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Non-very generic intersections and their combinatorics

by Pragnya Das

The discriminantal arrangement B(n, k, A) defined by Manin and Schechtman is an arrange-

ment of hyperplanes constructed from a generic arrangement A of n hyperplanes in a k-

dimensional space generalizing the classical braid arrangement. In particular, B(n, 1, A) is

the Braid arrangement.

The combinatorics of B(n, k, A) is known to be constant when A varies in an open Zariski

set Z in the space of all generic arrangements. In particular A is called very generic if A € Z
and non-very generic otherwise. In the later case, when A is a non-very generic arrangement,

the combinatorics of the discriminantal arrangement can be studied by exploiting its relation
with the special configurations of points in the space.

In this thesis, we begin by reviewing the definition of a discriminantal arrangement and some

basic properties of its combinatorics.

We rewrite the Sylvester’s and the orchard problem in terms of the combinatorics of B(n, 2, A)
and then we build two arrangements of 12 lines in the projective real plane having, respec-

tively, the minimum number of ordinary points and the maximum number of multiplicity 3

intersections.

Finally we distinguish between two types of non-very generic intersections and study the

Arithmetic non-very generic intersections which can be classified using the combinatorics of

the discriminantal arrangement B(n, k, A).
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Chapter 1

Introduction

The discriminantal arrangement B(n, k, ﬂ) defined by Manin and Schechtman ( in 1987,
see[15]) is an arrangement of hyperplanes constructed from a generic arrangement A of n
hyperplanes in a k-dimensional space generalizing the classical braid arrangement. In partic-

ular, B(n, 1, A) is the Braid arrangement.

The combinatorics of B(n,k, A) is known to be constant when A varies in an open
Zariski set Z in the space of all generic arrangements. In particular A is called very generic
if A € Z and non-very generic otherwise. In the later case, when (A is a non-very generic ar-
rangement, the combinatorics of the dicriminantal arrangement can be studied by exploiting

its relation with the special configurations of points in the space.

The study of special configurations of lines and points in the plane is a classic subject
even if several problems have been solved only recently or are still open. In this thesis two
of these problems are correlated to the combinatorics of the dicriminantal problem and those

are the generalized Sylvester’s problem and orchard problem.

In 1893 Sylvester [20] posed the problem “prove that it is not possible to arrange any
finite number of real points so that a right line through every two of them shall pass through
a third, unless they all lie in the same right line". This problem was solved, among others,
in 1944 by Gallai (see [11]) and his solution is known nowadays as the Sylvester-Gallai The-
orem. If we call a line passing trough exactly two points ordinary, a generalization of this
problem is to count the minimum number of ordinary lines given n points in R?. Green and

Tao in 2013, [12], described the most advanced result about ordinary lines proving that if n is
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sufficiently large, then there are at least [5] ordinary lines. The Sylvester’s problem can also
be posed in its dual form: “given n lines in the real projective plane, there must be a point of
intersection of just two lines”, and the point is called ordinary point. The dual of Green and
Tao’s Theorem states that # lines in projective plane intersect in at least [%] ordinary points if

n is large enough.

The orchard problem was posed around 200 years ago and asks which is the maximum
number #3(n) of 3-point lines attainable with a configuration of n points. Its dual form is
equivalent to ask which is the maximum number of multiplicity 3 intersections attainable
with a configuration of n lines. So far the most advanced known result is due to Burr, Griin-

baum and Sloane (see [13]) in 1974, where the authors provided a lower bound for #3(n).

In this thesis we connect those two problems to the study of the combinatorics of the dis-
criminantal arrangement associated to non-very generic arrangements of # lines in the affine
and projective real plane. This part of my thesis is based on a joint work with E.Palezzato

and S.Settepanella (see [6])

In [1], Athanasiadis provided a description of the combinatorics of dicriminantal arrange-
ment B(n, k, A) when A € Z proving a conjecture by Bayer and Brandt, [2], who called A
very generic if A € Z and non-very generic otherwise. While proving the conjecture by
Bayer and Brandt, Athanasiadis also provided a condition needed to be satisfied by the com-
binatorics of the discriminantal arrangement in order for the arrangement to be very generic.

We call this condition as the BBA-condition. We will keep those names throughout the thesis.

Few years before the work of Manin and Schechtman, Crapo [4] introduced a notion
equivalent to the discriminantal arrangement, one starting from realizable matroids and called
them geometry of circuits. In his paper Crapo provided an example of an arrangement A of
6 lines in the real plane such that A ¢ Z, pointing out how the directions at infinity of the

lines in such arrangement give rise to a special configuration of 6 points in the projective line.

In 2016, Libgober and Settepanella [14] gave a sufficient geometric condition for an ar-

rangement (A to be non-very generic. In particular, in the case k = 3, their result shows that
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multiplicity 3 codimension 2 intersections of hyperplanes in 8(n, 3, A) appear (i.e. A ¢ Z)
if and only if collinearity conditions for points at infinity of lines, intersections of certain
planes in A, are satisfied. Thus confirming what already pointed out by Crapo, i.e. the
combinatorics of the discriminantal arrangement B(n, k, A) for A ¢ Z is strongly related
to the problem of special configurations of points in the space. Two subsequent papers by
Sawada, Yamagata and Settepanella (see [16], [17]) went in the same direction connecting
the combinatorics of B(6, 3, A), for A ¢ Z, to the Pappus’s hexagon Theorem and the Hesse

configuration in the complex case.

The study of the combinatorics of the discriminantal arrangement B(n, k, A) when A is
non-very generic, is connected to the study of special configurations of points in the space
(see [4], [14], [16], [17], [18], [19]). Exploiting this connection, in this work we firstly
rewrite the orchard problem in terms of the combinatorics of 8 (n, 2, A) then, starting from
the non-very generic arrangement described in [16] and [17], we build two arrangements of
12 lines in the projective real plane having, respectively, the minimum number of ordinary
points and the maximum number of multiplicity 3 intersections. In particular the latter is
combinatorially isomorphic to the well known Bordczky arrangement (see [3], [10]). Finally
we provide a purely combinatorial way to build such examples and a conjecture which, if
proved, would allow to build arrangements of # lines in the real projective plane with the
minimum number of ordinary points or the maximum number of multiplicity 3 intersections

starting from a non-very generic arrangement of m(<< n) lines.

The content of the thesis is as follows. In Chapter 2, we recall the definition of the
discriminantal arrangement and few basic known results. We also discuss about the various
results known till now about the combinatorics of the discriminantal arrangement when A €
Z and otherwise.

In Chapter 3, which is based on a joint work with E.Palezzato and S.Settepanella (see
[6]), we describe how the orchard problem can be stated in terms of the combinatorics of
B(n,2,A), with A non-very generic arrangement in the real plane, we provide a geometric
way to construct, starting from a non-very generic arrangement of 6 lines in the projective
plane, the two examples of configurations of 12 lines having, respectively, minimum num-

ber of ordinary points and maximum number of multiplicity 3 intersections, and finally we
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provide a purely combinatorial way to build the same configurations and we state the main
theorem of the thesis and a conjecture.

We describe a purely combinatorial way to build, from a non-very generic arrangement
of 6 planes in the real space, two special configuration of 12 lines in the projective real plane
one with minimum number of ordinary points and one with maximum number of multiplicity
3 intersections.

In Chapter 4, which is based on a joint work with T.Saito and S.Settepanella (see [7]),
we discuss the Bayer-Brandth-Athanasiadis-condition provided by Athanasiadis in [1] and
provide conditions required for the existence of Arithmetic non-very generic intersection in

the discriminantal arrangement B(n, k, A).



Chapter 2

Preliminaries

2.1 Prerequisites

Throughout this dissertation we will be using the following notation:

the set of Natural number>0

IN
Z the set of integers
R the set of real numbers
C the set of complex numbers
V =K" Vis an affine space, K is a field and in this dissertation K = R, C
P(V) the projective space of the vector space V

[m] the set {1, ..., m} where m is a natural number.

A hyperplane H is an n — 1 dimensional affine subspace of an affine space V. That is
H = {v e V:a-v = 0}, where « is a fixed nonzero vector in V and « - v is the usual dot

product:

n
(@1y.s@y) s (Viyenoyvy) = Zaivi.
i=1

An arrangement of hyperplanes A = {Hy,...,Hy,} is a set of m hyperplanes in an affine
space V, where H; ¢ V = K". The dimension of A = dim(V) = n. The rank of a
hyperplane arrangement A is defined as rank(A) = dim{ay, ..., @), where @; is a vector
orthogonal to H; and (e, ..., ay,) is the space spanned by «1,...,a,. An arrangement A is
called essential if rank(A) = dim(A).

An arrangement A = {H1, ..., H,}in V = K" is called a generic arrangement if
e dim(H; N...NH;)=n—-pif p<n,

e HyN...NH;, =¢if p>n.
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An arrangement (A is called a central arrangement if 0 € (\ycq H.

The intersection set L(A) of an arrangement A is the set of all intersections of hyper-
planes in A that is, L(A) = {X cV:X=igH.IC [m]}U{V} The intersection set is a
poset with order X, Y € L(A),X <Y < X2Y.

For a central arrangement A if L(A) is a lattice with V as the minimum and N | H; as
the maximum elements, then £(ﬂ) is called the intersection lattice of A = {Hy,...,H,}.

The rank of an element X € L(A) is rank(X) = codim(X) = dim(V) — dim(X).

2.2 Preliminaries

2.2.1 Discriminantal arrangement

Let A = {H?,i = 1,...,n} be a generic arrangement in CK, k < ni.e. a collection of hy-
perplanes such that codim ((N;ex k=, HY) = p. The space of parallel translates S(H?, ..., HY)
(or simply S when the dependence on H? is clear or not essential) is the space of n-tuples
Hi, ..., H, such that either H; N H? =0QorH = H? for any i = 1,...,n. One can identify
S with the n-dimensional affine space C” in such a way that (H(l), ..., HY) corresponds to the
origin. In particular, an ordering of hyperplanes in A determines the coordinate system in S
(see [14]).

We will use the compactification of C¥ viewing it as IP*(C) \ H., endowed with collection
of hyperplanes I-_I? which are projecive closures of affine hyperplanes H?.

Given a generic arrangement A in C* formed by hyperplanes H;,i = 1, ..., n the trace at
infinity, denoted by A, is the arrangement formed by hyperplanes Ho,; = I-—I? N Hy in Hy.

The trace Ao of an arrangement A determines the space of parallel translates S (as a
subspace in the space of n-tuples of hyperplanes in IP¥) (see [15]).

Fixed a generic arrangement A, consider the closed subset of S formed by those collec-
tions which fail to form a generic arrangement. This subset of S is a union of hyperplanes
Dy c S (see [15]). Each hyperplane Dy, corresponds to a subset L = {iy,...,ix+1} C [n]
:= {1,...,n} and it consists of n-tuples of translates of hyperplanes HY,..., H’ in which
translates of Hl(.)l,...,Hg+l fail to form a general position arrangement. The arrangement
B(n, k, A) of hyperplanes Dy is called discriminantal arrangement and has been introduced

by Manin and Schechtman in [15]. Notice that B(n, k, A) depends on the trace at infinity

A and hence it is sometimes more properly denoted by B(n, k, A ).
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We can also explain the discriminantal arrangement in the following way; let @; =
(a1, ... ay) be the normal vectors of hyperplanes H;, 1 < i < n, in the generic arrange-

ment A in C*. Normal here is intended with respect to the usual dot product

(ary .. ar) - (vi,...,v) = Zaiv,-.

i
Then the normal vectors to the hyperplanes Dy, L = {s; < -+ < sg4+1} C [n] in S = C" are

nonzero vectors of the form
aL = Z(_l)l det(aé‘]’ cee a;\Si? ceey a’S]H,l)eSi’ (21)
where {e;}1<j<, is the standard basis of C" (cf. [2]).

2.2.2 Combinatorics of the discriminantal arrangement

It is well known (see, among others [4],[15]) that there exists an open Zariski set Z in
the space of generic arrangements of n hyperplanes in IR¥(C¥), such that the intersection
lattice of the discriminantal arrangement B(n, k, A) is independent from the choice of the
arrangement A € Z. Bayer and Brandt in [2] call the arrangements A € Z very generic and
the ones which are not in Z, non-very generic. We will use their terminology in the rest of
this paper. The name very generic is motivated by the fact that, in this case, the number of
intersection of rank r in the intersection lattice £(8B(n, k, A)) is the largest possible for any
r and any arrangement A of n hyperplanes in R*(C¥).

In [4] Crapo proved that the intersection lattice of B(n,k, A), A € Z is isomorphic to
the Dilworth completion of the k-times lower-truncated Boolean algebra B,, ( see Theorem 2.
page 149 ). A more precise description of this lattice in the real case is due to Athanasiadis

who proved in [1] a conjecture by Bayer and Brandt which stated that the intersection lattice

of the discriminantal arrangement is isomorphic to the collection of all sets {S1,...,Sm},
where S ; are subsets of [n] = {1,...,n}, each of cardinality at least k + 1, such that
IJSil> k4> (1Si1-k) forall 1. [m] ={1,...,m},| 1|22, 2.2)
i€l i€l

We call the condition provided in Equation 2.2 as the Bayer-Brandth-Athanasiadis con-

dition or the BBA-condition.
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The isomorphism is the natural one which associate to the set S; the space Dg, =
(rcs,j=k+1 Dr intersection of all hyperplanes in the discriminantal arrangement indexed
in S;. In particular if the condition in Equation (2.2) is satisfied, this implies that the sub-
spaces Ds,,i = 1,...,m intersect transversally or, equivalently, that rank N/, Ds, = X" (|
S | —k) being rank(Ds,) =| S; | —k (as proved in Corollary 3.6 in [1]).

Notice that while there are two different descriptions of the intersection lattice in the very
generic case, very few is known about it in the non-very generic case.

An intersection in B(n, k, A) when A € Z is called a very generic intersection and an
intersection which doesn’t exist in B(n, k, A) when A € Z is called a non-very generic inter-
section. In [1], by proving a conjecture by Bayer and Brandt (see [2]), Athanasiadis provided
a complete description of the combinatorics of the discriminantal arrangement B(n, k, A)
when A is very generic. That is, they provided a condition which is satisfied by the com-
binatorics of all the intersections in £(8B(n,k, A)) when A is a very generic arrangement
which we call the Bayer-Brandt-Athanasiadis condition or the BBA-condition. The BBA-
condition is a global condition for very genericity, and using BBA-condition it is not possible
to determine locally whether an intersection in a discriminantal arrangement is very generic.
Untill recently, for all the known examples of non-very generic arrangements A, the BBA-
condition was not satisfied by the combinatorics of any non-very generic intersections in
L(B(n,k,A)).

One of the very first examples of such a non-very generic arrangement is the Crapo’s
construction of 6 lines in R? (see [5]) where the combinatorics of all the intersections in
.E(B(6, 2, .71)) fails the BBA-condition. For example, the construction of this arrangement
(see Figure 2.1) provides a non-very generic intersection X = ﬂ?: 1 D1, of multiplicity 4 in
rank 3 in £(8B(6,2,A)), where Dy, are hyperplanes in 8(6,2,A) and L, = {1,2,3},L, =
{1,4,6}, Ly = {3,4,5}, Ly = {2,5, 6} are the set of index subsets. Here the set {L{, L, L3, L4}

doesn’t satisfy the BBA-condition.

e
3
52/ Uy
51 55

FiGure 2.1
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Contrary to the Crapo’s construction, Yamagata and Settepanella provided two examples
of non-very generic arrangements (see Examples 4.2 and 4.3 in [19]) containing intersection
in L(B(n,k, A)) whose combinatorics satisfy the BBA-condition. That is to say, Example
4.2 in [19] is an arrangement of 16 hyperplanes in R'!. The construction of this exam-
ple provided an intersection X = ﬂ?zl Dy, of multiplicity 4 in rank 3 in £(8(16,11,A)),
where Dy, are hyperplanes in 8(16,11,A) and L; = [16]\ {13,14,15,16},L, = [16]\
{9,10,11,12}, Ly = [16] \ {5,6,7,8}, Ly = [16] \ {1,2, 3,4} are the set of index subsets. The
set {L1, Ly, L3, L4} satisfies the BBA-condition. The authors also constructed another exam-
ple, Example 4.3, an arrangement with 10 hyperplanes in IR3. The construction of this exam-
ple provided an intersection X = (_, Dy, of multiplicity 5 in rank 4 in £(8(10,3,A)),
where Dy, are hyperplanes in 8(10,3,A) and L, = {1,2,3,4},L, = {1,5,6,7},L3 =
{2,5,8,91L4 = {3,6,8,9}, Ls = {4,7,9, 10} are the set of index subsets. The set {L{, L,, L3, L4, Ls}
satisfies the BBA-condition. The authors showed that, for both these examples, there exists
a non-very generic intersection whose combinatorics satisfy the BBA-condition. That is,
the failing of BBA-condition can only be sufficient but not necessary for the existence of
non-very generic intersection and hence for an arrangement to be non-very generic.

Taking motivation from the above examples, we distinguish between the two types of
non-very generic intersections. We call a non-very generic intersection an arithmetic non-
very generic or ANVG intersection if its combinatorics doesn’t satisfies the BBA-condition.
On the other hand, we call a non-very generic intersection a geometric non-very generic or
GNVG intersection if it satifies the BBA-condition. For example, the Crapo’s construction
(see [4] and refer to 2.1) contains only ANVG intersections while the two non-very generic

intersections (in Examples 4.2 and 4.3) provided in [19] are GNVG intersection.

Remark 2.2.1. We call an arrangement arithmetic non-very generic or ANVG arrangement
if all its non-very generic intersections in L(B(n,k, A)) are ANVG intersections. On the
other hand, we call an arrangement geometric non-very generic or GNVG arrangement if

there exists a non-very generic intersection in L(8B(n, k, A)) which is a GNVG intersection.

Furthermore, in Lemma 4.1.5, we specify the conditions on an intersection X € L(B(n, k, .?{))
such that the failing of the BBA-condition by the combinatorics of X is necessary and suf-
ficient for X to be a non-very generic intersection. In particular, we study the conditions

required for a non-very generic intersection in £(8(n, k, A)) to be an ANVG intersection.
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Chapter 3

Generalised orchard and Sylvester’s
problem via discriminantal

arrangements

3.1 The orchard problem and the combinatorics of 8(n,2, A).

The study of maximum number of intersections of multiplicity 3 can be rewritten in
terms of combinatorics of the discriminantal arrangement B(n, 2, ﬂ). In this section we
introduce the notation and the definitions needed to formulate the orchard problem in terms

of combinatorics of the discriminantal arrangement.

3.1.1 Non-very generic intersections

Let A be a generic arrangement of 7 lines in IR? (equivalently C?) and denote by £,(B(n, 2, A))
the rank r elements in the intersection lattice of 8(n,2, A). In this case hyperplanes D, €
B(n,2,A) are indexed by subsets L C [n] (| L |= 3). By combinatorics of very generic
discriminantal arrangement, we get that r hyperplanes Dy, (i = 1,...,r) either intersect
transversally or there exists a partition {S,...,S,,} of {1,...,r},|S;| > 3 which satisfies
Athanasiadis condition (in Equation (2.2)) such that N7_, D, = N Ds, . Notice that in
this case Ds, intersects transversally, and rank(N_,D,) = X" (| S; | =2) (see Corollary
3.6in [1]). On the other hand, in the non-very generic case we can have r hyperplanes which
do not intersect transversally even if for any subset I C [r],| I |> 2 we have the intersection of
hyperplanes N;e; Dy, # Dk € L(B(n,2,A)) where K C [n],| K |> 3. We recall the definition

of simple intersection given in [18].
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Definition 3.1.1. An element X € L,(8(n,2,A)) is called a simple intersection if X =
N Dy, Dr, € B(n,2,A), m > r and for every subset I C [r],| I |> 2 we have the intersec-
tion of hyperplanes Nie;Dy, # Dk € L(B(n,2,A)) where K C [n],| K |> 3. In particular if

m > r we call X a non-very generic simple intersection. We call m the multiplicity of X.

Remark 3.1.2. Notice that an element A’ in a simple intersection X € L,(B(n,2,A)) cor-
responds to a translate of the generic arrangement A containing only double and triple
intersection points. Indeed an arrangement A’ of n lines in IR (CZ) in which lines I;’s inter-

sect in points P = Niexly, | K |> 3 belongs to Dx = NDy by definition.

LcK
ILI=3

Vice versa if a translate A’ of a generic arrangement A of n lines in R*(C?) contains
lines intersecting only in double points and triple points P;(i = 1,...,m) of the form
Pi = Njerlj(Li C [n],| Li |= 3) then A’ is an element in the simple intersection X =

A" Dy, € £,(B(n,2,A)).

Based on the above Remark 3.1.2 and the description of the combinatorics of very generic

arrangement provided by Athanasiadis, the following proposition holds.

Proposition 3.1.3. If a generic arrangement A of n lines in R*(C?) is very generic, then all
simple intersection X = N!" Dy, € L,(B(n,2, A)) have multiplicity m equals to their rank

r.

Proof. If A is a very generic arrangement of 7 lines in IR?(C?) then any simple intersection
X = N’ Dy, € L(B(n,2,A)) satisfies the condition r = rank(N?" Dr,) = X7, (| L; |

—k) = 2" ,(3-2) = m (see corollary 3.6 in [1]), that is r = m.

By the definition of simple intersection X € £, (8B(n, 2, A)), it follows that if the multiplicity
m is m = r then X is transversal intersection of exactly m = r hyperplanes, that is m = r is
the minimum value of m when the arrangement A varies among all generic arrangements of n
lines in IR? ( equivalently C?). One could ask which is the maximum value for . Proposition
3.1.3 states that when the arrangement A is very generic then all simple intersections X €
£L,(B(n,2,A)) have multiplicity m = r. We can also deduce from proposition 3.1.3 that
if A is an arrangement such that £,(B(n, 2, A)) admits simple intersections of multiplicity

m > r, then A has to be non-very generic. While the fact that m = r is the minimum value
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follows trivially from the definition of simple intersection, to study the maximum value for

m is quite difficult but interesting problem. Indeed the following proposition holds.

Proposition 3.1.4. A generic arrangement A of n lines in R*(C?) admits a translate A'
which is an arrangement of n lines in ]Rz(Cz) with maximum number of multiplicity 3 in-
tersection points if and only if it exists a simple intersection X € L, 3(B(n,2,A)) with
maximum multiplicity m, i.e., for any generic arrangement A of n lines in R (C?) and sim-

ple intersections X € L,_3(B(n,2,A)), multiplicity of X is equal to or smaller than m.

Proof. By Remark 3.1.2 we know that an arrangement of 7 lines in IR>(C?) with only dou-
ble and triple intersection points is an element in a simple intersection X = N Dy, €
£L,(8B(n,2,A)) with multiplicity m exactly equals to the number of triple intersection points.
Hence the maximum number of triple points that an arrangement of 7 lines in IR?(C?) with
only double and triple intersection can have is exactly equal to the maximum multiplicity that
a simple intersection can have when both rank » and A vary. Since n — 3 is the maximal rank

in which non central arrangements appear, then the proof follows. |

Proposition 3.1.4 states the equivalence between the problem of studying simple non-very

generic intersections of B(n, 2, A) and the orchard problem.

Example 3.1.5. Consider the arrangement A" shown in Figure 3.1, translate of a generic

arrangement A. Lines {1, ..., {7 in A" have normal vectors

a; = (-2,2),a0 = (-3,4),a3 = (0,6), 24 = (2,4), a5 = (3,2),06 = (-1,2) and a7 = (-1.2,1.8).

Then A is an element in the non-empty simple intersection X = Npe/Dy,
I = {{1,2,3},{1,4,6},{1,5,7},{2,4,7H2, 5, 6},{3,4,5}}. X is a simple non-very generic in-
tersection in rank 7 — 3 = 4 having multiplicity 6, the maximum multiplicity attainable for

such intersections when A ¢ Z.

3.2 Construction of 12 lines with 19 triple points from Pappus’s

configuration.

In this section we will consider a generic arrangement A of 6 planes in IR? and its trace

at infinity A, a generic arrangement of lines in projective plane.
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Ficure 3.1: Seven lines arrangement

We begin by considering a generic arrangement A of 6 planes in IR3 whose trace at infinity

Aw = {li), 1y, ..., li} of 6 lines in P2R is represented in Figure 3.2(A). The lines in A

Ficure 3.2: (A)-left: Generic arrangement Ao, and (B)-right: the rank 2
section of its discriminantal arrangement B(6, 3, Ac)

Ficure 3.3: Arrangement P, corresponding to Pappus’s configuration with
3 collinearity conditions.

intersect in 15 double points satisfying 4 collinearity conditions. For obvious reasons in
the rest of this section we will refer to this configuration as Pappus’s configuration with 4
collinearities and denote it by P¢,, while £, will denote the arrangement in Figure 3.3, i.e.,
the Pappus’s configuration with 3 collinearities.

In [14] the authors proved that collinearity conditions in A, correspond to multiplicity 3

intersections in £5(8B(n,3,Ax)). In particular a generic planar section of B(6,3,P<,) is
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represented in Figure 3.2(B).

Our goal in this section is to show how the study of arrangements of projective lines with
collinearities is connected to the study of arrangements of lines with maximum number of
triple points and that of arrangements of lines with minimum number of double points. We

will do this studying the case of 12 lines in the plane builded along the following steps:

1. Consider the Pappus’s configuration 5, (resp. P ) With 4 (resp. 3) collinearity
conditions with the additional condition that the three lines corresponding to the three
classical collinearities of Pappus’s hexagon configuration are concurrent ( as depicted
in Figure 3.4 where the three collinear lines are the parallel lines /|, [ and the line at

infinity 7).
2. Add to this arrangement six more lines P, = {/}, ....., lg} as follows:

(a) lines [{, 1, I are the three concurrent lines added in correspondence of the three

Pappus’s collinearities;

(b) lines [}, IZ, I¢ are added so that each one of them contains exactly two different
double intersections of P<, (resp. P ) and that each double point is contained in

only one line I/,i = 1,...,6.
We call the so built arrangement P7, a completion of P< (resp. Poo ).

There are 3 different completions P, of <, and P, . Indeed since lines in P<, ( resp. Poo
) intersect in 15 double points, 9 of which already belong to /1, [}, I, the remaining 6 double
points' can be partitioned in 3 different ways as sets of couples. Two different arrangements
Po UPL, are depicted in Figure 3.4 and Figure 3.6 while Figure 3.7 contains the arrangement
< U P, with the last possible alternative’. With above notations, the following proposition

holds.

Proposition 3.2.1. The arrangements of lines P, U P, are arrangements of 12 lines in P>R
with maximum number of triple points and P, U P’ is an arrangement of lines with minimum

number of double points.

INotice that, by construction, any three of those 6 points cannot be collinear, i.e. the construction in (2)(b)
gives rise to three distinct lines.
%In order to to simplify the figures we have chosen the line 7} to be the line at infinity.
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Proof. Tt is well known that an arrangement of 12 lines in IP2IR has at most 19 triple points
(see [13] for details) or at minimum 6 double points (see [12] for more details).

The arrangement P¢, U P, represented in Figure 3.7 has exactly 6 double intersections. In-
deed an intersection of multiplicity 6 added to the 15 intersections of multiplicity 3 leaves
exactly 6 intersections of multiplicity 2 by the classical formula

(=2 ()

k>2

where s is the number of mutually distinct lines and #; is the number of intersection points of
multiplicity k (see Equation (1) in [8]).

In the case depicted in Figure 3.4, i.e., P U Py, if we denote by P;; the double point given
by the intersection /; N [;, the line [ is chosen to be the line passing through double points
P>3 and Pys, 1’6 the one passing through P3¢ and P4s and, finally, l:t is the one containing
P14 and Pyg. This construction adds 6 triple points to the 10 ones obtained adding the lines
[}, 1, and [}, for a total of 16 triple points. What is left to prove is that whenever we join
lines in this way, if we denote by Pl’.j =10IN l;., the intersections Py, P and P are triple
points, that is, more precisely, P, € I;, Pjs € [} and P}, € [;. In order to prove this we

remark that the line /£ is parallel to I since, by simple geometric consideration, we have that

the trapezium(or trapezoid) formed by /7, 1’6, [3, Is has the parallel sides P3P36 and Py5P4s of
equal length making it a parallelogram. As a consequence [, N Iz N [ is not empty, that is
P, € I;. The same argument applies to the proof that P, € I} (resp. P), € I} ) as soon as
we consider the same configuration choosing the line /] (resp. [ ) as the line at infinity as
depicted in the left configuration of Figure 3.5 (resp. right configuration of Figure 3.5). The

same argument applies to the arrangement P, U P, depicted in Figure 3.6. O

The arrangement P, U P, is combinatorially isomorphic to the well known Boroczky
arrangement (see Example 2 of [10] for reference). In [10] the construction is purely geo-
metric based on choosing n diagonals of regular 2n-gons, while in our case we start with any
six lines in Pappus’s configurations and using a purely combinatorial method we achieve the
arrangement P, U P, as illustrated in the next section.

In the next subsection we will provide a way to build the completion £}, that depends
on the combinatorics of B(6,3,P5,) and B(6,3,P«). This gives a purely combinatorial

construction that can be generalized to a conjecture which we state in Subsection 5.3.
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FIGURE 3.5: on the left Po U P, with [] as line at infinity .On the right 7} is
the line at infinity.

FiGuRe 3.6: An arrangement Po, U P, with 19 3-points. P;; is written as ij.

3.2.1 Strong action on points P € £(A) and the o-completion

Let’s consider a generic arrangement A of n planes in R? with trace at infinity A, =

{1, b, ..., 1,} of n lines in P2R. Let S C S, be the subset of the symmetric group defined by

S={oceS,|oc=171..17 7;: disjoint transpositions}
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!
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FiGure 3.7: The arrangement P, U Pr, with 6 2-points. P;; is written as ij.

The elements o € S acts naturally on elements P = I, NI, € L3(Ax) a8 .P = Ly N Ly .
We say that an element o € S acts strongly or that the action of o is strong on A, if it fixes
non-trivial collinearities in £ (A ). That is if the points {Py, Py, ..., Py},m > 3in L3 (As)
are collinear and belonging to different lines, then o.P; € {Py,..., Py} forany i € {1,...,m}.

With the above notations, the following lemma holds.

Lemma 3.2.2. An element o € S C S¢ acts strongly on L3(Ps) if and only if o is a
product of exactly three transpositions each one fixing a point in one of the three distinct

collinearities.

Proof. Let the three classical collinearity conditions in the Pappus’s configuration be C; =
{Piriy> Pisiy» Pisic} Co = {Piiys Piyig» Pizis} and C3 = {Pyi5, Piyis, Piyis} as depicted in Figure
3.3.

Assume that o fixes a line of P,. Without loss of generalities, we can assume that o fixes /.
Then for any point P; ; € [;;, we have o.P;, ; = P € l;;, for some k # j. As a consequence,
o cannot act strongly on all non-trivial collinearities as no collinearity contains two points
in the same line in P,. It follows that if o is strong then o cannot fix any line, i.e., it is a
product of exactly three disjoint transpositions.

Moreover, if o fixes all the three points in a non-trivial collinearity then it is easy to check
that o sends at least one point of one collinearity to a point in another, that is, o does not act
strongly on £5(P).

Analogously, it is not difficult to check that if o permutes all the three points in a non-trivial
collinearity then o will be a product of non-disjoint transpositions. So o has to be the product

of three disjoint transpositions that fixes exactly one point in each collinearity. O
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Let A be a generic arrangement of 7 planes in R3(C?) with trace at infinity A, and o € S,
an element that acts strongly on A.,. We call o-completion of A, and denote it by A7, the

arrangement AL, = {/’,..., [ } satisfying the following conditions:
e [/ is the line Po.P, where P € L5(Aw).
e For any point P € £5(A), there exists exactly one line I/ € AZ, such that P € .

The Lemma 3.2.2 implies that we have 3 different o-completions 7, of P..
As a consequence, for any given permutation (il, ,..., i6), of the indices {1, ..., 6}, the

set of o~ acting strongly on P, is

Sp., =01 = Tiiy TisisTigig» 02 = TiyisTinia Tisig» O3 = Tiyig Tinis Tizis }-

The collinearities are Ci = {Pj,i,, Piyiy» Pisis}» C2 = {Piyiy» Pijigs Pisis) and C3 = {Pi iy, Pisis, Piyig}
as depicted in Figure 3.3. Remark that o3 is the only element which acts strongly on ¢, too

and the following proposition, equivalent to Proposition 3.2.1 holds.

Proposition 3.2.3. If P, and P, satisfy the additional condition that three collinearities of

the classical Pappus’s configuration are concurrent, then for o € Sp_ we have that

1. P, UPY is an arrangement with minimum number of 2-points if o is the element that

acts strongly on P<,,
2. P UPL is an arrangement with maximum number of 3-points if o doesn’t act strongly
on P,.
3.2.2 Strong action on B(n, 3, A ) and the line arrangement A”

The results in Subsection 3.2.1 can be easily expressed in terms of the combinatorics of
the discriminantal arrangement B(n, k, A« ). The symmetric group S, acts naturally on the

hyperplanes Dy, € B(n, k, Ax) (L = {s1,..., Sk+1} C [n]) as

0.Dp = Dy 1 € B(n,k,As), o.L = {051, ..., 0. Sp+1}-
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Moreover, since each collinearity condition in Ay, corresponds to a point P of multiplicity 3
in £5(8B(n,3,Ax)) (see [14]), o acts strongly on A if and only if it fixes the correspond-
ing intersection P € £5(8B(n,3,Ax))>. Accordingly, we will say that o acts strongly on
B(n,3, A ) if it fixes all triple intersections in L5 (B(n, 3, A )). Notice that this definition
too has meaning only when the arrangement (A is non-very generic.

In order to rewrite Proposition 3.2.3 only in terms of the combinatorics of the discriminantal

arrangement we need two more steps. First we give the following definition.

Definition 3.2.4. Two intersections P, P’ € L;(B(n,3,Ax)) are independent if and only if
any hyperplane Dy, € B(n, 3, Ax) which contains P does not contain the point P’.

Given three pairwise independent intersections P; € L3(B(n,3,Ax)) the intersection P €
L5(B(n,3,Ax)) is purely dependent from P;’s if it is the intersection of three hyperplanes

each one containing exactly one P;,i = 1,2,3 (as in Figure 3.8).

2345
1356 1246

1234 ‘

Ficure 3.8: Discriminantal arrangement corresponding to the Pappus’s con-
figuration with 4 multiplicity 3 points
Remark that purely dependent intersections only exist when A is non-very generic arrange-
ment. Furthermore it is a simple remark that 8(6,3, A) contains at most 3 independent
intersections, realized when A = P, and a purely dependent one as in P, .
Secondly let’s denote by A” the arrangement in IR?(C?) whose projective closure is the
o-completion AL of A. It is a simple remark that the o~ completion PZ, at point (2) of
Proposition 3.2.3 is an arrangement of 6 lines with 4 triple points, that is the maximum possi-
ble ( see Figure 3.4). Hence, for a suitable choice of the line at infinity, $“ is an arrangement

in a simple non-very generic intersection X € £3(8(6,2,A)) of maximum multiplicity and

3In details the collinearity condition C = {P},;,, Pj,i,, Pisi} in HAc corresponds to the 3-point P = H?ZIDL,. €
Lo(8(6,3, Ax)) with L1 = {i3, 14, 5, i}, Ly = {i1, i, i5, i}, L3 = {i1, 12,13, 4}.
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the following theorem equivalent to Proposition 3.2.3 holds.

Theorem 3.2.5. Let B (6, 3, ﬂoo) be a discriminantal arrangement with maximum number of
independent intersections in L(8(6,3,Ax)), and o € S an element that acts strongly on

B(6,3, Ax). Then

1. the arrangement A U AL is an arrangement with minimum number of intersections
of multiplicity 2 if and only if L,(8B(6,3, A )) contains a purely dependent intersec-

tion fixed by o and A, is central.

2. A U AL is an arrangement with maximum number of intersections of multiplicity 3
if and only if A7 € X € L3(B(6,2,A7)) is simple non-very generic intersection of

multiplicity 4 .

The above statement only depends on the combinatorics of discriminantal arrangement al-

lowing us to generalize it into the following conjecture.

Conjecture 3.2.6. Ler B(n, 3, A ) be a discrimanantal arrangement with maximum number
of independent intersections in L5(B(n,3,Ax)), and o € S an element which acts strongly

on B(n,3, A ). Then

1. the arrangement A U AL is an arrangement with minimum number of intersections
of multiplicity 2 if and only if L,(B(n, 3, Ax)) also contains the maximum number of

purely dependent intersections fixed by o and AZ, is central;

2. A UAY is an arrangement with maximum number of intersections of multiplicity 3
if and only if A” € X € L,-3(B(n,2,A7)) is simple non-very generic intersection of

maximum multiplicity.
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Chapter 4

Arithmetic non-very generic

intersection

4.1 Athanasiadis rank for non-very generic intersections

An arrangement A is either very generic or non-very generic depending on the intersec-
tion lattice of B(n, k, A). Hence, from this section onwards we will focus on the study of

intersections X € L(B(n, k, A)).

4.1.1 Canonical presentation of intersections in £(8(n, k, A))
The following definition will play a central role in the rest of the paper.

Definition 4.1.1. Given an intersection X € L(B(n,k,A)) we call Ds the components
of X if X ¢ Dg and X ¢ Dsyyjy for all j € [n]\'S. In particular for an intersection
X = N, Ds, € L(B(n,k,A)), the set of indices {S1,...,Su} corresponding to all the

components {Ds., ..., Ds, } of X is called the canonical presentation of X.

Let’s remark that while there are several ways to represent an element X € £(8B(n,k, A)),
its components are unique and so is its canonical presentation. This motivates the following

definition.

Definition 4.1.2 (Athanasiadis rank). Given an intersection X = (", Ds, € L(B(n, k,A))
with canonical presentation {S 1, ..., S ), we call the natural number ax = Y™ (IS — k)

the Athanasiadis rank of X.

By Equation (2.2) if an arrangement A is very generic then all the intersections X € L(B(n, k, A))

satisfy rank (X) = ay.
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Definition 4.1.3 (Non-very generic intersection). Given an intersection X = (i, Ds, €
L(B(n, k, A)) with canonical presentation {S 1, ..., S}, we call X very generic if rank (X) =

ax, and non-very generic otherwise.

While the first known examples of non-very generic intersections all failed the BBA-condition
defined in Equation 2.2, as shown in [19], there are non-very generic intersections which sat-

isfy it. Hence we further distinguish between the non-very generic intersections as follows.

Definition 4.1.4. We call a non-very generic intersection X = (", Ds, € L(B(n,k,A))
geometric non-very generic or GNVG if its canonical presentation {S 1, ..., S} satisfies the

BBA-condition and arithmetic non-very generic or ANVG otherwise.

It is important to remark here that in [21], Lemma 3.8, the authors show that if A is a non-
very generic arrangement then for any intersection X € £L(8B(n, k, A)) which is GNVG, it
exists an intersection ¥ € X which is ANVG. It follows that we can have non-very generic ar-
rangements A which are arithmetic non-very generic, i.e., all non-very generic intersections
in £(B(n, k, A)) are ANVG, but there are not geometric non-very generic arrangements.

While the study of GNVG intersections seem to be very difficult, the one of the ANVG
is simply related to the failing of the BBA-condition, i.e., to be an arithmetic non-very
generic arrangement is completely classified by the BBA-condition. Hence our goal is to
study under which conditions a non-very generic arrangement A is arithmetic. In the rest
of this section we will focus on the study of conditions for which a non-very generic in-
tersection is ANVG. In order to simplify the exposition, from now on whenever we write
X = ﬂ;."zl Dg, € L(B(n,k, A)) we intend that {S,...,S,,} is the canonical presentation of

X, unless differently specified.

Lemma 4.1.5. Ler X = (", Dg, be an intersection in L(B(n,k, A)) and T € P(n,k) be a

set which satisfies the condition:

VS, e(S1,....8S,YAT € T such that S; c T, and rank(X)ZZ(ITI—k)—ﬂFOI, 4.1)
TeT

where To :={T €T ||{i|S;c T} >2}

Then X is a non-very generic intersection if and only if it is an ANVG intersection.

Proof. If canonical presentation {S i, ..., S} of the intersection X = N, Ds, € L(B(n, k, A))

doesn’t satisfy the BBA-condition, then X is a non-very generic intersection.
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Let X = N, Ds, € L(B(n,k, A)) be a non-very generic intersection. We define:

0 ifT ¢ T,
X|T = ﬂ DS[ and ey 1=
S;cT 1 ifTeTy

for T € T. Let us assume that BBA- condition is satisfied then

s

S;cT

axir < —k—ep <|T|-k—er.

Thus ax = Yreraxr < Srer(|Us,cr Si| —k—er) < Srer(ITI-k—€r) = Srer(ITI -

k) — |To| < rank(X) which is a contradiction. Hence the BBA-condition fails. O

A trivial example of this lemma are intersections X = (!, Dy, with rank(X) = 3 in an
arrangement of 6 lines in the real plane. In this case, if we fix T = Ty = {123456}, then all
intersections X = (", Ds, trivially satisfy the condition that S; € T, and if rank(X) = 3,
then the condition rank(X) > Y7er(ITI—2) = [Tol = (6 —2) — 1 = 3 is satisfied. That
is all the non-very generic intersections in the Crapo’s arrangement of 6 lines in R? fail the

BBA-condition as in the example described in the Introduction (see Figure 2.1).

Lemma 4.1.6. Ler X = (", Dg, be an intersection of rank n —k — 1 in L(B(n,k, A)). If X

is a non-very generic intersection, then ’U:”Zl Sil = |Uxcp, LI = n.
Proof. LetX = (", Ds, be a non-very generic intersection of rank n —k — 1 in L(8B(n, k, A))
and assume that |U;”:1 S,-| = |Uxcp, LI < n. Then it exists a subset L € (k[_'ﬂl) such that L ¢

U™, Siand hence X ¢ D;. It follows that the rank(X N D) = rank(X) + rank(D;) =
n —k, that is X N Dy is central. On the other hand X is a non-very generic intersection so
the rank(X N DL) < ax +1 = axnp,. Hence X N Dy is a central and non-very generic

intersection which is absurd. O
The above lemma and Lemma 4.1.5 when [T| = 1 give us the following theorem:

Theorem 4.1.7. Let X = (", Ds, be an intersection of rank n —k — 1 in L(B(n,k, A)).

Then X is a non-very generic intersection if and only if it is ANVG.

Corollary 4.1.8. An arrangement A with n + 3 hyperplanes in C" is non-very generic if and

only if it is an ANVG arrangement.
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4.2 Description of rank 2 intersections in the discrminantal ar-

rangements

In this section, we correct the result on rank 2 intersections in discriminantal arrange-
ments provided by Libgober and Settepanella in [14]. Libgober and Settepanella said that the
multiplicity of the rank 2 intersections in discriminantal arrangements 8(n, k, A) is 2,3 or
k 4 2 (see [14]). We add on to that result by showing that we can construct intersections of

rank 2 with multiplicity upto by considering arrangements having possible restrictions

nkl

used by Libgober and Settepanella in [14].

Theorem 4.2.1. Let X = (!, Dy, be an intersection in L(B(n, k,A)). Suppose U, L; =
[n]. Ifrank(X) = 2, then X satisfies ax < —=7- Conversely, if ——— is an integer, then there

exists an arrangement consisting of n hyperplanes in R¥ with non-very generic intersection

X satisfying ax = ==

We will give the proof of this later. Note that every rank 2 non-very generic intersections in
L(B(n, k, A)) are simple, that is, the canonical presentation of X = (', Dy, is{Ly,..., Ly}
with |[L;] = k+ 1fori = 1,...,m and ax = m. Also, the multiplicity of simple non-very
generic intersection equals to its Athanasiadis rank.

Before we give general construction and proof of inequality, we construct an arrangement of
8 hyperplanes in R3 which is the first example containing rank 2 intersection whose multi-

plicity is different from the ones mentioned in the result by Libgober and Settepanella.

Example 4.2.2. Let

100001 2 3
01 000O0T1 -2 -1
(@1mazagasasazag) =0 0 1 0 0 1 3 2
000101 -1 -2
000O0O0TT1 1 1

and let A = {Hy,...,Hs} be the central arrangement where H; is orthogonal to «;. The

arrangement A is generic. Consider the intersection X of hyperplanes

D123456, D123478, D125678, D345678



4.2. Description of rank 2 intersections in the discrminantal arrangements 27

in a discriminantal arrangement B(8,5, A). The canonical presentation of X = Dia3a56 N

D123478 N D125678 N D3asers is {{1,2,3,4,5,6},{1,2,3,4,7,8},{1,2,5,6,7,8},{3,4,5,6,7,8} ). Hence

ay = 4.
We obtain
123456 1 1 1 1 1 -1 0 0
123478 1 1 -1 -1 0 0 1 -1
125678 - -8 -8 0 0 -4 4 -4 4
Q345678 0O 0 8 8 4 -4 -4 4

and its rank equals 2. Thus rank(X) =2 #ax—1 = 3.
Recall Falk’s adjoint construction to consider a general construction.

Definition 4.2.3. Let {1, ..., a,) be a set of vectors in RX. The Gale diagram of (a1, . . ., a,)
is aset{By,...,Bn} of vectors in R"* such that the row space of (B .. .Bn) is the orthogonal

complement of the row space of (a1 . ..ay).

Remark that, if {aq,...a,} is in general position, then its Gale diagram is also in general
position. Also, it is known that taking Gale diagram is a dual operation, i.e., taking Gale
diagram twice for a set of vectors returns to the original one. For more properties of Gale

diagrams, refer to [22].

Theorem 4.2.4 ([9]). Let A be a generic arrangement with normals {«;, . ..a,} in R¥. The
essential part of B(n,k, A) is linearly equivalent to the arrangement consisting of all hyper-

planes spanned by n — k — 1 elements in a Gale diagram of {ay, ... a,}.

Thus, we can see that the inequality in Theorem 4.2.1 is optimal if we can construct an

arrangement generated by n points 51, ..., 5, in n — k-space that has intersection X of rank 2

with the multiplicity ——— when -—— is an integer. Let us consider the case when n —k —

n—k—
1=2.

Example 4.2.5. Let n > 6 be an even number and let k = n — 3. Take

2n 22n J e n-2n
cos & cos == cos = . cos %=
(BiB2...Bn) = sm2n—7r sm%’ ..oosinEE sm% .

1 1 1 1
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It is easy to see that det(B;,Bi,Bi;) # 0 forall 1 < i) < ip < iz < n. Hence By,...,By are
in general position. Now, the 1-dimensional subspace X = ((0,0, 1)T> is included by all

(B,-,/S’H%)for i=1,...,5. Hence the arrangement generated by B\, ..., [, has the rank 2 in-

tersection X of multiplicity 5 = Taking the Gale diagram {a, ..., a,} of {B1,....Bn}

n
n—k—1°

we obtain the arrangement {Hy, ..., H,} as we needed.
More generally, we provide a construction as follows.

Example 4.2.6. Suppose n —k — 1 devides n. Let X be a linear subspace of dimension n —

k—2in R"*. Take ——7 lyperplanes Dy, . . ., D_u_in R"* with the condition that D; > X

foreachi = 1,..., n_"ﬁ We want to take n — k — 1 vectors Bi1,...,Bin-k-1 that are not
contained by X in each hyperplane D;. Here, we require {f;; | 1 < i < +—5=,1 < j <

n—k— 1} to be in the general position, but since the set of generic arrangements in the
space of arrangements is a Zariski open set, they can always be in the general position.

Hence the arrangement consisting of D; = (Bi1,...,Bin-k—1) has the rank 2 intersection X

Thus, we obtain that Theorem 4.2.1 is an optimal evaluation. Let us show the inequality of

Athanasiadis rank for the rank 2 intersections.

proof of Theorem 4.2.1. 1f X is very generic, then the statement holds. Suppose X = (i, D

be a rank 2 non-very generic intersection with the canonical presentation {Ly,..., L} in
L(B(n, k,A)).
Firstly, we show that
m
L, UL; = ULi 4.2)
for 1 < ij < ip < m. If there exists an index j € U, L; \ (L;, U L;,) and i, € [m] such that

L;, > j, then DL[.O >X = DL,-I N DL,.2 ») DLM UL, - It is a contradiction.
By Equation (4.2), for each i, j € [m], we get L; U L; = [n], or equivalently, [n] \ L; C L;.

Thus, we obtain

n:|[n]|zz \L|

That is ay < oy

m

> Y |\ L| = m(n—k-1).

i=1

[
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Remark 4.2.7. Only the part 3 in Theorem 3.9 in [ 14] requires modification. The parts 1,2,4
in Theorems 3.9 hold even for the examples in the present paper. The part 2 in Theorems
3.9 is non-trivial, however it follows from Equation (4.2). Equation (4.2) states that when
the three hyperplanes Dy, Dy,, Dy, intersect with rank 2, then Ly C L, U Lz, Ly C Ly U L3,
and Ly C Ly U Ly hold. Therefore, by setting L, = L;\ ﬂ;zl Lj, we obtain the good-
3-partition {L} N L), L} N L}, L, N L.}, which corresponds to the multiplicity 3 intersection
of rank 2 in the discriminantal arrangement determined by the dependent restriction AX,
where X = (Nier,n1,nL, Hi. Moreover, from the perspective of the Gale dual, considering

the restriction AX, where X = (MieL,nLynL; His is equivalent to considering the deletion of

{ﬁiuemj:lL,-}fmm{ﬁiu: 1,...,n).
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