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Abstract

Evolutionary computation (EC), a sub-field of artificial intelligence (Al) and soft com-
puting, constitutes a family of global and stochastic optimization techniques inspired by
natural phenomena and organism behaviors. Thanks to its superior characteristics of ro-
bustness, scalability, gradients-free, and easy implementation, it has found wide application
in academic research and real-world scenarios. However, as the scale of the optimization
problem increases, an inevitable issue known as the curse of dimensionality arises. In this
phenomenon, the search domain of the problem also expands exponentially and simulta-
neously. This phenomenon significantly deteriorates the performance of EC techniques
and exacerbates the complexity and difficulty of problems. When the scale of the prob-
lem reaches a specific dimension (e.g., 1000-D), this type of problem is referred to as a
large-scale optimization problem (LSOP).

This dissertation proposes two directions to deal with LSOPs with EC techniques: (1).
Introducing the cooperative coevolution (CC) framework and (2). Enhancing the perfor-
mance of EC techniques. Motivated by divide-and-conquer, the CC framework decom-
poses the LSOP into multiple sub-components and optimizes them independently and al-
ternatively, which can alleviate the negative influence of the curse of dimensionality.

However, few studies focus on the robustness of decomposition methods such as real-
coded linkage identification by nonlinearity check (LINC-R). These methods cannot detect
separability between decision variables in noisy environments. To overcome this problem,
we propose linkage measurement minimization (LMM). Although it is difficult for conven-
tional LINC-R and differential grouping (DG) based methods to identify the interactions
through the absolute strength of interaction with thresholds, we hypothesize the strength
between originally separable and non-separable decision variables is distinct in noisy en-
vironments, and this relative strength can help algorithm identify the separability and form

the sub-components automatically. Additionally, most studies focus on identifying addi-



tive separability between decision variables and improving decomposition accuracy while
reducing computational complexity, and other kinds of separability are rarely investigated,
such as multiplicative separability and composite separability. Therefore, we propose Effi-
cient Dual Differential Grouping (EDDG), which incorporates the principle of identifying
multiplicative interactions into the framework of Efficient Recursive Differential Group-
ing (ERDG). Our proposed EDDG is expected to detect both additive and multiplicative
interactions simultaneously while consuming minimal computational resources.

Another direction to achieve the objective of this dissertation is to enhance the perfor-
mance of optimizers. Furthermore, the EC technique can mainly be divided into meta-
heuristic algorithm (MA) and hyper-heuristic algorithm (HHA). For MAs, we pay atten-
tion to the two MAs: bio-inspired vegetation evolution (VEGE) and physics-based RIME
optimization. The dynamic maturity strategy and the diverse mutation strategy are intro-
duced to VEGE, while the Latin hypercube sampling and embedded distance-based se-
lection are employed in the RIME. Our proposed improved versions of VEGE and RIME
are significantly better than the original version and competitive with the state-of-the-art
MAs. For HHAs, we propose a novel evolutionary multi-mode slime mold optimization
(EMSMO), where the low-level heuristics (LLHs) are inspired by the foraging behaviors
of the slime mold, and the high-level component adopts the improvement-based selection
function. Moreover, we introduce the surrogate-assisted estimation operator to the hyper-
heuristic framework and propose a surrogate ensemble-assisted hyper-heuristic algorithm
(SEA-HHA). The experimental results and statistical analyses confirm the efficiency and

effectiveness of our proposals.
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Chapter 1

Introduction

In the realm of optimization, the quest for efficiency and effectiveness of advanced optimiz-
ers remains a perpetual pursuit, particularly in the face of increasingly complex and large-
scale problems across diverse domains. Evolutionary algorithms (EAs) have emerged as a
promising paradigm for addressing such challenges. EA draws inspiration from the princi-
ples of nature (e.g. the movement of organisms in a bird flock or fish school) to iteratively
refine candidate solutions and approach the optimal solutions. However, as the dimen-
sion of the problem increases, an unavoidable phenomenon is the curse of dimensionality,
where the search space is amplified exponentially as the dimension of the problem increases
linearly. This phenomenon not only significantly deteriorates the performance of EC tech-
niques but also amplifies the complexity and arduousness of problem-solving endeavors.
As the scale of the problem continuously increases and reaches a specific dimensionality
threshold (e.g., 1000 dimensions), the challenges become formidable and are termed large-
scale optimization problems (LSOPs). In LSOPs, the numerous decision variables ex-
tremely increase the computational burden, rendering traditional optimization approaches
unaffordable and underscoring the pressing need for innovative methodologies tailored to
solve this kind of problem.

Therefore, the objective of this dissertation is to solve LSOPs through two directions:(1).



Using the CC framework and (2). Enhancing the performance of the EC techniques. For

the objective (1), our proposals are listed as follows:

* We propose linkage measurement minimization (LMM) for decomposing LSOPs in

noisy environments.

* We propose efficient dual differential grouping (EDDG) to detect the additive and the

multiplicative separability simultaneously with an affordable computational budget.
For the objective (2), our proposals are listed as follows:

* We propose an improved vegetation evolution (VEGE) with a dynamic maturity strat-

egy and diverse mutation strategy for continuous optimization.

* We propose a strengthened RIME algorithm (SRIME) with the Latin hypercube sam-

pling and embedded distance-based selection for continuous optimization.

* We propose a novel HHA named evolutionary multi-mode slime mold optimization.
The LLHs are inspired by the foraging behaviors of the slime mold, and the high-

level component adopts the improvement-based selection function.

* We introduce the surrogate-assisted estimation operator to the hyper-heuristic frame-
work and propose a novel HHA named surrogate ensemble-assisted hyper-heuristic

algorithm (SEA-HHA)

The remainder of this dissertation is organized as follows. Chapter 2 introduces the
background of our research. Chapter 3 introduces the proposed LMM. Chapter 4 introduces
the proposed surrogate ensemble assisted DE (SEADE) and EDDG to deal with LSEOPs.
Chapter 5 introduces the proposed vegetation evolution with a dynamic maturity strategy
and diverse mutation strategy. Chapter 6 introduces the proposed SRIME algorithm. Chap-
ters 7 and 8 introduce the proposed hyper-heuristics algorithms inspired by the foraging
behaviors of slime mold and with surrogate assistance, respectively. Finally, Chapter 9

concludes this dissertation. Figure 1.1 demonstrates the skeleton of this dissertation.

2
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Figure 1.1: The skeleton of this dissertation.



Chapter 2

Background

2.1 Large-scale Optimization Problems (LSOPs)

Without loss of generality, a minimization problem without constraints can be defined as

follows:

min f(X)
@2.1)
st.: X eR"”

Where X = {z1, x5, ..., ¥, } is an n-dimensional decision vector, and each z; (i € [1,n]) is
a decision variable, and f(X) is the objective function needed to be minimized. Although
there is no clear boundary between small-scale, median-scale, and large-scale problems, the
academic community commonly considers when the scale of binary and integer problems
reaches 1 billion, % and the dimension of the real-coded problem reaches 1000,” which can
be regarded as LSOPs. In our work, the LSOP is a special case of black-box optimization,
which denotes the information of the fitness landscape such as the gradient and the topology
is difficult to obtain. A visual demonstration between black-box optimization and white-
box optimization is provided in Figure 2.1.

In black-box optimization problems, the inherent structure remains concealed, while

the internal structure of white-box optimization problems such as linkage information, gra-
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Figure 2.1: (a). The black-box optimization problem. (b). The white-box optimization
problem.

dient details, topology, and feasible regions are available. These types of knowledge can
support us in designing problem-specific search operators. Therefore, addressing black-box

optimization presents a challenging task.

2.2 Evolutionary Computation (EC)

A general flowchart of EC techniques consists of five steps, which can be described as
follows:
(1). Initialize the population and parameters.
(2). Determine the position of the offspring individual with specific search operators.
(3). Evaluate the offspring individuals.
(4). Select the surviving individuals by selection mechanism.
(5). Repeat step (2) to step (4) until the global optimum is found or the computational

resources are exhausted.



Among these steps, the design of specific search operators in step (2) is the kernel in

the EC technique, which can be realized by imitating the social behaviors of animals '

or simulating the laws of science. !4

2.3 Hyper-heuristic algorithm

Hyper-heuristic (HH) algorithm is an optimization technique that operates at a higher level,
focusing on the selection or generation of LLHs to solve computational problems, rather
than directly solving the problems themselves. In essence, the HH algorithm aims to find
or generate sequences of heuristics that demonstrate superior robustness and scalability
across a range of problems. Figure 1.1 illustrates a representative architecture of the HH

framework.

( High Level \

R Execute the selected LLH
LLHs Selection >
Module <

a

Acceptance
Feedback

Domain-independent information collection

\ A A

Domain Barrier

Low Level
LLHs 1 «  Problem representation
LLHs 2 LLHs 3 *  Objective function
+ Initial solutions

Figure 2.2: A representative architecture of the HH framework. !

A complete HH algorithm is comprised of two main components: the high-level com-
ponent and the low-level component. The high-level component encompasses overarching

strategies or mechanisms that guide the selection or generation of LLHs. It provides a
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methodology for decision-making and adaptation throughout the optimization process. On
the other hand, the low-level component comprises the actual LLHs that are applied to
problem instances to construct solutions. These LLHs serve as the fundamental building

blocks used by the HH algorithm to explore and exploit the problem space.

2.4 Cooperative Coevolution (CC)

Inspired by the divide-and-conquer strategy, the cooperative coevolution (CC) !> framework
decomposes LSOPs into multiple sub-components and optimizes them alternately, which
is an efficient and flexible approach to dealing with LSOPs. Generally, a standard CC
framework contains three stages: decomposition, optimization, and combination.

Decomposition: The original problem is divided into multiple sub-problems with a
certain decomposition method.

Optimization: Optimization techniques (e.g. DE, PSO) are applied to optimize the
sub-components. Usually, a sub-solution is not a complete solution and the fitness value
cannot be calculated, the context vector !¢ will participate in the evaluation of sub-solutions.

Combination: Sub-solutions of sub-components are combined, which is regarded as
the optimum of the original problem.

In summary, the pseudocode of the CC framework is shown in Figure 2.3.

2.5 Separability between decision variables

Three types of separability commonly exist between decision variables: additively sep-
arable, multiplicatively separable, and compositely separable. The relationship between
various categories of separability is demonstrated in Figure 2.4.

Additively separable: Additive separability is the most well-studied category of sep-

arability in recent decades. If an n-D function can be divided into m(m > 1) additively



Algorithm 1 CC framework

Require: Problem: P, Decomposition method: D
Ensure: Optimum: X
Decompose the problem P with D into sub-components [scy, sca, ..., Sci]
Initialize context vector C'V
Initialize sub-solutions SS
while not Terminate do
for i=1 to k do
Optimize sub-component s¢; with S.S
Update CV
end for
end while
Construct the optimum X
return X

© ® ST W

=
= O

Figure 2.3: The pseudocode of the CC framework.

Weakly separable

Strongly separable

Additively separable

Compositely

separable

Multiplicatively separable

Separable

Figure 2.4: The relationship between various categories of separability. >



independent parts such that
min f(x) = min ) _ fi(z;) (2.2)
=1

then this function is additively separable. From mathematical perspective, if two decision

9 f

variables z; and x; satisfy 91:0;

= 0, then z; and x; are additively separable. Therefore,
the finite differences principle!” can be adopted in DG to identify additive separability. An
example to illustrate additively separable is f(x) = 2?3 + 23, x1, 25 € [—5,5]. Figure 2.5
provides the contour graph of this function. Red lines denote when x5 is fixed, the fitness
changes as x; changes. The black points are the optima when z5 is fixed to -2, 0, and 2.
We can simply find that the change of x5 will not affect the optimal position of z1, thus, x;

and 5 can be optimized independently.

| E=RAN
)]
N—7

-4 ) 0
X1

Optimum

(L
NUN

N
FN

Figure 2.5: The contour graph of the function f(z) = 2% + 23, x1, 79 € [-5,5].

Multiplicatively separable: Multiplicative separability has a similar definition to the

additive separability that, if an n-D function can be divided into m(m > 1) multiplicatively



independent parts such that

min f(z mmH filzy)
(2.3)

s.t. Vi e [1,m], fi(x;) <0or fi(z;) >0

then this function is multiplicatively separable. An example is f(z) = (22 + 1) - (22 +

1), x1,x9 € [—5,5] and corresponding contour graph is shown in Figure 2.6. When x5 is

=(xZ+1)-(x3+1)

X, =0 Optimum

< 0 °

RN Z (77

Figure 2.6: The contour graph of the function f(z) = (23 + 1) (23 + 1), x1, 22 € [-5,5].

fixed to -2, 0, and 2, this function can be simplified to

f(x) =5+ 1), 29 =—2o0r2
2.4)

flx)y=a23+1, 22=0
and the optimal position of z; = 0, which is denoted in Figure 2.6. In this situation, x; and
xo are multiplicatively separable.
Compositely separable: If f(z) is acomposite function (i.e., f(x) = U(g(z))) and (1).
the inner function g(z) is a separable function and (2). the outer function U (x) is monoton-

ically increasing in its feasible regions are satisfied simultaneously, then the function f(z)
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is compositely separable.'® An example is f(z) = log,o(z? + 23 + 1), 1,22 € [—5,5],
which is visualized in Figure 2.7. We notice that the fitness landscape topology of this
example is similar to the additively separable example f(z) = 2?7 + 23, and even if the x5

changes, the optimal position of z; is irrelevant to the position of .

f(x) =log1o(x? + x3 + 1)

SN
sy

-4 -2 0 2 4

Figure 2.7: The contour graph of the function f(z) = log,o(2? + 23+ 1), 21,25 € [-5,5].

2.6 Review of decomposition methods

Since Potter et al. ' first adopted the CC framework to deal with LSOPs, many cooperative
coevolutionary algorithms (CCEAs) have been proposed and successfully applied to solv-
ing various complex optimization problems. In this section, we review the decomposition
methods in CCEAs, which can be classified into three categories: static decomposition,
random decomposition, and learning-based decomposition.

Static decomposition: CCGA, ° as the pioneer of the static decomposition method, di-
vides N-D problems into /V x 1-D sub-problems and optimizes them with the genetic algo-
rithm (GA), which shows the competitiveness on separable functions but may mislead the

direction of optimization on non-separable functions. To address this issue, CCPSO-S !¢
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decomposes N-D problems into k * s-D sub-problems in order, where N = k x s. Parti-
cle swarm optimization (PSO) is adopted as the basic optimizer for each sub-component.
However, a remaining problem for static grouping is that if two interacting decision vari-
ables are separated initially, then there is no opportunity for them to be assigned to a group
anymore.

Random decomposition: Random-based grouping methods are developed to solve the
mentioned problem of static decomposition, and random grouping can be further divided
into two categories: fixed sub-component size and dynamic sub-component size.

(1). Fixed sub-component size: DECC-1'? is the first proposed random grouping, which
divides the N-D problems into k * s-D sub-components with random order and optimizes
them with differential evolution (DE). Later, DECC-G?° introduces an adaptive weight-
ing strategy and mathematically proves that the probability of assigning two interacting
variables to the same sub-component is pretty high. CCPSO-S x-rg-aw?! extends the de-
composition method in DECC-G with PSO optimizer.

(2). Dynamic sub-component size: An obvious flaw of static decomposition and ran-
dom grouping with the fixed sub-component size is that we manually limit the scale of
sub-components, but this specific parameter is expected to be different among various prob-
lems. For example, fully separable functions prefer small-scale sub-components, whereas a
relatively large-scale sub-component size can ensure the probability of capturing the inter-

actions in non-separable functions. Therefore, DECC-II"

was proposed to randomly select
the scale of sub-components s from a predefined range in the coevolution cycle. MLCC?
provides a scale candidate [sy, $o, ..., s,| and chooses the scale s; by the recent improvement
of the context vector. However, the determination of the proper scale of the subcomponent
for a specific optimizer is a difficult task, and MLSoft>* regarded this issue as an optimiza-
tion problem and the widely used reinforcement learning technique was applied to select

the suitable scale of subcomponents dynamically. Moreover, Cooperative coevolution with

adaptive subcomponents (CCAS)?*% further investigated the effects of both the size of the
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population and the size of subcomponents on the performance of the CC framework and
proposed an adaptive CC mechanism, which allows parts of the available computational
budget is spent for adapting both the scale of subcomponents and the number of evolved
individuals during the optimization process.

Thanks to the superior characteristics of easy implementation, computationally cheap,
and scalability of the random decomposition technique, it is still a popular technique in

recent advances in dealing with LSEOPs: Sun et al.?

proposed a surrogate ensemble as-
sisted large-scale expensive evolutionary algorithm with random grouping (SEA-LEEA-
RG) to solve LSEOPs. The random grouping strategy is adopted to decompose the original
problem, while local and global RBF models are constructed with partial and all samples,
and the best-predicted sample participates in the subsequent optimization process. Simi-
larly, Sun et al.?” combined the random grouping strategy with RBF-assisted DE to deal
with LSEOPs and proposed a large-scale expensive optimization with a switching strategy
(LSEO-SS), where the switching strategy controls the usage of the local and the global
surrogate model, and the unique escape mechanism by re-initialization is designed to avoid

premature. Besides, Gu et al.?

proposed a surrogate-assisted differential evolution algo-
rithm with the adaptive multi-subspace search (SADE-AMSS) for LSEOPs. In the decom-
position, SADE-AMSS uses the principal component analysis (PCA) and random decision
variable selection to construct the multi-subspace, and three efficient search strategies are
embedded in the SADE adaptively.

Learning-based approaches: In the early development of decomposition methods, re-
searchers attempted to capture the interactions by probability until the appearance of Link-
age Identification (LI). Based on the different mechanisms of interaction identification, LI
includes two kinds: Linkage Identification by Non-linearity Check (LINC)?® and Linkage
Identification by Monotonicity Detection (LIMD).*

LINC-based methods are well-studied techniques. As a quantitative method, LINC

constructs the approximate partial derivative to detect the interactions between decision
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variables. Mathematically,

or) _,

It =
81’2‘81‘]‘

(2.5)

Then z; and x; are separable

However, most of the studies focus on black-box optimization, and the value of the
partial derivative cannot be obtained from the fitness landscape directly. Therefore, LINC

perturbs in corresponding dimensions of samples to identify the separability:

Vs € Pop:

A; = f(si) = f(s), A5 = f(si5) — f(s5)
I A, — A < ¢

(2.6)

Then z; and x; are separable
Where ¢ is an allowable error. Figure 2.8 demonstrates the mechanism of LINC in the 2-D
search space.
Xj 4 Xj 4

f(sij)
f(s)

f)

f(s)

v
v

(a) (b)

Figure 2.8: The visualized demonstration of the LINC in the 2-D domain. (a). LINC in
separable decision variables. (b). LINC in non-separable decision variables.

Once detection for two decision variables needs 4 fitness evaluations (FEs). Supposing
the population size is k, the dimension of the problem is N, and the total FEs is 4kw.

When N approaches 1000 and £ equals 1, the necessary FEs is 1,998,000, which is com-
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pletely unacceptable for LSOPs. Differential Grouping (DG)'7 extends the identical mech-
anism of LINC to LSOPs. Considering the high computational cost, DG only calculates
the perturbation from the lower bound of search space to the upper bound. The neglect
of indirect interaction reduces the FEs to £-(m + N — 2), where m is the size of the
sub-components. In the extreme case that when the 1000-D problem is a fully separable
function, the consumed FEs is 1,001,000. A sensitivity test for € is also provided in.!”
Global DG (GDG)?! introduces the pairwise interactions to improve the decomposition
accuracy. Graph DG323 utilized the data structure of the graph to support the interaction
identification between decision variables and realized the optimal decomposition in the
whole CEC2010 benchmark functions. DG2,* a faster and more accurate decomposition
method, reduces the FEs to W + 1 by sharing the FEs information. Furthermore, given
the conventional DG is sensitive to ¢ and the absolute difference between |A; — A;| in Eq.
(2.6) may come from two aspects: interaction and rounding error from a real number to a
floating-point number. Thus, DG2 proposes an adaptive € based on the IEEE 754 Standard.
However, DG2 still costs 500,501 FEs for 1000-D problem decomposition, which limits
the scalability of DG2 to higher-dimensional problems.

However, the high computational budget of DG, DG2, and its variants still limits their
scalability in LSOPs with more decision variables such as 5000-D, but the promotion of
RDG makes this extension possible. RDG¥ first introduces a binary search fashion and
extends the DG mechanism to subset-to-subset. Assuming that X; C X and Xy C X are
two mutually exclusive subsets of decision variables, which means X; N X, = (). If there

are two unit vectors u; € Ux,,uy € Uy,, two arbitrary numbers [y, [, > 0, and a candidate

solution x* in the search space, such that

f(X>|< + llul + l2u2) — f(X* + lgllg) 7£ f(X* + llul) — f(X*) (27)

then, there exist some interactions between decision variables in X; and X,. Based on
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this corollary, RDG initially assigns the first variable x; to subset X; and the rest of the
variables to subset X». If X; does not interact with X, detected by Eq. (2.7), the element
in X is determined as a separable variable, otherwise, X5 is separated into two mutually
exclusive subsets with equal size and recursively execute the identification. Figure 2.9

shows a demonstration of RDG. This binary search fashion strategy extremely reduces the

X1 <X,

interacts
o X3UX4:X2
X1<_>X3 Xl(—>X4 c X3NXy=¢
. * |X3] = [X4l
Interacts
hd X5UX6=X4
* |Xs5| = X6l

Figure 2.9: The decomposition process of RDG.

time complexity for decomposition from O(N?) to O(N log(N)). Furthermore, Efficient
RDG (ERDG)?® notices the redundant interaction examinations exist in the RDG, which
can be avoided by historical information. From Figure 2.9, variable subset X3 and X, are

mutually exclusive and X3 U X, = X, thus, Eq. (2.7) can be transformed to Eq. (2.8)

f(X>k + l1u1 + lg(llg + ll4)) — f(X* + lg(llg + ll4)) 7é f(X* + lllll) — f(X*) (28)

Here, we define

Ay =f(xX"+ g + l(uz +uy)) — f(X* + l2(ug +uy))
(2.9

Ay =f(x" + liay) — f(x7)

If X, interacts with X5, X, will be separated into X3 and X, and the interaction identifi-
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cation of X; <+ X3 can be computed as

All :f(X* + l1u1 + l2[l3> — f(Xﬁ< + lgllg)

(2.10)
Ay =f(X" +luy) — f(X*) = Ay
Similarly, Eq. (2.11) can be applied to identify the interaction of X; <+ X}.
Alll :f(X* + llll1 + lgll4) — f(X* + lgll4)
(2.11)

Ay =4y
And we can reasonably infer that if (A; — Ay) = (A] —Aj), X; does not interact with Xj;
otherwise, X interacts with X, and the calculation of A’ll in Eq. (2.11) can be avoided to
save the FEs. Although the time complexity of ERDG is identical to RDG and its variants
theoretically, the necessary FEs in practice can be significantly reduced to averaging 7.62e3
on CEC2013 large-scale global optimization (LSGO) benchmark functions.

Similarly, merged DG (MDG)?*" also used a binary-tree-based iterative merging strategy
and further saves the computational budget practically. To the best of our knowledge, MDG
is the lightest DG-based decomposition method so far.

The above DG-based methods concentrate on additive interaction identification. How-
ever, other kinds of separability also exist. Dual DG (DDG)?® applies the logarithmic op-
eration to transform the multiplicative separability into additive separability and detect the
interactions with DG. More specifically, in a multiplicative separable function g(x) with

a minimum larger than 0, g;(x;) are multiplicative separable sub-components. We define
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f(x) =1Ing(x), and f(x) can be rewritten to

f(x) =Ing(x)

k

=1In | | gi(xi) (2.12)
i=1
k

:ZIHgi(Xi),l <k<D

i=1

Therefore, the identification condition of DDG to detect the multiplicative separability can

be formulated by Eq. (2.13)

If f(s), f(s:), f(s5), f(sij) are positive and
[ In(f (si5) —In f(s;)) —In(f(s:) —In f(s))] <e (2.13)

Then x; and x; are multiplicatively separable

Besides, GSG,'® a general separability grouping method, conducts a comprehensive theo-
retical investigation that extends the study from the existing additive separability to general
separability. The core of the theoretical research is the minimum points shift principle,

which can effectively identify general separability.

2.7 Review of meta-heuristics

Since more and more complex and high-dimensional optimization problems occur in aca-
demic research and industrial scenarios, traditional techniques such as linear/nonlinear
programming,*® Newton’s method,*’ conjugate gradient method,*' and gradient descent
method*? are not suitable to deal with these complex optimization problems since these
methods may require that the feasible domain is convex*® and the objective function is
continuously differentiable.** Therefore, conventional optimization methods face a severe

challenge and it is urgent to develop an efficient and robust optimization algorithm.*>*¢ In
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the meantime, the metaheuristic algorithm (MA) provides a feasible methodology to ad-
dress complex optimization problems. MA is a class of stochastic optimization techniques,
which are commonly inspired by natural phenomena or organism behaviors and iteratively
search for acceptable solutions.*’ Here, we list some representative MAs and correspond-

ing inspirations in Table 2.1.
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Table 2.1: Representative MAs in literature.

Category Algorithm

Inspiration

genetic algorithm (GA)*®

differential evolution (DE)#°

evolution-based
genetic programming (GP)>°
evolutionary programming (EP)>!

evolutionary concepts
Darwin’s theory of evolution
biological evolution

finite state machine

particle swarm optimization (PSO) 2
salp swarm algorithm (SSA) 3
yellow saddle goatfish algorithm (YSGA)>*

sailfish optimizer (SFO)>>

bald eagle search (BES)>°
marine predators algorithm (MPA
black widow optimization (BWO)38

red deer algorithm (RDA)>°
capuchin search algorithm (CapSA)%°

)57

swarm intelligence L 6
tuna swarm optimization (TSO) ®!

archerfish hunting optimizer (AHO) !
snake optimizer (SO) %2
vegetation evolution (VEGE) 63
fire hawk optimizer (FHO) %*
honey badger algorithm (HBA) %3
sand cat swarm optimization (SCSO)%®
coati optimization algorithm (COA) %’
crayfish optimization algorithm (COA)%®

social behaviors of bird flock
the navigating and foraging behaviors of salp
collaborative behaviors of yellow saddle goatfish
a group of hunting sailfish
the hunting strategies of bald eagles
the widespread foraging strategy of ocean predators
the unique mating behavior of black widow spiders
the behavior of Scottish red deer
dynamic behavior of capuchin monkeys
the cooperative foraging behavior of tuna swarm
the shooting and jumping behaviors of the archerfish
special mating behavior of snakes
growth mechanism of tomatoes
the foraging behavior of fire hawks
intelligent foraging behavior of honey badgers
the sand cat behavior that tries to survive in nature
natural behaviors of coatis

behaviors of crayfish

brain storm optimization (BSO) 69

teaching learning based optimization (TLBO)7°
adolescent identity search algorithm (AISA)7!
political optimizer (PO) 7>
group teaching optimization algorithm (GTOA) 73

search and rescue optimization (SARO) 74

human-based ] )
cooperation search algorithm (CSA) 7

child drawing development optimization (CDDO) 7

human conception optimizer (HCO) 7’

sewing training-based optimization (STBO)78
mountaineering team-based optimization (MTBO)7®

mother optimization algorithm (MOA) 80

the human brainstorming process
the influence of a teacher on learners
the identity development/search of adolescents
the multi-phased process of politics
the group teaching mechanism
human behaviors during search and rescue operations
team cooperation behaviors in modern enterprise
child’s learning behavior and cognitive development
biological principles of the human conception process
process of sewing to beginner tailors
cooperative human behaviors in mountaineering
the interaction between a mother and her children

nuclear reaction optimization (NRO)81
Lévy flight distribution (LFD) 32
gradient-based optimizer (GBO) 33

momentum search algorithm (MSA) 84

material generation algorithm (MGA)
RUN#
Pareto-like sequential sampling (PSS)®’
INFO®8
special relativity search (SRS)®°
RIME*

snow ablation optimizer (SAO

law-based

) 90

optical microscope algorithm (OMA)®!

Chernobyl disaster optimizer (CDO) %2

nuclear reaction process
Lévy flight random walk
gradient-based Newton’s search method
Newton’s laws
chemical compounds and chemical reactions
Runge Kutta method
Pareto’s principle
weighted mean of the vector
the interaction of particles in an electromagnetic field
the soft-rime and hard-rime growth process

the sublimation and melting behavior of snow

microscope magnification

the nuclear reactor core explosion of Chernobyl
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Chapter 3

Linkage identification in noisy

environments

This chapter introduces the linkage identification in noisy environments'. Section 3.1
presents the motivation of this research, Section 3.2 details our proposal: linkage mea-
surement minimization (LMM), Section 3.3 provides the mathematical support for our
proposal, Section 3.4 describes the experiments on the CEC2013 LSGO suite, and Sec-
tion 3.5 discusses the direction of our research in the future. Finally, Section 3.6 concludes

this chapter.

3.1 Motivation

Optimization problems often encounter noise, particularly in conjunction with large-scale
attributes, leading to a significant increase in problem complexity. Numerous algorithms
have been developed to address these challenges. These include custom optimization op-

erators designed to adapt to large-scale attributes, the creation of surrogate models, and

I'This chapter was previously published as Zhong, R., Zhang, E. & Munetomo, M. Cooperative coevolu-
tionary differential evolution with linkage measurement minimization for large-scale optimization problems
in noisy environments. Complex Intell. Syst. 9, 4439-4456 (2023) https://doi.org/10.1007/
s40747-022-00957-6.%
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problem decomposition strategies, known collectively as the CC framework. This chap-
ter introduces our approach, which leverages the CC framework to tackle LSOPs in noisy
environments.

The CC framework draws inspiration from the divide and conquer strategy, which has

9 combinatorial,®>

demonstrated remarkable success in addressing large-scale continuous,
and constrained®® problems. Effective decomposition of LSOPs is pivotal for the success-
ful implementation of the CC framework. Numerous studies®’ highlight the sensitivity of
the CC framework to various problem decomposition strategies. Pioneered by LINC-R,?*°
many decomposition methods have since been proposed. Differential Grouping (DG)'7 was
the first to extend LINC-R’s identical mechanism to address 1000-dimensional problems.
Subsequently, Extend DG (XDG)* enhanced the capabilities of DG to handle overlaps
more effectively. DG23* addressed the computational cost challenges of DG by leveraging
the transmissibility of separability. Global DG (GDG)?' treated the variable interactions
matrix as a graph’s adjacency matrix, utilizing depth-first or breadth-first search to identify
interactions and form sub-problems. RDG?* further optimized computational efficiency by
examining interactions between sets of variables rather than individual variables, forming
sub-problems recursively. ERDG?>® leveraged historical information on interaction identi-
fication to reduce redundant examinations, enhancing computational efficiency compared
to RDG.

While these decomposition methods are regarded as high-accuracy approaches, they
rely on determining the difference between fitness values and a predefined threshold to
detect interactions. However, they exhibit extreme sensitivity to the fidelity of observed
objective values and may fail to detect interactions in noisy environments. Here, we take
LINC-R as an example and illustrate the reason mathematically.

We first present a demonstration of LINC-R works in noisy environments in Figure
3.1. From the intuition, LINC-R cannot detect the separability in noisy environments since

the fitness landscape will be affected by the noise though Figure 3.1 (b). The complete
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mathematical analysis is explained as follows:

X 4 Xj 4
f(sij)
f(si)
f(s) s
f(si) - i .
xl xl
(@ (b)

Figure 3.1: A demonstration of LINC-R works in noisy environments. (a). LINC-R works
on noiseless separable decision variables. (b). LINC-R works on separable decision vari-
ables in noisy environments.

Additive noise and multiplicative noise represent two distinct types of noise commonly
encountered in optimization problems. Additive noise is typically independent of the un-
derlying fitness landscape, allowing for parameter adjustments to mitigate its effects in the
decomposition process, albeit with considerable difficulty.'® On the other hand, multi-
plicative noise is intricately linked to the fitness landscape, potentially amplifying the noise
as fitness values increase. Consequently, addressing multiplicative noise poses greater chal-
lenges during the decomposition stage compared to additive noise. Therefore, the following
explanation focuses on LINC-R in multiplicative noisy environments, as expressed in Eq.
(3.1).

Ay = f(si) = () = f(si)(L+ Br) = f(s)(1+ Be)
Aév = fN<3ij) - fN(Sj) = f(si;)(1 + B3) — f(55)(1 + Ba)
if |AY =AY > e

3.1

then z; and x; are nonseparable

where £3; is the noise following a Gaussian distribution N (0, 02). Furthermore, the criterion

of LINC-R can be simplified to Eq. (3.2).

IAY — AY| =Dy — Ay + f(si5) B85 — [(57)81 = f(s:)Br + f(5)Be] (3.2)
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Here, we define the noise term in Eq. (3.3).

bij = f(sij)Bs — f(55)Ba — f(5:)B1 + f(5)Ba (3.3)

This term follows a Gaussian distribution in Eq. (3.4).

Gij ~ N0, (f(si5) + F2(s5) + f2(s5) + [2(s5))0”) 34

In noisy environments with multiplicative noise, LINC-R cannot identify that the fitness
difference is caused by interaction or noise, and the probability of ¢;; = 0 being satisfied is
almost 0.1°! In practice, the decomposition methods developed on the LINC-R, such as DG,
DG2, RDG, etc. will fail in environments with multiplicative noise. Therefore, grouping

methods that detect interactions by perturbation face severe challenges.

3.2 Proposal: MDE-DSCC-LMM

In this section, we will delve into the specifics of our proposed methodology, which com-
prises two key components: decomposition and optimization. Firstly, in the decomposi-
tion phase, we employ our proposed approach called linkage measurement minimization
(LMM) to partition the decision variables into sub-problems. Secondly, in the optimization
phase, we utilize a modified differential evolution with distance-based selection (MDE-DS)
as the fundamental optimizer to optimize these sub-problems. We will now provide a de-
tailed explanation of the procedures involved in both the decomposition and optimization

components.

3.2.1 linkage measurement minimization (LMM)

First, we provide the flowchart of our proposal in decomposition: LMM. The flowchart is

shown in Figure 3.2.
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Figure 3.2: The flowchart of decomposition method.

The basic idea is that we regard the decomposition problem as a combinatorial opti-
mization problem and design the LMF based on LINC-R to lead the direction of searching
for a better decomposition solution. The specific derivation of LMF is as follows.

The original LINC-R is defined as Eq. (3.5)

ds € Pop :

if |(f(sig) = f(55)) = (f(si) = f(9))] > € 3.3)

then x; and x; are nonseparable

where the size of Pop is m, FEs consumed in a pair of variables based on Pop is 4m,

and the interaction between every pair of variables is identified in LINC-R. Thus, in the
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n—D problem, the necessary FEs is 2mn(n + 1), which is unaffordable for LSOPs. Many

studies 17102

only detect the interactions by calculating the fitness difference from the lower
bound of search space to the upper bound to save the FEs in decomposition, and we adopt
the same strategy in our proposal, although it is not so robust and may fail to detect the
interactions in trap functions. '3

We also notice that the original LINC-R can be transformed into the vector addition

form. Eq. (3.6) demonstrates this variant LINC-R:

if [(f(si5) = () = ((f(si) = f(s)) + (f(s5) = f(s))] < e

then x; and x; are separable

(3.6)

Figure 3.3 shows how LINC-R and the variant LINC-R work on the separable variables
x; and x;. Although the form is different, the mechanism of LINC-R and variant LINC-R

are identical.

x] 4

f()

(a) (b)

Figure 3.3: (a). LINC-R works on the separable variables. (b). variant LINC-R works on
the separable variables.

Based on this interesting finding, we derive LINC-R to 3—D and higher dimensions. In

3-D space, the schematic diagram is shown in Figure 3.4.
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f(si) %
f(si)

Xi

Figure 3.4: The variant LINC-R works on 3-D space.

Here, we define the fitness difference in 3-D:

A; = f(si) = f(s)
Aj = f(s;) = f(s)
A= fse) = f(5)
Aijr = f(sije) — f(s)

(3.7)

When the variant LINC-R is applied simultaneously to determine the interactions between

x;, Ty, and

(3.8)
then x;,z;, and zy, are separable
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Therefore, we can reasonably infer that when the dimension reaches n:

if 1A, n— (A1 +D+ L+ A <e
3.9

then x1,xs,...,.x, are separable

However, when Eq. (3.9) is not satisfied, we only know that interactions exist in some
variables, but we cannot know in which pairs of variables. Taking 3-D space as an example:
Zf |Az]k — (Az -+ Aj + Ak)‘ > € and ’Az]k — (Az] + Ak)‘ <€

(3.10)

then x;,x; are non — separabale and xy, is separable from x;, x;

Therefore, in the n-dimensional space, although it is difficult to detect the interactions
between multiple variables through high-dimensional LINC-R directly, we can actively
search for the interactions between variables through heuristic algorithms. According to
the above description, in the n-dimensional problem, the linkage measurement function

(LMF) is defined in Eq. (3.11)
LMF(s) = (A12..n — > Aij.)? (3.11)

m 1s the number of sub-problems. LMF in noisy environments is defined in Eq. (3.12)

LMFN(s) = (AY, ., ZA”,‘..Q (3.12)

Where AY, = ¥ (s12..0) = FY(5) = F(s1...0) (L4 B) = f()(1+ ;). To optimize

the LMFN(s), EGA is employed as the basic optimizer. Figure 3.5 demonstrates how to

-----

decode from genotype to decomposition. the length of a chromosome is LD, L is the
genome length, and D is the dimension of the problem.
We decode the binary chromosome to decimal phenotype level and divide the decision

variables into corresponding sub-problems, the decision variables assigned to sub-problem
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genoge\ of x, genoge\ of x4 genoge\ of x, genome of x,

™ ™
Genotype:l 0 | 1|1 [O0|Of[O0O[O0O[O0O]|O|O|1]|O|O|1|O|---[O|O[O0O]O]|O
| decode
Phenotype: 12 0 18| 0
assign
Decomposition: . ...
Sep. group: group 0 Nonsep. group: group 12 Nonsep. group: group 18

Figure 3.5: A demonstration of decoding from genotype to decomposition

0 are regarded as separable variables. This procedure of optimization guided by LMF is
named linkage measurement minimization (LMM), and the pseudocode of the decomposi-

tion is shown in Figure 3.6

Algorithm LMM

Require: Population size : s; Genome length : L; Maximum iteration : T’
Dimension : D

Ensure: The best decomposition : F

1: » (Decomposition solution initialization)

2: for i =0 to s; do

3 for j =0to D do

4 n < randint (0,271 — 1)

5: bn < binary(n)

6

7

8

9

P}« bn
end for
: end for
: F' + evaluate(P?)
10: E < bestIndi(P?, F') # save the best solution
11: » (Optimization by EGA)
12: whilet=0andt <T do

132 P! « selection(P?, Ft,s)

14:  P'F! « crossover(P'*!)

1. Pl « mutation(P**!)

16:  F't! « evaluate(P'?)

17: Pt « replace(P'™!, E) # elite is inherited to next generation

18: E + bestIndi(P'*!, F;, ) # update the current best individual
19: t+—t+1

20: end while

21: return F

Figure 3.6: The pseudocode of LMM.
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As the general process of GA, we first initialize the decomposition solutions randomly
in Algorithm 3.6. The object E' saves the best decomposition solution. Then, we repeat the
procedure of selection, crossover, mutation, evaluation, and inheritance until the iteration
reaches the stop criterion from Line 12 to 19. The elitist strategy '** directly replicates the
best individual to the next generation, which can prevent the elite individual from destroy-

ing the superior gene and chromosome structure during optimization.

3.2.2 Modified differential evolution with distance-based selection (MDE-

DS)

Differential evolution (DE)* was first proposed in 1995 and has been wildly applied in
data mining, pattern recognition, artificial neural networks, and other fields due to its char-
acteristics such as easy implementation, fast convergence speed, and strong robustness.
MDE-DS % is designed for continuous optimization problems in the presence of noise
with the modification in mutation, crossover, and selection, and the detailed description of
MDE-DS is as follows.

Parameter control: The constant F' and C'r are unnecessary, as F' is randomly sampled
from 0.5 to 2 for each mutation operation and C'r is randomly switched between 0.3 to 1
for each target vector. Switching /' between two extreme corners of the feasible range is
conducive to attaining a balance between exploration and exploitation of the search. There
is a new parameter b (the blending rate) in blending crossover, whose value is also randomly
chosen from among three candidates: a low value of 0.1, a medium value of 0.5, and a high
value of 0.9. The utility of such a switching scheme has been discussed in'% for solving
LSOPs.

Mutation: MDE-DS includes two different mutation strategies and switches them ran-
domly with 50% probability.

In the population centrality-based mutation, the elite sub-population (top 50%) is se-
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lected and X best, 18 calculated by the arithmetic mean (centroid) of the sub-population

individuals. Eq. (3.13) is adopted to mutate the 7** individual.
Via=Xng+F (X'best,e - Xm) (3.13)

where XTI,G and XTQVG are two different individuals corresponding to randomly chosen
indices r1 and 2. ‘Z,G is the newly generated mutant vector corresponding to the current
target vector for present generation G.

In the DMP-based mutation scheme, the best individual Xbest,G in each generation is
selected and the dimension-wise average is implemented for both Xbest,G and the current

target individual X ;.- The mutation is generated in the following way:

Vie =Xic+An- ——E
1M 6l

(3.14)
. 1 D
where A, = (Xb€5tdiva - Xidim:G)’ with Xpest,,,,.c = D Ek:l Tpest,¢ and Xi,, ¢ =

1 D M; ¢
- xX; . =
D Zk’fl ig,G M.

is a unit vector with random direction.

The significance of the population centrality-based mutation scheme is that it balances
greediness while still maintaining a certain extent of diversity. For example, it is less greedy
than the DE/best/1 scheme and hence the probability of the optimization trapped in local
optima is less. On the other hand, the DMP-based mutation scheme prefers exploration, '’
and thus, in the absence of any feedback about the nature of the function, an unbiased
combination of these two methods is applied.

Crossover: Crossover plays an important role in generating promising offspring from

two or more existing individuals within the function landscape. blending crossover is em-
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ployed in MDE-DS and described in Eq. (3.15)

b- Lji,G + (1 - b) *Vji,Gs Zf mndi,j <0.5 07“j = jr
U3 G = (3.15)

Tjiq, otherwise

where u;; ¢ and vj, ¢ are the j dimensions of the trial and donor vectors respectively
corresponding to the current index i in generation G and x;; ¢ is the j dimension of the
current population individual ch Blending recombination has one parameter b, which is
randomly selected from 0.1, 0.5, and 0.9. The concrete analysis can be referred to in.!%
Selection: The canonical DE selects the offspring based on a simple greedy strategy.
However, suppose the fitness landscape gets corrupted with noise. In that case, the greedy
selection suffers a lot because in this case the original fitness of parent and offspring is un-
known and it can be well nigh impossible to infer when an offspring is superior or inferior
to its parent. Thus, the design of selection is the key to anti-noise. To handle the presence

of noise, a novel distance-based selection mechanism is introduced without any extra pa-

rameter. There are three cases of the proposed selection mechanism which are described

subsequently:

(

Z G’ f f(Xz ) —
Xz‘,GJrl =40 lg, zf f(X e landps < e~ — bk (3.16)

Xi,(;, else

\
In case 1, when f((){ Z)) < 1, the offspring replaces the parent and survives to the next
generation.

In case 2, although the parent performs better than the offspring, the offspring still can
be preserved and survive into the next generation based on a stochastic principle. And the
probability is calculated by e~ D%, where A f=1f ([ZG) —f ()Z'ZG) represents the abso-

lute fitness difference between ﬁi,G and )Z'Z(; Dis = 25:1 |w; ) — @i x| is the Manhattan
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distance between these two vectors. Manhattan distance is applied because of its simplicity
and computational efficiency, and p, is a random number generated from O to 1.

In case 3, If the parent significantly outperforms the offspring, then the offspring is
removed and the parent persists to the next generation.

This selection process is further illustrated in Figure 3.7.

f(x)

\ 4

X
Original Landscape

e Offspring individual

Landscape in noisy

® Parent individual ——— - ;
environments

Figure 3.7: A selection works on fitness landscape in noisy environments

Figure 3.7 shows a fitness landscape scenario both in noiseless environments and noisy
environments, p and p' represent the parent individual in the original fitness landscape
and landscape in noisy environments, o and o' represent the offspring individual in original
fitness landscape and landscape in noisy environments respectively. The fitness information
we can observe is only in noisy environments, so in minimization problems, o will be
rejected to replace the p in the next generation. The objective value of p is better than o
in the real fitness landscape, and if we re-evaluate the o and p’, the domination may be

changed. The mechanism of selection in MDE-DS allows the algorithm to give us some
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probabilistic flexibility to select worse solutions as in noise-affected landscapes.

In summary, the pseudocode of MDE-DS is shown in Algorithm 3.8

Algorithm MDE-DS

Require: Population size : s; Maximum iteration : T; Dimension : D
Ensure: Optimized population : X; Fitness of population X : F

1«0

2: X < initialPop(s, D)
3: F' + evaluate(X)
1: while t <T and not stop criterion do

26:
27:
28:
29:

for i =0 to s do

» (Mutation)
r < rand(0,1)
if » < 0.5 then
Update V,_(; by centrality-based mutation.

else
Update V; ¢ by DMP-based mutation.
end if

» (Crossover)
Cr +rand(0.3,1)
b+ randChoice([0.1,0.5,0.9])
for j =0to D do
Update uj; ¢ by blending crossover.
end for
» (Sclection)
F; « evaluate(U;)
Afi= | 1T - 15|
Dis = 2571 |I’i']~: — Zl'i‘]\-|
ps < rand(0,1)

Choose X; 41 by distance-based selection.
i—i+1

end for

tt+1
end while
return X, F

Figure 3.8: The pseudocode of MDE-DS.

3.3 Mathematical support

It is evident that the optimization guided by LMF can identify the interactions in the noise-
less environment because the individuals containing correct linkage information have lower
linkage measurement values and higher fitness, which prefer to survive in the selection of
EGA. An example we mentioned before is Eq. (3.10). An important explanation is why

LMM can identify the interactions in noisy environments. Here, we provide theoretical

support.
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Corollary: Let z; and x; be separable decision variables, and z,,, and x,, be nonsepa-
rable decision variables. I(z;,z;) = (f(si;) — f(s:)) — (f(sj) — f(s)) and IN (z;, z;) =
(fN(si5) = [N (1)) = (fN(s;)— fN(s)) represent the intensity of interaction between z; and
x; in noiseless environment and noisy environments respectively. In noisy environments, if
we prove that the probability P (I (x,,, z,) > I (x;, z;)) > 0, which means it is possible
that the intensity of the interaction between nonseparable variables can be stronger than
separable variables in noisy environments, then the minimization of LMF can guide the
direction to search for more interactions.

Proposition: In noisy environments, the probability P(I™ (x,,, ,,) > IV (z;,2;)) >
0, and individuals containing correct detected interactions have better fitness to survive.

Proof: In noisy environments, the noise 3 ~ N(0,0?). The relationship between

I™(.) and I(-) is defined in Eq. (3.17)

IV (2, 25) = I(wi, w5) + (Buf (si5) — Baf (s1)) — (Bsf(s;5) — Baf(s))

= I(zi, 25) + dij

(3.17)

Where ¢;; = (51f(sij) — B2f(si)) — (B3f(s;) — Baf(s)), and ¢;; follows the distribution:

Gij ~ N0, (f*(si3) + F2(s5) + [2(s5) + [*(s))0?) (3.18)

And IV (z;, ;) follows the distribution:

IV (i, 5) ~ NI (i, 25), (F(si5) + 2 (s5) + f2(s5) + [2(5))0”) (3.19)

Due to z; and z; are separable variables, x,, and x,, are nonseparable variables, similarly:

IV (i, 25) ~ N(0, (f2(si5) + f2(s5) + f2(s5) + [*(s))0”)

N (2 20) ~ NI (@, ), (2 (Smn) + F2(m) + f2(s0) + £2(5))0?)

(3.20)
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Here, we introduce a distribution Y = I (z,,, z,) — IV (z;, z;), and the problem is trans-

formed to prove P(Y > 0) > 0. Y follows the distribution:

Y~ NI (@, ), (F2(si5) + £2(55) + £2 () + () 0™+
(F2(smn) + F2(5m) + F2(50) + f2(5))0?) (3.21)

~ N<I(xm7 xn)v Uijmn)

The expectation of Y is I(x,,, x,), and two cases need to be discussed:

case 1: I(z,,,x,) > 0: In this case, P(Y > 0) > 0.5.

case 2: [(x,,,x,) < 0: In this case, 0 < P(Y > 0) < 0.5.

In summary, P(I™ (2, z,) > IV (2;,2;)) > 0 is true, and the optimization of LMF
has the probability of detecting more interactions in noisy environments, which can be

employed as the objective function in our experiment.

3.4 Numerical experiments

This Section implements a set of experiments to evaluate our proposal, MDE-DSCC-LMM.
Section 3.4.1 introduces the experiment settings, including benchmark functions, compar-
ing methods, and performance indicators. In Section 3.4.2, we provide the experimental

results of our proposal and the compared methods.

3.4.1 Experiment Settings

Benchmark Functions: We design 15 test functions in noisy environments based on

CEC2013 LSGO Suite, Eq. (3.22) defines the benchmark functions in our experiments.

FN(@) = filz) - (1+ B), i € [1,15] (3.22)
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B ~ N(0,0.01). Briefly, this benchmark suite consists of 15 test functions with 4 cate-
gories.

(1) fN(x) to f¥(z): fully separable functions in noisy environments;

(2) fN(x) to f¥(z): partially separable functions with 7 none-separable parts in noisy
environments;

(3) fi¥(x) to f (z): partially separable functions with 20 none-separable parts in noisy
environments;

@) f¥(x) to f{f(z): functions with overlapping sub-problems in noisy environments;

f13 and fy4 consist of 905 decision variables, and the rest functions are 1000-D prob-
lems.

Comparing methods and Parameters: In our experiment design, we compare the
decomposition strategy of our proposal with various grouping methods. The algorithms
applied in the comparisons are listed in Table 3.1. Table 3.2 shows the parameters of
our proposal in the decomposition stage. We also conduct the experiment between MDE-
DSCC-LMM and DECC-LMM to show the effect of the introduction of MDE-DS. The
maximum FEs including decomposition and optimization is 3, 000, 000, and the population

size of optimization for each sub-problem is set to 30.

Table 3.1: A summary of the algorithms under comparison

Algorithms Decomposition methods
DECC-D Delta grouping 08
DECC-G Random grouping 2

DECC-DG DG

DECC-RDG RDG?

DECC-DG2 DG23

DECC-LMM

LMM
MDE-DSCC-LMM

Performance Indicators: Two stages of our proposal need to be evaluated: LMM and
MDE-DSCC.

To evaluate the LMM, three metrics are employed: FEs consumed in decomposition,
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Table 3.2: The parameters of decomposition optimization

Parameter value

Optimization direction =~ Minimization

Optimizer EGA
Population size 10

Maximum iteration 100
Genome length 5

decomposition accuracy (DA), and optimization results. We adopt the calculation method
of the DA in.* Essentially, DA is the ratio of the number of interacting variables that are
correctly grouped to the total number of interacting variables. To determine the existence
of significance, we apply the Kruskal-Wallis test to the fitness at the end of the optimization
in 25 trial runs between different decomposition methods. If significance exists, then we
apply the p-value acquired from the Mann-Whitney U test to do the Holm test. If LMM
is significantly better than the second-best algorithm, we mark * (significance level 5%) or
** (significance level 10%) in the convergence curve.

To evaluate the MDE-DS, we apply the Mann-Whitney U test between MDE-DSCC-
LMM and DECC-LMM. If MDE-DSCC-LMM is significantly better than DECC-LMM,

we mark *(significance level 5%) or **(significance level 10%) at the end of optimization.

3.4.2 Performance of our proposal: MDE-DSCC-LMM

In this Section, the performance of MDE-DSCC-LMM is studied, both on the decomposi-
tion and optimization. Experiments are conducted on the benchmark functions presented
in Section 3.4.1
Performance of LMM: To verify the analysis in Section 3.1 that DG-based decomposi-
tion methods cannot detect the interactions in noisy environments, we apply DG, DG2, and
RDG to decompose the benchmark functions. Table 3.3 shows the decomposition results.
The decomposition results of DG-based methods prove our analysis, all variables are

divided into a sub-problem, and interactions failed to be detected completely. Next, we
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Table 3.3: The detailed decomposition results of DG, DG2, RDG on CEC2013 LSGO Suite
in noisy environments

Sep. Nonsep. Nonsep. DG(e = 1073)/DG2/RDG(ac = 10~ 10)

Func vars vars groups
Grouped Grouped Forme’d
sep. nonsep. group's
vars vars number
fi 1000 0 0/0/0 1000/1000/1000 1/1/1

0
fo 1000 0 0 0/0/0 1000/1000/1000 1711
f3 1000 0 0 0/0/0 1000/1000/1000 1/1/1
fa 700 300 7 0/0/0 1000/1000/1000 17171
fs 700 300 7 0/0/0 1000/1000/1000 1/111
fe 700 300 7 0/0/0 1000/1000/1000 1/1/1
fr 700 300 7 0/0/0 1000/1000/1000 17171

f8 0 1000 20 0/0/0 1000/1000/1000 1/1/1
fo 0 1000 20 0/0/0 1000/1000/1000 1/1/1
Jio 0 1000 20 0/0/0 1000/1000/1000 1/111
fi1 0 1000 20 0/0/0 1000/1000/1000 1/1/1
fi2 0 1000 1 0/0/0 1000/1000/1000 17171
J13 0 905 1 0/0/0 905/905/905 17111
Jia 0 905 1 0/0/0 905/905/905 1/1/1
J1s 0 1000 1 0/0/0 1000/1000/1000 1711

provide the DA and FEs for the decomposition of DG, RDG, DG2, and LMM in Table
3.4, because the decomposition results of LMM are different in every trial run, the DA and
consumed FEs are calculated with the mean of 25 trial runs. The best DA 1is in bold.
Finally, the optimization results of DECC-D, DECC-G, DECC-DG, DECC-DG2, DECC-
RDG, and DECC-LMM are provided in Table 3.5, the best solution is in bold.
Performance of MDE-DSCC: The mean and standard deviation (std) of the optimum
between DECC-LMM and MDE-DSCC-LMM are shown in Table 3.6.
Additionally, the convergence curves of 25 independent runs of all compared methods

are shown in Figure 3.9.
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Table 3.4: The DA and consumed FEs of DG, RDG, DG2, and LMM on CEC2013 LSGO
Suite in noisy environments

Fune DG DG2 RDG LMM
DA FEs DA FEs DA FEs DA FEs
fi - 2.00e+03 - 5.01e+05 - 6.16e+03 - 6.14e+04
f2 - 2.00e+03 - 5.01e+05 - 6.16e+03 - 6.21e+04
f3 - 2.00e+03 - 5.01e+05 - 6.16e+03 - 6.17e+04

fa 10.0%  2.00e+03  10.0% 5.01e+05 10.0%  6.16e+03 16.1%  5.82e+04
fs 10.0%  2.00e+03  10.0% 5.01e+05 10.0%  6.16e+03 15.8%  5.82e+04
fe 10.0%  2.00e+03  10.0% 5.0le+05 10.0%  6.16e+03 16.4%  5.82e+04
fr 10.0%  2.00e+03  10.0% 5.0le+05 10.0%  6.16e+03 17.1%  5.82e+04

f8 10.0%  2.00e+03  10.0% 5.0le+05 10.0%  6.16e+03 14.1%  5.12e+04
fo 10.0%  2.00e+03  10.0% 5.01e+05 10.0%  6.16e+03 13.4%  4.56e+04
Jio 10.0%  2.00e+03  10.0% 5.01e+05 10.0% 6.16e+03 13.8%  4.67e+04
11 10.0%  2.00e+03  10.0% 5.0le+05 10.0%  6.16e+03 14.2%  4.12e+04

f12 100%  2.00e+03 100%  5.01e+05 100%  6.16e+03 11.9%  4.80e+04
fi3 - 1.81e+03 - 4.09e+05 - 5.43e+03 - 4.66e+04
f1a - 1.81e+03 - 4.09e+05 - 5.43e+03 - 4.76e+04
fis 100%  2.00e+03 100%  5.01e+05 100%  6.16e+03  12.7%  4.80e+04

3.5 Discussion

In this Section, we will analyze the performance of LMM and MDE-DS.

3.5.1 LMM in noisy environment

Theoretical analysis in Section 3.3 shows that LMM has the potential to correctly detect
the interactions between decision variables in noisy environments. Experimental results
in Section 3.4.2 further support this analysis. The identification of interactions in noisy
environments is a difficult task, LMM identifies the decision variables with relatively strong
intensity as nonseparable. Although the fitness difference will be affected by noise, the
relative intensity of interactions between separable variables and nonseparable variables
still has a possible gap, which is the main reason for successful implementation in noisy

environments.
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Table 3.6: Optimization results between DECC-LMM and MDE-DSCC-LMM

DECC-LMM MDE-DSCC-LMM
Func

mean std mean std

f1 6.10e+07 1.65e+07  4.95e+06  2.49¢+06
f 5.65e+04  9.39e+03 1.48¢+04  9.15e+02
f3 2.11e+01 8.62e-02 2.09e+01 4.02e-02
fa 6.75e+11 2.31e+l11 2.75e+11 1.64e+11
fs 1.06e+07 1.03e+06  9.79¢+06  1.63e+06
fe 1.044e+06  5.88e+03  1.040e+06  2.72¢+03
fr 2.88e+09 1.14e+09  1.08e+09  3.03e+08
fs 1.99e+16  5.33e+15  5.39%e+15  1.53e+15
fo 8.22¢+08  1.07e+08  8.80e+08  9.42e+07
f1o 9.21e+07  6.88e+05  9.39e+07  4.77e+05
Ji1 2.54e+11 8.98e+10  1.6le+11  8.12e+10
fi2 3.55e+12  3.59e+11 511e+08  1.27e+08
f13 1.81e+10  3.42e+09  1.17e+10  3.10e+09
f1a 3.68e+11 6.65e+10  2.59e+11  7.79e+10
f15 2.20e+07  2.37e+06  9.58e+06  1.44e+06

However, the optimization of LMF is not an easy task. From the DA in Table 3.4, the
interactions that LMM can detect in noisy environments are limited. Although LMF can
lead the direction of optimization to search for more correct interactions, a more powerful

optimizer will allow LMM to find more interactions.

3.5.2 LMM vs. DG-based decomposition methods

DG-based decomposition methods detect the interactions by determining the difference be-
tween the fitness difference and a certain parameter €, and even in fully separable functions,
the fitness difference will be amplified by noise and larger than € easily, which is the main
reason of detection failure in noisy environments, and all decision variables are divided
into a sub-problem and optimized directly. Due to the curse of dimensionality, it is dif-
ficult for DE to find an acceptable solution with this division. Thus, although the DA of

DG-based methods is higher than LMM in fi5 and f;5, LMM still performed better than

42



fi f

101 DECC-G 90000
----- DECC-DG
DECC-DG2 80000
DECC-RDG
—— DECCH o
8 100 DECC-Lise S 70000
= —— WoE-DSCO-LWM | o
o
>
> o 49000
o
> 107 =z
S 5 50000
5 ©
° 2 DECC-D
= o 40000
8 3 DECC-G
DECC-DG
30000 DECC-DG2 -
DECC-RDG =
107 20000 { —— DECC-LWM
— WEDSCCLM
0.0 05 10 1’5 20 25 30 0.0 08 0 8 20 25 80
Fitness evaluation times 1e6 Fitness evaluation times e
2.18X10' f3 101 fy
i DECO-D DECC-D
DECOG DECO-G
: percr N becn ocz
o 3 DECC-DG2
2.16x101 fovstion DECO-ROG
g —— DECG-LMM S —— DECC-LMM
2 —— WDE-DSCC-LIM = —— MDE-DSCC-LMM
g >
2.14%10'
°
2 2
v} -
o]
°
g @ 107
o B
3 212x10 a
8 =]
2.1x10
0.0 0.5 1.0 1.5 2.0 25 3.0 0.0 0.5 1.0 1.5 2.0 25 8.0
Fitness evaluation times 1e6 Fitness evaluation times le6
fs fe
1,08 108
DECC-D DECC-D
3x107 . DECC-G
1,075 % 10 2600-06
i DECC-DG2
1,07 108 DECC-RDG
) g 2 —— DECC-LWM
= = Lossxios \ —— WDE-DSCC-LM
>2x107 >
14 Q2 roexi0e
o B
3 Q1055 10¢
2 5
Q2
© S rosxiee
1,045 X 100
10
o 1.04 X 100
0.0 0s 1.0 15 2.0 25 3.0 0.0 05 1.0 1.5 2.0 25 3.0
Fitness evaluation times Te6 Fitness evaluation times fe6
f7 fg
DECC-D DECC-D
DECC-G 10 DECC-G
- DECC-DG e DECC-DG
1014 DECC-DGZ DECC-DG2
DECC-RDG DECC-RDG
g —— DECC-LWM 4 —— DECC-LMM
= —— MDE-DSCC-LMM = —— WDE-DSCC-LUM
© L
> >
o 104 [} 17
> >0
© Y]
© °
L L
o ry
S 1004 =]
101
Aok
1074
0o 0s 1.0 15 20 25 3.0 0.0 05 10 5 20 25 3.0
Fitness evaluation times Teb Fitness evaluation times le6

DG-based methods in the optimization of these functions, and DG-based methods are the

most environmentally sensitive grouping method among the compared methods.
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Figure 3.9: The convergence curve of DECC-D, DECC-G, DECC-DG, DECC-DG2,
DECC-RDG, DECC-LMM, and MDE-DSCC-LMM. The gap in the initial period is FEs
consumed for decomposition.

353 LMMyvs.D

The schematic diagram of Delta Grouping is shown in Figure 3.10. Delta grouping distin-
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® Offspring

Moving vector

(a) (b)

Figure 3.10: (a). Delta grouping works on the separable function. (b). Delta grouping
works on the nonseparable function.

guishes between separable and nonseparable variables based on the disparity in coordinates
between the initial random population and the optimized population. As depicted in Fig-
ure 3.10, when the difference between A; and A is significant, Delta grouping identifies
variables x; and x; as separable. However, this rough estimation is susceptible to noise
since Delta grouping samples from the fitness landscape, and the moving vector remains
influenced by noise. Consequently, Delta grouping ranks second in sensitivity among our
comparison methods. Experimental results presented in Table 3.5 and Figure 3.9 consis-

tently demonstrate the superior performance of our proposed LMM over DECC-D.

3.5.4 LMM vs. Random grouping

It is unnecessary to provide any information about the fitness landscape to Random group-
ing, therefore, Random grouping is the most environmentally insensitive decomposition
method. Although? has proven that Random grouping is efficient and has a high proba-
bility of capturing some interactions, it cannot detect sufficient interactions and form sub-
problems properly, and LMM can detect more corrected interactions, which is the main

reason that LMM outperformed than Random grouping.
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3.5.5 The efficiency of MDE-DS

Figure 3.9 and Table 3.6 all prove that MDE-DS has a strong ability to search for better
solutions compared with the canonical DE in most benchmark functions, although canon-
ical DE performs better in fo and f17. However, no optimization algorithm can solve all
optimization problems perfectly. According to No Free Lunch Theory!? in optimization,
the average performance of any pair of algorithms A and B is identical on all possible prob-
lems. Therefore, if an algorithm performs well on a certain class of problems, it must pay
for that with performance degradation on the remaining problems, since this is the only
way for all algorithms to have the same performance on average across all functions. Thus,
although MDE-DS may perform worse than the canonical DE in noiseless functions, it is a

great success in introducing MDE-DS to solve problems in noisy environments.

3.6 Conclusion

This work introduces a novel strategy that treats the decomposition problem as a combi-
natorial optimization challenge and devises the linkage measurement function (LMF) to
direct the optimization process. Additionally, we introduce an advanced optimizer named
modified DE with distance-based selection (MDE-DS) to address optimization tasks in
noisy environments. Our numerical experiments demonstrate that LMM exhibits competi-
tive performance in identifying interactions within noisy environments when compared to
other grouping methods. Moreover, MDE-DS showcases robust search capabilities, signif-

icantly enhancing optimization processes in noisy environments.
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Chapter 4

Linkage identification in

computationally expensive problems

This chapter introduces the linkage identification in computationally expensive problems!.
Section 4.1 presents the motivation of this research, Section 4.2 introduces related works,
Section 4.3 details our proposal: efficient dual differential grouping (EDDG) and surrogate
ensemble assisted differential evolution (SEADE), Section 4.4 describes the experiments
on the CEC2013 LSGO suite, and Section 4.5 discusses the performance of SEADECC-

EDDG. Finally, Section 4.6 concludes this chapter.

4.1 Motivation

Two critical components of implementing the CC framework are the decomposition strat-
egy and the optimization technique. Over time, numerous techniques have been proposed
to decompose LSOPs. Among these methods, one of the most widely used mechanisms for

decomposition is the differential grouping (DG)!” and its subsequent extensions.3!-3>!11

This chapter was previously published as Zhong, R., Zhang, E. & Munetomo, M. Cooperative co-
evolutionary surrogate ensemble-assisted differential evolution with efficient dual differential grouping for
large-scale expensive optimization problems. Complex Intell. Syst. 10, 2129-2149 (2024). https:
//doi.org/10.1007/s40747-023-01262-6.'1°
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These approaches identify additive interactions based on fitness differences between per-
turbed samples and are renowned for their precision in decomposition. However, the orig-
inal DG incurs high computational costs for decomposition. In extreme cases, DG may
require 1,001,000 fitness evaluations (FEs) for a 1000-dimensional fully separable func-
tion, rendering it impractical to extend DG to address large-scale expensive optimization
problems (LSEOPs) encountered in real-world applications such as aerodynamic design
optimization, ''? flow-shop scheduling problems,'!* and others.

Nevertheless, recursive DG (RDG)?’ enables the extension of DG to LSEOPs. RDG ex-
amines interactions between subsets rather than individual variables using a binary search
approach, significantly reducing the average number of FEs to 1.47e4 on CEC2010 and
CEC2013 benchmark functions. Furthermore, efficient RDG (ERDG)*® and merged DG
(MDG)?" further minimize computational requirements and enhance decomposition accu-
racy. These advancements hold great promise for addressing LSEOPs based on the CC
framework with DG-based decomposition techniques.

Another crucial component of the CC framework is optimization. Conventional EAs

are often characterized as stochastic search methods, !'*

requiring a large number of FEs
to discover satisfactory solutions. This limitation severely hampers the scalability of EAs
when dealing with expensive optimization problems (EOPs).!!> To address this challenge,
a well-established approach is to employ relatively low-computational surrogate models to
assist in EA optimization. This category of algorithms is known as surrogate-assisted EAs
(SAEAs).!'® Various techniques can be utilized to construct surrogate models, including
radial basis functions (RBF),!!” polynomial regression (PR) models,!'® Gaussian process

)% or Kriging,'?° and artificial neural networks (ANN).!?! However, the

regression (GPR
performance of SAEAS is closely tied to the quality of the surrogate model, and the curse
of dimensionality in LSEOPs can rapidly degrade the accuracy and quality of surrogate

models. While some studies'?>~'?* have employed dimension reduction techniques and

efficient surrogate model management schemes to address high-dimensional EOPs, most
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focus on problems with fewer than 200 decision variables and seldom tackle scales of 1000
dimensions. To confront the substantial challenge posed by 1000-dimensional LSEOPs,
we propose integrating the CC framework with SAEAs to address LSEOPs, which is also
the primary motivation behind our research.

Various contributions have been made by scholars to address LSEOPs. Ivanoe et al. !
were among the pioneers who introduced SAEAs into the CC framework, proposing a
surrogate-assisted CC (SACC) optimizer. Ren et al.!?¢ further advanced the SACC frame-
work by integrating it with RBF-embedded success-history-based adaptive differential evo-
lution (RBF-SHADE-SACC). Sun et al.?® proposed a surrogate ensemble-assisted large-
scale expensive evolutionary algorithm with random grouping (SEA-LEEA-RG) for LSEOPs.
This approach utilizes a random grouping strategy to decompose the original problem,
constructs local and global RBF models using partial and all samples, and incorporates
the best-predicted sample into the subsequent optimization process. Similarly, Sun et
al.?’” combined the random grouping strategy with RBF-assisted DE in their LSEO with
a switching strategy (LSEO-SS). Here, the switching strategy governs the utilization of
the local and global surrogate models, while a unique escape mechanism involving re-
initialization is designed to prevent premature convergence. Additionally, Gu et al.?® pro-
posed the SADE with adaptive multi-subspace search (SADE-AMSS) for LSEOPs. In de-
composition, SADE-AMSS employs principal component analysis (PCA) and random de-
cision variable selection to construct multiple sub-spaces, integrating three efficient search
strategies adaptively within SADE. However, the majority of studies primarily focus on op-
timizing algorithms and employ only random strategies in sub-component division. While
capturing interactions between decision variables based on probability can be efficient, ac-
curate decomposition techniques often require additional FEs for interaction identification.
Moreover, incorrectly determined interactions may misdirect the optimization process. '?
Therefore, achieving both accurate decomposition and optimal performance in LSEOPs

necessitates the integration of high-accuracy, computationally inexpensive decomposition
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methods with efficient optimizers.

4.2 Related works

4.2.1 Generalized regression neural network (GRNN)

GRNN is a highly parallel radial basis function network based on the one-pass algo-

3128 and the universal approximation theorem!? endows an ability to GRNN for

rithm,
approximating any functions theoretically. Specifically, the topology of GRNN is shown in

Figure 4.1

Input Layer Pattern Layer Summation Layer Output Layer

Figure 4.1: The structure of GRNN.?

GRNN consists of four layers: the input layer, pattern layer, summation layer, and
output layer. Eq. (4.1) summarizes the GRNN logic in an equivalent nonlinear regression
formula: '3

+o0o +oo
EY/X]=([ YHXY)dY)/([ [(X,Y)dY) 4.1

—0o0 —0o0

where X = {Xi, Xy, ..., X,,} denotes the n-D input vector, Y is the predicted label by
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GRNN, E[Y/X] means the expectation of Y given an input X, and f(X,Y") is the joint

probability density of X and Y .!3!

4.2.2 Gaussian process regression (GPR)

GPR as a popular probabilistic surrogate model has been widely applied in SAEAs, 1327134

Deriving from the Bayesian theory, the GPR can be seen as a random process to undertake
the non-parametric regression with the Gaussian processes.* For any inputs, the corre-

sponding probability distribution over function f(x) follows the Gaussian distribution as:

f(x) ~ GPR(m(x), k(z,z")) (4.2)

Where m(z) and k(z,x’) are the mean and the covariance functions respectively, which

can be expressed by:

(4.3)

E(-) represents the expectation. m(x) is generally zero to simplify the computation practi-
cally. k(z, 2’) is also named the kernel function to explain the relevance degree between a
target observation of the training data set and the prediction based on the similarity of the
respective inputs.

In the regression problem, the prior distribution of output y can be denoted as

y~ N(0,k(z,2') + 021,) (4.4)

where N () represents the normal distribution. o2 is the noise term. Assuming the training

dataset x and the testing set 2’ follow the identical Gaussian distribution, and the prediction
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y" would follow a joint prior distribution with the training output y as'¥

k(z,z) +o02l, k(z, )

=1 ~ N(0, ) 4.5)
k(z,2")T k(z',x")

where k(z, ), k(z,2") and k(2', ") represent the covariance matrices among inputs from

the training set, the training and testing sets, as well as the testing set.

To guarantee the performance of the GPR, some hyper-parameters 6 in the covariance
function require to be optimized with n samples in the training process. One efficient
optimization solution is to minimize the negative log marginal likelihood L(f) as '3

1 1 7.4 n
L(0) = 5 logldet A() + -y" A (0)y + 5 log(2m)]

2 (4.6)

AO) = k() + 021,

After the hyper-parameters optimization of the GPR, the prediction ¢’ can be obtained

at data set 2’ through calculating the corresponding conditional distribution p(y'|2’, x, y) as

py'|x’ z,y) ~ N(y'y', cov(y'))

7 = k(z,a") k(z, ) + onl] "y
“4.7)

cov(y') = k(z',2')—

k(x, o) [k(x,2) + 02 1,) ' k(z,2')

where 3/’ stands for the corresponding mean values of prediction. cov(y’) denotes a variance
matrix to reflect the uncertainty range of these predictions. More details of mathematical

support can be found in.'%’
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4.3 Proposal: SEADECC-EDDG

This chapter introduces a novel decomposition method named efficient dual differential
grouping (EDDGQG) and adopts a surrogate ensemble-assisted differential evolution (SEADE)
as the basic optimizer. In the decomposition stage, EDDG contains the both merits of
ERDG and Dual DG (DDG) that can detect additive and multiplicative separability with
high efficiency and accuracy. Inspired by RDG2!!'! and RDG3,!* we also introduce an
adaptive threshold for multiplicative interaction identification and limit the maximum scale
of sub-components to alleviate the negative effect of the curse of dimensionality in opti-
mization at the cost of a certain level of decomposition accuracy. In the optimization stage,
our adopted SEADE utilizes the global and local surrogate model to estimate promising
solutions, and the participation of these elites is expected to accelerate the convergence of

optimization with limited computational resources.

4.3.1 Decomposition: EDDG

As we mentioned before, the motivation for our proposed EDDG is that we want to develop
an advanced decomposition technique that contains the efficiency of ERDG and the ad-
vantage of DDG which can detect additive and multiplicative interactions simultaneously.
Therefore, we adopt the decomposition framework of ERDG embed the determination con-
dition of DDG to ERDG, and propose EDDG. Moreover, we design an adaptive threshold
for multiplicative interaction identification inspired by RDG2. Considering this research
focuses on solving LSEOPs, and the relatively large-scale sub-components still consume a
large number of FEs to search for acceptable solutions due to the curse of dimensionality,
thus, inspired by RDG3, we decompose the sub-component whose scale is larger than the
pre-defined maximum scale. In summary, the pseudocode of EDDG is shown in Figure
4.2.

NaN is a non-numeric value. In Algorithm 4.2, EDDG first detects the interactions
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Algorithm EDDG

Require: Objective function: f(-); Lower and Upper bound of search space:
Ib, ub; Maximum scale of sub-components: M .S
Ensure: Separable groups: sep; Nonseparable groups: nonsep
sep,nonsep +— ()
X0 ¢ Iby yrg + f(x0)
Xy {m}; Xo {20, 23,...,aN}
while X5 is not empty do
Xl < X113 X,”‘l(Xl) “— Ilb(Xl)
6: Yu,l < ./‘(xu._l)
T: FA < {y1,yu1, NaN, NaN}
8: (XT, Badds ,i'?,,,u“,i) + Interact(X;, Xo, X7, Xy . 1b,ub, I)
9: if len(X) = len(X,) then

S U I

10: if len(X7}) > 1 then

11: nonsep < {nonsep, X}

12: else

13: sep + {sep, X1}

14: end if

15: X, + pop(Xy)

16: else

17: )(1 (*)(T; XQFXQ*Xl

18: end if

19: if Xy = () then

20: if len(X;) > MS then

21: Separate X to X1, Xyo,...
22: nonsep + {nonsep, X1, X11,...}
23: else if len(X;) > 1 then

24: nonsep < {nonsep, X, }

25: else

26: sep + {sep, X1}

27: end if

28: end if

29: end while
30: return sep, nonsep

Figure 4.2: The pseudocode of EDDG.

between x; and the rest decision variables. If these two subsets are separable, EDDG fur-
ther identifies the length of the subset X;. And if more than one decision variable in X,
EDDG assigns the X; as a non-separable sub-component, otherwise, it is allocated to a
separable decision variable. If there exist interactions between X; and X5, EDDG sepa-
rates the interrelated decision variables in X, and assigns them into X;. EDDG repeats
the above process until all decision variables are well placed. Besides, the main difference
between EDDG and ERDG is that if the scale of X, is larger than the pre-defined max-

imum scale of sub-component M .S, X is further divided into multiple sub-components
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randomly. Especially for fully non-separable and overlapping functions, the accurate de-
composition to these two kinds of problems is that all decision variables are divided into a
sub-component, but the optimization by this decomposition cannot be accelerated based on
the CC framework. Thus, EDDG sacrifices the accuracy of decomposition and randomly
decomposes the sub-component which has a larger scale than S, and the accuracy of this
decomposition will reduce to

Ace — MTS - 100% 4.8)

where D is the dimension size of the original problem. Assuming the M.S = 100 and
D = 1000, the decomposition to the fully non-separable and overlapping function will
extremely decrease to 10%. However, this process can alleviate the curse of dimensionality
and accelerate the convergence of optimization at the cost of decomposition accuracy.

Algorithm 4.2 shows the framework of EDDG which mainly inherits the skeleton of
ERDG, and Figure 4.3 illustrates the interaction identification between X; and X5.

%ﬁg is larger than ¢,,,,;;; greatly to ensure that when a negative value exists in F'A, the
In(-) operator is invalid, and in this case X; and X, are multiplicatively non-separable. In
Algorithm 4.3, EDDG first calculates the additive difference and multiplicative difference,
and If X; and X, are additively and multiplicatively non-separable, X is divided into two
equal-sized and mutually exclusive subsets X, and X, and the interaction identification
between X; and these two subsets is further executed, and this process is continued until
EDDG finds all variables that interact with X .

After X, is separated into X, and X, , if X; does not interact with X, that we can
reasonably infer that X interacts with X, é’, thus, the interaction identification between X
and X; can be saved. Similarly, if X interacts with Xé and Bqq = Badd or Bouiti =
/émultia EDDG can infer that X; does not interact with X;, which can save the FEs for

decomposition.

Similarly, our proposed EDDG inherits the interaction identification technique of ERDG
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Algorithm Interact

Require: Variable subset: X, X5: Solution vector: x; 7, x,.1; Lower and Upper

bound: Ib, ub; Fitness archive: FA

Ensure: Updated X, Additive fitness difference: 3,44, Multiplicative fitness

L~

e

e

10:
11:
12:
13:
11:
15:

17:
. end if
if nonSep = 1 then

%

19:
20:
21:

22:
23:
24:
25:
26:
27

29:

difference: Snuitis
nonSep + 1
if FA[2] = NaN then

Xond ¥ X105 Xuym S Xuyl

Xm,l(X'z) — (lb(ng) + llb(}(g))/?

Xutm(XE) — (lb(){Z) + “b(XZ))/Q

FA[2| + f(Xm1); FA[3] « f(Xum);

Ay + FA[0] — FA[L]; Ap + FA[2] — FAJ3|

Bada + abs(A; — Ay)

Bumutti < Bttty

if elements in F'A are all positive then
Ay + In(FA[0]) — In(FA[1])
Ay + In(FA[2]) — In(FA[3])
Brutts < abs(Ag — Ay)

end if

if .Burld < Eqdd O .Bnmlll, < Emulii then
nonSep + 0

end if

if len(X3) > 1 then
Divide X, into two equal-sized and mutually exclusive subsets X,

"
and X,

LFA « {FA[0], FA[]l], NaN,NaN}
(X;, Bodds ;’3’.,,1,,1,“-) + Interact(X, X;»;,x“,xu!,, lb,ub,tFA)
if Budd # Baga and Bruirs # B then
if len(X,) = len(X,) then
(X1, Blaas Booiss) < Interact(X,, X5, x7.1, Xy, 1b, ub, F)
else
tFA + {FA|0], FA[l|, NaN,NaN}
(X;r, B;ddw ,a"?;”u“,i) + Interact (X, X; X101, X, 1b,ub I FA
end if
Xy {X1, X[}
else
X, « X,
end if
else
Xy {X1, X}
end if

38: end if

: return X 1s ’Hrulllr Umullxi

and embeds the subset-to-subset version of DDG to EDDG. As a flexible decomposition
method, DDG will not consume the extra FEs and only add a slight computational bur-
den, which means it can be embedded into any existing DG-based framework easily, and

the time complexity of EDDG is O(N log(N)) as same as ERDG. Here, we provide the

Figure 4.3: The pseudocode of interaction identifications.
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computational complexity analysis of EDDG in detail.

Four categories of the problem exist: fully separable, fully non-separable, partially
separable, and the nonseparable problem with overlaps. Supposing the dimension of the
problem is D, for fully separable problems, the interaction is detected ¢ = D — 1 times,
and Algorithm 4.3 is invoked by Algorithm 4.2 ¢ = D — 1 times, thus the consumed
FEs of EDDG is 2(D — 1) + D — 1+ 1 = 3D — 2. For fully non-separable problems,
the decomposition process forms a binary tree, and interaction is detected ¢t = 2(D —
1) — 1 = 2D — 3 times, while Algorithm 4.3 is invoked by Algorithm 4.2 t = 1 time,
thus the necessary FEs for fully non-separable problems is 2(2D — 3) + 1+ 1 = 4D —
4. For partially separable and nonseparable problems with overlaps, the computational
complexity of ERDG is O(D log(D)), which has been well-proven in,*® and the embedded
multiplicative interaction identification does not add any extra computational complexity,
thus, in summary, the computational complexity of EDDG is also O(D log(D)).

Moreover, although the original DDG is combined with RDG3 in,® it did not prove
this subset-to-subset version of DDG. Here, we provide mathematical support.

Theorem 1: Let f(x) to be a twice continuously differentiable function and X =
{1, x9,...,xN} is a decision variable set of N-D problem. X; and X, are two mutually
exclusive subsets where X; U Xy = X. Ux, and Uy, are two unit vector sets projected into
X1 and X, respectively. If existing two unit vectors uj € Uy, and uj € Ux,, two positive

real numbers [y, [, > 0, and a candidate solution x in search space to satisfy that

A £ A
A1 = n(f(x+ Lu})) — In(f(x)) 49)

AQ = h’l(f(X + lllq + lQ“;)) — ln(f(x + lguz))

Notice that f(x + lyu] + lou}), f(x + lou}), f(x + [1u]), f(x) are limited to positive, then

subset X; has multiplicative interactions with subset X5.
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Proof 1: Variable-to-variable version of DDG has been proven in,*® which can be

formulated as

Ay =1In(f(s;)) — In(f(s))
Ay =1In(f(si5)) —In(f(s5))
If |A) — Ag] < muns

(4.10)

Then x; and x; are multiplicatively separable

where s is a trial solution, s; and s; perturb ¢ on s in the i and j*" dimension respectively,
and s;; perturb ¢ in :"" and 5" dimension simultaneously. Here, we define g(s) = In(f(s)).
Given f(s) > 0is always true, thus, this definition holds, and Eq. (4.10) can be transformed

to Eq. (4.11), which is equivalent to the canonical version of DG.

Ao = g(sij) — g(s;) @.11)

If ’Al — Az‘ < Emulti

Then x; and x; are multiplicatively separable

the only difference is the allowable error ¢,,,;;;. Therefore, we can reasonably extend Eq.
(4.11) to the subset-to-subset version based on the theoretical fundamentals in RDG?> and
MDG:?’

Ay = g(X* 4+ Liug + luy) — g(X* + louy)

Ay = g(x* + liuy) — g(x7) “412)

If |A1 — As| < gt
Then x; and x; are multiplicatively separable
and we replace the g(x) to In(f(x)), which is the subset-to-subset version of DDG. Thus,
Eq. (4.9) is true, and Theorem 1 is proven.
Another important component in EDDG is the threshold for interaction identification,

many works have revealed the sensitivity of the DG mechanism to the threshold. Here, we
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summarize the popular design of DG-based methods in Table 4.1.

Table 4.1: The design of threshold ¢ in popular DG-based techniques

Algorithms Setting of the threshold
DG’ 1073
FII'% 10-2
RDG? ax minf[f(x1)], ..., [f (x10)[}
RDG2 !
ERDG% Yyma * (F 01+ 1 Ku,) |+ 1 i m) |+ 1f (Xu,m)])
DDG* ada = 1072
Emuit; = 1078
MDG?? 2752 % cxn* fmaz
EDDG €add = Vymi2 * (IS0 + [f Ku, )|+ 1F K m) |+ Lf (Ku,m))

emutti = Vym2 * ([0 (x,0))| + [In(f (%)) + [0 (F (xem) + [ In(f (Xu,m))])

In Table 4.1, DG, FII, and DDG have fixed threshold ¢ for interaction identification,
and this strategy cannot fit fitness landscapes with various characteristics dynamically.
RDG adaptively sets its threshold € based on the magnitude of the objective space,>!
where X, Xy, ..., X3 are randomly sampled solutions, and o« = 107!? is suggested in.>’

RDG?2 and ERDG adopt the adaptive threshold setting based on the computational round-

off error, where v, = lf‘]::jm are satisfied in the floating-point number system based on
the IEEE 754 Standard.'*® MDG adapts the threshold ¢ according to the fitness func-
tion value f(z), dimension size n, and the rounding error of floating numbers, where
fmaz = max{|f(x)], [fXui)]; [ [ Xim)]s | f(Xum)|}- Similarly, we follow the design of
the adaptive threshold in RDG2 and ERDG and extend it to our proposal EDDG, and this

dynamic strategy can determine the threshold ¢,4; and &,,,;;; automatically and intelli-

gently.
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4.3.2 Optimization: SEADE

This research focuses on optimizing the LSEOPs which have a limited computational bud-
get, thus we introduce a surrogate ensemble assistance technique to conventional DE. Fig-

ure 4.4 shows the flowchart of SEADE to optimize a sub-component.

Start

!

Population and
parameters initialization

!

»  Evaluation

!

Terminate? — End

A

e
Local data archive

Mutation
Construct a GPR model l Construct a GRNN model

| |

: : : Crossover : : .
Selection

Figure 4.4: The flowchart of SEADE.

For each sub-component optimization, SEADE first initializes the population and pa-
rameters and evaluates the population by the objective function. If the termination cri-
terion is not achieved, SEADE generates offspring individuals with three strategies: one
individual estimated by the global surrogate model, one individual estimated by the local
surrogate model, and n — 2 individuals constructed by conventional schemes of mutation
and crossover, where n is the population size. Then, the selection mechanism is adopted to
choose the survival solutions. Next, we will details of our applied techniques.

Surrogate ensemble: Universal approximation theorems endow the neural networks
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(NN) with outstanding regression capacity and state that NN can represent a wide variety of
functions when given appropriate weights, thus it has been extensively applied as the global
surrogate model in many SAEAs. '4171%* Gaussian process regression (GPR), also known as
the Kriging model, is a highly flexible model that can formulate uncertainty with great
precision to build update points, '** and it has been employed as the local surrogate model
in many pieces of literature.*~'%” Therefore, we combine both global and local surrogate
models which are constructed by generalized regression neural network (GRNN) and GPR
respectively in our proposed SEADE, and elite solutions estimated by these two surrogate
models are expected to have high quality and accelerate the convergence of optimization.
Another component to construct the surrogate model is the training data. Figure 4.5
provides an example of two training data selection fashions for model construction. Figure
4.5 (b) selects the recent data to construct the GRP, which can approximate the local fitness
landscape around the current individual. Figure 4.5 (c) selects all historical data to construct

the GRNN, and this scheme can learn the global information of the fitness landscape.

15 generation 15t generation 1t generation
2" generation 2nd generation (o] 20d generation
31d generation 3rd generation 3td generation
® Training data ® Training data
o o
(o) o (o)
o (©)
o o O
o
o
(a) (b) (©)

Figure 4.5: Training data for constructing surrogate models, and the sample surrounded
by the red circle is the selected data. (a). The distribution of individuals as the generation
increases. (b). The training data for constructing the GPR. (c). The training data for
constructing the GRNN.

Besides, given the values of different samples may greatly differ, we normalized the
fitness value of training data with the max-min scaler before surrogate model construction.

Infill sampling criterion: The infill sampling criterion is also known as the acquisition
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function, '*® which is adopted to estimate elite solutions in the surrogate model. Here, we
use the excepted improvement (EI) as the infill sampling criterion, which is formulated in
Eq. (4.13)

El(z) = max(f(z*) — f(x),0) (4.13)

where z is the initial solution, and f(z) is observed expectation from surrogate models. EI
determines the next sampling solution z* by maximizing the improvements from the initial
solution. To search the x* in the surrogate model, we simply implement the random search

as the search engine, and the pseudocode is shown in Figure 4.6.

Algorithm Random search

Require: Surrogate model: f(-), Initial solution: x, Lower and Upper bound:
Ib, ub
Ensure: Estimated solution: z*
1 ¥z
2: while not Terminate do
3: Construct solution 2~ within 1b and ub randomly
4 if f(z') has better EI than f(z*) then
5 Tz
6 end if
7. end while
8 return z*

N

Figure 4.6: The pseudocode of random search.

In summary, the pseudocode of our proposed SEADE is shown in Figure 4.7.

4.4 Numerical experiments

In this section, we implement numerical experiments to evaluate our proposal: SEADECC-
EDDG. Section 4.4.1 introduces the experiment settings, and section 4.4.2 provides the

experimental results of our proposal with compared methods.
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Algorithm 7 SEADE

Require: Population size: S, Maximum generation: 7', Lower and Upper
bound: 1b, ub

Ensure: Optimum: x*

. P « poplnitial(S. lb, ub)

r* < best(P)

t+0

while t < T do

5: Generate S — 2 offspring O with mutation and crossover

6: Construct GRNN with all historical samples and GPR with current
generation samples

7 Estimate elites e; and es by random search

8: Add elites e; and ey to offspring O

9: Evaluate the offspring O and select survival individuals

10: x* + best(P)

11: end while

12: return z*

L

Figure 4.7: The pseudocode of SEADE.

4.4.1 Experiment settings

Experimental environments and implementation: SEADECC-EDDG is programmed
with Python 3.11 and implemented in Hokkaido Univerisity’s high-performance intercloud
supercomputer, which is equipped with a CentOS operating system, Intel Xeon Gold 6148
CPU, and 384GB RAM. GRNN and GPR are provided by pyGRNN'# and the scikit-
learn'° libraries respectively.

Benchmark Functions: We adopt the CEC2013 suite as our benchmark function,
which consists of 15 test functions with 5 categories:

(1) f1 to fs: fully separable functions;

(2) f4 to fr: partially separable functions with 7 none-separable parts;

(3) fs to fi1: partially separable functions with 20 none-separable parts;

(4) fi2 to f14: functions with overlapping sub-problems;

(5) fi5: fully non-separable function;

fi1-f12 and fi5 are 1000-D functions, and the rest fi3 and f4 are 905-D, 3, 000, 000 FEs
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for decomposition and optimization are included in the standard CEC2013 suite. Due to
our research focusing on LSEOPs, we limit the maximum FEs to 100 x D including the
decomposition and the optimization cost, where D is the dimension size. When D equals
1000, the maximum FEs is 100, 000.

Compared methods and parameters: Two parts in our proposal need to be evaluated:

decomposition and optimization. The compared algorithms are listed in Table 4.2.

Table 4.2: A summary of the algorithms under comparison

Algorithms Decomposition methods
DECC-RDG RDG®
DECC-RDG2 RDG2'!!
DECC-ERDG ERDG 3¢
DECC-MDG MDG?’
DECC-EDDG EDDG

SEADECC-EDDG

In the decomposition, the maximum scale of sub-components M S is 100. In the opti-
mization, all decomposition techniques are equipped with DE, where the population size
is set to 10, scaling factor and crossover rate are set to 0.8 and 0.5 respectively. All com-
pared methods are implemented in 25 trial runs to alleviate the impact of randomness. Be-
sides, to investigate the effectiveness of the surrogate ensemble technique, we implement
the ablation experiment among DECC-EDDG, SADECC-EDDG with the local surrogate
model (SADECC-EDDG-i), SADECC-EDDG with the global surrogate model (SADECC-
EDDG-ii), and SEADECC-EDDG to analyze the efficiency of the independent surrogate
model in practice.

Performance indicators: This section introduces the metrics to evaluate the perfor-
mance of EDDG and SEADE.

Metrics for EDDG: We apply three metrics to evaluate the performance of EDDG: de-

)36
9

composition accuracy (D A),”° consumed FEs, and optimization with compared techniques.

Here, we explain the computation of D A:
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Let sep and sep’ be the separable decision variables of decomposition methods and
ideal decomposition respectively. nonsep = {g1, g2, ..., gn } and nonsep’ = {g1, ¢4, .--, g, }
have the similar definition.

For separable decision variables:

m /
DA, — w (4.14)
sep
For non-separable decision variables:
/
DAnonsep _ Zg’énonsep |g | (415)

Eg’€nonsep’ ’g/ |

To evaluate the optimization performance among various decomposition techniques,
we execute the optimization of all compared methods with 25 trial runs and calculate the
mean and standard deviation (std). To identify the statistical significance, the Kruskal-
Wallis test is employed to the fitness value at the end of optimization. If the significance
exists, we further apply the Holm test whose p-value is acquired from the Mann-Whitney
U test. 4+, ~, and — are applied to represent that our proposal is significantly better, with
no significance, and significantly worse with the compared method, and the best value is in
bold.

Metrics for SEADE: To reveal the superiority and efficiency of the SEADE intro-
duction, we apply the Holm test to the 25 trial runs of DECC-EDDG, SADECC-EDDG-
i, SADECC-EDDG-ii, and SEADECC-EDDG. The statistical information is provided as

well.

4.4.2 Experimental results

Comparison on decomposition: Table 4.3 summarizes the decomposition results includ-

ing DA and consumed FEs among RDG2, ERDG, MDG, and EDDG on CEC2013 bench-
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mark functions.

Comparison on optimization: Table 4.4 summarizes the optimization results among
compared decomposition techniques, and Table 4.5 lists the optimization results between
DECC-EDDG, SADECC-EDDG-i, SADECC-EDDG-ii, and SEADECC-EDDG to evalu-

ate the performance of SEADE.

4.5 Discussion

4.5.1 Performance analysis of EDDG

We evaluate the decomposition and optimization performance on four kinds of problems:
f1 to f3 are fully separable, f, to fi; are partially separable with different characteristics,
f12 to f14 are overlapping functions, and f5 is a fully non-separable function.

In fully separable functions f; to f3, EDDG has a similar performance with the com-
pared algorithms of RDG, RDG2, ERDG, and MDG in f; and f, that determines all deci-
sion variables as separable and achieve 100% decomposition accuracy DA, and the opti-
mization results among compared decomposition techniques are without statistical signif-
icance. Meanwhile, we notice that all decomposition algorithms fail to detect the separa-
bility in f3 and divide all separable decision variables into a component, we attribute this
difficulty to the inherent property of Ackley’s function which has a smooth and low-valued
fitness landscape which directly causes the threshold € also be strict. A similar phenomenon
also appears in fg, the shifted and rotated Ackley’s function which contains 700 separable
variables. Only RDG can identify a tiny part of separable variables, while the rest decom-
position techniques identify this 700-D separable component as non-separable, and the op-
timization still suffers from the curse of dimensionality. However, our proposed EDDG can
actively break the interactions and further decompose them into several sub-components,
which can reduce the search space exponentially and accelerate the convergence of opti-

mization significantly. Thus, we can observe that in the statistical analysis of optimization
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in f3, our proposed DECC-EDDG has superiority to the compared DECC-RDG, DECC-
RDG2, DECC-ERDG, and DECC-MDG.

In partially separable functions f, to f1;, EDDG has a similar but slight degenerating
performance with RDG2, ERDG, and MDG on D A, which is due to the extra multiplica-
tive interaction identification that may identify the additively non-separable interaction as
multiplicatively separable and divide the corresponding sub-components. However, there
is no statistical difference between optimization performance among DECC-RDG, DECC-
RDG2, DECC-ERDG, DECC-MDG, and DECC-EDDG. Therefore, our proposed EDDG
is competitive with compared decomposition algorithms in partially separable functions.

In overlapping functions fi5 to f14, RDG, RDG2, ERDG, and MDG correctly identify
the interactions between decision variables and divide them into a sub-component. This
decomposition degrades the optimization performance extremely due to the existence of
the curse of dimensionality. Meanwhile, our proposed EDDG sacrifices the D A mostly to
achieve optimization acceleration. A demonstration of the relationship between DA and

the optimization performance of overlapping functions is shown in Figure 4.8.

1000

f0)= ) (i+xia)* % € [5,5]

i=1
dq/ \B
{(x1, X2, v, X1000)} {(x1, .., X500), (X501, -» X1000)}

DA =100% DA = 50%

Figure 4.8: A simple example to illustrate the relationship between DA and the optimiza-
tion performance for the overlapping function.

flz) = Zgﬂo(xi + x441)% x; € [—5,5] is an overlapping function. Assuming a de-
composition algorithm .4 divides all decision variables into a component and D A achieves

100%, while a decomposition algorithm B divides the 1000-D problems into two equal-
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sized sub-components, and the DA of this decomposition extremely deteriorates to 50%.
However, the optimization performance of decomposition B may perform better than A
oppositely due to the search space of a sub-component decomposed by algorithm B is
10°%°, while the search space of the component decomposed by algorithm A is 101°%,
which has 10°°° times larger scale of search space than the sub-component in 3. Therefore,
the balance between the effect of the curse of dimensionality and D A will benefit solving
LSEOPs based on the CC framework, which is the main reason that our proposed EDDG
has lower DA than RDG, RDG2, ERDG, and MDG but the optimization performance of
DECC-EDDG is higher than DECC-RDG, DECC-RDG2, DECC-ERDG, DECC-MDG,
and DECC-EDDG on fi5 to fi4.

In the fully non-separable function f;5, EDDG also sacrifices the DA and further de-
composes the sub-component with a relatively large scale, thus the deterioration of DA
can be observed from Table 4.3 compared with RDG, RDG2, ERDG, and MDG. However,
the optimization of DECC-EDDG is significantly inferior to DECC-RDG, DECC-RDG2,
DECC-ERDG, DECC-MDG, and DECC-EDDG. In this situation, the accuracy of decom-
position for decision variables is more important in optimization than the alleviation of the
curse of dimensionality, and we re-emphasize the importance of the balance between the
DA and the effect of the curse of dimensionality in the specific large-scale optimization

task, which is a challenging topic for our future research.

4.5.2 Performance analysis of SEADE

Ablation experiments are provided to investigate the efficiency of the surrogate ensemble
technique, and the experimental and statistical results can be observed in Table 4.5. GPR
as a non-parametric regression model is good at dealing with relatively low- and median-
dimensional regression tasks, and GRNN can approximate any high-dimensional problems
theoretically. From these numerical experiments and statistical summary, we conclude that

the surrogate ensemble technique can accelerate the convergence of optimization signifi-
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cantly in most cases, and the cooperation of the global and the local surrogate model is
better than the single surrogate model in practice. In the meantime, we notice an abnor-
mal phenomenon that the introduction of surrogate ensemble assistance will significantly
decelerate the optimization in fi5, and we infer that this deterioration is caused by the
poor decomposition of EDDG in f;5. Observing the experimental results in Table 4.4,
our proposal EDDG is not efficient on fully non-separable function f;5, and this poor de-
composition leads the direction of optimization in the wrong way. Although the surrogate
ensemble technique can estimate high-quality elite solutions, the poor decomposition will
destroy the fitness landscape, and further influence the real quality of estimated solutions

in the original fitness landscape.

4.6 Conclusion

This chapter proposes a novel algorithm named SEADECC-EDDG to solve LSEOPs based
on the CC framework. In the decomposition, we design the EDDG which contains the
efficiency of ERDG and the multiplicative interaction identification principle of DDG. Ac-
tive interaction break operation accelerates the optimization at the cost of decomposition
accuracy. In the optimization, we introduce a surrogate ensemble-assisted DE as the ba-
sic optimizer. The global surrogate model constructed by generalized regression neural
network (GRNN) and historical samples can describe the characteristics of the whole fit-
ness landscape, and the local surrogate model constructed by Gaussian process regression
(GPR) and current generation solutions can approximate the regularity of the fitness land-
scape around the recent samples. Estimated elite solutions by the combination of expected
improvement (EI) and the random search from surrogate models are expected to accelerate

the convergence of the optimization.
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Chapter 5

Improved vegetation evolution

This chapter presents an improved vegetation evolution optimizer!. Section 5.1 presents
the motivation of this research, Section 5.2 introduces the original VEGE, Section 5.3 de-
tails our proposal: improved VEGE (iVEGE), Section 5.4 presents the experiments on the
CEC benchmark functions, and Section 5.5 discusses the performance of iVEGE. Finally,

Section 5.6 concludes this chapter.

5.1 Motivation

As one of the newest EC algorithms, vegetation evolution (VEGE) repeatedly simulates the
behavior of plants in different periods to balance exploration and exploitation from a fresh
perspective.% Due to the superior performance of the conventional VEGE compared with
some classic EC algorithms, e.g. differential evolution (DE),* particle swarm optimiza-
tion (PSO),> and enhanced fireworks algorithm (EFWA), '3 it has attracted widespread
attention and several improved versions have been proposed. For example, Yu et al. intro-
duced different mutation strategies into the growth period and maturity period to increase

153

population diversity '°° and proposed multiple different generation strategies to increase

IThis chapter was previously published as Zhong, R., Peng, F., Zhang, E., Yu, J., & Munetomo, M. Veg-
etation Evolution with Dynamic Maturity Strategy and Diverse Mutation Strategy for Solving Optimization
Problems. Biomimetics 2023, 8, 454. https://doi.org/10.3390/biomimetics8060454.1!
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the global search ability. '>*

Besides, they also analyzed the effects of various operations
and parameter settings on the performance of the conventional VEGE.!'>® Although many
pieces of literature have shown the effectiveness of the VEGE, there is still much room for
improvement.

The main objective of this chapter is to introduce two new search strategies to further
improve the search efficiency of the VEGE and propose an improved VEGE to better bal-
ance search efficiency and population diversity. More specifically, the first strategy, i.e.,
the dynamic maturity strategy, appropriately introduces competition among individuals to
generate more potential seed individuals. In this strategy, the concept of the proximate opti-
mal principle (POP)'*¢ is considered that well-performed solutions have similar structures,
thus, we dynamically allocate the computational resources to plants in the seeding operator,
where the better individual can generate more seeds and vice versa. The second strategy,
1.e., the diverse mutation strategy. We observe the relatively weak capacity of VEGE in
getting rid of local optima, and the ensemble of the mutation module can improve the abil-
ity to escape from trapped local areas. These ideas motivate us to develop a more efficient
variant of VEGE.

In numerical experiments, 30-D and 50-D CEC2013 benchmark functions are em-
ployed to evaluate the overall optimization performance of our proposed improved VEGE,
and seven engineering problems are adopted to investigate the capacity of our proposal
in real-world scenarios. Seven advanced EAs and the conventional VEGE are the com-
petitor algorithms. Besides, we also investigate the contribution of the two strategies to

performance improvement and their application scenarios.

5.2 Vegetation Evolution (VEGE)

Since genetic algorithm (GA) 3718 has sparked a wave of research in the EC community,

many well-known EC algorithms have been proposed one after another. Initially, practi-
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tioners borrowed biological evolution or the intelligent behavior of animal groups to design
new EC algorithms. Then many natural phenomena and human culture have also become
sources of inspiration and developed various novel EC algorithms. However, only a few
of them get inspiration from plants to propose new algorithms, such as flower pollination
algorithm '*® and dandelion optimizer. '° Fortunately, there has also recently been attention
to developing new algorithms inspired by the behavior of different plants. As one of the
latest members of this branch, the conventional VEGE simulates the common life cycle of
plants derived from observations of different plants rather than simulating the behavior of
a particular plant to find the global optimum.

Similar to most heuristic evolutionary algorithms, the conventional VEGE is also population-
based and iteratively improves the accuracy of individuals (candidate solutions) to converge
to the global optimum. !6"-12 Here, a real plant is modeled as an individual, and each in-
dividual sequentially goes through two distinct life periods, growth and maturity. Among
them, the growing individuals are responsible for local search while the mature individuals
are responsible for global search. Thus, the unique contribution of the conventional VEGE
is to interactively switch between two different search capabilities to balance exploitation
and exploration well.

The general optimization process of the conventional VEGE can be simply summarized
as follows. Usually, random initialization is used to generate an initial population consisting

of multiple individuals. Eq. (5.1) represents the process of random initialization.

X1 T11 T12 0 Tim

Xo To1 T2 - Tom

P = Xg| = |xa1 w32 -+ T3y,
(5.1

_Xn_ _'Tnl Tpo ¢ xnm_

Ty =11 X (UBJ—LB])+LBJ
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Figure 5.1: The optimization process of the conventional VEGE, and (a) - (d) demonstrate
initialization, growth period, maturity period, and selection, respectively. The dashed ar-
rows indicate the growth vector of individuals, and all red dots indicate generated seed
individuals.

where LB; and U B; are the lower and upper bounds of the 5 dimension, n and m are the
population size and the dimensionality of the optimization problem, respectively, and 7 is
a random number in (0, 1). These randomly initialized individuals first enter the growth
period, and each individual generates only one offspring individual by Eq. (5.2).

= 1+1

X" =X +GRoGD (5.2)

)

where GR is a vector to denote the growth radius of plants in every dimension, and GD
in (-1, 1) represents the growth direction of plants in every dimension. If the generated
offspring individual is better than its parent individual, it will replace the parent individ-
ual, otherwise, the parent individual is directly copied to the next generation. After going

through a number of growths, i.e., reaching a predefined maximum number of growths, all
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individuals enter the maturity period. Then, each individual will generate multiple seed
individuals by DE/cur/1-like mutation strategy*’ in Eq. (5.3). Note that this operation will
only be performed once, and the individuals that survive to the next generation will enter

the growth period again.
Xseed:X-i+MS®<XT1_XT2) (5.3)

where M S is the moving scale and set as a random vector in (-2, 2) to simulate the uncer-
tainty from real environments such as the wind, water flow, and animal behaviors. X -1 and
X5 are two mutually different individuals from X.. Subsequently, all current individuals
and seed individuals are mixed together to select the best n (n: population size) individ-
uals to enter the next generation according to their fitness ranking. Finally, these selected

individuals will start a new cycle, that is, go through two different periods again until a

termination condition is satisfied.

5.3 Proposal: improved VEGE (iVEGE)

The conventional VEGE extracts and simulates some common characteristics of the plant
life cycle to gradually update the population, where each individual is treated equally and
allocated the same resources, such as the same number of growths and seeds. Actually, the
real plant ecosystem is much more complex than what we have observed, and differences
exist between different species and even between different individuals of the same species.
Here, we introduce two new search strategies, i.e., the dynamic maturity and diverse mu-
tation strategies, into the conventional VEGE to simulate the survival mode of real plants
more realistically. To better understand the procedures of our proposal, the flowchart is
visualized in Figure 5.2.

Dynamic maturity strategy: Due to different living environments, plants not only
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Figure 5.2: The flowchart of our proposal.

need cooperation to ensure the continuation of species but also often face competition for
survival resources, such as space and nutrients. The diversity of individuals enables them
to adapt to changing environments and not be eliminated by nature. However, the conven-
tional VEGE divides all resources equally and each individual generates exactly the same
number of seed individuals. Based on the competitive relationship that exists in nature,
we thus introduce the competitive relationship into the conventional VEGE to reasonably
allocate the number of seed individuals generated by each individual.

Suppose the total number of seed individuals that can be generated in each generation
is SI, we employ the proposed dynamic maturity strategy to assign the number of seed
individuals for each individual in the maturity period. First, each individual will generate
the same number of % seed individuals, and then the remaining (S —k xn) seed individuals
will be allocated in a competitive manner based on the fitness of all individuals. Here, we
use Eq. (5.4) to determine the probability of each individual being selected and take the

roulette wheel to allocate the remaining seed resources. Finally, individuals with better
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fitness have a higher probability of generating more seed individuals.

1
exXpl+
p; = softmax(—) = &)

5T el

i

(5.4)

where p; is the probability that the ¢-th individual is selected, and f; is the fitness of the -th

individual. Figure 5.3 describes the pseudocode of this strategy.

Algorithm Dynamic maturity strategy

Require: Population X.
Ensure: Allocated seeding resources SR.
Obtain the current population X and the fitness value f.
Initialize the seeding resources SR = [k, k, ..., k] for each plant.
Calculate the probability p for each plant.
Calculate the cumulative probability C'P.
fori=0to (SI—Fkxn)do
6: Generate a random value = in (0, 1).

7: for j =1ton do

if CP;_1 <r <CP; then

: SRJ_l — SRj_l + 1.
10: end if
11: end for
12: end for
13: Output the allocated seeding resources SR.

[ U R R

Figure 5.3: The pseudocode of dynamic maturity strategy.

Since we are taking the minimization problem as an example, the probability is cal-
culated by taking the inverse of fitness. For maximization problems, fitness can be used
directly.

Diverse mutation strategy: Although mutation is one of the important means to in-
crease population diversity, the conventional VEGE did not introduce any mutation strategy
when it was originally designed. Later, some practitioners realized this defect and adopted
different mutation methods to simulate external mutation and internal mutation for indi-
viduals in growth and maturity periods, respectively.!>> However, there are various ways
of mutation in nature since the complexity of the ecosystem is far beyond our imagination.

We thus introduce multiple different mutation methods only for seed individuals to provide
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more diversified potential individuals. In other words, each newly generated seed individ-
ual will randomly select one of the following three methods with a uniform probability.

Note that these mutations are performed on the seed individuals before they are evaluated.

» genes of a seed individual add a Gaussian noise with a 10% probability. Here, the
Gaussian noise is generated by multiplying a standard Gaussian noise by 0.05x

(search upper bound - search lower bound).

* the seed individual mutates with its parent by crossover operator with equal proba-

bility.

» genes of a seed individual are replaced with a random value in the global space with

a probability of 1%.

So far, the two proposed strategies have been explained, and they are both improve-
ments for the maturity period. Figure 5.4 gives the general framework of the conventional

VEGE combined with two proposed strategies.

5.4 Numerical experiments

Benchmark functions: Since the 28 benchmark functions from the CEC2013 test suite '3

have most of the common features, we run (the conventional VEGE + two strategies),
the conventional VEGE, DE, PSO, DE with self-adaptive populations (DE-SAP), phasor
PSO (PPSO), social ski-driver optimization (SSDO), RIME, and snow ablation optimiza-
tion (SAO) on two different dimensions of these function to analyze the effectiveness of
our proposed two strategies. Table 5.1 gives a detailed summary of the CEC2013 bench-
mark functions including multimodal, asymmetry, non-separable variables, and the global

optimum value.
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Algorithm  Dynamic maturity strategy

Require: Population size: N: Dimension size: D; Maximum iteration: T’
Ensure: Optimum: X;.

1. Initialize the population randomly.

2: Evaluate the fitness of all initial individuals.

3: while optimization is not terminated do

4 if all individuals are in the growth period then
5 Perform the growth operation using the method of the conventional

VEGE.

6: else
7: Determine the number of seeds.
8: All individuals generate seed individuals in turn.

Use the proposed diverse mutation strategy for generated seed
individuals.

10: Evaluate all seed individuals after undergoing mutation.
11: Mix the population and select the next generation.
12: end if

13: end while
14: Output the optimum: Xp.q;

Figure 5.4: Conventional VEGE with two proposed strategies.

Besides, we investigate the robustness of our proposal in real-world applications. Seven
popular engineering optimization problems are employed as test functions, which are listed
in Table 5.2 and provided by ENOPPY library.!'®* Given the original version of all tech-
niques cannot solve the constrained optimization problems, thus, we equip all EAs with the

static penalty function, !> which is defined by Eq. (5.5)

m

F(Ri) = f(R;) +w- Y _(max(0, g;(R:))) (5.5)

i=1

F(-) is the fitness function, while f(-) and g;(-) are the objective function and constraint
function respectively. w is a constant set to 10e7 by default in ENOPPY library.

To ensure the fairness of the comparison, we use the number of fitness evaluations to ter-
minate the comparative experiments, and the maximum number is set to 1000 x dimension
for CEC2013 28 benchmark functions and 20,000 for engineering problems. Besides, each
dimension of each function is run 30 times independently to avoid randomness. Table 5.3
shows the parameter settings of five EC algorithms, and the parameter configuration of

the two VEGE algorithms remains exactly the same. In addition, the compared DE, PSO,

81



Table 5.1: Summary of the CEC2013 suite: Uni.=Unimodal function, Multi.=Multimodal
function, Comp.=Composition function

Fun. Description Feature  Optimum
f1 Sphere Function -1400
f2 Rotated High Conditioned Elliptic Function -1300
f3 Rotated Bent Cigar Function Uni. -1200
fa Rotated Discus Function -1100
fs Different Powers Function -1000
fe Rotated Rosenbrock’s Function -900
f7 Rotated Schaffers F7 Function -800
fs Rotated Ackley’s Function =700
fo Rotated Weierstrass Function -600
fio Rotated Griewank’s Function -500
f11 Rastrigin’s Function -400
fi2 Rotated Rastrigin’s Function -300
f13 Non-Continuous Rotated Rastrigin’s Function Multi. -200
f1a Schwefel’s Function -100
fis Rotated Schwefel’s Function 100
fi6 Rotated Katsuura Function 200
fi7 Lunacek Bi-Rastrigin Function 300
fis Rotated Lunacek Bi-Rastrigin Function 400
f19 Expanded Griewank’s plus Rosenbrock’s Function 500
f20 Expanded Scaffer’s F6 Function 600
fa1 Composition Function 1 (n=5, Rotated) 700
fo2 Composition Function 2 (n=3, Unrotated) 800
fo3 Composition Function 3 (n=3, Rotated) 900
foa Composition Function 4 (n=3, Rotated) Comp. 1000
fos Composition Function 5 (n=3, Rotated) 1100
fo6 Composition Function 6 (n=5, Rotated) 1200
for Composition Function 7 (n=5, Rotated) 1300
fas Composition Function 8 (n=5, Rotated) 1400

Table 5.2: Summary of seven engineering optimization problems.

Name Abbr. Dim.  # of constraints

Welded Beam Problem WBP 4 7
Compression Spring Problem CSP 4 4
Speed Reducer Problem SRD 7 11
Three Bar Truss Problem TBTD 2 3
Cantilever Beam Problem CBD 5 1
Tubular Column Problem TCD 2 6
Corrugated Bulkhead Problem  CBHD 4 6

DE-SAP, PPSO, and SSDO are provided by MEALPY library. 166
Experimental results: Tables 5.4, 5.5, 5.6, and 5.7 give the experimental and statistical

results of numerical experiments on 30-D and 50-D CEC2013 benchmark functions. We
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Table 5.3: The parameter settings of five comparison algorithms.

MAs Parameters Value
Population size 100
DE# Scaling factor F' 1
Crossover rate Cr 0.9
Mutation strategy DE/cur-to-rand/1/bin
Population size 100
PSO 2 Inertia factor w 1
Coefficients ¢1 and co 2.05
Max. and min. speed 2,-2
DE-SAP 167 Population size 100
Encoding method w absolute encoding (Abs)
PPSO '8 Population size 100
SSDO 19 Population size 100
Population size 10
Growth cycle GC' 6
VEGES® Growth radius GR 2
Growth direction GD a random number in [-1,1]
Total # of seed individuals 60
Moving scaling M S a random number in [-2,2]
RIME® Population size 100
parameter w 5
SAO? Population size 100

applied the Kruskal-Wallis test and the Holm multiple comparison test to check whether
there was a significant difference between them at the termination of the competitor algo-
rithms. +, ~, and — are applied to represent that our proposal is significantly better, with
no significance, and significantly worse with the compared method, and the best value is
in bold. Due to the limitation of space, optimization convergence curves of representative
functions are provided in Figs. 5.5 and 5.6. Table 5.8 provides the detailed optimization re-
sults on seven engineering problems, and convergence curves of engineering problems are

presented in Figure 5.7. Table 5.9 and 5.10 summarize the ablation experimental results
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to investigate the respective contributions of our proposed two strategies in performance
improvement. For the sake of simplicity, we name VEGE + dynamic maturity strategy as
VEGE-i, VEGE + diverse mutation strategy as VEGE-ii, and VEGE + two strategies as the

Proposal.

5.5 Discussion

We first want to discuss the new benefits of the two strategies. The first strategy, i.e., the
dynamic maturity strategy, takes both fixed allocation and dynamic allocation into account
so as to allocate the limited number of seed individuals more reasonably. When £ is set to
0, the number of seed individuals that can be generated by each individual is dynamically
allocated according to the fitness of individuals. When £ is set to %, the seed individuals
are assigned in the same way as the conventional VEGE. Thus, the allocation method of
the conventional VEGE can be seen as a special case of the proposed strategy. We can
also adjust the value of k to assign different proportions to the two allocation methods,
which means that the strategy can flexibly handle various optimization problems with dif-
ferent characteristics. Besides, the strategy can give better individuals more opportunities
to search space while ensuring that poor individuals will not lose the opportunity to con-
tinue searching.

The second strategy, i.e., the diverse mutation strategy, provides a variety of different
mutations to increase the diversity of the population, and each mutation method modifies
the genes of seed individuals with different probabilities. Moreover, the seed individuals
generated from the same individual have the opportunity to perform different mutation
methods, which can explore local areas more diversified. Especially when the population
stagnates, it is helpful to escape from trapped local areas. Since these mutation operations
are performed before fitness evaluation, the second strategy does not add additional fitness

consumption. Meanwhile, the CPU consumption resulting from both proposed strategies is
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Figure 5.5: Convergence curves of competitor algorithms on 30-D CEC2013 representative
benchmark functions (f; and f3: unimodal functions; f7, fi1, fi7 and fsp: multimodal
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Table 5.9: Ablation experimental results on 30-D CEC2013 benchmark functions.

VEGE VEGE-i VEGE-ii Proposal
Func
mean std mean std mean std mean std

fi -1.40e+03 +  8.37e-01  -1.40e+03 +  6.88e-01  -1.40e+03 ~ 1.32¢-01 -1.40e+03  1.63e-01

f2 543e+06 ~  2.36e+06  4.84e+06 ~  2.22e+06  4.90e+06 ~ 1.92e+06 5.35e+06  2.50e+06

f3 2.98e+07 +  4.89¢+07  6.16e+07 +  1.89¢e+08  4.43e+06 ~ 8.65¢+06 5.73e+06  9.05e+06

fa 1.54e+04 ~  6.52e+03  1.47e+04 ~  6.42e+03  1.44e+04 ~ 6.29¢+03 1.39¢+04  5.15e+03

fs -9.97e+02 +  4.32e+00  -9.97e+02 +  2.62e+00  -9.99¢+02 ~ 2.55e-01 -9.99e+02  2.07e-01
fe -8.32e+02 &~  3.04e+01 -8.36e+02~  3.15e+01 -8.39%e+02~  2.99e+01 -8.40e+02  3.62e+01
f7 3.42e+06 +  1.24e+07  2.45e+06 +  8.68e+06  1.40e+05 ~ 2.95e+04 1.40e+05  4.08¢+04
fs -6.79e+02 &~  4.44e-02  -6.79e+02 ~  4.98e-02  -6.79¢+02 ~ 6.07e-02 -6.79¢+02  4.68e-02
fo -5.68e+02 ~  3.98e+00 -5.67e+02 +  3.50e+00 -5.73e+02~  3.57e+00  -5.71e+02  4.13e+00
fio -4.96e+02 ~  6.48e-01 -4.96e+02 +  7.67e-01 -4.97e+02 = 9.79¢-01 -4.97e+02  6.01e-01
f11 1.03e+02 +  1.03e+02  6.8le+01 +  1.12e4+02  -3.83e+02~  5.52e+00- -3.84e+02 4.27e+00
fi2 1.54e+02 +  1.10e+02  1.95e+02 +  8.5le+01  3.07e+01 ~ 1.06e+02 5.69¢+01  9.84e+01
fi3 3.70e+02 +  1.24e+02  391e+02 +  9.34e+01 1.98e+02 ~ 8.52e+01 1.91e+02  7.60e+01
f1a 4.59e+03 +  4.93e+02  4.52e+03 +  5.85e+02  2.39e+02 ~ 1.21e+02 2.49e+02  1.66e+02
fis 4.52e+03 ~  4.96e+02  4.55e+03 ~  5.89e+02  4.23e+03 =~ 5.42e+02 4.20e+03  5.88e+02
fi6 2.02e+02 +  4.48e-01 2.02e+02 +  4.48e-01 2.01e+02 ~ 6.01e-01 2.0le+02  3.57e-01
fir 1.15e+03 + 1.94e+02 1.22e+03 + 1.42e+02 3.51e+02 ~ 5.10e+00 3.54e+02 5.91e+00
fis 1.92e+03 +  3.64e+02  1.93e+03 +  3.67e+02  7.10e+02 =~ 8.06e+01 7.08¢+02  8.71e+01
f19 5.32e+02 +  5.45e+00  5.33e+02 +  4.19e+00  5.19e+02 ~ 4.93¢+00 5.19e+02  6.41e+00
f20 6.15e+02 + 1.96e-01 6.14e+02 ~ 1.30e-01 6.14e+02 ~ 6.85e-01 6.14e+02  7.55e-01
f21 1.83e+03 +  2.45e+02  1.75e+03 +  2.96e+02  1.75e+03 =~ 2.16e+02 1.69¢+03  2.69¢+02
f22 6.26e+03 +  7.09e+02  6.30e+03 +  7.92e+02  1.21e+03 = 1.82e+02 1.21e+03 1.40e+02
fa3 5.86e+03 ~  6.87e+02  6.03e+03 ~  6.28¢+02  5.70e+03 ~ 6.43¢+02 5.85e+03  7.33e+02
f2a 1.30e+03 +  1.34e+01 1.30e+03 +  1.22e+01 1.28e+03 ~ 9.28e+00 1.28e+03  1.12e+01
fos 1.43e+03 +  1.42e+01 1.44e+03 +  1.72e+01 1.40e+03 ~ 1.29e+01 1.40e+03  1.62e+01
f26 1.53e+03 +  8.66e+01  1.54e+03 +  8.37e+01 1.52e+03 ~ 8.05e+01 1.51e+03  8.33e+01
for 2.67e+03 +  1.12e+02  2.74e+03 +  1.55e+02  2.43e+03 ~ 1.24e+02 2.43e+03  8.71e+01
fas 4.93e+03 +  4.48e+02  4.72e+03 +  6.73e+02  3.57e+03 =~ 1.03e+03 3.64e+03  1.22e+03

+/~/—:20/8/0 +/re/—:21/7/0 +/~/—:0/28/0

also negligible, but the performance improvement is indeed significant. They thus can be
attributed to low cost and high return.

Next, we want to discuss the potential of the proposed two strategies and provide some
open topics. Not limited to the conventional VEGE, our proposal can be easily combined
with other improved versions of the VEGE. Since the two strategies are separable, we can
also use either of them to combine with the VEGE. Thus, a topic worthy of further research
is to dynamically select the combination of strategies according to the characteristics of
the optimization problem. Besides, we simply use three different mutation methods to
simulate the mutation patterns of real plants, which is far from enough because the real

situation is more diverse and complex. Thus, how to add more diverse mutation methods
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Table 5.10: Ablation experimental results on 50-D CEC2013 benchmark functions.

VEGE VEGE-i VEGE-ii Proposal

Func
mean std mean std mean std mean std

fi -1.39e+03 +  2.03e+00  -1.39e+03 +  1.79e+00  -1.40e+03 ~  8.74e-01  -1.40e+03  1.07e+00
f2 9.29e+06 —  2.54e+06  8.94e+06 —  2.44e+06  1.02¢e+07 =~  2.72e+06  1.15e+07  2.89e+06

f3 221e+08 +  4.31e+08  2.83e+08 +  9.82e+08  7.89e+07 ~  1.36e+08  7.26e+07  1.70e+08
fa 1.06e+04 —  4.20e+03  1.08e+04 —  3.81e+03  1.52e+04~  6.96e+03  1.47e+04  4.77e+03
fs -9.95e+02 +  1.36e+00  -9.95e+02 +  1.13e+00  -9.98e+02~  5.06e-01  -9.98e+02  6.83e-01

fe -8.04e+02 ~  4.49e+01  -8.15¢+02~  3.37e+01 -8.09e+02~~  3.48e+01 -8.11e+02  4.28e+01
fr 3.95e+06 +  8.69e+06  1.45e+06 +  1.38¢+06  5.28e+05~  2.43e+05  4.69¢+05  8.88e+04
f8 -6.79e+02 ~  4.25e-02  -6.79e+02 ~  3.46e-02  -6.79¢e+02~  4.17e-02  -6.79e+02  3.67e-02
fo -5.38e+02 +  4.62e+00  -5.38¢+02 +  4.32e+00 -5.45e+02~ 4.91e+00 -5.43e+02 5.21e+00
fio -4.88e+02 ~ 1.88e+00  -4.88e+02 ~ 2.23e+00 -4.90e+02 ~ 2.42e+00 -4.89e+02  2.29e+00
fi1 5.33e+02 +  1.51e+02  4.72e+02 +  1.39e+02  -3.65e+02~  8.90e+00 -3.66e+02  7.80e+00
fi2 5.69e+02 +  1.55e+02  5.84e+02 +  1.58e+02  3.41e+02~  9.74e+01  4.08e+02  1.30e+02

fis 7.81e+02 + 1.59e+02  7.61e+02 + 1.48e+02  5.85e+02 ~ 1.52e+02  5.80e+02  1.35e+02
f1a 8.28¢+03 +  9.40e+02  8.3le+03 +  8.13e+02  3.21e+02~  1.68e+02  3.27e+02  1.62e+02
fis 8.77e+03 ~  7.62e+02  8.90e+03 ~ 1.04e+03  8.49¢+03~  1.06e+03  8.67e+03  8.16e+02
fie 2.03e+02 =~ 5.45e-01 2.03e+02 =~ 4.64e-01 2.02e+02 ~ 5.70e-01 2.02e+02 6.19¢-01
fi7 2.12e+03 +  3.14e+02  2.06e+03 +  2.77e+02  4.08e+02~  9.63e+00  4.09¢+02  9.50e+00
fis 3.45e+03 +  5.13e+02  3.32e4+03 +  4.18e+02  1.10e+03 ~ 1.41e+02  1.02e+03  1.25e+02
f19 5.68e+02 + 1.10e+01  5.71e+02 + 1.00e+01  5.4le+02~  6.26e+00  5.39e+02  6.63e+00
f20 6.24e+02 ~ 3.66e-01 6.24e+02 ~ 2.83e-01 6.24e+02 ~ 5.92e-01 6.24e+02  5.46e-01

fo1 1.19e+03 +  2.17e+02 1.15e+03 + 1.31e+00  1.13e+03~  3.75e+00  1.14e+03  3.17e+00
fo2 1.12e+04 + 1.17e+03 1.10e+04 + 1.23e+03 1.32e+03 =~ 1.77e+02  1.31e+03  1.33e+02

fa3 I.1le+04 ~  1.06e+03  1.12e+04~  9.20e+02  1.07e+04 ~  1.12e+03  1.09¢e+04  9.74e+02

foa 1.41e+03 +  1.29e+01 1.42e+03 +  2.55e+01  1.36e+03~  1.79¢+01  1.36e+03  1.47e+01

fas 1.58e+03 +  2.38e+01 1.58e+03 +  2.92e+01 1.51e+03 ~  2.02e+01  1.50e+03  1.84e+01

f26 1.67e+03 +  1.30e+01 1.67e+03 +  1.45e+01 1.64e+03 ~  4.53e+01 1.64e+03  1.10e+01

far 3.57e+03 +  2.51e+02  3.60e+03 +  2.49e+02  3.25e+03 = 1.59e+02  3.25¢+03  1.28e+02

fos 8.88e+03 + 1.16e+03  8.96e+03 + 1.81e+03  4.65e+03 ~  1.83e+03  4.93e+03  2.08e+03
+/~l—: 19172 +I~l—: 191712 +/~/—: 0/28/0

is also one of our future topics. Since the distribution of individuals is constantly changing
with the convergence of the population, the probabilities of different mutation methods
being executed should also be different. Thus, how to efficiently use mutations to guide
the convergence of the algorithm is also a promising topic. Although we have only given a
few topics, there are still many interesting topics and hope to give some inspiration to the
latecomers.

Subsequently, we apply the Kruskal-Wallis test and the Holm multiple comparison test
to check significant differences among the compared algorithms on the CEC2013 bench-
mark functions. The results of statistical tests show that our proposal two strategies can

further improve the performance of the conventional VEGE on most optimization prob-
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lems, and the deterioration situation is rare and only happens in 50-D f; and f;, which
fully proves the effectiveness of our proposal two strategies. Besides, from the experimen-
tal and statistical results compared with optimization algorithms in Table 5.4, 5.5, 5.6, and
5.7, our proposal is quite competitive with these state-of-the-art optimization algorithms,
and this conclusion can be also observed from the convergence curve of optimization pro-
cesses. Owing to the population size in VEGE and our proposal being variable and the
initial population size of our proposal being 10 while the other compared algorithms are
set to 100, thus the beginning of the convergence curve in VEGE and our proposal is worse
than other algorithms, but the excellent exploration and exploitation ability drives our pro-
posal to outperform the compared algorithms rapidly, and the final optimum found by our
proposal is also superior, which shows the domination of our proposal to the competitor
algorithms in practice.

However, in some multimodal functions, our proposed VEGE with two strategies is
significantly inferior to RIME (e.g. 30-D f; and fy), and we attempt to explain this de-
generation by the No Free Lunch Theory (NFL).!'® NFL states that any pair of black-box
optimization algorithms have identical averaging performance in all possible problems, and
if an algorithm performs well on a certain category of problem, it must degenerate on the
rest of the problems since it is the only way to achieve identical averaging performance. Al-
though the improvement from VEGE to our proposal can be observed, the original skeleton
limits the performance of VEGE in these functions, and we will further analyze the reasons
for the failure and give corresponding countermeasures in our future work.

In addition, the ablation experiment results in Table 5.9 and 5.10 show that the second
strategy brings greater performance improvement than the first strategy on many functions,
and the difference between the combination of the two and the second strategy alone is
not obvious. This also supports our previous topic, that is, how to reasonably select search
strategies is one of the important means to improve performance.

Finally, we apply our proposal to simulate the optimization of engineering problems.
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In real-world applications, another performance indicator that we are concerned about is
the robustness of the algorithm. Owing the evaluation for the real-world problem may be
computationally expensive, we hope that the optima found by every trial run should be
acceptable and close. Under the identical limitation of fitness evaluations, our proposal can
outperform the compared methods significantly, and the mean, the std, the best, and the
worst support the robustness of our proposal adequately, which practically proves that our

proposal has great potential to deal with real-world optimization problems.

5.6 Conclusion

We introduce two new strategies into the conventional VEGE to further improve perfor-
mance. The first strategy uses the competitive relationship to rationally allocate resources
and expect to generate potential individuals, while the second strategy provides a variety
of mutation methods to increase diversity and the ability to escape from local areas. The
experimental results confirmed that both proposed strategies are effective, and the perfor-

mance gains become more pronounced as the dimensionality increases.
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Chapter 6

Strengthened RIME algorithm

This chapter presents a strengthened RIME algorithm!. Section 6.1 presents the motivation
of this research, Section 6.2 introduces the original RIME algorithm, Section 6.3 details our
proposal: SRIME, Section 6.4 presents the experiments on the CEC benchmark functions,
and Section 6.5 discusses the performance of iVEGE. Finally, Section 6.6 concludes this

chapter.

6.1 Motivation

RIME algorithm,* as a physics-based optimization technique, simulates the motion of soft
rime and hard rime particles in the rime ice and formulates these phenomena with mathe-
matical models to realize the optimization. Meanwhile, the simplicity, efficiency, scalabil-
ity, and applicability of RIME have attracted widespread attention from scholars. As one
of the latest EAs, we also notice some shortages of RIME. For example, it has outstand-
ing exploitation capacity but is relatively weak in the exploration aspect, which limits the

performance of RIME in complex optimization problems. Besides, the enhanced greedy

'This chapter was previously published as Zhong, R., Yu, J., Zhang, C., & Munetomo, M.: SRIME:
a strengthened RIME with Latin hypercube sampling and embedded distance-based selection for engineer-
ing optimization problems. Neural Comput & Applic 36, 6721-6740 (2024). https://doi.org/10.
1007/s00521-024-09424-4. Reproduced with permission from Springer Nature. 7
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selection mechanism in the original RIME can survive high-quality solutions but lose the
diversity of the population, and this selection strategy will lead the direction of optimiza-
tion into local optima easily, which is an obstacle to the scalability of RIME in multi-modal
problems.

The objective of this chapter is to introduce some efficient strategies to improve the
performance of RIME in complex optimization problems and propose a strengthened RIME
(SRIME). SRIME inherits the main skeleton of RIME and modifies the strategy in three
aspects: (1). Initialization, (2). hard rime exploitation, and (3). Selection mechanism. In
numerical experiments, we adopt nine state-of-the-art EAs including the original RIME as
competitor algorithms and evaluate the performance of SRIME in 10-D, 30-D, and 50-D
CEC2020 benchmark functions and 12 engineering optimization problems. Besides, we
implement ablation experiments to investigate the performance of each strategy that we
proposed separately. More specifically, the main contribution of this chapter is as follows:

(1). We propose an SRIME to improve the overall performance of the original RIME.
In the swarm initialization stage, we replace the random seed generator with the Latin
hypercube sampling, and the benefit of this method can generate more uniform solutions in
the high-dimensional search space. Given the shortages that we mentioned before, we add
uncertainty and randomness to the exploitation phase of RIME and modify the hard rime
search strategy.

(2). The enhanced greedy selection mechanism in the original RIME can significantly
accelerate the convergence speed of optimization, especially in unimodal problems, but
on the contrary, this selection strategy is too greedy to make the algorithm trap into local
optima easily in complex optimization problems, thus, we introduce an embedded distance-
based selection mechanism to RIME so that even the deteriorating solution has an oppor-
tunity to be accepted, which can enhance the diversity of the population and endow the
capacity to RIME for getting rid of local optima.

(3). We evaluate our proposed SRIME on the standard CEC2020 benchmark functions
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and 12 popular engineering optimization problems with nine powerful optimization tech-
niques, the experimental and statistical analysis prove the efficiency and applicability of
SRIME sufficiently.

(4). Comprehensive ablation experiments are provided in our experimental study to

investigate the performance of our proposed three improvements independently.

6.2 RIME algorithm

As same as most population-based EAs, population or swarm initialization is the first step
of RIME. Similarly, RIME randomly generates the initial population matrix with uniform
distribution. Eq. (6.1) describes the structure of rime population R and the generation of

each rime particle x;;.

T11 X1z Tim
To1 T2 - Tom
R= T31 T32 - T3m
(6.1)
_xnl Ln2 - Inm_

ZEZ']‘ =T- (UB] — LBJ) —|— LB]

LBj and U B; are the lower and the upper bound of the 4" dimension and r; is a random
number in (0, 1). x;; represents the rime particle of the j'* dimension of the i*" individual,
where i € [1,n] and j € [1,m].

Figure 6.1 2. shows two different forms of rime ice: soft rime ice and hard rime ice,
which is the inspiration of the RIME.

In the breeze environment, soft rime ice grows along the surface of branches with high

randomness, which is described as an exploration operator in RIME that enables the algo-

ZPictures are downloaded from https://pixabay.com/ as copyright-free images.
(a).https://pixabay.com/photos/barbed-wire-frost-frozen-cold-ice—-1938842/.
(c).https://pixabay.com/photos/thuja-ice-winter-cold-frozen-6015613/
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Figure 6.1: The real-world rime ice and corresponding mathematical models.* (a). soft
rime ice. (b). mathematical model of soft rime ice. (¢). hard rime ice. (d). mathematical
model of hard rime ice.

rithm to cover the search space as much as possible in the early stage of optimization, and

Eq. (6.2) formulates the growth of the soft rime ice.

Rfj_l = Rbest,j + Ty COS(&) : ﬂ : (h : (UBJ — LB]> + LBj)7 Zf rs < B (62)

Rieqr j 1s the 4% rime particle of the best rime individual. 7 is a random number in
(-1, 1) to control the direction of particle movement cooperating with the cos(é), ( is the
self-adaptive environmental factor, A is a random number in (0, 1) represents the degree of
adhesion, r3 is also a random number in (0, 1), and £ (0 < E < 1) is the coefficient to

affect the condensation probability of an agent and increases as the optimization promotes.
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Eq. (6.3) shows the computation of parameter 6, 5, and F.

: } Jw (6.3)

where ¢ and t,,,, are the current and the maximum number of the iteration time respectively,
w is a constant which is suggested to 5, and [-] denotes the rounding operator.
In the gale environment, the mechanism of the hard rime ice growth is simpler and more

regular than the growth of soft rime ice, which is expressed by Eq. (6.4).

RN = Ryear g, if 74 < f"(R;) (6.4)

where 7, is a random value in (-1, 1) and f"°"(R;) is the normalized fitness of R;. If the
condition of Eq. (6.4) is satisfied, the i*" offspring individual replaces the value of j*" rime
particle by the best rime individual Rj.;.

Besides, RIME adopts an enhanced greedy selection mechanism, which compares the
parent individual with the corresponding offspring individual one by one, if the offspring
individual has better fitness, it will directly replace the parent individual and participate in
the subsequent optimization process.

In summary, the pseudocode of RIME is shown in Figure 6.2.

6.3 Proposal: SRIME

This section introduces our proposed SRIME in detail. We first provide the overview of
SRIME and involved techniques are introduced subsequently.
The overview of SRIME: Figure 6.3 shows the flowchart of SRIME. First, SRIME ini-

tializes the population with the Latin hypercube sampling technique, and if the optimiza-
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Algorithm RIME
Require: Dimension: D, Population size: PS, Maximum iteration: 7',
Ensure: Global optimum: GO
1: Initialize the rime population R = {R{, RY, ..., R%¢} with D and PS
2: Get the current best solution GO from R
3 t=0
4

: while t < T do
Calculate coefficient E.
6: for i =0 to PS do

7: for j =0to D do

8: Update the i" rime individual R! by soft rime strategy.
9: Update the i*" rime individual R! by hard rime strategy.
10: end for

11: end for

12: for i =0 to PS do
13: Ensure the individual R! is within search space and evaluate it

14: if R/ has better fitness than R! then

15: Survive RQH to the next generation # positive selection
16: if R:“ has better fitness than GO then

17: Update GO with Rﬁ“ # global optimum update

18: end if

19: end if

20: end for

21: t=t+1
22: end while
23: return GO

Figure 6.2: The pseudocode of RIME algorithm.

tion is not terminated, SRIME updates rime individuals with the soft rime and modified
hard rime search strategy in order, then, the embedded distance-based selection mecha-
nism selects the offspring to the subsequent generation of optimization. These processes
are repeated until computational resources are exhausted. Next, we will introduce the Latin
hypercube sampling, the modified hard rime search strategy, and the embedded distance-
based selection mechanism.

Latin hypercube sampling: The initial population is critical to the optimization pro-
cess since a high-quality population can help the algorithm capture the characteristics of
the fitness landscape while a poor population may lead the direction of optimization into
the bad search area. The conventional random sampling strategy can generate an approx-
imately uniform population in the low-dimensional search space, however, in the high-
dimensional search space, this simple scheme cannot ensure that each interval is repre-
sented in the sample or that the sample points are well-spaced, and clusters or gaps may

exist in the sample space, which will affect the distribution of solutions in the fitness land-
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Figure 6.3: The flowchart of SRIME.

scape.

To overcome the shortage of simple random initialization, Latin hypercube sampling
(LHS) was proposed by Michael Stein,!”! which is a statistical method for constructing a
near-random sample of parameter values from a multi-dimensional distribution. Here, we
first provide a visual demonstration of Latin hypercube sampling with four samples and
two-dimensional search space in Figure 6.4.

LB; and U B; are the lower bound and the upper bound of the i** dimension respec-
tively. Latin hypercube sampling first divides the search space into intervals equally, and
the interval for every dimension is paired randomly to form the sampling areas. Then, each

sample is generated randomly within the sampling areas in order. This technique can eas-
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UB,

LB

LB, X UB,

Figure 6.4: A visual demonstration of Latin hypercube sampling in two-dimensional search
space, and the sample size is equal to four.

ily extend to high-dimensional search space. Compared with random initialization, Latin
hypercube sampling can ensure that each interval is represented by a sample so that the
sample points are more uniformly distributed at the cost of the computational budget.
Modified hard rime search strategy: The essence of the hard rime search strategy in
the original RIME can be traced back to the crossover operator of DE.*’ Here, we list the
hard rime search strategy of RIME and the conventional crossover operator of DE with a

similar format for easy comparison.

Rbest,‘a Zf Ty < anT(Ri)
R = ’ (6.52)
R, otherwise

Rf;rl, ’Lf ry < Cr

R = (6.5b)
Rt

ij» Otherwise

Eq. (6.5a) is the hard rime search strategy of RIME and Eq. (6.5b) is the crossover operator
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of DE. C'r is the crossover rate. Two different components of these two strategies are the
crossover objects and the crossover probability. RIME blends the current best solution
Rypes; and soft rime generated solution Rf“, while DE mixes the offspring individual REH
generated by mutation operator with the parent solution R. The hard rime search strategy
of RIME utilizes the current best individual repeatedly, and the benefit of this operator
can speed up the convergence of optimization. However, especially in the multi-modal
problem, once the optimization direction of the RIME traps into a local optimum, in this
case, Rpe.s: has a strong attraction to every individual, and this operator will stagnate the
optimization rapidly. Therefore, it is necessary to add some randomness to the hard rime

search strategy. Here, we propose a modified hard rime search strategy

Rf;“l _ Rpestj + ["T(R;) - (Ryyj — Ry ), if ma < [M(R;) 66)

R, otherwise

where R, — R,, are two mutually different rime individuals, and we simply use the nor-
malized fitness of R; as the scaling factor, and this extra term is added as the randomness
to avoid the optimization premature.

Embedded distance-based selection: Distance-based selection is a parameter-free se-
lection scheme first proposed in'® to deal with the optimization in noisy environments.
Given the uncertainty in noisy environments, the domination between two solutions may
change as the intensity of noise changes dynamically. Thus, the distance-based selection
allows the degenerated solution to still have a probability of being accepted and surviving.

Eq. (6.7) describes the distance-based selection mechanism with the formulation.

(

R if f(RT) < f(RY)

Rt = R elseif ry < e~ it (6.7)

Rt otherwise
\
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where 75 is a random value in (0,1), Af = |f(R:™) — f(R!)|, and Dist denotes the

Manhattan distance between R and Rf, which can be calculated by Eq. (6.8).
Dist(R"' RY) = Z |RI — RL| (6.8)

Three cases are contained in the distance-based selection. Notice that this explanation
is under the background of the minimization problem in noisy environments.

Case 1: If the offspring individual has better fitness in noisy environments, then it will
replace the parent and survive.

Case 2: In this case, the fitness of the offspring individual is worse than the parent, but
the condition of r5; < e~ D is satisfied, and the degrade offspring individual R/t is still
accepted in this situation.

Case 3: If the degeneration of the offspring individual is unaffordable, then, the off-
spring individual will be rejected.

Here, we emphasize Case 2 in the distance-based selection. Figure 6.5 shows a demon-
stration of the distance-based selection in noisy environments and the multi-modal func-
tions.

The original intention of distance-based selection is to endow the anti-noise ability to
the algorithm. As shown in Figure 6.5 (a), we can only observe the fitness of solutions in
noisy environments, and the movement from the parent individual to the offspring individ-
ual in Figure 6.5 (a) will be rejected by the conventional greedy selection, however, the
offspring individual actually performs better than the parent individual in the real fitness
landscape, and as the noise changes, the domination between these two solutions will also
change. Thus, the introduction of distance-based selection to noisy environments is a great
success, both in theory and experimental support.

Considering the greed level of the selection mechanism in the original RIME is too high

to limit the performance of RIME in multi-modal problems, we introduce the distance-
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Figure 6.5: A visual demonstration of the distance-based selection. (a). In noisy environ-
ments. (b). In the multi-modal fitness landscape.

based selection to RIME. Figure 6.5 (b) shows a demonstration in the multi-modal fitness
landscape. Due to the existence of basin attraction, '’? the green parent individual is difficult
to get rid of local optimum, and the deteriorating movement in Figure 6.5 (b) will be re-
jected by enhanced greedy selection in the original RIME. However, to get rid of the local
optimum and its attraction, this deteriorating movement is worthy to be accepted. Simi-
larly, the distance-based selection also offers an opportunity for this acceptance. Besides,
we focus on the threshold e_% in Case 2 that we fix the A f between two solutions, and
if the Manhattan distance between these two solutions is farther, the value of this threshold
e~ pit and the acceptance rate of deteriorating movement also become larger, which can
help the direction of optimization get rid of the local optimum.

The above illustration explains the benefit of distance-based selection in complex op-
timization problems adequately, and we embed it into our proposed SRIME. Figure 6.6
shows the difference between RIME and our proposed SRIME in the offspring individuals
generation and the update process.

In our proposed SRIME, the update process is activated immediately after a new off-
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Figure 6.6: The difference between RIME and SRIME in the offspring individuals gener-
ation and the update process. (a). In the RIME, these two processes are separated strictly.
(b). In the SRIME, the update is embedded after each offspring individual is generated.

spring individual is generated as shown in Figure 6.6 (b). Given both the soft rime and the
hard rime search strategies in the original RIME use the current optimum R, to generate
offspring individuals, our proposed embedded update strategy can update and utilize the
current optimum Rj.s; promptly.

In summary, the pseudocode of SRIME is shown in Algorithm 6.7.

Computational complexity analysis: SRIME is a population-based stochastic opti-
mization technique, thus, the skeleton of SRIME is like most EAs and can be roughly
divided into two stages: initialization and iteration search (i.e. soft rime search and mod-
ified hard rime search). Given the dimension of the problem is D, the population size is
N and the maximum iteration time is 7. First, the computational complexity of population
initialization is O(N - D), then, SRIME enters the soft rime search, modified hard rime
search, and embedded distance-based selection asynchronously. For a single individual,
the computational complexity of soft rime search and modified hard rime search is O(D)
and O(D). In embedded distance-based selection, as we analyzed in Eq. (6.7) three cases
are involved: In case 1 when the offspring individual has better fitness, it will be accepted,
and the computational complexity is O(1). In case 2 when the offspring individual has
worse fitness but r5 < e*% is satisfied, the offspring individual will be also accepted. In

this case, the Manhattan distance between the offspring individual and the parent individual

108



Algorithm SRIME
Require: Dimension: D, Population size: PS, Maximum iteration: 7,
Ensure: Global optimum: GO

1: Initialize the rime population R = {RY, RY, ..., %} with Latin hypercube

sampling

2: Get the current best solution GO from R

3:t=0

4: while t <7 do

5: Calculate coefficient E.

6: for i =0 to PS do

7 for j=0t¢0 D do

8: Update the i rime individual R! by soft rime strategy

9: Update the i*” rime individual R:! by modified hard rime
strategy

10: end for

11: Ensure the individual R! is within search space and evaluate it

12: if R has better fitness than R? then # embedded selection

13: Survive J\’fi+l to the next generation

14: if 1\’§+l has better fitness than GO then

15: Update GO with ]?ffl # global optimum update

16: end if

17: else if r5 < e~ Dt is satisfied then

18: Survive 1\’53rl to the next generation # distance-based selection

19: end if

20: end for
21: t=t+1
22: end while
23: return GO

Figure 6.7: The pseudocode of SRIME algorithm.

is calculated, and the computational complexity is O(D). In case 3, the above conditions
are not satisfied, the parent individual will survive to the next generation, and the com-
putational complexity is O(1). Besides, for a single RIME individual, only one selection
operator will be activated, and the computational complexity of embedded distance-based
selection is max{O(1),0(D),O(1)} = O(D).

In summary, the computational complexity of SRIME is

ON-D+T-(N-(D+D+D))=0O(N-D+3-T-N-D)) (6.9)

6.4 Numerical experiments

This section introduces the numerical experiments in detail. Section 6.4.1 introduces the
experiment settings: experimental environments, benchmark functions, and compared meth-

ods with their parameters. Section 6.4.2 shows the experimental and statistical results.
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6.4.1 Experiment settings

Experimental environments and implementation: All optimization methods are pro-
grammed by Python 3.11 and implemented in Lenovo Legion R9000P, which is equipped
with Windows 11, AMD Ryzen 7 5800H with Radeon Graphics 3.20 GHz, and 16GB
RAM. All compared algorithms are provided by the MEALPY library, !¢ CEC2020 bench-
mark functions by OpFuNu library,'”® and eight engineering optimization problems are
provided by ENOPPY library. !4

Benchmark functions: We evaluate our proposed SRIME on CEC2020 benchmark
functions '’* and eight engineering optimization problems as same as in.'”> The summary of
CEC2020 benchmark functions and eight engineering optimization problems are listed in
Table 6.1 and 6.2 respectively. More detailed formulation and visualization of engineering
optimization problems can be found in.'”

Table 6.1: Summary of the CEC2020 benchmark functions: Uni.=Unimodal function,
Multi.=Multimodal function, Hybrid.=Hybrid function, Comp.=Composition function

Fun. Description Feature =~ Optimum
f Shifted and Rotated Bent Cigar Function Uni. 100
fa Shifted and Rotated Schwefel’s function 1100
f3 Shifted and Rotated Lunacek bi-Rastrigin function Multi. 700
fa Expanded Rosenbrock’s plus Griewangk’s function 1900
f5 Hybrid function 1 (N = 3) 1700
fe Hybrid function 2 (N = 4) Hybrid. 1600
fr Hybrid function 3 (N = 5) 2100
fs Composition function 1 (N = 3) 2200
fo Composition function 2 (N = 4) Comp. 2400
fio Composition function 3 (N = 5) 2500

Compared methods and parameters: We compare our proposed SRIME to two cate-

gories of EAs with a total of nine EAs: (1). Classic EAs including PSO,>? DE,* covariance

1 1
)’ 76 ) 77

matrix adaptation evolutionary strategy (CMA-ES and grey wolf optimizer (GWO
(2). The latest EAs including artificial ecosystem-based optimization (AEO),'”® zebra opti-

mization algorithm (ZOA),'” war strategy optimization (WSO), %0 energy valley optimizer
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Table 6.2: Summary of eight engineering optimization problems.

Name Abbr. Dim.  # of constraints
Welded Beam Problem WBP 4 7
Speed Reducer Problem SRD 7 11
Cantilever Beam Problem CBD 5 1
I Beam Problem IBD 4 2
Tubular Column Problem TCD 2 6
Piston Lever Problem PLD 4 4
Corrugated Bulkhead Problem CBHD 4 6
Reinforced Concrete Beam Problem RCB 3 2

(EVO), 8! and the original RIME.* The population size of all algorithms is set to 100, the
maximum FEs for CEC2020 functions is 1000 - D (D=dimension size), and the maximum
FEs for engineering problems is 20,000. To alleviate the randomness in the optimization,
each EA is executed with 30 trial runs. The detailed parameter settings of the competitor
algorithms are listed in Table 6.3. All parameters are consistent with the suggested settings
in corresponding papers.

Given the engineering optimization problem contains constraints and original EAs in-
cluding SRIME cannot deal with constrained optimization problems, thus, we equip all

EAs with the static penalty function,'®> which is defined by Eq. (6.10)

m

F(R;) = f(R) +w- Z(max(O, 9i(R:))) (6.10)

i=1

F(-) is the fitness function, while f(-) and g;(-) are the objective function and constraint
function respectively. w is a constant set to 10e7 by default.

Besides, the ablation experiment on CEC2020 benchmark functions is also provided
to evaluate the contribution of each proposed component. We re-emphasize our proposed
three adjustments in RIME: (1). Latin hypercube sampling for population initialization.
(2). Modified hard rime search strategy. (3). Embedded distance-based selection mecha-

nism, which combined with the original RIME independently.
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Table 6.3: The parameters of all compared optimization methods

EAs Parameters Value
Inertia factor w 1
PSO Acceleration coefficients ¢1 and co 2.05
Max. and min. speed 2,-2
Mutation scheme DE/cur-to-rand/1
DE Scaling factor F’ 0.8
Crossover rate C'r 0.9
CMA-ES o 1.3
GWO Explicit hyperparameter-free
AEO Explicit hyperparameter-free
Z0OA Explicit hyperparameter-free
WSO parameter p, 0.5
EVO Explicit hyperparameter-free
RIME parameter w 5
SRIME parameter w 5

6.4.2 Experimental and statistical results

This section shows the experimental and statistical results of optimization, all EAs in each
function are independently implemented 30 times. To determine the statistical significance
between every pair of competitor algorithms, we first apply the Kruskal-Wallis. If the
statistical significance exists, then, the Mann—Whitney U test is employed to calculate the
p-value between every pair of algorithms. Finally, we use the Holm multiple comparison
test 82 to correct the p-value obtained by the Mann—Whitney U test and identify the statis-
tical significance level. Symbols +, ~, and — are applied to represent that our proposed
SRIME is significantly better, with no significance, and significantly worse with the com-
pared method. Additionally, the Friedman test is also conducted to calculate the averaging

rank of every algorithm, and the best value is in bold.
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Optimization performance on CEC2020 suite: Table 6.4, 6.5, 6.6, and 6.7 sum-
marize the experimental and statistical results of optimization on 10-D, 30-D, 50-D, and
100-D CEC2020 benchmark functions among ten EAs. Due to the limitation of space,
convergence curves of representative functions (the unimodal function f;, the multimodal
function fs, the hybrid function f5, and the composition function) fo are provided in Fig-
ures 6.8 and 6.9.

Optimization performance on engineering problems: Table 6.8 summarizes the ex-
perimental and statistical results on eight engineering optimization problems among ten
EAs, and Figure 6.10 visualizes the convergence curves.

Ablation experiment on CEC2020 benchmark functions: Table 6.9, 6.10, 6.11, and
6.12 summarize ablation experiments on 10-D, 30-D, 50-D, and 100-D CEC2020 bench-
mark functions. Here, we first define the abbreviation of compared algorithms. RIME,:
The original RIME combines with Latin hypercube sampling, RIME,,;s: The original
RIME combines with the modified hard rime search strategy, and RIME.4,,: The origi-

nal RIME combines with the embedded distance-based selection mechanism.

6.5 Discussion

In this section, we analyze the efficiency of our proposed SRIME based on the performance
in the CEC2020 suite and eight engineering optimization problems, and some open topics

are provided to further improve the SRIME in future works.

6.5.1 Performance analysis based on CEC2020 suite

Since benchmark functions in the CEC2020 suite have various characteristics such as
shifted, rotated, unimodal, multi-modal, and composite, thus, it can fully evaluate the over-
all performance of our proposed SRIME. In the unimodal function (i.e. f;), SRIME inher-

its the superior exploitation ability of RIME and outperforms PSO, DE, CMA-ES, GWO,
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Figure 6.8: The convergence curve of 50-D and 100-D fi, fs, f5, and f9 in CEC2020
benchmark functions.
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Figure 6.9: The convergence curve of 10-D and 30-D fi, fs, f5, and fy in CEC2020 bench-
mark functions.
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Figure 6.10: Convergence curves of eight engineering optimization problems.

AEOQO, ZOA, WSO, EVO, and the original RIME in f; with distinct dimensions. As the

dimension of the problem increases, the superiority of SRIME is amplified, and the dom-
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Table 6.9: Ablation experiments on 10-D CEC2020 benchmark functions.

Func. RIME RIME;}, RIME,,, 1,5 RIME_ 4p 5 SRIME
f mean 3.86e+05 +  6.08¢+05 +  6.31e+05 4+ 9.29¢e+04 =~  6.93e+04
! std 4.57e+05 8.42e+05 9.81e+05 1.39e+05 1.17e+05
f mean 2.72e+07 + 2.90e+07 +  3.97e+07 + 1.28e+07 +  6.25e+06
2 std 2.44e+07 2.89e+07 4.93e+07 2.40e+07 1.01e+07
f mean 1.18e+07 +  1.53e+07 +  1.43e+07 + 6.22¢+06 +  3.13e+06
3 std 1.23e+07 2.00e+07 1.54e+07 7.97e+06 3.53e+06
! mean 1.90e+03 ~ 1.90e+03 ~  1.90e+03 ~ 1.90e+03 ~  1.90e+03
4 std 9.00e-01 5.89e-01 5.71e-01 7.13e-01 6.29e-01
f mean 1.19¢+04 ~ 1.37e+04 =~ 1.42e+04 =~ 1.58e+04 =~ 1.22e+04
> std 7.46e+03 7.73e+03 8.44e+03 8.71e+03 8.46e+03
s mean 3.27e+03 ~ 2.72e+03 ~ 2.86e+03 ~ 2.72¢+03 ~  2.25e+03
¢ std 2.52e+03 1.91e+03 2.11e+03 1.58e+03 1.42e+03
f mean 1.83e+04 =~ 2.0le+04~ 2.10e+04 ~ 2.28e+04 =~ 2.13e+04
7 std 1.04e+04 1.48e+04 1.28e+04 1.31e+04 1.61e+04
s mean 2.30e+03 +  2.30e+03 +  2.30e+03 +  2.30e+03 +  2.30e+03
s std 2.15e+00 1.66e+00 2.46e+00 1.68e+00 1.43e+00
f mean 2.63e+03 +  2.63e+03 +  2.62e+03 + 2.61e+03 +  2.59e+03
o std 4.07e+01 4.77e+01 2.85e+01 5.35e+01 3.38e+01
7 mean 2.99e+03 ~ 3.00e+03 =~ 2.99e+03 ~ 3.00e+03 ~ 2.99e+03
10 std 2.15e+01 2.72e+01 1.15e+01 2.48e+01 1.99¢+01
+/~%/— summary: 5/5/0 5/5/0 5/5/0 4/6/0
Ave. rank 33 3.5 3.6 3.0 1.6

ination between SRIME and other competitor algorithms is not changed, which can be
observed from statistical analysis in Table 6.4, 6.5, 6.6, and 6.7. The curves of optimiza-
tion in Figure 6.8 also confirm the excellent convergence speed of SRIME. Therefore, we
can conclude that SRIME has a strong exploitation ability.

fa to fip in CEC2020 benchmark functions are multi-modal, hybrid, and composite
functions, these functions have multiple optima and complex fitness landscapes so that
they are allowed to evaluate the exploration ability and the capacity of escaping from local
optima. Experimental and statistical results in Table 6.4, 6.5, 6.6, and 6.7 show that our
proposed SRIME has better performance on most of instances, and we can infer that the

RIME structure-based optimization technique (i.e. RIME and SRIME) is competitive to
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Table 6.10: Ablation experiments on 30-D CEC2020 benchmark functions.

Func. RIME RIME;}, RIME,,, 15 RIME_ 435 SRIME
f mean 2.56e+07 +  2.52e+07 +  2.54e+07 + 2.46e+06 =~  1.70e+06
! std 1.06e+07 8.72e+06 1.12e+07 1.90e+06 1.55e+06
f mean 2.88e+09 +  2.65e+09 + 2.75e+09 +  2.62e+08 =~ 1.84e+08
2 std 1.16e+09 1.21e+09 1.12e+09 2.95e+08 2.12e+08
f mean 8.73e+08 +  9.36e+08 +  1.00e+09 +  7.85e+07 =~  9.07e+07
3 std 4.15e+08 5.00e+08 4.47e+08 6.70e+07 1.24e+08
f mean 1.92e+03 + 1.92e+03 + 1.92e+03 + 1.92e+03 + 1.91e+03
4 std 3.54e+00 4.67e+00 4.76e+00 4.74e+00 2.57e+00
f mean 9.33e+05~ 7.11e+05~ 1.02e+06 = 7.6le+05~  6.37e+05
> std 6.25e+05 4.44e+05 6.42e+05 4.35e+05 3.56e+05
f mean 4.87e+04 ~ 5.80e+04 + 3.87e+04 ~ 4.52e+04 ~  3.82e+04
6 std 1.91e+04 2.48e+04 1.99¢+04 2.32e+04 2.25e+04
f mean 1.40e+06 ~ 1.50e+06 ~  1.24e+06 ~ 1.26e+06 ~ 1.07e+06
7 std 6.66e+05 8.47e+05 7.63e+05 6.78e+05 7.06e+05
f mean 2.40e+03 + 2.40e+03 + 2.40e+03 + 2.39e+03 ~  2.38e+03
s std 1.39e+01 1.06e+01 1.24e+01 8.83e+00 8.46e+00
s mean 2.97e+03 + 2.98e+03 + 2.98e+03 + 2.70e+03 =~  2.70e+03
? std 8.47e+01 9.23e+01 9.62e+01 9.31e+01 7.07e+01
f mean 2.95e+03 + 2.94e+03 + 2.96e+03 + 2.93e+03~  2.93e+03
10 std 285¢401  2.17e401  354e+01  1.07e+01  1.51e+01
+/2/— summary: 7/3/0 8/2/0 7/3/0 1/9/0
Ave. rank 4.0 3.8 3.9 2.2 1.1

the state-of-the-art EAs. Besides, the introduction of our proposed three improvements can
at least approximately equal to or significantly accelerate the convergence of RIME in most
cases. As the dimension of the problem increases, the superiority of SRIME is enhanced,
which can be observed from the performance indicator of average rank. Consequently, we
conclude that the incorporation of RIME and our proposed three strategies is suitable to
deal with these optimization problems.

However, the significant deterioration situations between RIME and SRIME happen
on 50-D and 100-D f;(, and we reasonably infer that our proposed three techniques are
not proper for this specific task. In this case, the NFLT can be applied to explain this

degeneration. NFLT states that every pair of optimization algorithms has identical average
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Table 6.11: Ablation experiments on 50-D CEC2020 benchmark functions.

Func. RIME RIME;}, RIME,, 15 RIME_ 435 SRIME
f mean 2.22e+08 +  2.02e+08 +  2.12e+08 +  1.76e+07 =~  1.28e+07
! std 6.35e+07 5.67e+07 7.42e+07 1.64e+07 8.72e+06
s mean 2.63e+10 + 2.63e+10 +  2.50e+10 +  2.17e+09 + 1.10e+09
2 std 8.67e+09 8.48e+09 7.95e+09 1.13e+09 5.87e+08
f mean 8.56e+09 +  8.76e+09 +  7.37e+09 + 5.71e+08 +  3.69e+08
3 std 2.52e+09 2.32e+09 2.46e+09 3.62e+08 2.32e+08
! mean 1.95e+03 + 1.96e+03 + 1.96e+03 + 1.94e+03 +  1.93e+03
4 std 1.10e+01 1.21e+01 1.16e+01 8.01e+00 8.32e+00
f mean 6.89e+06 +  7.09e+06 + 6.45e+06 ~ 4.98e+06 ~ 4.93e+06
> std 2.84e+06 2.88e+06 3.09e+06 1.95e+06 2.44e+06
s mean 4.49¢+05 + 3.87e+05 +  4.09¢e+05 + 6.93e+04 ~ 7.91e+04
¢ std 4.49e+05 3.69e+05 3.98e+05 2.76e+04 5.97e+04
f mean 8.38e+06 =~  9.62e+06 +  9.54e+06 +  8.46e+06 =~  6.14e+06
7 std 4.46e+06 4.32e+06 3.87e+06 4.02e+06 2.69e+06
s mean 2.52e+03 —  2.52e+03 — 2.71e+03 + 2.62e+03 ~  2.63e+03
s std 2.33e+01 2.61e+01 1.01e+03 7.77e+02 8.87e+02
f mean 3.85e+03 + 3.83e+03 + 3.81e+03 + 2.96e+03 ~  2.96e+03
o std 2.26e+02 1.93e+02 2.34e+02 1.91e+02 2.41e+02
7 mean 3.71e+03 +  3.56e+03 +  3.70e+03 + 3.46e+03 + 3.41e+03
10 std 1.85e+02 1.42e+02 1.87e+02 9.75e+01 1.00e+02
+/~%/— summary: 8/1/1 9/0/1 9/1/0 4/6/0
Ave. rank 4.0 3.8 3.7 2.0 1.5

performance on all possible problems, and if an algorithm performs better on a certain
category problem, it must deteriorate on the rest of the problems, since it is the only way to
achieve the same average performance. Thus, the inferiority of SRIME in 50-D and 100-D

f10 1s acceptable.

6.5.2 Performance analysis based on engineering problems

In real-world applications, another characteristic of the optimization algorithm that we are
concerned about is stability. If an algorithm has an outstanding average value of trial runs
but the standard deviation is also large, it cannot be regarded as a successful approach in

real-world scenarios, since the real-world optimization problem is usually computationally
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Table 6.12: Ablation experiments on 100-D CEC2020 benchmark functions.

Func. RIME RIME;}, RIME,, 15 RIME_ 435 SRIME
f mean 3.19e+09 +  2.97e+09 +  3.00e+09 +  1.85¢+08 ~  1.48e+08
! std 6.62e+08 6.92e+08 9.12e+08 9.44e+07 7.70e+07
f mean 2.96e+11 + 297e+11 + 2.80e+11 +  2.08e+10 + 1.32e+10
2 std 6.43e+10 5.92e+10 6.21e+10 8.75e+09 7.51e+09
f mean 1.08e+11 +  1.06e+11 +  1.10e+11 4+  8.41e+09 +  5.66e+09
3 std 2.26e+10 1.92e+10 2.58e+10 4.21e+09 3.17e+09
! mean 2.15e+03 +  2.16e+03 + 2.18e+03 +  2.06e+03 ~  2.08e+03
4 std 8.49¢e+01 9.47e+01 1.21e+02 2.59e+01 4.84e+01
f mean 6.28e+07 +  7.00e+07 +  7.58e+07 +  3.86e+07 =~  3.37e+07
> std 2.08e+07 2.32e+07 2.40e+07 8.23e+06 9.38e+06
s mean 4.35e+05~ 6.24e+05~ 7.27e+05~ 2.33e+05~  3.42e+05
¢ std 2.83e+05 7.00e+05 7.98e+05 8.90e+04 2.66e+05
f mean 542e+07 +  5.96e+07 +  5.56e+07 +  2.39¢+07 =~  2.32e+07
7 std 2.02e+07 2.43e+07 2.14e+07 1.09e+07 7.00e+06
s mean 2.70e+03 — 3.28e+03 + 4.37e+03 + 3.23e+03 ~  3.26e+03
s std 5.94e+01 3.19e+03 5.02e+03 2.50e+03 2.69e+03
f mean 1.34e+04 + 1.31le+04 +  1.26e+04 + 5.02¢+03 +  4.65e+03
o std 1.17e+03 1.53e+03 1.36e+03 6.17e+02 6.25e+02
7 mean 4.14e+03 +  4.10e+03 +  4.14e+03 +  3.68e+03 +  3.55e+03
10 std 1.65e+02 1.79¢+02 1.98e+02 1.04e+02 6.87e+01
+/~%/— summary: 8/1/1 9/1/0 9/1/0 4/6/0
Ave. rank 3.5 3.9 4.4 1.8 14

expensive, and multiple trial runs may not be afforded due to the limitation of computa-
tional resources. Table 6.8 shows the results of eight engineering optimization problems in-
cluding mean, std, best, worst, and statistical tests, which can fully reflect the performance
of our proposed SRIME and compared algorithm. From these results, we summarize that
our proposed SRIME is competitive with competitor algorithms, and the optimization re-
sults in the Speed Reducer Problem (SRD), Tubular Column Problem (TCD), Piston Lever
Problem (PLD), and Reinforced Concrete Beam Problem (RCB) reveal the excellent global
search capacity and stability of SRIME. Additionally, the metric of average rank reveals the
competitiveness of SRIME with state-of-the-art EAs such as CMA-ES. However, the in-

feriority of SRIME can be observed in some specific tasks such as in the Welded Beam
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Problem (WBP) and Cantilever Beam Problem (CBD) compared with CMA-ES. Similarly,

the NFLT can also be used to explain this degeneration reasonably.

6.5.3 Performance analysis based on ablation experiments

The ablation experiments are implemented to evaluate our proposed three strategies inde-
pendently. From the experimental and statistical results in Table 6.9, 6.10, 6.11, and 6.12,
the combination of three strategies can accelerate the convergence of optimization in most
cases. Based on the summarized statistical results, the embedded distance-based selection

plays the most important role in contributing to the improvement.

6.6 Conclusion

This chapter focuses on improving the overall optimization performance of RIME and pro-
poses a strengthened RIME (SRIME). Three search strategies are introduced to the origi-
nal RIME algorithm: (1). Latin hypercube initialization, (2). Modified hard rime search
scheme, and (3). Embedded distance-based selection mechanism. To evaluate the per-
formance of our proposed SRIME, we test it in CEC2020 benchmark functions and eight
engineering optimization problems, the experimental and statistical results reveal the effi-
ciency and effectiveness of our proposed SRIME. Ablation experiments are also provided

to analyze the performance of each component in our proposed three strategies.
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Chapter 7

Evolutionary multi-mode slime mold

optimization

This chapter presents an evolutionary multi-mode slime mold optimization'. Section 7.1
presents the motivation of this research, Section 7.2 details our proposal: EMSMO, Section
7.3 presents the experiments on the CEC benchmark functions, and Section 7.4 discusses

the performance of EMSMO. Finally, Section 7.5 concludes this chapter.

7.1 Motivation

As the highest-level component of the nervous system, the brain is commonly regarded as
the foundation of intelligence. However, the slime mold, as a kind of single-cell organism
without a brain, can perform a certain level of swarm intelligence: Nakagaki et al. '%* found
that the physarum polycephalum, one category of slime mold, can find the minimum route
in a complex maze with the nutrition guide. Tero et al. '8 adopted the slime mold to design

the traffic network of the Tokyo area, food sources are placed in 36 geographical locations

I'This chapter was previously published as Zhong, R., Zhang, E. & Munetomo, M. Evolutionary multi-
mode slime mold optimization: a hyper-heuristic algorithm inspired by slime mold foraging behaviors. J
Supercomput 80, 12186-12217 (2024). https://doi.org/10.1007/s11227-024-05909-0. Re-
produced with permission from Springer Nature. 83
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of cities on the Tokyo map. As the slime mold grows gradually, the topology of the growth

1.18¢ conducted

of slime mold is highly similar to the real traffic network. Adamatzky et a
similar experiments to approximate the real motorway networks in 14 countries by slime
mold and got inspiring experimental results. Boussard et al. '8 considered that although the
inner mechanism remains unknown, slime mold can utilize the information from previous
experiences to modify its behaviors adaptively, and the oscillations may play an important
role in learning and memory of the slime mold. These works reveal that even the simplest
organismic structure of slime mold has incredible intelligence. Therefore, inspired by the
collective intelligence of slime mold, we propose a novel hyper-heuristic algorithm named

evolutionary multi-mode slime mold optimization. Figure 7.1 shows the foraging behavior

of slime mold.

Figure 7.1: The foraging behavior of slime mold.’

7.2 Proposal: EMSMO

In the initialization stage, the physarum polycephalum slime mold is placed randomly so

that it may be far away from the food source, and the search behavior to unexplored re-
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gions is mainly adopted. When the slime mold approaches the food, the slight perturbation
of movement allows careful exploitation to reach more nutritious locations. And when the
slime mold is very close to the food source such as oat flakes, it will wrap the oat flakes and
ingest them. However, when a certain direction of the slime mold cannot obtain sufficient
nutrition to survive, the cells in this route will degenerate and die. Inspired by the slime
mold behaviors, we design four search strategies to simplify the foraging behavior and re-
alize the LLHs of our proposed EMSMO: the search for food, approach food, wrap food,
and re-initialization. A simple demonstration of these strategies is visualized in Figure
7.2. Blue points denote the solutions, orange dotted lines with arrows represent the moving
distances and directions, the red star means the optimal solution and the orange point is
the estimated solution by wrap food operation. The detailed introduction is in the follow-

ing sections. Noticing that all explanations are under the background of the minimization

problem.
e
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Figure 7.2: The simplified search strategies of EMSMO. (a). search for food. (b). approach
food. (c). wrap food. (d). re-initialization.
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7.2.1 Low-level heuristics

Search for food: Differential-based search strategy has been widely adopted to describe
the foraging behaviors of the natural organism. %8819 Similarly, we adopt the unbiased

combination of strategies in Eq. (7.1) to realize the Search for food operator.

Xi + a1 (Xpest — Xi) + a2(Xp1 — Xi0)
Xiy1 = (7.1)

Xbest + OJS(Xrl - Xr2>

where X; represents the 7" solution, X, is the current best solution. 71 and r2 are two
mutually different random values. a;, as, and a3 are randomly generated from a uniform

distribution, which can be calculated by Eq. (7.2).

A = arctanh(l —¢/T) + 0.1
(7.2)

a; ~U(—A, A)

t and 7" are the current and maximum generation of optimization respectively, and a; is
a self-adaptive parameter. Supposing the maximum iteration time is 100, and the range
of a; will decrease from 2.75 to 0.1 non-linearly. Figure 7.2 (a) demonstrates this Search
for food operator. Furthermore, the benefit of this differential-based search strategy is that
the differential vector between any pairwise solutions constructs a share of the population
distribution, which contains a part of the information of distribution. Thus, a differential
vector can represent the movement direction of the slime mold.

Approach food: When the slime mold approaches oatmeal, the bio-oscillator produces
a propagating wave and the vein organism becomes veinless or network structures, and the
growth speed also degenerates.'®> Therefore, we consider this behavior corresponding to

the exploitation operator in algorithm design and formulate it by Eq. (7.3).

XiJrl = Xmean +R-D (73)
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where X,,.., represents the mean location of best-%£ solutions, and £ is randomly sampled
from 1 to N/2. R is the growth radius of the slime mold, D uniformly sampled from [—1, 1]
denotes the extension direction. An example is shown in Figure 7.3 (b).

Wrap food: The slime mold modifies the growth status when reaching the food source
and wraps around the surfaces of the oat flakes. Since the contact of the slime mode with the
oat flakes is large, it is advantageous for the intake of nutrition to diffuse from the surface
of the food source.'®* Figure 7.2 (c) shows a demonstration of the wrap food operation in
optimization. To further explain the inspiration for the Wrap food operator design, Figure

7.3 simulates the food intake process of slime mold.

Figure 7.3: A demonstration of the wrap food operator in 2-D space.

In the real world, food sources such as oatmeal have a definite volume and cannot be
regarded as a point of optimum simply, and the area limited by the red circle in Figure
7.3 represents the food source, the blue cycle denotes the slime mold which contacts the
food source tightly. The distribution of ingredients in the food source is not uniform so the
slime mold has the preference to absorb the food in a certain direction, which corresponds
to the concept of fitness in the optimization. Therefore, slime mold can estimate the most
nutritious region in the food source area with the biological mechanism, which contributes

to the wrap food operator design, and this process can also show a certain level of swarm
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intelligence of slime mold.
Based on the above explanation, the mathematical model of the Wrap food operator is

formulated in Eq. (7.4).

k k
j=1 j=1

where w; is the corresponding weight to solution X ;, which can be calculated by Eq. (7.5).

1/

= 7.5
YT SE R 7>

F} is the objective value of solution j.

Re-initialization: In the real-world slime mold, the search direction that fails to find the
food will shrink back and leave a trail to avoid re-entry. Similarly, as Figure 7.2 (d) shows
a solution is in a poor search direction, which has a probability of being re-initialized. And

the re-initialization operation can be described by Eq. (7.6).
X4, =LBY+r(UB*- LB% (7.6)

where LB and U B? represent the lower bound and upper bound of search space in d'"

dimension, r is a random value from O to 1.

7.2.2 High-level component

The high-level component of EMSMO acts as the brain in the HHs algorithm to manipulate
the LLHs. In our proposed EMSMO, we design an improvement-based probabilistic selec-
tion function to support the construction of the optimization sequence, which consists of
two metrics: the probability of improvement (P/) and the normalized improvement (/N 7).

Probability of improvement (P/): PI is a metric to describe the probability of a

specific search strategy to construct better solutions. Simply, for a search strategy A, PI4
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can be calculated by Eq. (7.7).

Times of A achieving improved solution
Ply= : : (1.7)
Times of A being adopted + ¢

¢ is a tiny value to avoid the zero-division error. An example is that if search strategy A is
chosen ten times and five improved solutions are obtained, P, is approximately equal to
0.5.

Normalized improvement (N7): N is a quantitative metric to describe the certainty
of improvement. Considering that the absolute improvement between the early and late
stages of optimization will have a huge difference (i.e. Commonly the improvement of
solutions in the early stage is large and in the late stage is relatively tiny), it is unfair to
compare the improvement directly. To eliminate the effect of dimension, we normalize the
improvement in every generation of optimization. Similarly, the NI of strategy A can be

computed by Eq. (7.8).

> amax(0, f(Oa) — f(Pa)

NI, =
e P max(0, f(0:) — f(P)

(7.8)

where | Pop| denotes the population size, f(-) means the objective function. O; and P;
represent the 7" offspring and parent solution respectively. And the corresponding score of

strategy A can be defined in Eq. (7.9).

Scoreg =w-Plya+ (1 —w)- Ny (7.9)

where w is set to 0.5 in our experiments. Figure 7.4 shows the structure of the score matrix.
A, B,C, and D correspond to our designed four LLHs. The values in a row represent the
scores of a certain strategy in the continuous generation of optimization, and values in a
column denote the scores of the corresponding strategies in a generation, each value in the

score matrix is calculated by Eq. (7.9). We sum up all previous scores of a certain strategy
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Figure 7.4: The structure of score matrix.

in the score matrix to contribute to the strategy selection in the next generation. Roulette
wheel strategy (RWS)!?? is applied to choose the search strategy for each individual to
construct the offspring, and the chosen probability of strategy A can be calculated by Eq.

(7.10).
Scorey

P, =
Zi:{A,B,C,D} Score;

(7.10)

In summary, the pseudocode of EMSMO is shown in Algorithm 7.5.

7.3 Numerical experiments

In this section, we implement a set of experiments to evaluate our proposed EMSMO.
Section 7.3.1 introduces the experiment settings, and section 7.3.2 shows the experimental

results.
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Algorithm .  EMSMO
Require: Population size: S, Dimension: D, Maximum iteration: 17", Lower
and upper bound: LB, UB
Ensure: Optimum: O
1: X <« initialPop(S, D, LB, U B) # Population initialization
2: O <+ best(X)
3: Initialize score matrix SM
4: whilet=0and t <T do

5; Sum up the previous scores

6: for i =01to S do

7: Select a search strategy by RWS

8: Construct offspring O.S; for X;

9: Update X by OS with greedy survival
10: end for

11: Update the score matrix

12: O < best(X)
13: t<—t+1

14: end while

15: return O

Figure 7.5: The pseudocode of EMSMO.

7.3.1 Experiment settings

Benchmark functions: We evaluate the performance of EMSMO on the CEC2013 bench-
mark functions and three engineering optimization problems. The CEC2013 suite contains
29 functions with various characteristics such as multimodality, asymmetry, nonsepara-
bility, etc. We adopt 10-D, 30-D, and 50-D CEC2013 benchmark functions to evaluate
EMSMO. Besides, the explanation of three engineering optimization problems is as fol-
lows:

Corrugated Bulkhead Design (CBD): This problem aims to minimize the weight of
a corrugated bulkhead in a chemical tanker, !°* where the decision variables are the width

(z1), depth (x3), length (x3), and plate thickness (x4). The mathematical model of this
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optimization problem is given as follows.

minimize
58851‘4(231 + 1'3)
T+ |x3 - %‘

subject to

g1(X) = —x425(0.421 + %) +8.94(zy + /|23 — 23]) <0

92(X) = —21a3(0.201 + T5) + 2.2(8.94(a1 + /|23 — 23)* < 0 o
93(X) = —z4 + 0.015621 + 0.15 < 0

94(X) = —x4 + 0.015625 + 0.15 < 0

95(X) = —x3+ 125, <0

where

0 S T1,T9,T3 S 100, 1.05 S Tq S 5

Tension/Compression Spring Design (TCSD): Tension/Compression Spring Design
is described in!* as an optimization problem, the objective is to minimize the weight of a
tension/compression spring under the constraints of minimum deflection, shear stress, surge

frequency, and outside diameter limitation. Eq. (7.12) shows the mathematical model of
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this problem.

minimize

F(X) = (w3 + 2) w922

subject to
ZL‘3£C3
X)=1- -2
91(X) 7178528 =
A2 — x179 1
X) = 2 -1<0 7.12
92(X) = 15566 (mpr? — 21 T Blos? L S (7.12)
140.45
g3(X) =1— 2—951 <0
T+ o
X) = —1<
94(X) = =75 =0
where

005 <2, <2025<2,<13,2<23<15

Pressure Vessel Design (PVD): This problem is a classic engineering optimization
problem that has been adopted to evaluate the performance of many meta-heuristic algo-

177,195,196

rithms, and the objective is to minimize the cost of the pressure vessel with the

thickness of the shell (x;), the thickness of the head (x5), the inner radius (z3), and the
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length of the cylindrical section of the vessel (z,), which can be described by Eq. (7.13).

minimize

f(X) = 0.6224x 2374 + 177812923 + 3.166107w4 + 19.842775

subject to

g1(X) = —z; +0.019323 <0

g2(X) = —x5 + 0.0095425 < 0 (7.13)
93(X) = —maizy — gmg + 1296000 < 0

gi(X) =24—240<0

where

0< 21,2090 <99,10 < 23,24 <200

More details and visualization of these engineering problems can be found in. '

Compared methods and parameters: We first evaluate the overview optimization
performance of EMSMO. Six classic or advanced EAs including differential evolution
(DE),* particle swarm optimization (PSO),>?> whale optimization algorithm (WOA),!®
sea lion optimization algorithm (SLO),? slime mold algorithm (SMA),'® and arithmetic
optimization algorithm (AOA)'7 are employed to the optimization comparison, and the
detailed information is listed in Table 7.1.

The second experiment is to evaluate the efficiency of our proposed improvement-based
probabilistic selection function in optimization sequence construction. Three conventional
HHs frameworks are employed as competitor algorithms which are summarized in Table
7.2. The LLHs for these compared HHs frameworks are consistent with EMSMO.

All compared EAs and CEC2013 benchmark functions are provided by MEALPY 16
and OpFuNu.!” For all compared algorithms, the population size is 100, the maximum
fitness evaluations for CEC2013 benchmark functions and engineering optimization prob-

lems are 500+ D and 20000 respectively, and the independent trial run for each optimization
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Table 7.1: The compared EAs and parameters

Algorithm Parameters Value
EMSMO Growth radius R 2
Scale factor F’ 0.7
DE Crossover rate C'r 0.9
Mutation strategy DE/rand/1/bin
Constant b 1
PSO Random number [ [-1, 1]
Coefficient vector A and C [0, 2]
WOA Parameter-free
Constant b 1
SLO Random number [ [-1, 1]
Coefficient vector A and C [0, 2]
SMA Re-initialization rate z 0.03
Exploitation accuracy o 5
AOA Control parameter p 0.5

MOA i and MOA 1,02 0.2 and 0.9

Table 7.2: The compared hyper-heuristic algorithms and descriptions

HHs alg. Description
Simple random (SR) 19819 Select the subsequent LLHs with uniform probability
Initially select a LLHs randomly and repeat
Random descent (RD) 2% i Y ) y . P
it as long as the improvement is achieved
Random permutation (RP)20! Randomly construct a sequence of heuristics
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method is 30. The Holm multiple comparison test'? is applied to determine the statistical
significance between every pair of algorithms, and we use +, ~, and — to denote that our
proposed EMSMO is significantly better, with no significance, and significantly worse with
the compared method. Win-Tie-Loss information is summarized based on the statistical re-
sults, and the average rank of each optimization technique is also calculated. The best value

is in bold.

7.3.2 Experimental results

Experimental results on CEC2013: This section shows the experimental and statistical
results of between EMSMO and compared EAs on CEC2013 benchmark functions. Table
7.3, 7.4, and 7.5 summarize the optimization results among EMSMO and compared EAs,
and convergence curves of representative functions are visualized in Figure 7.6. Table 7.6,
7.7, and 7.8 show the results between EMSMO and other HHs frameworks.
Experimental results on engineering optimization problems: Table 7.9 summarizes
the optimization results of compared EAs on three engineering optimization problems.
Given all the engineering problems contain constraints, the original EMSMO and compared
EAs cannot deal with the constrained optimization problem. For the sake of simplicity, we
equipped the EMSMO and compared EAs with a death penalty function, '%° which allocates
an extremely bad fitness value to infeasible solutions. And if more than 1 of 30 trial runs
cannot find a feasible solution at the end of optimization, we manually fill the mean, std,

and the worst with Na/N in Table 7.9.

7.4 Discussion

In this section, we first provide the computational complexity analysis of EMSMO, and
then the performance of EMSMO based on the experimental results is discussed. Then, we

provide some open topics to further improve the performance of EMSMO at the end of this
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Table 7.6: Experimental and statistical results between EMSMO and compared HHs algo-
rithms on 10-D CEC2013 Suite

Func SR RD RP EMSMO
mean std mean std mean std mean std
fi -9.08¢+02 +  9.12e+02  -1.17e+03 +  6.76e+02  -9.31e+02 +  5.99¢+02  -1.40e+03  3.12e-01
f 6.54e+06 +  3.69e+06  5.10e+06 +  3.77e+06  7.30e+06 +  3.65e+06  2.45e+06  1.48e+06
f3 3.54e+09 +  3.00e+09  2.15e+09 +  3.17e+09  3.74e+09 +  3.31e+09  7.79e+08  1.83e+09
fa 9.48e+03 ~  4.61e+03  7.41le+03~  4.80e+03  1.08e+04~  3.64e+03  9.76e+03  3.74e+03
fs -7.61e+01 +  7.56e+02  -6.3le+02~ 3.99e+02 -1.80e+02 +  6.04e+02  -7.52e+02  2.53e+02
fe -8.19e+02 ~  4.76e+01  -8.56e+02 — 2.96e+01 -8.01e+02 + 5.69e+01 -8.31e+02  2.61le+01
f7 6.51e+03 =~ 2.11e+03 5.40e+03 ~ 2.74e+03 5.82e+03 ~ 1.88e+03 5.84e+03 1.78e+03
fs -6.79¢+02 ~  9.80e-02  -6.79¢e+02~  9.64e-02  -6.79e+02~  1.08¢-01 -6.79¢+02  9.01e-02
fo -5.93e+02 =~  1.43e+00 -5.93e+02 =~ 1.86e+00  -5.93e+02 ~ 1.31e+00  -5.93e+02 1.51e+00
fio -4.03e+02 +  1.04e+02  -4.67e+02~ 5.89%e+01 -3.95e+02 + 1.05e+02 -4.86e+02  1.37e+01
fi1 -3.50e+02 ~  2.28e+01 -3.48e+02~ 2.26e+01 -3.47e+02~ 2.16e+01 -3.52e+02 1.61e+01
fi2 -2.52e+02~ 1.67e+01 -2.5le+02~ 1.88e+01 -2.50e+02~ 2.24e+01 -2.57e+02  1.10e+01
fi3 -1.37e+02 =~  2.00e+01 -1.44e+02~ 2.29e+01 -1.39e+02~  2.00e+01 -1.38e+02  1.59e+01
f14 1.05e+03 ~ 2.37e+02 1.12e+03 ~ 2.75e+02 1.14e+03 ~ 2.78e+02 1.03e+03 2.31e+02
fis 1.08e+03 ~  3.00e+02  1.04e+03~  2.96e+02  9.32¢+02~  3.08e+02  9.68e+02  2.64e+02
fie 2.01e+02 =~ 5.17¢-01 2.01e+02 ~ 5.75e-01 2.02e+02 =~ 3.93e-01 2.02e+02 4.83e-01
fi7 3.62e+02 +  2.13e+01  3.64e+02 +  2.98e+01  3.62e+02 +  1.97e+01  3.45e+02  8.48e+00
fis 547e+02 +  6.82e+01  529e+02~  7.20e+01  5.51e+02 4+  6.22e+01  5.04e+02  4.25e+01
fio 5.24e+02 +  4.52e+01  543e+02~  9.82e+01  5.18e+02 +  1.49e+01  5.07e+02  2.69e+00
f20 6.04e+02 =~  3.38e-01 6.04e+02 =~  3.78e-01 6.0de+02 ~  3.70e-01  6.04e+02  3.46e-01
fo1 1.19e+03 +  9.93e+01 1.12e+03 +  5.87e+01 1.16e+03 +  1.12e+02  1.10e+03  3.52e+01
fo2 2.32e+03 ~  3.68e+02  2.29e+03 =~  3.20e+02  2.32e+03~  3.28e+02  2.13e+03  3.92e+02
f23 232e+03 ~  3.35e+02  2.40e+03~  3.15¢+02  2.30e+03~  3.38e+02  2.37e+03  3.07e+02
faa 1.21e+03 ~  3.11e+01 1.21e+03 ~  3.16e+01  1.20e+03~  3.81e+01  1.22e+03  2.18e+01
fos 1.31e+03 =~  3.38e+01 1.31e+03 =~  3.40e+01  1.31e+03~  3.57e+01  1.32e+03  2.14e+01
foe 1.39e+03 +  2.35e+01 1.40e+03 +  1.58e+01 1.39e+03 +  1.88e+01  1.38e+03  2.82e+01
for 1.84e+03 =~  4.81e+01 1.83e+03 ~  5.07e+01 1.84e+03 ~  6.21e+01  1.81e+03  4.00e+01
fos 2.02e+03 ~ 1.74e+02  2.0le+03 ~ 1.88e+02 1.98e+03 ~ 1.90e+02 1.99e+03 1.73e+02
+/rl—: 10/18/0 6/21/1 11/17/0
Ave. rank 3.07 2.35 2.71 1.85

section.

7.4.1 Computational complexity analysis of EMSMO

Similar to most EAs, EMSMO has three periods that need to be analyzed: initialization
stage, iterative search stage, and parameter update stage. Supposing the population size
is N, the dimension of the problem is D, the maximum iteration time is 7', the number

of the search strategy is a constant so that the complexity is O(1), and the computational
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Table 7.7: Experimental and statistical results between EMSMO and compared HHs algo-
rithms on 30-D CEC2013 Suite

Func SR RD RP EMSMO
mean std mean std mean std mean std
fi 4.00e+03 +  3.23e+03  6.06e+03 +  9.53e+03  4.83e+03 +  3.76e+03  -1.38e+03  4.34e+00
f2 5.75e+07 +  2.45e+07  6.96e+07 +  8.40e+07  6.08e+07 +  3.02e+07  1.90e+07  8.24e+06
f3 1.96e+11 +  5.04e+11  4.75e+14 +  2.42e+15  8.34e+10+  5.97e+10  1.43e+10  1.55e+10
fa 4.81e+04 ~ 7.39¢+03 5.16e+04 ~ 8.27e+03 4.95e+04 ~ 8.53e+03 4.97e+04 8.14e+03
fs 2.36e+03 +  1.52e+03  2.23e+03 +  4.45e+03  2.44e+03 +  2.08e+03  -6.61e+02  1.46e+02
fe -3.39e+02 +  2.85e+02  -2.03e+01 +  1.50e+03  -3.10e+02 +  3.82e+02  -7.93e+02  3.40e+01
Nid 1.74e+06 +  2.09e+06  9.15e+05~  1.34e+06  2.46e+06 +  2.82e+06  9.06e+05  1.93e+06
fs -6.79¢+02~  591e-02  -6.79¢e+02~  5.69e-02 -6.79¢+02~  548e-02 -6.79e+02  5.50e-02
fo -5.65e+02 =~  3.25e+00 -5.66e+02 =~ 3.21e+00 -5.65¢+02~ 2.89e+00 -5.66e+02  2.78e+00
fio 4.67e+02 +  3.62e+02  1.86e+02 +  9.54e+02  5.28e+02 +  5.02e+02  -4.58e+02  1.80e+01
fi1 1.00e+02 = 8.85e+01 8.13e+01 ~ 1.23e+02  8.78e+01 ~ 7.04e+01 1.06e+02  6.37e+01
fi2 2.00e+02 =~  8.65e+01 1.88e+02 ~  9.60e+01 1.95e+02 ~  9.85e+01  1.51e+02  8.39e+01
fi3 3.35e+02 ~  9.33e+01  3.13e+02~  9.22e+01  3.32e+02=~  8.06e+01  3.02¢+02  5.89e+01
fia 574e+03 ~  5.16e+02  5.29e+03 ~  9.21e+02  5.58e+03~~  5.69e+02  5.44e+03  8.22e+02
fis 52le+03~  6.09e+02  535e+03~  9.92e+02  5.22e+03~  6.63e+02  5.13e+03  6.74e+02
fie 2.02e+02 ~  5.96e-01 2.02e+02 ~  6.19¢-01 2.02e+02~  5.0le-01 2.02¢+02  5.42e-01
fi7 8.67e+02 ~  1.13e+02  8.30e+02~  1.15e+02  8.74e+02~  1.16e+02  8.01e+02  7.34e+01
f1s 1.78e+03 +  3.38e+02  1.5le+03 =~  2.65e+02  1.86e+03 +  2.94e+02  1.43e+03  1.95e+02
fio 1.91e+03 +  2.89e+03  1.92e+04 +  4.66e+04  1.90e+03 +  2.13e+03  5.42e+02  8.40e+00
f20 6.14e+02 ~ 1.28e-01 6.14e+02 ~ 1.81e-01  6.14e+02 = 1.72e-01 6.15e+02  3.96e-01
f21 2.15e+03 +  1.12e+02  2.30e+03 +  4.18e+02  2.17e+03 +  1.14e+02  1.91e+03  6.43e+01
fo2 7.32e+03 ~  7.28e+02  7.19e+03~  1.0le+03  7.5le+03~  1.03e+03  7.02e+03  8.54e+02
fo3 7.24e+03 =~ 8.16e+02 7.36e+03 ~ 9.56e+02 7.48e+03 =~ 9.09e+02 7.39e+03 9.79e+02
foa 1.32e+03 =~  1.59e+01 1.32e+03 =~  2.67e+01 1.32e+03 +  1.71e+01  1.31e+03  1.06e+01
fos 1.45¢+03 + 1.74e+01 1.46e+03 +  2.67e+01 1.45e+03 + 1.72e+01 1.44e+03  1.61e+01
f26 1.53e+03 ~  8.74e+01 1.57e+03 ~  7.40e+01  1.51e+03 —  8.74e+01  1.58¢+03  5.39e+01
for 2.71e+03 ~  2.83e+02  2.75e+03~  2.77e+02  2.86e+03 +  1.75e+02  2.73e+03  1.20e+02
fos 4.84e+03 =~  4.49e+02  4.77e+03~  4.41e+02  4.92e+03 ~  3.45e+02  4.86e+03  3.03e+02
il —: 11/17/0 9/19/0 13/14/1
Ave. rank 2.60 2.60 3.17 1.60

complexity of the initialization stage can be simply calculated to O(N D). For one gen-
eration of the search, the complexity of each strategy is O(D), and N individuals need to
be updated, thus the computational complexity of one generation of the search is O(N D).
In the parameter update stage, the score matrix cooperates with the roulette wheel strategy
to identify the search strategy for each individual, where the computational complexity is

O(N). After the evaluation, the necessary computation for updating the score matrix is
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Table 7.8: Experimental and statistical results between EMSMO and compared HHs algo-
rithms on 50-D CEC2013 Suite

Func SR RD RP EMSMO
mean std mean std mean std mean std
fi 1.68e+03 +  2.05e+03  1.74e+04 +  2.0le+04  1.02e+03 +  1.83e+03  -1.35¢+03  1.05e+01
f 6.84e+07 +  2.38e+07  2.04e+08 +  1.58e+08  7.09e+07 +  3.38e+07  2.78e+07  6.21e+06
f3 554e+10+  2.14e+10  9.30e+11 +  3.77e+12  4.94e+10+  2.18e+10  2.80e+09  5.11e+09
fa 6.10e+04 — 1.06e+04 7.35e+04 ~ 1.22e+04 6.14e+04 — 9.44e+03 7.54e+04 1.10e+04
fs 6.68¢+02 +  59le+02  3.75e+03 +  5.80e+03  5.92e+02 +  5.35e+02  -8.51e+02  3.83e+01
fe -5.69¢+02 +  5.43e+01 1.59e+02 +  1.18e+03  -5.80e+02 +  6.93e+01  -7.64e+02  5.09e+01
f7 9.95e+05 +  4.03e+05  8.62e+05=~  4.32e+05 9.68e+05~  4.39¢+05  8.54e+05  7.13e+05
fs -6.79¢+02 ~  3.82e-02  -6.79¢+02~  4.61e-02 -6.79¢e+02~  2.51e-02  -6.79e+02  3.57e-02
fo -5.34e+02 = 3.69e+00  -5.34e+02~ 4.68e+00 -533e+02=x~ 3.30e+00 -5.34e+02  4.02e+00
fio 1.69e+02 +  1.98e+02  1.45e+03 +  2.32e+03  1.70e+02 +  2.44e+02  -4.18e+02  1.99e+01
fi1 3.72e+02 ~  1.16e+02  3.8le+02~  1.27e+02  3.65e+02~  9.22e+01  3.51e+02  8.81e+01
fi2 52le+02~  9.35e+01  544e+02~  1.17e+02  4.96e+02~  1.1le+02  4.78e+02  9.58e+01
fi3 6.04e+02 ~  9.30e+01  6.11e+02~  1.1le+02  6.00e+02~~  7.70e+01  5.78e+02  8.04e+01
f1a 1.03e+04 =~  9.97e+02 1.02e+04 ~ 1.58e+03 1.08e+04 ~ 8.47e+02 1.03e+04  9.55e+02
fis 1.10e+04 =~  8.63e+02  1.03e+04~  1.26e+03  1.14e+04 +  9.65e+02  1.05e+04  7.30e+02
fie 2.03e+02 =~  4.92e-01 2.03e+02 =~  5.30e-01 2.03e+02 +  4.98e-01 2.03e+02  6.76e-01
fi7 1.32e+03 +  1.36e+02  1.35e+03 +  1.90e+02  1.30e+03 +  1.31e+02  1.22e+03  8.70e+01
fis 2.60e+03 +  3.58e+02  2.58e+03 +  3.46e+02  2.59e+03 +  3.45e+02  1.98e+03  1.97e+02
fio 6.20e+02 +  5.41le+01  7.68e+03 +  2.83e+04  6.14e+02 +  3.82e+01  5.72e+02  1.13e+01
f20 6.24e+02 =~  2.08e-01 6.24e+02 =~  3.09e-01 6.24e+02 ~  3.84e-01  6.24e+02  3.98e-01
fo1 1.70e+03 +  2.33e+02  2.38¢+03 +  1.05e+03 1.79¢+03 +  3.51e+02  1.17e+03  2.45e+00
fo2 1.39e+04 =~  1.14e+03  1.32e+04~  1.47e+03  1.35e+04~  1.15e+03  1.35e+04  9.76e+02
f23 1.36e+04 ~  1.26e+03  1.33e+04~  1.26e+03  1.38e+04~  1.14e+03  1.33e+04  1.37e+03
foa 1.47e+03 ~  5.20e+01 1.48e+03 ~  9.66e+01 1.46e+03 ~  3.50e+01  1.45e+03  3.98e+01
fos 1.61e+03 ~  3.15e+01  1.57e+03~  5.56e+01 1.61e+03 +  3.35e+01 1.58e+03  3.33e+01
f26 1.68e+03 ~ 1.43e+01 1.67e+03 ~ 5.16e+01 1.68e+03 ~ 5.24e+01 1.68e+03 1.28e+01
for 3.83e+03 ~  1.86e+02  3.75¢e+03~  3.12e+02  3.85e+03~  1.80e+02  3.71e+03  2.43e+02
fog 8.37e+03 ~  539%+02 833e+03~  6.26e+02 8.23e+03~  6.58e+02  8.36e+03  6.11e+02
+/rl—: 11/16/1 10/18/0 13/14/1
Ave. rank 2.92 2.67 2.67 1.71

O(N) as well. In summary, the time complexity of EMSMO is

O(ND) +O(T(N + ND + N)) := O(ND) + O(TND) := O(TND)  (7.14)

7.4.2 Performance analysis on CEC2013 benchmark functions

In the realm of optimization algorithm design, the evaluation of an algorithm’s exploita-

tion ability, exploration ability, and the balance struck between these two aspects holds
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Table 7.9: Experimental results on engineering optimization problems

Problem DE PSO WOA SLO SMA AOA EMSMO

Mean  6.8492e+00  7.8896e+00  7.5919e+00  7.4157e+00  8.2067e+00  8.0645e+00  7.0027e+00
Std 1.6473e-03  5.6763e-01 6.7792e-01 5.2653e-01 1.4708e+00  1.3656e+00  1.9991e-01

CBD
Best  6.8449e¢+00  7.1050e+00  6.8884e+00  6.8511e+00  6.8462e+00  6.8923e+00  6.8529e+00
Worst  6.8523e+00  9.2709e+00  9.5588e+00  9.0316e+00  1.1335e+01  1.0411e+01  7.7317e+00
Mean  2.7368e-02 1.6177e-02 NaN NaN 1.3449¢-02  2.2017e-02  1.2790e-02

TCSD Std 2.3459-02  3.4204e-03 NaN NaN 9.858%-04  8.5871e-03  9.1033e-05
Best 1.2681e-02 1.2863e-02  1.2666e-02 1.2671e-02 1.2710e-02 1.3062e-02 1.2677e-02
Worst  9.3420e-02  2.5602e-02 NaN NaN 1.6954e-02  3.9296e-02  1.3121e-02
Mean  7.5978e+03  4.1833e+04  7.3184e+04  3.5210e+04  6.3324e+03  7.8339e+03  5.9900e+03

PVD Std 6.5189e+03  2.2271e+04  8.5217e+04  4.8743e+04  4.1312e+02  1.7404e+03  3.2718e+01

Best  5.8862e+03  1.0233e+04  6.2511e+03  6.3547e+03  5.9091e+03  6.1582e+03  5.9102e+03
Worst  4.2620e+04  9.578%e+04  3.4844e+05  2.1892e+05 7.3116e+03  1.5397e+04  6.0640e+03

paramount importance. In our analysis, we commence by delving into the exploitation
prowess of EMSMO.

Given that the functions f; to f5; within the CEC2013 benchmark are unimodal, the op-
timization performance across these functions can directly reflect the exploitation capacity
of the algorithm. From the comprehensive numerical experiments and statistical analyses,
EMSMO outperforms the six compared optimization techniques on most functions. This
notable superiority is maintained across the majority of functions, with the exception of
10-D f3. Moreover, this competitiveness is amplified as the dimension of problems in-
creases, which shows the excellent exploitation capacity of EMSMO even while facing the
challenges of higher-dimensional problems.

f6 to fag are multimodal and composition functions in CEC2013 suite. These functions
have multiple optima and complex fitness landscapes, which serve as challenging testbeds
for evaluating the performance of algorithms.

Through the experimental and statistical results, our proposed EMSMO remains ex-
ceptionally competitive in comparison to the other six optimization techniques. This con-

clusion is verified through both statistical analyses and the average rank of performance.

148



However, it is important to note that there are instances of slight deterioration in EMSMO’s
performance, as observed in functions fo, and fos5.

To explain this phenomenon reasonably, the No Free Lunch Theorem!'?? is responsible
for this degeneration. This theory states that the average performance of any two stochastic
optimization algorithms is equivalent across all possible problems. Consequently, if an
algorithm outperforms in a specific class of problems, it must perform poorly in the rest of
the problems in order to maintain the same average performance. In light of this theory, we
can infer that EMSMO may exhibit reduced performance in problems that possess similar
structural characteristics to foy and fos.

f6 to fag are multimodal and composition functions, and these benchmark functions
contain multiple optima and complex fitness landscape characteristics so that they are al-
lowed to evaluate the overall performance of algorithms. In general, our proposed EMSMO
is quite competitive with the other six optimization techniques based on statistical analysis
and the average rank. However, some deterioration of EMSMO can be observed such as
in f54 and fo5, and we may use the No Free Lunch Theorem'® to explain this deteriora-
tion: No Free Lunch Theorem states that any pair of algorithms have identical averaging
performance in all possible problems, and if an algorithm performs better in a certain class
of problems, it must degenerate in the other class of problems since it is the only way to
achieve the same averaging performance. Therefore, we infer that our proposed EMSMO

may not be good at dealing with the problem which has a similar structure to fo4 and fo5.

7.4.3 Performance analysis on engineering optimization problems

In this study, we utilize three classical engineering optimization problems to comprehen-
sively evaluate EMSMO: corrugated bulkhead design, tension/compression spring design,
and pressure vessel design. The experimental results are summarized in Table 7.9.

An additional aspect we are concerned about is the stability of the algorithm, which is

an important metric when addressing real-world optimization problems. The stability can
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be reflected through metrics like standard deviation and the worst results, as presented in
Table 7.9. Especially noteworthy are the results of the tension/compression spring design
problem. In this scenario, the optimizers of WOA and SLO fail to find a feasible solution
at least once. On the contrary, our proposed EMSMO consistently finds a feasible solution
in all trial runs. This outcome primarily proves the stability of EMSMO in real-world

applications.

7.4.4 Performance analysis with various HHs

To rigorously evaluate the efficiency of our novel improvement-based probabilistic selec-
tion function, we employ three baseline approaches: simple random, random descent, and
random permutation. These baseline methods compare with EMSMO in comprehensive
experiments. The experimental and statistical results practically prove the efficiency of our
proposed selection function.

The results demonstrate that the improvement-based probabilistic selection function
generally performs comparably or better than the three compared hyper-heuristics (HHs)
frameworks in the majority of cases. In fact, it is significantly superior in nearly half of the
instances. These results validate the efficacy of our proposal.

Nevertheless, we observe instances where EMSMO performs noticeably worse com-
pared to the competing HHs on specific problems, such as 10-D f3, 30-D fo, and 50-D
f1. While the exact inner mechanism of the deterioration is not evident, we infer that these
problems might present deceptive information for the score matrix update, which may mis-

lead the construction of the optimization sequence.

7.5 Conclusion

This chapter proposes a novel hyper-heuristic algorithm named evolutionary multi-mode

slime mold optimization (EMSMO). Inspired by the slime mold foraging behaviors, we
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design four search schemes as the low-level heuristics. An improvement-based probabilis-
tic selection function is designed as the High-Level component of EMSMO. To evaluate
the performance of EMSMO, we implement comprehensive comparative experiments with
six classic or advanced EAs and three HHs algorithms. Experimental and statistical results

prove the competitiveness of EMSMO in practice.
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Chapter 8

Surrogate ensemble assisted

hyper-heuristic algorithm

This chapter presents an evolutionary multi-mode slime mold optimization'. Section 8.1
presents the motivation of this research, Section 8.2 details our proposal: SEA-HHA, Sec-
tion 8.3 presents the experiments on the CEC benchmark functions, and Section 8.4 dis-

cusses the performance of EMSMO. Finally, Section 8.5 concludes this chapter.

8.1 Motivation

Evolutionary computation (EC) and swarm intelligence (SI) have achieved tremendous suc-
cess in the research field>*2% and industrial design2°°2% thanks to their superior charac-
teristics such as robustness, flexibility, efficiency, and applicability. However, as a kind of
stochastic optimization technique, an enormous number of fitness evaluation times (FEs)
are necessary to find acceptable solutions, which severely limits the scalability of these

methodologies in computationally expensive optimization problems (EOPs). Therefore,

IThis chapter was previously published as This chapter was previously published as Zhong, R., Yu,
J., Zhang, C., & Munetomo, M.: Surrogate Ensemble-Assisted Hyper-Heuristic Algorithm for Expensive
Optimization Problems. Int J Comput Intell Syst 16, 169 (2023). https://doi.org/10.1007/
s44196-023-00346-y.?"
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many researchers attempt to combine these algorithms with mathematical methods to fur-
ther accelerate the convergence of optimization. A common approach is to adopt the surro-
gate model and the infill sampling criterion to predict potential solutions, and then combine
them with conventional evolutionary algorithms (EA) to improve search efficiency. An
optimization framework like this that combines the two belongs to the surrogate-assisted
evolutionary algorithm (SAEA),28.145:209

Up to now, many effective SAEAs have been reported: Dong et al.?!® extended the
surrogate-assisted approach to the popular and powerful grey wolf optimization (SAGWO).
The radial basis function (RBF) is employed to assist the meta-heuristic exploration and
fitness landscape knowledge mining. Nishihara et al.?!! noticed that not only the model
settings but also the training data chosen will influence the estimation performance and
designed an adaption scheme for training data selection, which includes four criteria: All
Data, Current Population, Recent Data, and Neighbor. These schemes collaborate with
differential evolution (DE) for computationally expensive optimization problems. Wang
et al.2!? proposed a global and local surrogate-assisted DE (GL-SADE) to solve high-
dimensional EOPs. The global RBF model is trained with all samples to approximate
the tendency of the whole fitness landscape, and the local Kriging model trained with the
local population prefers to select solutions with well-performed prediction and great un-
certainty, which can prevent the search direction from getting trapped into local optima.
And the unique reward search strategy in GL-SADE encourages the re-utilization of the
Kriging model when the solution found by the local Kriging model is the best so far. Cai
et al.?!3 introduced the surrogate-assisted technique to multi-objective EOPs. Two strate-
gies are proposed to balance the global and local search for multi-objective optimization:
(1) Maximum angle-distance sequential sampling based improved surrogate-based multi-
objective local search method. (2) Diversity-enhanced expected improvement matrix infill
criterion-based pre-screening strategy.

The introduction of surrogate-assisted techniques has promoted the development of the
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EC community rapidly and endowed the optimizers with a stronger ability to tackle more
complex optimization problems at the cost of computational resources. However, No Free

Lunch Theorem'®

states that any pair of black-box optimization algorithms have identical
averaging performance on all possible problems, and if an algorithm performs well on a
specific category of problems, then, it must degenerate on the remaining problems, which
is the only way for all algorithms to have the same performance on average across all
functions. Thus, many researchers try to develop a generic optimization framework, which
can dynamically modify the structure of the algorithm to adapt to the characteristics of
certain problems.

The hyper-heuristics framework provides a potential opportunity to realize that. From
the perspective of the hyper-heuristic algorithm (HHA), an optimization algorithm can be
regarded as a combination of search strategies (e.g. the genetic algorithm (GA) repeats
the crossover and mutation operators and particle swarm optimization (PSO) iterates the
velocity and location update.), and this sequence of heuristics can also be optimized. As
an “off-the-peg” technique rather than “made-to-measure” meta-heuristics,>'* HHA is a
high-level automatic methodology that manipulates a set of low-level heuristics (LLHs) to
search for acceptable solutions. !”® Meanwhile, many HHAs have been reported to deal with

combinatorial optimization problems '%9-201:215

whilst only a few have dealt with continuous
problems. !

In this chapter, we regard the surrogate-assisted technique as a kind of search strategy
and propose a novel surrogate ensemble-assisted hyper-heuristic algorithm (SEA-HHA)
for continuous and computational EOPs. In the low-level component of SEA-HHA, we
design four search strategy archives as the low-level heuristics (LLHs): The exploration
strategy archive, exploitation strategy archive, surrogate-assisted estimation archive, and
mutation strategy archive, each archive contains several search strategies. In the high-level

component design, we apply a probabilistic random selection function to construct the

optimization sequence dynamically.
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8.2 Proposal: SEA-HHA

The overall optimization framework of the proposed SEA-HHA can be summarized as Fig-
ure 8.1. Specifically, in the low-level component of SEA-HHA, we design four generation
archives containing the various LLHs: Exploration strategy archive, exploitation strategy
archive, surrogate-assisted estimation archive, and mutation strategy archive. Besides, each
archive has one or more search strategies, and different strategies in the same archive have
an unbiased probability of being chosen. In the high-level component of SEA-HHA, a
stochastic selection function based on pre-defined probabilities is employed as the decision

function to determine the optimization sequence dynamically.

Start

Population and
parameters initialization

. Yes
Optimization End
terminate

No

Search strategy Probabilistic High-Level
ihati . § component
determination selection function P
Dominate
Offspring generation by < > < >
the selected search strategy Exploration Exploitation Surrogate-assisted| Mutation
strategy archive strategy archive | |estimation archive| | strategy archive

Low-Level
Heuristics

Offspring evaluation Determinate

and selection for the

. Search strategy
next generation

Figure 8.1: The main architecture of SEA-HHA, the flowchart is similar to most EAs, and
our proposal focuses on the search strategy determination part.

8.2.1 Exploration strategy archive

The differential-based search strategy was first proposed in DE*® and has been adopted in

many bio-inspired EAs to describe the foraging behaviors of natural organisms, !7:188:217.218

155



In this chapter, we also use the basic form of the differential-based search strategy in the

exploration strategy archive and provide three different ways to select the base individual.

Xit1 = Xpase + F - (XTQ - XTB) (8.1)

where X, is randomly selected from {X;, Xyes, X;1 } With equal probability. X is the
ith individual, X represents the best solution in the current population, and X, X, and
X3 are mutually different solutions which randomly sampled from the current population.
F is a scaling vector and each element is randomly sampled from [—0.8, 0.8].

The pseudocode of the exploration operation is shown in Figure 8.2.

Algorithm Exploration operation

Require: Dimension: D, Population: P, Current index: i
Ensure: Offspring: O
1: 7 < rand()
2: 1,172,173 < rands() # r1,72 and r3 are mutually different
3. if r < 1/3 then
4: Xpase — X;
5: else if r < 2/3 then
6: Xpase < Plargmin(F')] # select the current best solution
7: else
8: Xpase — X1
9: end if
10: Construct a D-dimensional scaling vector F'
11: O + Xbu,s(: + F - (X,Q — X,g)
12: Ensure the O is within the search space
13: return O

Figure 8.2: The pseudocode of the exploration operation.

8.2.2 Exploitation strategy archive

Rather than using the complex mechanism and parameters to realize the exploitation op-

eration, we only adopt two parameters to determine the exploitation search strategy: The
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search direction D and the exploitation radius . And these operators can be described in
Eq. (8.2)

Xit1 = Xpase + D - R (8.2)

Xpase is randomly selected from {X;, Xpest, X1} as well. D is a random vector and R is a
constant. Once these two parameters are specified, the location of X, can be identified. In
our experiment settings, each element in D is uniformly sampled from [—1, 1] and R = 2.

The pseudocode of the exploitation operation is shown in Figure 8.3.

Algorithm Exploitation operation

Require: Dimension:D, Population: P, Fitness:F, Current index:i, Radius: R
Ensure: Offspring: O
1: 7+ rand|()
2: r1,72,73 <= rands() # r1,r2 and 73 are mutually different
3: if r < 1/3 then
4: Xpase < Xi
5: else if r < 2/3 then
6: Xpase < Plarg min(F')]
7. else
8: Xbu,s(i — Xrl
9: end if
10: for i =0 to D do
1: 0"+ X},..+ R-rand(—1,1)
12: end for
13: Ensure the O is within the search space
14: return O

Figure 8.3: The pseudocode of the exploitation operation.

8.2.3 Surrogate-assisted estimation archive

We regard surrogate-assisted estimation as a kind of search strategy to generate high-quality
solutions, and the basic process is as follows. We first choose the dataset selection fashion
among All Data, Recent Data, and Neighbor randomly, then, the dataset is randomly
divided into the training dataset and the validation dataset with the proportion of 80% and

20% respectively. Three kinds of models of polynomial regression (PR), support vector
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regression (SVR), and Gaussian process regression (GPR), are employed to construct the
approximation model, and we use an extra DE to estimate the best solution in the surrogate
model which has the highest accuracy on the validation dataset. The real objective function
will evaluate this estimated solution and participate in the optimization as an offspring
individual. Next, we will introduce the selection training dataset and the surrogate model
selection principles in detail.

Inspired by the SADE-ATDSC,?!! three different strategies for selecting training datasets
are applied in the archive: All Data, Recent Data, and Neighbor. All Data utilizes all
solutions from optimization beginning to approximate the overview of the fitness land-
scape. Recent Data represents the recent k generated solutions which are selected as the
dataset to describe the regularity of solution movements in the optimization. And Neighbor
denotes the nearest-% solutions of X determined by the Manhattan distance, which can
depict the characteristics of the fitness landscape near the current best solution. A general
demonstration of dataset selection is shown in Figure 8.4.

A subsequent problem is which model can approximate the fitness landscape better
with these selected solutions. As we mentioned before, the selected dataset is randomly
separated into two parts: The training dataset with the 80% proportion of the original data
and the validation dataset with the rest 20% proportion. Then, three kinds of models are
constructed based on the training dataset, and the model that has the lowest mean squared
error (MSE) loss on the validation dataset is considered the most accurate in this regression

task. The calculation of MSE is in Eq. (8.3).

n

1
MSE =~ % (E(ylz:) - y:)” (8.3)

i=1

where n is the size of the dataset, E'(y|x;) is the expectation of the model given the solution
x;, and y; is the real fitness value of z;, and the well-performed solution in the surrogate

model is considered as a high-quality solution on the real fitness landscape and will be
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Figure 8.4: A demonstration of dataset selection criteria, blue points are solutions in the
1%¢ generation, green points are solutions in the 2"¢ generation, the red star represents the
current best solution, and the selected dataset scale k is five in this example. The point
surrounding the grey circle represents the selected data for model construction. (a). The
original distribution of solutions. (b). All Data principle. (c). Recent Data principle. (d).
Neighbor principle.

evaluated by the real objective function and participate in the optimization process.

The pseudocode of the surrogate-assisted estimation strategy is shown in Figure 8.5.

8.2.4 Mutation strategy archive

The Mutation strategy archive only contains one strategy that

Xigr = Xpp + 7 (Xup — Xip) (8.4)
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Algorithm Surrogate-assisted estimation

Require: Data archive: DA, Model archive: M A
Ensure: Estimated solution: S
1: r < rand|()
2: if r < 1/3 then
3: SD <« All(DA) # All Data
4: else if r < 2/3 then
5 SD < Recent(DA) # Recent Data
6: else
7: SD < Neighbor(DA) # Neighbor
g end if
9: TD,VD « split(SD) # 80% Training data and 20% Validation data
10: Train the models in M A with T'D
11: Validate the models in M A with VD
12: Estimate the best solution S on the most accurate model in terms of the
DE
13: Ensure the S is within the search space
14: return S

Figure 8.5: The pseudocode of the surrogate-assisted estimation strategy.

r is a uniform random value from [0, 1]. X}, and X, are the lower and upper bound of
search space respectively. Simply, we randomly generate a new solution in the search
space to endow an ability to SEA-HHA to get rid of the local optimum.

In summary, the pseudocode of SEA-HHA is shown in Figure 8.6.

Different from most EAs in which the search strategy is applied to the whole population,
the object of the search strategy in our proposed SEA-HHA is applied to the individual.
Each individual in the population has a high opportunity to generate offspring individual
with various strategies, which is expected to enhance the diversity of the population and

prevent premature convergence.

8.3 Numerical experiments

We implement a set of experiments to evaluate the performance of our proposed SEA-HHA.
Section 8.3.1 introduces the experiment settings, and Section 8.3.2 shows the experimental

results.
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Algorithm SEA-HHA
Require: Dimension: D, Population size: PS, Maximum iteration: M, Pre-
defined probability: PR, Search strategy archives: SSA,
Ensure: Global Optimum: GO
1: P+ LHS(D, PS) # Latin hypercube sampling for population initializa-
tion
2: GO + best(P)
3: Data archive DA <+ P
4: g = 0
5. while g < M do
6: for i =0 to PS do

7: Determine a certain search strategy from search strategy archives
by pre-defined probability

8: Construct the offspring O; with sampled search strategy

9: Save the O; to DA

10: end for

11: Survive the best-PS solutions among population and offspring

12: GO < best(P)
13: g=g+1

14: end while

15: return GO

Figure 8.6: The pseudocode of SEA-HHA.

8.3.1 Experiment settings

Experiment environment: The proposed SEA-HHA is programmed with Python 3.11
and implemented in Hokkaido Univerisity’s high-performance intercloud supercomputer
equipped with a CentOS operating system, Intel Xeon Gold 6148 CPU, and 384GB RAM.

Benchmark functions: We evaluate the performance of SEA-HHA on the 5-D, 10-D,
and 30-D of 28 CEC2013 benchmark functions and three complex engineering problems
including Cantilever Beam Design,?! Tension/Compression Spring Design,??° and Pres-
sure Vessel Design.!”’

Cantilever Beam Design: This problem is a structural engineering optimization prob-

lem that is related to the weight optimization of a cantilever beam with a square cross-
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section. Eq. (8.5) shows the mathematical model of this problem.

minimize
f(X) = 00624(1'1 + To+ X3+ T4+ 33'5)

subject to

61 37 19 7 1 (8.5)
X)=2 42 20 L 1<
9(X) ﬁ+x§+@+x}+@ <

where

0.01 < z; <100,i =1,2,....5

Tension/Compression Spring Design: The object of this problem is to minimize the
weight of a tension/compression spring under the constraints of minimum deflection, shear
stress, surge frequency, and outside diameter limitation. The formulation is presented in
Eq. (8.6).

minimize

f(X) = (w3 + 2) w922

subject to
1331E3
X)=1--"2 <
91(X) 7178527 =
422 — 2129 1
X) = 2 —-1<0
92(X) 12566(1923 — 24) | 510822
140.45
gg(X)zl_Q_fclgo (8.6)
T+ T2
X) = -1<0
9(X) = =73 =
where
0.06 <z <2
025 <xy<1.3

Pressure Vessel Design: This problem attempts to minimize the cost of the pressure
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vessel including the cost of forming, material, and welding. And this optimization problem

can be expressed in Eq. (8.7).

minimize

f(X) = 0.6224z 2324 + 1-7781I293§ + 3.166122x, + 19.842325
subject to

g1(X) = —2; +0.019323 <0

G2(X) = —x5 + 0.0095425 < 0

4
g3(X) = —mazzy — —may + 1296000 < 0
3 (8.7)

More detailed explanations and visual demonstrations of these engineering optimization
problems can be found in. %

Compared methods and parameters: We compare our proposal SEA-HHA with four
EAs and two SAEAs that are listed in Table 8.1. The selected probability for each search
strategy archive in SEA-HHA plays an important role in guiding the optimization sequence
construction. However, the determination of these parameters is also a difficult task. In this
research, we fix the exploration probability, exploitation probability, surrogate-assisted es-
timation probability, and mutation probability with 0.33, 0.33, 0.33, and 0.01 respectively,
which are also corresponding to the intuition of optimization algorithm design.

For all compared algorithms, the population size is 100, the maximum FEs by the real
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Table 8.1: The compared optimization techniques and their parameter configuration

Method Parameters Value
Radius R 2
Population size for the local model k 100
SEA-HHA Exploration probability 0.33
Exploitation probability 0.33
Surrogate-assisted estimation probability 0.33
Mutation probability 0.01
SFOY Coefficients of power attack A and & 4 and 0.001
DSIDE??! Mutation strategy DE/rand/1/bin
ROA 190 Condition parameter C 0.1
SCSO66 Sensitivity range rg [0, 2]
Phases control range R [-2rg, 2rg]
RBE.NFO 63 Surrogate model RBF
a ~ X
basic optimizer NFO 222
Surrogate model RBFNmv
Scaling factor F' 0.5
SHEALED %23 Crossover rate Cr 0.8
Probability of mutation Pm 0.3
Probability of crossover Pc 0.8
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objective function in both the CEC2013 suite and engineering optimization problems are
1000, the sample size of the random search for promising solutions in surrogate models is

1000, and the independent trial run for each method is 30.

8.3.2 Experimental results

This section shows the experimental and statistical results among seven compared opti-
mization methods on CEC2013 benchmark functions and engineering optimization prob-
lems. Here, we apply the Friedman test and the Holm multiple comparison test %2 to check
the statistical significance between every pair of algorithms. +, ~, and — are applied to
represent that our proposed SEA-HHA is significantly better, with no significance, and
significantly worse with the compared method, and the best fitness value is in bold.

Optimization on CEC2013 Suite: Table 8.2, 8.3, and 8.4 provide the experimental
and statistical results on CEC2013 benchmark functions. The mean and standard deviation
(std) are calculated at the end of the optimization within 30 trial runs.

Optimization on engineering optimization problems: The original SEA-HHA can-
not solve the constrained optimization problems while the real-world engineering prob-
lems contain constraints. Therefore, we need to introduce a constraint-handling technique
to SEA-HHA. Coello et al.'® summarized the various penalty functions including static,
dynamic, simulated annealing, adaptive, and death penalty. As one of the simplest meth-
ods, the death penalty assigns an enormous fitness value to the individual which violates
the constraint in the minimization optimization. For the sake of simplicity, we equip the
SEA-HHA and all compared algorithms with a death penalty function to deal with con-
strained optimization problems. Table 8.5 and 8.6 show the comparative results on the
Cantilever Beam Design problem, Table 8.7 and 8.8 show the optimization results on the
Tension/Compression Spring Design problem, and Table 8.9 and 8.10 show the results on

the Pressure Vessel Design problem.
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Table 8.5: The optimization results on the Cantilever Beam Design problem.

Alg. worst mean best std

SFO 2.6355 1.6819~= 13817 0.3057
DSIDE 22361 19216 + 1.5831 0.2121

ROA 19586 1.6427 =~ 1.3872 0.1710

SCSO 23415  1.6918 =~ 1.4204 0.2177
aRBF-NFO 59947 4.1311 + 22430 0.9052
SHEALED 2.1880 1.8121 4+ 1.3539 0.2142
SEA-HHA  2.1469 1.6504 1.4036  0.2175

Table 8.6: The optimum found by optimization techniques on the Cantilever Beam Design
problem.

Alg. x1 X2 T3 T4 x5 cons. obj.

SFO 6.534790 4.653559  4.241771  4.377597  2.335527 -0.0033  1.3817
DSIDE 9.409405 4737502  5.103161 3.361869  2.758319 -0.2039  1.5831
ROA 6.058160 6.415025 4.260142  3.553657 1.944015 -0.0476  1.3872
SCSO 5.745827 5.346359  4.685947  3.114073  3.872125 -0.0026  1.4204

aRBF-NFO  9.324028  7.978926  4.897215  8.857559 4.889085 -0.6715  2.2430
SHEALED 5.752486  5.717425 4.170125 3.936549  2.121631 -0.0001  1.3539
SEA-HHA  5.3868787 5.417096  5.144122  3.389277 3.157643  -0.0258  1.4036

Table 8.7: The optimization results on the Tension/Compression Spring Design problem. If
more than 1 of 30 trial runs does not find a feasible solution, the worst, mean, and std cannot
be calculated and we manually fill them with Nan. Statistical analysis is also meaningless.

Alg. worst mean best std

SFO Nan Nan 0.0132 Nan
DSIDE 0.1551 0.0433~ 0.0138 0.0286
ROA 0.1623 0.0483~ 0.0143 0.0379
SCSO Nan Nan 0.0131 Nan

aRBF-NFO Nan Nan 0.0204 Nan
SHEALED  0.0420 0.0230~ 0.0130 0.0085
SEA-HHA  0.0548 0.0314 0.0135 0.0100

8.4 Discussion

8.4.1 Performance analysis of optimization on CEC2013

From the overview performance on CEC2013 benchmark functions among seven optimiza-

1
tion techniques, our proposed SEA-HHA is competitive with these advanced algorithms,



Table 8.8: The optimum found by optimization techniques on the Tension/Compression

Spring Design problem.

Alg. T X2 x3 cons.1 cons.2 cons.3 cons.4 obj.
SFO 0.053517 0393260  9.745187  -0.0065 -0.0184 -3.9872 -0.7021  0.0132
DSIDE  0.056095 0466966  7.392016  -0.0589  -0.0094 -3.8877 -0.6512  0.0138
ROA 0.058282 0515254  6.227495  -0.0285 -0.0346 -3.9510 -0.6176 0.0143
SCSO 0.053946 0412892  8.965602  -0.0380 -0.0011  -3.9571 -0.6887 0.0131
aRBF-NFO  0.066801  0.812510  3.645216  -0.3678 -0.0301  -2.8987  -0.4137  0.0204
SHEALED  0.050000 0315625 14.575956 -0.0214 -0.0044 -3.8362 -0.7562  0.0130
SEA-HHA  0.058430 0540130  5.358699  -0.0091  -0.0023  -4.2493  -0.6009  0.0135

Table 8.9: The optimization results on the Pressure Vessel Design problem.

Alg. worst mean best std
SFO 182308.88 3718220~  6811.07  53171.32
DSIDE 286301.67 7182397+ 16446.54  49198.51
ROA 21664545 6944793 + 931622  47366.32
SCSO 240564.27 85641.49 + 2192095 50317.78
aRBF-NFO  192761.70 2587381~  7117.16  38378.12
SHEALED  155058.38  42531.62+  6811.27  31670.85
SEA-HHA  29877.51 13509.01 6648.46 4690.01

Table 8.10: The optimum found by optimization techniques on the Pressure Vessel Design

problem.
Alg. x1 T2 T3 T3 cons.l  cons.2 cons.3 cons.4 obj.
SFO 097065 056005 48.77169 10881143 -0.02  -0.09  -3080.51  -131.18  6811.07
DSIDE 157724 131905 4338856 19595323 -0.73  -090  -205066.52  -44.04  16446.54
ROA 093220 082358 4670452 17811682 -0.03  -0.37  -351339.89  -61.88  9316.22
SCSO 142960 085228 72.49971 15519587  -0.03  -0.16  -2862965.50  -84.80 2192095
aRBF-NFO  1.14105 0.58046 56.86348 5192381  -004  -0.03  -162653  -188.07  7117.10
SHEALED  1.00300 046802 47.03495 12386394  -0.09  -0.01 73081 -11613 681127
SEA-HHA ~ 1.00388 0.53724 5145276  87.45941  -0.01  -0.04  -197828  -15254  6648.46
and we will analyze the performance of SEA-HHA from two perspectives: exploitation

ability and exploration ability.

Exploitation ability of SEA-HHA: In the CEC2013 suite, f; to f5 are unimodal func-

tions so they can evaluate the exploitation ability of optimization algorithms. Meanwhile,

we notice that SHEALED is significantly better than our proposed SEA-HHA in f; of three

scales, which means this method is good at dealing with this kind of problem. Except for
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f1, SEA-HHA is at least approximately equal to or significantly better than SHEALED,
which shows the superior exploitation ability of SEA-HHA. Compared with other algo-
rithms in unimodal functions, our proposal performs significantly better than them in most
cases, which further proves the exploitation capacity in practice. Besides, the deteriora-
tion of SEA-HHA on f, can be observed as the dimension of the problem increases, and
we infer that one reason is due to the curse of dimensionality.?** As the dimension of the
problem increases, the search space will increase exponentially, and the presence of this
phenomenon can degenerate the accuracy of the surrogate model rapidly and further affect
the quality of estimated solutions.

Exploration ability of SEA-HHA: Since fs to f5 are multimodal functions and fo;
to fog are composition functions, these functions have complex fitness landscape char-
acteristics and multiple local optima so that they are allowed to evaluate the exploration
capacity of optimization techniques. Through the experimental and statistical results in
Table 8.2, 8.3, and 8.4, the superior performance of SEA-HHA can be observed in prac-
tice, and we owe this excellent performance to the diverse search strategy and effective
surrogate-assisted estimation. However, the slight degeneration caused by the curse of di-
mensionality exists in some benchmark functions such as fi7, fis, and fo1, and how to

overcome this issue will be considered in our future research.

8.4.2 Performance analysis of optimization on three engineering prob-

lems

These engineering optimization problems contain multiple constraints and complex fitness
landscapes, the optimization performance on these problems can reflect the ability of the
algorithm to deal with the real-world tasks. Besides, this research focuses on solving EOPs,
and only 1000 FEs are assigned for each task optimization, which is a severe challenge for

optimization techniques.
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Statistical results in Table 8.6, 8.9, and 8.10 show that SEA-HHA at least is not inferior
to any optimization method for any problem and can outperform in some problems (e.g.
compared with DSIDE, aRBF-NFO, and SHEALED in Cantilever Beam Design). Another
advantage of SEA-HHA is that the optimization process is stable even under the FEs limi-
tation. In the Tension/Compression Spring Design problem, SEA-HHA can find a feasible
solution in any independent trial run while SFO, SCSO, and aRBF-NFO can not at least
once. In the Pressure Vessel Design, the worst solution found by SEA-HHA is apparently
better than the compared methods and the standard deviation is also small. These exper-
imental results reveal the excellent exploration and exploitation abilities of SEA-HHA in
engineering optimization problems, which has great potential to deal with real-world ap-

plications.

8.5 Conclusion

This chapter proposes a novel surrogate ensemble-assisted hyper-heuristic algorithm (SEA-
HHA) to solve EOPs. In the high-level component design, the random selection function
based on the pre-defined probabilities is adopted to dominate the LLHs. In the low-level
component, we design four search strategy archives as LLHs: exploration strategy archive,
exploitation strategy archive, surrogate-assisted estimation archive, and mutation strategy
archive, each search strategy is easily implemented. Besides, in the surrogate-assisted es-
timation archive, three different data selection principles are applied for model construc-
tion: All Data, Recent Data, and Neighbor, which correspond to the global and local
concepts, and the most accurate model constructed by PR, SVR, and GPR is utilized to
estimate the promising solutions.

In the numerical experiments, we compare our proposed SEA-HHA with six advanced
optimization techniques on the CEC2013 benchmark functions and three popular engineer-

ing optimization problems. Experimental and statistical results show that SEA-HHA has
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broad prospects for solving EOPs.
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Chapter 9

Conclusion and Future Work

This dissertation solves LSOPs using EC approaches through two aspects: (1). Using the
CC framework to separate decision variables and form median- and small-scale problems
and (2). Developing high-quality EC technique.

In Chapter 3, we identify a limitation in existing DG-based decomposition methods
when applied in noisy environments. Specifically, these methods are unable to accurately
determine the separability between decision variables due to the influence of noise on fit-
ness differences. We analyze this limitation both mathematically and through numerical
experiments, leading us to propose a novel approach called linkage measurement mini-
mization (LMM). In LMM, we introduce a linkage measurement function and treat the
decomposition as a combinatorial optimization problem. To optimize this problem, we em-
ploy the elitism genetic algorithm (EGA), resulting in a comprehensive methodology for
noisy environments. We provide a mathematical explanation of the feasibility of LMM in
noisy environments, demonstrating its effectiveness in addressing the deficiencies of exist-
ing methods. Furthermore, by integrating the modified differential evolution with distance-
based selection (MDE-DS), our proposed approach exhibits significant superiority over
current decomposition methods in noisy environments. This approach not only presents

a theoretical foundation but also offers a practically feasible solution for tackling LSOPs
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in noise environments through the CC framework. The proposed LMM demonstrates its
efficacy in decomposing noisy LSOPs by integrating theoretical insights with practical im-
plementations. This integration between theory and practice empowers researchers to con-
fidently address LSOPs in noisy environments.

In Chapter 4, we address the limitation of real-coded linkage identification by nonlin-
earity check (LINC-R), primarily its computational complexity, which hinders its applica-
tion in large-scale expensive optimization problems (LSEOPs). Fortunately, the advent of
recursive differential grouping (RDG) and efficient RDG (ERDG) has substantially reduced
the computational complexity from O(D?) to O(D - log D), making it feasible to extend
these methods to LSEOPs. We incorporate the multiplicative interactions identification
principle from dual differential grouping (DDG) into ERDG, leading to the development
of a novel decomposition methodology termed efficient DDG (EDDG). Additionally, we
propose an efficient surrogate ensemble-assisted differential evolution (DE), which lever-
ages both global and local surrogate models constructed using generalized regression neural
network (GRNN) and Gaussian process regression (GPR). Through comprehensive experi-
mental results and statistical analyses, we demonstrate the competitiveness of our proposed
methodology in effectively addressing LSEOPs. This research challenges the LSEOPs by
proposing a complete methodology of SEADECC-EDDG, which provides a potential so-
lution for solving academic and real-world tasks significantly.

Chapter 5 and Chapter 6 delve into two recently proposed meta-heuristic algorithms:
Vegetation Evolution (VEGE) and the RIME algorithm. We introduce multiple efficient
search strategies to enhance these algorithms’ performance in specific optimization tasks.
Additionally, Chapter 7 and Chapter 8 propose an evolutionary multi-mode slime mold op-
timization (EMSMO) and a surrogate ensemble-assisted hyper-heuristic algorithm (SEA-
HHA), both of which adhere to the hyper-heuristic framework. Through comprehensive
numerical experiments spanning various problem domains, we confirm the efficiency and

effectiveness of our methodologies. These innovative optimization algorithms offer ad-
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vanced methodologies tailored for solving academic benchmark functions and real-world
applications, including scheduling problems, protein structure prediction, resource man-
agement, and so on.

In future research endeavors, we aim to develop high-quality methodologies and problem-
specific algorithms further to tackle diverse optimization problems in both academic do-

mains and real-world scenarios.
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