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LARGE TIME BEHAVIOR OF EXPONENTIAL SURFACE DIFFUSION
FLOWS ON R

YOSHIKAZU GIGA, MICHAEL GOSSWEIN, AND SHO KATAYAMA

ABSTRACT. We consider a surface diffusion flow of the form V = 92f(—k) with a strictly
increasing smooth function f typically, f(r) = e”, for a curve with arc-length parameter s,
where Kk denotes the curvature and V' denotes the normal velocity. The conventional surface
diffusion flow corresponds to the case when f(r) = r. We consider this equation for the graph of
a function defined on the whole real line R. We prove that there exists a unique global-in-time
classical solution provided that the first and the second derivatives are bounded and small. We
further prove that the solution behaves like a solution to a self-similar solution to the equation
V = —f(0)k. Our result justifies the explanation for grooving modeled by Mullins (1957)
directly obtained by Gibbs—Thomson law without linearization of f near x = 0.

1. INTRODUCTION

1.1. A general surface diffusion flow. We consider a general surface diffusion flow
V =0f(~r)

with a given increasing function f, typically f(r) = e", for a graph-like curve I'y = {y = u(x,t)}
defined on the whole real line R. Here V' denotes the upward normal velocity and x denotes the
upward curvature; s denotes the derivative with respect to arc-length parameter so that 92 is
the Laplace-Beltrami operator on a curve. If f(r) = r, this gives us the usual surface diffusion
flow

V = -0k,

Since s = (1 + u2)"Y20,, k = —uge/(1 +u2)/? and V = uy/(1 + u2)Y/? with u; = du/ot,
Uy = Ou/OT, Upe = O%u, the resulting initial value problem for u is of the form

(1.1) w = ((1+i§,)1/2 <f <—(1ﬁ::20)m>>x)x in R x (0,T), u(-,0) = ug in R.

Let us first explain a physical background of the equation V = 82 f(—«). W. W. Mullins [22]
modeled a relaxation dynamics of crystal surface such as gold (Au) in low temperature. (See
also e.g., for derivation of the model [16,20].) Let I'; denote the crystal surface at time ¢ and V'
denote its normal velocity. The evolution law is of the form

V = —divr g,
where j represents mass flux and divy denotes the surface divergence. We postulate that
j = _Mva7

where M > 0 is a kinetic coefficient and Vi denotes the surface gradient; p denotes the density.
The Gibbs—Thomson law is of the form

p oF
log (2 ) = g%
0g<ﬂo> st

where pg, 3 are positive constants; py denotes a density of equilibrium and 3 = (k)= where
k is the Boltzmann constant and 6 denotes the temperature. §F/JI" denotes the variation of
surface energy . If the surface energy F is an area, —d0F/dT is the (twice) mean curvature s
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of I'. In the case of the diffusion limited model ([16],[20]), where M is assumed to be constant
(independent of the normal n of I'), these three relations yield an equation

V' = MAr (poexp(—fBk)),

where Ar = divp Vr denotes the Laplace—Beltrami operator. This is an exponential type of
surface diffusion flow. We may rescale space and time so that Mpy = 1 and that 8 = 1. The
resulting equation is

(1.2) V = Arf(—k)
with f(r) = €". If one linearizes f(—kx) around x = 0, then (1.2) becomes
(1.3) V = —f(0)Ars,

which is nothing but a conventional surface diffusion flow. In one-dimensional setting, this is
nothing but V = 02 f(—k). Mullins [22] also modeled evolution of crystal surface in evaporation-
condensation dynamics. A typical example is Magnesium (Mg) in low temperature. In this case,
the Gibbs—Thomson law is of the form

P oF
log (2) = g%~
Og<p0> 55F’

where p denotes the pressure and pg denotes the atmospheric pressure. The proposed evolution
law is of the form

V =m(po —p)
with a positive constant m. Thus the resulting equation is

V = mpo (1 — exp(—Br))

if VE/6T' = —k. Linearizing around k = 0, we obtain V' = mpy Sk, which is nothing but the mean
curvature flow eguation originally proposed by Mullins [21] to model grain boundary motion in
the process of annealing.

The existence and large time behavior of a solution to the (conventional) surface diffusion flow
(1.3) have been studied in various settings. Among other results, Escher, Mayer, and Simonett
[4] proved that if the initial surface I'g is closed and sufficiently close to a sphere S, then a
global-in time solution I'; to the equation (1.3) uniquely exists and converges to some sphere
S’, which is a stationary solution to (1.3), at an exponential rate. We note that S’ may be
different from S. Their method is a stability analysis using the Lyapunov-Schmidt reduction (to
deal with the indefiniteness of spheres.) Asymptotic stability of the spheres for the conventional
surface diffusion flow has been studied by many researchers, see e.g., [5,17,24-26]. In contrast,
for the exponential surface diffusion flow, such problems seem to remain open.

It is revealed by several mathematicians that a different type of asymptotic behavior may occur
when the solution surface I'; is unbounded. Koch and Lamm [15] proved the existence of a unique
global-in-time solution I'; to the equation (1.3) for a graph-like surface I't = {(z,u(x,t)); = €
R™}. They proved that under the initial condition u(-,0) = ug with the quantity ||Vuo| e (wn)
sufficiently small, the equation (1.3) possesses a unique smooth global-in-time solution u with
the Sobolev-type norm

2
(1.4) [l xoo = IVeull oo @nxr) +  Sup R0 || Vaul| paso(pp(z) < (R4 /2,74
2ER™ R0

sufficiently small. Here, we remark that they have chosen the function space C%(RY), that is
the space of all (possibly unbounded) Lipschitz continuous functions, for the initial value ug and
X for solutions u, so that they are invariant under the scaling

(1.5) w s u’(z,t) = o~ V(o z, ot)
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for any o > 0. Since the equation (1.3) is invariant under this scaling, the solution surface
't = {(z,u(z,t)); = € R"} for the flow (1.3) is scale-invariant provided that the initial data is
invariant under this scaling. This result, in particular, implies that for any Lipschitz function
A on SN~ with [Vgn-1A| peo(gn-1y sufficiently small, the equation (1.3) possesses a unique
smooth self-similar solution u = w4, that is a solution which is expressed by

’U,A(.T, t) = t1/4©A(t71/4x)17

with the condition

lim sup [r'®4(rw) — Aw)| =0

r—00 WESN_l
and the norm ||Vu| x_, sufficiently small. It is proved by solving the equation (1.3) starting with
the graph of the function w4 = |z|A(z/|z|), which is invariant under the scaling (1.5). The idea
to construct a self-similar solution to an evolution equation by solving the initial value problem
with homogeneous initial data goes back to [11], where the authors constructed non-trivial self-
similar solutions to the vorticity equations which are formally equivalent to the NavierStokes
equations.

Later on, Du and Yip [3] obtained the result on a large time behavior of solutions to the flow
(1.3) of asymptotically self-similar type for ug with a small gradient. Among other results, they
proved that if up — uga is bounded and the quantities ||Vuol| oo rn) and [[V(uo — uoa) || poe (mr)
are sufficiently small, the solution u constructed in [15] satisfies

lim ([t~ 4u(t* - ) — @ 4| o) = 0

t—o00

for any compact set K C R™. This means the profile of the solution u(x,t) tends to that of the
self-similar solution u4 as t — co. We also mention [2], in which the authors proved the existence
and stability of a globally bounded self-similar profile of the equation (1.1) in (0, c0) x (0, c0) with
a contact angle condition u4(0,-) = S on (0,00) and a linearized no-flux condition 44 (0,-) =0
on (0, 00) with the contact angle 8 sufficiently small. These results on convergence to self-similar
solutions are obtained in the spirit of [10], where the vorticity equations are mainly discussed.
For more results on the existence and large-time behavior of a solution to a surface diffusion
flow (1.3), see e.g. [1,2,4,5,7-9,12,14,17-19,24-26] and references therein.

On the other hand, for an exponential surface diffusion flow (1.2) and its graphical form (1.1),
the existence and large time behavior of solutions are widely open. In particular, for the problem
(1.1), the lack of the invariance under the scaling (1.5), due to non-degenerate second and higher
order derivatives of the curvature nonlinearity f, prevents us from using the norm |ju|x_ in
[3,15], and to our knowledge, there are no known results on the existence of a solution to the
initial value problem (1.1), even in the sense of a local-in-time solution.

Remark 1.1. Hamamuki [13] obtained a result on a unique existence and a self-similar type
large time behavior of a global-in-time graph-like solution of the exponential mean curvature
flow V' =1 — exp(—k). Among other results, in [13] he proved that for any graph-like solution
Iy = {(z,u(x,t));x € RV, 21 > 0} with a prescribed contact angle condition u,, = 3 on {x; =
0}, scaled solutions u (z,t) := o~ ?u(c'/?z, ot) converge to some function U the graph of which
is a self-similar solution to the mean curvature flow V = x, on {(z,t) € RY x (0,00);21 > 0}
as ¢ — o0o. We point out that their argument is based on viscosity solutions, and does not
impose any smallness assumptions unlike [3,15]. Unfortunately, since their method relies on the
comparison principle, it is not applicable to our equation (1.1), which is of fourth order and
hence possesses no comparison property.

In this paper, upon a Hélder space framework (see also Remark 2.1), we establish a global-in-
time solvability for the problem (1.1) with a general curvature nonlinearity f with initial data

IThis is equivalent to the invariance under the scaling (1.5) for any o > 0.
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with a small gradient (see Theorem 1.1). Furthermore, we obtain a large time behavior of a
global-in-time solution to the equation (1.1) of asymptotically self-similar type. In particular,
we prove that u? converges to a function U on R x (0,00) such that the graph of U(-,t) is a
solution to the surface diffusion flow V = —f/(0)02xk (see Theorem 1.2). We also mention a
local-in-time solvability for large initial data and an unconditional uniqueness on Hélder spaces
(see Theorem 3.1).

In the proof of the global existence and the large time behavior, we adopt scaled Holder
norms || - H/BckJru,(kw)/él(Rx(a,b)) (see Definition 2.2 (3)) and properly weighted Holder norms
|- | 7k (see Definition 4.1 and Remarks 4.1, 5.1), instead of usual parabolic Holder norms
|+ | pen+uthrm /4R (a,p))- This technical improvement enables us to establish linear and nonlin-

ear estimates without breaking the (asymptotic) scale invariance, and makes them simple and
unified.

Remark 1.2. We explain the reason why we expect that u” converges to U. Let I'y, V (-, t)
and k(-,t) be a graph of the function u(-,t), the normal velocity of 'y, and the curvature of ',
respectively. Also, define I'Y, V,% and k7(-,t) in the same manner. Then I'{ = o~ 1/4T,,, and

VO (z,t) = oWV (o2, 0t), K7(2,t) = oV k(0 2, ot).
In particular, if Ty solves the equation V = 92 f(—k), then
V7(2,1) = a0 (=02, 0)) = 02 fo (—K7),
where f,(r) := a'/*f(—o~1*r) (see also (6.6)). Since f,(r) — f'(0) as ¢ — oo, we expect that
I'¢ converges to a solution to V = —f/(0)02k.

1.2. Main results. Our main results are summarized as follows. We shall work in & parabolic
Hoélder spaces. For detailed notation, see Section 2. The first result is the unique existence of a
global-in-time solution with decay estimates when ||%0z /oo, ||%022||co are small. The second result
says that the solution asymptotically becomes a self-similar solution to the surface diffusion flow
V = —f(0)0%k. Let W"P denote the LP-Sobolev space of order k for k € Z> and p € [1,00].
As well-known, W1 = C%! (see e.g., [6, 5.8.2, Theorem 4]). See also Section 2 for notation of
function spaces and norms.

Theorem 1.1. Let k € Z>4 (i.e., k is an integer and k > 4), p € (0,1) and suppose that
(1.6) FeEWERR), f'>0, f(0)=1,
(1.7) ug € C*(R), (ug)z € L¥(R).

Then there is a constant eg > 0 such that if ||(uo)z|lw1. ) < €0, then problem (1.1) possesses
a unique global-in-time solution u € ug + BC*H1H1/4R x (0,00)). Furthermore, we have that
w e ORI/ R (0,00)) and that

time loc
|tz || oo (R (0,00)) T SUP > DA L )Y L0 Ul Lo mx (0,00))
te(0,00) LmeLso,
(1.8) 1<b+4m<k+1

+ S(up )t(kﬂL)M(l + )1/ [W]ortrtmttitm/amx 2,0) < Cll(wo)ellwreo,
te (0,00

with C' depending only on f, eg and k.

Theorem 1.2. Assume the same conditions as in Theorem 1.1. There is a constant €, > 0
such that if [|(uo)z|lw1.00m) < €« and

(1.9) uo(z) = (a +o(1))x as x = +oo, (b+o(1))x as x — —o0,



for some a,b € (—&x, e4), then u®(z,t) := o tu(ox, olt) satisfies

(1.10) u? — U uniformly on every compact set in R x [0,00) as 0 — 00,

where U € C®(R x (0,00)) NC(R x [0,00)) is the unique self-similar solution to the problem

) = (g (oo )) in R x (0, %), U(x,O):{ax o0

1+ U2)1/? 1+ U2)3/? br if z <O0.

Furthermore, 0507"u® converges to 9L0"U uniformly on every compact set in R x (0,00) as
o — 00 for all {,m € Z>o with £ +4m < k + 1.

The key idea for the proofs of Theorems 1.1 and 1.2 is to obtain the decay estimate (1.8).
Once this estimate is obtained, we can extend a local-in-time solution (see Theorem 3.1 for
the existence) to a global-in-time solution. Furthermore, the use of the Ascoli-Arzela theorem
enables us to justify a formal limit argument in Remark 1.2 (see also (6.6)).

In order to obtain the estimate (1.8), we differentiate the both sides of the equation (1.1) and
re-write it in the form

(1.12) ve=((1—a)vgy + F)ge in Rx(0,7), v(-,0)=1v9 in R,

where v = u, and a = a(v,vg), F' = F(v,v;) (see (5.1) and (5.2)). Here, the functions o and
F are treated as perturbations from the biharmonic heat equation and expected to be small.
To deal with the fourth-order perturbation «, we prepare a suitable weighted Holder norm
(denoted by ||v|| Z;) and establish a global-in-time linear estimate by a perturbation argument

using semigroup estimates for the biharmonic heat semigroup e~1% and the parabolic Schauder

estimates (see Section 4). We also apply direct estimates to confirm the smallness of o and
control the lower-order perturbation F' (see Section 5).

Remark 1.3. We explain the reason why we adopted a Holder space framework. When we
try to obtain a nonlinear estimate for a fourth-order quasilinear parabolic equation (1.12) via
a perturbation argument from the biharmonic heat equation, (unlike a semilinear equation),
we have to estimate fourth-order spatial derivatives of a solution to absorb the fourth-order
perturbation term, namely

t
Bf,f/ e*(t*‘g)a;l[avmm](s) ds.
0

If we try to do this using only semigroup estimates, the coefficient (¢ — s)™" comes from the
fourth-order spatial derivatives, and the estimate results in a failure. In order to avoid this
difficulty, we have to use a space-time norm || f||* which satisfies the estimate

t
‘ (9;1/0 e_(t_s)aﬂ%f(s) ds

It is well-known that this estimate holds for parabolic Holder norms and Sobolev norms, whose
corresponding estimates are called Schauder estimates and Calderén—Zygmund estimates, re-
spectively. While Koch-Lamm and Du—Yip [3,15] used a Sobolev space framework (see also
(1.4)) to obtain a perturbation estimate, we adopt a Holder space framework, which enables
us to control the derivatives of a solution in pointwise sense to deal with a general curvature
nonlinearity.

1

< ClIfIF

Remark 1.4. Our method is applicable to graph-like solutions to a multi-dimentional expo-
nential surface diffusion flow, namely

up = div (x/l + |Vul2P[Vu]V f (—\/%V%O) in R" x (0,00),

u(-,0) =up in R,

(1.13)
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where
Vu® Vu

1+ |Vul?’
and we can obtain results on the global-in-time solvability of Cauchy problems for the equation
(1.13) and the asymptotic behavior of self-similar type for solutions to the equation (1.13), which

are similar to Theorems 1.1 and 1.2. In this paper, we restrict our arguments to the case N =1
for simplicity.

P[Vu] =1

Remark 1.5. For the conventional surface diffusion flow, Du and Yip [3] proved under suitable
smallness and spatial decay assumptions on initial data that the rescaled function u® converges
to U uniformly in R x [n,1/n] for any > 0 not only in K X [n,1/n] where K is a compact
set in R. Here, U denotes the self-similar solution in Theorem 1.2. They discussed the multi-
dimensional case. Our convergence result to self-similar solutions does not include this kind of
result of Du and Yip [3] when f(r) = cr, ¢ > 0 i.e., the equation is the conventional surface
diffusion flow, since the uniform convergence is on K not in R. To prove the uniformity in R, it
suffices to prove equi-decay properties for u? as indicated in [3] which has been already noted
in [10]. We believe such analysis should work in our setting but we won’t carry it out in this

paper.

The rest of this paper is organized as follows. In Section 2, we define parabolic Holder norms
and summarize elementary and parabolic estimates for these norms. In Section 3, we prove
an existence and uniqueness of a local-in-time solution in a parabolic Holder space with the
initial value in a (spatial) Holder space. In Section 4, which is a key part of the proof of main
theorems, we define weighted Hélder norms ||v|| 2z, and obtain global-in-time linear estimates for

a perturbed biharmonic heat equation (1.12) with this norm. In Section 5, we obtain elementary
estimates of a(v,v;) and F(v,v,) by the norm H’U”Z§ to apply the linear estimates in Section 4

to obtain nonlinear decay estimates (1.8). This enables us to extend a local-in-time solution
constructed in Section 3 to a global-in-time solution, and complete the proof of Theorem 1.1. In
Section 6, we justify the limit argument in Remark 1.2 and complete the proof of Theorem 1.2.

2. PRELIMINARIES

In this section, as preliminaries, we give definitions of parabolic Holder norms, and state some
elementary and parabolic Holder estimates which plays essential roles throughout the proofs.

2.1. Parabolic Holder spaces. Our arguments are performed on a Holder space framework.
In this subsection, we recall the definitions and properties of parabolic Holder seminorms, norms,
and spaces mainly to fix notation.

Definition 2.1. Let f € C(R).
(1) For A € [0,00), we define a Holder seminorm [f]ea gy by

Flosg i= sup L@ = I @)

z,y€ER, ’$ - y|>\
TH#Y

if A ¢ Z, and
flerx@ = 1Pl =)

if A € Z. We also define a Holder space BC*(R) as the space which consists of function
f € C(R) such that || f[|goam) < o0



(2) For A > 0, we define a Holder norm || f[| goa(m) by

[A]
£l Ber@y = D IF Ol + [florm)-
=0

We also define a Holder space BC*(R) as the space which consists of function f € C(R)
such that || f|| porm) < oc.

Definition 2.2. Let —oo <a <b < oo and f € C(R x (a,b)).
(1) For A, 1 € (0,1), we define Holder seminorms [f]eamx (ap)) 204 [fler mx (ap)) PY

_ [f(z,t) = f(y,1)] |f(z,5) = f(z,t)]

[flea®x(apy) = sup » lor@x(apy) == sup

z,y€R, ‘x - y‘/\ z€R, ’5 - t‘lﬁ
te(a’b): s,te(a,b),
TH#Y sF#t

We also define

[Aloomx(ap)) = [floo@x(ap)) = I1f1lLo@®x(a.))-
(2) For A > 0 and n € Z>1, we define a Holder seminorm [f]eax/n(mx (a,p)) PY

- ¢ am ¢ am
Florwm@x@on = 2o 00 flop-iguaen * Do 007 Floptommim gy -
0,m€EZ>q, £,m€Lxy,
l+nm=|A] A—n<l+nm=<A

We also define a Hélder space CM™(R x (a, b)) as the space which consists of functions
f € C(R x (a,b)) such that [f]oxs/mmx(ap)) < 0©-
(3) For A >0 and n € Z>1, we define a Holder norm || f|| goaa/n(mx (a,p)) PY

IFlporam@mxey = 2, 10507 Flle®x(apy) + Florammx (a):
f,mEZZO,
l+nm<\

In the case (a,b) is bounded, we define a scaled Holder norm || f|| by

/
BCXA/(Rx (a,b))

I possm@niany = o (b= 00 | @ wy) + (b = @M Flerin @ (any,

f,mGZZO,
L+nm<\

We also define a Hélder space BC*M/™(R x (a, b)) as the space which consists of function
f € C(R x (a,b)) such that || fll goas/n@x(ap)) < 00

(4) For A > 0 and n € Z>1, we define a time-local Holder space oM (R x (a,b)) as the

time loc

space which consists of functions f € C(R x (a,b)) such that f € C*/*(R x (¢, d)) for
alla <c<d<b.

Remark 2.1. We state some frequently used properties of Hélder norms, proofs of which
are elementary and omitted.
(1) For f € BCM/™(R x (a,b)) and £,m € Z>q with £ 4+ nm < A,

||aﬁalnf||BcA’—é—nm,(A’—ﬂ—nm)/n(Rx(a,b)) < ||f||BC%A/”(Rx(a,b))’
H8587;”1']0||/BC)\/—Z—nm,()\/—Z—nm)/n(RX(a7b)) S ti(E/n+m)||f”/BC/\v)\/"(R><(a,b))
(2) If —00 < a < b < oo, for f € BCYM™(R x (a,b)) and X < ),

HfHBcA’,A’/n(RX(a,b)) < ||f||BC>‘»>‘/"(]R><(a,b))7 ||f||/Bc')\/,)\’/n(R><(a7b)) < |’f”jgc>\,k/n(RX(a7b))~
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(3) Scaled Holder norm HfH,BCM/n(Rx(a,b)) possesses a scale invariance property, i.e., if we
define f7(x,t) := f(ox,0"t) for o > 0, then

/ o /
||f0HBcA,A/n(RX(ofna,o*nb)) - ”f”BC*’*/”(RX(a,b))'

We note here that the scaled Holder norms || f[I’; x5/x and their properties stated

(Rx(a,b))

below will play an essential role in linear and nonlinear decay estimates for derivatives for
solutions to parabolic equations, which will be discussed in Sections 4 and 5.

Proposition 2.1. Let —c0o < a < b < o0, A > 0, R > 0, and g1,...,9t,h1,...,hp €
BCM/™R x (a,b)) be such that 19l Bornrn @ (ap)): 1l Beram@xapy < B fori € {1,.. . k}.
(i)
k
(2.1) g1 - - Gkl Bernsn @ (apy) < Cama | [ 191l Borasn @x (@)
i=1

g1 -+ gk — P Rkl porain ®x (ap))

2.2
(22) SC,\,n,kRk YfllaX lgi — hz’HBcM/n(Rx(a,b))-

(ii) If A € WAL (RF) | then
|A(g1, - - - 7gk)||BC>‘v)‘/"(]R><(a b))
(2.3) < JA0,...,0)| + Crnkroa e, 19l Bean/n (R (a,0))-

EEREE)

Furthermore, if A € WIAHLO(RF)  then
[ACg1; - -, gi)=A(ha, - - hi) | Berasn (R (a )

24
24) < Crni . 8% [19: = hill 3o e o)

If —oo < a < b < oo, the same assertions hold for scaled norms || - with C'

!/
”BCM/n(Rx(a,b))
independent of b — a.

Proof. The proof of assertion (2.1) is similar to [12, Lemma 2.16]. Note that it is assumed there
that the space domain is bounded and that k& = 2; however, the proof is still applicable to get
2.1).
| A)ssertion (2.2) follows from (2.1) and the fact that
k j—1 k
g1---gk —hi... hy :Z(gj_hj)Hgi H hi.
j=0 i=0  i=j+1

Assertion (2.3) follows from (2.1), the chain rule, and the obvious facts that

Blg1,.,q8) — B(O,....0)lex < C (B oo dons
Blonosn) = B0 Oley < (B _max o= ) _mox,_foles

2oy

[B(glv v 7g/€) - B(Oa oo 30)]05 < C <B’i6?11axk} ||ngL°°) __max [gl]C#’

ooy €{1,....k}
for B € WI})COO(]R]“) and A, o € (0,1]. Assertion (2.4) follows from (2.1), (2.3), and the fact that
A(gry- -y gk) — A(ha, ... hy / ZB A((1—0o)g1 +ohi,...,(1 —o)gr + ohi)(g; — hj) do.
(Note that all differentiations that appear in || - || goaa/» commute over the integral.)

Assertions for scaled norms follow by their scale invariance. O
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Proposition 2.2 (Contractivity property of lower order parabolic Hélder norms). Let —oo <
a<b<oo,n€Zst, ke{l,....n}, ue(0,1), and f € CF*/™(R x (a,b)). Then there is a
constant B = By, > 0 such that

Bthk5)
Hf||Bck’w,(k’w)/n(]}gx(a,b)) <IsC, a)||Bck/+u(R) + Ck,k/,u(b —a) ||f||BCk+m(k+u)/n(RX(a,b))

for all k' €{0,...,k—1}. In praticular, if f(-;a) =0 in R, then
I | g4+ /m (R ¢ (ap) < €0 — @) || Fll gttt/ (R x (a.0)) -
Proof. The proof can be found in [12, Lemma 2.17]. O
Remark 2.2. The contractivity property of lower order property implies that the quantities
Hf('vt)||BCk’+u(R)7 HfHBck/w,(k’w)/n(mx(s,t))a HfH/BCk’w,(k’w)/n(Rx(57,:))
are uniformly (Hélder) continuous in a < s < t < b, for f € C**/™(R x (a,b)).

2.2. Biharmonic heat equations. In this subsection, we mention some properties of solutions
to the biharmonic heat equation

(2.5) wy=—-Pw+g in Rx(0,T), w-0)=wy in R.
We define the biharmonic heat kernel b = b(x,t) by

- - 1
b(z,t) = [Fgle‘tf4] () = V4Bt~ 42), Bly) = 27T/Re—§l4+ﬁy§ de.

We denote by e~} the function

[t (z) = /R b — y, )h(y) dy.

Then for all g € BC"Y(R x [0,7)) and wy € BC*(R), the solution w € BC*Y(R x [0,T)) to
(2.5), if exists, has the expression

t
w(t) = e~ 02y +/ e_(t_s)agg(s) ds.
0

We also have a pointwise estimate

4/3
(2.6) 050 b(x, 1) < Cppt~EHAM T/ exp (-JC )

for £,m € Z>p, where w > 0 is a constant. (See [23, §4].)

Proposition 2.3 (The smoothing effect of the biharmonic heat equation). Suppose that wy €
BCO(R). Then w(t) := e "% wq belongs to C®(R x (0,00)) NC(R x [0, 00)) and solves (2.5) with
g = 0. Furthermore, w satisfies

(2.7 5 g 20) < Ol
for all X > 0. If wg € WH(R), then w also satisfies
(2.8) sup(L+ )" lwaelllyon /s sz < Crlwollwseey

for all X > 1.
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Proof. 1t follows from (2.6) that

1050w (-, ) || oo (ry < O 4™ |wo| oo ()
for all £, m € Z>(, which implies that
(2.9) 10505 w|| oo (R (1/2.0y) < Ct™/47™ wo| oo ()
Furthermore, interpolation arguments yield that
(2.10) 0507 W] @ (1/2.0) < Ct™ VA g | oo ),
(0507wl e 12,0y < CE /A7) [lawg || oo ),

for all /,m € Z>o and A\, u € [0,1]. By the definition of scaled Hélder norms, (2.9) and (2.10)
imply (2.7).
Also, since wy(t) = e 7% (wp),, it follows from (2.7) that
”wf'7||lBC>‘»>‘/4(R><(t/2,t)) < CH(wO)xHLOO(R)‘

On the other hand, (2.7) directly implies that

lwellsenns@e/ae < Ct lwoll ).

Combining these estimates, we deduce (2.8). O

2.3. Parabolic Schauder estimates. In this subsection, we mention the parabolic Schauder
estimates for the Cauchy problem

4
(2.11) w = Zai(:n,t)ﬁiw +gin R x (0,7), w(-,0) = wp in R.
=0

Proposition 2.4 (Parabolic Schauder estimate, [23, Theorem 4.10 in Chapter IV]). Suppose
that X € (0,00)\Z. Let a;,g € BCYM* R x (0,T)) fori € {0,1,2,3,4}, and assume the uniform
parabolicity

sup  ay(z,t) < 0.
z€R,te(0,T)

Then for any wy € BCHMR) there is a unique solution w € BC*HMANYR x (0,T)) to the
problem (2.11). Furthermore, w satisfies

lollpoanasss@eory < Cowt (ol so@ + 19l sersi@xomy ) s
where v > 0 is such that

laill pexsa@mx oy S v fori€{0,1,2,3,4},  sup  as(z,t) < —v 1
z€R,te(0,T)

and the constant C is nondecreasing in T'.

Proposition 2.5 (Time-local parabolic Schauder estimate,[23, Theorem 4.11 in Chapter IV]).
Assume the same conditions as in Proposition 2.4. Then

lwll possriora@xrryy < Caprr,r <”wHL°°(R><(0,T)) + HQHBCMM(Rx(o,T)))

for allT' € (0,T).
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Furthermore, by applying these estimates to the function
w(y,s) = w(T*y,Ts), (y,s) € R x(0,1),

which is a solution to the equation

4
w, =Y Ty (TY Yy, Ts)0w + Tg(T*y, Ts) in R x (0, 1),
=0

we obtain the following Schauder estimates for scaled Holder norms.

Proposition 2.6. Assume the same conditions as in Proposition 2.4, and additionally that
wo = 0. Then w satisfies

Hw||/BC4+A,1+A/4(RX(o,T)) < C/\,VTHQH/BCA,AM(RX(o,T))’
where v > 0 is such that

Tl*i/“\lailljgcx,xm@gx(o ) Svforie{0,1,2,3,4},  sup ay(z,t) < v
’ z€R,t€(0,T)

Proposition 2.7. Assume the same conditions as in Proposition 2.4. Then

HwHIBC4+A,1+A/4(RX(UT,T)) < Crpo (HwHLOO(Rx(O,T)) + T”QWBC*J\M(Rx(QT)))

for all o € (0,1), where v is as in Proposition 2.0.

3. SOLVABILITY OF A GENERAL SURFACE DIFFUSION FLOW

As usual, our strategy of constructing a global-in-time solution to a general surface diffusion
flow (1.1) is extending a local-in-time solution. However, since there are no available results
even for the local-in-time solvability of the problem (1.1), we have to start with establishing it.
In this section, we prove the unique solvability of the problem (1.1) in a certain Hélder space.
We define spaces Y and Xt 4, by

Y = {ue C""R); u, € L°(R)},

Xrq i= {0 +vi v € BOFHIFRAR x (0,T)),0(-,0) = 0
for T € (0,00], up € Y. We also define a subset Xﬁuo of X7, by

XF = {t € X1ug; |lu = woll poasuturimx oy < R}
for R > 0.

Remark 3.1. X7, is a complete metric space with the metric ||u — v|| poatui+u/awyx(0,1))-
Also, [|(+)zllpest+n(r) is a complete seminorm on Y, that is, for every sequence {w,};2; C Y

satisfying liIE [ (wm — wn)zl| pestnm) = 0, there is a (non-unique) function w € Y such that
m,n—o0

Jim [ (wn — w)z || pestnm) = 0.
Using these notations, our solvability theorem for the problem (1.1) is stated as follows.

Theorem 3.1. Assume (1.6) and (1.7). Then problem (1.1) possesses a unique local-in-time
solution u € Xp(yg)uy- Furthermore, the maximal existence time T(ug) is bounded from below
on each subset of Y bounded with respect to the seminorm ||(- )zl pos+nm)-
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Our strategy of constructing a solution to the problem (1.1) is to construct it as a perturbation
from a solution to a linear parabolic equation and to use the contractivity property of lower order
parabolic Holder norms (Proposition 2.2) to control perturbations. We first calculate

(e U o))

Ugxx 3U@-’U,§I , Uz
(- ) (),

=-A (u:cu ux:c) Uggzs + B (ux, Ugx, uzxx) 5

where

1 , T
Algr) = e <_(1+q2)3/2>’

3 _ (10grs+3r®  18¢%*? o
(QJ",S) = (1—|—q2)3 - (1—|—q2)4 f _(1—|—q2)3/2

1 $ 3qr2 ? " r
+ - (-l )
(L+¢)Y2 N\ (1422 (1+¢%)? (1+¢%)%2
We fix ug € Y and M > 0 such that ||(uo)e || pos+n(r) < M. Since A((u0)z, (t0)zz) € C*T#(R)
(1 + || (wo)all Lo

and
} > CMa
LOO
it follows from Proposition 2.4 that the Cauchy problem
(3.1) vy = —A((w0)z, (U0)zz)Vzzzx + F in Rx (0,7), v(-,00=0 in R,

possesses a unique solution v =: T[F] € BC*H#1+#/4(R x (0,T)) for all F € BC*H/4(R x (0,T)).
Furthermore, we have

1

A((uo)z, (u0)zz) = E inf {f’(—m) k| < H (u0)zz

(1+ (u0)3)*/?

(3.2) ICFN poatuitnam o)) S Ol pomnra@x o,y
for T" € (0, T7.
We also define a nonlinear map A : X7, = X174, by
A[u] =up + r [_A((UO):m (uO)xw)(uO)aca:ac:c
+(A((UO):E7 (UO)IJI) - A(um uzw))“mwxw + B(uam Ugy, ux:m:)]

for up € Y. The function Afu] is a sum of a fixed function (constructed as a solution to a
linear parabolic equation) and nonlinear perturbation terms. It is alse clear that u € X7, is a
solution to problem (1.1) if and only if u = Afu].

The following lemma controls the perturbation part of the map A.

Lemma 3.1. Let ug € Y and assume that ||(uo)z| pes+nm) < M. For any R > 0, there is
T =7m,Rr > 0 such that if T < min(7ar g, 1), then
1
[Afu] — A[U]||BC4+M«1+#/4(R><(0,T)) < 5”“ - U||BC4+M,1+;L/4(R><(O,T))
for all u,v € Xﬁuo.

Proof. We omit ”(R x (0,7"))” in notations of norms. We define ¢ := Afu] — Afv]. It follows
from the definition of A that ¢ € BC*T#1+#/4(R x (0,T)) is a solution to the problem

(33) Pt = _A((UO)J:; (UO)xx)Spmcxx +H in Rx (07T), QO(', 0) =0 on R,
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where

H = (A((UO)am (UO)zx) - A(uxa uzx))(u - U)x:ca:a: - (A(ua:7 ua:a:) - A(Uazv Ua:a:))vcca:xx

+ B(uxu Ugy, u:c:ca:) - B(Um Vgxy szx)'
Furthermore, since A € Wfl‘zfo (R?) and B € I/Vf)coo (R3), it follows from Lemma 2.1 and 2.2 that

[ (A((u0)a, (U0)aa) — AUa, Uaa)) (u — U)MMHBC%HM

< CllA((wo)a, (u0)zw) — Alue, uga) | pomnsal| (U — V)swzall pomnsa
< Cllu — ol pez+me+my/all (4 — V) zzazll ponira

< CRTBH (U - U)zmx:EHBCM,M/‘la

[(A(uz, tze) — A(Ve, Vez) ) Vzzaz | o

< CHA(Um,Um) - A(UmaUII)HBCMM/‘l||v$$$$||BC#a#/4

< Ollu — vl goztueru/a((wo)zll pestu + v — uoll poasnitnusa)
< C(M + R)TBHU — V|| poatuatu/a,

| Btz Ugzs Uzzz) — B(Vas Vazs Vaza )|l pownsa

< Ollu = vl pestnrmss < CT? u =l poasirns,

provided that T' < 1, where 3 > 0 and C' = C, ,r are constants. Hence

IH | g < CTﬁHU — vl postnrinsa-
This together with (3.2) implies that

(3.4) [l esmenss < CTPu = ol posemiss
with C' = C(u, R). Thus, sufficiently small choices of T' yields the desired estimate. O

We are now in position to complete the proof of Theorem 3.1.

Proof of Theorem 3.1. We first prove the existence. Let ug € Y be such that ||(ug)z|| pes+e < M.
Since

A[UO] —Uup = F[_A((UO):m (UO)wx)(UO)zzx:r =+ B(((“O)m (UO):E:m (UO):E:E:B))]7
it follows from (2.1) and (3.2) that there is a constant C, depending only on M such that

(| Aluo] — uO”BC4+H,1+M/4(RX(071)) < (C,.
Taking R > 2C, and 7 > 0 as in Lemma 3.1, we see that

[A[v] = uoll posnavnra < |A[] = Aluoll| poatuirura + [ Aluo] — woll peasnasnsa
1 R R
< §HU — ug|| goaturusa + Cy < 35 + 5= R

for all v € X%UO, provided that 7' < min{7,1}. Hence A(X%UO) C XQI%UO. This together with
Lemma 3.1 implies that there is a unique fixed point of A in XII%UO, which is a solution to
problem (1.1), provided that T < min{r, 1}. Furthermore, since 7 depends only on p and M,
the maximal existence time T'(ug) is bounded from below on each subset of ¥ bounded with
respect to the seminorm ||( )| gos+u-

We finally prove the uniqueness. Let u € X7, @ € X5 w T =T, be solutions to (1.1), and
R > 0 be such that u,u € Xﬁuo. Assume on the contrary that

T :=sup{t € (0,T]); u=aon R x (0,¢)} <T.

By replacing wug, u € XﬁuO by u(-, T"), u(-,- +71") € XE , w(- 1) respectively, we may assume
that 77 = 0.
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Let 7 be as in Lemma 3.1. Then

- ~ 1 -
Ju— U||Bc4+u,1+u/4(RX(o,T)) = |[Afu] — Ald] ”BC4+ml+u/4(Rx(o,r)) < 5”“ - u||BC4+w1+#/4(R><(0,T))-

This implies that « = @ in R x (0, 7), which contradicts 7" = 0. O

4. DECAY ESTIMATES FOR A PERTURBED BIHARMONIC HEAT EQUATION
In this section, we consider a linear perturbed biharmonic heat equation of the form
(4.1) vy = —((1 — @)z )gz + Frz in R x (0,7), v(-,0) =vp in R,

and derive decay estimates for the solution v. These estimates will play an essential role to deal
with the higher-order perturbation of the equation (1.1).
It is easily seen that problem (4.1) is equivalent to the integral equation

t t
(4.2) v(t) = e 0iyy + / age_(t_s)a;l' [0V (s)] ds + / age_(t_s)agF(s) ds,
0 0

progided that v € C’éz;’ll;“/él (Rx(0,7))NL>*(Rx(0,T)). We assume on the coefficient function
o that

(A) Ha||jgc2+u,(2+u)/4(]]{><(t/zyt)) <dforallte (07T)’

where 6 > 0 is a small constant and p € (0,1).
We also define the weighted Holder norms || - || 21 and the function space ZE as follows.

Definition 4.1. For k € Z>o and T € (0, <], the space Z% consists of v € Cg:lg’l(f:“)/4(R X
(0, 7)) such that the value

HUHZ% = tes(l(l)%) <||/UH/BCk‘Hh(k+H)/4(R><(t/?,t)) + (1 + t)1/4||vl‘”/BC’“*1+M,(I€71+M)/4(]R><(t/Q,t)))

is finite.

Remark 4.1. We will use this norm on the estimate of the spatial derivative v = wu, of the
solution u to the problem (1.1) in Section 5. The first term is invariant under the scaling
v = v(ox,0tt) for ¢ > 1. The second term makes the spatial derivative v, of v € ZX bounded
near t = 0, while it is equivalent to the first term for large t. Thanks to the second term, the
curvature £ = g, /(1 + u2)®? is bounded if v = u, € ZE, which enables us to deal with the
curvature nonlinearity f(—x). Furthermore, the asymptotic scale invariance for large ¢ makes
this norm suitable for asymptotic analysis of self-similar type for problem (1.1).

Note that Z% is complete with respect of the norm || - ||Z§2

Lemma 4.1. Suppose that vy € WH(R), and that F satisfies

(4.3) < et VA1 44714

HFHIBC#«#/‘*(RX(t/Q,t))
for allt € (0,T). Then the function

t
(4.4) O(x,t) := e 102y, —|—/ 836_(t_5)8§F(s) ds
0

on R x (0,T) solves (4.2) and satisfies
(4.5) 1]l zz < C(llvollwree + ).



Proof. We decompose ® into I 4+ II + III, where

i t
[:=e gy, IT ::/ 8%67(2578)%}7(5) ds, I1II ::/ 83%67@78)8;%1?(8) ds.
0 t

We fix £ € (0,7/4) and consider the range t € (2t,4t). We first observe that

(4.6) ||I||I]30A,A/4(Rx(a,b)) < Cllvol| e, HIx||/]30A,A/4(RX(t/2¢)) <C(1 +t)71/4”UOHle°°7

for all A > 0.
We next estimate II. By

i
kol = / QA2 ~(1=5)02 P (5) ds
0
we see that

t
10K e (1) < © / (t — 5)"BHED/A P (s ds
0

t/2
< Ct—(k+4£+2)/4// es~UA(1 4+ 5)~14 s
0

< Cat—(k+4€+2)/4 . t3/4(1 + t)_1/4 _ Cgt(l—k—4é)/4(1 + t)_1/4
for all k,¢ € Z>p. By interpolation, we also obtain
5 OF T s (e (12,0) < CetF= 41 4 ) =1/
for all € (0,1). Thus it holds that
1/4 —1/4
(4.7) W gonnagexeya < Cet ML+ 67,
ML s ey < CoU )74,

for all A > 0.
We finally estimate C2t#2+1)/4 norms of derivatives of III. We set

N t
i ::/ e_(t_s)aiF(s) ds,
i

so that 8%]7? = JII. Then Proposition 2.6 implies that
vaUH,BC4+u,1+M/4(R><(f,t)) < CHIF oz < Cet™ (L +1) 711
Combining this with IIT = 02III, we deduce that
I o sy < Cet(L+8)71 < Ce,
HIIICE”/Bcl+u,(1+u)/4(]1§><(ﬂt)) < t71/4\|IHngcz+u,(2+m/4(Rx({,t)) < Ce(1+1t)~Y4
Adding (4.6), (4.7), and (4.8), we obtain
||q)‘|jgc2+u,(2+u)/4(]g><(t/gﬂg)) < ClJuollwre + ),

1925 0ema@eyzgy) < Clllwollwre +e)(1+ t)~14,
and complete the proof of Lemma 4.1.

Lemma 4.2. Suppose that vg € WL (R), and that F satisfies

(4.9) L et B
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for allt € (0,T). Then the function ® defined in (4.4) satisfies

(4.10) 1@l zs. < Cl[vollwree +€).

Proof. Proposition 2.6 yields the estimate

(4.11) I\ g ctisnamx iz < CtFoallpomma@x i) < CtA 1+ 1)~

Adding (4.6), (4.7) with A = 4 + p and (4.11), we obtain (4.10). This completes the proof of
Lemma 4.2. n

Now we are ready to state our linear decay estimates for the equation (4.1).

Theorem 4.1. Suppose that vg € WL (R). Assume (A) and (4.9). Then there are constants
dg > 0 and Cy > 0 independent of T, such that if 6 < g, then there is a unique solution to
v € Z7 be a solution to problem (4.1), and v satisfies

(4.12) [0l 22 < C(llvollwree + ).

Furthermore, if v € Z% is a solution to problem (4.2), then v belongs to Z% and solves problem
(4.1).

Proof. We define a linear operator L on Z2 by

t
Liol(t) = / =99 (0,)(s) ds.
0
The inequality (4.10) implies that ® € Z7 and ||(I)||Z§£ < C(||lvollyyri.00 + €). Furthermore, we

have

||05Um”jgck—lw,(k—lw)/zl(RX(t/z,t))
(4.13) < CHO[H/BC]C71+#,(I@—1+/,L)/4(RX(t/27t)) -t_1/4H'Ux||/Bc'k71+,u,(k71+u)/4(R><(t/g’t))

< C||ol| gt~ (1 + 1)~/
for k € {2,4}. This together with Lemmas 4.1 and 4.2 with v9 = 0 and F' = av,, implies that

IL[w]ll z2. < C6llvll 22, (L[]]I zs < Collo]l za.-

In particular, if 6 > 0 is sufficiently small, id —L is an automorphism on Z% for k € {2,4}.
Since (4.1) is equivalent to v — Lv = ¢ and H<I>||Z% < C(||vollwr. + €), we deduce the unique

existence of a solution to problem (4.1) in Z7 and the estimate (4.12). Furthermore, if v € Z2
is a solution to problem (4.2), ¥ coincides with the solution v € Z% to problem (4.1) since id —L
is an automorphism on Z%. The proof of Theorem 4.1 is complete. U

We finally mention the following higher regularity of solutions to problem (4.1).

Lemma 4.3. Let k € Z>3. Let dy be as in Theorem 4.1 and assume (A) with § < §y. Assume
also that

/
(4.14) Sup, el g e/ (1 2,0) < O
Suppose that vg € WH°(R), and that F satisfies
(4.15) I W s ot a (1 j2.0) < et (147

for allt € (0,T). Let v € Z3 be a solution to equation vi = —((1 — @)vzz)zz + Frz. Then
(4.16) [0]] g2+2 < C([Jvol oo Ry + €)-
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Proof. We observe that the equation vy = —((1 — &)vzz)ze 1S equivalent to
v = —(1 — @)Vaaae + 200 Vp0s + QpgVez + Fira
It follows from (4.15) that
[ Fa | bt /2 e 1) < Cet™3/*(1+) 1%
Furthermore, the assumption (A2) implies that
11— < C,
<,

”a$$HBCkflJr#,(kflJru)/‘l(]Rx(t/4 t)) <0,

gkttt R x (1 4.0)) <

H%HBck T (b= 1) [4(Rx (£/4,8)) —

By Proposition 2.7, we see that

—3/4 —1/4
||UH/BCk+2+u,(k+2+u)/4(R><(t/Q,t)) <C (t -et / (1 + t) / + ||U‘|L°°(R><(t/4,t))> < C(HUOHWLOO + 5)'
For the estimate of Hvx||’BC,€+1+u7(,€+1+#)/4, we consider an equation which the function w = v,
solves, namely
Wy = _(1 - a)wzx:m: + 30 Weze + 30 War + QpreWs + Frpg.
Since
-1 —1/4

”Fl“mc||/Bck—3+u,(k—3+u)/4(R><(t/4,t)) S Cet (1 =+ t) / 3

Proposition 2.7 and (4.15) yield

12 g sttt /am i any < C <t et (14t 4 HUa:HLoo(Rx(t/z,t))>

< O(||vollyriee + ) (1 +)~H4,
Thus (4.16) follows. U

5. NONLINEAR DECAY ESTIMATES FOR A GENERAL SURFACE DIFFUSION FLOW

We consider decay estimates for a solution u € X7, to problem (1.1) via linear estimates in
Section 4 and elementary estimates for perturbation terms. These enable us to extend u to a
global-in-time solution. We assume that (1.6) and (1.7) throughout the section.

Instead of directly estimating u, we estimate the spatial derivative v = u, of u. We define
functions vy, «, and F' by vg = (ug), and

Vg
5.1 =1- —
(5.1) « (1 +02)2f < (1 —|—v2)3/2> ?
3vv Vg

5.2 F = . r
2 oy ()
so that v solves the integral equation

t ¢
(5.3) v(t) = ey, +/ 856_('5_8)‘9§ [0V (8)] ds +/ Gie_(t_s)aiF(s) ds.

0 0

We first estimate each nonlinear component of the equation (5.3) by ||v|| 7k and verify that we
are in a situation that Theorem 4.1 applies.

Remark 5.1. Thanks to the adoption of the scaled Holder norms || - ||/BC’V+%(’“+#)/4(R><(t/2,t)) and
weighted Holder norms || - || 7k, We can obtain adequate estimates of derivatives of v without

expanding them, which makes our calculations much simpler than using the usual Holder norm
|+ | pemsrmterm/a@x(t/a) (See Remark 2.1 and Proposition 2.1)
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Lemma 5.1. Suppose that p € (0,1), R >0, and ||7)HZ§ < R. Define

o (1+0v2)3/2°
Then
(5.4) ”KH/BCkflJruy(k*HM)/‘l(]Rx(t/27t)) < CHsz;z(l + t)_1/4’
(5.5) ”f/(_’f) - 1H/BCk*H‘My(k*lJrM)/‘l(]RX(t/27t)) < C||UHZ§(1 + t)71/4’

for allt € (0,T).

Proof. We fix t € (0,T) and omit “(R x (¢/2,t))” in notations of norms. It follows from Propo-
sition 2.1 that

(1 + vz)”!!jgckfuu,(kaM/zl <C,
(5.6) (1 + UZ)V - 1HIBCkfl+u,(k*1+u)/4 < C"Uzl‘%ck71+u,(k71+u>/4
< Ollvl gen—1sm1sm < Cllvllr‘;jk;u
for all v € R. Using Proposition 2.1 again yields
||"f||jgck—1+u,<k—1+u>/4 < CHUm||,BCk—1+u,(k—1+u)/4||(1 + UQ)_g/Qngck—1+u,(k—1+u)/4
< Clloll (1 + 07,
Hf/(_’f) - 1||IBCk71+u,(k*1+u)/4 < C||’{||/Bck71+u,(k71+u)/4 < C||UHZ§,(1 + t)71/4'
The proof of Lemma 5.1 is complete. U

Lemma 5.2. Assume the same conditions as in Lemma 5.1. Define a function « as in (5.1).
Then

(5.7) ”a”chk—l-‘—m(k—lﬂt)/‘l(]Rx(t/2,t)) = CHU”Z§
for allt € (0,T).

Proof. We fix t € (0,7) and omit “(R x (¢/2,t¢))” in notations of norms. We deduce from
Proposition 2.1, (5.5), and (5.6) that

||a||,BCk—1+u,(k—1+u)/4 <C (Hf/(—"f)‘|3gck—1+u,(k—1+u)/4 + 1) (1 + UQ)_Q - 1”3{30k—1+u,(k—1+u)/4
+C (H(l =+ UQ)_2||jgck—1+u,(k—1+u>/4 + 1) 1f(—k) — 1||33(;k—1+u,<k—1+u>/4
< CHUIIQZ; + Cllvll 2 (1 + t)~ < Cllvll zs -
The proof of Lemma 5.2 is complete. O

Lemma 5.3. Assume the same conditions as in Lemma 5.1. Define a function F as in (5.2).
Then

(5.8) HF||/BCk—1+u,(k—1+u)/4(R><(t/Q,t)) < CH”H%{;@ + 1)
for allt € (0,T).

Proof. We fix t € (0,T) and omit “(R x (¢/2,t))” in notations of norms. Since F = vx?f'(—k),
it follows from Proposition 2.1, (5.4), and (5.5) that

—-1/2
)

HFH/BCkleL,(k*lnLu)/ﬁl < C”U||/BCk71+u,<k71+u)/4H’ijgzkflJru,(kflw)/Al||f/(_"'f)ngckflw,(kflw)/él
< Cllolfgy (1+6)7Y2

The proof of Lemma 5.3 is complete. 0
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Lemma 5.4. Suppose that v € Z3 solves (5.3). Then there are constants 6o > 0 and Cy > 0
such that if ||’U”Z% < 8o, then v belongs to Z% for all k € Z>4. Furthermore, v satisfies

(5.9) [0l 2 < Chllvollw.ee-

Proof. We prove (5.9) by the induction on k. We first prove the case k = 4. We assume that
”UHZ% < 1. It follows from (5.7), and (5.8) that

||a||3902+u,(2+u>/4(RX(t/27t)) < CHUHZ%’
||F||/BC2+;«(2+#)/4(R><(t/zyt)) < CHUHgZ%(l + t)il/Qu

for all t € (0,T). By Theorem 4.1, v belongs to Z# and satisfies

lollzs < € (Hoollwroe + ol ) < € (ollwroe + lolZg ol 23 ) -

This implies that H”HZ% < Clvollyy1,ee if HU”Z% is sufficiently small. The proof in the case k = 4
is complete.
We next assume that (5.9) holds in the case k = kg € Z>4. Then (5.7) and (5.8) imply that
el g o 1410014074 (e (1 /2.09) < Clivll 7o

HFH,Bck()*1+lh(k0*1+ﬂ)/4(R><(t/27t)) < CH'UHSZ;O (1 + t)71/2'

Thus Lemma 4.3 yields (5.9) with k = ko + 1. By induction, we obtain v € Z% for all k € Z%
for all k € Z>4, and complete the proof of Lemma 5.4. O

Lemma 5.5. Suppose that w € Y. There is a number g9 > 0 such that if ||(ug)z|w1. < €0,
then the solution u € Xy 7(y,) to problem (1.1) satisfies u, € Zéi(uo) for all k € Z>4, and the
estimate (5.9).

Proof. Let &y and C; be as in Lemma 5.4. We define ¢ := (2 + 2C;)~18o. It suffices to prove
that HumHZ%( : < 0y, since this together with Lemma 5.4 implies (5.9).
ug

It follows from the contractivity property of lower order Holder norms that
||u:rHZ% < ||um||3903+u,(3+u)/4(RX(o,T)) + Humr”;902+u,(2+u)/4(R><(07T))
<zl Loo mx (0,)) F NUazl oo ®x (0,7))
3
+ 2T 105 ull oo (rxo,7)) + 2T ] o3/ @ 0.1
(=0
< [ (@o)allwroo ) + CT tall pesus+mra@x 0.1y < €0 + CT?||uall pos+usrmsamx o))

for T € (0,1), where 8 € (0,1/4] is a constant. In particular, it follows that luell 7z < 2e0 < do
0
for a sufficiently small Ty > 0. Thus

Jusllzg, < Caco < i
by the choice of dg. This implies that
T = sup{T € (0,T(up)); u satisfies luall 23 < do} > 0.

It remains to prove that 77 = T'(ug). Assume on the contrary that 7" < T'(ug). Then v = u,
satisfies ||v]| 1+ < dp and therefore ||v]|,1+ < Cieg by Lemma 5.4. In particular, we have
T/ !

1/4
HU||/BC4+H,1+M/4(RX(TI/Q,T/)) +(1+ T,) / ||U5EHIC3+H7(3+N)/4(R><(T’/27T’)) < Cheo.
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Since v € Cé;’é’ll;“ / (R x (0,T(up))), the contractivity property of lower order Holder norms

implies that for some small 7 > 0, we have

1/4
HUHIBCSW,(SW)M(RX(t/;t)) +(1+1) / ”vxH/CQ-*-H’(Q'W)/‘*(RX(t/2,t)) < 2Chg9
for t € [T",T7" + 7). This together with |[v||;2 < Cieo implies that |[v]|,z < 2C1gp. Since
T’ T 47
2C €9 < &9, this contradicts the choice of T". O

Now we are ready to complete the proof of Theorem 1.1.

Proof of Theorem 1.1. Let € > 0 be as in Lemma 5.5. We first prove that T'(ug) = co. Assume
on the contrary that T'(ug) < oo. By Lemma 5.5, the set {us(t) }1e[r(u) /2,7 (uo)) 15 @ bounded sub-
set of BO3T#(R). This together with Theorem 3.1 implies that there is 7 > 0 such that problem
(1.1) with ug replaced with u(to) possesses a solution in X, 4, for any to € [T'(ug)/2, T (uo))-
Taking to so that to + 7 > T'(ug), we see the solution u is extended to u € Xy 4r4,, Which
contradicts the definition of T'(ug).
We finally estimate u;. It follows from (1.1), (5.5), (5.6), and (5.9) that

(5.10)

/

1
R | S
el on—stnce ST/A(RX (t/2,¢)) (14 u2)1/2 (F(=r) = 1)g | BOk=3+1.(h=3+m) /4R x (1/2,t))
1 /
<tV s (f(=R) = 1),
(14 u2)l/2 BOk—2+1, (5=24+) /4R (£/2,1))

!/

—1/4 2\—1/2 ~1/4
<ot H(l +ug) / HBck—2+u,(k—2+u)/4(Rx(t/2,t)) Y If(=r) = 1HSBCIC_QJ’”’““_QJ”W“(RX(16/2,t))

< Ollollze (L +6)7 < Cll(uo)allwret ™ /2(1 4 )71
This estimate together with (5.9) clearly implies (1.8). The proof of Theorem 1.1 is complete. [
6. PROOF OF THEOREM 1.2

We are now in position to complete the proof of Theorem 1.2. All we have to do is to justify
a formal limit argument in Remark 1.2 to prove the convergence to a self-similar solution to the
equation (1.11).

Proof of Theorem 1.2. Let u? be as in the statement. It follows from (5.9) that
(6.1) HugHIBCkJrMa(kJrHW‘l(]RX(t/27t)) = Huiﬂ‘|IBC’7€+H,(1"+M)/4(R><(o—4t/27g4t)) < C[(uo)z[lwr.oe-
Furthermore, (5.10) implies that
3
1 Vot tierm @ eyaey) = O Ntl pomsuism/a@x (or/2,00)
(6.2) < Oll(uo)ellwroo (0*8) 72 (1 + o) 7/
< Ol (uo)elwrt =/
It follows from (6.2) that

to
(2, t2) —u’(z, 1) < C [ 734 dt < Clty — t1)/*

t1
for all x € R and 0 < t; < tg. This together with (6.1) implies that
(6.3) [u” (@3, 12) = u (21, 11)] < C (Jaa = @] + |t = 1] 1) |
(6.4) u? (z,1)] < [u7(0,0)] + C(|z] + t'/*) = o ug(0)] + C(|z| + t1/4),

for z1,z9,x € R, t1,t2,t € [0, OO)
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By the Ascoli-Arzela theorem, (6.1), (6.2), (6.3), and (6.4) imply that there is a sequence
on /oo and U € CFTITH (k+1+“)/4(]R x (0,00)) NC(R x [0,00)) such that

time loc

1 On __ =
Jim [u Ullpeo(x) =0
for every compact set K C R x [0,00), and
Jim [|050" (u” = U)| oo (x) = 0

for every compact set K C R x (0,00) and ¢,m € Z>q with ¢ +4m < k + 1. Furthermore, U
satisfies the estimate

(6.5) 1Ueligsmsraqgeyngy < Clo)slwns

for all t € (0,00).
We observe that

7= g U (i) ) oo
0 =7 (wream U Coraeim)).),
= (vt (- (aetem)).),

where f,(r) := of(c~!r). Since le fo(r) =7 by the assumption (1.6), we deduce that

e <<1 T ézw <_<1 +U5§>3/2>x> |

It also follows from (1.9) that

U(x,0) = ax if x > 0,
" bz ifx < 0.

Hence U is a solution to problem (1.11). On the other hand, by [15, Theorem 3.4], there are
constants ¢* > 0 and p* > 0 such that problem (1.11) possesses a unique solution, which is
self-similar, in the set {U; ||U||x. < p*} (see (1.4) for the definition of |U]|x. ), provided that
max{a,b} < e*. These together with (6.5) and the fact that

10l < Csup (1Uallzoe + 4 Ukallze ) (2)
>0

by the Holder inequality imply that the limits U of subsequences in u«“ is unique. Hence

lim H'LLU - UHLOO(K) =0

o—00
for every compact set ¢ — oo, if ||(ug)z|/y1. is sufficiently small. Furthermore,

. v .
Jim {|8,0;" (u” = U)|[ oo () = 0

for every compact set K C R x (0,00) and ¢,m € Z>o with £ +4m < k + 1. The proof of
Theorem 1.2 is complete. O
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