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S1 Minimization of the free energy

S1.1 Free energy

We here derive the conditions of the DNA volume fraction ¢, the occupancies, a. and ay,
of DNA by mutant condensins and nucleosomes, and the fraction N./N of DNA units in
the core. The free energy of the bean structure is discussed in the main article. We here
summarize it to be self-contained. The free energy of the bean structure is the sum of the

free energy F. of the core and the free energy Fj, of the halo,
F = F.+ F,. (S1)
The free energy of the core has the form

Fc = %fc(gcaaha¢)> (82>

where V, is the volume of the core and f. is the free energy density of the core. The free

energy density f. in the core has the form

fc(acaah7¢) = fent+fsol+fbnd- (83)

fent 18 the density of the elastic free energy due to the entanglement. f,, is the density
of the solution free energy due to the mixing entropy and the interaction between mutant
condensins. fy,q is the density of the binding free energy due to the assembly of nucleosomes
and the loading of mutant condensins.

The free energy of the halo has the form

Fh = /Tb dT47TT2 fh(aCJ Oy, ¢7 T)’ (S4>



where [ dr4mr? is the volume integral over the halo. r is the distance from the center of
the bean structure. 7. is the radius of the core and ry is the radius of the bean structure.
fu(ce, an, @, 7) is the free energy density of the halo and is a function of a., ay, ¢, and r.

The free energy density fu(ac, an, ¢,7) in the halo has the form

Julae, an, @,7) = fiop + fsot + fona (S5)

fiop is the elastic free energy due to the DNA looping at the halo. fs is the solution free
energy and fi,q is the binding free energy. fi,; and fynq are the same as the second and third
terms in the round bracket of eq. (52).

The volume V. and the radius r, of the core a relationship with the DNA volume fraction

¢ in the core

Ve=—ri = (S6)

where N, is the number of DNA units in the core. The radius r}, of the bean is determined

by the conservation of the number of DNA units,
® 2 3
/ drinr?e = (N — N,), (S7)
where N is the total number of DNA units in the system.

The elastic free energy has the form

3Gy Neo 1

fent 5)\75 Ne Ozh+p(1—ah)'

(S8)

The derivation of eq. (S8) is shown in the main article and we do not repeat it here. Ny and
N, are the number of DNA units between the effective crosslinks due to the entanglement

in the relaxed (reference) state and the equilibrium (actual) state. G is the shear modulus



of the entangled chromosomes in the relaxed (reference) state, see eq. (13) in the main
article. )g is the swelling ratio. p is the ratio between the size of bare DNA to the size of
nucleosomal DNA, see eq. (14) in the main article. The number of effective crosslinks due
to the entanglement is constant. Because the difference between N,y and N, is due to the

assembly of DNA loops in the halo, the ratio N,/N has a relationship

Ne

0

=
Il
=)=
E

The swelling ratio has a relationship with the DNA volume fraction,

b0 Ne
/\s NeO .

(S10)

By using eq. (S10), eq. (S8) is represented as a function of the DNA volume fraction ¢ and
the occupancies, a. and ay, of DNA by mutant condensins and nucleosomes.

The solution free energy has the form

for = L1 g—ano— ac) log1 — 0 — and — acd) — xa26?].  (S1D)

b

kg is the Boltzmann constant and 7' is the absolute temperature. by is the Kuhn length of
bare DNA. y is the interaction parameter.

The binding free energy has the form

kT
fond = % [aclog o + anlog an + (1 — ae — an) log(1 — ae — )
0
+(‘5c - ,uc)ac + (Eh - ,Uh)ah] 5 <812>

where €. is the energy gain due to the loading of mutant condensins and y. is the chemical
potential of mutant condensins. ¢, is the energy gain due to the assembly of nucleosomes

and gy, is the chemical potential of histone proteins.



The elastic free energy fi, due to the DNA looping has the form

3 /rm\* 11 p
oo = 5\ ) 37 ; 1
Jiop 2(r> b3 ¢ am + p(1 — o) (513)

where 7, is the length scale defined by

)
2 nby
m 47

(S14)

S1.2 DNA volume fraction and occupancies in the halo

The free energy in the halo is a functional of the DNA volume fraction ¢(r) and the occupan-
cies, a(r) and oy, (1), of DNA by mutant condensins and nucleosomes at the halo. To ensure
the conservation of the number of DNA units in the halo, eq. (S7), we use the Lagrange

multiplier

F=F—pq [/ dramr®é — (N — N,) (S15)

to the free energy, eq. (S1). We note that the second term of eq. (S15) is necessary because
the number of DNA units in the halo depends on N, which is determined by the free energy
minimization. pq is the chemical potential of DNA units.

The variation of the free energy with respect to ¢(r), ac(r), and ay(r) has the form

oF = /r:b Arridr [(aaqbfh(@c,ah,gb, T) _Md> 56 + (aic

+ (afh(ozc, on, O, r)) 5(14 , (516)

fulae, an, @, T)) R

80&}1

The profiles of ¢, a., and oy, at the free energy minimum satisfy 6 F' = 0 for any variations



09, da,, and day,. This leads to the conditions of the free energy minimum

0

%fh(a07aha¢7 T) = Md (817)
aaacfh(a07aha¢7 7”) =0 (818)
0

@fh(gc’ ap, ¢,1) =0 (S19)

Eqgs. (S32) - (S34) represent the fact that the chemical potentials of DNA units, mutant
condensins, and histone proteins are uniform in the halo and lead to the profiles of ¢(r),
a.(r), and ay(r) in the halo.

Eq. (S17) can be integrated as

fu(ae, an, @, 1) — pagp = =1y (r), (S20)

where 11, (7) is the integral constant, but is a function of r because of the dependence of fy

on r. Eliminating uq in eq. (5S20) by using eq. (S17) leads to the form

M) = &5 (fh(a‘f’gh’qb’T)) (s21)

and the integral constant II(r) is indeed the osmotic pressure. Because of the local equilib-
rium at the iterface between the halo and the exterior solution, the osmotic pressure is zero

at r=nmp
Hh(Tb) = 0. (SQQ)

Eq. (S22) is one of the boundary conditions of eqs. (S17) - (S19).
We note that eqgs. (S17) - (S22) are also derived by directly enforcing the conservation of
DNA units, eq. (S7), instead of using the Lagrange multiplier, the second term of eq. (S15).

In such case, one has to take into account the fact that the exterior radius r, of the bean



changes by

1 b
or, = —— drdmr?6o. 2
e T rdrr<do (S23)

due to the variation of the DNA volume fraction §¢. This indeed leads to the same form as

eq. (S16) with

g = f(Oécb,Oéhb,%,?"b), (S24)
®p

where the subscripts b represent the values of quantities at r = rp, i.e. aw = ac(m),
any = ap (1), ¢n = ¢(1rp). Eq. (524) is indeed equivalent to eq. (S22). However, we use the

Lagrange multiplier, eq. (S15), that makes the following calculations simpler.

S1.3 DNA volume fraction and occupancies in the core

We denote the DNA volume fraction in the core as ¢, to distinguish it from the DNA volume
fraction in the halo. The DNA volume fraction ¢., the occupancies of mutant condensins
and nucleosomes, a, and ay,, in the core are derived by the minimization of the free energy,
eq. (S15). At the minimum of the free energy, the partial derivatives of the free energy with

respect to ¢., ac, and oy, are zero. This leads to the conditions

Hc — Hh(rc) <S25>
d fc(aca Qh, ¢) _
Ja. ( 5 ) =0 (526)
0 fc(aca Qs ¢) _
2 (o)) -

where the osmotic pressure II. in the core is defined as

2 0 fC(a07&h7¢c)
e = o5 - < . ) . (S28)




Eq. (S25) represents the continuity of the osmotic pressure at the interface between the halo
and the core. Egs. (S26) and (S27) represent the fact that the chemical potentials of mutant

condensins and histone proteins are uniform in the core.

S1.4 Distribution of DNA

The fraction ne (= N./Ney) of DNA units between effective crosslinks is equal to the fraction
of DNA units in the core, see eq. (S9). The fraction n, also derived by the minimization of
the free energy. The first derivative of the free energy with respect to the fraction n, has the

form

Hd = e, <829>

where i, is the chemical potential of DNA units in the core

0 [(F; 9 (4mr?
fe = One (N) + One ( 3N ) M (re). (830)

The second term of eq. (S30) is due to the fact that the volume of the core can change under
the osmotic pressure II},(r.) (one may find more explicit if one note that N. (= Nn,), see eq.
(S9)). By using egs. (S2), (S6), and (S25), eq. (S30) is represented by only the quantities

of the core

9 fbg\ | 1Lebg
= ) 1
He ane (ne ch ) * ch <SB )

S1.5 Explicit forms of the continuity equations

The explicit forms of the continuity equations of chemical potentials in the halo are derived

by substituting eqs. (S5) into eqs. (S17) - (S19),

aclog ae + aplogay + (1 — ae — ay) log(1 — ae — ay) + (€0 — pie)ae + (e — pin)an

8



—(1+ o + o) (log(1 — ¢ — ang — acd) + 1) — 2xale

3 /rm\* 1 p
_o2(Imy = = S32
2<r>¢%m+m1—%> i (532)

log Qe — log(l — Q¢ — ah) + (EC - ,uc) - log(l - ¢ - Ochb - ac¢) -1

—2xaep =0 (S33)

IOg ap — IOg(l — Q¢ — ah) + (Eh - HJh) - log(l - ¢ - CYCQb - ac¢) -1

3 /rm\* 1 plp—1) B
3 (r) @ (om +p(1—ap))? > 539

The osmotic pressure 1}, is derived by substituting eq. (S5) into eq. (S21) as

M, = —log(l—¢—acp—and) — (14 ac+ an)p — xale?

T \? 4 p
- (r) ¢ on +p(1 —an) (535)

Similary, the continuity equations of chemical potentials are derived by substituting eq.

(S3) into egs. (S26) and (S27). This leads to eq. (S33) and

log oy, —log (1 — e — o) + €y — pn — log (1 — ¢ — acp — ang) — 1

3 Gobg (Ne0>4/3 —2/3 p—1
282 kpT \ Ne (an +p(1 — an))?

= 0. (S36)

The osmotic pressure Il in the core is derived by substituting eq. (S3) into eq. (528),

Hc = - 108; (1 - (bc - &h¢c - ac¢c) - (1 + ap + Oéc)(bc - XCKE(ﬁ?
3 4/3
- 16;30% ( Neo) ¢/ ! . (S37)
¢0 ]{BT Ne Oéh+)0(1 _ah)



S2 Approximate solutions for uniform polymer model

S2.1 Free energy for uni-condensed state and bean core

In the condensed phase, the occupancy of DNA by mutant condensins is approximately unity,
a. ~ 1 and oy, = 0, and the volume fraction of DNA is approximately 1/2, ¢ ~ 1/2. The

free energy of the core thus has an asymptotic form

(938)

Fo N 1 3 Gob} (NQO)MT
: ,

= (€c — pe) — sx +
Nk,'BT Neo 21/3 p¢(1)/3kBT N,
Eq. (S38) represents that the free energy contribution of the loading of mutant condensin
(the first term), the free energy contribution of the condensin-condensin interaction (the
second term), and the elastic free energy contribution due to the entanglement (the third
term) are most dominant in the free energy of the condensed core. The free energy of the

uni-condensed state is derived by setting N,/Neo = 1.

S2.2 Free energy for uni-swollen state
We here derive the free energy for the uni-swollen state when the shear modulus Gob3/ (k;BTgb(l)/ %)
due to the entanglement is small. In such case, the occupancy of mutant condensins is ap-

proximately zero, a. ~ 0, and the occupancy of nucleosomes is approximately unit, o} ~ 1.

We thus derive the occupancy of nucleosomes in the form
an = 1— 50&}1. (Sv39>

We expand eqgs. (S33), (S36), and (S37) with IT = 0 in a power series of ac, day,, and ¢

and omit the higher order terms. This leads to the forms

log a. — log(day, — ac) + € — pte — 1 =0 (540)
—log(day, — o) +€n — pp — 1

10



§ Gobg ¢—2/3 p—1 —0
2 kg T (1+(p—1)oaw)?

8
+2(1 — 2xu)d* + §¢3 = 0.

ks T by L+ (p—1)deu,

By using eq. (S42), the DNA volume fraction is derived in the form

¢_< Gob? )3/5 1
2ksTor*) (14 (p—1)day)®/

for x, = 0 (athermal solvent) and

o [3_Goth o8 1
- \8BkpTot?) (14 (p—1)0cy)?/

(S41)

(S42)

(S43)

(S44)

for xn, = 1/2 (theta solvent). In the following, we treat the case of the athermal sol-

vent. One can find that the last term of eq. (S41) is negligible in the asymptotic limit,

Gob3/(ksToy'®) < 1, by substituting eq. (S43) into eq. (S41). Egs. (S40) and (S41) lead to

the occupancies

e_(EC_IJ»c)"F(Eh_Mh)

Say, — (1 + e—(EC—uc)-H) olen—pm)=1

The free energy of the uniform swollen state has an asymptotic form

NkgT " 2kpTol? 1+ (p—1)day,

+ (en — pn) —2+2(1 — 2xn)0

Gobd \*° 1
~ — —2+5 ;
(€n — fn) <2kBT¢é/3> (1+(p— 1)5ah)3/5

where we used eqgs. (S43) - (S46) to derive the last form of eq. (S47).

11
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(S46)

(S47)



S2.3 Chemical potential at swollen-condensed transition

The chemical potential " of mutant condensins at the transition between uni-swollen and
uni-condensed is derived by the condition that the free energies of the uni-swollen and uni-

condensed states are equal. This condition leads to the form

1
pi (o= Jx e — ) +2) + 0 (Go). (348)
with
S 1
ela — _Y..3/5 4
o () 2137 7 2" (Sau + /)35 (549)

where we denoted the rescaled shear modulus as

~ Gob}
Go=—5 " (850)
P¢ kBT
One can use the asymptotic form
50411 = (1 —+ 67X/27(€h*ﬂh)+3) e(ehfﬂh)fl' <S51>

for Gy < 1.

S2.4 Chemical potentials of DNA units at bean-condensed tran-
sition
The thickness of the halo is zero, r, = r., and the fraction of DNA units in the core is unity,

max of mutant condensins, at which the bean

= 1, at the maximum chemical potential p
state is stable. The osmotic pressure is thus zero both at the halo and the core. By using

egs. (S31) and (S38) with II. = 0, the chemical potential of DNA units at this condition is

12



derived as

1 1 Gob}
He = € — e — 3

v Gl (852)
2 21/3 Pﬁbé/ngT

In the halo, the occupancy of nucleosomes is relatively large, ay, ~ 1, while the occupancy
of DNAs by condensin is relatively small, a. ~ 0. The DNAs in the halo are swollen due
to the DNA-DNA excluded volume interaction and thus the DNA volume fraction is small,

¢ < 1/2. We derive the occupancy of nucleosomes in the halo in the form
an = 1-— 50éh (853)

with day, < 1. The chemical potentials of mutant condensins and histones as well as the

osmotic pressure in the halo have asymptotic forms

log a. — log(day, — ac) + (€ — ) — 1 =10 (S54)
3 /rm\? 0> 1
— log(day, — ac) + (en — ) = 1+ 5 (T) o ThaEgE =0 (55
rm\* 1 P 9
_3(m) = 202 =0 S56
(TC) ¢1+(p—1)6ozh+ ¢ ’ (556)

where these relationships are derived by expanding eqs. (S33), (S34), and (S35) in a power
series of day,, a., and ¢ and neglect the higher order terms with II,, = 0.
The occupancy a, of mutant condensins and the DNA volume fraction ¢ are derived in

terms of doy,

e_(fc_ﬂc)+1

Q. = I e—(Ec—uc)-H 50éh <S57>

/3 /p \4/3 1/3
o= (3G (otmm) (559

13



by using egs. (S54) and (S56). The radius 7. of the core is approximated as

(o) = ()

(26,78 (59)

by using ¢. ~ 1 and n, = 1. By using eq. (S55), day, is derived as

3/4
2°/4 1
Sy = =7 (20m) 3 | ——— , S60
Qp 31/2( ¢ ) (Plog <§a4/3)) ( )

where Plog(x) is the product-log function (y = Plog(z) is the solution of z = ye¥) and a is
defined by

3 1/4
loga =1~ (en — i) + log [(2) (2¢m)_1/3‘| — log (1 + e_(ec_”C)Jrl) : (S61)

Eq. (S60) has an asymptotic form

1/4
o= (5) (20070~ (o — ) (362)

for negative large values of e, — puy,.

The chemical potentials of DNA units has an asymptotic form
pa =~ (en— pm) — 2+ 3¢ + 497, (S63)

which is derived by expanding eq. (S32) with respect to day, ae, and ¢. For negative large

values of €, — uy, the chemical potentials of DNA units have an asymptotic form

1/4
i = la—m)=2+3(5) 26070 (o — ) (564)

The equality of the chemical potentials of DNA units, pu. = pq, leads to the chemical

14



potential of mutant condensin at the bean-condensed transition in the form

| 1 Gobp
,LLICnaX = (60 — (€n — Un) — =X + 2) — T
( h h) 2 21/3 p¢é/3kBT
_3 § 1/ 2 -1/3 1— o 1/4
5)  (20m)7 (1 = (e — )™,

see eq. (29) in the main article.

15
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S3 Time evolution equation for the transition between
the uniform condensed and swollen phases

We here show that the condition of the stable structures reduce to the minimum of the free
energy for cases in which there are no fluxes of molecules for simple cases. To this end, we
derive the time evolution equation for the transition between the uniform condensed and
swollen phases. In the latter cases, it reduces to the problem of the dynamics of the volume
phase transition of gels. We here derive the time evolution equations by following ref.!

In the reference state (when DNAs are entangled), the positions in a polymer gel is

specified by the coordinate
ro = (20, Y0, 20)- (566)
The deformation of the gel is represented by the changes of the coordinate to
r(o, Yo, 20) = To + ur(ro)ero, (567)

where u(rg) is the displacement vector and it is a function only of the radidal coordinate

ro (= \/2% + 12 + 22) because of the spherical geometry of the system.

The free energy of a polymer network is a function of the invariants of the metric tensor.

Gap = Yo " I'g, (868)
where o and [ are x, y, or z. r, = a%v r, = a%a and r, = (%0. Because the displacement

vector is a function only of the radial coordinate 7y, the components of the metric tensor has

the form

ou, 2 or\’

16



U 2 2

- (1 Ty — L S70

Jee ( * 7“0) 7"(2) ( )
u N2 r?

- (1 LA I S71

g¢¢ ( * 7”0) 7“(2)’ ( )

where we used (2o, Yo, 20) = ro + ur(Z0, Yo, 20) to derive the last forms. The free energy of
a polymer network is a functional of the trace goa (= grr + goo + gss) and determinant g.

These invariants have the form

or\> 22
N 2
i = () + % (572
or r?
O g (S73)

The free energy density of entangled DNAs has the form

1¢

fgel = *7G0(O¢C, ah)gaa + fsol(aca O, ¢) (874)
2 ¢

The DNA volume fraction has the form

o

where ¢g is the DNA volume fraction in the reference state. The free energy of entangled

DNAs thus has the form

TcO
Foo = /0 dr047r7“3\/§ faels (S76)

where 7 is the radius of the entangled DNAs in the reference state. The time derivative of

the free energy has the form

Fgel / dT047T7‘0 [T (\/_fgel> ar a(ar/ar >(\/—fgel)

17



Tco

2% 110 or\ "
drodmriyg | =2 4 = = 2 2 g 2 '
+/0 rodmro /g r * ré \/g Org (TO g dro T

TcO

0

reo (10
2 2 :
+/0 drodnro/g | — o (r UJ_) - ] T, (S77)

= — dnr¥ro,
dmrio.]

where the time derivative of a function A is represented as A. To derive the last form of eq.

(S77), we used the shear and normal stress

. 2 a fgel 7“2
i = g () oo (57%)
2l

fgel or ?
() -a(5n) (579)

01

and the operator

11
0 110 -
Or  rg\/g0rg
see also eq. (S73).
The Rayleighan of the entangled DNAs has the form 3
Tco 9 1 . 9 .
R = /0 dr047r7“0\/§§<’(7“—vs) + Fyel

TcO 9 ]_ a 2 .

_/0 dr04ﬂr0\/§pﬁa (r (or +(1— gb)vs)) : (S81)

The Rayleighan is composed of the dissipation function (the first term), the time derivative

of the free energy (the second term), and the Lagrange multiplier that ensures the incom-

18



pressibility condition (the third term). Because there are no net fluxes in the system,

or + (1 — ¢)vg = 0. (S82)

The Onsager’s variational principle states that the time evolution equation of a polymer
gel is derived by the variational principle with respect to the velocity 7 of material points
in the entangled DNAs and the velocity vs of solvent, both are in the radial direction. This

leads to the forms

10 2 0
C(?’”—vs)—l—ﬁa (TQO'L)—%‘F 87;: = 0 (S83)
<)+ 1= = 0 (s84)

The sum of egs. (S83) and (S84) leads to the force balance equation

10 2 20‘H ap .
5 (ro.) S =0. (S85)

(S86)

where « is the Darcy contant

(S87)

By using egs. (S82), (S85), and (S86), the velocity of material points in the entangled DNAs

has the form

r = —K [7"287“ (7“2(&) - 2;‘”1 . (588)

19



The time evolution equations of the occupancies oy, and a, have the forms

d
70 = Eron®n(l — ae — an) — Knofrotn (S89)
d
ﬁac = keon®Pc(l — e — ) — keofitc. (S90)

¢n and ¢, are the local volume fraction of histone proteins and mutant condensins diffusing

in the solution between DNAs. The local volume fractions ¢y, and ¢, have the form

on = (1= 4 ac+an)p)e™ (S91)

b = (1= (14 ac+ ay)p)ete. (S92)

knon and kyog are the kinetic constants with respect to the assembly and disassembly of
nucleosomes. k., and k. are the kinetic constants with respect to the loading of mutant

condensins. These kinetic constants are determined to satisfy the detailed balance

Fho
log hoff e — 1 — 2xn(1 + an)o
khon
1 b*Gy 1—0p or\> 22
+— — | +— S93
2 pokpT an, + p(1 — auy) aro re (893)
k
log kwﬂ” = e —1— 2y (S94)

To complete the time evolution equation, it is necessary to take into account the diffusion
of nucleosomes and mutant condensins as well as the reptation motion of DNAs. Because
additional assumptions are necessary to map the reptation motion of DNAs to the real space,
we do not attempt it here.

In the steady state, &y, = & = 7 = 0. In the uniform swollen or condensed states,

o = 0 = o because of the isotropy of the system. Eq. (S88) is rewritten in the form
10 2
—— (r2a> ~ 2. (595)

20



Eq. (595) leads to the solution that o is constant. The latter condition is indeed equivalent
to the minimization of the free energy. In the above argument, we assume that the energy
barrier between the swollen and condensed states is much larger than the thermal energy and
the transition between these states happens only at the spinodal conditions, where either
of the states becomes unstable. If the energy barrier is not large enough, there may be
the coexistence between the swollen and condensed states and the deformation may become

anisotopic because of the elastic coupling at the interface between these states.!

21



FI(NK,T)

'7-3-2-10123

MC-SC

Figure S1: Solvent dependence of free energy of entangled DN As. The free energy of
entangled DN As is shown as functions of the chemical potential p. — €. of mutant condensins
for the athermal solvent (solid) and f-solvent (broken) conditions. The values of the free
energy of the bean, uni-condensed, and uni-swollen states are shown by the green, cyan, and
magenta lines, respectively. The parameters used for the calculation were shown in Table 1.
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Figure S2: Comparison between uniform polymer and multi-block copolymer
models. The free energy calculated by using the multi-block copolymer model (broken
lines) for Ny/N = 0 and e,g = —3.0, corresponding to the case of the uniform polymer
model (solid), is shown as a function of the chemical potential y. of the mutant condensin
concentration. The free energy was calculated for the bean (green), uni-condensed (cyan),
and uni-swollen (magenta) states. The difference between the solid and broken lines results
from the assumptions used for the multi-block copolymer model: «, = 0 in the halo and
. = 1 in the core in the bean state, a. = 1 in the uni-condensed state, and o3, = 1 in the
uni-swollen state.
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