2). (4.2.31)

y,ZGZd ‘gpl

(y#2)
The proof of (4.2.17) is completed by applying (4.2.28)—(4.2.29) to (7,,/gp,)* in the above
bound. -

4.2.2 Detailed analysis of H

To complete the proof of Lemma 4.2.1, it suffices to show the following;:
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Lemma 4.2.4. For lattice trees with d > 8 and L 1 oo,

_ez

0) + O(B%). (4.2.32)

Proof. Recall the definition (4.2.7) of H:

5 (IS () L) o

YCA u,veY
(1Y[>2) (usv)

First we split the indicator 1 —[], 2o LV, (g, =2} I (4.2.7) by introducing order among
pairs of distinct vertices in A, called bonds. If a bond b is earlier than another bond ¥’ in
that order, we denote it by b < &'. Then we have

H Lvg,nve, =2

{u}CY
Z Livy, AV, £0} H Live ,nve,, =2}
{u}CY {v' v'}CY

(w0 <{u,v})

> v~ 2 tomsa(1- T togo-a)

{uw}CY {uv}CY {v' 2'}CY
(' 0" <{un})
(4.2.34)

where the second sum on the right is zero when |Y'| = 2. Let H; be the contribution from
the first sum on the right:

Hi= ) (%) I > ( )IERy| > LV, 2o} (4.2.35)

(|§{/‘C>A2) yeY R,eTy\To {uw}CY

We will later show (after the derivation of (4.2.32); see (4.2.53)) that
Hy:= H, — H=0(3?). (4.2.36)
Next we investigate H;. Let H; be the contribution from the case of |Y| = 2:

2
! b b
w= 3 (i) 2 (&

{uw}CA
Ry €To\To

|ER, |+ ER, |
) ﬂ{VRuﬂVRviﬁ}' (4.2.37)
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By subadditivity, we already know that H; = O(p) for d > 4. By changing the order of
sums, we can rewrite H; — H] as

Y] |ERy|
won= 5 (3)' IS (3)™ 5 s

(|);|C>AE;) yeY RyeTy\To {u,v}CY

2 |ERy |+|ER, |
sy (Y oy (e L
|A’ |A’ {VrR, VR, #9}

{u,w}CA Ru€Tu\To
Ry €Tu\To

[\ J/

N
A
Hl

< Y (%)MH 3 (%)ERy'l. (4.2.38)

Y'CA\{u,v} yEY' R €T\
(Y'1>1) ~

J/

~
9p1 —Tpy (y")

Similarly to the proof of Lemma 4.2.2, we can show that the last line is estimated as

3 (’%')"”' 11 (1_Tp1(y’))

Y/ CA\{u,v} y' ey’ I
(IY'|=1)
|A]-2 [Y’] /
1 1
:(1+_) TS (_> H(l—w)—l
|A| YICA\{’LL,’U} |A| y ey’ gp1
(1Y']=1)
=e—14+0(p). (4.2.39)
Therefore,
H— Hj = H{(e—1+0(B)), (4.2.40)

or equivalently
H, = eH| + O(p%). (4.2.41)

Next we investigate Hj. To do so, we first rewrite 1y, nv, 2o} in (4.2.37) by intro-
ducing order among vertices in Z¢. For a vertex set V and an element z € V, we denote
by V<% the set of vertices in V' that are earlier than = in that order. By identifying the
earliest element # among Vg, that is also in Vg, (so that V3* N Vg, = @), we can rewrite

]]‘{VRumVRv #@} as

Lyvp, nVr, £0) = Z Laeve,y lvgrave, =2}

QIGVR“
- Z Lizevp,nve,} — Z (1 — H{VEJQVRUZQ}) (4.2.42)
x€Z4 z€VR, NVR,
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Let H{ be the contribution from the first sum in the last line:

H = Z ( )Z Z (%')IE%IHERU

{U,U}CA r€Z% Ry, ET \7—
R, €Ty z\To
2
D1

= Z (W) Z <Tp1(u —z) — Tz()?(o,u,x)) (Tpl (v—1)— Téf)(O,U,x)>

{uv}cA YA
w3 (1) y (Bemn_Eoun) (no-n g

{u,w}CA |A| wezd 9p1 Gpr I . s
(4.2.43)

where 7% (0, u, z) is a 3-point function, defined as
P(ou,x) = Y W,(T). (4.2.44)

We will later show that
Hy = H} — H; = O(8%). (4.2.45)

Finally we investigate H{. The dominant contribution to H{ comes from the product
of 2-point functions:

= S (ﬁ)Q S =) i 1)

{up}CA zeZd gp1 gpl
= 5 () 2570 2 () 2200 e
{u,w}CA I, {u,w}CA ’A‘ THAUv I 9

where we have used the identity 7,(0) = g,. We will later show that the other contribution
to H{ which involves 3-point functions is estimated as

H}) .= H — H" = O(B?). (4.2.47)
By Lemma 4.2.3, the first term in (4.2.46) is estimated as

: ¥ () 25

{u,v}CA Ip1
1 )2 1\ [~ (u—v)
= > () Szilw—v)+ (-) <—p1 — S>1(u—v)
> (m > () ("5
(uto) (uto)
1 1\? (7, (u—)
= S53(0) = 7 95100) + > () (B = Saa(u—v) (4.2.48)
Al Lo A 1

0(2) for d>2  (4#Y)

J/

e

(4.2.17)—(4.2.18) @
S Oe
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where a gap next to the origin in the last diagram represents 1/|A|. By translation
invariance and (4.2.23)-(4.2.24), the last term is bounded above by

@ <T|> < J><||5 (oo (S35 % S1)(0) = O(B).  (4.2.49)

y#o
<||S 2 lloo

Similarly, the second term in (4.2.46) is estimated as

3 (ﬁ)Q 3 T (4 — ) 7, (v — )

{uv}cA x#uw I Ip
1. 1,
= 1550 - yiSA0

O(B2) for d>4

5 Z (,A‘) > (Tpl(u_x) (v~ 2) —S>1(u—x)S>1(v—x)) . (4.2.50)

u,vEA THAU,v Ip: Ip:
~

u;év
=2 /\ * /\/\

x €T

By Lemma 4.2.3, (4.2.19) and the translation invariance, the last term of (4.2.50) is
bounded above by

[0} 1 y
[ > £4 E Ty o
0o —\—riH yEZd -I—\—- i y,2€Z% \—z z
S——

y
Y#0 N~ — Y,270
<S55 Ml <NS55%5%3 Ml

1
< ||S§’1||oo(5*o  551)(0) 43 1525 * STl (SZ5 * 521)(0)”

U

0(8?) for d>6 0(53)‘fror d>8
= 0(p?). (4.2.51)
Therefore,
1
H{" = S23(0) + 55%3(0) + O(8%) = Z D™ (o Z D (0) + O(8%)
n,m=2

)+ O(8%). (4.2.52)

Summarizing all the above estimates, we arrive at

H/—FO(BZ) 4245) H//—FO(BZ) 4247) H///—FO(ﬂQ)

“n—1
=R P 5—D™(0) + O(5%),

n=3

(4.2.36)

H = 0 '

4241

(4.2.53)
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as required. It remains to show (4.2.36), (4.2.45) and (4.2.47). |

Proof of (4.2.36): bounding Hy. First we recall that Hs is the contribution from the
second sum on the right of (4.2.34):

Ryl

S )L () s
yeY RyeTy\To

(ViEh) fukey

X (1 — H ]l{VRu,mVRv/z}), (4.2.54)
{u'v'}CY
({v ' }<{u,w})

which is nonnegative. Since we get an upper bound

L= H L{v,, Ve, =0} < Z Vve Vi, 22} (4.2.55)
{v' v'}CY {v'2'}CY
(' v <{un}) ({u’ W'y <{uw})

in a same manner as (4.2.34), we can bound Hs as

Ry
H, < Z <|€\—l|) H Z (W) Z Lvg, v, 20} Live ,nve , #0)

YCA €Y RyeT,\To u,w}CY
(YT>3) VER T ey
({u' v} <{u,v})

1Yl Ryl
2 Z( |> I 2 ( ) ) 2. Lvp, v, 22} Lve Ve, #0}-

YCA yeY Ry €T, \To {u,v}CY
(YT>3) ey

(fu' ) £ {u0})
(4.2.56)

Since {u,v} # {u/,v'}, the union {u,v} U {u/,v'} consists of either three or four distinct
vertices. We denote the contribution from the former by Hy 3, and that from the latter
by Hj4 and then we obtain

Hs (H23 + Hs 4) (4.2.57)

l\')l»—t

First we investigate Hs 4, which is bounded as (see Figure 4.4)
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.
e+0(B)

4.4: Schematic representation of Hy 4.

Ryl
Hyy = Z (6\—1’) H Z (]A\) Z Vv, v, 22} Lve ,nve , #2}

YCA yeY RyeTy\To u,v,u’ v ey
(1Y]>4) (distinct)
4 |ERy |+ ER, | +|ER_,|+|ER |
=S Do) b1 Y 1
- W W {VRumVvag} {VR“/OVRU/?&@}
u,v,u’ v'eA Ru€Tu\To
(distinct) Ry €T\ To
Rulen/\%
Rv/€7;]/\7:7

><<1+ > (fm)l Iy (4 )|E> (1259)

Y'CcA\{u,v,u’ 0"} yey’ R €Ty\To
(IY'[=1) d
9pq *Tpl (v)

By (4.1.1) (i.e., p1gp, = 1), the last line is equal to

1+ Y (ﬁ)m - (1 + ﬁ)w — e+ 0(8). (4.2.59)

Y'CcA\{u,v,u’' v’}
(1Y'|=1)

Then, by ignoring the constraint that {u,v} and {«',v'} are disjoint pairs and using the
trivial inequality Ly, Avi, 2o < Doy Lizevy, vy, as well as the relation Ty, \ To C Tua,
Hj 4 is further bounded above as

2

H2,4§(6+O(5))( > (%)2 > (%)IE%IHE&ﬂ{va,uvaﬁ@})

{U,U}CA Ruen\%
Ry€To\To
n py \ Erul 1 Er| 2
<erom( ¥ (B)YL ¥ (&)
{u,w}CA x€Z4 Ru€Tux
RUGTM

S/

Ty (=) Tpy (v—2)
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4.5: Schematic representation of Hs 3.

- x)> . (4.2.60)

Finally, by using 7, (u—x)/g,, < Ss>1(u—z) for x # u (cf., the first inequality in (4.2.17))

(4é1) (€—|—O(ﬂ))< Z (Wll) Z TP1<U_:E) Tpl(v

{u,w}CA x€Z4 Ip Yp

and 7,(0) = g, for x = u, we arrive at

2

Hoy < (e+ O(ﬁ))( > (ﬁ) S;QO(U—'U)> < (e+0(8)) S2(0)® 2 O(8%),

(4.2.61)

Next we investigate Hs 3, which is bounded in a similar way to (4.2.60) as (see Figure 4.5)

Y] |ER,|
b1 D1 Y
Hy3 = E <W> H E (W) E : H{VRUQVRU¢®}ﬂ{VRuﬁVRv,#Q’}

YCA yeY RyeTy\To u,v,v' €Y
(1Y1=3) (distinct)

R B

u,v,v' EA 2,2/ €74 Ru€T, 4 4
(distinct) Ry€Tyn
R1;’€7;’,m’
1)° T (u, z, 2’ —x o=
~erog, 3 () X BEIHMUImUD) (g
u,v,v’ €A |A’ 2,2’ €74 gp1 Ip 9py
(distinct)

Due to submultiplicativity, we can bound 7 (u, x,z") as

T;S)(U: z,7') < Z Tp(u —y) (2 — y) T’ — ). (4.2.63)

y€ezd
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Then, by using 7, (v — x)/g,, < S>1(u — ) for z # w and 7,(0) = g, for x = u, we can
bound the sum in (4.2.62) as

3 <1> 3 Ton (1= ) T (7 = ) T (2 = 9) T, (0 = 2) 7, (' — @)

w,v,v’ EA |A| y,z,x’' €Z4 Im Ip1 9py I I,
(distinct)
1 3
: Zézd Fz0(z =) Sz0(a’ — y) Z:e/\ (m) Sxo(u —y) Sso(v — ) S>o(v' — )
Yt w0,

v~

S>1(y) S»1(x) S>1(2”)

=) (S20% S21)(»)* Sx1(y)

yeZd

< 11520 % 8211 (S0 % 554)(0) = O(8%). (4.2:64)
This together with (4.2.57) and (4.2.61) implies

Hy < =(Haz + Hyy) = O(8%), (4.2.65)

N | —

as required. ]

Proof of (4.2.45): bounding HY. First we recall that HY is the contribution to H] from
the second sum on the right of (4.2.42):

n 2 n |ERy, |+ ER, |
H= Y (W) DS (W) (1= Lygrnvn—ey).  (4:2.66)

{u,w}CA €7 Ru€Tu,z\To
R, 67:1,30\7'0

Notice that

L = Tvsenvg, =2y < Z Lo evi, nVa, }- (4.2.67)
z'€Z\{x}

By the inclusion relation 7Ty, ;. \ To C Tusr and using (4.2.63), (4.1.1) and (4.2.17), we
can bound HJ as (see Figure 4.6)
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4.6: Schematic representation of the bound on HY due to (4.2.67).

s G 2T ()

{u,w}CA 'ezd Ru€T, ,
(a:;écc ) RUGE x,x/
Tﬁ) (u,z,x’) Tﬁ) (v,z,z")
< g4 T (Y =) Tp (Y — ') 7, (¥ — @) 7, (v — )
SO 2 g g g 9
w,:v',y,y’EZd p1 P1 p1 b1
(w')
- Z ( ) TP1 y) Tp1 (U — y,)
Lo A Im Im
g4
LN Saoly — 1) Sso(y — 2') Sxo(y — ) S=o(y — ') S=1(y) S=1(y).
z,x’ y,y €L
(z#2")

(4.2.68)

Shifting the variables by —z’ and changing the variables x — 2/, y — ', y' — 2’ to the new

ones w, z, 2, respectively, we can rewrite the above sum as

E S>0 Z — S>0( ) SZQ(Z, — ’LU) SZQ(Z/) E 821(2’ + 33,) SZl(ZI + .CE/),
w(z 2 E)Zd x'eZ4
w#o

5*2 (z z")

which is bounded above by

1520 352 W) = 1521 3 (Z<n+ 1>D*"<w>)

w#o w#o ~n=1
e’ t—1
<52 YD (0) Y (n+ 1)t —n+1) =05,
t=2 n=1

o(t3)

as required.
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Proof of (4.2.47): bounding HY'. First we recall that H)" is the contribution to H{ which
involves 3-point functions (cf., (4.2.43)):

S (ﬁ)QZ (3)(0u93)( <3>(ovx)_2rpl(ul—x))_ (1.2.71)

{u,v}CA zeZd gpl gpl gp

By (4.1.1), (4.2.63) and (4.2.17), we can readily conclude that

|Hy'| < 97[2)1 Z (ﬁ)Z Z o () Tpu (Y — ) 7, (y — )

woeh R Ip1 Ip1 I
% (92 Z Tpl(z) Tp1(z — ) 7-191(2 — ) 1 27_171(” - l‘))
o ez Ip1 Ip1 p1 Ip1
< gpl Z S>0(y) S>1(y) Sso(y — @)
x,y€Z4
g2
X (% sz S50(2) S51(2) Ss0(z — ) + 5>1(»’17)>
zEe

— gpl Z S>0 S>1 <gp1 Z S>() S>1( )S;%(y — Z) + (SZO * S>1)(y))

yeZ 2€74

2
g *
< 2, (So0 50)(0) ( %H(Se050)(0) Sl + (30 Soil )
—_——— N S ——
O(B) for d>4 O(1) for d>4 O(B) for d>4

= 0(p?), (4.2.72)

as required. ]

4.3 Difference between lattice trees and lattice ani-
mals

Finally we prove Theorem 4.0.1 for lattice animals. Recall that, by Lemma 4.1.1, it
suffices to investigate p; = 1/g,, (cf., (4.1.1)). The following is the key lemma:

Lemma 4.3.1. For lattice animals with d > 8 and L 1T oo,

n+1_. 1
9o = 6(1 - Z —5—D"o >) + 5523(0) + O(8%). (4.3.1)
Consequently,
RN S e )
pr=_+ ; L (0) = 53523(0) + O(57). (4.3.2)
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Proof. As a first step, we want a similar decomposition to (4.2.3) for lattice animals. To
do so, we identify the connected neighbors Y of the origin, just as done in (4.2.3). Then,
we introduce I'(Y'), which is the set of all partitions of Y. For example, if Y = {1,2, 3},
then

DY) = {{Y} [2h 33} {003k 21} {01231 {1} 12), {3}}} (43.3)

For a partition v € I'(Y'), we denote by |v| the number of sets in ~, so that v = {%}M
We can rewrite g, as

=1+ ( |)Y Z ﬁ D (%)ERjﬂﬂ{VRimVRj@}. (4.3.4)

(‘§;|C>A1) YEL(Y) j=1 R;eA\ A, 1<j
The contribution from the maximum partition ¥ = {{y}},ey (ie., |7] = |Y]) is equal to
(4.2.3) (with T replaced by A) and can be decomposed into G and H as in (4.2.5) (with
R, regarded as animals instead of trees). Let I be the contribution from the remaining
partitions v € I'(Y') with |y| < |Y'|, which is zero for lattice trees:

I:gpl_(G_H)

S S () M s

(V22) (\f@ﬁw HliE Ay e ~
To evaluate G, H and I for lattice animals, we cannot apply Lemma 4.2.3, which is a
powerful tool for lattice trees to identify the coefficients of 5 as well as to estimate the
error terms of O(?%). For the latter purpose for lattice animals, we will use the infrared
bound (4.1.5) (and monotonicity in p, i.e., 7, < 7, ); for the former purpose, we will use
the following bounds that correspond to (4.2.25), (4.2.48) and (4.2.50), respectively:

Lemma 4.3.2. For lattice animals with d > 8 and L 1T oo,

Z i Tpflz — S2(0)| = O(F), (4.3.6)
uEA p1
1 27—171 (U - U) 1 B )
{u%:m <W) I 5523(0)| = O(F7), (4.3.7)
LY’ m(Uu—z) 7 (@ —v) 1., . 2
{u,%:cA (W) ; I, G 5522@‘ = 0(6%). (4.3.8)
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We will prove Lemma 4.3.2 after the proof of Lemma 4.3.1 is completed.

Now we resume the proof of Lemma 4.3.1 assuming the bounds in Lemma 4.3.2. First
we recall G = Gy + G1 + Go (cf., (4.2.14)), where G is independent of the models and
estimated as (4.2.12); Gy is defined as (4.2.15) and here we use (4.3.6) to show (4.2.26);
(5 is defined as (4.2.16) and obeys the same bound as (4.2.21). As a result, Lemma 4.2.2
also holds for lattice animals. Similarly, we can show H = e(H{"+ Hy' — Hy — Hy) +O(?)
(cf., (4.2.36), (4.2.41), (4.2.45) and (4.2.47)), where H{" is defined in (4.2.46) and here we
use (4.3.7)—(4.3.8) to show (4.2.52); Hj is bounded by Hs 3+ Hs 4, and Ha 3 and Hs 4 are
further bounded as (4.2.58)—(4.2.60) and (4.2.62)—(4.2.64) (with 7 replaced by .A), and
here we use the infrared bound (4.1.5) and the convolution bound on power functions [9,
Lemma 3.2(i)] to show Hy = O(?), such as

3 (ﬁ)z S 1y (= 2) 7 (v — )

{u,w}CA xeZd

1) O(L™2) O(L™2)
: {U§A(|A|) 2.7

o= 2]V D72 (Jo =2l v )2
S ’ O(L™) _ 2
< % () grarvme =@ (439)

{u,w}CA

Similarly we can show that HY and Hj}’ are both O(?%) by using the infrared bound and
the convolution bound, instead of bounding 7, /g,, by S>¢ or S>1, just as done for lattice
trees. As a result, Lemma 4.2.4 also holds for lattice animals.

Next we investigate I, which is unique for lattice animals. Let I; be the contribution
from v € I'(Y) with |y| = |Y| — 1, i.e., consisting of a pair {u,v} and |Y| — 2 singletons

{v}yer\(uoy:
Y] |ER| |ER, |
- D1 P1 D1 Y
=X (f) = 2 (B) v (&)
YCA {U,U}CY RG-Au,U\-Ao yEY\{u,v} Ry G'Ay\AO
(IY[>2)
X H ]]-{VRﬂvRyZQ} H H{VRyﬂVRZ=@}7 (4310)
yeY \{u,v} y,2€Y \{u,v}

(y#2)

where an empty product is regarded as 1. The dominant contribution to I, denoted I7,
comes from when the last line is replaced by 1. By the tree-graph inequality (4.2.63),
which is also true for lattice animals due to subadditivity, and then using the infrared
bound (4.1.5), it is estimated as (see Figure 4.7)

2 Y|
P 1 Tp. (Y
1= 3 () Gemo-miean) ¥ () I(-%2)
{uw}CA Y'CA\{u,v} yey’ Ip1

g

e+0(B)

J/
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4.7: Schematic representation of the dominant contribution to I7.

= p(er o) Y (ﬁy(%w—w_nﬁ)(ow))

91 Im
140(8) {u,v}CA

3 ()

{u,w}CA Ip1

(43.7) %523(0)+0(52). (4.3.11)

On the other hand, by using 1 —ab < (1 —a)+ (1 =) for any a,b € {0, 1}, we can bound
the difference I] — I; (> 0) as

n 2 D |ER| D1 Y| 1 |ERy‘
!
n-n< » N > Al > Al I > Al
Al Al Al Al
REAu»\ Ao Y'CA\{u,v}

{u,w}CA yeY’' RycAy\ Ao

X <1 - H H{VRHVRy=®} +1- H H{VR?JQVRZ:@}>

yey’ y,2€Y”’
(y#2)

n 2 P |ER| D Y| 1 |ERy‘
<y () ¥ (&) X (%) I > (&)
Al = i) & A Al

yeY’' RycAy\ Ao

x <Z Lvanv, £} + D IL{VRyﬂVquéQ})- (4.3.12)

yey’ y,2€Y”’
(y#2)

This is O(f?), as the contribution from the former (resp., latter) sum in the last line
can be estimated in a similar way to showing Haz = O(8?) (resp., Hay = O(?)); see
Figure 4.8. As a result,

L- %szg@ +O(3). (4.3.13)
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e+0(B) e+0(B)

4.8: Schematic representation of the bound on (4.3.12).

Finally we estimate the difference I — [;:

I-5=3% (%)m 3 ﬁ D (%)E%Hﬂ{v&mv%_@}. (4.3.14)

YCA €T(Y) Jj=1RjeA, \ A, i<j

(1Y]>3) (|';7|<|Y| 2) 7
Since |y] < |Y| — 2, there are two possibilities: (i) there is a set in « which includes at
least 3 distinct neighbors of the origin, or (ii) there are at least two disjoint sets in v both
of which include exactly two distinct neighbors of the origin. Therefore,

Y| 7] |ER;|
p pr\
rns S (f) SIY () v
YCA ) i=1 RjeAy\ Ao 1<j
(V=3)
x (ﬂ{aj, 123} + Lziz, |%|=|w\=2})

where I3 and [ are the contributions from 1(g; |, >3y and Tzi%;, |v,=|,, =2}, respectively.

For I, we split the set Y of neighbors of the origin into U, V and Y' =Y \ (UU V),
where U NV = @ and |U| = |V| = 2. Partially ignoring the avoidance constraint among
animals, we can bound /5 as

m\’ D1 &l m\’ D1 =
X () T () X (K) = ()
UCA ReAp\ Ao, VCA\U

R'eAy\ Ao
(1U]=2) (V|=2) A

Ly (fﬂ)y SIS <%|)E’”HIL{VWM}. (43.16)

Y'CA\(UUV) ~el'(Y') j=1 R; eA7 \Ao 1<j

Notice that the second line is almost identical to g,,; the only difference is the domain of
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summation over Y, and therefore it is bounded above by g,,. Since p;g,, = 1, we obtain

b%( > (a) > (%)'ER'>2(4%7)p1(%szg<o>+0<52>)2=O<ﬁ2>.

{u,w}CA ReAy v

J/

'
Tpy (u—v)

(4.3.17)

For I3, we split the set Y into X and Y’ =Y \ X, where X includes at least 3 distinct
vertices x,y, z € A. Again, by partially ignoring the avoidance constraint among animals,

we can bound I3 as
Z »n |ER]
Al

e L2 )2

z,y,2}CA  XCA
{y} (Xoe.2)

X Z ( |)|Y/ Z ll[ Z (%)lERjIHE{VRmVRjzz}‘ (4.3.18)

Y/CA\X YEL(Y') j=1 Rj€A;\ Ao i<j

Notice again that the second line is bounded above by g,,. Using the relation Ax \ A, C
A, and splitting X into {z,y, 2} and X’ = X \ {z,y, 2}, we obtain

oo 2 ()2 () 2 ()

{z,y,2}CA ReAz y,» X'CcA\{z,y,z
NS e N

Té?(m,y,z) < (1+p1/[ADIA

By the tree-graph inequality (4.2.63), we can show that

3
P 3
Z (ﬁ) T;él)(xaya Z)

{z,y,2}CA
3
< D> (i) > T (& = W) Ty (y = ) 7 (2 = )
{z,y,2}CA |A| wezZd I Im 9p1
3
-y () e, S =)
{z,y,2}CA |A| . Ip Ip Gpy Im I G
3 1\2 T (2 — w) 7, (y — w)
= g_(l’D*TleooJr HDlloo) > (m) > . r— (4.3.20)
" 0(8) (-(4.1.5)) {ytcA WA,y 1 no

O(B) ((4.3.8)

hence I3 = O(?). This completes the proof of I = $553(0) + O(5?), hence the proof of
Lemma 4.3.1. ]
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Proof of Lemma 4.53.2. First we prove (4.3.6). By the inverse Fourier transfom, we have

- (D ] Tpl_(“)) (0) = /[_Wd Dy I (gil;d_ w321)

9p: Ip:

the rewrite

Z ]-Tp1

EA 9

Notice that the Fourier transform of the recursion equation (2.2.9) yields

9p + h (k> p(k)

7 (k) = . 4.3.22
N gyt k) + 70D 22
We use this identity at p; = 1/g,,. Let

H(z) = M@ (@) (4.3.23)

9p:

Thanks to the symmetry, the Fourier transform H (k) is real. Moreover, by (4.1.6)~(4.1.7),
we can show that, for d > 8 and L > 1, |H (k)| = O(S) uniformly in k. Then, we can
rewrite 7, (k)/gp, as

T (k) 1+ H(k)
g 1—(1+ H(k)D(k)
-t Hk) L (4.3.24)
1-D(k)  1—D(k)1—(1L+ H(k)D(k)

Applying this to (4.3.21) yields the main term S>2(0) as
1 D d D(k)H(k) - d
Z T (1 _/ (k) d kd +/ (k) (k)F(k) d kd. (4.3.25)
I [-rat 1= D(k) 2m)  Jizme 1= D(k) (27)

551(0) (=552(0))

It remains to show that the second term on the right is O(3?). To do so, we want an
effective bound on F(k) We will show at the end of the proof that, for d > 8 and L > 1,
there is an L-independent constant C' < oo such that

- C
1 —D(k)
uniformly in k. However, to use (4.3.26) for the second term of (4.3.25), we have to bound
ﬁ(k) above by the absolute value of it, which makes it difficult to show the error being

O(?). Instead, we first rewrite F/(k) as

. 1 D(k)H (k)
1

AT Fk). (4.3.27)



Then, the second term on the right of (4.3.25) equals

D) ds D) o 0%
\/[—Mld (1= D)2 ) /[_m]d ( 1— D(k) ) F) Gy (4.3.28)
(D*S%2%H)(0)

Notice that, due to the identity (4.3.27), we can make D(k)2, which is always positive, in
the second term of (4.3.28). The first term is readily bounded by HD*S?OHOOI?(O) = 0(B?).
For the second term, we use |H(k)| = O(8) and (4.3.26) to obtain that

D(k)H k)N p .y Ak > Dk d% .
/[m]d ( 1— D(k) > F(k)(zw)d <00 )/[m]d (1= D(k)) 2m)7 O(5°). (4.3.29)

(D*Q*gg%)(o)

N

This completes the proof of (4.3.6).

We can also prove (4.3.7)—(4.3.8) in a similar manner by assuming (4.3.26). Hence we
here prove only (4.3.7). By the inverse Fourier transform, we can rewrite the sum in
(4.3.7) as

(1) Lot

{u,v}CA Ip1 In
1 / ~ ot (B) A%k 1,
== D(k — —D*(o0). 4.3.30
2 [—m,m]d ( ) p, (27r)d 2 ( ) ( )
Then, by the identity (4.3.24), we can extract the main term $5>3(0) as
1 D(k? d%k 1 1 D(k)H(k) ... d%k
—/ (A) y ——D*2(0)+—/ ( )A ( >F(k) . (4.3.31)
2 [—,m]d 1— k) (27T) 2 2 —m,m)d 1— D(k) (27T)
£525(0)

Similarly to (4.3.29), the second term is bounded as
1 D(k)2H(k) -, . d% | (43.26) D(k)? A%
5 A rw ] o) [ WLk _ o),
[ —rat (1= D(k))? (27)

2
(D*Q*S?O) (o)

~

1— D(k) (2m)d

(4.3.32)

hence the completion of the proof of (4.3.7).

Finally we prove the inequality (4.3.26), for [|k|| > 1 and ||k|| < T separately. We begin
with the former case. It is known (cf., e.g., [26]) that our D satisfies [29, Assumption DJ;
in particular, there is an L-independent constant n € (0, 1) such that

VE . lIkl1>+
149 < D(k) < 1-n. (4.3.33)
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Since |H (k)| = O(8), we obtain that, for L > 1,

—l+3 < (1+H(k)D(k) < 1- 2 (4.3.34)
hence
1 vk . kI>2E 2 vk 2 9 _
< By < =< 220 (4.3.35)
2—1n/2 n = n1-—D(k)

It remains to show that F'(k) is bounded above by a multiple of (1 — D(k))~" uniformly
in ||k|| < 1. We note that

F(k)™ =1— (14 H(0)) + (1+ H(0)) (1 — D(k)) + (H(0) — H(k)) D(k)

—b(k)> (1= D(k)). (4.3.36)

A

= —H(0) + <1 + H(0) +

Since —H (0) is bounded below by a positive multiple of 5 (as explained in the beginning of
the proof of Lemma 4.1.1), ignoring this term yields a lower bound on F'(k)~!. Moreover,
since |k - x| < ||k||||z|| <1 for z € A and ||k]| < f, and since 1 — cost > 3¢ for || < 1,
there is a ¢ > 0 such that

R B 1 —cos(k - x) k‘ ZU 2Hk'“2 ”tz
1 D(k?> = Z |A| = 7-[-2 Z - dm? Z |A| (4337)

zeA zeA

>cL2

On the other hand, by 1 — cost < £t for any ¢ and using the z-space bounds (4.1.4) and
(4.1.7), we have

” H2Z|| 12| H (x (4.3.38)

o(L28)

Therefore, by taking L sufficiently large, F (k)~! is bounded below by a positive multiple
of 1 — D(k), uniformly in ||k|| < 1. Combined with (4.3.35), this completes the proof of
the inequality (4.3.26), hence the completion of the proof of Lemma 4.3.2. |

4.4 Notes

Having accomplished the estimate of the critical point for the spread-out lattice tree
and lattice animals, the evaluation of p. for several major statistical mechanical models
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Model ‘ Spread-out model ‘ Nearest-neighbor model ‘ d.

Lattice trees

. _ [I] Kawamoto, Sakai [34] Miranda, Slade [40] 8
Lattice animals
Oriented percolation Cox, Durrett [10]*
Contact process Liggett [36]* 4

Self-avoiding walk van der Hofstad, Sakai [26]

H | 22
Percolation ara, Slade [22]

7% 4.1: The authors who achived the best estimate of p. in d > d, so far

for the spread-out model has been concluded. For the nearest-neighbor model, the best

estimate for oriented percolation (OP) so far was achieved by Cox and Durrett [10]:

1/1)° ) 1)’ .
— | — )< < — - 4.
1+2<2d) +o(d )_pc_1+<2d) +0(d™), (4.4.1)

and for contact process (CP) so far, it was obtained by Ligget [36]:
pe=1+0(d"). (4.4.2)

Both best estimates (4.4.1) and (4.4.2) appear to have room for improvement because
they did not identify the exact expression of the error term. For the lace expansion for
oriented percolation, three derivations are known[17, 41, 46], but Sakai’s derivation [46]
is particularly simple. It is known that the contact process can be approximated by
an oriented percolation model (see e.g., [2, 3]), and thus the lace expansion derived by
Sakai can be applied to contact process. As we do in Chapter 3 and Chapter 4, the critical
points for both OP and CP can be described with the lace-expansion coefficient. However,
while for the spread-out model, the second error term from the mean-field value arises
due to the Riemann-sum approximation (see (1.1.8)), in the case of the nearest-neighbor
model, the second error term comes from the lace-expansion coefficient. Therefore, we
need to investigate the lace-expansion coefficinet more carefully. Hara and Slade [22],
investigated the critical point for the nearest-neighbor self-avoiding walk and percolation,
and Miranda and Slade [40] investigated the critical point for the nearest-neighbor lattice
tree and lattice animals. The main idea used in [22, 40] has the recursive structure.
They first get coarse estimate of p., and then by the coarse estimate, they obtain a more
accurate estimate. Then, using the estimate obtained by the first procedure, they obtain
a more accurate estimate. Iterating this procedure will results in increasingly accurate
estimates of p.. The same strategy used in [22, 40] should be applied to the estimate of

p. for the nearest-neighbor oriented percolation and contact process.
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