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Abstract

O’Dorney has proved that for any orthogonal matrix U, there exists a sig-
nature matrix D (a diagonal matrix with diagonal entries 1) by which
|sij| < 1, where S = (s;;) = Q(UD) is the Cayley transform of UD. In
this paper, we prove that the upper bound can be reduced to v/2 — 1 by
multiplying by a certain signed permutation matrix, instead of a signature
matrix.
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1. Introduction

Throughout this paper, we consider n x n real matrices with an arbitrarily
fixed n > 2. The Cayley transform of a matrix A, satisfying det(/ + A) # 0
(in other words, A does not have eigenvalues —1) is defined as

Q(A) = (I = A)(I+A), (1)
where I denotes the identity matrix. Let Skew(n), O(n), and T(n) denote the
sets of skew-symmetric matrices (i.e. AT = —A), orthogonal matrices (i.e.

ATA = AAT = I), and square matrices without eigenvalues —1, respectively.
The following are fundamental properties of the Cayley transform:

e VA€ T(n), QQ(A)) = 4,
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o VS € Skew(n), Q(S) € O(n)NT(n),
o YU € O(n)NT(n), Q(U) € Skew(n).

Note that Skew(n) C T(n), since eigenvalues of skew-symmetric matrices are
purely imaginary numbers. Also note that O(n) N T(n) is a proper subset
of SO(n), the set of special orthogonal matrices (i.e. U € O(n) satisfying
det(U) = 1), since a special orthogonal matrix can have an even number
of eigenvalues —1, and then SO(n) ¢ T(n). Obviously, when an orthogonal
matrix U € O(n) has eigenvalue(s) —1, there does not exist a skew-symmetric
matrix S € Skew(n) satisfying S = Q(U) since the Cayley transform is not
defined for such an orthogonal matrix.

Let S(n) denote the set of signature matrices, defined as S(n) = {D | D =
(0;5d;), d; € {—1,1}}, where §;; stands for the Kronecker delta. Kahan [1]
has proved that for any matrix A, there exists a signature matrix D € S(n)
such that det(I + AD) # 0, which immediately leads the following theorem:

Theorem 1 ([1]).

YU € O(n), 3D € S(n),S € Skew(n) s.t. S=QUD). (2)

This theorem connects Skew(n) and the whole O(n), instead of its subset
O(n) N T(n). Kahan [1] also discussed the magnitude of entries of S =
Q(UD), and raised a problem, “How small can we make |s;;| with S = (s;;) =
Q(UD)?” O’Dorney [2] has resolved this open problem by the following
theorem:

Theorem 2 ([2]).

VYU € O(n), 3D € S(n), S € Skew(n)

As is well known, multiplying an orthogonal matrix U € O(n) by a signa-
ture matrix D € S(n) may flip the sign of the determinant (i.e. det(UD) =
—det(U) with a certain D € S(n)). Similarly, a permutation matrix may
also flip the sign of the determinant (i.e. det(UP) = —det(U) with a certain
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P € P(n), where P(n) denotes the set of permutation matrices). On the
basis of this similarity, we discussed the possibility to eliminate eigenvalues
—1 from an orthogonal matrix U € O(n) by multiplying by a permutation
matrix P € P(n), and proved the following theorem [3]:

Theorem 3 ([3]).
YU € O(n), 3P € (P(n)U —P(n)),S € Skew(n) st. S=Q(UP), (4)
where —P(n) ={—P | P € P(n)}.

Let SP(n) denote the set of signed permutation matrices, defined as
SP(n) = {PD | P € P(n),D € S(n)}, which trivially includes S(n), P(n)
and —P(n). Then, the following corollary follows immediately from either
Theorem 1 or Theorem 3, which is pointed out in [3].

Corollary 1 ([3]).

VU € O(n), IM € SP(n), S € Skew(n) s.t. S=Q(UM). (5)

Here, a natural question will arise, that is, “Can the upper bound in
Theorem 2 be reduced or not by replacing S(n) with SP(n)?” This problem
is now positively resolved in this paper by the following theorem, which was
a conjecture obtained through numerical experiments in our previous work

[3].
Theorem 4.

VU € O(n), 3M € SP(n), S € Skew(n)
st. S=QUM) with |s;| <V2—1. (6)



2. Preliminaries

Let J C {1,. n} be a certain index set and let J¢ be its complement
defined as J¢ = {1 .,n} \ J. Firstly, we define some matrices as follows:

I’ = > ke exey,
FI) = eiejr — e el

where e; stands for the n-dimensional unit vector whose i-th entry is unity.
Note that C) € SP(n).

Let U € O(n) N T(n) be an arbitrary orthogonal matrix without eigen-
values —1. The Cayley transform Eq.(1) of U can be also represented as

= -U)I+0)"
— (21 (1+ U)(I+U)™!
=2(I+U)" — I € Skew(n). (7)
Let B = (sz) = <]+U)_1 Then B = %(S—}‘I) ThUS, we have bij = _bji7
si\:/%ij with i # j, and b; = 1/2. Also, (det(I + U))B = (I + U), where

(I + U) stands for the adjugate matrix (transposed cofactor matrix) of I+U.
Note that the cofactor of the (j,7)-entry of I + U, denoted as Cof(I + U)j;,
is represented as

COf(] + U)Jz ( )J+iMiHOI'(I + U)]z
det(I'H (1 4+ U) I 4 ejel)
de

t((I + U + ejel),

where Minor(I 4+ U);; stands for the first minor of the (j,4)-entry of I + U.
Thus, we have

det(I + U)by; = det((I 4+ U) I + ejel). (8)

For an n x n square matrix A, A;c denotes the matrix which is obtained
by eliminating the k-th column and the k-th row from A for each k € J.
Hereafter, we use the notation U + [ instead of I + U for readability.



Lemma 1. Let U € O(n) N'T(n) and let S = (s;;) = Q(U). Then fori # j,

det((U—l—I){ }C)
24+1=4 Ay
St det(U + I) (9)

Proof Due to the multi-linearity of determinants,

det(U + I + F9)

= det(U + I) + det((U + DI — ejel’) + det((U + 1) I + e;el)
+ det((U + 1)1t} 4 pla)

= det(U + 1) — det((U + 1)1 + eje]) + det((U + 1)V + e;el)
— det((U + NI} + e;e] — ejel)

= det(U + 1) — det((U + 1)I'" + eje] ) + det((U + 1)1V} + e;el)
+det(U + I + el + ejel)

= det(U + 1) — det(U + I)bs; + det(U + I)bj; + det((U + 1) jyc)

which yields

det(U + I + FU9) det((U + I)g; jyc)
=1+ (by; — by; LA 10
dot(U + 1) i = ba) G T (10)
On the other hand,
det(U + I + F:9) g
= det I+ F@D N
det(U + 1) MU+ FU+ D7)
= det(I + F")(U +1)71)
= det(I + F"“) B)
= (bji +1)(=bij + 1) + biiby;
From Egs.(10) and (11), we have
. :bmb—blblz— - 24, 12
det(U + 1) i3 = P = g g% (12)



which implies

det((U + 1) i jyc)
241 = SR Ay 13
i T det(U + 1) (13)

Lemma 2. Let U € O(n) N T(n). Then fori # j,

det(U + It71) = det((U + I) g j5c).- (14)

Proof Due to the multi-linearity of determinants, we have
det(U + I)
= det(U + 117} - det (U + T1VH T 1 e;el)
+det((U + I 1V + ejel) + det((U + 1)1V} + ee] + ejel)
= det(U + I} + det((U + 1VH T 4+ ezel)
+det((U + I IV} + ejel) + det((U + )i jye). (15)
Since the cofactor of the (i,7)-entry of (U + I) is

T det(U + 1
for any i € {1,...,n}, and
(U 1), = det((U + DI + e;eT)
= det((U + 11T + e;e] + ejel)
+ det((U + IO 4 ezl
= det((U + 1)y jyo) + det((U + TV I +eel)  (17)
for any i € {1,...,n}, we have

P e N

det(U+1)=U+1),; + (U +1);

= 2det((U + I)gijye) + det((U + 1VH T + ee])
+ det((U + 1) 119 +ejel ). (18)

Therefore, from Eqs.(15) and (18), Eq.(14) immediately follows. O
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Lemma 3.

VU € O(n) N T(n), det(U+ 1) > 0. (19)

Proof An eigenvalue of U, denoted as A, satisfies |\| = 1, and its complex
conjugate X is also an eigenvalue of U. Thus, without loss of generality, we
can assume that U has n, eigenvalues 1 and complex (non-real) eigenvalues
Al Ay Ay ooy Ay, With ny,+2n., =n, n, > 0, n, > 0. Then, it is trivial
that

det(U + I) = (1 + 1)™ T (1 + Xe) (1 + \g)
= anHZczl(l + 2Re()\k) + |)\k’2)
— 2mtne][e (14 Re(\g)) > 0, (20)

since —1 < Re(\;) < 1. O

3. Proof of Theorem 4

Firstly, we give the following theorem, in which we identify the signed
permutation matrix that attains the minimum upper bound in Theorem 4.

Theorem 5. Let U € O(n) be an arbitrary orthogonal matriz and let
My = argmaxscgp,) det(UM + 1). (21)
Then S = (s;;) = Q(UM,y) is defined, and

|si;] < V2 — 1. (22)

Proof Corollary 1 guarantees that there exists M € SP(n) such that
det(UM + I) # 0, and then det(UM + I) > 0 by Lemma 3. Therefore,
we conclude that det(UMy + I) # 0, which implies that the Cayley trans-
form S = Q(UM,) is defined.

Let U() = UMO Then

det(Uy + 1) > det(UgM + 1) (23)



for any M € SP(n) by assumption. Since C")) € SP(n), det(C®9) = 1,
(CEINT = 6D,
det(Uy 4 1) > det(UgC™) + 1)
= det(Up + CUY)
= det(Uy + I + det((Uy 4 1)1} — eief + ejel)
+det((Uy + DI + eje]) + det((Uy + 1)1V — ezel)
= det(Up + 1) + det((Uy + I)g5 5y0)
+ det(Uy + 1)b;; — det(Uy + 1)by;
= 2det((Uo + 1) j30) + 2det(Up + I)bi; (by Lemma 2)
Similarly, we have
det(Uy + I) > det(UyCY) + T)
= det(Uy + C®9)
= 2det((Uo + 1) 530) — 2det(Uo + 1)by;.
Thus, we conclude that
det(Up + I) > 2det((Up + I)g; jyc) + 2det(Up + I)|by]
= 2det((Up + 1) jyc) + det(Up + I)|s45],
which implies
det((Uo + 1) 0)
- det(Up + 1)

+ |Si]"7

and then
det((UO + ]){l’J}C)

21 — |s::]) > 4
(1= lsil) 2 det(Up + 1)

Thus, from Lemma 1 and Eq.(26),
531" + 1 < 2(1 — |sy1)
(|Sij‘ + 1)2 < 2
|sij] < V2 -1,

which concludes the proof.

and

O

Accordingly, Theorem 4 has been proven since Theorem 4 is a trivial

corollary of Theorem 5.



4. A remark on the tightness of the upper bound

In [3], we gave a proof of Theorem 4 only for n = 2, together with the
fact that there exists U € O(2) by which

min max |SEJM)| =21, (27)
MeSP(2) i,j

where S = (s} = Q(UM). This implies that the upper bound v/2 — 1

ij
is the tightest one. The matrix

vl i eow

is such an example. The following is an excerpt from the proof in [3] on this
issue.

U:

SP(2) consists of the following 8 matrices:

10 -1 0 0 -1 0 1
R e Y N N ]

-1 0 1 0 01 0 -1
i B I e F ER e A
Since det(UMy + I) # 0 for k € {1,2,3,4}, Q(UMy) is defined for k €
{1,2, 3,4}, while Q(U Mj,) is not defined for k € {5,6,7,8} due to det(U M+
I)=0fork € {5,6,7,8}. The Cayley transforms of UM, with k € {1,2, 3,4}
are given as follows:

i 0 Va1
S1=(s5) = QUM) = ~(vV2-1 0 ’
[0 —(v2+1) ]
52=<31(32‘)):Q(UM2): V241 ( 0 ) )
[0 V2+1]
S3 = (Sz(j))) = QUM;) = —(V2+1) 0 ’
T (VT -1) ]
si=G) =eumy = | o TV
Therefore,
min max]sg?” =v2-1
ke{1,234} i
for this U.
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