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ABSTRACT. In this paper, we consider the asymptotic profiles of zero points
for the spatial variable of the solutions to the heat equation. By giving suit-
able conditions for the initial data, we prove the existence of zero points by
extending the high-order asymptotic expansion theory for the heat equation.
This reveals a previously unknown asymptotic profile of zero points diverging
at O(t). In a one-dimensional spatial case, we show the zero point’s second
and third-order asymptotic profiles in a general situation. We also analyze a
zero-level set in high-dimensional spaces and obtain results that extend the
results for the one-dimensional spatial case.

1. INTRODUCTION

We consider a Cauchy problem

0
—u:Awu (t >0, z € RY),

(1.1) ot
uw(0,7) = up(z) (zr € RY),

where u = u(t,z) € R (t > 0,2 € RY), A, is Laplace operator for the spatial
variable z, and uy € L'(R?) N L>=(R%). Throughout this paper, we assume that
luol|z1 # 0 and denote the Euclidean norm and inner product on R? by | - | and
(-, ), respectively.

In this paper, we consider the asymptotic behavior of the zero level set Z(¢) :=
{x € R? | u(t,z) = 0}, where u(t,r) is a unique bounded solution of (1.1) which
can be written as follows:

(12)  ult) = (GO <u)e) = [ Gt - yunldy (>0, xR
Rd
of (1.1). Here, G(t,x) is the heat kernel defined as
1 2
o —|z|?/4t
(1.3) G(t,x) := 7(47#)65/26 .

The analysis of the zero level set is important to understanding the behavior of
sign-changing solutions of parabolic equations. To analyze the behavior of sign-
changing solutions, many researchers have focused on the zero level set or the
sign-changing number of the initial data [2, 4, 5, 14, 16]. Especially, the case d =1
is particularly well analyzed. In parabolic equations, one of the most fundamental
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2 HIROSHI ISHII

properties is that Z(t) is a discrete set [2]. Furthermore, it is known that the
number of elements of Z(t) does not increase as time passes [5, 14].

In investigating the dynamics of the sign-changing solution in detail, the as-
ymptotic behavior of Z(t) has been analyzed to the heat equation with d = 1.
Mizoguchi [16] estimated the upper bound of Z(t) in the case that ug(x) is sign-
changing at finite times and proved Z(t) C [-Cot, Cot] for sufficiently large ¢ > 0
with some Cy > 0. Moreover, it has been reported that there exist ug(z) and
x*(t) € Z(t) such that z*(t) > Cit holds for sufficiently large ¢ > 0 with some
Cy > 0. Chung [4] analyzed the asymptotic behavior of zero points when wg(x)
belongs to L'(R, 1 + |z|**1) for some k € N and satisfies

(1.4) /R Puoly)dy =0 (= 0,1,....k—1), /R yFuo(y)dy # 0.

As the result of [4], for sufficiently large ¢ > 0, there exist z}(t) € Z(t) (j =
1,2,...,k) such that
im I; ®) =
t——+o00 Qﬁ
where h; (j =1,2,...,k) are mutually different zero points of the Hermite polyno-
mial Hy(x) with the order k defined as

h

K

2 k 2
Hy(z) = (—1)ke® %[e*w ].

The proof of the result is based on the Hermite polynomial approximation deduced
using the asymptotic expansion for the heat equation (see [4] and the references
therein). Chung further analyzed the behavior of the zero point of the solution in
the case d > 2 and also obtained results for the spherically symmetric initial data.

We expect from these results that the elements of Z(t) have various asymptotic
profiles. However, even the case d = 1 does not yield a clear answer. Especially,
even though there is a case that the asymptotic behavior of an element of Z(t) is
O(t) as t — 400, the characterization of its coefficient has not been given. Indeed,
it seems interesting that the asymptotic behavior of some zero point is O(t) while
V/t is the scale of self-similarity of the solution of the heat equation. The aim of
this paper is to explicitly give asymptotic profiles of zero points and to reveal what
properties of the initial data make a difference in the orders.

As related problems, the level set of the solution to the heat equation has been
analyzed theoretically in connection with the hot spot problems [3, 9, 10, 12] and
for application aspects such as level set methods [15] and image processing [7, §].
Among them, we mention the hot spot problem in the heat equation. It is the study
of the behavior of the maximum point of a solution, and the maximum points are
called hot spots. Under the non-negativity of the initial condition and relatively
general conditions, we can show that the hot spots are critical points as pointed
out in [3, 12]. Since the partial derivatives of the solution are also solutions to the
heat equation, analyzing the behavior of the zero point also allows analysis of hot
spots through critical points. In this sense, the hot spot problem is an issue related
to the motivation of this paper. The hot spot problem for the heat equation on
unbounded domains in high dimensional space is often analyzed by imposing some
non-negativity on the initial data [3, 9, 10, 12]. To the best of our knowledge,
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hot spots asymptotically move slower than O(t) in many cases, and there is no
consideration of zero points moving at O(t) which is the aim of this paper.

In this paper, we develop higher-order asymptotic expansions of the heat equa-
tion in order to analyze the behavior of the zero points in detail. Furthermore,
based on the analysis, the asymptotic behavior of the zero point in the case d =1
is revealed up to the constant term. This result provides a complete answer for the
asymptotic behavior of the zero point in the one-dimensional case when the initial
data has fast decaying and finite sign changes.

The paper is organized as follows: Section 2 presents results on higher-order
asymptotic expansions on moving coordinate systems for analyzing the asymptotic
behavior of zero points. In Section 3, the asymptotic behavior of the zero point for
d =1 is analyzed in detail with the proofs. We summarize the analysis of specific
cases for the higher dimensional case in Section 4. Finally, we mention related
problems in Section 5.

2. PRELIMINARIES

We prepare symbols and notations to explain the analytical methods used in

this study. For all multi index o = (s, ..., a4) € (NU{0})¢, we define the sum of
d

components as |a|q := Z aj. Also, the o partial derivative to the smooth function

j=1
f(z) is defined as follows:

0 f(x) =

d

olal ¢
——(x
TR Zh
We also define % = 27" ---25* and a! = a;!- - - aq!.
Under this preparation, it is well known that higher-order asymptotic expansions
for solutions such as the following:

Lemma 2.1. [4, Theorem 2.2] Let u be the bounded solution on (0, +00) x R? to the
heat equation (1.1) with initial data ug € L*(R%1 + |z["*1) for some nonnegative
integer n. There is then a positive constant C' = C(n,d) such that

5> Jia y*uoly 7 ~(n "
u(t,x) — G(t,x) Rd4t Ia\/2a' | I He, 2\% < Ot D2y
j=1

la|<n
for all z € R?.

We analyze the asymptotic behavior of the zero point by considering a natural
extension of this asymptotic expansion. The following conditions are given for the
initial data:

(2.1) VA € RY, / eV g (y)]dy < oo.
Rd

A concrete example satisfying (2.1) is bounded functions with compact support.
We assume that ug satisfies (2.1). For any n € R?, consider v(t, z) := e<m=>+n"y (¢, x4
2tn). Then, v(t,x) is a solution of Cauchy problem

%:Amv (t >0, z € RY),

v(0,2) = e<"*>ug(z) (v € RY).
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Since v(0, z) belongs to L'(R%; 1 4 |z|**1) for all n > 0, we can apply Lemma 2.1.
We define the bilateral Laplace transform as

Uo(n) = /Rd €<"’y>uo(y)dya n=(m,...,na) € R¢.

Notice that
02U () = / Y e ) g (y)dy — / y*0(0, y)dy,
Rd R4

we can deduce the following lemma.

Lemma 2.2. Let u be the bounded solution on (0,+00) x RY to the heat equation
(1.1) with initial data uo € L'(R?) N L=(R?) satisfying (2.1). For any n € R
and non-negative integer n, there is a positive constant C = C(n,d) such that
o(t, @) = e<ne>+ny(t 3 4+ 2tn) satisfies

8 Uo — . n
v(t.x) = G(t.x) (4t) |a\/2av H < / ) < Ot (D2 g |

\oz|<n
for all z € R.
Let us define the zero level set of Uy
N(Uo) := {n € R" | Uy(n) = 0}.

Assume that N (Up) # 0 and fix n* € M(Up). Since Up(n) is an analytic function

on C? there exists k& € N such that for all @ = (a1,...,aq) € (NU{0})¢ with
d

la| == Zaj < k, we have 99Uy (n*) = 0, and there exists @ € (NU{0})¢ satisfying
j=1
&| = k and 99Uo(n*) # 0. In this case, n* is called a zero point of Up(n) with
multiplicity k.
From Lemma 2.2, if N'(Up) # 0 and n* € N (Up) has multiplicity &, then there
isa C = C(k,d,n*,ug) such that

G(t,x) oy Uo —(k+d+1)/2
v(t,x) — (4t)k/2lzk HHa] —= ]| <Ct
for any = € R?. This means that
(d+k)/2 el 0y Uo(n
(2.2) (4t o(t, 2v/tx) — — > 71‘[1{% (v;) = Hap(z;n")
la|=k j=1

holds uniformly as t — +o00. Since it is uniform convergence, we can state the
existence of zero points depending on the properties of Hgy(x;7n*). We have not
yet found a unified method for this issue, and thus the analysis must be done in a
case-by-case manner.

Remark 2.3. We note that the inequality in Lemma 2.2 can be rewritten as

n T .
Z (41) (d+m)/2 (2\/2;777 >

m:l

< th(n+d+1)/2||e(n,»)| . ‘n+1UO”L1~
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Remark 2.4. The condition (2.1) can be discussed more weakly for the fast-decaying
initial data. However, it cannot be extended to the case of slow decay, as in poly-
nomial decay.

3. THE CASE d =1

Here we analyze the case d = 1 in detail. We first consider the asymptotic
behavior of a zero point that is O(t)

Proposition 3.1. Suppose that ug € L'(R) N L= (R) satisfies (2.1). Assume that
there exist T > 0 and z*(t) € Z(t) for t > T satisfying * € C(T, 00) and

(3.1) limsup‘x (t) ’ < 00.
t—4o0 2t

Then, 0 := lim ) exists and belongs to N'(Up).

t——+o0

Proof. We first define

z* (t)
t—s+00 2 - t—+oo 2t ’
and then fix 6y € [0,0]. Because z*(t) € C(T,0), there exists {t;}jen C (T, 0)
such that t; — 400 and z*(t;)/2t; — 6p hold as j — +o0. From the assumption
that z*(t) € Z(t) for t > T, we have

e (65) = (G0 )@ (1) =0 & [ e (ELE )iy —0

for any j € N. From the dominated convergence theorem, we obtain
0= [ euoy)dy = Uo(to)
R

as j — oo. This means that 6 = 0 = @ and 6y € N'(Up), because Uy is an analytic
function on C and thus N(Uy) is discrete. O

0 := lim sup x , 0 :=liminf

From this result, the asymptotic profiles corresponding to O(t) are expected to
move at a certain speed without oscillating. In particular, if the upper bound of
Z(t) is O(t), the asymptotic behavior of Z(t) is expected to change depending on
the nature of N'(Up).

We next mention the case that N (Up) = . Before describing the result, we
introduce a notation. For a function f on R with f(z) # 0, let z(f) be the number
of sign changes; i.e. the supremum of j such that

f(xl)f(xl+1)<07 7’:17277.]
for some —oco < 1 < @2 < ... < Tjy1 < +00.
If f(x) satisfies z(f) < 400, then (3.1) in the statement of Proposition 3.1 always
holds by Theorem 1.1 in [16]. We thus deduce the following result from a proof by
contradiction.

Corollary 3.2. Suppose that ug € L*(R) N L>=(R) satisfies (2.1). Assume that
N(Up) = 0 and 2(ug) < co. Then, there exists T > 0 such that Z(t) = 0 for any
t>T.

We analyze the case N'(Up) # 0. By applying extended asymptotic expansion,
we obtain the following result:
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Theorem 3.3. Suppose that ug € L*(R) N L*(R) satisfies (2.1). Assume that
N(Uy) # 0. Then, for all n* € N (Upy) with multiplicity k € N, there exist T > 0
and z3(t) € Z(t) (j=1,...,k) for t > T satisfying
v o)
k

(k+ 1)U ()
for j =1,....k, where hj (j =1,...,k) are mutually different zero points of the
Hermite polynomial Hy(x) with the order k.

a}(t) = 2tn" 4+ 2Vth; + +0(1) (t—= +00)

Proof. Let v(t,z) = e *H0) (¢, z 4 2tn*), and analyze zero points of v(t, z) By
applying Lemma 2.2 with d = 1, n = n* and n = k + 1, there is C > 0 such that

k+1 (m)/ « T
vit.a) = Gt) 3 i (557

m=k

< Ct*(k+3)/2

for all z € R. Let h be a zero point of Hy(z). Then, we rewrite the inequality as

k+1 m) *
Us (") T —(k+3)/2
v(t,2Vth +x) — G(t,2vth +x) > —0— "2 H, (h+> < ot~ (k+3)/
— (4t)™/2m) 2/t

by simple computation and changing variable z as 2v/th + x. Note that C is re-
taken here. Since we know that Hj (h) = 2hHy(h) — Hyy1(h) = —Hp1(h) # 0, we
deduce

k+1 m %
(4t)E+D/2G (¢, 2/Th + @) i Mﬂm ht ——
’ PaRCORE i

= exp <(x i i;/ih)Q) {2\/#]‘52@1% <h + 2;)

UV () x
e e (1 57)

U o)
(k1 1)!

—h2H (k+1) /
_¢ k+1(h) {Uo (n") _ Uék‘)(n*)m}.

(®
—eh {UO ksn )H,;(h)x—i—

Hk-i—l(h)} (t — +o0)

k! E+1

We note that the limit is right in the sense of local uniforms. We also know the
convergence rate of the limit, which allows us to construct a zero point by using
the intermediate value theorem. Thus, there exist T > 0 and p*(¢t) € R for t > T
such that
(k+1) /%

u(t,p*(t) =0, p*(t) =2Vth+ UO—((,Z)
(k+ 1)Uy (%)

Thus, there exist such zero point pj(t) of v(t, ) for each h;,.
From the above discussion, setting z(t) = 2tn* + pj(t) (j = 1,2,...,k) yields
x}(t) € Z(t) and the desired asymptotic behavior. O

+o(1) (t— +o0).

Remark 3.4. We can compose x(t) € Z(t) (j = 1,..., k) obtained in Theorem 3.3
as zj € C(T,00) (j =1,...,k) by applying the argument and results of [2].
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From Theorem 3.3, for any n* € N(Up) and sufficiently large ¢ > 0, there exists
x*(t) € Z(t) such that

lim (1)
t—+oo 2t

*

:’]’]'

Thus, if n* # 0, then z*(¢) diverges with O(t) as time passes. In the case that 0 €
N (Up) with multiplicity k& > 1, for sufficiently large ¢ > 0, there exists z*(t) € Z(¢)
such that
im ~ ®) = h,
t——+o00 2\/£
where h is a zero point of Hy(z). When 0 € N(Up) with multiplicity & and k is
odd, for sufficiently large ¢t > 0, there is z*(t) € Z(t) satisfying

k1
(k+1) /y uo(y)dy
lim z*(t) = Y (0) = R

$—+00 (k+ 1)U (0) (k +1) / ykuo(y)dy'
R

Hence, by analyzing the zero points of Uy(n) and their multiplicity, we can under-
stand the long-time behavior of elements of Z(¢).

4. THE CASE k = 1 IN HIGH DIMENSIONAL SPACE

The high-dimensional case is discussed. In this case, no unified results have
yet been obtained, and even the upper bound of the zero level set has not been
clarified. For the initial data ug(z) that is radial symmetric, Chung [4] considered
the case that n* = 0 € N(Up) and proved that Hg(x;7*) can be represented
using the generalized Laguerre polynomial. Chung also analyzed the case that
n* =0 € N(Up) with mulitiplicity k¥ = 1,2 for d = 2. This reveals that there exists
a zero point that is O(y/f) even in higher dimensions. However, when 7 # 0, the
asymptotic behavior of the zero point of the solution is not obtained. In particular,
the asymptotic profile of O(t) is not known.

The analysis under general assumptions is a future problem, and here we summa-
rize the result of asymptotic profiles of zero points for the case d > 2, N'(Up) # 0,
and k = 1, i.e. zero points of Up(n) have multiplicity 1. Let n* € N (Uy) with
multiplicity 1. Then, we obtain

~ N 2e~lel” aly , 2el=I” .
Haa(z,;n") = WZf(n )%= (VyUo(n"), )
jf

by using Ho(p) = 1, Hi(p) = 2p for p € R. Then, the following theorem is obtained
as a result which is a natural extension of the case d = 1.

Theorem 4.1. Suppose that ug € L*(R?) N L>°(R?) satisfies (2.1). Assume that
N(Uy) # 0. Then, for all n* € N (Up) with multiplicity 1, there exist T > 0 and
x*(t) € Z(t) fort > T satisfying

Balol’) G 1) + (1) (¢ +o0).

z*(t) = 2tn* + ———L 2
(1) = 200"+ 55, T )
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Proof. By applying Lemma 2.2 with n = 2 and multiplying (4t)(¢*2)/2 by both
sides of the inequality, we have

(46)[ @D/ 2 (¢, 2) — {2\/75[11,1 (2\[,77 ) (2\[) H <12

for all z € R? with a positive constant C' > 0. Hence, for all z € R,

(4.1) ()220t 2) = ( VoHa (0507) @) + Haz (0;1°)

holds as ¢ — +00 in the sense of uniform convergence. Since we deduce
OHg L dzpe~lel d AUy (n*) 2¢ll” AUy (n*)
Oy, (x,n) o w2 ; 877]' nit /2 a'r]m

~ 2
form=1,2,...,d, we get V,Hy1 (0;n%) = WVWUO(W*). Also, we have

~ aoz
Hyo(0in") = d/zz UO HH%. (0)

|a| 2 j=1

1 0?Uy(n
T 9qdf2 Z_: 37]] 2 (0)

Hence, the convergence of (4.1) is rewritten as
(VaHay (0:0%),2) + Hap (0:7) = d/2{2<V Uo(n"),z ) = AgUo(n")}-
AnUO(U*) d .
———— 5 V,,Up(n*) € R? satisfies
29, Ul )
2(VyUo(n"),z ) = AyUo(n") = 0.

Since (4.1) is uniformly convergent and the convergence rate is known, we can
construct the zero point by using the intermediate value theorem and the implicit
function theorem. Therefore, there exist T > 0 and p*(¢) € Z(¢t) for t > T satisfying

AnUO(W*) y
3%, o2 ¥ 700 ) ol (= +00).

Thus, setting x*(t) = 2tn* +p*(t) yields z*(¢) € Z(t) and the desired asymptotic
behavior. g

Then, z =

o(t,p™ (1) =0 (t>T), p*(t)=

Here we treat the case of the radial symmetric initial data as a corollary. Let
ug be radial symmetric function on R? satisfying (2.1). Then, Uy(n) is also a
radial symmetric function on R%. We assume that N (Up) # 0. Since Up(n) is
an analytic function, N (Uy) must be discrete with respect to the radial direction.
Then, Uy(n) = Us(|n]) satisfies

02U, nf 1 n?

oUs
on;

(n) =

In\
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for || >0and j =1,2,...,d. Hence,

A, Uo(n) ():1<U;’(|nl) d—1>77
2[V, Uo(n)]2 """ ° 2\ UL "~ Il

Inl
holds if U.(|n|) # 0. This yields the following result:

Corollary 4.2. Suppose that ug € L*(R?) N L>®(R?) is a radial function satisfying
(2.1). Assume that N (Uy) # 0. Then, for any n* € N (Up) with multiplicity 1,
there exist T > 0 and v*(t) > 0 for t > T satisfying

{zeRY||z| =7 (t)} C Z(t)
fort>T and

1

U// * d_l

i) In*|

Remark 4.3. Note that £ > 1 when n* = 0 € N(Up). In such a case, Chung [4] has
obtained a result on the behavior of zero points moving in O(v/1).

> +o(1) (t— +o0).

Remark 4.4. We mention the difficulty for the case of k > 2. Throughout the paper,
the asymptotic form of the zero point of the solution is constructed by applying
(2.2) with the information of the zero point of Hyy(x;7*). In the high-dimensional
case, to investigate the zero point of H, a.k(x;n*) = 0 is equivalent to the analysis of
the zero point of the algebraic equation of a k-th order multivariate polynomial

02Us(n*) 1~
Z WTEH% (z;) = 0.

|a|=k

In general, finding solutions to k-th order multivariate polynomials is a difficult
problem, and this is the main obstacle in constructing the asymptotic form of the
zero point in the high dimensional case. There may be some good ways to analyze
them, but we have not found them yet. This case is currently left as an open
problem.

5. RELATED PROBLEMS

Finally, some related problems are mentioned as developmental questions.

5.1. Hot spot problems. In Euclidean space R?, it is known that when the initial
data is non-zero and non-negative, the hot spot converges to a point determined by
the initial data. When the initial data is sign-changing, the asymptotic behavior of
the hot spot is different from the case that the initial data is non-negative. In fact,
we can construct an example where all diverge at the zero point of u, (¢, x), which is
a solution of the heat equation in the case of d = 1. This means that it corresponds
to the case where all the critical points, which include the maximum and minimum
points of the solution of the heat equation, diverge. To reveal the motion of hot
spots, a more detailed evaluation is needed to determine which critical points will
become hot spots. The hot spot problem for the initial data that is sign-changing
is one interesting future problems.
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5.2. Reaction-diffusion equations. It is also interesting to investigate the dy-
namics near the constant state of the reaction-diffusion equation:

% =Ayu+ f(u) (t>0, z € RY),

where v = u(t,z) € R and f : R — R is a smooth function. If f(u) satisfies
f(0) = 0, then we can expect that the solution dynamics can be approximated by a
solution of a linearized equation around u = 0 as long as the solution is sufficiently
small. Hence, the behavior of the zero point of the solution can be analyzed by
attributing it to the diffusion equation, and the influence of the nonlinear term may
be seen.

One particularly interesting topics is the case of Fujita-type nonlinear terms
f(u) = |[ulP~tu for p > 1. Mizoguchi [16] discussed the upper bound of the zero
level set when d = 1. It reported that the zero level set has similar properties to the
diffusion equation when p > 3 and the decay of the global solution is sufficiently
fast. Furthermore, Mizoguchi and Yanagida [17] reported that a global solution
exists for d = 1 by changing the sign of the initial data even when p is smaller
than the Fujita exponent. They proposed that a sign change weakens the condition
for the global existence of the solution to the Fujita equation. The analysis of the
zero level set may therefore be an indicator for considering the conditions for the
global existence of a solution. Analysis using higher-order asymptotic expansions of
solutions such as this paper may be useful and should be considered in the future.

5.3. Nonlocal diffusion equations. The asymptotic behavior of the zero-level
set of another diffusion equation can be considered as another extension of the
problem. As an example, we consider the case of the space fractional diffusion
equation:

% +(=A)%u=0 (t>0, xR,

uw(0,7) = ug(z) (v € RY),

where (—A)* is the fractional power of the Laplace operator with 0 < s < 1 In this
case, it can be deduced that the zeros disappear at a finite time when ug € L'(R?)
is compactly supported and its integral value is non-zero, because the evaluation of
the relative error has been derived [13]. In addition, when the integral value of the
initial data is zero, the asymptotic behavior of the zero level set can be considered.
The specific behavior of the zero level set can be considered using the asymptotic
expansion of the solution [11].

Furthermore, the asymptotic behavior of the zero point of the solutions to the
time-fractional diffusion equation (the diffusion-wave equation) [6] and the nonlocal
diffusion equation [1] may also be considered, but we leave them as open problems.

ACKNOWLEDGMENTS

The author expresses his sincere gratitude to Professor Shin-Ichiro Ei, Profes-
sor Eiji Yanagida and Professor Kazuhiro Ishige for their useful suggestions and
valuable advice and thanks to Edanz (https://jp.edanz.com/ac) for editing a draft
of this manuscript. The author is partially supported by JSPS KAKENHI Grant
Number JP21J10036 and JP23K13013.



ASYMPTOTIC PROFILES OF ZERO POINTS OF SOLUTIONS TO THE HEAT EQUATIONI1

REFERENCES

1. F. ANDREU-VAILLO, J. MAZON, J. Rossi, J. TOLEDO-MELERO, Nonlocal diffusion problems,
Math. Surveys Monogr. 165, AMS, Providence, RI, 2010.

2. S. ANGENENT, The zero set of a solution of a parabolic equation, J. Reine Angew. Math. 390
(1988), 79-96.

3. I. CHAVEL AND L.KARP, Movement of hot spots in Riemannian manifolds, J. Analys. Math.,
55 (1990), 271-286.

4. J. CHUNG, Long-time asymptotics of the zero level set for the heat equation, Quarterly of
Applied Mathematics, 70(4) (2012) 705-720.

5. A. DucroTt, T. GILETTI, H. MATANO Ezistence and convergence to a propagating terrace in
one-dimensional reaction-diffusion equations Trans. Amer. Math. Soc., 366 (2014), 5541-5566.

6. S. D. EIDELMAN, A. N. KOCHUBEI, Cauchy problem for fractional diffusion equations, J. Dif-
ferential Equations, 199(2) (2004) 211-255.

7. M.-H. GiGcA, Y. GiGA, T. OHTSUKA, N. UMEDA, On behavior of signs for the heat equation
and a diffusion method for data separation, Communications on Pure and Applied Analysis,
12(5) (2013) 2277-2296.

8. T. HipAakA, K. IMAMURA, T. HIOKI ET AL., Prediction of compound bioactivities using heat-
diffusion equation, Patterns, 1(9) (2020) 100140.

9. K. ISHIGE, Movement of hot spots on the exterior domain of a ball underthe Neumann boundary
condsition, J. Differential Equations, 212(2) (2005) 394-431.

10. K. ISHIGE, Movement of hot spots on the exterior domain of a ball under the Dirichlet bound-
ary condition, Adv. Differential Equations, 12(10) (2007) 1135-1166.

11. K. IsHIGE, T. KawakaMmi, H. MICHIHISA, Asymptotic expansions of solutions of fractional
diffusion equations, STAM J. Math. Anal. 49(3) (2017) 2167-2190.

12. S. JIMBO, S. SAKAGUCHI, Movement of hot spots over unbounded domains in RN, Journal of
Mathematical analysis and Applications, 182 (1994) 810-835.

13. J. L. VAzQUEZ, Asymptotic behaviour for the fractional heat equation in the Euclidean space,
Complex Var. Elliptic Equ. 63(7-8) (2018) 1216-1231.

14. H. MATANO, Nonincrease of the lap-number of a solution for a one-dimensional semilinear
parabolic equation, J. Fac. Sci. Univ. Tokyo Sect.1A Math. 29(2) (1982) 401-441.

15. B. MERRIMAN, J. BENCE, S. OSHER Motion of Multiple Junctions: A Level Set Approach
Journal of Computational Physics 112 (1994) 334-363.

16. N. Mi1zoGUCHI, Asymptotic behavior of zeros of solutions for parabolic equations, Journal of
Differential Equations, 170(1) (2001) 51-67.

17. N. Mi1zoGucHI, E. YANAGIDA, Critical exponents for the blow-up of solutions with sign changes
in a semalinear parabolic equation, Math. Ann., 307 (1997) 663-675.

RESEARCH CENTER OF MATHEMATICS FOR SOCIAL CREATIVITY, RESEARCH INSTITUTE FOR
ELECTRONIC SCIENCE, HOKKAIDO UNIVERSITY, HOKKAIDO, 060-0812, JAPAN
Email address: hiroshi.ishii@es.hokudai.ac.jp



