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The natural gradient (NG) is an information-geometric optimization method that plays a crucial role, espe-
cially in the estimation of parameters for machine learning models like neural networks. To apply NG to quantum
systems, the quantum natural gradient (QNG) was introduced and utilized for noisy intermediate-scale devices.
Additionally, a mathematically equivalent approach to QNG, known as the stochastic reconfiguration method,
has been implemented to enhance the performance of quantum Monte Carlo methods. It is worth noting that these
methods are based on the symmetric logarithmic derivative (SLD) metric, which is one of the monotone metrics.
So far, monotonicity has been believed to be a guiding principle to construct a geometry in physics. In this
paper we propose generalized QNG by removing the condition of monotonicity. Initially, we demonstrate that
monotonicity is a crucial condition for conventional QNG to be optimal. Subsequently, we provide analytical and
numerical evidence showing that nonmonotone QNG outperforms conventional QNG based on the SLD metric
in terms of convergence speed.

DOI: 10.1103/PhysRevA.110.022439

I. INTRODUCTION

Continuous optimization is prevalent in scientific and
industrial problem-solving, with a plethora of methods pro-
posed [1]. The natural gradient (NG) stands out as a novel
continuous optimization method rooted in information geom-
etry (IG) [2–4]. The field of machine learning has gained
significant attention recently, with neural networks (NNs)
holding paramount importance [5–7]. NG is frequently em-
ployed in the optimization of NNs, demonstrating numerical
effectiveness [8].

In the realm of physics, the era of quantum computing has
dawned, prompting investigations into the hidden potential
of noisy intermediate-scale quantum (NISQ) devices [9]. For
NISQ devices, the parameter estimation of quantum circuits
is imperative [10–12]. In addition to quantum circuit learning,
estimating parameters of quantum states is essential in vari-
ous contexts, including the variational Monte Carlo method
[13], and tensor networks [14]. The quantum natural gradient
(QNG), introduced as the quantum counterpart of NG, has
recently garnered attention for its promising performance in
applications [15,16]. A mathematically equivalent method to
QNG, known in condensed matter physics, is the stochastic re-
configuration (SR) algorithm [17–21]. Furthermore, quantum
metrics find applications in classical machine learning con-
texts [22–25]. It is noteworthy that both conventional QNG
and the SR method are grounded in the symmetric logarithmic
derivative (SLD) metric, which is one of the monotone quan-
tum Fisher metrics and a fundamental concept in quantum
information geometry (QIG).

*Contact author: miyahara@ist.hokudai.ac.jp;
hmiyahara512@gmail.com

In this paper we present a generalization of QNG based
on QIG. Monotonicity implies that information is not gained
via completely positive and trace-preserving (CPTP) maps, so
it has been believed to be a guiding principle for construct-
ing a geometry in physics. However, from the viewpoint of
optimization, it has not been clear whether it is necessary. Ini-
tially, we establish that monotonicity is a prerequisite for the
SLD metric to optimize the speed of QNG. Subsequently, we
theoretically demonstrate that QNG utilizing nonmonotone
quantum Fisher metrics exhibits faster performance than its
SLD-based counterpart. Furthermore, in practical numerical
simulations for both classical and quantum cases, the diago-
nal approximation of the Fisher metric is often employed to
mitigate the computational costs associated with inverting the
Fisher metric. We show that even under this approximation,
the aforementioned findings remain valid. Lastly, we provide
numerical simulations to illustrate that nonmonotone quantum
Fisher metrics outperform the SLD metric in terms of speed.

The remainder of this paper is organized as follows. In
Secs. II and III we review NG and QNG, respectively. In
Sec. IV we explain the concept of monotonicity, which plays
an important role in this paper. In Sec. V we present our theo-
retical results on the speed of generalized QNG. In Sec. VI
we provide numerical simulations demonstrating that our
algorithm outperforms conventional QNG under certain con-
ditions. Finally, Sec. VII concludes the paper.

II. NATURAL GRADIENT

In the derivation of NG, the Fisher metric and the
Kullback-Leibler (KL) divergence play an essential role. We
first explain the Fisher metric. Assume that we have pθ (·),
which is a probability distribution parameterized by θ ∈ Rn.
We define tangent vectors as X := ∑n

i=1 X i∂i, where ∂i := ∂
∂θ i

for i = 1, 2, . . . , n. Then, the Fisher metric between X and Y
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is defined as

gpθ (·)(X,Y ) :=
N∑

x=1

X m
pθ (·)(x)Y e

pθ (·)(x), (1)

where the e and m representations of X at pθ (·) are given,
respectively, by

X m
pθ (·)(·) := X pθ (·), (2a)

X e
pθ (·)(·) := X ln pθ (·). (2b)

Next, we turn our attention to the rescaled classical Rényi
divergence [26]. When we explain NG only, the KL diver-
gence is sufficient; but the purpose of this paper is to discuss
QNG. Then we explain the rescaled classical Rényi diver-
gence, which is a generalized version of the KL divergence.
The rescaled classical Rényi divergence is given by

Dα (pθ̄ (·)‖pθ (·)) := 1

α(α − 1)
ln

N∑
x=1

pα
θ̄
(x)p1−α

θ (x). (3)

Note that “rescaled” means the additional factor 1/α in
Eq. (3). Furthermore, the rescaled classical Rényi diver-
gence, Eq. (3), in the limit α → 1 corresponds to the KL
divergence [26]:

lim
α→1

Dα (pθ̄ (·)‖pθ (·)) = DKL(pθ̄ (·)‖pθ (·)), (4)

where

DKL(pθ̄ (·)‖pθ (·)) :=
N∑

x=1

pθ̄ (x) ln
pθ̄ (x)

pθ (x)
. (5)

Notably, Eqs. (1) and (3) satisfy the following relationship:

gpθ (·)(X,Y ) = lim
θ̄→θ

X̄Ȳ Dα (pθ̄ (·)‖pθ (·)), (6)

where X̄ , Ȳ are the tangent vectors acting on pθ̄ (·). The key
observation is that the right-hand side of Eq. (6) do not depend
on α. As we will see later, the quantum counterpart of Eq. (3)
yields different metric contrarily to the classical limit, and this
fact will play an important role in QNG.

We here review NG, which is one of the optimization
methods for continuous variables motivated by IG [4]. Let us
consider the minimization problem of L(θ ):

min
θ

L(θ ). (7)

Then, the dynamics of NG is given by

θτ+1 = θτ + �θτ (ε), (8a)

�θτ (ε) = arg min�θ :Dα (pθτ +�θ (·)‖pθτ (·))�εL(θτ + �θ ), (8b)

where ε is a positive number. The key point of Eq. (8) is
the constraint in Eq. (8b), since this term does not exist in
conventional optimization methods such as the steepest decent
method and Newton’s method. Note that in this paper we
focus on Eq. (3), but we do not need to limit ourselves to
Eq. (3). First, we transform Eq. (8b) by using the lowest-order
approximation:

�θτ (ε) ≈ arg min�θ : 1
2 �θᵀGα (θτ )�θ�ε∇θL(θτ )ᵀ�θ, (9)

where ∇θL(θ ) := [∂1L(θ ), ∂2L(θ ), . . . , ∂nL(θ )]ᵀ, ∇θL(θτ ) :=
∇θL(θ )|θ=θτ

, and Gα (θτ ) is the matrix representation of the

Fisher metric gpθτ (·)(∂i, ∂ j ) induced by Dα (pθτ +�θ (·)‖pθτ
(·)).

To solve Eq. (9), we use the method of Lagrange’s multiplier
[27]. Then the solution of Eq. (9) is rewritten as

�θτ (ε) = −
√

2ε

∇θL(θτ )ᵀG−1
α (θτ )∇θL(θτ )

G−1
α (θτ )∇θL(θτ ).

(10)

Note that we have added a negative sign to decrease the value
of L(θ ) by this update. In a practical usage of NG, we may use
the following update rule instead of Eq. (10):

�θτ (ε) = −ηG−1
α (θτ )∇θL(θτ ), (11)

where η is a positive number.

III. QUANTUM NATURAL GRADIENT

To discuss QNG, we explain their quantum counterparts
of the Fisher metric, the rescaled classical Rényi divergence.
Assume that we have ρ̂θ , which is a quantum state parame-
terized by θ , and its spectral decomposition is given by ρ̂θ :=∑N

i=1 pi|ψi〉〈ψi|. We first introduce the quantum extension of
the Fisher metric, Eq. (1) [28–31]. To this end, we define the
following linear operator �ρ̂θ

as follows:

�ρ̂θ
Â := ρ̂θ Âρ̂−1

θ . (12)

And we also introduce the nonlinear transformation of �ρ̂θ
Â:

f −1(�ρ̂θ
)Â :=

N∑
i, j=1

〈ψi|Â|ψ j〉
f (pi/p j )

|ψi〉〈ψ j |. (13)

Using Eq. (13), the quantum counterparts of Eq. (2) at ρ̂θ are
defined as follows:

X̂ m
ρ̂θ

:= X ρ̂θ , (14a)

X̂ e
ρ̂θ , f (·) := f −1(�ρ̂θ

)
(
[X ρ̂θ ]ρ̂−1

θ

)
, (14b)

where f (·) : R>0 → R>0 is a operator-monotone function
such that

f (1) = 1, (15a)

f (t ) = t f (t−1). (15b)

Note that f (·) in Eq. (14b) is called the Petz function. Then
the quantum Fisher metric is given by

gρ̂θ , f (·)(X,Y ) := Tr
[
X̂ m

ρ̂θ
Ŷ e

ρ̂θ , f (·)
]
. (16)

The key point of the quantum Fisher metric, Eq. (16), is its
dependence on the operator-monotone function f (·). Equa-
tion (15a) implies the classical limit of the quantum Fisher
metric goes to the classical Fisher metric without depending
on the choice of f (·), and Eq. (15b) guarantees for the quan-
tum Fisher metric to be real.

We then consider a quantum extension of Eq. (3). The
rescaled sandwiched quantum Rényi divergence is defined as
follows [32–34]:

Dα (ρ̂θ̄‖ρ̂θ ) := 1

α(α − 1)
ln Tr

[(
ρ̂

1−α
2α

θ ρ̂θ̄ ρ̂
1−α
2α

θ

)α]
. (17)

022439-2



QUANTUM NATURAL GRADIENT WITHOUT … PHYSICAL REVIEW A 110, 022439 (2024)

Note that “sandwiched” means ρ̂θ̄ is sandwiched by ρ̂θ . In
Ref. [2], the quantum α divergence, in which ρ̂θ̄ is not sand-
wiched by ρ̂θ , is investigated. The rescaled sandwiched Rényi
divergence, Eq. (17), becomes the quantum KL divergence
[35] in the limit α → 1:

lim
α→1

Dα (ρ̂θ̄‖ρ̂θ ) = DqKL(ρ̂θ̄‖ρ̂θ ), (18)

where

DqKL(ρ̂θ̄‖ρ̂θ ) := Tr[ρ̂θ̄ (ln ρ̂θ̄ − ln ρ̂θ )]. (19)

Introducing the Petz function given by

fα (t ) := (1 − α)
1 − t

1
α

1 − t
1−α
α

, (20)

Eqs. (16) and (17) satisfy the following relation:

gρ̂θ , fα (·)(X,Y ) = lim
θ̄→θ

X̄Ȳ Dα (ρ̂θ̄‖ρ̂θ ), (21)

where X̄ := ∑n
i=1 X i∂̄i and Ȳ := ∑n

i=1 Y i∂̄i.
We revisit the minimization problem, Eq. (7). As the quan-

tum counterpart of Eq. (8), let us consider the minimization
problem of L(θ ):

θτ+1 = θτ + �θτ (ε), (22a)

�θτ (ε) = arg min�θ :Dα (ρ̂θτ +�θ ‖ρ̂θτ )�εL(θτ + �θ ). (22b)

In Eq. (22b), ρ̂θ appears in the constraint instead of pθ (·).
By using the lowest-order approximation, Eq. (22b) can be
transformed into

�θτ (ε) ≈ arg min�θ : 1
2 �θᵀGα (θτ )�θ�ε∇θL(θτ )ᵀ�θ, (23)

where Gα (θ ) is the quantum Fisher metric induced by
Dα (ρ̂θ+�θ‖ρ̂θ ); that is, it can be rewritten as [Gα (θ )]i, j =
gρ̂θ , fα (·)(∂i, ∂ j ) for i, j = 1, 2, . . . , N , where [·]i, j is the i, jth
element of a matrix, because of Eq. (21). To solve Eq. (22),
we employ almost the same technique to that used to derive
NG. Then we reach the same equation in the classical case,
Eqs. (10) and (11), but G−1

α (θτ ) is computed from Eq. (21).
Note that we do not need to limit ourselves to Eq. (17), though
in this paper we focus on Eq. (17).

IV. MONOTONICITY

Characterizing metrics and divergences, monotonicity is an
essential concept [28,36,37]. For example, the monotonicity
of the quantum KL divergence is considered to be quite nat-
ural since it implies that information is not gained via CPTP
maps.

We review some important properties of operator functions
[36–39]. We first state the definition of the monotonicity of a
function: that is, f (·) is called monotone if and only if

Â 	 B̂ ⇒ f (Â) 	 f (B̂), (24)

where

Â 	 B̂ :⇔ ∀|ψ〉 ∈ H, 〈ψ |(Â − B̂)|ψ〉 � 0. (25)

Metric gρ̂ (X,Y ) is called a monotone metric if and only if
it satisfies the following relation for an arbitrary CPTP map
γ (·):

gρ̂ (X, X ) � gγ (ρ̂ )(γ∗(X ), γ∗(X )), (26)

0

0.2

0.4

0.6

0.8

1

1.2

1.4

0 0.5 1 1.5 2

α = 0.1
α = 0.3
α = 0.5

α = 100.0
α = −100.0
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α = −0.3
α = −0.1

f α
(t

)

t

FIG. 1. fα (t ), Eq. (20), with α = 0.1, 0.3, 0.5, 100.0, −100.0,

−1.0, −0.3, −0.1. Note that α = 0.5 and α = −1.0 yield the SLD
and rRLD metrics, respectively. The regime of the monotone Petz
functions, which is between the lines of α = 0.5 and α = −1.0, is
highlighted by light cyan. The lines of α = 100.0 and α = −100.0
are overlapping with each other.

where γ∗(·) is the push forward associated with γ (·). Note that
Eq. (20) is operator monotone if and only if α ∈ (−∞,−1] ∪
[ 1

2 ,∞) and Eq. (21) is a monotone metric [34].
We define the following partial order on f (·) :

R�0 → R�0:

f (·) � f̃ (·) :⇔ ∀t ∈ R�0, f (t ) � f̃ (t ). (27)

For monotone functions, the following theorem holds [28]:
Theorem 1. fSLD(·) and frRLD(·) are the maximum and

minimum elements with respect to the partial order defined
in Eq. (27) under the conditions of Eqs. (15) and (24), respec-
tively. That is, we have the following relation for any f (t ) such
that for Eqs. (15) and (24),

frRLD(·) � f (·) � fSLD(·), (28)

where fSLD(·) and frRLD(·) are the Petz functions for the SLD
and real right logarithmic derivative (rRLD) metrics, respec-
tively, defined as fSLD(t ) := 1+t

2 and frRLD(t ) := 2t
1+t .

We review some important properties of Eq. (20). For
simplicity, we substitute α = 1

β
into Eq. (20):

f 1
β

(t ) =
(

1 − 1

β

)
1 − tβ

1 − tβ−1
. (29)

Two important theorems on Eq. (29) are shown in Ref. [34].
The first one is as follows [34]:

Theorem 2. Equation (29) monotonically increases when
β increased.

Theorem 2 implies that fα (·), Eq. (20), is monotonically
decreasing with α increasing, but α = 0 is singular. Thus,
fα (·), Eq. (20), monotonically increases toward α → 0+. The
second one is as follows [34].

Theorem 3. Equation (29) is operator monotone if and
only if β ∈ [−1, 2].

Theorem 3 means that fα (·), Eq. (20), is operator monotone
for α ∈ (∞,−1] ∪ [1/2,∞).
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In Fig. 1, we show fα (t ), Eq. (20), for several different α

and highlight the regime of the monotone Petz functions by
light cyan. Note that fα (t ), Eq. (20), with α = 1/2,−1 are the
Petz functions for the SLD and rRLD metrics, respectively.
Furthermore, we also have limα→±∞ fα (t ) = t ln t

t−1 [34].

V. FISHER METRICS AND SPEED OF QNG

We here explain the relation between the quantum Fisher
metrics and the speed of QNG. In general, the following
theorem holds:

Theorem 4. Let us assume that f (·) and gρ̂θ , f (·)(·, ·) are
related via Eq. (16). Then, we have

f (·) � f̃ (·) ⇔ gρ̂θ , f (·)(·, ·) 	 gρ̂θ , f̃ (·)(·, ·), (30)

where

g(·, ·) 	 g̃(·, ·) :⇔ ∀X , g(X, X ) � g̃(X, X ). (31)

The proof of Theorem 4 is shown in Appendix.
We define the following diagonal metric:

ḡρ̂θ , f (·)(∂i, ∂ j ) :=
{

gρ̂θ , f (·)(∂i, ∂ j ) (i = j),

0 (i �= j).
(32)

In partial usages, Eq. (32) is of great importance and often
used instead of Eq. (16), because the computation of the
inverse matrix of Eq. (16) is numerically costly. Similarly to
Theorem 4, the following theorem holds:

Theorem 5. The following relation holds for Eq. (32):

f (t ) � f̃ (·) ⇔ ḡρ̂θ , f (·)(·, ·) 	 ḡρ̂θ , f̃ (·)(·, ·). (33)

The proof of Theorem 5 is almost the same with
Theorem 4.

We then discuss the dependence of the speed of QNG
on the quantum Fisher metrics. The metrics g(·, ·) and g̃(·, ·)
satisfy the following relation:

g(·, ·) 	 g̃(·, ·) ⇔ g−1(·, ·) � g̃−1(·, ·). (34)

In the case of Eq. (10), we have

L(θτ+1) − L(θτ ) = −
√

2ε∇θL(θτ )ᵀG−1
α (θτ )∇θL(θτ ). (35)

And in the case of Eq. (11), we also have

L(θτ+1) − L(θτ ) = −η∇θL(θτ )ᵀG−1
α (θτ )∇θL(θτ ). (36)

Thus, for both Eqs. (10) and (11), Gα (θτ ) decreases the value
of L(θτ ) faster than Gα′ (θτ ) when Gα (θτ ) � Gα′ (θτ ).

VI. NUMERICAL SIMULATIONS

We show numerical simulations to support the main claim
of this paper. We begin with the setup of numerical sim-
ulations. Using θ := [θ1, θ2, θ3]ᵀ, we define the following
parameterized quantum state:

ρ̂θ := Û (θ )ρ̂iniÛ
†(θ ), (37)

where

Û (θ ) := R̂z(θ3)R̂y(θ2)R̂z(θ1), (38a)

R̂z(φ) := exp

(
−i

φ

2
σ̂z

)
, (38b)
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FIG. 2. Cost functions for several α in the case of Eq. (10).
We set ε = 1.0 × 10−8, ξ = 1.0 × 10−3, and δ = 1.0 × 10−3. The
regime of the monotone Petz functions, which is between the lines
of α = 0.5 and α = −1.0, is highlighted by light cyan. The lines of
α = 100.0 and α = −100.0 are overlapping with each other.

R̂y(φ) := exp

(
−i

φ

2
σ̂y

)
. (38c)

We also define

ρ̂ini := 1
2 (1̂ + xσ̂x + yσ̂y + zσ̂z ), (39)

where 1̂ is the 2 × 2 identity operator, and x2 + y2 + z2 < 1.
Note that σ̂x, σ̂y, and σ̂z are the Pauli operators. Then, we
consider the minimization problem, Eq. (7), of the following
cost function with respect to θ :

L(θ ) := Tr[(ρ̂θ − ρ̂θ∗ )†(ρ̂θ − ρ̂θ∗ )]. (40)

To stabilize the numerical calculations, we conduct the fol-
lowing operations to the density operator and metric:

ρ̂θ ← (1 − δ)ρ̂θ + δ
1̂

N
, (41a)

Gα (θ ) ← (1 − ξ )Gα (θ ) + ξ I, (41b)

where I is the identity matrix whose size is identical to that of
Gα (θ ), and δ and η are tiny positive numbers.

In the following calculations, we set [x, y, z] =
[0.5, 0.0, 0.0], θ0 = [π/2, π/2, π/4]ᵀ, and θ∗ =
[0.0, 0.0, 0.0]ᵀ. In Fig. 2 we plot the time evolution of
the cost function in the case of Eq. (10) and highlight the
regime of the monotone Petz functions by light cyan. In Fig. 3
we show the time evolution of the cost function in the case of
Eq. (11). In both cases, QNG with α ∈ (0.0, 0.5) outperforms
SLD-based QNG proposed in Refs. [15,16]. Furthermore,
these figures show that the gaps between different values of α

become larger in the case of Eq. (11) than Eq. (10). However,
this phenomenon depends on the maximum eigenvalue of
the quantum Fisher metric; thus, we have to choose either of
Eq. (10) or Eq. (11), depending on the problem.
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FIG. 3. Cost functions for several α in the case of Eq. (11).
We set η = 5.0 × 10−4, ξ = 1.0 × 10−3, and δ = 1.0 × 10−3. The
regime of the monotone Petz functions, which is between the lines
of α = 0.5 and α = −1.0, is highlighted by light cyan. The lines of
α = 100.0 and α = −100.0 are overlapping with each other.

VII. CONCLUSIONS

In this paper we have presented a generalization of QNG
based on QIG. Notably, the existing literature on QNG re-
lies on the SLD metric, which is not the exclusive definition
of the logarithmic derivative of density operators. In QNG,
the e representation, specified by the Petz function, aligns
with the logarithmic derivative of density operators, and it
identifies the quantum Fisher metric. In our work we utilize
the nonmonotone quantum Fisher metrics to generalize QNG,
successfully enhancing the speed of QNG. Monotonicity has
been believed to be a necessary condition to construct a

geometry in physics. However, we have clarified that it is not
necessary; in fact, it should be eliminated for optimization
purposes. Our findings have revealed that mathematical prin-
ciples considered effective in some fields may not necessarily
be advantageous in others.
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APPENDIX: PROOF OF THEOREM 4

The proof of Theorem 4 is as follows:
Proof. We show Eq. (30). From Eq. (16) we have

gρ̂θ , f (·)(X, X ) =
N∑

i, j=1

1

p j f (pi/p j )
〈ψ j |X̂ m

ρ̂θ
|ψi〉〈ψi|X̂ m

ρ̂θ
|ψ j〉

(A1)

=
N∑

i, j=1

1

p j f (pi/p j )
|〈ψ j |X̂ m

ρ̂θ
|ψi〉|2. (A2)

Since f (·) � f̃ (·), we have

gρ̂θ , f (·)(X, X ) =
N∑

i, j=1

1

p j f (pi/p j )
|〈ψ j |X̂ m

ρ̂θ
|ψi〉|2 (A3)

�
N∑

i, j=1

1

p j f̃ (pi/p j )
|〈ψ j |X̂ m

ρ̂θ
|ψi〉|2 (A4)

= gρ̂θ , f̃ (·)(X, X ). (A5)

Thus, Eq. (30) is proved. �
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