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On representatives of hyperfunctions with several growth

orders via relative Cech-Dolbeault cohomology
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BADEBREZIFORARTICOWT)

Tatsuki Nishida*

Abstract

Honda, Izawa and Suwa define the relative Cech-Dolbeault representation of hyper-
functions in HIS[4]. This article aims to characterize relative Cech-Dolbeault represen-
tatives of C'*° functions and distributions as hyperfunctions.

In Part I, we explain the relationship between relative Cech cohomology and relative
Cech-Dolbeault cohomology. Then, we consider well-behaved relative Cech-Dolbeault
representatives called “quasi-Whitney” forms. The correspondence between these rep-
resentatives and C* functions is demonstrated via relative Cech cohomology.

In Part II, we extended relative Cech-Dolbeault cohomology to sheaves on suban-
alytic sites. Representatives of distributions are characterized by those of tempered
distributions, which can be treated within the framework of subanalytic sheaf theory.
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Introduction

Hyperfunctions play an essential role in the theory of linear partial differential equations.
Mikio Sato invented the hyperfunction theory in 1958 (Sato[20],[21]), and this theory founded
the field of mathematics known as algebraic analysis (see SKK[22], KKK[8], Kashiwara-
Schapira[9],[12]). The sheaf of hyperfunctions is defined by local cohomology with coefficients
in the holomorphic functions. A section of the sheaf cohomology is usually calculated by
employing the theory of relative Cech cohomology, and the relative Cech representation of hy-
perfunctions is well-researched subject (see KKK[8], Kaneko[7], AKY[1], Komori-Umeta[15]).
However, to manipulate the hyperfunction theory, we often have to use sophisticated tech-
niques of complex analysis in several variables. Recently, N. Honda, T. Izawa and T. Suwa
introduce a new representation of hyperfunctions in HIS[4] based on the theory of relative

Cech-Dolbeault cohomology.
This article consists of two parts. The following is an overview of each part.

In Part I, We define “quasi-Whitney” forms as well-behaved relative Cech-Dolbeault rep-
resentatives of C'°° functions as hyperfunctions. To verify the correspondence between these
representatives and C*° functions, we must focus on how C*° functions are represented in rel-
ative Cech cohomology. Such correspondences in the relative Cech representation have been
thoroughly studied since the early days of hyperfunction theory. For example, Kaneko[7] and
Komatsu[14] are useful references. Note that Part I is a modified version of the author’s pa-
per (18] “Embedding of infinitely differentiable functions into the space of hyperfunctions via

Cech-Dolbeault cohomology and its inverse map”.

Part I is organized as follows: Section 1 is the introduction for Part I. In Section 2, we recall
notations and definitions of hyperfunctions and hyperforms.

In Section 3, we recall hyperfunctions and their representations. Firstly, in Subsection 3.1,
we prepare the relative Cech-Dolbeault representation of hyperfunctions. Next, Subsection 3.2
explains the relationship between the relative Cech representation and the relative Cech-
Dolbeault representation. Then, in Subsection 3.3, we introduce infinitesimal wedges and
a twisted Radon kernel, which plays an important role in the definition of an embedding
of distributions in the relative Cech representation. Lastly, in Subsection 3.4, we define an
embedding of distributions in the relative Cech-Dolbeault representation.

Section 4 treats the main subject of Part I. Subsections 4.1 and 4.2 are preparations for
Subsection 4.3. Subsection 4.1 defines limits of (n — 1)-forms. Subsection 4.2 gives an inverse
map of C'*° functions with compact support. Subsection 4.3 shows our main results, which

are Theorems 4.10 and 4.11. These theorems give a simple expression of the inverse of the



embedding map, where the limits of forms are essential for this expression.

In Part II, we deal with the conditions that relative Cech-Dolbeault representatives of dis-
tributions. To establish a more general method than the C'* function case, we develop the
relative Cech-Dolbeault cohomology theory on subanalytic sites. This approach leads to the
relative Cech-Dolbeault representation of tempered distributions and allows us to determine
the conditions for representatives of distributions as hyperfunctions. For the subanalytic sheaf

theory, Kashiwara-Schapira[11], Prelli[19] and Guillermou-Schapira[3] are useful references.

Part 1II is organized as follows: Section 1 is the introduction for Part II. Section 2 gives
notations and examples of subanalytic sheaves.

Section 3 explains relative Cech-Dolbeault cohomology on subanalytic sites. In Subec-
tion 3.1, we define U-soft sheaves on subanalytic sites and give properties and examples of
soft sheaves. Note that soft sheaves on subanalytic sites is introduced by Guillermou[2]. In
Subection 3.2, we define relative Cech derived functors. Relative Cech-Dolbeault cohomology
is defined by these functors. In Subection 3.3, we introduce localized version of the relative
Cech derived functors.

In Section 4, we give a representation of tempered distributions Qbﬁwsa by using relative
Cech-Dolbeault cohomology. The representation of tempered distributions can be obtained
from relative Cech-Dolbeault cohomology of tempered Dolbeault complexes (Definition 4.7),
and its definition is very similar to that of hyperfunctions. This representation of @b’jww

provides conditions for classifying representatives of distributions Zby; (Theorem 4.13).



Part 1
C*° functions as hyperfunctions via
relative Cech-Dolbeault cohomology

1 Introduction for Part I

Let M be areal analytic, n-dimensional, oriented manifold and X its complexification. In the
relative Cech representation, a hyperfunction is represented by a formal sum of holomorphic
functions such as @,(—1)"F:. On the other hand, the relative Cech-Dolbeault representative
of a hyperfunction is a pair of C* differential forms (yu1, 101), where p; is a (0,n)-form on
X, and po1 is a (0,n — 1)-form on X \ M. Remarkably, only two differential forms suffice
to represent a hyperfunction. Additionally, by the softness of the sheaf of C*° forms, we can
employ helpful tools such as cutoff functions or partitions of unity.

Since HIS[4] defines an embedding of distributions, we can regard C>° functions as hy-
perfunctions in the relative Cech-Dolbeault representation. This part aims to characterize a
relative Cech-Dolbeault representative which corresponds to the image of a C* function by
the embedding map and also to construct the inverse map of the embedding of C*° functions.

In Cech representation, an inverse map of the embedding of C> functions is defined by
a sum of limits @,(—1)"F(z + v—1y) — >.,(=1)"F(z) (y — 0). Morimoto and Kaneko
established this inverse map in Cech representation (Morimoto[17], Kaneko[7]). However,
since non-trivial Cech-Dolbeault representatives always diverge on M, we cannot consider the
limit }1_% po1(z ++v/—17w) as the one for a Cech representative. To overcome this difficulty,
we introduce a new class of forms called “quasi-Whitney”, for which we can consider the
limit of the form in an appropriate sense. In Lemma 4.14, we show that there always exists
a representative belonging to the quasi-Whitney class for the hyperfunction image of a C'*™®
function. Following this, for such a representative, we provide a simple expression of the

inverse map in Theorems 4.10 and 4.11, which is our main result.

Part I is organized as follows: In Section 2, we recall notations and definitions of hyperfunc-
tions and hyperforms.

In Section 3, we recall hyperfunctions and their representations. Firstly, in Subsection 3.1,
we prepare the relative Cech-Dolbeault representation of hyperfunctions. Next, Subsection 3.2
explains the relationship between the relative Cech representation and the relative Cech-
Dolbeault representation. Then, in Subsection 3.3, we introduce infinitesimal wedges and
a twisted Radon kernel, which plays an important role in the definition of an embedding

of distributions in the relative Cech representation. Lastly, in Subsection 3.4, we define an



embedding of distributions in the relative Cech-Dolbeault representation.

Section 4 treats the main subject of Part I. Subsections 4.1 and 4.2 are preparations for
Subsection 4.3. Subsection 4.1 defines limits of (n — 1)-forms. Subsection 4.2 gives an inverse
map of C° functions with compact support. Subsection 4.3 shows our main results, which
are Theorems 4.10 and 4.11. These theorems give a simple expression of the inverse of the

embedding map, where the limits of forms are essential for this expression.

2 Preliminary

2.1 Notations

Notation 2.1 Let X be a topological space. Op(X) denotes the set of open subsets in X.
For any subset K C X, we write an interior of K as Int(K). For any U,U’ € Op(X), U’ cC U

means that U’ is a relatively compact subset of U.

Notation 2.2 For any subset K in a topological space X and for any sheaf .% on X, we
define .Z[K] by
ZIK) = lig F(U),
KcU
where U C X runs through open neighborhoods of K. This means that .#[K] is a set of
sections defined in open neighborhoods of K.

Let M be a real analytic manifold of dimension n and X its complexification.

Remark 2.3 In Part I, we assume that manifolds are always countable at infinity, and that

sheaves are always those of abelian groups.

Notation 2.4 For any 2 € Op(M) and for any U € Op(X), we say that U is a complex
neighborhood of Q if Q C U and 2 is a closed set in U. Moreover, if a complex neighborhood
U of Q is a Stein open set, we call U a Stein neighborhood of 2.

Notation 2.5 Z)s (resp. Zx) denotes the sheaf of Z valued locally constant functions on M
(resp. X).

Notation 2.6 We define o7); to be the sheaf of real analytic functions on M and Ox to be

the sheaf of holomorphic functions on X.

Remark 2.7 For any Q € Op(M), we define the sections of real analytic functions on M by
Ara() = lim Ox (U),
U

where U runs through complex neighborhoods of €.



Definition 2.8 Let K be a closed set in M. We define 2b;; as the sheaf of distributions on
M and also define Zbk to be the sheaf of distributions supported by K.

Notation 2.9 For any p,q € {0,1, --- ,n}, we define that dj\(dp) is the sheaf of real analytic
p-forms on M, ﬁgf) is the sheaf of holomorphic p-forms on X, and C’;o’(p ) is the sheaf of C®

p, q)-forms with C°° coefficients on X. For other p,q € Z, we set ;z/(p) =0, ﬁ’(p) = 0 and
M X
0007(137(1) O

Remark 2.10 gfj\(f) (resp. ﬁg?)) is nothing but </); (resp. Ox).

Notation 2.11 The symbol ® means to omit the corresponding letter in a sequence or a

family of sets, etc. For example, we employ the following notations:

° (7:057:1’ 5725 57’/6) - (7:057:1’ ;i2717i£+1a 7/ik)7

« UonUiN--NUN- NUs=UgNU1 N A Upe1 NUps1 N -+~ N Uy,
where ]C,E S Zzo = {Z e Z ’ ) > 0}, 12 < ]{J, (’io,’il,"',’ik) S {0,1,‘--,71}’“"'“1 and
U07U17 7Uk eop(X)
2.2 Hyperfunctions and hyperforms

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification, and
let Q € Op(M) and U € Op(X) such that U is a complex neighborhood of .

Notation 2.12 (Relative cohomology) For any sheaf .# on X and for any k € Z, HE(U; %)
denotes the k-th relative cohomology group of .# with supports in 2.

See KKK][8] for the relative cohomology groups of a sheaf.

Definition 2.13 (Hyperfunctions) We define the space of hyperfunctions on €2 by

By (Q) = Hy(U; 0x) @ oryyx(Q),
Zar ()

where ory;/x (Q) = HG(U; Zx ) is the sections of the relative orientation sheaf on .
Definition 2.14 (Hyperforms) The space of p-hyperforms on (2 is given by

B Q) = HyU:0) | © | oras/x ().

Note that B (Q) = %’E\?(Q). Similarly, we define hyperforms and hyperfunctions with

closed support as follows.

Definition 2.15 For any closed set K in 2, the space of p-hyperforms supported by K is



defined by

B (Q) = H-(U; 67)) ZM% orarx ().

The space Bk (2) of hyperfunctions supported by K is defined in the same way.

Remark 2.16 95’](5) = {%E\Z)(Q)}Qeop(M) and %’g) = {%g)%ﬂ(g)}geop(]w) form sheaves.
For more details, refer to KKKI8].

3 Relative Cech cohomology and relative Cech-Dolbeault

cohomology

A concrete expression of a hyperfunction is usually realized by using either the theory of
relative Cech cohomology or that of relative Cech-Dolbeault cohomology. Both of these coho-
mology theories have their own advantages. In this section, we briefly review their definitions
and establish the canonical isomorphism between them. Additionally, we consider the embed-

ding of distributions into hyperfunctions from the viewpoint of both cohomology theories.

3.1 Relative Cech-Dolbeault cohomology and hyperfunctions

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification, and
let © € Op(M) and U € Op(X) such that U is a complex neighborhood of 2.

Definition 3.1 For any p,q € Z, we define
0007(p¢q) U U Q _ Coov(p7Q) U COO,(p,q—l) U Q
x OO UNQ)=C T (U) @ Oy (U\Q),

and
J 2 cxPOUUNQ) —— P, U\ Q)
w w
(11, po1) ———— (Opa, pialyp o — Oror)-

Then, (C’;o’(p’°)(U, U\ Q),9) is a complex of vector spaces. HPY(U,U \ Q) denotes the g-th

cohomology group of this complex.

If S is a closed set in U, we can define a complex (C’;O’(p ")(U, U\ S),d) and a cohomology
HPY(U,U\ S) in the same way.

Theorem 3.2 (Relative Dolbeault theorem) For any closed set S in U, we have the canonical

isomorphism

HY(U,U\ S) ~ HY(U; 69)).



In Theorem A.3, we provide a proof of this theorem using the framework of the derived
category. Additionally, Theorem 3.23 establishes an isomorphism between Cech cohomology
and Cech-Dolbeault cohomology, and its proof may offer further insights. For more details,
refer to HIS[4] and Suwa[25].

Corollary 3.3 Let K be a closed set in ). There are isomorphisms
B Q) ~HY"(U,UNQ) © orayx(Q)
Zn(S2)
and

B (Q) ~ HY"(U,U \ K) . @()Q) orar/x ().

Definition 3.4 (Integration of n-forms) Let K be a compact set in €, and let ory; denote

the orientation sheaf of M. We define the integration

/;@gﬂ(g) 2 ora(Q) - C
Q Znm(2)

as follows: For any u € ,%’gg) (Q) represented by (1, po1) € C?’(n’n)(U) @ C’;O’(n’n_l)(U \ K),

we define
/UZ/M—/ Ho1,
Q D oD

where D is an open set with C*° boundary satisfying K € D € D C U, and 9D is the
boundary of D.

Remark 3.5 We choose (y1, -+ ,Yn, 1, -+ ,Ty) as a positive coordinate system of C" with
zi = x; +v/—1y; (i =1, --- ,n) through this article. Additionally, D is oriented as follows:
D is a manifold with C*° boundary dD. Let p € dD. There exist a neighborhood V of
p and a coordinate system (pi, -+- ,pa,) on V such that DNV = {p € V | p; < 0}. If
(p1,p2,P3, -+ ,Pan) is a positive coordinate system on D NV, we define that (pa,p3, - ,Pan)

is a positive coordinate system on 0D NV.

Definition 3.6 (Integration of hyperfunction) Assume M = R" and X = C" with the
coordinates (z1, -+ ,2,), and let K be a compact set in 2. Then, for any u € ZBg(Q)
represented by (1, po1) € C;O’(O’")(U) ® C’;}O’(O’n_l)(U \ K), we define

/udx:/,ul/\dz—/ o1 N dz,
Q D aD

where dz = dz; A -+ Adz,, D is an open set with C* boundary satisfying K ¢ D ¢ D C U,
and 9D is the boundary of D.



Theorem 3.7 ([4, Corollary 6.12]) Let i : M — X be the canonical embedding, and let K be
a compact set in €. Then, %gf) (©) and JZ{A(; P [K] become FS and DF'S spaces, respectively,

and
B () x (VK] © oru(Q) — HX(U,U\K) @i lorx () L5 C

is topologically non-degenerate. Here, an FS space means a Fréchet-Schwartz topological
vector space, and a DFS space is a dual Fréchet-Schwartz topological vector space (see Ko-

matsu[14]). Hence, we have
2 (Q) = (] " (K] © or ()
Note that ()" denotes the strong dual of a topological vector space.

Proposition 3.8 (Excision, [4, Proposition 4.8]) For any complex neighborhood U of Q, there

is an isomorphism

H2UU,U N\ Q) =~ HE(T, T\ Q).

Let us define an embedding of real analytic functions in Cech-Dolbeault representation.
Since M is orientable, we can choose a generator ey x € oryr/x (§2) such that e/ x . generates

a stalk orys,x , over Z for any x € Q. By considering the canonical morphism
oryyx () = H{U;Zx) — HG(U; Ox),

we get a representative v € C’;}o’(o’n)(U7 U\ Q) of the image of e/ x € orp/x(€2) through the
above morphism. Then, we set the constant function 1 € %)/ (Q2) as [v] ® epr/x. Let v be

such a representative.
Definition 3.9 (Embedding of & in Cech-Dolbeault representation) We define an embed-
ding (5P )+ i (Q) = Hy™ (U, U\ Q) @ oryx () = B () by

1P )t () — Hy™(U,U\ Q) @ orpx(Q) = HY™U,U\ Q) ® oryg/x(Q).
W v
f— [ﬁuh;]@eM/X

Here U C U is a complex neighborhood of €2 on which f can be extended to a holomorphic
function F' € Ox (U).
Proposition 3.10 Lgﬁ = {Lzﬁ(m}erp(M) is a sheaf morphism from @; to By.

Let us define boundary value morphisms. If W € Op(X) satisfies good geometrical condi-

tions, we can regard holomorphic functions on W as hyperfunctions.

10



Recall that U is a complex neighborhood of 2 € Op(M). We take W € Op(X) satisfying

the following two conditions:

(Bl) w O 0.
(B2) The inclusion (U \ W)\ M < U \ W gives a homotopy equivalence.

Proposition 3.11 ([4, Lemma 7.10]) We can take a representative v = (v1,v091) €
0?7(0’71)(U,U \ Q) introduced before Definition 3.9 such that Suppy(r1) C W and
Suppin (o) C W.

Definition 3.12 (Boundary value morphism, [4, Subsection 7.2]) Let v € C’?’(O’n)(U, U\ Q)

be a representative given in Proposition 3.11. We define
bw : Ox (W) = B (Q) = HY™ (U, U\ Q) ®z,,(0) oraryx ()

by
bw(F) = [FU] ®enm/x (F S ﬁx(W))

3.2 Relative Cech cohomology and isomorphism bq,

This subsection aims to define a map from the relative Cech-Dolbeault representation to
the relative Cech representation of hyperfunctions, which is given in Definition 3.22. We refer
the reader to Kaneko[7] and KKKI8] for the theory of Cech cohomology.

Assume M = R™ and X = C". Let Q € Op(M) and let U be a Stein neighborhood of €.
Here, by Grauert’s theorem (see Theorem 1.2.3 of KKK]|8]), we can take a Stein neighborhood
U of . In what follows, we fix a section e;/x € orp/x(€2) such that it generates ory,,/x over
Zx on () and determines the same relative orientation along M on each connected component
of Q.

Take vg, v1, -+ ,v,—1 as basis vectors of R", and set v, = —(vg+v1+---+v,_1). Moreover,
we assume that the orientation of the frame vg, v, - - - ,v,_1 is the same as the one determined
by en/x. Let Hy = {y € R" | (y,v;) > 0} and U; = (R" +V-1H;)NU (0 < i < n).
Furthermore, we define U,+1 = U, A’ = {0,1,--- ,n} and A = {0,1, --- ,n + 1}. Then,
U = {U;}ienr is a covering of U \ Q and U = {U; }iepn = U U{U} is a covering of U. Since
R"™ ++/—1Hg, -+, R" ++/=1H,, and U are Stein open sets, U = {U;};ca is a Stein covering

of U, that is, each U; is a Stein open set.
Definition 3.13 (Cech cohomology) Let .# be a sheaf on X. We define

Fio,'--,ik € g(Ulo n---N Uik)a
k _
C (Z/[?Z/{/?y) = {Fio,--~,ik}(i0,---,ik)GAk+1 Fio,"wiz,iulw'wikk_ _Fiow“,iz+1,izw“,ik7 y
(iOa vik) e N i = Fiow'wik =0

11



and a map 0 : CF(U,U'; F) — C*L(U,U'; F) is defined by

k+1

8 ({Fio, - in g, - in)earts) = {Z(—l)szo,---,fe,---J‘k“

)
U;,N---NU; }
=0 Jo Jk+1 (jo,---,jk+1)€/\k+2

where ® means to omit the corresponding letter in a sequence. (C*(U,U’;.F), ) is a complex,

and we write its k-th cohomology group as H*(U,U'; F).

Remark 3.14 We have
chu,u';0) c b F (U, N---NU;,).

(G0, -+ yir) EARFL
In Cech cohomology, the sorting order of subscripts is important for the sign of representatives

= -F

because of the condition Fj, G0y yigs1sig, - i~ 1O emphasize this point,

s slesleg1s etk
Kaneko[7] uses the symbol .# (U;, A --- AU;, ) instead of #(U;, N---NU;, ). In this article, we

do not use this notation. However, we pay attention to the order of subscripts.
Theorem 3.15 (Leray) There is the canonical isomorphism
HYU,U'; O0x) ~ HE(U; 0x).
To prove Leray’s theorem, U must be a Stein covering. We omit the proof of Theorem 3.15.

See Theorem 5.5.6 of Kaneko[7] or Theorem 1.2.1 of KKK[8]. Theorem 3.15 means that a

formal direct sum of holomorphic functions represents a hyperfunction, i.e.,

P re P ox)

0<i<n 0<i<n
gives a hyperfunction on 2, where U> = Uy N --- N /U\Z Ne-NUpprand By =F;, 5 .
Remark 3.16 We must clarify the sequence order of the 7. In what follows, we write i for
the increasing sequence 0,1,2, --- ,i —1,i +1, --- ,n+1¢€ A™tL
Proposition 3.17 (Excision) For any Stein neighborhood U of Q, we define U = {U; }ica
and U’ = {ﬁi}ieA’ by
Uy=R"+vV—1H))NU, -+, U, = (R"+V—1Hy)NU, and Uy, = U.

Then, there exists the canonical isomorphism

H™(U,U';0x) ~ H"U,U'; Ox). (3.1)
Furthermore, we have the canonical isomorphism

H"(UU'; 0x) ~ lim H"U,U'; Ox), (3.2)
QcU

where U runs through complex neighborhoods of €.

12



Proof. We may assume UcU. Now, we have a commutative diagram

H3(U; Ox) ——— HE(U; Ox)

| |

H"UU'; Ox) — H'UU'; O).

By Theorem 3.15 (Leray’s theorem), the vertical morphisms are isomorphic. Additionally, by
the excision theorem of local cohomology, the first horizontal morphism is an isomorphism.

Then, the equation (3.1) holds. By Grauert’s theorem, the equation (3.2) is also valid. O

Note that the excision theorem of local cohomology is explained after Definition 1.1.9 of
KKK]I8], and that we refer the reader to Lemma 5.5.12 of Kaneko[7] for more details of
Proposition 3.17.

Definition 3.18 (Embedding of .27y in Cech representation) For any f € #//(Q), we define
iy P @ (Q) = HMUU' Ox) @ oragx () = Bar() by

Gy P (@) — HYUU' 0x) @ oragyx () = H(UU'5 Ox) @ oryx (),
W W
f——— [Fly, | ®leg)

for some k£ € {0,1,--- ,n}. Here U C U is a Stein neighborhood of 2 on which f can be

extended to a holomorphic function F € & X((? ), we set

ﬁ’:{ﬁoz(R“JrﬁHo)m?,---,ﬁn:(R"JrﬁHn)m?}
andg:glu{&ﬂ_l:ﬁ}

as in Proposition 3.17, and [ez] € oryr x(2) = H™(U,U"; Zx) ~ H"™(U,U'; Zx) is represented
by

e = {Gio,“- ,in} sin)eAnt S @ ZX(UiO N---N U'Ln)’

(0, =+ yin)EAL™TT

Gy -+

where A, = {0,1, ,k‘ — 1,k + 1, -+, n + 1}, G/I; = GO,~~~,k—1,k+1,~~-,n+1 = 1 and

Gz‘o, N VI AR PRTTIR _Gim o100, e yin for any £.
Note that [(—l)keg] = epr/x holds for any k= 0,1, --- ,n.
Proposition 3.19 L;M(Q) does not depend on the choices of k € {0,1, --- ,n} and L%M =

{LgM(Q)}Qeop(M) becomes a sheaf morphism from 2j; to %By.

Remark 3.20 When we fix a generator ey,x € orp x(2), for any hyperfunc-
tion v = [P,(-1)'F] ® eyyx € H"UU;0x) @ oryx(Q) = PBu(Q), we call

1
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@,(-1)'FE € @, 0x(U;) a Cech representative of u. This expression is different from

the one given in Kaneko[7], which is explained in Remark 3.29.

Now, by the map by in Definition 3.12, we can define an isomorphism from Cech represen-
tation to Cech-Dolbeault representation. Let us construct the special representative v whose

support is contained in Us. Recall that 2 € Op(M) and that U is a Stein neighborhood of 2.
Example 3.21 ([4, Example 7.14]) Let g, ¢1, - - , ¢n be C* functions on U\ Q which satisfy
(1) Supppra(p:) C Ui (i=0,1,--,n),

(2) Zg@izlon U\ Q.
i=0

For any ¢ = 0,1, --- ,n, we define
1 ifzel~
Xu.(z) = v
U'( ) {0 otherwise,

and

= DX, Bpg A A B A A By (=01, n— 1),
2,01 — S _
T (=1 (= DX, Do A A s (i = n).

Then, v; = (0,v;,01) satisfies [v;] ® epryx =1 € Zu(U) and Suppyq(vi01) C U

Definition 3.22 For any i = 0,1, --- ,n, we take v; as (0,;,01) given in Example 3.21, and
we set the map by. by by (F5) = [F;vi] @ epr/x as in Definition 3.12. Then, we define a map
b HMUU'; Ox) @ orpg x () = HY™ (U, U\ Q) ® oraryx () by

ba ( ® €M/X> = ZbU;(Fi),
i=0

where e/ x is the section of ory/x () specified at the beginning of Subsection 3.2.

n

P-nE

=0

Example 7.17 of HIS[4] is helpful for the reader in understanding the map bq,.
Theorem 3.23 The map bq is an isomorphism.

Proof. We have a double complex

0 — COUU'; Ox) — COWU,U'; 000 225 oo, ur; 000Dy 22

léo J/(SO'O iéo’l

0 — CUU; Ox) — CUU;0T ) 25 cruus oY) 25

l51 J/él,o iél}l
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Note that 979 is the Dolbeault operator 0. Since I is a Stein covering, each row is exact (Corol-
lary 2.5.12 of Hormander[6]). By the Weil procedure, the first column is quasi-isomorphic
to the complex tot(C*®(U, L{"C’OO’(O’°))) (Theorem 12.5.4 of Kashiwara-Schapira[12]). The
complex tot(C*(U,U';CY %0 (0, °))) is defined as follows: For any p,q € Z, we write AP? for
CrU,U';CY 2:(0, q)) and let A denote a double complex {AP4, §P4 P4}, 7. For any k € Z,

let us define
tot(A)F = € AP,
p+q=k

and B
B, = 70+ (170,
Here the simple complex (tot(A), Aot ( A)) is called the total complex of a double complex A.

On the other hand, for any ¢ € Z, we have isomorphisms

C;Ov(ovq)(U) CO(U u/ C 0, (0, Q))
C VW Q) ~ Ker a7 c ctu,u oY),

OO’(an_l)

since C'y is a sheaf. Then, a morphism

97 - O’ ey @ Ker 61971 —— 0O, U’ ) @ Ker 610
W w
(11, po1) » (0%9p1, 6%y — OV gy ),

defines the differential of Cech-Dolbeault complex in Definition 3.1.

’(0")) sends

Now, let us prove that the diagram chasing on the double complex C*(U,U"; CY
a cocycle of C™"(U,U'; Ox) to a cocycle of CO(U,U';CY 2:(0, ")) @® Ker §1"~1 which belongs to

the same cohomology class as the one given by b in Definition 3.22. For any i € A’ =
n

{0,1, --- ,n}, let ¢; be a cutoff function defined in Example 3.21. Firstly, we regard @ Fc

i=0
Ker§" C C™(U,U'; Ox) as an element w™° in C"(U,U’;C;o’(o’o)). Secondly, for any a =
(o, a1, -+ yan—1) € A" ={0,1, -+ ,n+ 1}", we define

W0 =N 0iFiagean s € OF O (Uay UL, NN U, ).
i€
Then, w10 = {wn=1.0} (can € C" N U, U CF 22000y gatisfies 67 10(wn—10) = w0, Since

8Fg =0 for any i € A’, we have
n 10 Za@z ZOL() Oy —2°

i€a

Finally, we set w"™ 1! = 9w 10 € C"~ Y U,U';CY 2,(0, 1)). If we repeat this procedure, we
n

get whnl = ZF; vi01, where the representative v; = (0,v;,01) € C’;O’(O’n_l)(U,U \ Q) is
i=0

15



n

@(—1)% ® 6M/X> = [0, D] @en/x €
i=0
Hg’"(U, U\ Q) ®oryx(£2) holds, and the above diagram chasing induces the same morphism

from H"(U,U';Ox) @ orpryx(2) — Hg’n(U,U \ Q) ® orpy/x () as the one given by the

quasi-isomorphisms

defined in Example 3.21. Summing up, bg (

CoUU'; Ox) — tot(C*(U,U"; CT %)) +=— oW, U\ Q).

The Weil procedure shows that the left morphism is quasi-isomorphic, as at the beginning of
this proof. The right quasi-isomorphism is explained in HIS[4] and Suwa[25]. This completes
the proof. O

3.3 Infinitesimal wedges and embedding of distributions via relative

Cech cohomology

In this subsection, we define an embedding of distributions via Cech cohomology. Kaneko[7]
and AKY([1] are helpful for readers. We use the same notations as Subsection 3.2, i.e., we keep

the notations below:
e M =R", X =C",
e Qe Op(M), U € Op(X) is a Stein neighborhood of €2,
e v,V1, " ,Up_1 are basis vectors of R", which has the same orientation as that of e;; x.
o Uy =—(vo+ v+ + 1),
o Hi={yeR"|(y,v;) >0} (0<i<n),
e Ui=(R"+/-1H)NU (0<i<n), Uy =U,
« N'={0,1,---,n}, A={0,1,--- ;n+1},
o U ={Uitien, U ={Ui}ien,
« L=UpN---NU N NUpyy (0<i<n).

We set T; = HoN---NH;N- - H,, for any i =0,1, -+ ,n, and we have U; = (Q++/—1I;)NU.
Definition 3.24 (Proper cone and Dual cone) A subset I' C R™ is called a cone if I" satisfies
{ryeR"| yeI',r>0}crT.

We define a proper cone I' C R™ as a cone I' C R" satisfying
L\{0} c{yeR" | (§y) >0}
for some & € R™. For any cone I' C R", its dual cone I'° is defined by

I"={{eR"[ ({y) >0 (Vyel)}.
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Definition 3.25 (Infinitesimal wedge, [7, Definition 2.2.9]) Let I' C R™ be an open cone and
2 € Op(R™). An open set W C C” is called an infinitesimal wedge of type Q + /—1T'0 if it

satisfies the following conditions:

(a) W C Q++/—1T holds.
(b) For any open subcone I'" C T' with I\ {0} C I' and for any compact set K C €, there
exists § > 0 such that

K+vV-1(I'n{yeR"| Jy <d})cW.

Q) is called the edge of the infinitesimal wedge W of type 2 + v/—11"0, and I is called the
opening of the infinitesimal wedge W of type Q2 4+ +/—1T0.

F(z) € Ox(Q2++/—1T'0) means that F(z) is holomorphic in an infinitesimal wedge of type
Q++/—11'0. We set, for 0 <i < j <n,

Tyy=HoN---NH;N---NH;N---NHy,

and define the morphism p : @ Ox(Q+ v—1I';,;0) — @ Ox (2 + V/—1T',0) by

0<i<j<n 0<i<n

S e Y (wamm 3 <>F\r)

0<i<j<n 0<i<n \k=0 k=i+1

Here, for any 0 < k < i (vesp. i < k < n), Fg, € Ox (24 /—1I'0) (resp. Fy € Ox (2 +
v —1T';;0)), and ki (resp. zAk:) means 0,1, --- ,k—1,k+1,---,i—1,i+1,--- n+1 e A"
(resp. 0,1, -+ ;i—1,04+1,--- k—1,k+1,--- ;n+1¢&A™) as in Remark 3.16.
Definition 3.26 We define

@ Ox(Q ++/—1T,0)

0<i<n

0<i<j<n

H({Q + V-1Ti0}; Ox) =

Remark 3.27 Since H({Q 4+ /—1T;,0}"_,; Ox) is a variant of Cech cohomology group, cor-
rectly speaking, we regard an element I € Ox (€ + +/—1I';0) as an alternative section like

the definition of Cech cohomology. In this article, we identify F> with the alternative section

{Fatae{o,1, - im1,it1, .. m1yn+r satisfying F5 = Fo 1 . io1it1, . np1 = Py
Theorem 3.28 There exists the canonical isomorphism

H™U,U'; Ox) ~ H{Q + V—=1T,0}7; Ox).
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Proof. Let V'€ Op(C™) be a Stein neighborhood of 2. For a sufficiently small § > 0, we define
an open covering V' = {Vp,Vq, -+, V,} of V'\ Q by

Vi :Vm{zeC” ’ x € Q,dly| < <y,vi>} (i=0,1,---,n),
and an open covering V of V' by
V= {%7V17 7Vn7Vn+1 = V}

Note that each V; is also a Stein open set. By the definition of infinitesimal wedges, the
restriction morphism induces the canonical morphisms
H"UU', Ox) 2 H{Q+ V=110 Ox) = lim H"(V,V', Ox),
QCV

where V' runs through Stein neighborhoods of 2. Using the same arguments as in the proof

of Proposition 3.17, all the morphisms in the following commutative diagram are isomorphic:

HG(U; Ox) — lim HG(V; Ox)

JV QCv
H”(L{,Ll’; ﬁx) — hgl Hn(V,V/; ﬁx)
QCV
This means that ps o p; is isomorphic. It follows from the theorem of the edge of the wedge

by A. Martineau (see Corollary 4.6.13 [7]) that po is injective. Thus we conclude that p; is an

isomorphism. O

Note that Komori-Umeta[15] explains the general cases of Theorem 3.28.

Remark 3.29 As in the case of Remark 3.20, we write a representative of a hyperfunction
U = [@i(—l)iFﬂ@)eM/X = ﬁ({Q—h/—lFiO}?:O; Ox)®ory x(§2) as @i(—l)iFg P, 0x(Q+
Vv —1T';0) for a fixed generator ey x € ory/x(€). Since the equation

n n

BB @enyx =) [B] @les] € H{Q+ V=1T,0}g; Ox) @ orpryx ()
=0 =0

holds, Kaneko[7] writes a Cech representative of a hyperfunction Y, [F5] ® [e;] as >, F5(z +
V—1T40) . Here, [e;] € orpr/x(£2) is defined in Definition 3.18.

Fix a sufficiently small § > 0 and set
Hsi={y eR"| dly| < (y,vi)} (i=0,1,---,n).
We also define H 57 in the same way as Uz, that is,
Hyz=HsoN--NHs;N- N Hsp.
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Let v; = (0,v;01) (¢ =0,1, --- ,n) be the one constructed in Example 3.21, where we replace

the condition (1) in Example 3.21 with the following (1)*:
(1)* Suppino(ei) C Q+V—1Hs; (t=0,1,---,n),
Then, in this case, the resulting v; satisfies
SuppU\Q(Vi,m) CcQ+ \/—71H53 (1=0,1,---,n).

Note that Hj~ is a convex cone properly contained in I';. By the definition of the infinitesimal

wedge, for any infinitesimal wedge W of type Q++/—1I";, there exists an complex neighborhood

V of Q such that
Suppya(vi0) NV C (2 + \/le(;;) nvVcw,

from which we have the well-defined morphism

P ox(Q+ V-11:0) @ oy x (@) — lim Hy™(V,V\ Q) ® orpg/x (Q)
\%

0<i<n

@ (—1)'F | ®enyx — Z B, vily | ® enmyx,
0<i<n 0<i<n

where V runs through Stein neighborhoods of 2. The above morphism sends

p @ Ox (2 + v —1I';;0) | ® orpr)x(£2) to 0. Hence we have the morphism
0<i<j<n

H({Q+ V=1T30} g Ox) ® oragyx () — lim HZ™(V,V\ Q) @ orax ().
QcVv
Thanks to Theorems 3.23 and 3.28, we obtain the theorem below.

Theorem 3.30 We have the following commutative diagram whose morphisms are all iso-

morphic:

H™"(UU';0x) @ orp x () — HY™U, U\ Q) ® orarx ()

! I

_H({Q + v —1]._‘10}?:0, ﬁx) & OT‘M/X(Q) — hg Hgvn(v, V \ Q) ® OT‘M/X(Q)
Qcv
Proof. 1t follows from Theorem 3.28 that the first vertical morphism is isomorphic. By Proposi-
tion 3.8, the second vertical morphism is also isomorphic. Since the map bq is an isomorphism
by Theorem 3.23, the second horizontal morphism is also isomorphic, which completes the

proof. O
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Definition 3.31 The second horizontal isomorphism in the above theorem

H{Q + V=110}7; Ox) ® orp x () — ling HY"(V,V\ Q) @ orarx(9)
QCV
is also denoted by bg,.

Now then, let us consider an embedding of distributions via Cech cohomology. For any

z, ¢ € C™, we use the notations 2 = 211 + -+ + 2,(, and (2 = (Z + -+ + 2
Definition 3.32 For any (z, (), the twisted Radon kernel W (z, () is defined by

(n—1! (1—V=T2¢/V/)" ! = (1 - V=12¢/V/ )" (2* — (20)*/¢)
(=2mv/=1)" {2+ V=12V = (202/V/ )}
Here, we define /o : C — C by

\/E:\/?e\ﬁa/2 (r>0—r<60<m, z:reﬁe).

W(ng) =

Lemma 3.33 ([7, Lemma 2.3.4]) We write 2 = 2 +/—1y and ¢ = £ + v/—1n. Let I C R"
be an arbitrary proper convex open cone and I'® its dual cone. There exists a 2n di-
mensional open convex cone A C Rp x R}y such that AN {n = 0} D T' and W(z,() €
Oxxx (R™ x Int(T'°) + /—1AO0).

Moreover, W (z,() can be analytically continued to a neighborhood of the real open set
(R™\ {0}) x Int(I'°). In particular, if we fix { = & € R™ \ {0}, W(z,() is holomorphic as a
function of z in the following infinitesimal wedge with the half-space {y € R™ | y§ > 0} as the
opening;:

R" + V=1 {y e R" | y¢& > yl¢] — (y€)*/I€]} -

Furthermore, it is analytically continued to the following complex neighborhood of R™\ {0}:

{:L‘+\/—1y6(C”

€1+ (P1e] - (/D) < § (1l + 2%kl - (@) leD) }.

Lemma 3.34 ([7, Lemma 2.3.5]) Let f(z) be a C™ function on Q supported by a compact
set K C Q. We define

PO = [ FWe =g du
Then, F(z, () satisfies the following conditions:

(1) For any proper convex open cone I' C R™, F' is a holomorphic function of (z,() in the
infinitesimal wedge of type R"™ x Int(I'°) + /—1A0 where A is defined in Lemma 3.33.

(2) F can be analytically continued to a neighborhood of (2\ K) x (R™\ {0}).

(3) F can be continuously extended to € x (R™\{0}), and the continuously extended function
F(z,¢) satisfies

fa)= [ Faode
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Lemma 3.35 ([7, Corollary 2.3.6]) We have the equation

W(z,§)d§ =0
Snfl
in a neighborhood of R™ \ {0}. This integral converges locally uniformly in z.

Definition 3.36 For any non-empty proper cone I' C R™, we define
W(z,T°) = / W(z, ) de € O(R" + V=IT0).
rensr—1

Definition 3.37 (Embedding of Zby in Cech representation) Let K be a compact set in Q.
For any u € Zbk () and for any i = 0,1, --- ,n, we set

F(2) = (u(w), W (z — w,T?) dw) € O(Q +/—1T,0),

and let us define L%bK(Q) : Do () — B (Q) by u— [D,(—1)'F] ® enryx. Here epy)x is
the section of ory;/x (£2) specified at the beginning of Subsection 3.2.

Proposition 3.38 Supp(L%bK(Q)(u)) C Supp(u) holds.
This proposition easily follows from Lemma 3.35.

Definition 3.39 (Embedding of 2b in Cech representation) Let u € Zbys(Q2). Decompose u

into a locally finite sum as v = ), ux, where uy € Pbg, () and K is a compact set in .
We define L%bM(Q)(U) =3 L%bm () (ur) € B (Q).

Remark 3.40 Since (u(w), W(z — w,I'{)dw) € 0(Q + +/—1I',0) for any ¢ = 0,1, --- ,n,
1Sy 18 @ map from Py () to H({Q + v=1Ti0}y; Ox) ® orpx () = B ().

Proposition 3.41 L%bM(Q) is well-defined, and L%bM = {L%bM(Q)}QeOp(M) is a sheaf mor-

phism from Zby; to Byy.

Proposition 3.42 ([7, Theorem 3.5.5]) The diagram below commutes.

C
J/L,Q{M (%
Dbar ()

H™"(U,U'; Ox) @ orpr)x ()

where &) (Q) < 2by;(Q) is the canonical embedding, and LE;M(Q) is defined in Definition 3.18.
Note that we identify H™(U,U’; Ox) with H({Q + +/—1;0}"_,; Ox) by Theorem 3.28.
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3.4 Embedding of distributions via relative Cech-Dolbeault cohomol-
ogy

HIS[4] defines an embedding Zby; < %) in the framework of Cech-Dolbeault cohomology.

Let M =R", X = C" and Q € Op(M). Since M = R" is oriented, there is an isomorphism

oryr =~ Zjpy which also gives the isomorphism

where U is a complex neighborhood of €. By this isomorphism, we omit the section of the
relative orientation sheaf in the definition of %B);(£2). Now, let 6(z,t) be a C°° function on

X x Q which satisfies the following conditions:

(1) 6(z,t) is identically 1 in a neighborhood of {0} x Q.
(2) Supp(f) C T, where T is an open set in X x {2 such that

{0} xQcTc{(zt)eXxQ| |z <3 'min{l, dist(t, M\ Q)}}.
Here, dist(¢, M \ ©2) means the distance from ¢t to M \  in M, and we set dist(¢,0) = 4o0.
Definition 3.43 ([4, Theorem 8.1]) Let 7 = (71,701) € C;O’(O’n) (X, X \ M) be a Cech-
Dolbeault representative of Dirac’s delta function. For any u € Zby;(€2), we define

S o () = [< /Q (071 + 8.0 A 701) (2 — £, )u(t)dt, /

Q

(0701) (2 — t, t)u(t)dt)] .

Proposition 3.44 ([4, Lemma 8.19)) L%ﬁw = {L%?M(Q)}QGOP(M) is a sheaf morphism from
9()]\/[ to %M

We omit the proof of this proposition. For more details, see Section 8 of HIS[4]. Thanks to

Proposition 3.44, by gluing the embedding morphisms on each local chart, we can obtain the

embedding morphism L%Ek .+ Dby — Py for a real analytic manifold M.

4 Embedding of C*° functions

4.1 Limits of (n — 1)-forms

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification. We

define a normal bundle T, X by Coker (TM — M x TX) as a vector bundle, and we write
X

the coordinate of T, X as (z,7n). Moreover, we equip Ty X with a bundle metric and fix it in

what follows. By the tubular neighborhood theorem, we can find an isomorphism 75, X ~ X
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with the following commutative diagram:

TuX —— X.
I
M

Here M — Ty X is the embedding which regards M as the zero section of Thy X and M — X
is the closed embedding. Note that we replace X with a small open neighborhood of M in X
if necessary, and that we identify X with T3, X in this subsection.

We define B = {(z,7) € TyuX = X | |n| <1} and S = dB. Let 7: S — M be the restric-
tion of the canonical projection X ~ Tj; X — M, and let ¢ be an embedding S < X \ M. Set
S, = SN77Y(z) for x € M. The projection 7 : S — M induces maps

T 1 TS =S xTM and 7:SxT*M — T*S.
M M

For any A\ > 0 and for any (z,7) € Ty X ~ X, let us define a map ¢ : X \ M — X \ M by
oéa(x,m) = (z, An). We note that the Ker 7. consists of a vector field on S which is tangent to
S, for any x € M.

Definition 4.1 For any e A"~ ' T*(X \ M) and for any v € A"~ ' Kerr,, if the limit
i (5 630)

exists and converges locally uniformly on S, we say that p converges locally uniformly on S.

Then, there exists a form i € /\”71 Coker 7* such that
G — i .
<:U’a U> )\41{20 <7’ d))\/'bv ’U>
for any v € A" Ker7,. We define L(p) = —2"1fi.

Since a form in Im7* C T*S becomes zero on Ker 7, C T'S, we can regard L(u)|g as an

(n — 1)-form on S,. Hence we may consider the integration of L(u) on S, and I(u)(x) =
/ L(p) is a continuous function on M. By a system of local coordinates, we can describe
Definition 4.1 concretely as follows:

Remark 4.2 We identify S with M x v/—15""! and take w = (w1, -+ ,w,) as a system of
homogeneous coordinates of S~ 1. We define i, : S, — X \ M by

izt Sy —— X\ M
w W
wrH——— x4+ —1lw
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for any z € M. Let us take

n—1
,UJ(Z)Z Z f]y(](Z)dZ[/\dZ]G /\T*(X\M),
T+ TT=n—1

and we define €7 5 by

Sgﬂ(]il ]ip kjl k_]q > ifil’,..’ip7j1’...’jqare

€10 = Lo e Bkl trt el mutually distinct,

0 otherwise,

Wherepvq € {071727 an}7p+q: TL—l,I: (ilv 7ip) € {1>2> an}p) J = (jla 7jq) S

{1,2, .-+ ,n}9, dzy = dzyy \--- Ndz,, dz; = dz;; N--- Ndzj,, {k1, -+ Jkpo1} = T U J and
k< ko< oo <ky_q.
If the limit

Jim (i © ¢3 (1)) (@)
(V=IO Y ()R e s frg (e 4 V=Tw)

[I|+]J|=n—1,
ke{1, - nI\(1UJ)

= lim
A——+0

exists and converges to a continuous function locally uniformly on S for any (z,v/—1w) €
M x /—158""1, we say that u converges locally uniformly on S. Then L(u) exists and it is
given by

L)) = 2" Timp (53 0 63 (1)) ()
V=1t > (=) s (x4 V=Tw) ds.

||+ J|=n—1,
ke{L, - n}\(1UJ)

lim
A——+0

Here ds = Z(—l)“‘lwi dwy N -+ /\@/\ <o Adwy,.
i=1

4.2 Reconstruction of ' functions with compact support

Let M =R" and X = C”, and let Q € Op(M) and U € Op(X) such that U is a complex
neighborhood of €. Since M = R" is oriented, we omit the section of the relative orientation
sheaf in the definition of % ().

Theorem 4.3 Let K be a compact set in Q, f(z) € C™(§2) whose support is contained in K,
and let u = (1, po1) € C’;O’(O’")(U, U\ K) be a representative of L%?M(Q)(f). We define

ﬁ(z,():/DW(z—w,C)ul(w)/\dw— 8DW(z—w,C),u01(w)/\dw,
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where D is an open set with C° boundary satisfying K ¢ D ¢ D C U and z ¢ D. Then,
R does not depend on the choices of a representative y and a domain D, and satisfies the

following conditions:

(1) For any proper convex open cone I' C R, R is a holomorphic function of (z,¢) in the
infinitesimal wedge of type R"™ x Int(I'°) + /—1A0 where A is defined in Lemma 3.33.

(2) R can be analytically continued to a neighborhood of (€2\ K) x (R™\ {0}).

(3) R can be continuously extended to 2 x (R™\ {0}), and the continuously extended function
R(x,€) satisfies

flz) = R(z,€) de.

Sn—l
Proof. Firstly, we show that y € Im9 = R = 0. By the assumption, there exists (71, 7To1) such
that uy = Ot on U, o1 = T1 — 07191 on U \ K. Then, we have the following calculation:

R(z,¢) :/ W(z —w,() 0 (w) A dw — ; W(z —w,¢) (11(w) — 0701 (w)) A dw
D D
= W(z —w, () 0701 (w) A dw (the Stokes formula and d = 0 + 0)
oD
=0 (00D = 0).

Hence R does not depend on the choice of representatives.
Secondly, we prove that R does not depend on a domain D. Let K ¢ D' ¢ D C U and
2z & D. Since

R0 = [ W= w.Omw) ndw= [ W =w.0por(w) ndu
= W(z—w,() pr(w) A dw — W(z —w, () po1(w) A dw
D oD’
+ W(z—w,()ul(w)/\dw—/ Wz —w,() po1(w) A dw,
D\D' a(D\D")

it is sufficient to prove that

W(z—w,(),ul(w)/\dw—/ W(z —w, () por(w) A dw.
D\D’ o(D\D')
This equation follows from dpug; = g3 on D\ D’ C U \ K and the Stokes formula.

Finally, let us prove
R(=.0) = [ W=t st

n(n+1)
2

We choose Bochner-Martinelli type (0,—(—1)
B is defined by

B) as a representative of Dirac’s §, where

n

n(n—1) (n — 1)' 1 el —~ B
’ (QW\/jl)n | z)|2» Z(_l) Zidzy N NdzZg N+ N dzy.
i=1

25
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We take 0(z,t) € C*°(U x ) satisfying the conditions of Definition 3.43. By the definition of

Lng(Q)( f), we can choose a representative p as follows:

n(n+1)

p=—(-1) </f )0.0(z —t,t) A B(z —t)dt, /f z—tt)ﬁ(z—t)dt)

Using the Bochner-Martinelli formula (Lemma A.5), we get

R(z,() = "“””/Wz—wg </f )80 (w t)/\ﬂ(w—t)dt)/\dw
+G4f@”aDW@—wO(Af@Ww—mww—wﬁ>mm
= [ a0 [ Wi - w o - s -0 nd
~(-1 "("“)/Wz—woa B(w — t,) A Blw —t)Adw)

= [ rowe—o - [ row—toa

By Lemma 3.34, f(z) = R(z,€) d¢ holds. O
Sn—l

Definition 4.4 Let K be a compact set in Q. For any u = [u] = [(p1, po1)] € Bk (), we
define

R0 = [ We=w.Qm)ado= [ W= 0.0 unw) ndo.

where D is an open set with C*° boundary satisfying K ¢ D C D C U and z ¢ D.

Since ﬁ[u] does not depend on the choice of u by the same arguments as in the proof of
Theorem 4.3, for any u = [u] € Bk (), we write R[u] = R[u]. Recall that M = R", X =C"
and Q € Op(M).

Lemma 4.5 We assume that I'; is defined as in Subsection 3.3 for any i = 0,1, --- ,n. Let
K be a compact set in €2, U a Stein neighborhood of @ and u = [u] = [(p1, to1)] € Bk ()
(e O™ (U, U\ K)). We define R[p](z,T?) by

R(=19) = [ Rl €)de € Ox(@+ V=0,
rensn-t
Then, @(—1)’75[/;](2’, I'?) is a Cech representative of u, and the morphism

R: Hg’n(U,U \ K) ® orp/x () —”q({ﬂ + V=100 Ox) ® ora/x (€)
~ H"(U,U"; Ox) ® ory/x ()
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defined by
R(u) = R(p) = [@(—DiﬁM (Z,F?)]

=0
satisfies b o R = id on B (1), where bg is given in Definition 3.31.
Proof. Since ﬁ[ 1(z,T'9) can be analytically continued to a complex neighborhood U’ of Q\ K
and Z (2,T7) =0 holds in U’, for any ¢ € 7)/[K], we can perform the integration

of the hyperfunctlon YR (u) as the one defined by Kaneko (see Section 3.4 of [7]). Let us show
(R(w), pd) = (p, pdx) (¢ € Fu[K]).

Here, the above symbols (e, ®) on the left-hand side and the right-hand side are cohomological
pairings realized by the integrations of Cech cohomology and Cech-Dolbeault cohomology,
respectively.

Let U” € Op(X) be the intersection of U and the domain of ¢ € @[K], and let W;
(i =0, --- ,n) be the infinitesimal wedge of type Q4 +/—1I;0 on which R[x](z,I'?) is defined.

By the definition of the integration of Cech representation, we have
(R(n), dz)

=3 e PO C R T
=S [, O RHGT 8
—Z/+m /nsn 1</Wz—w§),u1( ) A duw

— W(z —w, &) po1(w) A dw) dé dz
oD

= /D <Z/$msnl/,+ﬁaiw(f2) W(z—w,¢) dzdf) pa(w) A dw

- /8D (zz: /I“SﬁSnl //+\/T15i V() Wz = w, &) dz d€> po1(w) A dw
= [ swm) ndo— [ s por(w) A o
D aD
(w, ) ,

where Q' (D K) is an open set in € such that Q' CC €, ¢; : © — R"™ is a smooth mapping
such that

Ei(t) =0 (t S Q\Q/)7
t+vV—1rei(t) € (U +V/—1T,)NW;NnU" (teQ,0<r<1),
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A +=1g; = {t+V/—1et) | t € U} and —(Q + /—1¢g;) is just ' + /~1¢g; with the
opposite orientation, and D € Op(X) satisfies K ¢ D C D C U” and (' ++/—1¢;) N D = 0.

Since Ak () is the dual topological vector space of @7, [K] by Theorem 3.7, (R(u), ¥dx) =
(1, dz) means that R(u) and p represent the same hyperfunction. Because b, is isomorphic,
we get bg o R = id on Bk (Q2). O

Corollary 4.6 Let tg,, () : @M () — Zby(Q2) be the canonical embedding. The diagram

below commutes.

bt \p (92)

T

() (T) Db ().
)

. ] (@)
W} Ly
H™(U,U"; Ox) @ orpx ()
(L) (R)
,CD bo CcD
g (9 Lb ()
H3" (U, U\ Q) ® orarx ()

Note that we identify H™(U,U'; Ox) with I:I({Q +/—1I',0}7_4; Ox ) by Theorem 3.28.

Proof. By Proposition 3.42, (T) commutes. The commutativity of (L) is obvious from the
definition. Let us prove that (R) commutes. Since all morphisms are induced from the sheaf
morphisms and Zby, is a soft sheaf, it is enough to prove the claim locally. Hence, we may
consider only sections with compact support.

Let © be an open set in M, K a compact set in Q and u a section of Zbg (). Using the
same arguments as in the proof of Theorem 4.3, we have

R[M]('Z’F;}) = (u(t), W(z — tvl—‘;‘))dw (i=0,1,---,n),

where p is a Cech-Dolbeault representative of L%bDM ) (u). By Definition 3.37, the diagram

below commutes.

LC
HMUU'; Ox) @ orpg x (Q) «—222 b (Q).
R CD
Lob ()
H™(U,U\ K) @ orpx(9)
Then, we obtain the commutativity of (R) by Lemma 4.5. O

By Corollary 4.6, L%EM} coincides with L;ﬁ .

A
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4.3 Inverse map of embedding of C'° functions

Let us consider the characterization of L%{E’M(C“) and the inverse map from Lng (C*) to
c*.

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification, and
let © € Op(M) and U € Op(X) such that U is a complex neighborhood of Q. Since M is
oriented, we omit the section of the relative orientation sheaf in the definition of %, (2).

Throughout this subsection, we use the same notations as in Subsection 4.1: We write
B = {(xm)eX| n<1}, S =0Band S, = BN 7 !(z) for any = € Q. We may
assume B C U. Remember that the projection 7 : S — () is associated with the projection
U ~ ToU — Q which is given by the tubular neighborhood theorem. The projection 7 : .S — 2

induces maps
T : TS = SxTQ and 7°:9xT*Q — T*S.
Q Q

In what follows, since the problem is local, we regard U (resp. Q) as X (resp. M). Note that
we can regard S, and S as S"~! and Q x /—18""!, respectively.

Definition 4.7 A form po; € C';o’(o’nfl)(U \ ) is said to belong to C’;O’qw’(o’"fl)(U \ Q) if

the following conditions are satisfied.

(1) por € N" 7' T*(U \ ) converges to a continuous form L(uo1) € A" ' Coker 7* locally

uniformly on S.

(2) L(po1) is a C* form on S.
Here, L(jp1) is defined in Subsection 4.1.

Note that we call C’;o’qw’(o’nfl)(U \ Q) a space of quasi-Whitney (0,n — 1)-forms. By

Remark 4.2, we can rephrase Definition 4.7 as follows:

Remark 4.8 A form po; € C?’(O’nfl)(U \ Q) is said to belong to C’;’:’qw’(o’nfl)(U \ ) if the

following conditions are satisfied.

(1) For any x € Q and w € S"1, the limit

n

lim (=2v=10)"") (=1 'wifi(z + V-1Iw)

A—+0
* =1

exists and converges to a continuous function locally uniformly with respect to
(r,V/—1w) € Q x v/=158""1 where fi, -+, f, are coefficients of pg1, that is,

o1 :Zfidgl/\"'/\ggi/\'”/\dzrp
i=1
(2) L(po1) is a C* form on Q x /—15"71.

29



Recall that we can write
n

lim (=2v=10)""") (=1)"w; fi(z + V=1)w) ds, (4.1)

L(pon)(z,) = lim

i=1

n

and ds = Z(fl)”lwi dwy N -+ /\Ew\i/\ <o Adwy,.

i=1

Definition 4.9 Let us define
e ™M U\ Q) = {n = (u,p0r) € CTONUUND) | poy € CFMOV @\ )]
The following theorem is our main result.

Theorem 4.10 Let zg € M. There exist an open neighborhood 2 of xy and a complex
neighborhood U of Q for which the following 2 conditions are equivalent. For any u € %, (Q),

(1) There is a C*° function f on € such that u = L%EM(Q)(f).
(2) There is a Cech-Dolbeault representative g = (p1,p01) of w such that p €
CT O (7 7\ Q).

Additionally,

is well-defined and we get I(u) = f.
We give a global version of Theorem 4.10 for M = R™.

Theorem 4.11 Assume M = R™ and X = C". For any 2 € Op(M), for any U € Op(X)
which is a complex neighborhood of Q and for any u € %/(£2), the conditions (1) and (2)
as in Theorem 4.10 are equivalent. Additionally, we define I(u) as the same integration in
Theorem 4.10. Then, I(u) is well-defined and I(u) = f holds.

Considering a local coordinate system, it is enough to prove Theorem 4.11 for Theorem 4.10.
To show Theorem 4.11, we prove the following 3 lemmas (Lemma 4.12, Lemma 4.13 and
Lemma 4.14). Hereafter, let us assume M = R", X = C", and let 2 € Op(M) and U € Op(X)
such that U is a complex neighborhood of €.

Lemma 4.12 Let u be a hyperfunction on €, and let x4 and p’ be representatives of u. If
po g € OO (U Q) then () = I().

Proof. Fix xg € €. Let us prove that there exists an open neighborhood 2y of zg such that
I(p) = I(') on Q. Let 2o e U” CcC U’ cCc U, Q" =U"NQ, and & =U'NQ. We can

choose representatives fi and i’ satisfying the following conditions (see Lemma A.4):
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(1) iz and ' determine the same hyperfunction on .
(2) pf=ponU"” and @/ =y on U”.
(3) Suppjii C U’ and Supp i’ C U’.

It is clear that fi|y., @', € C?’qw’(o’n)(U”, U”\ Q). Then, we set

REI(.0) = [ W= 0.0 i) Adw— [ W= w.0)jior(w) n dn

RIF) (=) = /D Wi = w,Q) i (w) Adw = [ W= 0.0) gy ()

with the notations of Theorem 4.3. We may assume U” CC D. Since i and i’ satisfy
the condition (1), we can prove R[i](z,¢) = R[i](z,¢) in the same way as the proof of
Theorem 4.3. Hence, it is enough to prove that there exists an open neighborhood ¢ C Q"
of 24 such that R[fi](z,¢) can be continuously extended to Qg x (R™\ {0}) and we have

L RiA@ s =I(W@) (@€ ).
Let D’ be an open subset of U such that DN (Q\ Q") C D" and zp € Int(Q" \ D). We
define D" as an open subset of Q" such that D" = Int(Q” \ D’). By deforming D, we get

RIil(z,¢) = | We—w, @) Adw = | W(z=w,C) i (w) Adw

# [ we-eo ([ s

D//

for any z ¢ D’ UD”. Note that, by i = u on U”, we have L(fio1)(t,w) = L(po1)(t,w)
(t € D", w e S"1). The deformation of D is illustrated in Figure 1.

D
@ %
" D’
O D O M
Q//

T T 7

Figurel Deformation of the integration domain D

From Lemma 3.33, the first and the second integrals can be analytically continued to a

complex neighborhood of D", and the third integral can be continuously extended to D" x
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(R™\ {0}) by Theorem 4.3 (3). Hence, for any x € D", the equation
[ Riwgae= [ ([ we-w.mw ndo)
- / ( Wz —w,§) for(w) A dw) dg
sn-1 \Japr
+ /snl o W(SC — t,f) (/Snl L(u()l)(t,w)) dt df

holds. By Lemma 3.35, the first and the second integrals become 0. Then, we get the equation

RI) (2. €) de = / W(e—t.6) I()(t)dtde  (xe D).
S'VL—l Sn—l D//

By applying Lemmas 3.34 and 3.35 to the case f = I(u), we obtain

L] wa-rormw e =1me  @eD"
n—1 D
This completes the proof. O

By Lemma 4.12, I(x) does not depend on the choice of p € C;O’qw’(o’n)(U,U \ Q). If a
hyperfunction u is represented by an element p of C;O’qw’(o’n)(U, U\ ), we write I(u) for I(u)

hereafter. We can regard I as a map

R (AR Y)
C,)o(o,qw,(o,n)(U7 U \ Q) N 19(0;07(0’”_1)((], U \ Q))

I: C>(Q) .

Lemma 4.13 Let f € C*(Q). If Lng(Q)(f) has a representative p € C;O’qw’(o’n)(U, U\Q),
then I o L%bDM(Q)(f) = f.

Proof. Let x € Q" CcC Q' CcC Q and ¢ € C§°(R2) such that

1 onQ,
vie) = {0 on O\ .

We write complex neighborhoods of ", ', and Q as U” cc U’ ccC U, respectively. By

Lemma A .4, there exists a representative i of L%?M(Q)w f) such that
g=ponU” and a=0onU\U".

Since Supp(L%EM(Q) (¢ f)) C &, it follows from Theorem 4.3 and Lemma 4.12 that

I(p)(z) = R (z, &) d€ = () f(z) = f(x)

Sn—1

hold for any x € Q”. This completes the proof. O
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Remember that 2 € Op(R") and that U € Op(C") is a complex neighborhood of €.
Lemma 4.14 Let u be a hyperfunction on 2. The following conditions are equivalent.
(i) There exists f € C*°(Q) such that u = Lng(Q)(f).
(ii) There exists a representative p of u such that y € C;O’qw’(o’n)(U, U\ Q).
— 19 A D
n 1).8@1 VAN Aa(pn1> as a
2y —=1)" 21 -+ 2y

representative of Dirac’s delta function. Here p; € C*(X \ M) (i = 1, --- ,n) is defined as

Proof. First, we prove (i) = (ii). We define (71, 701) = (0, (

follows:

Let {¢;}; be the partition of unity of S"~! such that ¢; = 0 on a neighborhood of
SN {y; =0} (i=1,---,n). Then, we define

vi(x +vV—-1rw) = ¢;(w)
for any x € M, r > 0, w € S ! such that z 4+ v/—1rw € X.

This representative is explained in Example 7.26 of HIS[4]. By the definition of L%EM(Q)( f) =
(1] = [(11, fto1)], we obtain

= (/Q(erl + 0.0 A To1) (2 — t,t)f(t)dt,/

Q

(0701)(2 — t, t)f(t)dt) .

Then, it is sufficient to prove that u = (u1, 1o1) satisfies po1 € C;o’qw’(o’n_l)(U \ ©). Note

that we have

dt.

B (n—l)!égpl/\---/\&pn_l/ O(z —t,t)f(t)
Hor = (2ry/—1)" 0 (1—11) (20— o)

Let z =2+ —1y, 7 =+/y? +--- +y2 and

(wlv"'vwn):(&a“"yj) ES”ilCRn'
T T

The embedding i : S"~! — R™ induces the map

iy : TS"1 — 8§71 x TR™,
Rn

that is, by considering the (n — 1)-sphere S"~! as a subset of R", a vector field on S"~! can

be described by a vector field on R™. The space Im i, is generated by

0 _0 w3~ 0

with the relation



andwehavep*< 0 ) =71 0 , where p: Y =R"\{0} 5y~ y/reS" tand p.: TY' —

aT/i Ow;

Y’ x TS"!isinduced by p. Under the above consideration, we define
Snfl

071 0z, Oowi 7 Owy
A— : " andjn: : :
Opn—1 Opn—1 Ipn—1 OPn—1
0z, o 0Zn Owy T Own,

Note that ¢;(2) = &;(w). Additionally, an (n — 1) x (n — 1) matrix J,; (resp. Jyn;) denotes
the submatrix of J,, (resp. J,,) from which the i-th column is omitted. The (0,n — 1)-form
5@1 ANREEIAN 59%—1 is written as

- Op1 = OPn-1 ,_ - _ - _
( 8zidzi)/\"'/\<z o, dz; :ZdetJm-dzl/\---/\dzi/\-'-/\dzn.

i=1 =1 i=1

Since det J,,; = (—2v/—17)""*! det jm, the coefficient of L(uo1) is represented by

fm D i(—l)i w; det fm-/ Oz + v—Trw —t,1) /(1) dt.
r=+0 (2my/—1)" o (1 +vV=Trwy —t1) - (T + V—1rw, —t,)
Here, L(f01) is defined by the equation (4.1) in Remark 4.8.

Let us prove that the coefficient of L(uo1) converges to a continuous function locally uni-
formly on Q x v/—18"1 (the condition (1) of Definition 4.7). The det.J,; vanishes in a
neighborhood of the set {y1yo - - -y, = 0}, since dp1 A - A Op,_1 is 0 in a conic open neigh-
borhood of the set {y1y2 - - -y, = 0}. Therefore, we consider the above limit on {w; - - - wy,, # 0}.
By Lebesgue’s dominated convergence theorem, the integral

/8"(9(f6—t7t)f(t))
o Ot 0ty

log(xy —t1) - - - log(x,, — t,,)dt

is continuous on x € Q. Then, as was in the proof of Corollary 2.3.2 of Kaneko[7], by employing
the partial integration with respect to the variables t1,ts, - - - ,t, respectively, the coefficient

of L(po1) converges to a continuous function

(2(:_\/;1))!” Z(_l)i i det /Q an(ga(fl - %gzj(t)) log(xy —t1) - - -log(xn — tn)dt

with respect to (z,v/—1w) € Q x /=15""1 which implies the condition (1) of Definition 4.7.
By the repetition of partial integrations several times in the same way as above, we can also
show that L(po1) is a C* form on Q x /—15"~! (the condition (2) of Definition 4.7).

Next, let us prove (ii) = (i). It suffices to show Lng (@)°1(p) and p give the same equivalent

class. Let @' be a sufficiently small open neighborhood of x, U" a complex neighborhood of €’
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such that U’ C U, and X the characteristic function of Q. By considering X/ I(u) instead

of I(u) and noticing that L%EM(Q) is induced from a sheaf morphism, we have

SR TW)| = 5D, @ (I

Q

= ([ o+ 0.0 n e~ totoean, [ Gm - o)

’

Q/

Now we take (71, 701) to be a representative of bys (@(1)’ /

rensn—1

W(z,f)df). Note that

by is defined in Definition 3.31 and that @(—1)i / W (z,€)d¢ is a Cech representative

rynsn-1
of Dirac’s delta. Since U’ is small enough, we can take the 6 so that

(11(2), 701(2)) = (071 + 0.0 A 101)(2,1), 0701 (2, 1)) ((2,1) € U’ x Q')

holds. Then, in the definition of by (Definitions 3.22 and 3.31), we take the specific ¢;’s which
are independent of the variables x such as the ones given in the first part of this proof. For
such a bg, we can interchange the order of b and the integrations with respect to the variable

t, and hence, we have

L (s © 1 (1)

= [b“' (@(—w‘ / B R UBIOL dg)] .

By Lemma 4.5, it is enough to prove that

on Q' (4.2)

[@(—wﬁmxz,ri)] - [@(—W‘ [ we—rongaa

holds as Cech representation, where /i is a Cech-Dolbeault representative such that /il v = My
and fi € C’;o’(o’n)(U, U\ K) for a compact set K with @ C Int(K) C K C Q. R[](z,T?) is
defined by

Ri( 1) = |

rensn—1

</D W(z—w,&m(w) Adw— [ W(z—w,§&)ion(w) A dw) dé |

oD

By deforming D suitably and using the same arguments as in the proof of Lemma 4.12, we

can prove the equation (4.2). This completes the proof. ]

A Appendix

Let X be a complex manifold, U an open set in X and S a closed set in U.
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Definition A.1 For any complex (.#°,d®) of sheaves on X, we define
FUU,U\S)=71U)e FT U\ 9),

and
91 FUUUNS) — FIUUN S)
W W
(81,301) —_— (dq(sl), Sl’U\S — dq_1(801)).

Then, (Z#*(U,U \ S),9¥*) is a complex of abelian groups. H4(U,U \ S;.#°) denotes the ¢-th

cohomology group of this complex.
By the definition, we can also write Z9(U, U\ S) =T'(U; Z9) & T(U \ S; Z971).

Lemma A.2 Let .#°® and 4° be complexes bounded below consisting of soft sheaves on X.

If .7* is quasi-isomorphic to ¢¥°, then .#*(U,U \ S) is quasi-isomorphic to 4*(U,U \ S).

Proof. By Lemma 1 and Lemma 2 of KKK[8], we may assume that there is a morphism
from Z* to ¥°. Here, we note that flabby sheaves are soft. Let us consider the following

commutative diagram of short exact sequences of complexes.

0 — (Z 1)U\ S) 2 FUU) @ FI-1U\ S) 25 FUU) — 0

| | J

0 — (9°[-1))4(U\ S) N GIU) o9 (U\ S) 2 99(U) — 0,

where (e)[—1] is the shift functor, ¢ € Z, i is the inclusion map into the second component
and p; is the projection onto the first component. Then, we get the following commutative

diagram of long exact sequences.

o HIEWUN S;.7%) - HAU,U\ S;.7%) — HI(U; F*) % HIUU\ S;.F%) — -

| ! ! |

<o = H7YWU\ S;9°) — HYU,U\ S;9°) — HI(U;9°*) = HYU\ S;9°) — ---,

where ¢ € Z and ¢ is induced by restriction. These long exact sequences are discussed
in Suwa[24]. Since soft sheaves are I'(V;e)-injective for any V € Op(X) (see Defi-
nition 1.8.2, Proposition 2.5.10 and Exercise I1.6 of Kashiwara-Schapira[9]), we have
HYV;.7*) ~ H1(V;9°) for any V € Op(X) and g € Z. Applying the 5-lemma to the above
diagram, we obtain H4(U,U \ S;.%°) ~ HY(U,U \ S;9°) for any q € Z. O

Theorem A.3 For any p € Z, we have the quasi-isomorphisms
cTPUUN\S) ~ #U,U\S) ~ RTs(U; 61,
where (#*,d®) is a flabby resolution of ﬁg?).
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Proof. Since .#° is a flabby resolution of ﬁgf), RI's(U; ﬁgf)) is quasi-isomorphic to I'g(U; .#*®).
Moreover, by Lemma A.2, C’;O’(p’°)(U, U\ S) is quasi-isomorphic to #*(U,U \ S). Then, it
suffices to show that I's(U; .#*) is quasi-isomorphic to .#*(U,U \ S).

The canonical morphism ¢ : I's(U; #*) — #*(U,U \ S) is defined by

I's(U; #9) —— JYU,U\ S) (e ).
w
i% (s,0)

By supp(s) C S, ¢ forms a complex morphism and it induces morphisms between the coho-
mology groups. It is easy to see that each ¢¢ : H{(U;.#°*) — HI(U,U \ S;.#°) is injective.
Hence, let us show that for any q € Z, ¢? is surjective.

Since each .9 is flabby, for any [(s1,s01)] € HY(U,U \ S;.#*), there exists s’ € T'(U, #971)

such that s’]U\S = 501. Then, we get

[(s1,501)] = [(51,501) —9(5",0)] = [(s1 — d?™ (), 0)]

and we define § = sy — d971(s’). By (s1,s01) € Ker19, we have 8lins = silns — di1(sg1) =
0 and [§] € H(U;.#*). This means that ¢? is surjective, and it has been shown that
HI(U; #*) ~ HY(U,U \ S;.#*) for any ¢q € Z. This completes the proof. O

For the proof above, Honda-Komori[5] is a useful reference. If the readers are interested in

the specific flabby resolution 2®-*) of ﬁg?), Komatsu[13] will be a useful reference.

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification, and
let Q € Op(M) and U a complex neighborhood of 2. Since M is oriented, we omit the section

of the relative orientation sheaf in the definition of %y, (Q).

Lemma A.4 (a representative with compact support) Assume @ CC M. Let pu €
C’;o’(o’n)(U,U \ Q) be a representative of a hyperfunction and U’,U"” € Op(X) such that
U’ cc U cc U”. Then, there exists a representative fi € C;O’(O’n) (X, X \ M) such that

. Jpon U,
=0 on x\ T

Proof. Since %) is flabby, we can find a hyperfunction @ € % (M) such that |, =
[1], @[yng = 0. Hence, there exists po € C;o’(o’") (X, X \ M) such that

poly +97" = p,
fo| x\p + 97" = 0.

Here 7/ € CO" (U, U\ Q) and 77 € O (X \T, (X \U)\ (M \ Q).
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Let Uy and U be satisfying U’ cC Uy cC U cC Uy cc U"”. We define ¢', " € C§°(X)
by

,  JlonU’, s J1lon X\U”,
7 0on X\ Up, 4 0 on U/

Then, if we set fi = po + 9(@'7") +9(p"7"), we get

ﬂ|U/ = ,UO‘U/ +67/‘U/ = M|U/a

Al vz = tol gz + 07" |\ = 0.
This completes the proof. ]

Lemma A.5 (Bochner-Martinelli formula) Let D C C" be a bounded domain with C'* bound-
ary. For any z € D and for any g € C1(D), we have

o(2) = (—1) "5 /8 QB =) N = (<) /D Fg(¢) A B(C — 2) A d,

where
B(z) = (—1)" (n—1! 1 Zn:(—l)i‘lz A2 A ANdZ A--- NdE
Crv-1) [P 2 i Z -
We omit the proof of Lemma A.5 (see Krantz[16]). Note that we choose (y1, -+ , Yn, Z1, -+ , Tn)
as a positive coordinate system on C”. Since the conventional positive coordinate system is
(1,Y1, -+ ,Tn,Yn), we have to multiply the formula by (—1) n(n;l).
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Part 11
Relative Cech-Dolbeault cohomology
on subanalytic sites

1 Introduction for Part II

The concept of sheaves on sites offers a generalization of classical sheaves. Kashiwara-
Schapira[11] established this powerful theory and Prelli[19] significantly contributes to the
understanding of sheaves on subanalytic sites. Subsequently, Guillermou-Schapira[3] study
sheaves on (linear) subanalytic sites more. The subanalytic sheaf theory allows us to handle
objects that are inaccessible to the classical sheaf theory. For example, tempered distribution
is not a classical sheaf but a subanalytic sheaf.

On the other hand, Suwa[25] establishes relative Cech-Dolbeault cohomology for classical
sheaves and Honda-Izawa-Suwal[4] gives a new representation of hyperfunctions. Relative
Cech-Dolbeault cohomology is a representation of local cohomology using soft sheaves. By
the softness of relative Cech-Dolbeault representatives, we can employ helpful tools such as
cutoff functions or partitions of unity.

In this part, we extend the theory of relative Cech-Dolbeault cohomology to sheaves on
subanalytic sites. For that purpose, we construct relative Cech derived functors, where we
also need the notion of softness for sheaves on subanalytic sites, which was first introduced
by Guillermou[2]. Here, to make the computation of relative Cech derived functors applicable
to much wider classes of sheaves, we introduce the concept of U-soft, which is a much more
localized notion than softness. By U-soft sheaves, we can develop the relative Cech-Dolbeault
cohomology theory more precisely. As an application of the theory of relative Cech-Dolbeault
cohomology on subanalytic shaeves, we can provide explicit conditions under which relative

Cech-Dolbeault representatives of hyperfunctions belong to the class of distributions.

Part I1 is organized as follows: Section 2 gives notations and examples of subanalytic sheaves.

Section 3 explains relative Cech-Dolbeault cohomology on subanalytic sites. In Subec-
tion 3.1, we define U-soft sheaves on subanalytic sites and give properties and examples of
soft sheaves. Note that soft sheaves on subanalytic sites is introduced by Guillermou[2]. In
Subection 3.2, we define relative Cech derived functors. Relative Cech-Dolbeault cohomology
is defined by these functors. In Subection 3.3, we introduce localized version of the relative
Cech derived functors.

In Section 4, we give a representation of tempered distributions _@b’}wm by using relative

Cech-Dolbeault cohomology. The representation of tempered distributions can be obtained
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from relative Cech-Dolbeault cohomology of tempered Dolbeault complexes (Definition 4.7),
and its definition is very similar to that of hyperfunctions. This representation of @bfwm

provides conditions for classifying representatives of distributions Zby; (Theorem 4.13).

2 Preliminary

2.1 Notations
Let X be a real analytic manifold.

Remark 2.1 In Part I, we assume that manifolds are always countable at infinity, and that

sheaves are always those of abelian groups.

Notation 2.2 For any V,V’ € Op(X), V' CC V means that V' is a relatively compact subset
of V.

Notation 2.3 Mod(Z) denotes the set of abelian groups.

Notation 2.4 Op(X) denotes the set of open subsets in X and Op(X,,) denotes the set of

subanalytic open subsets in X.

Notation 2.5 (Subanalytic sites, [19]) Op(Xs,) is regarded as a category with restriction
morphisms. Op(Xs,) is endowed with the following topology: S C Op(Xs,) is a covering of
U € Op(Xg,) if for any compact set K C X, there exists a finite subset Sy of S such that
KNUyes,V=KnNU. We will call X5, a subanalytic site, and Ux,, denotes the category
Op(Xsq) NU endowed with the topology induced from Xg,.

Ux., and U, are different. Remark 1.1.1 in Prelli[19] is a helpful example.

Notation 2.6 Cov(U) denotes the set of open coverings of U C X and Cov(Ux_,) denotes

the set of subanalytic open coverings of Ux_, .
Notation 2.7 ([11, Notation 6.1.2]) ps, : X — X, denotes the natural functor of sites.

Notation 2.8 Mod(Zx) denotes the set of sheaves on X and Mod(Zx_,) denotes the set of

sheaves on Xg,.
Sheaves on X, are also called subanalytic sheaves. For more details, see Prelli[19].

Notation 2.9 Let .% be a sheaf on X,,. For any locally closed subanalytic subset Z C X,

we define #(Z) = lim .% (U), where U C X runs through open subanalytic neighborhoods of

zZcu
Z.
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This means that .7 (Z) is a set of sections defined in open subanalytic neighborhoods of
Z. Note that, for any closed subanalytic subset Z C X, .%#(Z) =I'(Z, .#|,) holds. Proposi-

tion 2.5.1 in Kashiwara-Schapira[9] is a useful reference.

Notation 2.10 Let % be a sheaf on X,,, U an open subanalytic subset in X and Z a locally
closed subanalytic subset in U. We define p,; : #(U) — F(Z) by lim py, 7, where V- C U
%

runs through open subanalytic neighborhoods of Z and py, ; is the restriction 7 (U) — F (V).

We also write (e)|, = py(e). For any sheaf # on X, F(Z) and py () = (e)|, are

defined in the same way as the previous definition.

Definition 2.11 (Soft sheaves on X) .# € Mod(Zx) is said to be soft if and only if, for any

closed subset Z C X, the restriction morphism
F(X)— F(2)
is surjective.

Definition 2.12 (c-soft sheaves on X) .# € Mod(Zx) is said to be c¢-soft if and only if, for

any compact subset K C X, the restriction morphism
F(X)— F(K)
is surjective.

Since X is locally compact and countable at infinity, any c-soft sheaf is soft. See Exercise 11.6

in Kashiwara-Scharipral9].

Definition 2.13 (Fine sheaves on X) .# € Mod(Zx) is said to be fine if and only if, .Z is a
sheaf of Z-module, where Z is a sheaf of rings with unity such that, for any {U;} € Cov(X),

there exists a partition of unity subordinate to {U,}.

2.2 Examples of subanalytic sheaves
Let X be a real analytic manifold.

Definition 2.14 (Tempered C*° functions, [10, Section 10.1], [3, Definition 4.1]) Let V €
Op(Xsq). f € Cx(V) is said to have polynomial growth at p € X \ V if it satisfies the
following condition. For a local coordinate system =z = (z1,--- ,x,) around p, there exist a

sufficiently small compact neighborhood K of p, a positive number C and a positive integer

N such that
If(x)| < Cdist(z, K\ V)™ (zec KnV).
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Here, dist(z, K \ V) is the distance from x to K \ V. We say that f € CF (V) belongs to
C;i(f(V) if all its derivatives have polynomial growth at any p € X \ V.

Definition 2.15 For any open subanalytic subset V' C X, f € C¥(V) belongs to CX™ (V)

if it satisfies one of the following equivalent conditions:

1. There exists an open subanalytic covering {V;} of Vx_, such that each f[;, can extend to
X as a C* function.

2. For any open subanalytic covering {V;} of Vx_, with every V; being cohomologically trivial,
each f[;, can extend to X as a C* function.

3. For any open subanalytic subset V' CC X, any higher derivative of f is uniformly bounded
on VNV

Then {CX°*(V)} and {CF™(V)} form sheaves CX" and CF™™ on Xy,

Definition 2.16 Let U C X be an open subanalytic subset. For any open subanalytic subset
V C X, we say that f € CF(UNV) belongs to CF_ (V) if there exists an open subanalytic
covering {V;} of Vx_, such that each f|;;-,. can be extended to a C* function f on X, where
any higher derivative of fis 0 on X \ U.

Then {C¥  y(V)} forms a sheave CF ; on Xy, Note that CF ;; is a subsheaf of
%m(CU, C;i’:v)

3 Soft sheaves and relative Cech-Dolbeault cohomology

3.1 Soft sheaves on subanalytic sites
Let X be a real analytic manifold. We fix U € Op(Xs,).

Definition 3.1 (U-soft sheaves) .# € Mod(Zyx_,) is said to be U-soft if and only if, for any

closed subanalytic subset Z C X, the restriction morphism
FU)— FUNZ)
is surjective.
Proposition 3.2 For any soft sheaf .7 on X, psq«(F) is X-soft on Xs,.

Proof. Let Z C X be a closed subanalytic subset. Since ps,«(F)(Z) = Z(p2.1(2)) = F(2),
the restriction pgq«(F)(X) = psa«(F)(Z) is surjective. O

Lemma 3.3 Let V,IW C X be subanalytic open subsets and .# a (V N W)-soft sheaf on Xg,.
Then, I'y (%) is a W-soft sheaf on X,,.
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Proof. Let Z C X be a closed subanalytic subsets. We have a commutative diagram

Ly (F)(W) = FZ(V W)

F
lim Ty(Z)WNT) —— lim F(VnWnT),
WnZcT WnZcT
where T runs through open subanalytic neighborhoods of W N Z and all morphism is induced
by restriction. By the (V N W)-softness of .#, the second vertical morphism is surjective.

Let us prove that the second horizontal morphism ¢ is injective. Let s €  lim Iy (Z#)(Wn
wnzcr
T) with p(s) = 0. We use a notation ¢ = lim  @p, where o7 : Ty(Z)YWNT) —
WnZcT
Z(VNWNT) is also induced by restriction. From the definition of the inductive limit, there

exists Ty and sq such that @7, (so) € F(VNWNTy). By the hereditarily paracompactness of X,
we can take T7 € Op(X,,) such that WNZ C Ty CC Tp. Since @To(so)\To e Z(VnWnTy) =
Lv(F)(W NTo), s1= ¢r,(s0)|7; can be regarded as an element of I'yv (% )(W N Ty). Since ¢
is induced by restriction, s; satisfies s = [s1] and s; = 0. This implies that s = 0.

From the above consideration, we obtain the surjectivity of the first vertical morphism. By

Fyv(Z)(WNZ) ~ lim [y (Z)(W NT), it can be concluded that T'y (%) is W-soft. O
wnzcr

The following proposition is important for the localized relative Cech functor pg.l o Cyyyyr,

which is explained in Subsection 3.3.
Proposition 3.4 Let .# be a U-soft sheaf on X,. Then, p_.! o Ty () is a soft sheaf on X.

Proof. By applying Lemma 3.3 with V = U and W = X, it becomes clear that I'y(F) is
X-soft. Hence, it is sufficient to prove that p_,} (%) is a c-soft sheaf on X for any X-soft sheaf
F.

Let K C X be a compact subset. For any positive integer 7, K can be covered by a finite
number of open balls of radius 1/i around each point. Let {B; ;};.finite be this covering. We
define K; = |, B, ;. The set of closed subanalytic subsets {K;}52, satisfies K = ), K; and
K C K1 C K;. Then, we get p,/(F)(K) = lim p,(F)(K3).

Let s € p.}(F)(K). By p..(F)(K) = hﬂp;} (F)(K;), there exists s; € p,.}(F)(K;) such

i
that s;|, = s. Since Z is X-soft, Z(X) — Z(K;) is surjective. Hence, p;}(F)(X) —

Pra (F)(K;) is surjective and there exists § € p;!(#)(X) such that 3|, = s. Note that,

a

for any closed subanalytic subset Z C X, pl(#)(Z) = Z(Z) holds. This completes the
proof. O

Definition 3.5 (U-soft sheaves) For any open subanalytic covering U = {U,;};en of Ux

sa’?
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Z € Mod(Zx,,) is said to be U-soft if and only if, for any k& > 0, (ag,- - ,ax) € AF1 F is
(Uay N -+~ N Uy, )-soft.

Definition 3.6 (Soft sheaves on X,, [2, Definition 4.1]) .# € Mod(Zx.,) is said to be soft if
and only if, for any open subanalytic subset V C X, .% is V-soft.

The following proposition is important for the localized relative Cech functor Cyy 4, which
is defined in Definition 3.47.

Proposition 3.7 Let .% be a soft sheaf on X,,. For any open subanalytic subset V' C X,
'y (%) is a soft sheaf on X,.

Proof. Let V' C X be an open subanalytic subset. By Lemma 3.3, for any W € Op(Xs,),
I'v(.#) is W-soft. In other words, I'y (%) is a soft sheaf on X,,. O

Definition 3.8 (Flabby sheaves on X, [3, Definition 2.16]) .# € Mod(Zx,,) is said to be
flabby if and only if, for any open subanalytic subset V' C X and for any open subanalytic

subset W C V, the restriction morphism
F(V)—= F(W)

is surjective.

Note that . is flabby if and only if, for any open subanalytic subset V' C X, the restriction
F(X) — Z(V) is surjective.

Proposition 3.9 ([3, Lemma 2.17 (i)]) Injective sheaves are flabby on Xs,.
Proposition 3.10 For any subanalytic sheaf .7, a flabby resolution .#* exists.

Proof. .# has an injective resolution .#°. By Proposition 3.9, for any k € Z, each #* are
flabby. O

Proposition 3.11 Flabby sheaves are soft on X,,. In particular, flabby sheaves are U-soft

on Xg,.

Proof. Let .% be a flabby sheaf, V' C X an open subanalytic subset and Z C X a closed
subanalytic subset. By the definition of .#(V N Z), for any s € .Z(V N Z), there exists
VNZ c W € Op(X,,) and s € F (W) such that s'|,,,, = s. Since .Z is a flabby sheaf, we get
5 € # (V) such that 3|, = s’. Then 5|, = s holds and the restriction .Z#(V) — F#(V N 2)

is surjective. O
Example 3.12 CY ; is U-soft.

Proof. Let Z C X be a closed subanalytic subset and let f € C‘)’(OWU(U NZ). By the definition,
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we can find an open subanalytic covering {V;} of Z and each f[;,, can be extended to
9i € CF(X) with g;[ ¢y = 0. The collection { ;| 7nv;)u(x\0)} can be glued together to form
a function g € C*°(X \ (U \ Z)). This construction ensures that gy, = f and g|x\; = 0.
Next, let (Z C)V € Op(Xsq). We can find ¢ € CF(X) such that ¢ =1 on Z and ¢ = 0 on
X \ V. Then, we define §j = g € C¥(X) and f = gly € C¥(U). Since f can be extended to

[isa CY  function

sa’?

on U with j:]UmZ:f. O

a CF function g on X with |y, = 0 for the covering {U} of Ux

Example 3.13 Let . be a sheaf of C’_‘z’:—module on X,,. Then, .7 is soft. In particular,

oo,t .
Cx . is soft.

Proof. Let V C X be an open subanalytic subset, Z C X a closed subanalytic subset and
let f € .Z(VNZ). There exist W € Op(X,,) and f € .Z (W) such that Z ¢ W C V and
f|Z = f. By Lemma 10.3 in [10], we get 1 € C5"*(V) such that ¢» = 1 on Z and ¢ = 0 on
V \ W. Then, ¢ f belongs to .Z (V) with (¢f)|, = f. O

Proposition 3.14 Let .# be a fine sheaf on X. Then, pgq«(-7) is soft on Xg,.
To prove this proposition, use the same arguments as in the proof of Example 3.13.
Example 3.15 C" is not soft.

Proof. We may assume that the open set U is contained in a coordinate neighborhood. Let
X =R". We define U = R™\ {0} and Z =R x {0}"!, and we choose f € CYV(UN Z) as

_ )0 @e(—00,0) x {0},
J) = {1 x € (0,00) x {0},

Since the limit of f(x) at 0 € R™ is not uniquely determined, f does not extend to U. Hence,

C;O:V is not soft. O

Lemma 3.16 Let .%,¥% and J# be sheaves on X,. If 0 — & Soq % o ois exact, then

0 — F(V) 15 9(v) 25 (V)
is exact for any V' € Op(Xs,).

Proof. Let V € Op(Xs,). We can find an open subanalytic covering {V;} of Vx_, such that

gv;

0 — Z) L5 9wy L5 e (vi)

is exact. Then, we have Ker(fy,) = 0 and Im(fy,) C Ker(gy;). Since f : % — ¢ and
g :%9 — A are sheaf morphisms, Ker(fy) = 0 and Im(fy) C Ker(gy) hold.
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Let us show Im(fy) D Ker(gy). Let t € Ker(gy). By gvi(t]y,) = 0, we get s; € F(V;)
such that fv,(si;) = t[,. Since we have Ker(fy,) = 0 and fv,nv;(s; . SJ"VmVj) =0,
holds. Hence, there exists s € # (V) such that s|,, =t. O

3i|VmVj = 3j|vl.m/j

Lemma 3.17 Let ,9 and JZ be sheaves on Xg,, and let Z be a closed subanalytic set. If

0 — F L ¢ = A — 0 is exact and .F,¥ is U-soft, then

0—— Z(UNZ) 1% gunz) 2% #Unz) —s 0
is exact.

Proof. We first show the result assuming that Z is compact. By Lemma 3.16 and the fact

that Z(UNZ) = lim FUNV),
zcv

0—— ZWUN2Z) % gUnz) 2% #UN2Z)

is exact. Let us show that 9(U N Z) — (U N Z) is surjective. Let u € (U N Z), and
let {Z;}"_; be a finite closed subanalytic covering of Z such that there exists t; € 4(U N Z;)
with gunz, (ti) = ulynz,- Since gunzinz, (tilunz,nz, — t2lunz,nz,) = 0, there exists s15 €
F(UNZyN Zz) such that funz,nz, (512) = tilynz,nz, — t2lunzinzg, Since F is soft, there
exists so € F(U N Z3) such that 82|Umzmz2 = $12. Then, th, = to + funz,(s2) € Y(U N Zs)
satisfies th|n .z = t1lunz,nz,- Hence, by the gluing axiom, we get £ € 4(U N (Z1 U Z3))
such that ﬂ vnz, = 1 and ﬂ Unz, = th. Thus the induction proceeds and we can take
te9(UnNZ) with gunz(t) = ulyny-

Next, we show the result in the general case of Z. Let {K,,}72; be an exhaustion by compact

sets of X and we define Z,, = Z N K,,. By the compactness of Z,,,

gunz,

0 — F(UNZ) % qUnz,) 2% #(UNZ) —s 0

is exact. Since .7 is U-soft, for any n < ¢, we have pynz, vnz,(F (U N Z,)) = F(U N Zy,).
Thus, {Z# (U N Z,), punz,,unz,} satisfies the Mittag-Leffler condition. By Proposition 1.12.3

in Kashiwara-Schapira|9],

EEfUmzn @EgUﬁZn
0 —— limFUNZ,) ——— @%(UOZH) _— @%(UOZH) — 0
o n
is exact. This completes the proof. O

The above proof of Lemma 3.17 is based on Proposition 1.5.2 in Prelli[19].

Lemma 3.18 Let .%, 4 and 2 be sheaves on X,,, and let 0 — % R ¢ 2 # — 0 be
an exact sequence. If # and ¢4 are U-soft, ¢ is U-soft.
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Proof. By Lemma 3.17, gy and gynz are surjective in the following diagram.

9 (U) —— 7 (U)

J/pUﬁZ,U lp’UmZ,U

(U Nz) L% 2UNZ).

Since ¢ is U-soft, Punzu s surjective. Then, we get the surjectivity of p’UmZ7U. This means
that 47 is U-soft. O

Lemma 3.19 Let .%# be a sheaf on X,,. Assume .% is U-soft. Then we have
HYU; Z)=0 (k#0).
In particular, if .7 is soft, H*(V;.#) =0 (k # 0) holds for any V € Op(X,,).

Proof. We can find a injective sheaf ¢4 and a monomorphism f :.# — 4. Let us consider an

exact sequence

0 7 1. g » Coker f —— 0.

Since injective sheaves are U-soft, & is U-soft. By Lemma 3.18, ¢ is U-soft. Hence, for any
injective resolution .#°® of .%, we have the decomposition of the long exact sequence into the

short exact sequences of U-soft sheaves:

0 0
\ /
Coker ¢ o
,ﬂo/dO\fl i S,
e ™~ e
F Coker d'?
\0 0/ ™~ 0

Thus, we can conclude H*(U;.%) = 0 for any k # 0. O

0 > F —

N/

0

Corollary 3.20 U-soft sheaves are I'(U; e)-acyclic.
By Lemma 3.19, the following example also means that C;Z’:V is not soft.
Example 3.21 Assume X =C and U = {z € C| 0 < |z| < 1}. Then, we have
HYU;CE™)#0 (k=0,1).

Proof. Let

1
Ul—{zeU‘ —iw<arg(z)<i7r} and UQ—{ZGU' 47T<arg(z)<z7r}.
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Assume H(U; C;O:V) = 0. By the Mayer-Vietoris sequence, we get the exact sequence
0 — CXMU) L O™ () @ O (Uz) -2 O™ (UL N Us) — 0,

where ¢ : f = (fly,, fly,) and ¥ : (f,9) = fly,nv, — 9y, v, Since ¥ is surjective, we can
find f; € CX(Ur) and fp € O (Us) such that

0 ze{zeU| ir<arg(z) < 3r},

Nuoyav, = Foloyae,) () =
(Al 2loscw) 1 zG{zEU’gw<arg(z)<£7r}.

The function f; (resp. f2) converges to a constant c; (resp. c) at z = 0 in Uy (resp. Us).
Hence, fi ’UmUz — f2’U1ﬁU2 converges to a constant ¢; —cy at z = 0. This gives a contradiction
and we get H'(U; CX"™) # 0. O

Lemma 3.22 For any soft sheaf .# on X, and for any open subanalytic subset V C X, we

have

HYT(#) =0 (k #0).
Proof. By Proposition 3.7 and Lemma 3.19, we have
HY(W;Ty(F)) =0 (k+#0)

for any W € Op(Xs,). Therefore, for any k # 0, the sheafification of W + H¥(W; Ty (%)) is
the 0 sheaf on X,,. O

Corollary 3.23 Soft sheaves are I'y-acyclic for any open subanalytic subset V C X.
Lemma 3.24 For any U-soft sheaf .# on X,,, we have
H (o3l o Tu(F)) =0 (k #0).

Proof. By Proposition 3.4, p_,l o T'y(F) is a soft sheaf on X. Thus, we obtain the desired
result. O

Corollary 3.25 U-soft sheaves are p_, o I'y-acyclic.

3.2 Relative Cech derived functors for subanalytic sheaves

Let U C X be an open subanalytic subset and Z C X a closed subanalytic subset. We take

a finite open subanalytic covering U = {U,}icp of U and a finite open subanalytic covering
U ={U;}tiear CU of U\ Z. Note that A’ C A.
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Definition 3.26 (Relative Cech cohomology for subanalytic sheaves) Let .# € Mod(Zyx.,).
For any £ =0,1,2,---, we define

or
Sag. o ap € F(Uay M-+ NUy,),
k !, ogr\ — [
C (U,U ,J) - @ Sag, o Sag, - ,ap,0041, 0 T T Sag, s 0ug1,ae, Ak )

k+1
(g, -y )EARTL (0507 e 70%) € A/ - = Sag, o = 0

and a map 0% : C*(U,U'; F) — C* LU, U'; F) is defined by

9

k+1
SO en]s @ (R m)

Ug,N---NU, >
(co, - ) EARFL (Bo, -+ ,Br+1)EARTZ \L=0 fo Pret1

where ® means to omit the corresponding letter in a sequence. (C*(U,U’; F),0% ) is a complex,
and we write its k-th cohomology group as H*(U,U'; #). If U’ = (), we express it simply as
CkU; F)=CFU,D; F) and HE(U;.F) = H*(U,0; 7).

Definition 3.27 Let .7,9 € Mod(Zx,,) and f = {fv : F(U) = 9(U)}vcop(x..) @ sheaf
morphism from .# to ¢. We define C*(U,U’; f) by

cruu’sf)y o CRUUL ) Cru,U )
W w
@ SOéO,"'@Uc — @ fUaoﬂ...ﬂUak (8040,"‘7(1k)‘
(o, -+, )EARTL (g, - o ) EARTL

coU,u'; f) = {C*U,U"; f)}rez forms a morphism of complexes.
From now on, we will consider Mod(Z), Mod(Zx ) and Mod(Zx,,) as categories.

Notation 3.28 Let C be Mod(Z), Mod(Zx) or Mod(Zx.,). C*(C) denotes the category of
bounded below complexes consisting of objects in C. In addition, K™ (C) (resp. D*(C)) denotes
the triangulated (resp. derived) category of C*(C).

Notation 3.29 Let C be Mod(Z), Mod(Zx) or Mod(Zx,,). C*(C) denotes the set of double
complexes consisting of objects in Mod(C). C%(Mod(Z)) denotes the full subcategory of C%(C)
consisting of objects A such that {(i,) € Z? ‘ i+ j =k and A% 20} is finite for all k € Z.

For the theory of derived categories, it is useful to refer to [9] or [12].

Definition 3.30 (Relative Cech complexes for subanalytic sheaf complexes) Let .#*® €
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C*(Mod(Zx.,,)). We define a double complex C*(U,U"; F*) by

0 0

0,0 dO,l

0 — COUU'; F0) 225 COWUU'; F1) 2 .

6%° 6%!
dl,() dl"l
0 — CUU; F0) 25 CYUU T T -
1,0 1,1
5}’ 6?

where d¥ = CP(U,U';d%.) and 07 = §%,.

Definition 3.31 (Total complexes of double complexes) Let A denote a double complex
{AP4 P9 dPa}, ez € CF(Mod(Z)). For any k € Z, we define

tot(A)F = @ AP,
p+q=k
and
duin|,,, = 0@ (~1paP,
Here the simple complex (tot(A), Aot ( A)) is called the total complex of a double complex A.

For more details, see Section 11.5 and Section 12.5 in Kashiwara-Schapira[12].

Definition 3.32 (Relative Cech functors) We define a functor C(U,U’) : C*(Mod(Zx_,)) —
C*(Mod(Z)) by
CUUN(F®) =tot (C*(U,U"; F*)),
cuu) ()= @ crwu’; o),
ptq=k

where .7*,4* € Ob (C*(Mod(Zx,,))) and f* € Home+ (od(zy,, ) (F*,9*).

Proposition 3.33 The functor C(U,U’) sends morphisms of homotopic to zero into mor-

phisms of homotopic to zero.

Proof. Let f € Homg+(mod(zy,,)) (F*,9*®) be homotopic to zero. There exists a morphism
sk F% — @*k=1in Mod(Zx,,) such that

fF=slo dlfg; + dg}_l o sk
for any k € Z. Then, the morphism 3%: C(U,U')(F*)k — CU,U')(Z*) 1 in Mod(Z) is
defined by

= @ (e U s

pt+q=k
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and this morphism satisfies

CUUNT =5 0 dEgunz) + gy © 5

Note that, since s* is a sheaf morphism for each k € Z, we have the following commutative
diagram:
criu,u', Fatt) % CP(U,U'; FITT)
cpfl(u,u’;sq“)l lcp(u,u’;sqﬂ)
P U9 2 v 99,
Hence, C(U,U’)(f) is homotopic to zero. O

Proposition 3.34 The functor C'(U,U’) is a triangulated functor from K*(Mod(Zx,,)) to
Kt (Mod(Z)).

Proof. C(U,U’") is additive, and we have C(U,U')(F)[1] = CU,U")(F[1]) for any F €
C*(Mod(Zx.,,)). Moreover, by Proposition 3.33, C(U,U’) sends morphisms of homotopic
to zero into morphisms of homotopic to zero. Let us prove that C(U,U’) sends distinguished
triangles of Mod(Zx.,) into distinguished triangles of Mod(Zx_,).

Let f € Homg+ (Mod(zx,,))(#,%). The mapping cone M(f) is defined by

M(f)F =71 e 9",

k
o= (P 0
M(f) fk-i-l d@

where Z[1]F = ZF+1 and d’fg;m = —d%'. We define the morphisms a(f) : 4 — M(f) and
B(f): M(f) — F[1] by
k o 0

B(f)F = (idgrr 0).
It is enough to prove that

CUU)M(f)) = MCU,U)(S)),

k _ gk
dewun () = Dacwun )
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We can easily show the above equations by the following calculations.

cuUUY M= P cruu; 7" a9

pt+a=k

= @ (C"UU T e CrUU )
ptq=k

= P cuu;Fne P crwug)
p+q=k+1 pt+q=k

= M(CWU,U')(f)"

Since CP(U,U"; FIH1) @ CPUU';97) = CP(U,U'; M(f)7), we get

k
DU N | o gy 000 st )

. _ k+1 ! k+1 k

e < dC(U,M’)(?) @ <C(u7u )(f) + dC(L{,M’)(%))) Cp(uyu/;gq+l)®cp(u7ul;%q)
= — (05 4 (1pat ) @ (P £ 4 0 + (1))

= (- @ayt) o (-7 (~a @ (CULU ) + )

= S © (VP

gk
= dowun ()

CPUUM(f)9)
This completes the proof. O

Now, let us give a useful criterium that ensures the existence of derived functors.

Lemma 3.35 (|9, Remark 1.8.10]) Let F' be a functor of triangulated categories from K (C)
to KT(C’). Assume to be given a full triangulated subcategory Z of K*(C) such that

(1) For any .#* € Ob(K*(C)), there is a quasi-isomorphism .7 * — ¢* with a complex ¥° € Z,
(2) If #* € Ob(Z) is quasi-isomorphic to 0, then F(.#°*) is quasi-isomorphic to 0.

Then, we can define RF : DT(C) — D (C').

Proposition 3.36 (Relative Cech derived functors) There exists the right derived functor
RC(U,U') : DT (Mod(Zx.,)) — DT (Mod(Z)).

We define F = C(U,U"), C = Mod(Zx,,), C' = Mod(Z) and let Z be the full triangulated
subcategory of KT (Mod(Zx,,)) whose complexes consisting of U-soft sheaves on X,. Then,
we can use Lemma 3.35, and it is enough to prove the following lemma. Note that the condition
(1) in Lemma 3.35 is obvious since the existence of flabby resolutions and the fact that flabby

sheaves are U-soft sheaves.

Lemma 3.37 If .7* € K" (Mod(Zx.,)) consisting of U-soft sheaves is quasi-isomorphic to 0,
C(U,U")(Z*) is quasi-isomorphic to 0.
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Proof. Let Z#* € KT (Mod(Zx,,)) satisfy the assumptions of the lemma. C(U)(Z*) is quasi-
isomorphic to 0 by Lemma 3.19. Note that C'(U)(e) = tot (C*(U;e)) is the direct sum of
[(Uq;e) for any j > 0, o € A1, From the short exact sequence

0 —— CUU)NF®) — CU)(ZF*) — CU)(F*) — 0,
there is a long exact sequence
0 — H'UUZF®) — H'(U)(F*) — H'U)(F*) — H U U)F®) — -
Hence, H*(U,U")(Z*) holds for any k € Z. O

Lemma 3.38 Let V € Op(Xg,), and let V = {V;};ca be a finite open subanalytic covering
of V. If # € Mod(Zx,,) satisfies H*(Vo, N -+ N Va,;5.7) = 0 (k # 0) for any j > 0,

a=(ag, -+ ,a;j) € AT we have

F (V) (k=0),
0 (k #0),

that is, vy : I'(V; %) — C*(V; %) is a quasi-isomorphism.

H*(V; #) = {

Proof. For any £ >0, a = (ag, - ,j) € AJT1 and for any V' € Op(Xy,), we set

Va=Vae NVa, NNV,
VO =vyuvin-- UV,
VZ:{‘/Oavla"' 7‘/2}7
VeV ={VonV' , VinV' - V,nV'}

Let us prove by induction on ¢ > 0. It is obvious that I'(V();.Z) — C*(Vy;.%) and
r(vVONV,:.%#) = C*(VyNV,; F) are quasi-isomorphisms for any j > 0, o € AJ*1,

Assume that T(VO; #) — C*(Vy; #) and T(VO N V,; F) — C*(Vy N V,; . F) are quasi-
isomorphisms for any j > 0, o € A’t!. We show that T(VHD. .Z) — C*(Vyy1;.%) and
D(VED NV, F) = C*(Viy1 NV, F) are quasi-isomorphisms for any j > 0, o € AJt1. By

the Mayer-Vietoris sequence, there is the following diagram.

0 — HO(VED, 7) — HO VO, 7) @ H'(Vii1; F)

| |

0 — H'(Vyi1; F) —— H' Vi, F) @ H'(Viy1; F)

— (VO NV F) — H(VED, 7)) — ...

l l

—_ HO(VgﬁVg_H;gZ) — HI(VE_H;Q\) _
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By the inductive hypothesis and the five lemma, we get H*(V+D: F) ~ HE(Vy,1;.F) for
any k € Z. Similarly, for any j > 0, o € A7t there is the following diagram.

0 — HYWVEHY NV, .7) — HOVO NV, %)@ HO(Vig N Va; F)

| |

0 — H'(Wipr N Vs F) — HOVy N Vs F) & HO(Vigr N Vias F)

— HWVON (V1 nVy), F) — H(WVEHED AV, F) — -

| |

— HOWVeN (Ve NVa); F) —— H' (Vep1 NVa; F) — -+
Then, we also get H*(VHD NV, .#) ~ H*(Vyy 1 NV, F) for any k € Z. O

Corollary 3.39 Let .# be a subanalytic sheaf on X, and let V' € Op(Xs,). For any finite open

subanalytic covering V, W of V, if .% is V-soft and W-soft, there is the canonical isomorphism
HY(V;, 7) ~ H*W; . Z) (k€ 7).

Corollary 3.40 Complexes consisting of U-soft sheaves on X, are C(U)-acyclic.

Proposition 3.41 We have the canonical quasi-isomorphism

RI;(Use) —rsr ROWUU')(s).

Proof. For any complex .#° of flabby sheaves, we prove
rz(U;7°) ——= CcU,U"(7*).

By Corollary 3.39, it is enough to prove the above statement with «4 = {U,U \ Z} and
U ={U\ Z}. Note that .#* is a complex of {U,U \ Z}-soft sheaves since flabby sheaves are
soft sheaves.
We define C(U, U\ Z) = C{U,U \ Z},{U \ Z}) and it is easy to show
CUUN\Z) (I =T(U; 7))@ T (U \ Z; 757,
dlé'(U,U\Z)(f') ((317301)) = (dl}'(U)(Sl)v 31’U\Z - d’,}_-l(u\z)(sm)) )

where k € Z and (s1,s01) € D(U; ) @ T(U \ Z; 7571,
The canonical morphism ¢ : I'z(U; #°*) — C(U,U \ Z)(#*) is defined by

Iz(U; %) —— CU,U\ Z)(F°*)k (keZ).
w %
S > (s,0)

It follows from supp(s) C Z that ¢ forms a morphism of complexes.
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Since each #* is flabby, for any (s1, so1) € C(U,U\ Z)(#*)¥, there exists 3o1 € T'(U; £*~1)

such that §01\U\Z = 5p1. We have

[(s1,501)] = [(51’ 501) = A0\ 20y (Bo1, 0)| = [(s1 = 53 (B01), 0)] € HY(U, U\ Z;.7°).

Here, H*(U,U \ Z; .#°*) is the k-th cohomology group of C(U,U \ Z)(.#*). If there is another
$01 such that Soir ; = so1, then (51— dkj_.l(U)(ém), 0) and (s1 — df}_.l(U)(égl), 0) give the same

equivalent class. Hence, the morphism
HYU,U\ 2)(5*) —— H(U; ) (k€ 2)
w w

(51, 500)) > [s1 — 'zt (Bor)]

is well-defined and this is nothing but the inverse of

HE(U; #°) —— HFU,U\ Z)(7°) (keZ).
w w
[s] » [(5,0)]
This completes the proof. O

Remark 3.42 We denote C{U,U \ Z},{U \ Z}) by C(U,U \ Z).

Corollary 3.43 Let .%#°® be a complex of sheaves on X,,. By Proposition 3.36 and Proposi-

tion 3.41, if #*® is a U-soft resolution of .#*, we have
H*RTz(U; 7°)) ~ H*RCU,U')(F*)) ~ H*(U,U'; 7°)

for any k € Z.

3.3 Localized relative Cech derived functors

Let U C X be an open subanalytic subset and Z C X a closed subanalytic subset. We take

a finite open subanalytic covering U = {U,};cp of U and a finite open subanalytic covering
U ={U;}iear CU of U\ Z. Note that A’ C A.

Definition 3.44 Let .# € Mod(Zx,,). For any k =0,1,2,--- and for any V € Op(Xs,), we
define

Sag, -, € TUqgynenUa, (ZF)(V),

k a _ —
Cu,u'(J)(V) = GB Sag, - ,ay Sag, o041, 0 T T Sag, e 0ug1,00, 0

k+1
(a0, - o) EARFL (a(), aak) e N * = Sag, o = 0

=C*UNV,U NV;.F),
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and a map 6%\ : CF 1, (Z)(V) = Cjt),(F)(V) is defined by

k+1
k — —1)¢ —
B T J O DL L CHE N |

(co, -+ ) EARFL (Bo, =+ ,Br+1)EANFTZ \L=0

where ® means to omit the corresponding letter in a sequence. (Cf ;. (F)(V),0% 1) is a

complex of Mod(Z). Here, it is easy to show the following statement.

. C’f,ﬂ,(ﬁ") = {Cf{,w(f)(v)}Veop(Xm) forms a sheaf on X,,.
o 0% = {6% y}veop(x.,) forms a sheaf morphism from C; () to C’Z]jﬂ/ (F).
(Cf 1 (F),6%) is a sheaf complex, and we write its k-th cohomology sheaf as H*(Cg 1 (:F)).
If U' = ), we express it simply as Cf5(F) (V) = Cﬁ,m(f)(v) and H*(Cy(F)) = H*(Cy, (F)).
Definition 3.45 Let #,9 € Mod(Zx,_,) and f a sheaf morphism from .# to ¢. For any
V € Op(Xsa), we define
Clraw (fv) = C*UU'; fy).

Cf,,u,(f) = {C£7u’(fV)}VEOp(XSG) forms a sheaf morphism, and C .., (f) = {C’f,’u,(f)}kez
forms a morphism of sheaf complexes.

Definition 3.46 Let .7#°* € C*(Mod(Zx,,)). We define a double complex Cf ,,,(:7*) by

0 0

~ dO’O ~ 0,1
0 a0 Z 0 al E
0 » Cp(F°) — Cyy(F7) —— -+
0,0 0,1
1,0 1,1
d dy

0 — CLy(F0) 25 Ol (FY) s -

1,0 1,1
s s

where d%! = Cf ,,(d%.) and 0% = 6%,

Definition 3.47 (Localized relative Cech functors) We define a functor Cy s : C*(Mod(Zx,,)) —
CH(Mod(Zs.,)) by
Cuu (F*) = tot (Cfy 1 (F*))
Cuu ()= B Cliw I,

p+q=k

where .7*,4* € Ob (C*(Mod(Zx,,))) and f* € Home+iod(zy,, ) (F*9*).
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In what follows, we will prove the existence of the right derived functor RCy 1 (resp.
pal o RCyyr). Many of the proofs can be obtained by replacing I'(U;e) with I'yy (resp.
pe o Ty) and C(U,U';e) with Cyyyr (resp. pg o Cyayr) in the proofs in Subsection 3.2.

Therefore, we will only refer to the corresponding propositions.

Proposition 3.48 The functor Cy gy (resp. pg. o Cyyr) sends morphisms of homotopic to

zero into morphisms of homotopic to zero.
See the proof of Proposition 3.33.

Proposition 3.49 The functor Cy g (resp. pg. o Cyyr) is a triangulated functor from
K™ (Mod(Zx.,)) to Kt (Mod(Zx.,)) (resp. KT (Mod(Zx))).

See the proof of Proposition 3.34.

Proposition 3.50 (Localized relative Cech derived functors) There exists the right derived
functor RCyy g : DT(Mod(Zx,,)) — DT (Mod(Zyx.,,)) (resp. psoRCyy e : DT (Mod(Zx,,)) —
D+ (Mod(Zx))).

The proof of this proposition is similar to that of Proposition 3.36. We define F' = Cyy s/
(resp. F = p;l o Cyur), C = Mod(Zx,,), C' = Mod(Zx,,) (resp. C' = Mod(Zx)) and let
T be the full triangulated subcategory of KT (Mod(Zx,,)) whose complexes consisting of soft
(resp. U-soft) sheaves on Xg,. Then, we can use Lemma 3.35, and it is enough to prove the

following lemma.

Lemma 3.51 If .#°* € K*(Mod(Zx_,)) consisting of soft (resp. U-soft) sheaves is quasi-

isomorphic to 0, Cy g4/ (F*) (rvesp. p3.l o Coyyr (F*)) is quasi-isomorphic to 0.
See the proof of Lemma 3.37.

Lemma 3.52 Let V € Op(X,,) and let ¥V = {V;}ica be a finite open subanalytic covering of
V. If # € Mod(Zx,,) satisfies Hk(FVaommmVaj (F)) =0 (resp. H*(p3! o Ly, nenve, (F)) =
0) (k#0) for any j > 0, @ = (g, -+ ,a;) € AT, we have

v _ JTv(F) (k=0),
HHCu(#)) = {0 o
1 a\\ psaloFV(y) (k:O)a

See the proof of Lemma 3.38.

Corollary 3.53 Let .# be a subanalytic sheaf on X, and let V € Op(Xs,). For any finite
open subanalytic covering V, W of V if % is soft (resp. V-soft and W-soft), there is the
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canonical isomorphism

H(Oy(F)) = HYCw(F)) (k€ ),

( resp. H'(py) o Oy( 7)) = HY (o3} 0 OW(#)) (ke Z) ).

Corollary 3.54 Complexes consisting of soft (resp. U-soft) sheaves on X, are Cy-acyclic

(resp. pg,- o Cy-acyclic).
Proposition 3.55 We have the canonical quasi-isomorphism

Rlunz(e) o5 RCuw(e);

( resp. pgal o RFUﬂZ(.) ﬁ pgal o RCM7M/(.) ) .

Proof. We can prove RI'ynz(e) ﬁ RCi 1 (e) by the same argument as in the proof of

Proposition 3.41. Then, since p_,! is an exact functor, p;.!l o R['ynz(e) ﬁ paa 0 RCy 10 (o)
also holds. O

Remark 3.56 We denote Cyy,i\ 2y, 1v\z} by Cu,onz-

Corollary 3.57 Let .%#°® be a complex of sheaves on X,,. By Proposition 3.50 and Proposi-
tion 3.55, if .#* is a soft (resp. U-soft) resolution of .#*, we have

H"RUunz(F*)) = H* RCyu (F*)) = H* (Cy i (F*))
( resp. H*(py, o RTunz(F*)) =~ H*(py, o ROy (7)) = H' (p3; o Cupr(I*)) )
for any k € Z.
Theorem 3.58 Let .#* be a complex of sheaves on X,. For any V' € Op(Xs,), we have
RI(V;RCy 0 (F°)) =RCUNV,U' NV F7°).

This theorem follows from Proposition 3.7.

4 Application

4.1 Tempered distributions

Let M be a real analytic, n-dimensional, oriented manifold and X its complexification.
We fix an isomorphism between ory;,x and Zjs, and will often omit the orientation sheaf

hereafter.

Notation 4.1 We write the sheaf of distributions on M as Zby,.
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Definition 4.2 ([19, Definition 3.3.1]) For any open subanalytic subset 2 C M, we define
Db, () = Doy (M) [T apo(M; Dbar).
Then, Zby, = {Pb}.. () }acop(r.,) forms a sheaf on My,.
For more details of b}, , we also refer to Schapira[23).

Notation 4.3 For any Q2 € Op(M) and for any U € Op(X), we say that U is a complex
neighborhood of Q2 if & C U and €2 is a closed set in U.

Notation 4.4 For any g € {0,1, --- ,n}, we define that C;Os’i’(o’q) is the sheaf of (0, ¢)-forms
with C’;’j coefficients on Xg,. For other ¢ € Z, C;f,((),q) = 0. We write the Dolbeault

complex of the sheaf C’;OS’;‘ as (C’;Z’j’(o’.), ).

Notation 4.5 The derived sheaf 0% is defined by the complex (C’;Os’j’(o"), d). 0% s called

the derived sheaf of tempered homlomorphic functions.
Proposition 4.6 Let 2 € Op(X,,). We have

Dby, = H" (R (0% )|y D oruyx = H"(RTam(0%,,)) s
where orys/x is the relative orientation sheaf.

By Example 3.13, C;Os’j’(o’q) is soft for any ¢ € Z. Then, by the definition of ﬁ%sa and
Corollary 3.57, we have

H"(REar(6%,,) = H"(RTa(CF0 )y = B (Cxxean(CF0 )y
Considering Theorem 3.58, _@bﬁww(ﬁ) can be computed as follows.
Py, (9) = H"(Cxx\ar (O ")) ()
~ lig H™ (U; Cx x\n (C3 0 O)))
U
~ lim H™(U, U\ @; CX 00,
U
where U € Op(Xg,) runs through complex neighborhoods of Q. By Corollary 3.43 and
I'o(U;e) ~ I'g(V;e) for any complex neighborhoods U and V of Q, we have 2b'(Q) ~

H™(U,U \ C;Z’;’(O’o)) for any complex neighborhood U of Q2. Now, let us recall the defini-
tion of the cohomology group H™(U,U \ €2; C;Z’;’(O”))_

Definition 4.7 For any ¢ € Z and for any complex neighborhood U of €2, we define

CH O U\ Q) = oWy @ oMW ),
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and
g et U Q) —— T U Q)
w 7
(b1, po1) ————— (Op, palgng — Optor)-

Then, (C’;os’j’(o")(U, U\ Q),7) is a complex of vector spaces. H1(U,U \ ; C’;o’t’(o”)) denotes

sa

the ¢-th cohomology group of this complex.

Note that, for any u € @bf\/fm (©) and for any complex neighborhood U of 2, u is repre-
sented by a pair (u1, po1) € C;Os’j’(o’n)(U) ® C;OS’;’(O’”_U(U \ Q) such that p; = Ouer. This
representation is called the relative Cech-Dolbeault representation of tempered distributions.

Additionally, hyperfunctions can also be represented in the following way as the relative

Cech-Dolbeault representation.
Notation 4.8 We define Ox to be the sheaf of holomorphic functions on X.

Notation 4.9 For any ¢ € {0,1, --- ,n}, we define that C’;o’(o’q) is the sheaf of (0, ¢)-forms
with C'°° coefficients on X. For other q € Z, C’;O’(O’Q) = (0. We write the Dolbeault complex
as (C;O’(O”),é).

Definition 4.10 For any open subset 2 C M, we define
By = Hn(RFM(ﬁx)”M Z® orpn/x Hn(RFM(ﬁx)HM,
M
where orys/x is the relative orientation sheaf.

Since C’;o’(o") is a soft resolution of Ox, we have
n n o, 0,.
H™(RTa1(0x)) 5 = H"(Cx e\mr(CF )

Using the same argument in Definition 4.7, for any u € %,;(Q2) and for any complex neighbor-
hood U of Q, u is represented by a pair (u1, po1) € C’;o’(o’n)(U) ® C(;(O’(O’n_l)(U\Q) such that
p1 = Opor. This representation of hyperfunctions is thoroughly explained in Honda-Izawa-
Suwal[4]. In that paper, H"(U,U \ £; C’;O’(O")) is written as Hg’”(U, U\ Q).

Moreover, using the fact that Zb,, = p;a:l@b&m, we can also give a representation of

distributions in the framework of the relative Cech-Dolbeault cohomology.

Proposition 4.11 We have

D (Q) = lim Db, ().
Q,CCQ, Q,GOP(XS(L)

This proposition follows from the following lemma.
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Lemma 4.12 ([19, Proposition 1.1.12]) Let .# € Mod(Zs,,) and let € Op(M). Then
plF@) = fm FQ@).
Q'CCQ, e0p(Xaa)

By Proposition 4.11, we get the following theorem.

Theorem 4.13 Let Q € Op(M) and u € Ay (2). The following 2 conditions are equivalent.

(1) u e Dby ().

(2) There exists a complex neighborhood U of Q and a representative u = (u1,puo1) €
C;o’(o’n)(U,U \ Q) of u € By (Q) such that, for any Q' CC €, we can find a complex
neighborhood U’ CC U of ' such that pl;, € O™ U\ @) and por|yng €
oD ).

Proof. (2) = (1) is obvious. Let us prove (1) = (2). We take U’ and U” such that
U ccU" ccU. Set O =U' NM and Q" = U’ N M. We can find representatives
woe C;Os’j’(o’n)(U’,U’ \ ) and u” € C;os’j’(o’")(U”,U” \ ") such that u|, = [¢'] and
ulgr = (1]
such that V! cc U’ cc V" cc U”, there exists i € C;Os’j’(o’n)(U”,U” \ Q) satisfies the

following conditions:

. By Lemma 4.14 that will be explained after this theorem, for any V' and V"

e =y onV'.
e =" onU"\V".
o [ = ulg

Since V' can be taken as an open set sufficiently close to U’, we can glue the representatives

together. This completes the proof. O

Lemma 4.14 Let Q € Op(Ms,) be a relatively compact subset, U € Op(X,,) a complex
neighborhood of Q and u € C;;g’j’(o’n)(U, U \ Q) representatives of a tempered distribution
u € Pbyy. (). We take U’,U” € Op(X) such that U’ CC U CC U”. Then, there exists a
representative [i € C;Z’j’(o’n) (X, X \ M) such that

__JponlU,
"“Yoonx \U".
Proof. By the definition of .@bf\/fm and the softness of b}, , we can find @ € -@bl;wm (M) and
0, Q" € Op(Ms,) such that
e Q' CQC,

o Ulg = ulg and @fyng7 = 0.
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Let U’ and U” be a complex neighborhood of €' and Q) respectively. We may assume
U' €C U CC U". Then, there exist v € Cx """ (X, X \ M), 7/ e 2O D, v\ Q)
and 7 € O3 PO (X \ U7, (X \U”)\ (M \ ©7)) such that

V‘U’ +1§T’ = M‘U’v
I/|X\W+"§T”:0.

Let V' and V" be satisfying U’ cC V! cCc U cc V" cc U"”. We define ¢, 9" € C§°(X)

by
,  JlonU’, s J1lon X\U”,
7 0on X\ V7, 7 “loon v,
Then, if we set fi = v + 9(¢'7") +D(¢"7"), we get
filg: = Vg +1§7'/|Uf = ply s

il x\om = vixor + gT”’X\W =0.

This completes the proof. ]
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