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We propose a framework to construct a real-space spin model based on the inverse Hamiltonian

design.

The method provides an efficient way of realizing unconventional topological spin tex-

tures by optimizing the interaction parameters. In order to demonstrate its usefulness, we show
that the tuning of the long-range exchange interactions can give rise to a square skyrmion crystal
even without factors that have been previously identified as prerequisites for its stabilization, such as
Dzyaloshinskii-Moriya interaction, multi-spin interaction, and bond-dependent magnetic anisotropy.
Moreover, we elucidate the essence for the emergence of the square skyrmion crystal by classify-
ing the parameter sets we get by the method. Since the present framework by adopting machine
learning techniques can be universally applied to any magnetic system irrespective of lattice struc-
tures, it serves as the efficient construction of an effective spin model and the understanding of the
stabilization mechanisms for unconventional topological spin orders.

Introduction.— Magnetic materials exhibit a rich vari-
ety of fascinating spin textures at the nanoscale, driven
by the interplay of competing interactions. These com-
plex magnetic structures not only provide insight into
fundamental physics but also hold promise for next-
generation devices. Among the most intriguing are topo-
logically non-trivial spin textures as represented by a
magnetic skyrmion to have a swirling spin texture with
topological stability. These have emerged as a focal point
in condensed matter physics and material science, ow-
ing to their potential applications in future computing
and memory storage technologies [IH4]. Characterized
by their robustness against disturbances due to their non-
trivial topology, skyrmions exhibit intriguing phenomena
such as the topological Hall effect [5H8] and the topo-
logical Nernst effect [9] [I0]. Since the first experimen-
tal observation of the skyrmion crystal (SkX), a peri-
odic arrangement of skyrmions, in chiral magnets [I1], it
has been found not only in noncentrosymmetric materi-
als [I2HI8] but also in centrosymmetric materials [8] 19+
22]. Along with the experimental progress, theoretical
studies have been extensively conducted to elucidate the
stabilization mechanisms of the SkXs; the Dzyaloshinskii-
Moriya (DM) interaction [23] 24] has been considered as a
crucial factor for stabilizing the SkXs in noncentrosym-
metric materials [I3] 25], while the stabilization mech-
anisms of the SkXs in centrosymmetric materials have
been discussed in terms of the magnetic frustration of
exchange interactions [26H28] and the long-range interac-
tions arising from itinerant electrons [29H32]. However,
the stabilization mechanisms of the SkXs in centrosym-
metric materials are still under debate, and the searching
for a typical model to describe the SkXs is difficult owing
to their complicated long-period magnetic modulations;
the efficient modeling of exploring the realization of SkXs
in various materials is highly desired.

Although previous research on the SkXs has suc-

ceeded in discovering several stabilization mechanisms,
the conventional approach often requires tedious pro-
cesses of trial-and-error in vast high-dimensional param-
eter spaces. By contrast, the inverse approach, which
enables us to construct an effective model from the tar-
get’s physical properties, can be not only an efficient
way to construct a desired model but also a powerful
tool for leading us to qualitatively new physics that is
difficult to reach analytically. To construct an effec-
tive model by this approach, machine learning techniques
have been widely used, such as multiple linear regres-
sion [33H35], the Bayesian optimization [36], and genera-
tive models [37]. However, these techniques require data
collection to some extent for training the model. Re-
cently, an alternative approach by using automatic dif-
ferentiation has been proposed [38], which calls only for
the desired physical properties to construct an effective
model without data collection.

In this Letter, we propose an efficient method to ex-
plore the stabilization mechanisms of topological spin or-
ders based on the inverse Hamiltonian design [38]. We
construct an effective real-space spin model to stabilize
the square lattice SkXs (S-SkX), which corresponds to a
double-Q state with a superposition of two helical states,
that is akin to that observed in a centrosymmetric ma-
terial GARuySiz [20]. By the aid of the machine learning
techniques, we clarify that the S-SkX can be stabilized by
the xxz-type competing exchange interaction even with-
out the DM interaction, multi-spin interaction, or bond-
dependent anisotropy, which have been thought to be
necessary to stabilize the S-SkX [39H42]. We demonstrate
the emergence of the S-SkX for the obtained spin model
by performing the simulated annealing and Monte Carlo
simulations. Furthermore, by sampling the parameter
sets, we find that the ratio of the interactions between a
wave vector that is crucial to stabilize the triple-Q) state
and the ordering wave vector of the S-SkX is essential in



realizing the S-SkX. These results indicate a promising
framework for finding further intriguing topological spin
orders that are difficult to explore by human thought.

Model.— Let us consider the classical spin model on
a two-dimensional square lattice; the lattice constant is
set as unity. The Hamiltonian consists of the exchange
interactions up to the ky.x-th neighbors, which is given
by

b
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where S; = (SF,5Y,57) is a classical localized spin at
site ¢ with |S;| = 1, and J (o =1, 22) is the k-th neigh-
bor coupling constant for the in-plane and out-of-plane
components, respectively. We show the schematic pic-
ture of the k-th neighbors until the 8-th neighbor on the
square lattice in Fig. [Ifa). J2 < 0(> 0) represents a
ferromagnetic (antiferromagnetic) interaction. The sum
Z Py Tuns over up to Amax-th neighbors, and (i, j)j de-
notes the k-th neighbor pairs. It is noted that the model
does not include the other factors, such as the DM inter-
action, multi-spin interaction, and bond-dependent mag-
netic anisotropy, which is essential for stabilizing the S-
SkXs in previous studies [39H42).

The ground state of the spin model is conjectured
from the Luttinger-Tisza method [43] by performing the
Fourier transform of the Hamiltonian in Eq. 7 which
is given by

H= Z [J*(q)(S2S™, + SUSY,) + J**(q)S257 ],

(2)

where J%(q) Dok D) Jeed i) G s the
Fourier transform of S;, q 1s the wave vector, and r; is the
position vector of the i-th site. Supposing the isotropic
spin interaction, i.e., Jir = J7* for all k, the ground-
state spin configuration is given by a finite-q spiral state,
where the ordering wave vectors are determined so as to
minimize J%(q) under the global spin-length constraint
>q \Sq|2 = N, where the position of g depends on inter-
action parameters. Meanwhile, the finite-q spiral state
can be replaced by multiple-¢ states including the S-SkX
for J,ﬂ # JZ?. Indeed, the triangular lattice SkX (T-
SkX) expressed as a triple-Q) state can be stabilized by
the Hamiltonian with the 1st-neighbor and 3rd-neighbor
rxz-type spin interactions on a triangular lattice. How-
ever, the S-SkX expressed as a double-() state on the
square lattice has never been reported for the model in
Eq. , where the interactions are limited to up to 3rd-
neighbor spins; only the T-SkX appears in the phase di-
agram [28] [42].

Algorithm.— The natural questions arise: is it possi-
ble to stabilize the S-SkX within the model in Eq. ?
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FIG. 1. (a) Schematic picture of neighboring spins up to the

8-th ones on the square lattice. (b) The in-plane J*(q) and
(c) the out-of-plane J**(q) for the parameter set in Table
Points marked as stars represent the ordering wave vectors
Q1 (black) and Q2 (yellow), and circles represent the high-
harmonic wave vectors Qs (blue) and Q4 (pink).

If yes, what are the important conditions on spin inter-
actions? In order to resolve these issues, we tune the
parameters Ji- and J7* by adopting the machine learn-
ing techniques in the following procedure. In the pro-
cess, the cost function C({Ji*},{JF*}) is minimized for
constructing an effective real-space spin model. The au-
tomatic differentiation technique allows us to calculate
the gradient of the cost function -2 57 Jf: with respect to the
parameters J;*, which we then update the parameters by
the gradient descent method combined with the Adam
optimizer [44]. The final parameters are obtained by it-
erating the optimization process until the cost function
converges. Hereafter, we consider the situation where
the ordering wave vectors are located at Q1 = (27/5,0),
and Q2 = (0,27/5), which are related to the fourfold
rotational symmetry of the square lattice.
The specific expression of the cost function is set as
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TABLE I. Real-space Hamiltonian parameters.

2 A N i
1{/-0.09004769 |-0.08838843
2/-0.06832922| -0.3653127
31| 0.08497451 | 0.24737181
41| 0.11380391 | 0.03696692
5(-0.07038448 | 0.13921292
6(/-0.00362148| 0.01401061
711 0.07788382 |-0.03574327
8| 0.07034149 | 0.02532922
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FIG. 2. (a) The ratio of the appearance of the three-type

SkXs (S-SkX, T-SkX1, and T-SkX2) out of 10 independent
parameter sets at each kmax. (b)-(d) Spin configurations of
the (b) S-SkX, (¢) T-SkX1, and (d) T-SkX2.

where X®(q) represents the target J*(q), where the tilde
symbol denotes the given parameters to obtain the de-
sired magnetic structures. ReLu(z) = max(0,x) is the
rectified linear unit (ReLu) function. We disregard Q2
in the cost function since we keep the fourfold rotational
symmetry of the square lattice during the optimization
process. As all terms in the cost function are always non-
negative, the cost function is minimized when the model
exhibits the target J*(q) and has global minima at Q;
and Q.

The first term in the cost function is for achieving the
target J*(g). We set X-(Q1) = —0.9, X**(Q;) = —1.2,
X5 (Q3) = X**(Q3) = —0.6, and X**(0) = 0, where Qs
corresponds to the high-harmonic wave vector of @ and
Q- ie, Qs = Q1 + Q2 = (27/5,27/5). Those values

are determined to be optimal for the model to prefer the
S-SkX. X1(Q,) and X**(Q,) are set to be negative and
minima of J*(q) and J**(q) under the condition of the
easy-axis anisotropy X1 (Q;) > X**(Q). In addition to
this, it has a non-negligible contribution by the higher
harmonics Q3 and Q4 = —Q1 + Q2. This significance of
the higher-harmonic component is unique for stabilizing
the S-SkX [45]. This is understood from the fact that
the sum of Q1, Q2, and Q3 (or Q) leads to Q1 + Q2 —
Qs = 0 (or Q1 — Q2 + Q4 = 0), which indicates the
effective coupling in the form of (So - Sq,)(Sq, - S-q;)
favoring the multiple-@ state, as found in the T-SkX with
Q)+ QL+ Q5 =0 [1I] (Q, Q%, and QY are regarded as
the triple-Q ordering wave vectors, whose relative angles
are 120°).

The second and third terms are for ensuring that
J*(q) takes the minimum values at @ and Q2. The
former is the function for penalizing the model when
J¥(q # Q1,Q2) is smaller than J*(Q1). The latter is
the square of the derivatives of J*(q) with respect to ¢,
and gy at Q1. This term penalizes the model when the
derivatives of J%(q) at Q1 are not zero, which ensures
the peak structures at Q1 and Q5. We show the contour
plot of J(q) [J**(q)] in Fig. [fa) [Fig. [1] (b)] for the
parameter set in Table[l] which is obtained by the above
procedure; both J+(q) and J**(q) smoothly change in
the momentum space while satisfying the model param-
eter conditions, as stated above.

Inverse Hamiltonian design.— As the inverse problem
regarding the cost function in Eq. (3] is underdetermined,
that is to say, there are multiple solutions that minimize
the cost function due to the lack of equations against
the number of parameters, we examine 10 independent
parameter sets and classify the types of SkXs for kyax =
5-8. The cost function is minimized to the order of 108~
10~ for all the parameter sets, where all the parameters
are shown in the supplemental material [46].

Figure 2| (a) shows the ratio of the appearance of SkXs
for the spin model with up to the ky.x-th neighbor in-
teractions, where we perform simulated annealing for the
system size L = 60 with each parameter set obtained by
the inverse Hamiltonian design while varying the mag-
netic field along the z-axis from 0 to 1.9 to thoroughly
investigate the emergence of skyrmion lattice phases; the
effect of the magnetic field H is introduced as the Zee-
man coupling —H ), S7. As a result, we obtain three
types of the SkX, where the percentage of the 10 param-
eter sets in which each type of SkX appeared is shown
in Fig. a). By indicating how many times each SkX
type emerged out of the 10 simulations, the ratio of the
appearance provides a clear measure of the prevalence of
each SkX phase across the different parameter sets.

The resultant three types of the SkX are classified into
the S-SkX with the double-Q peaks at Q1 and Q2 and
two T-SkXs with the triple-Q peaks at Q}, Q%, and Q%
satisfying Q) + Q% + Q% = 0 in the spin structure fac-
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FIG. 3. Classification of the parameter sets that stabilize

each type of SkX.

tor [47] The latter T-SkX is further classified by the po-
sition of the triple-@ ordering wave vectors: one is the
case when Q] = @ while the other is the case when

| slightly deviates from @Q; we refer to the former as
T-SkX1 and the latter as T-SkX2. The snapshots of the
S-SkX, T-SkX1, and T-SkX2 are shown in Figs. b),
2fc) and [2{(d), respectively [40].

As shown in Fig. [2(a), the S-SkX is stabilized only
for kmax = 8, while the T-SkX1 and/or T-SkX2 are sta-
bilized for smaller kyn.x. For kn.. = 8, the S-SkX is
realized for three out of ten parameter sets, which sup-
ports a relatively high probability of getting the optimal
parameters. These results clearly indicate that the frus-
trated long-range exchange interaction tends to stabilize
the S-SkX even without the multi-spin interaction or the
bond-dependent anisotropy. Since it is usually cumber-
some to tune the interaction parameters by the conven-
tional analytical approach, our method based on the in-
verse Hamiltonian design provides a powerful method to
derive unconventional topological spin orders that have
never been clarified by a simple spin model.

On the other hand, the emergence of the different types
of the SkXs in Fig. [(a) seems to be surprising, since
the dominant interactions J*(Q,) and J**(Q,) are com-
mon for all the independent parameter sets irrespective of
kmax- To clarify the origin of the different SkX tendencies
for different parameter sets, we try to extract the essence
by further analyses. As a result, we find two essences to
induce the S-SkX rather than the T-SkX. One signifi-
cant factor is the ratio of J**(Q%) to J**(Q1), where
Q} = R(27/3)Q1, where R(0) is the rotation matrix by
6. Since the interaction at Q) contributes to only the
T-SkX1 rather than the S-SkX, the small ratio tends to
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favor the S-SkX, as shown in Fig. In other words,
the T-SkX1 is favored when J**(QY5) is comparable to
J#*(Q1); such a situation might occur when the effect of
the fourfold anisotropy of J#*(q) is small.

The second is the second derivatives of J*(q) and
J**(q) with regard to ¢, at Q;. This is because the
second derivatives represent the steepness of the peaks
of J*(q) at Qp; the larger the second derivatives are,
the harder it is to displace the ordering wave vector from
Q1. Thus, the larger second derivatives assist the sta-
bilization of the S-SkX compared to the T-SkX2, which
also indicates the importance of the fourfold anisotropy
of J*(q).

Phase diagram.— Once the effective spin model is
constructed, one can calculate the magnetic-field—
temperature phase diagram by the Monte Carlo (MC)
simulations and simulated annealing in the following
steps. First, we perform the MC simulations combined
with the parallel tempering method [48] to avoid being
trapped in local minima. Each simulation is performed
for 106 — 107 MC sweeps to reach thermal equilibrium,
and then the data are collected by calculating the average
of the physical variables for the next 10 —107 MC sweeps.
Hereafter, we show the results for the system size L = 60
with the total number of spins N = 602 under the pe-
riodic boundary condition, but the results for the larger
system sizes L = 80 and 100 are qualitatively the same
as shown in the supplemental material [46]. After that,
we perform the simulated annealing starting from spin
configurations at the minimum temperature of the MC
simulations T" = 0.05 to the final temperature 7" = 0.001
for 105 MC sweeps.

The obtained H-T phase diagram is presented in
Fig. (a), where we adopt the parameter set in Ta-
ble [ The phase boundaries are determined by calcu-
lating the specific heat C, the net scalar spin chiral-
ity x5¢, and the spin structure factors S%(q); x°¢ =
+ > iy Siv (85 x Sk), where (i, j, k) denotes the trian-
gular plaquette, and S%(q) = % Z” <Sf‘5]“> el (ri=r;),
In the lower H region, the ground state is the 1Q vertical
spiral state (1Q VS), which is characterized by the order-
ing wave vector Q1 or Q2. By increasing H, the system
undergoes a phase transition to a 2Q’ state with the un-
equal amplitudes of Q1 and @2, then to the S-SkX state,
1@ conical state (1Q C), and the fully polarized state.

In Figs. (b) and c), T dependence of C, x5¢, and
the z-component of the spin structure factor S*(Qave)
at H = 0.9 are shown, respectively, where S*(Q.yve) rep-
resents the averaged spin structure factor over Q1 and
Q. The specific heat C exhibits a peak at T.; ~ 0.19
where x5C is developed, which means the appearance of
the S-SkX. Meanwhile, S*(Q.yve) slowly increases with
decreasing T' from a higher temperature than T;;, which
indicates the appearance of the Bubble phase for T¢; <
T < Teo with Tio >~ 0.30 [49]. As in the case of H = 0.9,
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only the z-component of spins orders at higher tempera-
tures irrespective of H, thus the 1Q sinusoidal state (1Q
S) appears in the lower H region.

Conclusion.— We have shown that the inverse ap-
proach can find an unexpected physics that is difficult
to reach analytically. We have constructed an effective
real-space spin model by the inverse Hamiltonian design
method by targeting the stabilization of the S-SkX. By
performing the MC simulations and simulated annealing,
we have demonstrated that the S-SkX is stabilized from
zero to finite temperatures even without multiple-spin
interaction or bond-dependent anisotropy.

Our findings suggest that the discovery of a different
stabilization mechanism for the S-SkX represents a signif-
icant advancement in our understanding of conventional
SkX stabilization mechanisms that have been established
in previous studies [40H42]. As an advantage, this method
circumvents the laborious process of trial and error in an
extensive high-dimensional parameter space that is inher-
ent to the conventional approach. Moreover, this method
is applicable to any type of magnetic structure, thereby
it paves the way for the exploration of unveiled physics
rooted in diverse magnetic structures.
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I. SKX PHASES

We present the details of each SkX phase stabilized for models obtained by our framework. In Figs.[I(a), (b), and (c)
[(d), (e), and (f)], snapshots [square root of the z-component of the spin structure factors S*(q)] of the S-SkX, T-SkX1,
and T-SkX2 are shown, respectively. As one can see from Fig. d)7 the S-SkX has dominant peaks at Q1 = (27/5,0)
and Q2 = (0,27/5), and weaker but considerable peaks at Q3 = (27/5,27/5) and Q4 = (—27/5,2n/5), which is
why we set target values of J%(q) for those four wave vectors especially in the cost function. On the other hand,
as shown in Fig. e), the T-SkX1 phase shows triple-Q peaks at Q) = Q1 = (27/5,0), Q) = R(27/3)Q}, and
Q% = R(47/3)Q]. In addition to the above two SkXs, we have captured the triple-Q T-SkX2 phase, whose ordering

wave vector @] is displaced from Q. Figure|[I|f) exhibits triple-Q peaks, which are located at low-symmetry points
in contrast to the case of the T-SkX1 in Fig. [Ife).
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FIG. 1. Snapshots of the spin configurations [the z-component of the spin structure factors S*(q)] of (a) [(d)] S-SkX, (b) [(e)]
T-SkX1, and (c) [(f)] T-SkX2. They are calculated on the parameter set # 21, 19, and 17 in Table S[I} respectively.
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II. SYSTEM SIZE L DEPENDENCE OF THE PHASE DIAGRAM

We describe the difference between the system sizes L = 60 and L = 100 for the parameter set given in the main
text. In the main text, although we present the phase diagram for the system size L = 60, the result for L = 100
is slightly different from that for L = 60 in the intermediate-temperature region; there is a further phase transition
leading to an additional SkX phase. As illustrated in Fig.[2|(a), specific heat C exhibits additional peaks at T, ~ 0.068
compared to the result for L = 60 in Fig. 4 (b) in the main text, although another peak at T,; ~ 0.17 of C' corresponds
to Tpy for L = 60 in the main text. In Fig. [2(b), we show the T" dependence of 5%(Qavg) and S*(QS4,,), where

avg

QL) =5 3 Y 5, 1)

v=1,2 qug

and Qf represents the wave vectors surrounding @, in the range of |Qf — Q,| < 221 /L (v = 1,2). z-component
of the spin structure factor 5%(g) is defined as S*(q) = + D <Sij> '@ ("i~7i)  As one can see from Fig. b),

surrounding wave vectors Q¢ contribute to the order in the higher temperature region due to the thermal fluctuation.
For T.y ST < Ty with Tey ~ 0.27, S#(QY,,) starts increasing, while S%(Qavg) is almost zero; this indicates the

av,
characteristic ordering wave vectors deviates fr%m Q.. By lowering T', the system exhibits double-Q) S-SkX state as
finite x5¢ indicates, but ordering wave vectors are fluctuating between Q; and Q¢ for T!; < T < T.;. When T is
further smaller than T, the system undergoes a phase transition to the double-@Q) S-SkX phase composed of only Q,
and Q2. Although further sophisticated analysis is required to resolve whether this intermediate-temperature S-SkX
phase remains or not, our argument that the S-SkX is stabilized in the effective spin model constructed from the

inversion design holds.
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FIG. 2. T dependence of the specific heat (a) C and x5C for the system size L = 100. (b) T' dependence of the spin structure
factors S*(Qavg) and S*(Que)-

III. PARAMETERS OBTAINED BY THE INVERSE HAMILTONIAN DESIGN

The following table in Table S [[] presents the real-space Hamiltonian parameter sets for the models depicted in
Fig. 2 and 3 of the main text. The parameters are determined by our framework, and the SkX phases are stabilized
for each model. In Table S[[I} we show the physical values of the parameters in Fig. 3 of the main text.



TABLE I. Real-space Hamiltonian parameters.

# kmax type of SKX[[  Ji J3 J3 Ji I3 Jo Ji Js ]
I 5  T-SkX2 [[-0.24452076 -0.03741888 0.25183857 -0.07763559 0.14370805 - - -
2 5 T-SkX2 |[|-0.03927096 -0.33156364 0.22741037 0.02005095 0.13414836 - - -
3 5 T-SkX2 ||-0.20970071 -0.13853183 0.00372329 0.11675213 -0.01616791 — - -
4 5 T-SkX2 ||-0.20055526 -0.08301055 0.32957243 -0.11717982 0.19547733 - - -
5 5  T-SkX2 ||-0.36164885 0.11137679 0.17497183 -0.06719792 0.09026060 - - -
6 5  T-SkX2 ||-0.14548350 -0.21784738 0.05665285 0.10316795 0.02013201 - - -
7 5 T-SkX2 ||-0.07058064 -0.30367045 0.15025998 0.06409552 0.08314514 - - -
8 5  T-SkX2 ||-0.06201752 -0.28887598 0.27818298 -0.02580693 0.16638587 - - -
9 5  T-SkX2 ||-0.15041134 -0.20804602 0.07028765 0.09131265 0.02882547 - - -
10 5  T-SkX2 |[|-0.06183884 -0.31018510 0.17786636 0.04737721 0.10132001 - - -
11 6 T-SkX2 |[|-0.09829160 -0.19905281 0.24579500 -0.03693244 0.17994748 0.04698223 - -
12 6  T-SkX2 |(|-0.18108607 -0.15654393 0.06322912 0.08008768 0.03097745 0.01009923 - -
13 6 T-SkX1 |[|-0.14974146 -0.21750734 0.10603278 0.07277237 0.03948037 -0.01652750 - -
14 6  T-SkXI ||-0.13088956 -0.16834219 0.20014213 -0.01380749 0.14494212 0.04119674 - -
15 6 T-SkXI [|-0.01999747 -0.39078597 0.21833047 0.04782804 0.10520667 -0.03112996 - -
16 6  T-SkX1 |[|-0.26188410 0.01788647 0.18639246 -0.05687725 0.13566118 0.04600243 - -
17 7 T-SkX2 |[|-0.14916181 -0.15627900 0.11680614 0.06424133 -0.00130164 -0.10796298 0.09771258 -
18 7 T-SkX2 |[|-0.12632838 -0.21258977 0.14304248 0.05719332 0.03022166 -0.07862199 0.05945652 -
19 7 T-SkX1 |[|-0.18718514 -0.09030472 0.19722562 -0.02748510 0.11976263 0.00645284 0.02176431 -
20 8  T-SkX1 |[|-0.12880382 0.17045501 0.20713632 -0.03350319 0.05856943 0.10146314 0.09662334 0.08893213
21 8  S-SkX {|-0.09004769 -0.06832922 0.08497451 0.11380391 -0.07038448 -0.00362148 0.07788383 0.07034149
22 8  S-SkX ||-0.19345124 -0.10845341 0.00373657 0.14549218 -0.09881467 -0.06061820 0.04684339 0.02670761
23 8  S-SkX ||-0.24233066 -0.06845955 0.30153742 -0.09789179 0.16033454 -0.00387346 -0.02664346 0.00384171
# kmax type of SkX Ji* I3 I3 Ji JZ I J3* J5
I 5  T-SkX2 []-0.04752962 -0.43142361 0.19585778 0.06686027 0.14937492 - = =
2 5 T-SkX2 |[|-0.05144077 -0.42509524 0.19976893 0.06248746 0.15179214 - - -
3 5 T-SkX2 ||-0.06655406 -0.40064142 0.21488221 0.04559030 0.16113267 - - -
4 5 T-SkX2 ||-0.17861906 -0.21931644 0.32694722 -0.07970218 0.23039265 - - -
5 5 T-SkX2 |[|-0.19290784 -0.19619671 0.34123600 -0.09567752 0.23922361 - - -
6 5  T-SkX2 ||-0.06810047 -0.39813928 0.21642863 0.04386136 0.16208840 - - -
7 5 T-SkX2 |[|-0.20048977 -0.18392888 0.34881794 -0.10415439 0.24390949 - - -
8 5  T-SkX2 |[-0.12073139 -0.31298065 0.26905956 -0.01498180 0.19461611 - - -
9 5  T-SkX2 ||-0.04414878 -0.43689393 0.19247694 0.07064016 0.14728545 - - -
10 5 T-SkX2 |[|-0.07265302 -0.39077311 0.22098117 0.03877147 0.16490203 - - -
11 6  T-SkX2 |[|-0.11682920 -0.31929488 0.26772556 -0.01224697 0.19344787 -0.00055605 - -
12 6 T-SkX2 |[|-0.12984377 -0.29823616 0.24164568 -0.00201814 0.18256182 0.00790940 - -
13 6 T-SkX1 |[|-0.34005943 0.04189957 0.07502721 0.00180243 0.13001777 0.08951004 ~ -
14 6 T-SkXI |[|-0.42421020 0.17805920 0.08653569 -0.04623772 0.14685237 0.10523998 - -
15 6 T-SkX1 |[|-0.39002746 0.12274953 0.07271152 -0.02092450 0.13558375 0.10083167 - -
16 6  T-SkX1 |[|-0.24390209 -0.11368632 0.01482355 0.08652105 0.08799815 0.08172454 - -
17 7 T-SkX2 |[|-0.27744716 -0.05940922 0.21434015 -0.03556748 0.11451269 -0.07489064 0.07701457 -
18 7 T-SkX2 |[|-0.05128448 -0.42534813 0.23313154 0.03757463 0.18182701 0.01523482 -0.01435501 -
19 7 T-SkX1 |[|-0.29849509 -0.02535291 0.05962331 0.03061936 0.12087568 0.09012170 -0.00400567 -
20 8  T-SkX1 ||-0.16944378 -0.23416237 -0.00941065 0.17074280 -0.06594094 -0.17019622 0.16220120 -0.00836702
21 8  S-SkX ||-0.08838842 -0.36531269 0.24737181 0.03696693 0.13921292 0.01401061 -0.03574326 0.02532923
22 8  S-SkX ||-0.14264969 -0.27751608 0.15910400 0.07031714 0.09663802 0.04580258 -0.04017124 0.02916468
23 8  S-SkX [|-0.20251163 -0.18065747 0.18684978 0.02733642 0.09229550 -0.01456351 0.01070153 0.02125572

IV. SENSITIVITY OF THE SKX PHASES TO THE TARGET VALUES

In the main text, we have shown that the SkX phases are stabilized by the effective spin model constructed from
the inverse design by selecting X(q) as the target values of J*(q). In this section, we investigate how sensitive the
SkX phases are to the target values. We examine the dependence of the SkX phases on the target values of J**(Q1).
We perform the same procedure as in the main text by changing the target values Xz (@1) and performing simulated
annealing under the external magnetic field on obtained parameter sets.

In Fig. |3} we show the J**(Q;) dependence of which SkX phase is stabilized. The S-SkX phase, our main target,
is obtained for a wide range of J**(Q1). Even though the S-SkX appears for various values of J**(Q1), J**(Q1) =
—1.1 ~ —1.2 seems to be the most suitable for stabilizing the S-SkX. When J##(Q1) is too large compared to other



TABLE II. Physical values of the parameters shown in Fig. 3 in the main text.

# kmax type ofSkXH % 8§yJL(Q1) agyJZZ(QJ‘

1 5 T-SkX2 |0.88399619 1.02679777 1.76160967
2 5 T-SkX2 ||0.88286656 0.74259186 1.77654839
3 5 T-SkX2 ||0.87850064 0.30426332 1.83427596
4 5 T-SkX2 ||0.84612894 1.19523311 2.26232624
5 5 T-SkX2 ||0.84200138 0.93799865 2.31690431
6 5 T-SkX2 ||0.87805414 0.38276139 1.84018278
7 5 T-SkX2 ||0.83981138 0.56240749 2.34586453
8 5 T-SkX2 ||0.86285090 0.90693784 2.04121470
9 5 T-SkX2 ||0.88497275 0.42564917 1.74869549
10 5 T-SkX2 ||0.87673897 0.62948060 1.85757196
11 6 T-SkX2 ||0.86289459 0.04592633 2.04299045
12 6 T-SkX2 ||0.87563384 0.26445314 1.83874071
13 6 T-SkX1 |0.97395170 0.80860829 0.19367230
14 6 T-SkX1 ||0.98029995 0.05387878 0.04320431
15 6 T-SkX1 ||0.98158306 1.23370433 0.04488456
16 6 T-SkX1 ||0.98655367 0.07133847 0.05994886
17 7 T-SkX2 ||0.86604381 1.20596731 2.39429164
18 7 T-SkX2 ||0.87636518 1.22152472 1.78344512
19 7 T-SkX1 ||0.97703749 0.43507683 0.14618695
20 8 T-SkX1 |]0.92913532 0.71582675 1.98080373
21 8 S-SkX 0.80142862 1.77853513 2.96712017
22 8 S-SkX 0.83535135 1.61722469 2.41132116
23 8 S-SkX 0.83128208 1.68226445 2.70691967

values of J**(Q3), the S-SkX phase is suppressed since the system prefers the T-SkX1 phase. In addition, smaller
J#*(Q1) leads to less appearance of SkXs phases because the easy-axis anisotropy is weakened.

Interestingly, the S-SkX phase is obtained even for smaller k. for other values of J**(Q1), different from the case
discussed in the main text, J**(Q1) = —1.2. As shown in Fig. 4l the S-SkX phase is stabilized even for kpa.x = 5
when J**(Q1) = —1.1 and —1.0. This result indicates that the S-SkX can be found for various values of kyax and
J#*(Q1), which is consistent with the robustness of the S-SkX phase.
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FIG. 3. J**(Q1) dependence of the ratio of the SkX types appearance at kmax = 5 ~ 8.
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FIG. 4. kmax dependence of the ratio of emergence of each type of SkXs for each J**(Q1).



	main.pdf
	Exploring topological spin order by inverse Hamiltonian design: A new stabilization mechanism for square skyrmion crystals
	Abstract
	References


	supp.pdf
	Supplemental material for  "Exploring topological spin order by Inverse Hamiltonian design:  A new stabilization mechanism for square skyrmion crystals"
	SkX phases
	System size L dependence of the phase diagram
	Parameters obtained by the inverse Hamiltonian design
	Sensitivity of the SkX phases to the target values
	References



