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Abstract

My research topic is the acceleration of finding the target molecule whose

property (such as drug efficacy, reaction yield, enantioselectivity, wavelength

and solvation affinity etc.) is the highest/lowest using a reinforcement learning,

linear bandit (Optimism in the Face of Uncertainty Linear Bandit-OFUL ban-

dit) framework. Precisely, the objective of the research is to find the molecule

having the highest/lowest quantity of the desired property such as hydration

free energy, and reaction enantioselectivity, solvation affinity etc., by fewer ex-

periments as much as possible via bridging chemistry and information science.

Usually, chemist do the this job by sequentially testing the molecules which is

very time consuming, costly in terms of both money and labor, sometimes it

is quite impossible if the set of candidate molecule is very large. To solve this

issue sequential optimization is one of the promising approaches in identifying

the optimal candidate(s) (molecules, reactants, drugs etc.) with desired prop-

erties (such as drug efficacy, reaction yield, enantioselectivity, wavelength and

solvation affinity etc.) from a large set of potential candidates, while minimizing

the number of experiments is required.

Molecular properties are predicted using fragment-based features (In Sil-

ico Design and data Analysis-ISIDA) that are derived from molecular structures

represented by Simplified Molecular-Input Line-Entry System (SMILES) codes.

However, the high dimensionality of the feature space (e.g., molecular fragment

descriptors, Morgan fingerprint descriptors) makes it often difficult to utilize the
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relevant features during the process of updating the set of candidates to be exam-

ined. In this thesis work, a new sequential optimization algorithm is developed

for molecular problems based on a reinforcement learning, multi-armed linear

bandit framework, and on-line, dynamic feature selections in which relevant

molecular descriptors are updated along with the experiments.

A stopping condition is also designed aimed to guarantee the reliability of

the chosen candidate from the pool of data. The developed algorithm was ex-

amined by comparing with Bayesian optimization, using two synthetic datasets

(termed as Syn-I which is a smaller dataset and Syn-II which is relatively larger

dataset) and three real datasets such as a) hydration free energy of molecules,

b) energy barrier difference between enantiomer products in chemical reaction

and c) photophysical property of molecules e.g., E isomer π − π∗ Transition

wavelength. It is found that the dynamic feature selection in representing the

desired properties along the experiments provides a better performance (e.g.,

time required to find the best candidate and stop the experiment) as the overall

trend, and that our multi-armed linear bandit approach with dynamic feature se-

lection scheme outperforms the standard Bayesian optimization (BO) with fixed

feature variables. The comparison of our algorithm to BO with dynamic feature

selection is also addressed.
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Chapter 1

General Introduction

1.1 Motivation of the research

One of the most formidable challenges in chemical science is the search for the

optimal molecules that possess desired properties, particularly in drug, material,

and catalyst discoveries.1 The process typically involves a large set of potential

candidate molecules, making it a daunting task2, 3 because it require sequential

examination each of the molecules. Nowadays size of chemical data is increas-

ing rapidly and getting gigantic in nature. This data explosion is happening in

terms of both the chemical substances and their properties. The size of the chem-

ical library or chemical space is getting wider day by day even if it is confined to

in a specific domains like medicinal, non-medicinal, organic, or inorganic chem-

ical subspaces2, 3 etc., as for example PubChem contains more than 35 million,

ZINC contains over 120 million compounds4 , CAS registry contains more than

204 million compounds and ChEMBL database is containing close to 2.5 mil-

lion compounds including 2 million has unique chemical structures.5 To find

a compound/chemicals/molecule that fulfills the requirements e.g., for example

1



Fig. 1.1: How sequential experiment helps to find the best molecule/candidate in the
experimental chemistry is explained in the inner (smaller) part of the figure and the
bigger (outer) part explains how the computational method or artificial intelligent agent
employed to ease the sequential experiment. (Note: The cartoon are copyright free)

enantioselectivity, solubility, drug efficacy, reaction yield etc., researchers need

to test thousands of candidates. For instance, on average, out of 5000 possi-

ble candidate drugs, only one drug is expected to be successful.1 This is very

costly task indeed in terms of time, money and labor. Even it is quite impossible

for some domain of the research. In this situation some computation approach

or artificial intelligent agent are emerged to ease the task of sequential search-

ing of molecules. In computational environment we say sequential searching of

molecules as sequential optimization. Using sequential optimization we would

like to narrow down the chemical or molecule space and then the best or de-

sired compound/chemicals/molecule entity will be confirmed by experimental

chemist. The motivation of the research is explained in the Fig.1.1.
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1.2 Sequential optimization for molecular property

prediction

Sequential optimization is one of the versatile approaches to solve the sequen-

tial experiment problem, whereby candidate molecules are iteratively tested for

synthesis based on the predictions of an adaptively updated machine learn-

ing model.1, 6, 7 The primary objective of this approach is to identify optimal

molecules with desired properties while minimizing the number of experiments

required. The recent advancements of robotics in chemistry have been further

stimulated research in sequential optimization algorithms, making it a promis-

ing direction for future study.8, 9, 10 One of the most widely used methods for

solving sequential optimization problems in chemistry is Bayesian optimiza-

tion (BO).11, 12, 13, 14, 15, 16, 17 This method involves constructing a probabilistic

model that maps chemical conditions, such as reaction conditions, catalysts, and

solvents, to the property of interest. Importantly, the sequential strategy used

to propose the next candidate balancing the trade-off between exploring new

chemical conditions and exploiting known high-performing conditions.18 The

probabilistic model is updated with new data as it becomes available, allowing

the algorithm to iteratively search for the optimal molecule. This approach can

reduce the number of experiments required, thereby saving time and resources,

particularly for the exploration of complex conditions that are difficult to navi-

gate using traditional trial-and-error approaches.19, 20, 21

However, the high dimensionality of features required to describe molecules

causes a significant challenge for the application of this method in chemistry,

as in the Gaussian process regression model. This challenge can be addressed

through the use of various techniques, such as feature selection or introduction
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of regularization parameter(s), and so on. For example, the feature selection

based on the Automatic Relevance Determination (ARD) such as SAASBO22

can be utilized for solving the high dimensionality problem. However, the re-

gression can easily lead to over-fitting in small data set, which indicates the

difficulty in applying to chemical problems.16 Additionally, the construction of

stopping conditions for identifying optimal molecules remains an important is-

sue, as the optimal point is often unknown until all candidate molecules have

been examined.

Another approach for solving sequential optimization problems is multi-

armed bandit (MAB) algorithm, which could be regarded as a discrete version of

BO. BO uses Gaussian processes as likelihood functions, including traditional

homoscedastic models and more sophisticated heteroscedastic models where the

noise level varies with the input.23, 24, 25 Additionally, to handle complex data

distributions, transformations such as the Box-Cox transformation26 or normal-

izing flows27 are also employed. In contrast to these BO approaches, the most

general class of MAB algorithm does not necessarily require to define neither

a model nor smooth continuity along underlying feature variable(s) a priori,

but solely to assume sampling from identically independent distribution (i.i.d.)

whose shape is unknown.18, 28, 29, 30, 31, 32 For example, best arm identification

problem of MAB algorithm33, 34, 35, 36, 37 is aimed at choosing the arm (attached

to a slot machine among many slot machines in front of a person) whose ex-

pected rewards (e.g., number of coins) is the largest with as fewer number of

pulling arms of slot machines as possible. Note that the output of rewards is

probabilistic for each arm and only at the limit of infinite number of pulling

each arm one can precisely know what expected rewards (i.e., true mean) is for

each arm. The mathematical aspects of the bandit algorithms have been well
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studied, giving it an advantage in the construction of stopping conditions for

finding the best slot machine. In recent years, this algorithm has been applied

to chemical problems, such as drug discovery, where each drug candidate is

considered as an arm attached to each slot machine, and its efficacy as a drug

is evaluated.6, 7, 38, 39 However, the direct application of the good arm identi-

fication bandit problem to chemical problems is not necessarily the most ap-

propriate, as chemical properties are observed experimentally at once or few

for each condition in most cases, that is, not so often like several hundreds to

more for each experimental condition. This is because macroscopic experiments

are considered as less stochastic (or rather deterministic) than single molecule

experiments. Note however that the experimental values include measurement

(aleatoric) noise of laboratory apparatus and depend on the level of skill of ex-

perimentalists, which are considered to be compensated by introducing a noise

term into the regression models.

There exist several variants of good arm identification problems in MAB al-

gorithms such as “Gaussian Process-bandits40, 41 (corresponding to BO)”, “thresh-

old bandits42, 43”, “bad arm identification problem30”, “classification bandits44, 45”,

and so forth. In the linear bandit, instead of regarding “molecule entity” as an

arm to generate a reward (i.e., observed property associated with each molecule),

the reward is represented by a multilinear regression that is a linear summation

of some functions of feature variables.31 The linear model derived from the

observed rewards is subsequently applied to predict the rewards of unobserved

candidate molecules. This prediction aids in suggesting the next molecule to be

tested. Linear bandit algorithms offer several advantages, including low com-

putational costs and ease of implementation on large datasets. However, the

performance of linear bandit algorithms requires further investigation in chem-
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ical problems where the dimensionality of chemical conditions is often larger

than the available data points.

To overcome the challenges associated with the high dimensionality of fea-

tures of molecules, we have developed a linear bandit algorithm that incorpo-

rates dynamic feature selection scheme, i.e., the relevant feature variables are

dynamically updated along the accumulation of the data to be examine. In

particular, we have theoretically constructed a stopping condition within this

framework. To evaluate the performance of our approach, we compared lin-

ear bandit algorithms, specifically Optimism in the Face of Uncertainty Linear

(OFUL) bandit with and without dynamic feature selection, Bayesian optimiza-

tion (BO) with and without dynamic feature selection, and random search (RS)

using synthetic data and realistic chemical optimization problems of solubil-

ity,46 enantioselectivity47 and photoswitch.48, 49

1.3 Tools used in this study

The Python programming language is utilized for data analysis, while Chem-

Draw 19.0 is employed to draw molecular structures from simplified molecular-

input line-entry system (SMILES) codes. Microsoft Office is used for presenta-

tions, and the thesis is written on the LaTeX platform (Overleaf).

1.4 Layout of the thesis

This thesis have been composed in seven chapter as follows. Chapter 1 is the

the introductory chapter where I explain the motivation and purpose of the study.

In Chapter 2 I explain the methods for the sequential optimization. This chapter

includes development of the bandit algorithm. Chapter 3 presents the results of

6



synthetic data along with how the datasets are generated (Synthetic-I data and

Synthetic-II data). Chapter 4 presents the results of sequential optimization for

free solvation energy (FreeSolv) data. Chapter 5 presents the results of sequen-

tial optimization for experimental enantioselectivity data. Chapter 6 presents

the results of sequential optimization for photoswitch data. And finally Chapter

7 presents the general conclusion of the thesis work.
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Chapter 2

Theoretical Developments on

Sequential Optimization

In the advancement of current world enormous problems have been solved and

hidden truth of the nature is revealed by Machine Leaning (ML) methods ranges

from social science, literature to business and all branches of science. Machine

learning has been changed the view of business policy, medical treatment strat-

egy, and have been given ease condition in research and education etc.

But what exactly is machine learning? Simply Machine learning is a computer-

based approach which can utilize available data to make decision or prediction

for unknown event. Formally, Machine learning represents a ground breaking

domain within the broader realm of artificial intelligence that empowers com-

puters to learn and make predictions or decisions without explicit programming.

It revolves around the development of algorithms that enable machines to recog-

nize patterns, infer insights, and improve their performance over time through

experience and data analysis. The essence of machine learning lies in its ability

to autonomously adapt and evolve, making it a key driver in solving complex
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problems across various domains, such as healthcare, finance, and technology.

By leveraging statistical techniques and computational power, machine learning

has the potential to revolutionize decision-making processes and unlock new

possibilities in the way we approach problem-solving and data interpretation.

Machine learning can be broadly classified into three main categories based on

the nature of the learning and the type of feedback or supervision provided to

the algorithm:

• Supervised learning: Supervised learning undergo training a labeled

dataset, where each input (independent variable) is paired with output

(some literature say target, dependent variable). The goal of the algo-

rithm is to learn a mapping function from the input to the output, and then

making predictions or classifications on new, unseen data. Very common

applications of supervised learning includes image recognition, speech

recognition, and spam filtering etc.

• Unsupervised learning: Unsupervised learning involves training the al-

gorithm on unlabeled data, without explicit guidance on the desired output

(target or dependent variable). The algorithm seeks to identify patterns,

relationships, or structures within the data. Clustering and dimensionality

reduction are common tasks in unsupervised learning. Examples include

customer segmentation, anomaly detection, topic modeling, dimensional-

ity reduction and clustering etc.

• Reinforcement learning: Reinforcement learning involves an agent learn-

ing to make decisions by interacting with an environment. The agent

receives feedback in the form of rewards or punishments based on the

actions it takes. The objective is for the agent to learn a strategy or pol-
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icy that maximizes cumulative rewards over time (alternatively minimize

cumulative regret). Applications of reinforcement learning include game

playing (e.g., AlphaGo), robotic control, and autonomous systems etc.

These classifications provide a comprehensive framework, and within each

category, numerous algorithms and techniques are designed to address specific

tasks and challenges. In this research we merely would like to study Reinforce-

ment Learning framework for sequential optimization problem in chemistry.

There are numerous reinforcement learning methods exists in literature. Very

well known methods are: Multi-armed bandit, Markov decision process, dy-

namic programming, SARSA (State-Action-Reward-State-Action), Q-learning,

Monte Carlo Methods etc. We are confined here on Multi-armed bandit algo-

rithm.

2.1 Introduction to Bandit algorithm

The bandit algorithm is a widely used reinforcement learning method designed

to address sequential decision-making problems. The origins of bandit problems

can be traced back to the fields of sequential decision-making and optimization.

This framework deals with making decisions under uncertainty and was initially

introduced by William R. Thompson in a 1933 article published in Biometrika,

where he proposed adaptive treatment allocation rather than a random approach.

Approximately two decades later, in the 1950s, Frederick Mosteller and Robert

Bush coined the term "Two-Arm Bandit," describing a scenario where one can

choose between two options (or "arms"), each offering a reward from an un-

known distribution. The term "bandit" is inspired by the concept of a slot ma-

chine, or "one-armed bandit," where a gambler must decide which machine to

10



Fig. 2.1: Slot machine (Photo source: https://pixabay.com/)

play to maximize their cumulative rewards.

Use of Bandit algorithm is getting more attention in the scientific community

of clinical trial, drug discoveries, chemical optimizations, chemical synthesis,

product predictions and so on. This method is currently extensively used in tech-

nology companies for web configuration, news recommendation, dynamic pric-

ing, ad placement and many more. Examples of Bandit algorithm are includes

Epsilon-Greedy Algorithm, UCB1 (Upper Confidence Bound), Thompson Sam-

pling, Exp3 (Exponential Weighted Exploration and Exploitation), Softmax Ex-

ploration, Bayesian Bandits, KL-UCB (Kullback-Leibler Upper Confidence Bound),

Contextual Bandits, LinUCB etc.
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2.1.1 How does bandit algorithm works?

The term "bandit" is borrowed from the concept of pirates who take money from

their victims, similar to how a slot machine extracts money from players. To un-

derstand the algorithm intuitively, refer to Fig.2.2. Imagine a player standing in

front of several slot machines, each with an unknown probability of winning (al-

though the dealer might know these probabilities). The player earns a reward of

1 for winning coins and 0 otherwise. The reward denoted as R. In this example

R is binary but continues reward is frequently considered in real problem. The

player expect to maximize his earning from this game. Again, further Rt might

be used for reward, which means reward at tth play or reward at time t. In real

application reward (R) is the molecular property.

Initially, the player tests the first slot machine and wins coins. Next, the

player tries the second slot machine and loses. With this information—that the

first machine was successful and the second was not—the player must decide

the next move. The player has two options: a) continue playing the machines

already tested, or b) explore other machines to gain additional information.

The player then chooses to play the first machine again and wins coins once

more. At this point, the player aims to identify the best slot machine. While

it might seem that the first machine has a high chance of being the best, there

is a risk of missing out on a potentially better machine if the player does not

explore the other machines. Balancing between exploiting the known successful

machine and exploring new options is crucial.

In reality, examining the underlying distribution of the slot machines reveals

that the third slot machine is actually the best, but the player has not yet tried it.

This presents a dilemma: how should the player proceed?

The key to this algorithm is finding a balance between exploiting known
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Fig. 2.2: a) How slot machine example used to develop multi-armed bandit algorithm
is explain, b) How to balance exploration and exploitation, and c) how the sample mean
converge to true mean using confidence interval.

information and exploring new possibilities. This balance is achieved using a

concept called the confidence interval. A confidence interval provides a range

within which the true mean of an unknown distribution is likely to lie, given

a specified level of confidence. Although the true distribution of rewards is

unknown, the confidence interval offers a range where the true mean is expected

to fall, allowing for some margin of error.

As the player continues to test the slot machines and the sample size (n)

increases, the confidence interval becomes narrower. This narrowing indicates

that the sample mean is converging towards the true mean of the distribution.

The confidence interval can be analytically derived under certain assumptions,

such as rewards being Independently and Identically Distributed (IID). This ap-

proach helps the player make informed decisions, balancing between exploiting

known successful options and exploring potentially better alternatives.
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2.1.2 Terminologies of bandit algorithm

The bandit problem is a sequential game played between an agent and an en-

vironment. This game typically unfolds over a set number of rounds, referred

to as the horizon (T ), which is a positive real number. During each round or

iteration step t ∈ [T ], the agent selects an arm at from a set of arms K, and the

environment provides a reward Rt from an unknown distribution. The goal of

the agent is to maximize the total reward:

max
( n

∑
t

Rt

)
.

To achieve this, we assume the player has no knowledge of future plays, and

the choice of the current arm is based solely on previous history (a1,a2, ...,at−1).

The following terminologies are commonly used in the context of the bandit

problem:

• Arm: Represents the actions available to the player. In this research, an

arm corresponds to different molecules in the feature space.

• Bandits: A collection of arms. When multiple options are available, this

collection is called a Multi-armed Bandit. In this context, the collection

of molecules to be tested constitutes the Bandits.

• Agent and Environment: The agent is the learner and decision-maker in

the bandit problem. Anything other than the agent is referred to as the en-

vironment. The environment interacts continuously with the agent, who

selects actions based on the environment’s feedback and adapts accord-

ingly for subsequent actions.

• Policy: A policy is a mapping from the agent’s past actions to the actions
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the agent should take. The agent develops a policy based on its interac-

tions with the environment to maximize rewards.

• Value function: This function indicates what is beneficial in the long run.

Essentially, the value of a state is the total expected reward an agent can

accumulate from that state onward.

• Reward: The quantity received by the agent after taking an action. In

chemical synthesis, this might refer to chemical properties, while in drug

screening, it could indicate drug efficacy.

• Regret: Regret measures the loss incurred by the agent. It is the differ-

ence between the rewards of the optimal arm and the sub optimal arm

suggested by the algorithm.

• Horizon: The number of trials remaining in the game.

• Exploitation: An algorithm exploits when it selects the arm with the

highest estimated value based on past plays.

• Exploration: An algorithm explores when it chooses an arm that does

not have the highest estimated value based on past plays. In other words,

exploration occurs whenever exploitation does not.

• Exploration-exploitation trade off: This is the balance that any learning

system must maintain between the desire to explore new options and the

desire to exploit known, rewarding options.

2.1.3 Traditional bandit algorithm

To understand how the Bandit algorithm works, let’s briefly explore two tra-

ditional bandit algorithm. Consider a scenario where we repeatedly choose an
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option or action from a set K, which provides a numerical reward from an un-

known distribution. The goal is to maximize the expected total reward over a

predefined horizon T . This situation represents the basic K-Bandit problem. In

our K-armed bandit problem, each arm a has an expected or mean reward when

selected; this is known as the value of that arm. We denote the arm chosen at

time step t as at and the corresponding reward as Rt . The true value of any

action a, denoted Q(a), is the expected reward when a is selected:

Q(a) = [Rt | a] (2.1)

If we knew the values of Q(a) for all arms, we could always select the arm

with the highest value. However, these values are not known beforehand (can

only be access for all data). Now the question is how to find this values. we

estimate the value of arm a at time step t as q(a) which is sample estimate. Here

we assume q(a) will be converse to Q(a) for infinite trial.

We may observe that at least one action will have the highest estimated

value; these are called greedy actions, while those with smaller estimated values

are non-greedy actions. Selecting one of these greedy actions means exploiting

current knowledge of action values. If, instead, a non-greedy action is chosen,

it is called exploring, as it helps improve the estimate of the non-greedy action’s

value. Exploitation is optimal for maximizing the expected reward in the short

term, but exploration might lead to a greater total reward in the long run.

The simplest action selection rule, the Action Value Method, involves select-

ing one of the actions with the highest estimated value. If there is more than one

greedy action, a selection is made among them arbitrarily, perhaps randomly.

This greedy action selection method can be expressed as:

16



at = argmax
a

qt(a) (2.2)

where argmax denotes the action a for which the expression is maximized.

Up to this point, we haven’t incorporated exploration, which is necessary

due to the uncertainty in the accuracy of the action value estimate qt(a). The

Action Value Method always selects the best arm based on current estimates, but

other arms might actually be better. Therefore, it is meaningful to sometimes

select from the non-greedy actions. The Upper Confidence Bound Method in-

troduces exploration by adjusting the arm selection policy as follows:

at = argmax
a

[
qt(a)+ c

√
ln t

Nt(a)

]
, (2.3)

where ln t is the natural logarithm of time step t, Nt(a) is the number of times

arm a has been selected prior to step t, c controls the exploration rate, and√
ln t

Nt(a)
measures the uncertainty of the arm a. This equation anticipate to chose

the arm from the non greedy set as well. This problem structure is very basic.

In this thesis we have used Optimism in the face of uncertainty linear (OFUL)

bandit explain in the next section where we also use Upper Confidence Bound

(UCB) policy but the computation strategy is different.

2.1.4 Optimism in the face of uncertainty linear (OFUL) ban-

dit

Up to this point, the contexts or associated information of the arms have not

been considered. However, understanding this information is crucial for learn-

ing about the arms. For example, in the personalized advertisement problem, the
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suggestion of a product may depend on factors like location, age, and gender of

an internet user. When additional or contextual information is incorporated into

the Bandit problem, it is known as a contextual bandit. This added complexity

makes the model more applicable to real-world scenarios. Consequently, ban-

dit methods have been fundamental in the principles of reinforcement learning,

contributing to the development of algorithms capable of tackling more complex

decision-making problems in dynamic environments.

In a standard multi-armed bandit problem, an agent chooses between multi-

ple actions (arms) without any extra information. In a contextual bandit prob-

lem, each arm is associated with additional information or context, which the

agent receives before making a decision. The objective is to learn a policy that

maps each context to the most suitable action, maximizing the cumulative re-

ward over time.

Contextual bandit algorithms have applications in various fields, such as

online advertising, recommendation systems, and personalized content delivery,

where decisions must be tailored to the specific context of the user or situation.

In this research, a contextual bandit algorithm is being developed for se-

quential experiments involving molecular properties, using topological features

as the context. The developed algorithm, known as the Optimism in the Face

of Uncertainty Linear (OFUL) bandit algorithm, is explained in the following

sections.

The OFUL bandit31 algorithm assumes the following linear regression for

the molecular property in question (called “reward” hereinafter) yi of the ith

molecule,

yi = θ
T
∗ f (xi)+ηi (2.4)

where xi denotes the vector representing a set of the molecular features asso-
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ciated with the ith molecule, that is, xi := {xi,k} (i = 1, . . . ,Ntot,k = 1, . . . ,N f ).

Here, xi,k denotes its kth feature variable of the ith molecule, and Ntot and N f

are arbitrarily large total number of candidate molecules and the total number

of the feature variables, respectively. f denotes an N f set of arbitrary functions

composed of xi, that is, f (xi) := { fk(xi)} (k = 1, . . . ,N f ). θ∗ corresponds to the

N f -dimensional vector of weight parameters θ∗k assigned to each fk(xi), which

can be acquired only using the full Ntot set of the candidates, and is unknown in

general when smaller set of molecules is only available. ηi characterizes some

deviation of the regression model from the actual reward, modelled by R-sub-

Gaussian noise. The R-sub-Gaussian distribution50 corresponds to a Gaussian

distribution with zero mean, E[ηi] = 0, and variance bounded by R2, E[η2
i ]≤R2.

In this research, an identical function fk(xi) = xi,k was simply employed.

In this thesis, the values of the weight parameters θ are estimated along

the iteration step t of the algorithm, denoted by θ̂t , which may differ from the

underlying unknown true θ∗. An l2-regularized least-squares estimate of θ∗ at

iteration step t is provided by31

θ̂t = (XT
1:nt

X1:nt +λ I)−1XT
1:nt

y1:nt (2.5)

where nt = t + 10 because we begin with 10 randomly chosen molecules at

the initial step t = 0, λ (> 0) is the regularization parameter and I is identity

matrix of size nt ×nt . X1:nt is the matrix represented by
(

xT
i1,x

T
i2 , ...,x

T
int

)
where

the indexes from i1 to i10 represent the indexes of molecules randomly chosen

initially and i11 to int those of molecules “observed” up to iteration step t, and

the vector y1:nt = (yi1 ,yi2, ...,yint
)T whose elements are observed rewards up to

step t.

The confidence region (termed as confidence ellipsoid31) that includes true
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weight parameters θ∗ with high probability at least 1− δ can be constructed

using the estimated parameters θ̂t as follows:31

Ct =

{
θ ∈ RN f : ||θ − θ̂t ||V t

≤ R

√
2log

(
det(V t)1/2 det(λ I)−1/2

δ

)
+λ

1
2 S

}
,

(2.6)

where ||θ − θ̂t ||V t
=

√
(θ − θ̂t)TV t(θ − θ̂t) for all t ≥ 0. Here, δ is a user-

controllable parameter for failure probability and another parameter S is chosen

so that the upper bound of θ∗ is lower than or equal to the S. The matrix V t is

defined as λ I +∑
nt
m=1 ximxT

im . In this instance, 0.05 is used as a typical value for

the allowance-error rate δ .

The Optimism in the face of uncertainty (OFU) principle suggests the next

candidate (or molecule), denoted by xit+1 , using the following equation:

(xit+1, θ̃it+1) = argmax
(x,θ)∈Dt+1×Ct

θ
T x. (2.7)

These two vectors, xit+1 and θ̃ it+1, are chosen to maximize the expected reward

θ T x among the unobserved remaining candidates at iteration step t (Dt+1). Each

candidate is characterized by its molecular feature vector x (denoted by x ∈

Dt+1) within the confidence region (Ct) of the weight parameters θ (as described

in Eq. 2.6). This approach balances exploitation and exploration, similar to the

upper confidence bound strategy, which is effective in efficiently finding the

maximum reward.11, 12, 51 It is important to note that θ̃ it+1 is different from the

evaluated parameter θ̂it+1 .
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2.1.4.1 Computational details

In this study, the analytical solution of the upper bound of expected reward

for each candidate whose molecular feature vector is represented by x(= {xk})

(k = 1, . . . ,N f ) is computed using Eqs. (2.6) and (2.7). The solution is expressed

as

max
θ∈Ct

θ
T x = θ̂

T
t x+ B̃||x||

V−1
t
,

B̃ := R

√
2log

(
det(V t)1/2 det(λ I)−1/2

δ

)
+λ

1
2 S

(2.8)

This formula can be derived by Lagrangian multiplier method for maximiz-

ing θ T x under the constraint, ||θ̂t − θ ||V t
= B̃ using the fact that the expected

reward is maximized at the point on the boundary of Ct whose tangent through

that point is perpendicular to the molecule’s feature vector x.

Eq. (2.6) tells that the value of the parameter R of R-sub-Gaussian noise

that models some deviations of the predicted reward value against the observed

reward reflects directly the size of the confidence bound. The larger the value

of R is, the more the size of the confidence bound increases. In this article, the

value of R is updated during the process and substituted by the upper bound

of root mean square error (RMSE) on (updating) training data at each iteration

step. The RMSE is calculated as follows:

RMSE(t) =

√
∑

nt
t=1(yit − θ̂txit )

2

nt
, (2.9)

where it denotes the index of the molecule observed at iteration step t and nt =

t +10 in this article. Then the upper bound of the RMSE denoted by Rt is then

defined as
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Rt =

√
nt

χ2
δ

2 ,nt−1

RMSE(t). (2.10)

Here, χ2
δ

2 ,nt−1
represents the variable that corresponds to the lower end of

[δ/2,1− δ/2] confidence interval of chi-squared distribution with (nt − 1) de-

grees of freedom.

The parameter S in Eq. (2.6) is also dynamically estimated at each time step t

from the l2-norm of the upper bound of the estimated true parameter θ∗ denoted

by θ t as follows:

S = St = ||θ t ||2, (2.11)

where kth element of θ t is expressed by

θ t,k = max
{∣∣∣∣θ̂t,k +ZRt

√
(FtFT

t )
kk

∣∣∣∣ , ∣∣∣∣θ̂t,k−ZRt

√
(FtFT

t )
kk

∣∣∣∣} . (2.12)

Here, Ft represents (XT
1:nt

X1:nt +λ I)−1XT
1:nt

which appears in Eq. (2.5), (FtFT
t )kk

represents the kth diagonal element of (FtFT
t ), and and Z corresponds to z-score,

with a value of approximately ±1.96, can be determined allowing the assump-

tion that beyond this values θ̂ may exists with maximum error rate δ = 0.05

The normal distribution of noise with zero mean and R2 variance is assumed,

and Eq. (2.12) gives us the upper confidence bound of estimated weight param-

eters under the assumptions.

There are two regularization parameters in our method. One is λ in Eq. (2.5),

and the other is in LASSO for feature selection. Both parameters are tuned using

grid search method, where 5-fold cross validation is adopted on training data.
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Finally note that all the equations can be applied even when LASSO feature

selection is adopted.

2.1.4.2 Derivation of the upper bound of expected reward

The upper bound of the expected reward is explained in Eq. (2.8), in this section

we would like to derive the solution. First we recall the confidence region of θ̂t

from the Eq. (2.6):

Ct =

{
θ ∈ RN f : ||θ − θ̂t ||V t

≤ B̃

}
,

and B̃ = R

√
2log

(
det(V t)1/2 det(λ I)−1/2

δ

)
+λ

1
2 S.

(2.13)

For each of arbitrarily chosen molecule vectors x (= x1,x2, . . . ,xN f ), let

θ̃ = argmax
θ∈Ct

θ T x (i.e., θ̃ is dependent on x). To illustrate the relationship among

θ̂t , θ̃ , and Ct , let us suppose a 2D case (N f = 2) for simplicity (See Fig. 2.3).

Because θ T x represents the inner-product between the vectors θ and x, geomet-

rically θ T x
|x| corresponds to the distance between the origin and a point P along

the vector x which perpendicularly connects to the point (θ1,θ2) lying within

Ct . Maximizing θ T x with respect to θ ∈Ct is equivalent to maximizing θ T x
|x| ,

which makes θ̃ locate on the boundary of Ct (corresponding the point Q on x).

Therefore, θ̃ satisfies:

θ̃ = argmax
θ∈Ct

θ
T x s.t. ||θ − θ̂t ||V t

= B̃.

Let us introduce p = θ − θ̂t for the sake of brevity. Then, we define a La-

grange function L(p) with a Lagrangian multiplier λl/2 as follows:
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Fig. 2.3: An illustration of θ̃ being located on the boundary of the confidence region Ct

in the 2D case.

L(p) := θ
T x− λl

2
(pTVt p− B̃2)

= (p+ θ̂t)
T x− λl

2
(pTVt p− B̃2).

(2.14)

Taking the differentiation with respect to p and equating the resultant dL(p)/d p

to zero result in the solution of p as

p =
Vt
−1

λl
x. (2.15)

Inserting the p into the constraint pTVt p = B̃2 we have
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xTV−1
t x

λ 2
l

= B̃2⇔ λl =

√
xTV−1

t x

B̃
. (2.16)

Here we used the symmetric property of the matrix V−1
t , i.e., (V−1

t )T =V−1
t .

From the definition of p and Eqs. (2.15) and (2.16), we get the explicit form of

θ̃ as follows:

θ̃ = θ̂t +
B̃√

xTV−1
t x

V−1
t x, (2.17)

which implies the solution of the upper confidence bound of expected reward

as follows:

max
θ∈Ct

θ
T x = θ̃

T x = θ̂
T
t x+ B̃

√
xTV−1

t x

= θ̂
T
t x+ B̃||x||

V−1
t

(2.18)

(∵ (V−1
t )T =V−1

t ).

2.1.4.3 Derivation of the upper bound of the root mean square error (RMSE)

In order to calculate the upper bound of RMSE, let us remind the regression

model in Eq. (2.4)

yi = θ
T
∗ f (xi)+ηi and ηi ∼ N(0, R2), (2.19)

where xi denotes the vector representing a set of the molecular features associ-

ated with the ith molecule, that is, xi := {xi,k} (i = 1, . . . ,Ntot; k = 1, . . . ,N f ) and
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ηi characterizes some deviation of the regression model from the actual reward,

modelled by R-sub-Gaussian.

By the definition of χ2-variate, we assume, at each iteration step t, the quan-

tity ∑
nt
i=1 η2

i /R2 follows χ2 distribution with (nt−1) degrees of freedom, i.e.,

∑
nt
i=1 η2

i
R2 ∼ χ

2
nt−1, (2.20)

where nt = t +10 represents the number of the observed molecules up to time t.

At each time step the mean square error is computed by the following equa-

tion:

MSEtrue(t) =
∑

nt
i=1 η2

i
nt

=
∑

nt
t=1(yit −θ∗xit )

2

nt
. (2.21)

By combining Eqs. (2.20) and (2.21),

ntMSEtrue(t)
R2 ∼ χ

2
nt−1.

Thus (1− δ ) confidence interval for any error rate δ is defined by the fol-

lowing inequality:

P
(

χ
2
1− δ

2 ,nt−1
≤ ntMSEtrue(t)

R2 ≤ χ
2
δ

2 ,nt−1

)
= 1−δ ,

where χ2
1− δ

2 ,nt−1
and χ2

δ

2 ,nt−1
represent the critical values (the left and right

tails, respectively) of χ2 distribution with (nt − 1) degrees of freedom to make

the probability that ntMSEtrue(t)
R2 falls within these two values be (1−δ ).

Expanding the inequality mentioned above results in

P

ntMSEtrue(t)
χ2

δ

2 ,nt−1

≤ R2 ≤ ntMSEtrue(t)
χ2

1− δ

2 ,nt−1

= 1−δ .
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By using RMSEtrue(t) =
√

MSEtrue(t) and taking a square root on both sides,

we can rewrite the above relation to

P

√
nt

χ2
δ

2 ,nt−1

RMSEtrue(t)≤ R≤
√

nt

χ2
1− δ

2 ,nt−1

RMSEtrue(t)


= 1−δ .

(2.22)

This implies the upper bound of RMSE, denoted by Rt , is given by

Rt =

√
nt

χ2
1− δ

2 ,nt−1

RMSEtrue(t). (2.23)

Since the true RMSEtrue(t) is unknown in general, we use an estimated value

RMSE(t) =

√
∑

nt
i=1(yit−θ̂txit)2

nt
for RMSEtrue(t).

2.1.4.4 Derivation of the upper bound of the true regression parameter

We would like to calculate the upper bound of the true regression parameter θ∗.

At each iteration step t, θ̂t is computed by Eq. (2.5):

θ̂t = (XT
1:nt

X1:nt +λ I)−1XT
1:nt

y1:nt .

The variance-covariance matrix of θ̂t can be calculated using variance oper-

ator as follows:52

Var(θ̂t) = Var
(
(XT

1:nt
X1:nt +λ I)−1XT

1:nt
y1:nt

)

Now we consider Ft := (XT
1:nt

X1:nt +λ I)−1XT
1:nt

is a constant matrix of N f ×

nt and the variance-covariance matrix of y1:nt is R2I. Using Var(Cx)=CVar(x)CT
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where C and x are a constant matrix of n×m and an m-dimensional vector

(n,m : any positive integer), respectively, the variance-covariance matrix of θ̂t is

derived as:

Var(θ̂t) = FtVar(y1:nt )F
T

t

= (FtFT
t )R2.

(2.24)

Hence, (FT
t Ft)kkR2 is the variance of θ̂t,k. A confidence interval for θ∗,k is

evaluated by

[
θ̂t,k−ZR

√
(FtFT

t )kk, θ̂t,k +ZR
√

(FtFT
t )kk

]
(2.25)

where R
√

(FtFT
t )kk corresponds to the standard deviation of θ̂t,k and Z corre-

sponds to a parameter to meet the allowance error rate δ ,

in particular Z = 1.96 for δ = 0.05. However, since R in the above expres-

sion is unknown, we use Rt from Eq. (2.23). Hence the confidence interval of

θ∗,k is computed as:

[
θ̂t,k−ZRt

√
(FtFT

t )kk, θ̂t,k +ZRt

√
(FtFT

t )kk

]
(2.26)

2.2 Fixed budget and fixed confidence settings

Fixed budget and fixed confidence settings are typically associated with the

exploration-exploitation dilemma in multi-armed bandit problems, where an
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agent needs to decide which actions (arms) to choose to maximize its cumu-

lative reward over time. Here, I’ll explain a couple of algorithms related to each

setting:

Fixed Budget Bandit Algorithm: In the fixed budget scenario, the agent

has a predetermined number of trials or budget. The algorithm aims to balance

exploration and exploitation by choosing arms within this predetermined num-

ber of trials or budget. For example UCB1 algorithm selects arms that have

both high estimated rewards and high uncertainty (captured by the confidence

bounds) to explore different options efficiently within the given budget.

Fixed Confidence Bandit Algorithm: In this setting, the agent continues

to sample arms until it is confident that it has identified the arm with the high-

est true reward. The algorithm progressively eliminates sub-optimal arms as it

gains more confidence in the arm with the highest reward. The choice between

fixed budget and fixed confidence depends on the application and the available

resources or constraints in terms of the number of trials or the required confi-

dence level. Fixed Confidence Bandit Algorithm have been used in this thesis.

2.3 Methods for comparison

The OFUL bandit algorithm is compared with traditional methods, such as

Bayesian optimization (BO) and Random Search (RS), to observe the perfor-

mance.

2.3.1 Bayesian optimization

Bayesian optimization uses a Gaussian process regression as a surrogate func-

tion with a radial basis function (RBF) kernel (Other kernel for example Tan-
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Fig. 2.4: Graphical presentation Bayesian Optimization (BO). Upper figure corresponds
to Gaussian Process(GP) surrogate function and Lower figure represents the acquisition
function. This research uses upper confidence bound acquisition function.

imoto kernel, Dot product kernel or Matern kernel also possible. Graphical

presentation of the Bayesian Optimization (BO) is refereed in Fig.2.4. The can-

didate xit+1 is recommended at iteration step t by the acquisition function studied

by Gotovos et al.53, 54 defined as follows:

xit+1 = argmax
x∈Dt+1

(
ŷ(x)+β

1
2

t σ(x)
)
, (2.27)

where ŷ(x) and σ(x) are the estimated expected value and the standard devia-

tion for the target value of molecule whose feature vector is represented by x

in the unobserved set Dt+1, respectively, and βt = 2log
(
|Dt+1|π2t2

6δ

)
where δ

(typically used 0.05) corresponds to the allowance error rate, as applied in the

context of OFUL bandit algorithms and |Dt+1| denotes the number of the unob-

served molecules remaining at time t in the pool of candidates. A data-driven

approach was employed to determine the searching range of the length scale

hyperparameter used in the RBF kernel. The range was chosen as the minimum

to the maximum of the Euclidean distances between the observed data xi up to
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each iteration time. The upper figure shows the Gaussian Process (GP) surrogate

function, while the lower figure displays the acquisition function. This research

employs the upper confidence bound acquisition function. The red points in the

acquisition function indicate the maxima, and the corresponding molecule will

be examined in the next experiment, as indicated by the red vertical line in the

surrogate function.

2.3.2 Random search

In addition to OFUL and BO, a random search (RS) policy for selecting the se-

quence of candidates was also implemented. While this policy randomly selects

each candidate throughout the process from the entire database of molecules in

a uniform manner, the stopping condition for RS is defined using Eq. (2.4) and

Eq. (2.5), similar to OFUL.

2.4 Stopping condition

The construction of stopping condition is crucial to terminate the method auto-

matically. The algorithm stops testing all the Ntot candidates or satisfying the

following conditions. Obviously when all the candidates are tested, the best

candidate for achieving the maximum reward could be identified. However, it

should be desired to identify the best one more efficiently with fewer number of

experiments with ensuring accuracy more than 1− δ within the framework of

Eq. (2.4). The stopping condition for OFUL at iteration step t is given by

ymax(t)> max
(x,θ)∈Dt+1×Ct

θ
T x, (2.28)
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where ymax(t) denotes the maximum value among the observed rewards up to

iteration step t, and the right-hand side of equation expresses the upper con-

fidence bound of expected reward at iteration step t + 1 within the confidence

region of weight parameter constructed at iteration step t. This means that the

iteration should be stopped at time t when there are no potential candidates that

might become larger than the present maximum. Note that random search (RS)

method also uses this stopping condition because it shares the same prediction

model of OFUL.

The stopping condition for Bayesian optimization (BO) is constructed by

the following equation derived from Eq. (2.27):

ymax(t)> max
x∈Dt+1

(
ŷ(x)+β

1
2 σ(x)

)
, (2.29)

where the right-hand side represents the maximum of the upper confidence

bound among the unobserved data in the BO framework.

For both cases, a graphical representation of the stopping condition is shown

in Fig.2.5. In this figure, green points represent observed data, while red points

denote unobserved data. Since observed data has no uncertainty, only the uncer-

tainty for unobserved data is calculated, as represented by the vertical red lines.

These lines indicate the confidence interval, computed using the right-hand side

of Eq. 2.28 and Eq. 2.29. If any upper bound of the confidence interval for

unobserved data exceeds the horizontal blue line (ymax) the next experiment

should be conducted (Fig. 2.5(a)). Otherwise, the experiment should be stopped

(Fig. 2.5(b)).
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Fig. 2.5: Pictorial presentation of stopping condition. Figure (a) presents the non-
stopped case because the upper confidence bound of the unobserved data exceeds the
threshold and figure (b) presents the stopped case because the upper bound of the thresh-
old which means there is no possibility to exists a molecule having molecular property
larger than ymax(t)
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2.5 Molecular descriptors

According to Todeschini and Consonni,55 a molecular descriptor is "the final

result of a logic and mathematical procedure which transforms chemical in-

formation encoded within a symbolic representation of a molecule into a use-

ful number or the result of some standardized experiment." Molecular descrip-

tors can be categorized into two types: i) experimental measurements, such as

logP, molar refractivity, dipole moment, and polarizability, and ii) theoretical

molecular descriptors, which are derived from a symbolic representation of the

molecule. Theoretical molecular descriptors can be further classified based on

different types of molecular representation and can be calculated using SMILES

(Simplified Molecular Input Line Entry System) notation for molecules.

Various molecular descriptor tools are employed in chemical research, in-

cluding alvaDesc, Dragon, ISIDA descriptors, Morgan fingerprints, Mordred

descriptors, PaDEL-descriptor, RDKit, and others. Some of these tools are

available for free, while others require commercial licenses. In this research,

ISIDA fragment descriptors were calculated. The calculation procedure will be

presented in the Descriptor/feature computation section.

2.5.1 SMILES code

SMILES (Simplified Molecular Input Line Entry System) is a method for rep-

resenting chemical structures using ASCII (American Standard Code for Infor-

mation Interchange) strings. It’s a compact and human-readable way to describe

molecules and reactions. SMILES strings are based on the connection table rep-

resentation of molecules. In a SMILES string, atoms are represented by their

atomic symbols (e.g., C for carbon, O for oxygen), and bonds between atoms
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are indicated by various symbols such as "-", "=", "#", etc. For example SMILEs

code for Water (H2O), Ethanol (CH3CH2OH), and Benzene (C6H6) are "O",

"CCO" and "c1ccccc1" respectively.

2.5.2 Fragment features

CGRtools56 library and its native substructure extraction functions are used to

determine substructures within a molecule. The size of these substructures is

defined by specified lower and upper limits, which correspond to the topological

radius—the number of atoms away from a central atom (including the central

atom itself). A radius of 1 includes only the atom itself, a radius of 2 includes the

atom and all atoms directly connected to it, and so on. This process is repeated

for all atoms in the molecule/CGR across the range of sizes from the lower to

the upper limit to construct the fragment table.

ISIDA/Fragmentor-2017 allows for the creation of both linear and atom-

centered fragments. Atom-centered fragments are essentially collections of lin-

ear fragments that share a central atom, without explicitly representing branch-

ing or rings. Our implementation emulates this functionality.

Therefore the total extracted numbers of features are 1775, 313 and 510 for

FreeSolv and enantioselectivity and Photoswitch dataset respectively. To avoid

the confusion of the feature number here we again presents the number feature

after reprocessing which are 447, 148 and 398 for FreeSolv and enantioselec-

tivity and Photoswitch dataset respectively.

2.5.3 Morgan fingerprint features

The Morgan fingerprint features were also calculated to compare with ISIDA

(In Silico Design and Data Analysis) fragment features. It was observed that
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Morgan fingerprints are less effective for the problem setting discussed in the

Results and Discussion chapter. The key differences between Morgan finger-

prints and ISIDA fragment descriptors are as follows: the former only indicates

whether a substructure is present or absent within a defined radius (binary vec-

tor),57 whereas the latter counts the number of substructures present within a

defined radius.47, 58 Additionally, fragment descriptor features offer distinct ad-

vantages, such as the ability to uniquely represent any molecular graph invari-

ant, express any symmetric similarity measure, and facilitate the representation

of regression or classification models.59

2.6 Data preparation

In the extensive array of features, some are deemed irrelevant and subsequently

removed from the dataset. Elimination criteria include features that are dupli-

cated, those with a correlation coefficient of one, and features with an extremely

small number of non-zero values, specifically, with a sum of entries up to five.

Following this process, the total number of retained features tallies 447 for the

FreeSolv dataset and 148 for the enantioselectivity dataset. Additionally, data

standardization is performed at each stage of the analysis. The standardization

formula can be expressed as follows: zi = (xi− x̄)/σi, where x̄ and σi represent

the mean and standard deviation of the original feature xi, respectively. The re-

sulting standardized feature, denoted as zi, guarantees a mean of 0 and a variance

of 1 across all features.

36



Fig. 2.6: Working strategy of LASSO regression.

2.7 Dynamic feature selection

The data typically consist of a couple of hundreds features, among them some

may not be relevant to the molecular property to predict. Consequently, re-

moving the redundant and irrelevant features is an important step for optimiza-

tion task in the huge dimensional feature space. The LASSO (Least Absolute

Shrinkage and Selection Operation) regression analysis by Hastie et. al.60 was

applied for this purpose. LASSO is a penalized regression analysis technique

that uses l1 regularization, which can efficiently reduce the number of features

for linear regression model (see the Fig.2.6). To decide the regularization pa-

rameter of the LASSO model, we apply grid search with 5-fold cross validation

for samples observed so far. The OFUL bandit algorithm was examined with

two different feature sets: all features (AF), which remain invariant throughout

the process, and selected features (SF), which are updated dynamically. These

are referred to as OFUL-AF and OFUL-SF, respectively. For comparison, two
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versions of Bayesian Optimization (BO) were also examined, labeled as BO-AF

and BO-SF. It is important to note that the Random Search (RS) approach does

not involve any feature selection.

Because each feature has different range of the values with different physical

units. Thus, standardization method have been employed i.e., subtracts the mean

(x̄k) averaged over all molecules in the pool of the candidates from the kth feature

variable of the ith molecule (xi,k) with division by the standard deviation (σk),

resulting in a standardized feature variable, i.e., xi,k← (xi,k− x̄k)/σk.

2.8 Conclusion

This chapter discusses the concept of the sequential optimization method in

chemistry. The Bandit algorithm, specifically the Optimism in the Face of Un-

certainty Linear (OFUL) bandit, is covered along with Bayesian Optimization

(BO). Additionally, the implementation of the dynamic feature selection method

and stopping condition are detailed. Finally, the process of calculating the fea-

tures is explained.
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Chapter 3

Sequential Optimization of

Synthetic Data with Different Ratio

of Relevant Features

This chapter is designed to introduce the data we utilized in this research en-

deavor. The aim of this thesis work was to develop a new algorithm for se-

quential optimization of molecular property. We develop a modified version

of Optimism in the Face of Uncertainty Linear (OFUL) bandit along with au-

tomatic stopping condition which enables to stop algorithm after getting the

desired molecule immediately. In this regard we consider two real data set and

two synthetic data set to validate our developed algorithm. The inclusion of both

synthetic and real data aims to demonstrate the method’s generalizability.

3.1 Synthetic data

Two synthetic datasets, named Syn-I and Syn-II, are constructed using a lin-

ear regression model with Gaussian noise. We define a set of Ntot candidates
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y = {yi} approximately characterized by a set of N f feature variables x = {xi,k},

expressed as yi = ∑
N f
k=1 θkxi,k +ηi, where i = 1, ...,Ntot and k = 1, ...,N f . We set

a problem to find the candidate im whose yim value is the largest as fewer num-

ber of experiments as possible. The feature variables intrinsic to each candidate

are drawn from Gaussian distribution with mean 0 and variance 1, N(0,1). In

both datasets, the weight parameter θk and Gaussian noise ηi are also sampled

from N(0,1). The first dataset, Syn-I, and the second dataset, Syn-II, consist of

N = 300 candidates and N f = 30 feature variables, and N = 300 candidates and

N f = 500 feature variables, respectively. In the former, among the 30 feature

variables, randomly chosen 10 are considered to be relevant and important (i.e.,

the corresponding weight parameters are nonzero otherwise zero). In the latter

Syn-II only 30 out of 500 are assumed to be relevant. We examine two synthetic

datasets to tackle the issue of higher dimensionality. Syn-I dataset is gener-

ated with fewer features than sample points (akin to real-world data molecules),

making it less complex. Conversely, Syn-II presents a greater challenge with

a larger number of features compared to sample points. In real application we

don’t know whether all feature are relevant or not, in fact most of the time some

irrelevant feature exists thus feature selection method needed to cut off the fea-

tures. Therefore, the concept of relevant and irrelevant feature is introduced to

acknowledge necessity of feature selection methods as well as to diminish the

burden of huge feature.

3.2 Brief discussion of methods

Before going to deep into the results of synthetic dataset, here, protocol of

the linear bandit algorithm for the selection of potential candidate molecules
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Fig. 3.1: An overview of our OFUL bandit algorithm combined with dynamic feature
selection.

is briefly summarized, with the aim of optimizing specific molecular proper-

ties (see also Fig. 3.1). Prior to beginning of the algorithm, a set of potential

candidates (=molecules) is prepared in advance. Additionally, molecular fea-

tures for the set of candidates are extracted using standard chemo-informatics

tools.56, 61, 47 If a molecule in the primary set of the candidates has only less

than or equal to five nonzero feature values, such a molecule are removed from

the consequent analysis, and all feature variables are standardized as mean zero

and variance one.

The standardization method involves subtracting the mean (x̄k) averaged

over all molecules from the kth feature variable of the ith molecule (xi,k) and

dividing by the standard deviation (σk), resulting in a standardized feature vari-

able denoted by zi,k, i.e., zi,k = (xi,k− x̄k)/σk . The algorithm begins with ran-

domly selecting an initial set of molecules (say, 10 molecules) from the pool of

candidates and includes them in the training data set. Note here that we only

41



utilize the molecular property (reward in MAB algorithm) associated with the

training data set and suppose that the actual values of the target molecular prop-

erty of the remaining candidates in the pool are unknown (just similarly to real

experiments). With removing these initial set of molecules from the candidate

pool, the first step of the algorithm is to construct a linear regression model

from the chosen training data set of molecules, to predict the molecular prop-

erty for the remaining data in the pool. Here, compared to the total number of

molecular descriptors and the number of molecules to be examined, the former

is usually much larger than the latter. Thus, LASSO feature selection60 is ap-

plied to the (initial) set of molecular features, and the selected features are used

for modelling. Next, the algorithm suggests a new molecule from the remain-

ing candidates based on the expected reward and its uncertainty corresponding

to its approximated confidence bound, evaluated using optimism in the face of

uncertainty (OFU) strategy31 (See the details in Chapter 2: Theoretical Devel-

opments on Sequential Optimization). But if LASSO doesn’t find good fea-

ture(s), algorithm suggests a molecule randomly. The molecule that is predicted

to have a larger value of the molecular property than the largest “observed”

among the training set is then “tested”. In this study, “testing” corresponds to

obtaining the result of the molecular property from the accumulated benchmark

set, as equivalent to a real experiment. With removing the test molecule from the

candidate pool, these processes are repeated until a condition is met by using the

uncertainty of predicted rewards in the model to guarantee with a large proba-

bility that the largest reward obtained insofar is also the largest in all candidates

involving those that has not been examined (the condition is termed as stop-

ping condition, and the time round satisfying the stopping condition is called

stopping time). In this research, if the stopping condition is met and the largest
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reward is actually found (in these simulation experiments, the ground truth is

known whilst in real experiments we do not), such run is considered as success;

otherwise, failure.

In this research, bandit algorithm is evaluated by using four benchmark

datasets, two synthetic data and two real datasets. Two synthetic datasets, named

Syn-I and Syn-II, are constructed using a linear regression model with Gaus-

sian noise. We define a set of candidates y = {yi},(i = 1, ...,N) or y = {yi | i =

1, ...,N} approximately characterized by a set of feature variables x= {xi,k},(k=

1, ...,N f ), expressed as yi = ∑
N f
k=1 θkxi,k +ηi, and set a problem to find the can-

didate im whose yim value is the largest as fewer number of experiments as pos-

sible. The feature variables intrinsic to each candidate are drawn from Gaussian

distribution with mean 0 and variance 1, N(0,1). In both datasets, the weight

parameter θk and Gaussian noise ηi are also sampled from N(0,1). The first

dataset, Syn-I, and the second dataset, Syn-II, consist of N = 300 candidates

and N f = 30 feature variables, and N = 300 candidates and N f = 500 feature

variables, respectively. In the former, among the 30 feature variables, randomly

chosen 10 are considered to be relevant and important (i.e., the corresponding

weight parameters are nonzero otherwise zero). In the latter Syn-II only 30 out

of 500 are assumed to be relevant. The real datasets include experimental hy-

dration free energies of 642 molecules (FreeSolv dataset),46 experimental free

energy difference between enantiomer products (∆∆G) of 70 reaction systems

(enantioselectivity dataset)47 and wavelength of 392 molecules (Photoswitch

dataset).48, 49 The problem is set to find the lowest hydration free energy for

FreeSolv data, the maximum absolute values of ∆∆G for enantioselectivity data

and highest wavelength for Photoswitch data. The total numbers of features are

447, 148 and 398 respectively for FreeSolv, enantioselectivity and Photoswitch
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dataset, which are fragment descriptors based on SMILES (Simplified Molecu-

lar Input Line Entry System) codes of molecules.47

To validate the performance of our algorithm, we implement five algorithms:

OFUL-AF and OFUL-SF, which skips and adopts feature selection, respec-

tively, Bayesian optimization without feature selection (BO-AF), with feature

selection (BO-SF) and random search (RS) which randomly suggests next can-

didate. We have repeated the simulation several times (50 times) and each of

the repetitions is termed as run. In the case of synthetic data analysis, every run

uses different data of the same size which are generated randomly as explained

before in this section. The results are produced using typical error rate, δ = 0.05

and the statistics are based on 50 independent runs.

3.3 Sequential optimization of Synthetic data

Figure 3.2 (a) presents box plots of the time steps required to find the opti-

mal candidate (ground truth), which we called the best finding time, and the

stopping time (=the time satisfying the stopping condition) for Syn-I. The best

finding time can be computed if and only if the ground truth is known a priori

(of course this is not the case in real applications). This quantity is only referred

in addressing each algorithm performance. The orange lines and green trian-

gles indicate the median and mean, respectively. For the best finding time, the

median values are 135.0, 11.0, 6.0, 13.0, and 10.0 iteration steps for RS, BO-

AF, BO-SF, OFUL-AF, and OFUL-SF, respectively. The results show that RS

is significantly slower than the other four methods in finding the best candidate,

which confirms the importance of model-based sequential optimizations.

Moreover, the variance of best finding time for RS is much larger than that
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Fig. 3.2: Box plots of best finding time (upper) and stopping time (lower) for (a) Syn-I
and (b) Syn-II. The total numbers of elements in Syn-I and Syn-II data set are 300 both,
and the experiments are initiated with 10 randomly chosen seeds. Syn-I has 10 relevant
feature variables out of 30 variables, and Syn-II does 30 out of 500.

of the other four methods. Regarding the stopping time, the median values are

286.0, 59.0, 41.0, 85.0, and 39.0 iteration steps for RS, BO-AF, BO-SF, OFUL-

AF, and OFUL-SF, respectively. Although RS cannot judge to stop in most

cases within the maximum number of iterations "290 (=300 candidates - 10 ran-

domly chosen initial seeds)", the other four methods were successful in finding

the best candidate and automatically stopping at an early stage of iterations, i.e.,

the success rates of BO-AF, BO-SF, OFUL-AF, and OFUL-SF are 100%, 100%,

94%, and 98%, respectively. Also, it is observed that BO and OFUL improve

by incorporating dynamic feature selection and the OFUL-SF and BO-SF show

comparable performance both in best finding time and stopping time. Here, the

existence of failure cases by any algorithm (e.g., 2% by OFUL-SF) means that

it could not find the underlying ground truth but before reaching the maximum

number of iterations the algorithm stopped with satisfying the stopping condi-

tion. Note in this case that one cannot define the best finding time, i.e., the time
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Fig. 3.3: RMSE analysis for unobserved candidates at each time step, (a) Syn-I and
(b) Syn-II. 50 different runs with different initial seeds, and each colored shaded area
corresponds to±σ of the statistics. The number of runs used for statistics is also shown
in the lower part. The RS, OFUL-AF, and BO-AF lines for Syn-II are overlapped com-
pletely until time step 150.

to find the ground truth in the iteration process, and hence such cases were not

included in the figure (e.g., the upper figure in Fig. 3.2(a))

Figure 3.2 (b) presents boxplots of the best finding time and the stopping

time for Syn-II. The median values of best finding time are 140.5, 47.0, 31.5,

96.5, and 35.5 iteration steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-

SF, respectively. The values are larger than those in Syn-I, which indicates the

difficulty in Syn-II where many irrelevant feature variables are included. It is
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found that dynamic feature selection can improve the best finding time both in

BO and OFUL, and the variance of best finding time is also reduced. For the

stopping time, median values are 290.0, 289.5, 130.0, 290.0, and 172.5 iteration

steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respectively. Notably

RS, BO-AF, and OFUL-AF reached the maximum of iteration steps "290", and

only BO-SF and OFUL-SF were successful in finding the best candidate and

stopping within the limit, i.e., the success rates of BO-SF and OFUL-SF are

both 100%. The results show that dynamic feature selection is essential in Syn-

II, to which many realistic chemical problems are expected to belong, as in the

enantioselectivity dataset below. Although the best finding times of BO-SF and

OFUL-SF are comparable, the stopping times of BO-SF tend to be faster in this

case. It should be noted in the comparison between Syn-I and Syn-II that the

effect of dynamic feature selection is much more significant in Syn-II than in

Syn-I.

Figure 3.3 (a) and (b) present the accuracy of each model of RS, BO-AF,

BO-SF, OFUL-AF, and OFUL-SF, updated during the sequential optimization,

for Syn-I and Syn-II data, respectively. The accuracy is evaluated by using the

root-mean-square error (RMSE) for the difference between the predicted values

of unobserved candidates at each time step and their true values. The averages

and standard errors of RMSE at each time step are calculated for the valid runs

that are unstopped yet and at least one feature is selected by feature selection

at that time step. Also, note that RS utilized the same regression model and

stopping condition as OFUL except the candidate selection policy. It is found

that RMSEs of all the methods decay gradually as the time step increases, and

especially the decays of OFUL-SF and BO-SF are faster than those of the other

methods in both datasets. The decreases in RMSEs of these two methods with
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feature selection are more pronounced at longer iteration steps for the Syn-II

case, as being consistent with the larger effect of dynamic feature selection on

best finding and stopping times in Syn-II rather than in Syn-I. The comparison

of RMSEs between BO-SF and OFUL-SF tells that OFUL-SF predicts the un-

observed candidates y more accurately than BO-SF does (on average) in both

Syn-I and Syn-II. This makes us expect that OFUL-SF should exhibit better

performance in the best finding and stopping time analysis. However, the dis-

tinction between the performance of BO and OFUL methods in best finding and

stopping times is nontrivial, attributed to the different construction of confidence

intervals or uncertainties in the predicted values. Within the OFUL framework,

the reduction of feature variables in regression is crucial for reducing the con-

fidence region to stop properly as known from the Eq. (2.6) in the Methods

and Materials section. Similarly, in the BO framework, the variance assessed

through Gaussian process regression is employed, with the variances signifi-

cantly reduced by feature selection. These factors are found to be essential in

comprehending the substantial differences in stopping times between the meth-

ods with and without dynamic feature selection, observed in the Syn-II results.

The different construction of confidence intervals is also related to the obser-

vation that the stopping times of BO-SF are faster than those of OFUL-SF in

the Syn-II, despite the RMSE of BO-SF being larger than that of OFUL-SF at

iteration steps beyond ∼40. Additionally, the stopping times of RS in Syn-I are

slightly smaller than those in Syn-II, where the confidence intervals are influ-

enced by the difference in the total number of features.
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3.4 Conclusion

In this chapter we explain the synthetic data generation and application of the

newly developed algorithm. We observed that OFUL bandit algorithm is com-

parable with traditionally used Bayesian optimization method.
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Chapter 4

Sequential Optimization of

Experimental Data of Hydration

Free Energies

4.1 Brief discussion of methods

The linear bandit algorithm (OFUL bandit algorithm) and Bayesian optimiza-

tion (BO), along with their stopping conditions, are discussed in Chapter 2. A

brief overview of these methods is also provided in Chapter 3. To save time

and space, the same discussion has been excluded from this chapter.

4.2 Free solvation energy (FreeSolv) data

An algorithm was developed to identify the best molecules while minimizing the

number of experiments required. To establish the algorithm, three real datasets

and two synthetic datasets were considered. The synthetic data are explained in

Chapter 3. This chapter focuses on the real data. The real datasets include: i)
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The solubility of molecules in water, measured as hydration free energies ∆Ghyd

of 642 molecules, known as the FreeSolv dataset,46 frequently used in chemi-

cal synthesis, sequential optimization, and drug screening research. This data

set will be discussed in the current chapter. ii) The free energy barrier differ-

ence between enantiomer products (∆∆G) of 70 reaction systems, extracted by

Tsuji et al.,47 referred to as the enantioselectivity dataset. THis data set will be

discussed chapter 5, and iii) The photophysical properties of molecules, specif-

ically the π − π∗ transition wavelength of the E isomer, known as the Photo-

switch dataset,48, 49 consisting of 392 molecules. This dataset is used as a bench-

mark for wavelength prediction and multi-objective optimization, although only

a single target is considered in this research due to the single-objective optimiza-

tion setting. Photoswitch dataset will be discussed in Chapter 6.

For the FreeSolv data, the problem is defined as finding the molecule with

the lowest hydration free energy. For the enantioselectivity data, the goal is to

find the maximum absolute value of the energy barrier difference between enan-

tiomer products, i.e., max|∆∆G|. For the photoswitch data, the objective is to

determine the maximum wavelength using as few computations (experiments)

as possible.

Among the three real data this chapter discuss only FreeSolv data (subse-

quent chapter will be employed for the other two datasets). Details of the Free-

Solv dataset is explained now on. The term Hydration free Energy (∆Ghyd) is

a specific case of Solvation free energy (∆Gsolv). Here let’s define Solvation

free energy (∆Gsolv) first. It is nothing but the free energy change associated

with the process of dissolving a solute in a solvent, regardless of the type of sol-

vent involved and on the other hand hydration free Energy (∆Ghyd) refers to the

free energy change associated with the process of dissolving a solute in water.
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Fig. 4.1: Definition of Hydration free Energy (∆Ghyd) using reaction coordinate dia-
gram.

To explain the definition of hydration free energy (∆Ghyd) reaction coordinate

diagram have been drawn(see Fig. 4.1), which could make reader easy to under-

stand the phenomena. Here X and Y axes represents the "Reaction coordinate"

and "Free energy" respectively.

The point indicated by "Solute + Solvent" is the initial state of the process,

where "+" sign refers that both materials are separated i.e. still they have not

form solution. The horizontal dotted line is the free energy of the "Solute +

Solvent". Now the free energy of the initial stage is Go
Solute+Solvent.

Essentially, Energy barrier or activation energy is the minimum energy re-

quired for the reactant to transform into the product. Then it make the solution

denoted by "Solute · Solvent" here (·) between the "Solute" and "Solvent" refers
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that materials are not separated i.e. solution formed. Now the right foothill of

the figure shows that the free energy of the solution is Go
Solute·Solvent thus the

hydration free energy (∆Ghyd) is define by the difference between free energy

of initial materials Go
Solute+Solvent and free energy of solution Go

Solute·Solvent more

explicitly the formula can be written as ∆Ghyd = Go
Solute·Solvent−Go

Solute+Solvent.

The goal is to find the molecule with the lowest hydration free energy ∆Ghyd

within as few experiments as possible.

4.3 Free solvation energy data analysis

Figure 4.2 presents boxplots of the best finding time and the stopping time for

FreeSolv data, where total number of molecules is 642 with total number of fea-

tures is 447. The median values for the best finding time are 370.0, 7.5, 11.0,

7.0, and 19.0 iteration steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-

SF, respectively. As for the stopping time, the median values are 632.0, 97.0,

34.0, 499.5, and 68.0 iteration steps for RS, BO-AF, BO-SF, OFUL-AF, and

OFUL-SF, respectively. Note that the observed trends in best finding times and

stopping times align notably with those of Syn-I rather than Syn-II, except for

the OFUL-AF result. The discernible dissimilarity between BO-AF and OFUL-

AF in stopping times is more pronounced compared to synthetic datasets, with

OFUL-AF exhibiting difficulty in achieving a reduction in confidence intervals

due to a large number of total feature variables in FreeSolv case, akin to the

Syn-II scenario. In contrast, differences in variances between BO-AF and BO-

SF are smaller than those in Syn-II case and akin to Syn-I. The RS reached

the maximum iteration steps of "632 (=642 candidates-10 randomly chosen ini-

tial seeds)," while the other methods stopped within the maximum limit with
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Fig. 4.2: Boxplots of best finding time (upper) and stopping time (lower) for FreeSolv
dataset. The total number of molecules in FreeSolv data set is 642, and the experiments
are initiated with 10 randomly chosen seeds.
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Fig. 4.3: RMSE for unobserved candidates at each time step for FreeSolv dataset. The
number of runs used for statistics is also shown in the lower part

identifying the best candidate with high success rate; the success rates of BO-

AF, OFUL-AF, BO-SF, and OFUL-SF were 100%, 100%, 90%, and 94%, re-

spectively. These outcomes underscore that success rates can be diminished by

feature selection dependent on the initial seeds, although feature selection ac-

celerates the stopping process with a contraction of confidence intervals. This

is interpreted that, if a region of the feature space spanned by initial seeds and

those of consecutively chosen candidates is significantly different and isolated

from that by the best candidate, the chosen feature variables do not necessarily

predict the expected reward of the best candidate. However, note that the 90%

or 94% success rate does not necessarily mean "significantly low performance"

because the allowance error rate δ = 0.05 allows 5% failure prediction at most

within the framework of Gaussian process (BO) and linear regression model

(OFUL).
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The corresponding RMSE for the FreeSolv dataset was analyzed and is pre-

sented in Fig.4.3. In this datasets, the RMSEs of BO-AF, BO-SF, and OFUL-SF

are significantly smaller than those of RS and OFUL-AF. The challenge en-

countered in regression with OFUL-AF is likely attributed to the non-linearity

present in real data, which seems to be mitigated by the dynamic feature selec-

tion in OFUL-SF. Here, note that the BO-AF and BO-SF utilize a non-linear

kernel, achieving better performance in RMSE. The accuracy expected from

RMSE aligns well with the performances in stopping times in the FreeSolv case,

resembling the Syn-I case, but not in Syn-II. In the enantioselectivity dataset, the

stopping times of BO-AF and OFUL-AF are notably large due to the substan-

tial variances in predictions and the high dimensionality in the feature space,

resulting in large confidence intervals or uncertainty. These findings again un-

derscore the correspondence of the FreeSolv and enantioselectivity datasets to

Syn-I and Syn-II, respectively. Similar results were observed for Photoswitch

data48 (Explain in the Chapter 6).

4.4 Selected features and their influence on results

Figure 4.4 presents statistical measure of the feature selection profile of 50 runs.

Here, X axis is the feature index and Y axis is the average contribution of the

features. Blue and green line presents the feature contribution for success runs

and unsuccess runs. And red dots and green dots are the relevant feature for

ground truth catalyst. Here ground truth catalysts means catalysts having lowest

hydration free energy. It is clearly seen that relevant features of the ground

truth molecules has larger contribution in success runs than the unsuccess runs.

However, some selected feature are not included in the ground truth.
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Fig. 4.4: Statistical measure of the feature selection profile of 50 runs. X axis is the
feature index and Y axis is the average contribution of the features.

Average feature contribution is calculated by the following Eq. 4.1 and Eq. 4.2.

The derivation are explained bellow. Feature contribution for the kth run of fea-

ture j,

Wk, j =
1

N(k)
exp

N(k)
exp

∑
i=1

x(k)i, j where x(k)i, j =


1, If the feature j selected

0, Otherwise.
(4.1)

Their averages over success runs N(suc)

Wk, j =
1

N(suc) ∑
k∈success

Wk, j (4.2)

Likewise, feature contribution for the failure runs are also calculated.
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Fig. 4.5: The boxplots for best finding time and stopping time for (a) FreeSolv data,
and (b) Enantioselectivity data using Morgan fingerprints feature (MF) and fragment
descriptor (frag.) with BO-SF and OFUL-SF schemes. The meaning of of each symbols
is the same as in Fig.2. For example, for FreeSolv data, the median values of best
finding times are 55.0, 95.0, 11.0, and 19.0 for BO-SF(MF), OFUL-SF(MF), BO-SF
(frag.), and OFUL-SF (frag.), respectively.

4.5 Analysis with Morgan fingerprint descriptor

The results were evaluated using the Morgan fingerprint (MF) descriptor62, 63

and compared with those obtained using the Fragment (frag.) descriptor56, 58

for FreeSolv46 and Enantioselectivity47 data. A detailed analysis of the Enan-

tioselectivity data will be explained in Chapter 5. Result of Enantioselectivity

is included here solely for comparison purpose. Readers are encouraged to re-

turn to this section after reading Chapter 5. Here the conditions except the

descriptor was set to be same.

Fig. 4.5 (a) and (b) present the boxplots of the best finding time statistics

and the stopping time statistics for FreeSolv data and Enantioselectivity data,

respectively. As the overall trend, one can see Morgan fingerprints feature re-

quire significantly longer time in both times than the fragment descriptor. The

success rates, i.e.,—how many percentage the underlying target molecule (the
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best molecule having either lowest hydration free energy or highest enantios-

electivity) are detected—, for FreeSolv data are 42.0% and 94% for the BO-

SF(MF) and OFUL-SF(MF), while those are 90% and 94% for BO-SF(frag.)

and OFUL-SF(frag.) respectively. Likewise, the success rates for Enantioselec-

tivity data are 100% and 74% for the BO-SF(MF) and OFUL-SF(MF), while

those are 100% and 98% for BO-SF(frag.) and OFUL-SF(frag.), respectively.

The difference between Morgan fingerprints and ISIDA (In Silico Design and

Data Analysis) fragment descriptor are as follows: the former takes into account

solely whether the substructure present or absent within a defined radius (binary

vector),57 whereas the latter does how many substructures present within a de-

fine radius (it counts the number of fragments).59, 47 There are also some distinct

advantages of fragment descriptor features such as the ability to uniquely repre-

sent any molecular graph invariant, express any symmetric similarity measure,

and facilitate the representation of regression or classification models.59 These

could be the reason why the difference exists between the two feature variables.

However, it may depend on the system to be studied and further investigation is

required for concluding which descriptor is better to use in general.

4.6 Kernel comparison for Bayesian optimization

In this research RBF kernel was employed for Bayesian optimization. The re-

sults of the Matérn 5/2 kernel are presented here for comparison with those of

the RBF kernel, using the fragment descriptor. The other conditions are same

to those in Fig. 4.2. Fig. 4.6(a) and (b) shows the results for FreeSolv, and

Enantioselectivity data, respectively, using BO-AF and BO-SF with two differ-

ent kernels, Matérn 5/2 and RBF. The success rates of BO-SF (Matérn 5/2) and

59



Fig. 4.6: The boxplot of best finding time and stopping time evaluated by Bayesian
optimization with Matérn 5/2 kernel and RBF kernel for a) FreeSolv data and b) Enan-
tioselectivity data. The meaning of each symbols is the same as in Fig. 2.

BO-SF (RBF) is 88.0% and 90.0%, respectively, and those of both BO-AF are

100% for FreeSolv data. For enantioselectivity data, those of BO-AF (Matérn

5/2) is 98.0% whereas those of all the others are 100%. This shows that the

performances of Matérn 5/2 kernel and RBF kernel are almost the same at least

for the current systems. (Details analysis of the Enantioselectivity data will be

explained in the Chapter 5. Result of Enantioselectivity is included here solely

for comparison purpose. Readers are encouraged to return to this section after

reading Chapter 5)

4.7 Application of Tanimoto kernel for Bayesian

optimization

The Bayesian Optimization (BO) was recomputed using the Tanimoto kernel

for Morgan fingerprint descriptors. The current results are presented in Fig. 4.7,

based on 50 runs. Median best (molecule) finding times are 26.0, 49.0, and
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Fig. 4.7: Comparison of best finding time and stopping along BO-SF(RBF), BO-
SF(Tani.) and OFUL-SF with Morgan fingerprint features. (Note, Tani.: Tanimoto
kernel; RBF: Radial basis function.)

49.5, and median stopping times are 62.0, 89.0, and 317.5 for BO-SF(RBF),

BO-SF(Tani.) and OFUL-SF. It was confirmed that the Tanimoto kernel can

also be used for Morgan fingerprint descriptors. Since RBF kernel has been

demonstrated to work better than the Tanimoto kernel and is easier to apply,

the RBF kernel is used for all the data. (Note: RBF refers to the radial basis

function kernel, and Tani. refers to the Tanimoto kernel.)
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4.8 Choice of allowable noise δ

The allowed error rate (δ ) for the model which determine the maximum proba-

bility of the θ̂t not being inside of the confidence ellipsoid presented in equation

(2.6) can be selected by striking a balance between failure rate and stopping

time. The definitions of failure rate and stopping time are explained in the Brief

Discussion of Methods section in Chapter 3 as well as in the Stopping Condi-

tion section in Chapter 2. The model’s error rate is inversely related to stopping

time and directly related to the failure rate. The following Fig. 4.8 establishes

Fig. 4.8: Tradeoff between stopping time and failure rate through the change of error
rate δ .

the relationship among the quantities. The researcher has the flexibility to assess

the error rate by considering either or both the stopping time and the failure rate,

depending on their specific focus or preference. The above result is constructed
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from the Syn-II data with 20 independent runs.

4.9 Parameter optimization for RBF kernel

The Bayesian Optimization (BO) method was used for comparison with the

linear bandit algorithm. Gaussian process regression with radial basis func-

tion (RBF) kernel is used as surrogate function and the Eq. 2.27 in the main

text is considered as acquisition function. Note that, surrogate function is a

simplified model used to approximate and optimize a complex and expensive

objective function efficiently and acquisition function is a strategy used in op-

timization to balance exploration and exploitation by guiding the selection of

the next points to evaluate in the search space.

One important parameter for Gaussian process regression is length scale pa-

rameter which determines the smoothness of the model. This parameter should

be optimized in the model fitting process. Widely used python package, Scikit-

learn is utilized to fit the BO model where default length scale parameter range(
10−5,105) is suggested for RBF kernel. But this large range shows some prior

like prediction. Here prior like prediction means, prediction of unobserved data

is zero values. Figure 4.9 presents some example of the prior like prediction

though the prediction of observed data is satisfactory. It is observed that this

problem occurs when the length scale parameter is set to very large or very small

values. These extreme values make it difficult to understand the data pattern, ne-

cessitating a data-driven range to address the issue. Therefore, it is suggested

that a comparatively small range be used to optimize the length scale parameter

instead of the default range
(
10−5,105) which will be derived from data. The

new range can be constructed using the following steps:
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Fig. 4.9: Example of prior like prediction for different iteration steps. This figures are
constructed using Syn-II data. In the Syn-II data this types of predictions are observed
many times. It is clearly visible that the prediction for training data is very good but
for test data prediction is close to zero. This poor prediction also shown by RMSE and
Correlation value in the legend.

1. Calculate the pairwise Euclidean distance D= {dxi,x j | i ̸= j}where xi and

x j are ith and jth observed samples/ molecules in this research .

2. Calculate the minimum and maximum of the distance values as m =

min(D) and M = max(D) respectively.

3. Construct length scale range as (m,M) and optimize the length scale pa-

rameter within this range.

64



4.10 Conclusion

In this chapter, the FreeSolv data and the application of the newly developed

algorithm are explained. It is observed that the OFUL bandit algorithm is com-

parable to the traditionally used Bayesian optimization method. Additionally,

comparisons of kernels, kernel parameter optimization, and a discussion on the

Tanimoto kernel are provided.
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Chapter 5

Sequential Optimization of

Experimental Data of

Enantioselectivity

5.1 Brief discussion of methods

The linear bandit algorithm (OFUL bandit algorithm) and Bayesian optimiza-

tion (BO) along with their stopping condition have been discussed in the Chap-

ter 2. A brief discussion of this topic was provided in Chapter 3. To save time

and space, the same discussion is excluded from this chapter.

5.2 Enantioselectivity data

Enantiomer refers the chiral molecules those are the mirror image of each other

and are not superimposed. Lets see the definition of chiral molecules, it is de-

fined as the molecule that have nonsuperimposable property on its mirror im-

age. Some molecules are not mirror images of one another and are not super-
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Fig. 5.1: Example of enantiomers. How the mirror image used to express the enan-
tiomers presented in right figure.

imposable those are known as diastereomers. Enantiomers are identical chem-

ical symbol but express different chemical structure also often shows chemical

properties. Figure 5.1 shows the mirror image of hand for reference to under-

stand the enantiomers (left figure), and corresponds to the (S)-enantiomer and

(R)-enantiomer of —-chemical name—(right figure). The enantioselectivity is

measured by the difference between the free energy barriers of the enantiomers

∆∆G. The difference between the free energy barriers of the enantiomers is

defined as follows ∆∆G. Figure 5.2 shows that reactant (in the middle of the

figure) can produce two product (S)-enantiomer (left of the figure) and (R)-

enantiomer (right of the figure), if the reactant can surpass ∆G‡(S) energy barrier

then it produce (S)-enantiomer and if surpass ∆G‡(R) energy barrier then it pro-

duce (R)-enantiomer. Now the enantiomer selection measured by the expression

∆∆G = ∆G‡(S)−∆G‡(R). Larger the difference exhibits an unequal production

ratio. The goal is to identify the larger absolute values of ∆∆G i.e. |∆∆G|. In the

figure production ratio of (R)-enantiomer is larger than (S)-enantiomer because

its energy barrier is smaller. The enantioselectivity data is extracted from the

work conducted by Tsuji et. al.47 This data is consisted of 70 reaction systems.
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Fig. 5.2: Definition of enantioselectivity.

5.3 Enantioselectivity data analysis

Figure 5.3 presents boxplots of the best finding time and stopping time for enan-

tioselectivity data. The median values for the best finding times are 33.0, 22.0,

6.5, 27.0, and 12.0 for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respec-

tively. As for stopping times, the median values are 60.0, 59.0, 52.0, 60.0, and

27.0 for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respectively. The trend

in best finding times and stopping times aligns more closely with Syn-II (pre-

sented in Chapter 3), as opposed to the FreeSolv case (presented in Chapter

4). Feature selection analysis using the full candidate data was conducted for

both FreeSolv and enantioselectivity datasets, revealing that FreeSolv has 95

relevant feature variables, constituting 21% of the total, while the enantioselec-
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Fig. 5.3: Boxplots of best finding time (upper) and stopping time (lower) for Enantios-
electivity dataset. The total number of molecules in enantioselectivity dataset is 70, and
the experiments are initiated with 10 randomly chosen seeds.
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tivity dataset has 15 relevant feature variables, representing 10%. Each value

of percentage reasonably corresponds to 33% of Syn-I and 6% of Syn-II cases,

respectively, which could be one factor in understanding the characteristics of

the results because the ratio of relevant features is related to both the regression

model and the construction of the confidence interval. Only OFUL-SF achieved

successful stopping with a 98% success rate, while all other methods reached

the maximum iteration limit of "60 (=70 candidates - 10 randomly chosen initial

seeds)". The OFUL-SF demonstrated an average reduction of experimental cost

by two-thirds, significantly contributing to the exploration of new catalysis for

desired enantioselective reactions, given the substantial human cost associated

with catalyst preparation. In contrast to the Syn-II case(presented in Chapter

3), where BO-SF tends to stop faster than OFUL-SF, in the present case the

OFUL-SF can stop significantly faster than BO-SF, suggesting a complemen-

tary property between BO and OFUL depending on the target system.

The RMSE for each of the models for the enantioselectivity datasets was an-

alyzed, as presented in Figure 5.4. The RMSEs of BO-AF, BO-SF, and OFUL-

SF are significantly smaller than those of RS and OFUL-AF. The challenge en-

countered in regression with OFUL-AF is likely attributed to the non-linearity

present in real data, which seems to be mitigated by the dynamic feature selec-

tion in OFUL-SF. Here, note that the BO-AF and BO-SF utilize a non-linear

kernel, achieving better performance in RMSE. The accuracy expected from

RMSE aligns well with the performances in stopping times in the FreeSolv

case(Chapter 4), resembling the Syn-I case, but not in Syn-II. In the enantiose-

lectivity dataset, the stopping times of BO-AF and OFUL-AF are notably large

due to the substantial variances in predictions and the high dimensionality in the

feature space, resulting in large confidence intervals or uncertainty. These find-
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Fig. 5.4: RMSE for unobserved candidates at each time step for Enantioselectivity
dataset. The number of runs used for statistics is also shown in the lower part. The lines
corresponding to RS, BO-AF and OFUL-AF for FreeSolv data are overlapped due to
the unstopped runs until time steps 50.
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ings again underscore the correspondence of the FreeSolv and enantioselectivity

datasets to Syn-I and Syn-II, respectively.

5.4 Selected features and their influence on results

Figure 5.5 presents statistical measure of the feature selection profile of 50 runs.

Here, X axis is the feature index and Y axis is the average contribution of the

features. Blue and green line presents the feature contribution for success run

and unsuccess run. And red dots and green dots are the relevant feature for

ground truth catalyst. Here ground truth catalysts means catalysts having high-

est enantioselectivity. It is clearly seen that relevant features of the ground truth

molecules has larger contribution in success runs than the unsuccess runs. How-

ever, some selected feature are not included in the ground truth.

Feature contribution is calculated by the Eq. 4.1 and Eq. 4.2 stated in Chap-

ter 4.
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Fig. 5.5: Statistical measure of the feature selection profile of 50 runs. X axis is the
feature index and Y axis is the average contribution of the features.

5.5 Conclusion

In this chapter, the focus has been on sequential optimization of enantioselec-

tivity data, with the goal of identifying the catalyst with the highest selectiv-

ity. Selectivity is measured based on the energy barrier difference between two

enantiomers denoted as ∆∆G = ∆G‡(S)−∆G‡(R), where ∆G‡(S) and ∆G‡(R)

are energy barrier to produce S enantiomer and R enantiomer, respectively. It

is observed that the OFUL bandit algorithm is comparable to the traditionally

used Bayesian optimization method.
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Chapter 6

Sequential Optimization of

Experimental Data of Photoswitch

6.1 Photoswitch data

In brief, the Photoswitch data data consists of 405 molecules and 4 target vari-

ables, which are used for multi-objective optimization.49, 48 In this research, the

target variable of “E isomer π−π∗ Transition wavelength” among four different

target variables because of its largest number of the available target values have

been chosen. The data includes 392 molecules with 298 features of the fragment

descriptor. The problem we set for this data is to find the largest wavelength in

a few experiment as possible.

6.2 Brief discussion of methods

The linear bandit algorithm (OFUL bandit algorithm) and Bayesian optimiza-

tion (BO) along with their stopping condition have been discussed in the Chap-

ter 2. A brief discussion of this topic was provided in Chapter 3. To save time
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and space, the same discussion is excluded from this chapter.

6.3 Photoswitch data analysis

To demonstrate the performance of OFUL and BO Photoswitch48, 49 dataset

have been studied in addition to the synthetic data, FreeSolv, and Enantiose-

lectivity data. The target variable "E isomer π−π∗ transition wavelength" was

chosen among four different target variables due to its having the largest number

of available target values. The data includes 392 molecules with 298 features

of the fragment descriptor. The other conditions of computations are set to be

the same to those in Fig. 4.2. Fig. 6.1 shows the results of BO-SF and OFUL-

SF. The median values of best finding times are 26.0 and 49.5 for BO-SF and

OFUL-SF. The median values of stopping times are 62.0 and 317.5 for BO-SF

and OFUL-SF. The success rates are 100% for both methods. The result fol-

lows a similar pattern of FreeSolv data. Note that the current version of OFUL

is based on the simplest, linear regression while BO adopts nonlinear depen-

dence between the target variable and the feature variables. In the formula of

linear regression (Eq. (1)) non-linearity can be incorporated with replacing xi to

fi({xi}). A systematic scrutiny to incorporate non-linearity is one of the forth-

coming subjects to be addressed along OFUL-SF.

The RMSE for each of the models for the photoswitch datasets was ana-

lyzed, as presented in Figure 6.2. The RMSEs of BO-AF, BO-SF, and OFUL-

SF are significantly smaller than those of RS and OFUL-AF, i.e, the average

RMSE and Number of unstopped runs for BO-AF, BO-SF and OFUL-SF de-

crease faster than others. The challenge encountered in regression with OFUL-

AF is likely attributed to the non-linearity present in real data, which seems to
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Fig. 6.1: The boxplot of best finding time and stopping time evaluated by BO-SF and
OFUL-SF for Photoswitch data. The meaning of each symbols is the same as in Fig.4.2.

be mitigated by the dynamic feature selection in OFUL-SF. Here, note that the

BO-AF and BO-SF utilize a non-linear kernel, achieving better performance in

RMSE.
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Fig. 6.2: RMSE for unobserved candidates at each time step for Photoswitch dataset.
The number of runs used for statistics is also shown in the lower part.

6.4 Selected features and their influence on results

Figure 6.3 presents statistical measure of the feature selection profile of 50 runs.

Here, X axis is the feature index and Y axis is the average contribution of the

features. Blue line presents the feature contribution for success run. And red

dots are the relevant feature for ground truth catalyst. Here ground truth cata-

lysts means catalysts having highest wavelength. It is clearly seen that relevant

features of the ground truth molecules has larger contribution in success runs. In

contrast to FreeSolv data or Enantioselectivity data unsuccess case is not shown

because success rate of Photoswitch data is 100%. However, some selected

feature are not included in the ground truth.

Feature contribution is calculated by the Eq. 4.1 and Eq. 4.2 stated in Chap-

ter 4.
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Fig. 6.3: Statistical measure of the feature selection profile of 50 runs. X axis is the
feature index and Y axis is the average contribution of the features.

6.5 Conclusion

This chapter discusses on sequential optimization of the photoswitch data, with

the goal of identifying the largest wavelength molecule within fewer experiment

as possible. It is observed that the OFUL bandit algorithm is comparable to the

traditionally used Bayesian optimization method.
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Chapter 7

General Conclusion

7.1 Conclusion

A sequential optimization is one of the promising approaches in identifying the

optimal candidate(s) (molecules, reactants, drugs etc.) with desired properties

(such as drug efficacy, reaction yield, enantioselectivity, wavelength and sol-

vation affinity etc.) from a large set of potential candidates, while minimizing

the number of experiments is required. In this research, a new sequential op-

timization algorithm for molecular problems have been developed based on a

reinforcement learning framework, specifically the linear multi-armed bandit

approach (Optimism in the Face of Uncertainty Linear-OFUL bandit). This al-

gorithm incorporates online, dynamic feature selection, where relevant molecu-

lar descriptors are updated throughout the experiments. In this algorithm ISIDA

(“In Silico Design and data Analysis) fragment descriptors x are calculated from

the structure of the molecule are used as the feature for the prediction of the

molecular property y termed as target through a linear regression. The molecular

structure is constructed so called Simplified Molecular-Input Line-Entry System
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(SMILES) codes. A distinctive feature of our algorithm is its ability not only

to identify the optimal candidate molecule but also to automatically determine

when to stop the search based on the predictions for candidate molecules and

their confidence intervals evaluated by the regression models. This algorithm

design in a way where we sequentially chose one molecule by considering the

upper confidence bound of the prediction and observe the reward (molecular

property). The stopping condition is then checked to determine when the algo-

rithm should be stopped. This condition is designed to ensure the reliability of

the chosen candidate from the data set pool. The stopping condition is defined

using the maximum of the upper confidence bound and the maximum of the

observed reward. If the former quantity is larger than or equal to the latter, the

algorithm continues; if it is smaller, the algorithm stops.

However, the high dimensionality of the feature space (e.g., molecular frag-

ment descriptors, Morgan fingerprint descriptors) makes it often difficult to uti-

lize the relevant features during the process of updating the set of candidates

to be examined so that we incorporate feature selection method, LASSO (Least

Absolute Shrinkage and Selection Operator) for each of the sequential iteration

consequently features space dynamically changed and reduced. It was found

that dynamic feature selection in representing the desired properties throughout

the experiments provides better performance, such as reducing the time required

to find the best candidate and to stop the experiment. Overall, the multi-armed

linear bandit approach with a dynamic feature selection scheme (abbreviated

as OFUL-SF, also OFUL-AF exists where all feature used) outperformed the

standard Bayesian Optimization (BO) with fixed feature variables.

The method underwent validation, starting with synthetic datasets based on

linear models and extending to real datasets, including benchmark hydration
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free energy dataset, experimental data of enantioselective reactions and Photo-

switch dataset. Comparative analyses against the linear bandit algorithm with-

out feature selection, Bayesian optimization (BO) with and without feature se-

lection, and random search affirmed the essential role of dynamic feature selec-

tion, particularly in datasets with numerous irrelevant feature variables included

in the total feature variables. It is found the critical role of feature selection in

enhancing predictive performance and reducing confidence intervals during se-

quential optimization, thereby accelerating the automatic judgment capabilities

of the algorithm in stopping the search. While the performance of our algo-

rithm and Bayesian optimization with feature selection proved comparable, our

algorithm demonstrated superior performance in challenging real-world appli-

cations, particularly in the case of enantioselective reactions.

7.2 Limitation

This research doesn’t include the chemical interpretation of the features. This

interpretation is extensively important to make sense how the features are re-

sponsible to reflect the molecular properties. This is very tough job indeed.

7.3 Outlook

In a linear bandit setting, the expected reward is modeled as a linear combina-

tion of features associated with each action. Extending it to a non-linear bandit

allows for more complex relationships between actions and rewards, capturing

non-linear patterns in the data. By extending linear bandit to non-linear bandit

some benefits may achieved such as improved modeling, increased accuracy,

better decision making and enhanced exploration-exploitation trade-off etc. It’s
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important to note that the benefits may vary depending on the specific problem

and dataset. While non-linear bandits offer advantages in capturing more com-

plex relationships, they also introduce challenges in terms of model complexity

and interpretability. The choice of the non-linear model should be guided by the

characteristics of the problem at hand and the available data.

Chemical interpretation of the selected feature can be studied to understand

how the molecular properties are reflected by molecular features.
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