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ASYMPTOTIC PROFILES OF ZERO POINTS OF SOLUTIONS

TO THE HEAT EQUATION

HIROSHI ISHII

(Communicated by Ryan Hynd)

Abstract. In this paper, we consider the asymptotic profiles of zero points

for the spatial variable of the solutions to the heat equation. By giving suit-
able conditions for the initial data, we prove the existence of zero points by

extending the high-order asymptotic expansion theory for the heat equation.

This reveals a previously unknown asymptotic profile of zero points diverging
at O(t). In a one-dimensional spatial case, we show the zero point’s second

and third-order asymptotic profiles in a general situation. We also analyze a

zero-level set in high-dimensional spaces and obtain results that extend the
results for the one-dimensional spatial case.

1. Introduction

We consider a Cauchy problem

(1.1)


∂u

∂t
= ∆xu (t > 0, x ∈ Rd),

u(0, x) = u0(x) (x ∈ Rd),

where u = u(t, x) ∈ R (t > 0, x ∈ Rd), ∆x is Laplace operator for the spatial
variable x, and u0 ∈ L1(Rd) ∩ L∞(Rd). Throughout this paper, we assume that
∥u0∥L1 ̸= 0 and denote the Euclidean norm and inner product on Rd by | · | and
⟨ ·, · ⟩, respectively.

In this paper, we consider the asymptotic behavior of the zero level set Z(t) :=
{x ∈ Rd | u(t, x) = 0}, where u(t, x) is a unique bounded solution of (1.1) which
can be written as follows:

(1.2) u(t, x) = (G(t) ∗ u0)(x) =

∫
Rd

G(t, x− y)u0(y)dy (t > 0, x ∈ Rd)

of (1.1). Here, G(t, x) is the heat kernel defined as

(1.3) G(t, x) :=
1

(4πt)d/2
e−|x|2/4t.

The analysis of the zero level set is important to understanding the behavior of
sign-changing solutions of parabolic equations. To analyze the behavior of sign-
changing solutions, many researchers have focused on the zero level set or the
sign-changing number of the initial data [2, 4, 5, 14, 16]. Especially, the case d = 1
is particularly well analyzed. In parabolic equations, one of the most fundamental
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properties is that Z(t) is a discrete set [2]. Furthermore, it is known that the
number of elements of Z(t) does not increase as time passes [5, 14].

In investigating the dynamics of the sign-changing solution in detail, the as-
ymptotic behavior of Z(t) has been analyzed to the heat equation with d = 1.
Mizoguchi [16] estimated the upper bound of Z(t) in the case that u0(x) is sign-
changing at finite times and proved Z(t) ⊂ [−C0t, C0t] for sufficiently large t > 0
with some C0 > 0. Moreover, it has been reported that there exist u0(x) and
x∗(t) ∈ Z(t) such that x∗(t) > C1t holds for sufficiently large t > 0 with some
C1 > 0. Chung [4] analyzed the asymptotic behavior of zero points when u0(x)
belongs to L1(R, 1 + |x|k+1) for some k ∈ N and satisfies

(1.4)

∫
R
yju0(y)dy = 0 (j = 0, 1, . . . , k − 1),

∫
R
yku0(y)dy ̸= 0.

As the result of [4], for sufficiently large t > 0, there exist x∗
j (t) ∈ Z(t) (j =

1, 2, . . . , k) such that

lim
t→+∞

x∗
j (t)

2
√
t
= hj ,

where hj (j = 1, 2, . . . , k) are mutually different zero points of the Hermite polyno-
mial Hk(x) with the order k defined as

Hk(x) := (−1)kex
2 dk

dxk
[e−x2

].

The proof of the result is based on the Hermite polynomial approximation deduced
using the asymptotic expansion for the heat equation (see [4] and the references
therein). Chung further analyzed the behavior of the zero point of the solution in
the case d ≥ 2 and also obtained results for the spherically symmetric initial data.

We expect from these results that the elements of Z(t) have various asymptotic
profiles. However, even the case d = 1 does not yield a clear answer. Especially,
even though there is a case that the asymptotic behavior of an element of Z(t) is
O(t) as t → +∞, the characterization of its coefficient has not been given. Indeed,
it seems interesting that the asymptotic behavior of some zero point is O(t) while√
t is the scale of self-similarity of the solution of the heat equation. The aim of

this paper is to explicitly give asymptotic profiles of zero points and to reveal what
properties of the initial data make a difference in the orders.

As related problems, the level set of the solution to the heat equation has been
analyzed theoretically in connection with the hot spot problems [3, 9, 10, 12] and
for application aspects such as level set methods [15] and image processing [7, 8].
Among them, we mention the hot spot problem in the heat equation. It is the study
of the behavior of the maximum point of a solution, and the maximum points are
called hot spots. Under the non-negativity of the initial condition and relatively
general conditions, we can show that the hot spots are critical points as pointed
out in [3, 12]. Since the partial derivatives of the solution are also solutions to the
heat equation, analyzing the behavior of the zero point also allows analysis of hot
spots through critical points. In this sense, the hot spot problem is an issue related
to the motivation of this paper. The hot spot problem for the heat equation on
unbounded domains in high dimensional space is often analyzed by imposing some
non-negativity on the initial data [3, 9, 10, 12]. To the best of our knowledge,
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hot spots asymptotically move slower than O(t) in many cases, and there is no
consideration of zero points moving at O(t) which is the aim of this paper.

In this paper, we develop higher-order asymptotic expansions of the heat equa-
tion in order to analyze the behavior of the zero points in detail. Furthermore,
based on the analysis, the asymptotic behavior of the zero point in the case d = 1
is revealed up to the constant term. This result provides a complete answer for the
asymptotic behavior of the zero point in the one-dimensional case when the initial
data has fast decaying and finite sign changes.

The paper is organized as follows: Section 2 presents results on higher-order
asymptotic expansions on moving coordinate systems for analyzing the asymptotic
behavior of zero points. In Section 3, the asymptotic behavior of the zero point for
d = 1 is analyzed in detail with the proofs. We summarize the analysis of specific
cases for the higher dimensional case in Section 4. Finally, we mention related
problems in Section 5.

2. Preliminaries

We prepare symbols and notations to explain the analytical methods used in
this study. For all multi index α = (α1, . . . , αd) ∈ (N ∪ {0})d, we define the sum of

components as |α|d :=

d∑
j=1

αj . Also, the α partial derivative to the smooth function

f(x) is defined as follows:

∂α
x f(x) :=

∂|α|f

∂α1
x1 · · · ∂αd

xd

(x).

We also define xα = xα1
1 · · ·xαd

d and α! = α1! · · ·αd!.
Under this preparation, it is well known that higher-order asymptotic expansions

for solutions such as the following:

Lemma 2.1. [4, Theorem 2.2] Let u be the bounded solution on (0,+∞)×Rd to the
heat equation (1.1) with initial data u0 ∈ L1(Rd; 1 + |x|n+1) for some nonnegative
integer n. There is then a positive constant C = C(n, d) such that∣∣∣∣∣∣u(t, x)−G(t, x)

∑
|α|≤n

∫
Rd y

αu0(y)dy

(4t)|α|/2α!

d∏
j=1

Hαj

(
xj

2
√
t

)∣∣∣∣∣∣ ≤ Ct−(n+d+1)/2∥| · |n+1u0∥L1

for all x ∈ Rd.

We analyze the asymptotic behavior of the zero point by considering a natural
extension of this asymptotic expansion. The following conditions are given for the
initial data:

(2.1) ∀λ ∈ Rd,

∫
Rd

e⟨λ,y ⟩|u0(y)|dy < ∞.

A concrete example satisfying (2.1) is bounded functions with compact support.

We assume that u0 satisfies (2.1). For any η ∈ Rd, consider v(t, x) := e<η,x>+t|η|2u(t, x+
2tη). Then, v(t, x) is a solution of Cauchy problem

∂v

∂t
= ∆xv (t > 0, x ∈ Rd),

v(0, x) = e<η,x>u0(x) (x ∈ Rd).
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Since v(0, x) belongs to L1(Rd; 1 + |x|n+1) for all n ≥ 0, we can apply Lemma 2.1.
We define the bilateral Laplace transform as

U0(η) :=

∫
Rd

e⟨η,y ⟩u0(y)dy, η = (η1, . . . , ηd) ∈ Rd.

Notice that

∂α
η U0(η) =

∫
Rd

yαe⟨η,y ⟩u0(y)dy =

∫
Rd

yαv(0, y)dy,

we can deduce the following lemma.

Lemma 2.2. Let u be the bounded solution on (0,+∞)× Rd to the heat equation
(1.1) with initial data u0 ∈ L1(Rd) ∩ L∞(Rd) satisfying (2.1). For any η ∈ R
and non-negative integer n, there is a positive constant C = C(n, d) such that

v(t, x) = e<η,x>+t|η|2u(t, x+ 2tη) satisfies∣∣∣∣∣∣v(t, x)−G(t, x)
∑
|α|≤n

∂α
η U0(η)

(4t)|α|/2α!

d∏
j=1

Hαj

(
xj

2
√
t

)∣∣∣∣∣∣ ≤ Ct−(n+d+1)/2∥e⟨η,· ⟩| · |n+1u0∥L1

for all x ∈ R.

Let us define the zero level set of U0

N (U0) := {η ∈ Rd | U0(η) = 0}.

Assume that N (U0) ̸= ∅ and fix η∗ ∈ N (U0). Since U0(η) is an analytic function
on Cd, there exists k ∈ N such that for all α = (α1, . . . , αd) ∈ (N ∪ {0})d with

|α| :=
d∑

j=1

αj < k, we have ∂α
η U0(η

∗) = 0, and there exists α̃ ∈ (N∪{0})d satisfying

|α̃| = k and ∂α̃
η U0(η

∗) ̸= 0. In this case, η∗ is called a zero point of U0(η) with
multiplicity k.

From Lemma 2.2, if N (U0) ̸= ∅ and η∗ ∈ N (U0) has multiplicity k, then there
is a C = C(k, d, η∗, u0) such that∣∣∣∣∣∣v(t, x)− G(t, x)

(4t)k/2

∑
|α|=k

∂α
η U0(η

∗)

α!

d∏
j=1

Hαj

(
xj

2
√
t

)∣∣∣∣∣∣ ≤ Ct−(k+d+1)/2

for any x ∈ Rd. This means that

(2.2) (4t)(d+k)/2v(t, 2
√
tx) → e−|x|2

πd/2

∑
|α|=k

∂α
η U0(η

∗)

α!

d∏
j=1

Hαj (xj) =: H̃d,k(x; η
∗)

holds uniformly as t → +∞. Since it is uniform convergence, we can state the
existence of zero points depending on the properties of H̃d,k(x; η

∗). We have not
yet found a unified method for this issue, and thus the analysis must be done in a
case-by-case manner.

Remark 2.3. We note that the inequality in Lemma 2.2 can be rewritten as∣∣∣∣∣v(t, x)−
n∑

m=1

1

(4t)(d+m)/2
H̃d,m

(
x

2
√
t
; η∗
)∣∣∣∣∣ ≤ Ct−(n+d+1)/2∥e⟨η,· ⟩| · |n+1u0∥L1 .
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Remark 2.4. The condition (2.1) can be discussed more weakly for the fast-decaying
initial data. However, it cannot be extended to the case of slow decay, as in poly-
nomial decay.

3. The case d = 1

Here we analyze the case d = 1 in detail. We first consider the asymptotic
behavior of a zero point that is O(t)

Proposition 3.1. Suppose that u0 ∈ L1(R) ∩ L∞(R) satisfies (2.1). Assume that
there exist T > 0 and x∗(t) ∈ Z(t) for t > T satisfying x∗ ∈ C(T,∞) and

(3.1) lim sup
t→+∞

∣∣∣∣x∗(t)

2t

∣∣∣∣ < ∞.

Then, θ := lim
t→+∞

x∗(t)

2t
exists and belongs to N (U0).

Proof. We first define

θ := lim sup
t→+∞

x∗(t)

2t
, θ := lim inf

t→+∞

x∗(t)

2t
.

and then fix θ0 ∈ [θ, θ]. Because x∗(t) ∈ C(T,∞), there exists {tj}j∈N ⊂ (T,∞)
such that tj → +∞ and x∗(tj)/2tj → θ0 hold as j → +∞. From the assumption
that x∗(t) ∈ Z(t) for t > T , we have

u(t, x∗(tj)) = (G(t) ∗ u0)(x
∗(tj)) = 0 ⇔

∫
R
exp

(
2x∗(tj)y − y2

4tj

)
u0(y)dy = 0

for any j ∈ N. From the dominated convergence theorem, we obtain

0 =

∫
R
eθ0yu0(y)dy = U0(θ0)

as j → ∞. This means that θ0 = θ = θ and θ0 ∈ N (U0), because U0 is an analytic
function on C and thus N (U0) is discrete. □

From this result, the asymptotic profiles corresponding to O(t) are expected to
move at a certain speed without oscillating. In particular, if the upper bound of
Z(t) is O(t), the asymptotic behavior of Z(t) is expected to change depending on
the nature of N (U0).

We next mention the case that N (U0) = ∅. Before describing the result, we
introduce a notation. For a function f on R with f(x) ̸≡ 0, let z(f) be the number
of sign changes; i.e. the supremum of j such that

f(xi)f(xi+1) < 0, i = 1, 2, . . . , j

for some −∞ < x1 < x2 < . . . < xj+1 < +∞.
If f(x) satisfies z(f) < +∞, then (3.1) in the statement of Proposition 3.1 always

holds by Theorem 1.1 in [16]. We thus deduce the following result from a proof by
contradiction.

Corollary 3.2. Suppose that u0 ∈ L1(R) ∩ L∞(R) satisfies (2.1). Assume that
N (U0) = ∅ and z(u0) < ∞. Then, there exists T > 0 such that Z(t) = ∅ for any
t > T .

We analyze the case N (U0) ̸= ∅. By applying extended asymptotic expansion,
we obtain the following result:
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Theorem 3.3. Suppose that u0 ∈ L1(R) ∩ L∞(R) satisfies (2.1). Assume that
N (U0) ̸= ∅. Then, for all η∗ ∈ N (U0) with multiplicity k ∈ N, there exist T > 0
and x∗

j (t) ∈ Z(t) (j = 1, . . . , k) for t > T satisfying

x∗
j (t) = 2tη∗ + 2

√
thj +

U
(k+1)
0 (η∗)

(k + 1)U
(k)
0 (η∗)

+ o(1) (t → +∞)

for j = 1, . . . , k, where hj (j = 1, . . . , k) are mutually different zero points of the
Hermite polynomial Hk(x) with the order k.

Proof. Let v(t, x) = eη
∗x+t(η∗)2u(t, x+ 2tη∗), and analyze zero points of v(t, x) By

applying Lemma 2.2 with d = 1, η = η∗ and n = k + 1, there is C > 0 such that∣∣∣∣∣v(t, x)−G(t, x)

k+1∑
m=k

U
(m)
0 (η∗)

(4t)m/2m!
Hm

(
x

2
√
t

)∣∣∣∣∣ ≤ Ct−(k+3)/2

for all x ∈ R. Let h be a zero point of Hk(x). Then, we rewrite the inequality as∣∣∣∣∣v(t, 2√th+ x)−G(t, 2
√
th+ x)

k+1∑
m=k

U
(m)
0 (η∗)

(4t)m/2m!
Hm

(
h+

x

2
√
t

)∣∣∣∣∣ ≤ Ct−(k+3)/2

by simple computation and changing variable x as 2
√
th + x. Note that C is re-

taken here. Since we know that H ′
k(h) = 2hHk(h)−Hk+1(h) = −Hk+1(h) ̸= 0, we

deduce

(4t)(k+2)/2G(t, 2
√
th+ x)

k+1∑
m=k

U
(m)
0 (η∗)

(4t)m/2m!
Hm

(
h+

x

2
√
t

)

= exp

(
− (x+ 2

√
th)2

4t

){
2
√
t
U

(k)
0 (η∗)

k!
Hk

(
h+

x

2
√
t

)

+
U

(k+1)
0 (η∗)

(k + 1)!
Hk+1

(
h+

x

2
√
t

)}

→ e−h2

{
U

(k)
0 (η∗)

k!
H ′

k(h)x+
U

(k+1)
0 (η∗)

(k + 1)!
Hk+1(h)

}
(t → +∞)

=
e−h2

Hk+1(h)

k!

{
U

(k+1)
0 (η∗)

k + 1
− U

(k)
0 (η∗)x

}
.

We note that the limit is right in the sense of local uniforms. We also know the
convergence rate of the limit, which allows us to construct a zero point by using
the intermediate value theorem. Thus, there exist T > 0 and p∗(t) ∈ R for t > T
such that

v(t, p∗(t)) = 0, p∗(t) = 2
√
th+

U
(k+1)
0 (η∗)

(k + 1)U
(k)
0 (η∗)

+ o(1) (t → +∞).

Thus, there exist such zero point p∗j (t) of v(t, x) for each hj ,.
From the above discussion, setting x∗

j (t) = 2tη∗ + p∗j (t) (j = 1, 2, . . . , k) yields
x∗
j (t) ∈ Z(t) and the desired asymptotic behavior. □

Remark 3.4. We can compose x∗
j (t) ∈ Z(t) (j = 1, . . . , k) obtained in Theorem 3.3

as x∗
j ∈ C(T,∞) (j = 1, . . . , k) by applying the argument and results of [2].
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From Theorem 3.3, for any η∗ ∈ N (U0) and sufficiently large t > 0, there exists
x∗(t) ∈ Z(t) such that

lim
t→+∞

x∗(t)

2t
= η∗.

Thus, if η∗ ̸= 0, then x∗(t) diverges with O(t) as time passes. In the case that 0 ∈
N (U0) with multiplicity k > 1, for sufficiently large t > 0, there exists x∗(t) ∈ Z(t)
such that

lim
t→+∞

x∗(t)

2
√
t
= h,

where h is a zero point of Hk(x). When 0 ∈ N (U0) with multiplicity k and k is
odd, for sufficiently large t > 0, there is x∗(t) ∈ Z(t) satisfying

lim
t→+∞

x∗(t) =
U

(k+1)
0 (0)

(k + 1)U
(k)
0 (0)

=

∫
R
yk+1u0(y)dy

(k + 1)

∫
R
yku0(y)dy

.

Hence, by analyzing the zero points of U0(η) and their multiplicity, we can under-
stand the long-time behavior of elements of Z(t).

4. The case k = 1 in high dimensional space

The high-dimensional case is discussed. In this case, no unified results have
yet been obtained, and even the upper bound of the zero level set has not been
clarified. For the initial data u0(x) that is radial symmetric, Chung [4] considered

the case that η∗ = 0 ∈ N (U0) and proved that H̃d,k(x; η
∗) can be represented

using the generalized Laguerre polynomial. Chung also analyzed the case that
η∗ = 0 ∈ N (U0) with mulitiplicity k = 1, 2 for d = 2. This reveals that there exists
a zero point that is O(

√
t) even in higher dimensions. However, when η̃ ̸= 0, the

asymptotic behavior of the zero point of the solution is not obtained. In particular,
the asymptotic profile of O(t) is not known.

The analysis under general assumptions is a future problem, and here we summa-
rize the result of asymptotic profiles of zero points for the case d ≥ 2, N (U0) ̸= ∅,
and k = 1, i.e. zero points of U0(η) have multiplicity 1. Let η∗ ∈ N (U0) with
multiplicity 1. Then, we obtain

H̃d,1(x, ; η
∗) =

2e−|x|2

πd/2

d∑
j=1

∂U0

∂ηj
(η∗)xj =

2e−|x|2

πd/2
⟨ ∇ηU0(η

∗), x ⟩

by using H0(p) = 1, H1(p) = 2p for p ∈ R. Then, the following theorem is obtained
as a result which is a natural extension of the case d = 1.

Theorem 4.1. Suppose that u0 ∈ L1(Rd) ∩ L∞(Rd) satisfies (2.1). Assume that
N (U0) ̸= ∅. Then, for all η∗ ∈ N (U0) with multiplicity 1, there exist T > 0 and
x∗(t) ∈ Z(t) for t > T satisfying

x∗(t) = 2tη∗ +
∆ηU0(η

∗)

2|∇ηU0(η∗)|2
∇ηU0(η

∗) + o(1) (t → +∞).
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Proof. By applying Lemma 2.2 with n = 2 and multiplying (4t)(d+2)/2 by both
sides of the inequality, we have∣∣∣∣(4t)(d+2)/2v(t, x)−

{
2
√
tH̃d,1

(
x

2
√
t
; η∗
)
+ H̃d,2

(
x

2
√
t

)}∣∣∣∣ ≤ Ct−1/2

for all x ∈ Rd with a positive constant C > 0. Hence, for all x ∈ R,

(4.1) (4t)(d+2)/2v(t, x) → ⟨ ∇xH̃d,1 (0; η
∗) , x ⟩+ H̃d,2 (0; η

∗)

holds as t → +∞ in the sense of uniform convergence. Since we deduce

∂H̃d,1

∂xm
(x; η) = −4xme−|x|2

πd/2

d∑
j=1

∂U0(η
∗)

∂ηj
xj +

2e−|x|2

πd/2

∂U0(η
∗)

∂ηm

for m = 1, 2, . . . , d, we get ∇xH̃d,1 (0; η
∗) =

2

πd/2
∇ηU0(η

∗). Also, we have

H̃d,2(0; η
∗) =

1

πd/2

∑
|α|=2

∂αU0(η
∗)

α!

d∏
j=1

Hαj
(0)

=
1

2πd/2

d∑
j=1

∂2U0(η
∗)

∂η2j
H2 (0)

= − 1

πd/2
∆ηU0(η

∗).

Hence, the convergence of (4.1) is rewritten as

⟨ ∇xH̃d,1 (0; η
∗) , x ⟩+ H̃d,2 (0; η

∗) =
1

πd/2
{2 ⟨ ∇ηU0(η

∗), x ⟩ −∆ηU0(η
∗)}.

Then, x =
∆ηU0(η

∗)

2|∇ηU0(η∗)|2
∇ηU0(η

∗) ∈ Rd satisfies

2 ⟨ ∇ηU0(η
∗), x ⟩ −∆ηU0(η

∗) = 0.

Since (4.1) is uniformly convergent and the convergence rate is known, we can
construct the zero point by using the intermediate value theorem and the implicit
function theorem. Therefore, there exist T > 0 and p∗(t) ∈ Z(t) for t > T satisfying

v(t, p∗(t)) = 0 (t > T ), p∗(t) =
∆ηU0(η

∗)

2|∇ηU0(η∗)|2
∇ηU0(η

∗) + o(1) (t → +∞).

Thus, setting x∗(t) = 2tη∗+p∗(t) yields x∗(t) ∈ Z(t) and the desired asymptotic
behavior. □

Here we treat the case of the radial symmetric initial data as a corollary. Let
u0 be radial symmetric function on Rd satisfying (2.1). Then, U0(η) is also a
radial symmetric function on Rd. We assume that N (U0) ̸= ∅. Since U0(η) is
an analytic function, N (U0) must be discrete with respect to the radial direction.
Then, U0(η) = Us(|η|) satisfies

∂U0

∂ηj
(η) =

ηj
|η|

U ′
s(|η|),

∂2U0

∂η2j
(η) =

η2j
|η|2

U ′′
s (|η|) +

(
1

|η|
−

η2j
|η|3/2

)
U ′
s(|η|)
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for |η| > 0 and j = 1, 2, . . . , d. Hence,

∆ηU0(η)

2|∇ηU0(η)|2
∇ηU0(η) =

1

2

(
U ′′
s (|η|)

U ′
s(|η|)

+
d− 1

|η|

)
η

|η|

holds if U ′
s(|η|) ̸= 0. This yields the following result:

Corollary 4.2. Suppose that u0 ∈ L1(Rd)∩L∞(Rd) is a radial function satisfying
(2.1). Assume that N (U0) ̸= ∅. Then, for any η∗ ∈ N (U0) with multiplicity 1,
there exist T > 0 and r∗(t) > 0 for t > T satisfying

{x ∈ Rd | |x| = r∗(t)} ⊂ Z(t)

for t > T and

r∗(t) = 2t|η∗|+ 1

2

(
U ′′
s (|η∗|)

U ′
s(|η∗|)

+
d− 1

|η∗|

)
+ o(1) (t → +∞).

Remark 4.3. Note that k > 1 when η∗ = 0 ∈ N (U0). In such a case, Chung [4] has
obtained a result on the behavior of zero points moving in O(

√
t).

Remark 4.4. We mention the difficulty for the case of k ≥ 2. Throughout the paper,
the asymptotic form of the zero point of the solution is constructed by applying
(2.2) with the information of the zero point of H̃d,k(x; η

∗). In the high-dimensional

case, to investigate the zero point of H̃d,k(x; η
∗) = 0 is equivalent to the analysis of

the zero point of the algebraic equation of a k-th order multivariate polynomial

∑
|α|=k

∂α
η U0(η

∗)

α!

d∏
j=1

Hαj
(xj) = 0.

In general, finding solutions to k-th order multivariate polynomials is a difficult
problem, and this is the main obstacle in constructing the asymptotic form of the
zero point in the high dimensional case. There may be some good ways to analyze
them, but we have not found them yet. This case is currently left as an open
problem.

5. Related problems

Finally, some related problems are mentioned as developmental questions.

5.1. Hot spot problems. In Euclidean space Rd, it is known that when the initial
data is non-zero and non-negative, the hot spot converges to a point determined by
the initial data. When the initial data is sign-changing, the asymptotic behavior of
the hot spot is different from the case that the initial data is non-negative. In fact,
we can construct an example where all diverge at the zero point of ux(t, x), which is
a solution of the heat equation in the case of d = 1. This means that it corresponds
to the case where all the critical points, which include the maximum and minimum
points of the solution of the heat equation, diverge. To reveal the motion of hot
spots, a more detailed evaluation is needed to determine which critical points will
become hot spots. The hot spot problem for the initial data that is sign-changing
is one interesting future problems.
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5.2. Reaction-diffusion equations. It is also interesting to investigate the dy-
namics near the constant state of the reaction-diffusion equation:

∂u

∂t
= ∆xu+ f(u) (t > 0, x ∈ Rd),

where u = u(t, x) ∈ R and f : R → R is a smooth function. If f(u) satisfies
f(0) = 0, then we can expect that the solution dynamics can be approximated by a
solution of a linearized equation around u = 0 as long as the solution is sufficiently
small. Hence, the behavior of the zero point of the solution can be analyzed by
attributing it to the diffusion equation, and the influence of the nonlinear term may
be seen.

One particularly interesting topics is the case of Fujita-type nonlinear terms
f(u) = |u|p−1u for p > 1. Mizoguchi [16] discussed the upper bound of the zero
level set when d = 1. It reported that the zero level set has similar properties to the
diffusion equation when p > 3 and the decay of the global solution is sufficiently
fast. Furthermore, Mizoguchi and Yanagida [17] reported that a global solution
exists for d = 1 by changing the sign of the initial data even when p is smaller
than the Fujita exponent. They proposed that a sign change weakens the condition
for the global existence of the solution to the Fujita equation. The analysis of the
zero level set may therefore be an indicator for considering the conditions for the
global existence of a solution. Analysis using higher-order asymptotic expansions of
solutions such as this paper may be useful and should be considered in the future.

5.3. Nonlocal diffusion equations. The asymptotic behavior of the zero-level
set of another diffusion equation can be considered as another extension of the
problem. As an example, we consider the case of the space fractional diffusion
equation: 

∂u

∂t
+ (−∆x)

su = 0 (t > 0, x ∈ Rd),

u(0, x) = u0(x) (x ∈ Rd),

where (−∆)s is the fractional power of the Laplace operator with 0 < s < 1 In this
case, it can be deduced that the zeros disappear at a finite time when u0 ∈ L1(Rd)
is compactly supported and its integral value is non-zero, because the evaluation of
the relative error has been derived [13]. In addition, when the integral value of the
initial data is zero, the asymptotic behavior of the zero level set can be considered.
The specific behavior of the zero level set can be considered using the asymptotic
expansion of the solution [11].

Furthermore, the asymptotic behavior of the zero point of the solutions to the
time-fractional diffusion equation (the diffusion-wave equation) [6] and the nonlocal
diffusion equation [1] may also be considered, but we leave them as open problems.
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