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A Numerical Solution Method for the Fractional Moment Problem within Engineering

Abstract

In the field of engineering, the fractional moments of random variables play a crucial role and
are widely utilized. They are applied in various areas such as structural reliability assessment and
analysis, studying the response characteristics of random vibration systems, and optimizing signal
processing and control systems. This study focuses on calculating the fractional moments of positive
random variables encountered in engineering. By integrating Laplace transforms with fractional
derivatives, both analytical and practical numerical solutions are derived. Furthermore, specific
practical application methods are provided. This approach allows for the stable and highly accurate
calculation of fractional moments based on the integer moments of random variables. Data
experiments included in this study demonstrate the effectiveness of this method in solving fractional
moment calculations in engineering. Compared to traditional methods, the proposed method offers
significant advantages in stability and accuracy, which can further advance research in the
engineering field that employs fractional moments.
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1. Introduction
1.1 Background

Fractional moments of random variables are extensively utilized in engineering research,
particularly in statistical analysis. In signal processing, fractional moments describe the statistical
characteristics of signals with fractal properties and are used in noise analysis to handle noise with
long memory or heavy-tailed distributions. In structural engineering, fractional moments often
describe the stress-strain relationship of materials for structural reliability analysis, as well as predict
the response characteristics of complex structures under random vibrations [1]. In financial
engineering, fractional moments describe the heavy-tailed distribution characteristics of financial
asset returns, enabling more accurate risk assessment and aiding in the development of precise asset
pricing models. In reliability research, fractional moments are widely applied to life prediction and
reliability evaluation of systems with complex failure mechanisms [2, 3]. In control engineering,
fractional moments contribute to the design of control systems with enhanced robustness against
uncertainties. In communication engineering, fractional moments describe the multipath and
shadowing effects in channels and are thus essential in wireless communication channel modeling.
They also help analyze bit error rate characteristics in various noise environments, optimizing
communication system performance. Beyond describing the distribution characteristics of random
variables, fractional moments are often combined with the maximum entropy principle for
reconstructing the probability density functions of related random variables in engineering. Fractional
moments have significant practical advantages: they are more sensitive to heavy-tailed distributions,
better characterize long memory properties, adapt flexibly to nonlinear and non-Gaussian statistical
characteristics, possess extensive statistical information, and are more stable in the presence of
outliers or extreme events. Despite the growing importance of fractional moments in engineering,
there remains a need for practical computation methods. Existing methods are often impractical,
overly complex, or require excessive computational resources. Therefore, developing a widely



applicable, easy-to-operate, accurate, and stable method for computing fractional moments of random
variables is crucial for advancing research and practical applications in signal processing, structural
engineering, communication engineering, and other fields.

1.2 Literature Review

There are various methods for calculating the fractional moments of random variables, with some
being well-established and widely used. These methods can be classified into three main categories:
analytical methods, numerical integration methods, and Monte Carlo simulation methods.

Analytical methods involve using analytical expressions or similar principles to calculate the
fractional moments of random variables. Typical approaches include direct derivation of analytical
expressions, chaos polynomial expansion, fractional derivative methods, and Taylor expansion
methods. Among these, the direct derivation of analytical expressions is the most straightforward.
For example, analytical expressions for the fractional moments of lognormal and normal distributions
can be directly derived [4, 5]. However, this approach requires prior knowledge of the probability
density function of the random variable, and further mathematical derivation is needed. Some
probability density functions are too complex to allow for the derivation of analytical expressions for
fractional moments. In engineering, the probability density functions of some random variables are
unknown, limiting the practical application of this method. The chaos polynomial expansion method
is another analytical approach used to calculate both fractional and integer moments of random
variables. For instance, Lefebvre [6] proposed a method for calculating high-order integer moments
using chaos polynomials, and [7] applied the same principle to fractional moments. Despite its
capability, the chaos polynomial method is complex and resource-intensive, making it impractical for
engineering applications. Many scholars have derived analytical expressions for fractional moments
based on fractional derivatives [8-10]. These expressions are mathematically elegant but are often
impractical due to stringent application conditions. The Taylor expansion method is widely used in
engineering for calculating fractional moments [11, 12]. This method requires only the integer
moments of the random variable and can obtain fractional moments through simple calculations.
However, the Taylor expansion method shares the same convergence issues as the generalized
Newton polynomial, often requiring a large number of integer moments to achieve convergent and
accurate results [12]. This leads to significant computational resource consumption and increased
errors in high-order moment calculations, causing fluctuations in research outcomes based on
fractional moments and hindering progress.

The numerical integration method is another intuitive and effective way to calculate fractional
moments. Once the probability density function of the random variable is known, the moments can
be calculated directly through numerical integration, such as the Gaussian-Hermite integration
method [13]. The Chebyshev polynomial approximation is also used in some studies [14, 15]. Despite
its intuitive nature and conceptual simplicity, the numerical integration method has several limitations
in practice. Calculating fractional moments involves non-integer powers, which can lead to numerical
instability and accuracy issues, particularly with extreme values or long-tail distributions. This may
result in inaccurate calculations or numerical overflow, especially in financial engineering, where
fractional moments are used to describe the tail behavior of asset returns [16, 17]. Furthermore, the
choice of the integration interval and boundary handling can impact the estimation of fractional
moments. This is especially important with small samples, where bias can cause significant errors.
For instance, in engineering reliability analysis, data are typically limited and noisy, making it



difficult for numerical integration methods to accurately describe the characteristics of stress and
strength distributions [18, 19].

The Monte Carlo simulation method is extensively used in engineering to compute fractional
moments of random variables. This is particularly advantageous when accurate probability density
functions are not available, but sample data is accessible. The Monte Carlo method proves to be a
convenient and effective approach for calculating these moments. In practice, this method involves
generating random samples, computing their respective higher-order moments, and then determining
the overall higher-order moments of the random wvariables [20, 21]. Given that Monte Carlo
simulations involve sample generation and division, numerous optimization techniques have been
developed to enhance the efficiency and accuracy of estimating higher-order moments. For instance,
Xu and Dang [22] suggested using latinized partially stratified sampling method to improve the
computation of higher-order moments in practical scenarios. Additionally, techniques such as
bootstrap and variance reduction techniques are effective in optimizing the performance and precision
of Monte Carlo simulations [23-25]. Despite its straightforwardness and simplicity, the Monte Carlo
simulation method has inherent limitations. The reliance on a finite number of samples to estimate
moments can significantly affect the accuracy of fractional moment calculations due to the effective
sample size. When employing bootstrap within Monte Carlo simulations, sample bias might skew the
estimation results of fractional moments. This issue is particularly pronounced in small sample sizes,
where bias can lead to substantial errors.

Analytical methods, numerical integration, and Monte Carlo simulations can all be used to
compute the real-order moments of random variables, including both fractional-order and integer-
order moments. However, in practical applications, calculating integer-order moments is simpler and
more straightforward than computing fractional-order moments. This simplicity is due to the more
straightforward and numerically stable definitions and formulas for integer-order moments, which
reduce the risk of numerical overflow and instability. In contrast, fractional-order moments involve
non-integer exponents, complicating mathematical processing, especially when handling extreme
values or long-tailed distributions, and often resulting in less accurate computations. Additionally,
with limited samples, integer-order moment estimates are generally more robust and less affected by
sample bias and noise. On the other hand, fractional-order moment estimates are more susceptible to
these issues, leading to greater estimation bias. Therefore, it is crucial to develop a method for
calculating fractional-order moments based on the integer-order moments of random variables. For
instance, the Taylor expansion method could be employed for this purpose, although it also faces
challenges related to convergence, accuracy, and stability. The primary aim of this study is to
introduce a practical method for calculating fractional-order moments derived from integer-order
moments, thereby supporting engineering research that relies on fractional-order moment analysis.
1.3 Objectives and Contents

Assuming that random variables in engineering are predominantly positive, this study introduces
a numerical solution method that leverages integer-order moments to compute the corresponding
fractional moments of these variables. The proposed method, referred to as the Fractional-Folding
Moment Transform (FFMT) method, integrates analytical and numerical solution approaches.
Analytical solution expressions are derived using fractional derivatives and Laplace transforms.
Based on these analytical expressions, numerical solution expressions that can be applied to practical
problems are subsequently derived. The study also explores the characteristics of these numerical
solution expressions and provides detailed operational procedures.



The innovation of this study lies in the FFMT method, which derives a novel numerical solution
approach for solving fractional moment problems encountered in engineering from the perspective
of fractional-order derivatives. This provides a new pathway for the practical calculation of fractional
moments. The contribution of this research is reflected in the advantages of the FFMT method
compared to traditional methods in practical applications. Unlike the commonly used Taylor
expansion method for solving fractional moments in the engineering field, the FFMT method does
not face convergence issues during the computation process, offering practical benefits in real-world
applications. Furthermore, the FFMT method requires fewer integer-order moments to ensure the
accuracy and stability of the results. This feature makes the FFMT method particularly useful in
problems that involve extensive fractional moment calculations, as it can significantly save
computational resources and improve efficiency, such as in the calculation of traffic assignment
problem. Furthermore, in contrast to traditional methods like the Taylor expansion method, the FFMT
method is straightforward and easy to implement, with a clear and simple process for determining the
involved parameters, thereby ensuring its practical applicability.

Section 2 details the derivation process for both the analytical and numerical solution expressions.
Section 3 analyzes the characteristics of the FFMT method formula and presents the operational
procedure of the FFMT method. Section 4 validates the feasibility and effectiveness of the FFMT
method.

2. Derivation of Formulas
2.1 Analytical Formula

Given any random variable V' that may occur in engineering applications, where the value of this
random variable is strictly positive, and its corresponding probability density function is denoted as
p(V), this paper considers only this univariate probability density function, the Laplace transform of
the function p(V) can be obtained as follows:

[0e]

L)) = j p(V) - e=SV(dV) €

0
Definition 2.1: For complex numbers with a positive real part, the gamma function is defined via

a convergent improper integral [26]:

(o]

r') =] tS1-e7tdt, NWQ) >0 (2)
0

For every positive integer n, given the fact that I'(1) = 1, I'(n) = (n — 1)! holds.

Definition 2.2: Given an arbitrary real number z, where z € R, and a non-integer number A,
where 1 € Rt and A ¢ N. Subsequently, by combining the Cauchy formula with the concept of
iterative integrals, the corresponding generalized fractional-order integral can be expressed by the
following formula [27]:

8@ = s [ -0 o 3

Definition 2.3: Given an arbitrary real number z, where z € R, and a non-integer number A,

where A € Rt and 1 € N. Let k =[], { =k —A, k—1 < A< k. The left Riemann-Liouville
(R-L) fractional derivatives RLD}f of order A are deﬁned by [28]:

D (©) = DMIFO] = g f (t = 7 FE@E) 4



Setting z — —oo and applying the R-L type A-order derivative to Equation (1), following
relationship can be obtained:

k
1“(()d "

Definition 2.4: If f:R, — R, then given an arbitrary real number z, where z € R, and a non-
integer number A, where A1 € R* and 2 € N. Let k=[], { =k —A1, k—1<A<k. The left
Caputo fractional derivatives SDZf of order A are defined as:

k
DEf(0) = t[ d’;(f) X6 f (t = D) (6)
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Corollary 2.1: Given a non-integer number A, 1€ R* & 1 ¢ N, as z » —oo, the left R-L
fractional-order derivative is equivalent to the left Caputo fractional-order derivative, as shown in the
following relationship. The specific proof can be found in Appendix A.

KEDAf (D) = EDEf(®) (7)
Based on Corollary 2.1, Equation (4) can be further transformed into:
DA LpOE) = [ £pE e p)@) (®)
0

Corollary 2.2: Given f(t) =e®t, as z— —oo, £€>0, then for 1 € C(N(A) > 0), the
following result holds true (the proof process is available in Appendix B):
_CDA st_gleet (9)
Applying Corollary 2.1 to Equation (6) and setting s = 0, following relationship can be obtained:
DLW loeo = [ V3¢V lsmg - pI@V)

0
- f VAp(V)(dV) = E[(V)] (10)
0

The relationship presented in Equation (10) represents the analytical solution expression
contained within the FFMT method, indicating that the non-integer order moments of can be
computed using RLDA(L{p(V)}(s))IS o for any given random variable. However, the
mathematical expression of the left R-L fractional derivatives is not suitable for practical applications.
Therefore, this research proceeds to derive a more practical numerical solution expression.

2.2 Numerical Formula

Definition 2.5: Given an arbitrary real number z, where z € R, and a non-integer number A,
where 1 € Rt and A & N. The left Grunwald-Letnikov (G-L) fractional derivatives 6LD2Af of
order A ofa function f(t) is defined by [29]:

o)
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Corollary 2.3: Given the assumption that the function f(t) possesses a continuous derivative
of order m + 1, the G-L fractional derivative is congruent to the R-L fractional derivative, as shown

below (the proof process is available in Appendix C):
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Remark 2.1: For t > z, from the expression for the coefficients in the G-L fractional derivative,
that for large t the role of the history of the behavior of the function f(t) near the lower terminal
can be neglected. This results in the establishment of the “short memory principle”, indicate that the
operator LD} only necessitates considering the behavior of f(t) within the recent past.
Defined within the interval [t — L,t], where L represents the memory length, the “short
memory principle” can be articulated as follows:
SEDEf(t) ~ (SEDEf(t) (12)
Based on the Definition 2.5, Corollary 2.3 and Remark 2.1, the following relationship can be
derived:
BEDI (LI (V}I($))ls=0 = DI (LI VIIE)) ls=0
N
GLA _1 i (% ;
~ SDA(LPWN)lsm0 = 1z ) (D (1) (LW = 1)) 5=
L
= E[(")*] (13)
In this case, Equation (13) still contains (L{p(V)}(s — ih)), which remains unsuitable for
practical applications. Through further derivation, a numerical solution expression suitable for
practical applications is obtained, as stated in the following corollary.
Corollary 2.4: For the random variable V, assuming arbitrary random distributions, the values
of non-integer order moments E [(V)A] can be obtained through the following numerical solution
expression (the proof process is available in Appendix D):

N

(0= ) = () () w0 sl as

j=0
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where N = l%], and L is the memory length, and (’}) = 200D AoiD) Ly

The equation in Corollary 2.4 is the core formula of the FFMT method, indicating for random
link flow, regardless of the distribution, obtaining its corresponding integer-order moment enables
the calculation of the corresponding non-integer order moments by Equation (14).
2.3 Error expression of Numerical formula

The parameter N in the numerical solution expression is highly worthy of elucidation, as it holds
significant intrinsic meaning. According to the definition, N adheres to the following relationship:

-l

where h represents the step length, provided directly with a requirement of h being sufficiently
small. Another critical parameter is L, representing the memory length. The value of L plays a
crucial role in determining the error size associated with the left Grunwald-Letnikov fractional
derivatives method. In essence, this method incurs some inaccuracy as a penalty; hence, the value of
L should be selected cautiously to ensure the error remains within the specified range.

Corollary 2.5: Given |f(t)] <M, a+ L <b, L is the memory length. Given a required
accuracy &, € can impose a direct impact on the memory length, if A(t) < &, then & further
determine the memory length L (the proof process is available in Appendix E):

L >

1
> (ﬁ)ﬂ (16)
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Thus far, this part has elucidated and derived the analytical solution expression for arbitrary-
order moments utilizing R-L fractional derivatives and Laplace transform. Simultaneously, based on
this computational principle and employing G-L fractional derivatives, numerical solution expression
for computing arbitrary-order moments of random variables has been proposed, along with the
corresponding calculation formulas.

3. Application of Formula
For convenience, the formula in Corollary 2.4 is represented using the following functional
expression:

N (—1N-T (g —
v V) = Z =D - _5_’1 M. (;) : (’]V) CE[(V)] - R (17)
Jj=0

In the practical application of the function fy ,(4,V) to calculate the corresponding E[(V)%],
the values of random variable V and fractional order A are given and are considered as independent
variables of the function fy ,(-). Consequently, the function’s output is the corresponding dependent
variable. To obtain the result of E [(V)A] once the values of the independent variables ¥V and A are
established, there are two corresponding parameters in function fy ,(-) that need to be determined:
N and h. Corollary 2.4 provides a numerical solution expression, which inherently contains some
error. According to the short memory principle, the memory length L significantly impacts the error
magnitude of the numerical solution expression, and the memory length L is directly related to the
parameters N and h. Therefore, the values of the parameters N and h in function fy () will
significantly affect the accuracy of the computational results. Once V' and A in function fy ,(-) are
determined, there exist specific corresponding values of N and h that minimize the numerical
solution error. The parameter N represents the number of integer-order moments used. Essentially,
Corollary 2.4 can be understood as linearly combining these N integer-order moments in appropriate
proportions to obtain the desired computational result. This appropriate proportion can be represented
by h.
3.1 Parameter N

The determination of the parameter N is directly related to the independent variable A in the
function fy ,(+). Using a finite number of integer-order moments to achieve accurate computational
results can effectively save computational resources. When the number of integer-order moments
exceeds A, it includes sufficient information from the integer-order moments to obtain sufficiently
accurate A-order moments. Therefore, the optimal strategy for determining the value of N is to set
N as the smallest integer greater than A. Based on this, when A varies within the corresponding
integer interval, denoted as (i,i + 1) and i = |A], the value of N remains unchanged. Similarly,
even if the independent variable V' in function fy,(-) changes, it will not affect the value of N.
The equation for N is as follows:

N = [A] (18)

3.2 Parameter h

Once the values of the independent variables V and A for the function fy ,(-) are determined,
the corresponding value of the parameter N can be identified. At this point, there is an optimal value
for the parameter h that minimizes the result error in the function fy,(-). The FFMT method
essentially involves linearly combining N integer-order moments in appropriate proportions to
obtain the desired fractional-order moment. When the independent variable V of the function



fn () remains constant, and the fractional order A varies within the integer interval (i,i + 1), the
integer-order moments used for linear combination stay the same. Using the same optimal h value
in this scenario ensures a stable and sufficiently accurate result. However, if the independent variable
V of function fy,(-) changes, even if A remains unchanged, the integer-order moments used for
the linear combination will change significantly. In this case, using the same optimal h value will
not ensure minimal error, indicating a change in the optimal h value. Thus, when the independent
variable V of function fy,(-) changes, the optimal value of the parameter h also changes.
Similarly, when the fractional order A crosses its corresponding integer interval (i,i + 1), the
optimal value of the parameter h changes.

Considering that the only known conditions are the values of the integer-order moments of the
corresponding random variables, the method to determine the optimal parameter h will only rely on
these integer-order moments. Let P be a very small constant. Then set A’ equalsto i + P. When
the difference between the value of function fy ,(4’,V) and the value of E[(V)!] is minimized, the
corresponding h value must be optimal, minimizing the computational error of function fy,(:).
Given a new function g/, (h), as shown below, representing the difference between function
fyvn(X,V) and the corresponding E[(V)'], with h as the independent variable. To find the optimal
parameter h, it is necessary to identify the value of h that corresponds to the minimum of function

9w ()

N .
(—DNT- (A =N) [\ (N o |
grw® :,Zo T (N> () Eo W —Ewy] a9

3.2.1 Existence and Uniqueness of h

Before using function g,/ (‘) to determine the optimal h value, it is essential to prove the
existence and uniqueness of the minimum in function g,:,,(-). When the value of N is either odd
or even, it corresponds to different patterns. Therefore, when discussing the characteristics of function
gy (h), N will be classified and discussed based on its parity.

(1) N is Odd

A new function G,r(h) is defined, with h serving as the independent variable. The first
derivative of function G, (h) with respect to h is denoted as function g, ,(h). And C
represents an arbitrary constant. The expression for function Gy, (h) is formulated as follows:

N .
(DN - (A =N) (/1’) N o .
Gy y(h) = ___ (%) C)- [ - w2 = g[oy]-h+ e (20
) . —)N-J(2' - ' ; Y )
For simplicity, let a; = H (/11\1) . (IJV) -[(V)/] and T;(h) = H/~**1. In this case,

function G,s,,(h) can be expressed as:
Gyyh)=(ag To+a T3+ +ay_p Ty_2) + (“N—1 "In—1tay Ty — E[(V)i] : h) + C(21)

As h approaches 0, with 7, being the highest-order term and a( < 0, it can be inferred the
limit of function G, (h):

}ll_r)r(l) Gy y(h) = —o0 (22)



Considering the random variable V, which has a range of (0, +00) and corresponds to the

probability density function p(V), then the validity of relatlonshlp ——d ( ) > 0 implies the

derivation of the following relationship:

v d v >0> 4
N N N+1

N+1 +oo

— VN >0

+o00 +o00 + oo

=>f WVN=N-V¥"DdV >0=> f VN-p(V)dV—J N-VN-1.p(V)dV >0
= E[(V)N]O— N-E[(V)¥1] ; 0 (23)
Relaxing specific coefficients, the given relationship still holds true:
E[WMN = N-E["] > 0= (N =) E[(WV)*] -G+ 1D E[(V)] >0
G+D'-(N—j—D!E[(V)] W=j=2)-G+D!-(N—j—DE[(]

N PUEYT] T T e W e R
N - , -
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a1 a——z () (%) Eey

Now considering j ranges from 0 to N — 2, based on the structural formula of a;, itis evident
that @; is negative when j is even and positive when j is odd. Assuming j is even, and the range

of h is (0,1] in conjunction with Equation (24), the following relationship can be derived:

a; S 1o d(@jg +1(h))/d( a; - J;(h) <

1 (25)
Aj+1
Then considering the remaining terms in function GA’,V(h)a denoted by function S,r,(h),
excluding C, it can be represented as follows:

Syy(h) = ay_1 RN +ay - RN+ — E[(V)N1] -k (26)

Given the very small value of P, function &,/ ,(h) can be approximated as an upward-opening
quadratic function, where §,s,,(0) = 0, and its minimum value is negative which located at h =

E[DWN=t-ay_4

o . Then the following relationship can be derived:
‘aN

N-17 _ -A'+1
(0(0 . <E[(V) ] aN—l) _ }zi—r}(I) GA,,V(h)>

2-ay
(A1 aN_l)N‘” oy (L2 aN_1>”‘”“
— - 2" an 2. ay -0 (27)
e[y IO T — e

2 ay
Based on Equations (25) and (27), for the function G,/ ,(-), when N is odd, within the range of
(0, 1], it is impossible to find two distinct values of h (hy # h,) such that G,r,(hy) = Gy, (hy).
Therefore, according to the Rolle’s lemma, it can be concluded that there are no zeros of the function
gy (h) within the range (0,1].



DN (A'-N)

Then for simplicity, let K; = 7 (N) . (1]\1) . E[(V)j], and U;(h) = hi=*"  Then

function g,/ ,(h) can be expressed as:
gz’,v(h) =Ko Ug+ KU+ -+ Ky Uy (28)
In this case, for the function g, (h), as h approaches 0, the highest-order term corresponds

to U,. Considering the parity of N, it can be deduced that K, is greater than O in this scenario.
Therefore, the limit of function gj:,,(h) can be derived as follows:

lim gy y(h) = +oo (29)

At this juncture, within the range of (0,1], it has been proved that the function g, (h) does
not have any zeros. Consequently, it can be inferred that the value of the function g, ,(h) at h =1
is greater than 0, i.e., g, (1) > 0. To further ascertain the characteristics of the function g, (h),
the first derivative of function g,:,,(h) is provided as follows:

Ity (h)—E( DV (N -2 ( )-(1]\.’)-E[(V)f]-hf‘”‘1 (30)

. . . N (2 , o
For the sake of simplicity, let J; = (=1)V /(N — 1) (N) (7)E[(V)]], and Cj(h) = /™41,
Then function 9/1’) (h) can be expressed as:
95, (h) =4+ Co+ 7y - Cy 4+ Ty - Cy (31)

Following the same principles of computation as with }lirré Gy y(h), and considering that the

value of J, is negative, the limit of function g/(l})v(h) as h approaches 0 is: }lirr(l)g)(l})v(h) = —0

Considering j within the range [0, N], assuming j is even, J; is always negative, and J;,; is
always positive. Then the conclusion from Equation (23) can be used to derive the following
relationship:

E[MM =N-E[(W" ] >0= (N =) -E[(V)*] -G+ 1D -E[(V)]>0
G+ DI (N—j—DE[(V)] G+ D (N—j—DE[(V)]

N PR T T - e ED ]
) (N—A')-C)-(”)-E[(V)f] 3
=2 (%) (V) - ELvy]
S0 sy (32)

j+1
According to the result of Equation (32), it is evident that the value of the function g /1’) (h) at

h =1 is greater than 0, i.e., 9,1’) (1) > 0. According to the Bolzano-Cauchy theorem, it can be

deduced that within the range (0, 1), there must exist at least one value of h for which the function

10



g/(l})v(h) equals 0. Building upon the conclusion of Equation (32) and incorporating the

characteristics of C;, the following relationship can be further derived:

7; d{Jj+1°Cie1(W) ) d(=7; - C;(h
J > 1s0< (B2 )/( ’dh’( ) 4

Tt dh

(33)

1)

Then it is evident that the function g)(UV(h) has only one zero within the interval (0,1].

Continuing to utilize the results of Equation (32) and incorporating the characteristics of C;(h), given
that the range of j is [0, N], with N being an even number, and for h in the range of (1, +0), the
following relationship can be derived:
J;-¢i(h) o
7j+1 ’ Cj+1(h)
Based on the results of Equation (34), it is evident that within the range of h within (1, +00),

1 (34)

the value of the function g]([,l)v (h) is always greater than 0. Thus, it has been demonstrated that the

shape of the function g,/ ,(h) approximately resembles an upward-opening quadratic function. The
function g,/ ,,(h) necessarily has a single minimum within the range h € (0,+%), and the
corresponding value of h that yields this minimum is certainly located within the range (0,1).
Consequently, this also indicates that for the formula in Corollary 2.4, when N is an odd number,
there exists an optimal value of h that minimizes the corresponding computational error, as shown
in the Figure 1.

gy (h) Gy = fyun@,V) — E[(V)]
A=i+P
i=[A]
N =[]

“Numerical Solution
Error for the Current h”

Minimal “Numerical Solution Error”

“P Error” “P Error”

Optimal h h

Fig 1. The Approximate Shape of Function g,:,(h) and the Corresponding Sources of Computational Error if N is
Odd.

As shown in Figure 1, the value of function g, ,(h) represents the corresponding
computational error. It is evident that there will always be a computational error regardless of the
value of h, but the magnitude of this error will vary with changes in h. This study assumes that the
computational error itself consists of two parts: P error and numerical solution error. Although the
value of P used in variable A’ for function g Ay (h) is very small, it is never zero. Therefore, even
if the formula in Corollary 2.4 yields a totally accurate result, the value of function g,/ (h) will not
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be zero after using A’, but greater than zero. This part of the computational error is caused by P,
which is referred to as P error. P error is solely related to the value of P and represents the
difference between E[(V)"**] and E[(V)'] when applying function g, ,(h). It is an objective
error that is independent of the values of N and h. In contrast, the other part of the computational
error represented by function g,:,,(h) is the numerical solution error. This error originates from the
formula in Corollary 2.4 itself, as the formula in Corollary 2.4 is a numerical solution expression and
inherently has computational errors. This part of the error is referred to as the numerical solution error.
Based on the previous analysis, it has been established that when A and N are determined, the
magnitude of the numerical solution error is related to the value of h, so there exists an optimal h
value that minimizes the current numerical solution error. The purpose and significance of finding the
optimal h value lie in this context, which is to minimize the numerical solution error component of
the computational error represented by the function g,:,(h). The optimal h value corresponds to

the h value at which function gg})v(h) equals zero. Therefore, when calculating the optimal h

value for odd N, it is only necessary to determine the h value corresponding to g/(l})v(h) = 0. This

corresponds to the following relationship:

g5, =0
= EN:(_DN—J' “(N=2X)- <’1’> . <N> . E[(V)j] CRiA-1 —
j=0 NJ A

(DM - E[()]

jt- (N =!
From the result of Equation (35), it is evident that the optimal h value is independent of P.
When the values of V' and N corresponding to function g,:,(h) remain unchanged, the optimal

“hi =0 (35)
j=0

h value is fixed regardless of the initial value of P. This in turn implies that the role of the current
optimal h value is to minimize the numerical solution error, thereby maximizing computational
accuracy of FFMT method, and it does not affect the P error. Moreover, the fact that the optimal
value of h is independent of P indicates that once the optimal value of h is determined using A',
the corresponding integer-order moments for linear combination remain unchanged even if P varies
within the range (0,1). Consequently, even if A varies within the respective integer interval (i,i +
1), the same optimal value of h ensures that the error in the FFMT results remains stable and
relatively low.

(2) N is Even

When N is even, based on the function gj:,,(h), assuming j is within the range [0, N — 1],
combining with the result of Equation (24), the following relationship can be obtained when h is
within the range (0,1]:

0<

d (?Cj+1 . U,-+1(h))/d(—7cj - U;(h)) -1
dh dh
Similarly, for the function g,/ ,(h), within the range of j from [0,N — 1], when the

(36)

independent variable h ranges from (1, +o0), the following relationship can be derived:
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¥ - U;(h)
ij+1 ) uj+1 (h)
Then, for the remaining terms of the function g,/ (h), with the independent variable h ranges

-1< <0 (37)

from (0, +00), the following relationship can be derived:
d(Xy - Uy(h) — E[(V)"'])
dh
Based on the above conclusions, it can be determined that when N is even, the function
gy (h) is always increasing over the interval (0, +00). On the other hand, considering the limits of

>0 (38)

the function g, (h), dented as }llrr(l) gy y(h) = —c0 and hlirp g yv(h) = +oo, within the range

(0, +0), there must exist a value of h such that g,:,(h) = 0. This zero-point h must satisfy the
following relationship:

g;uy(h)=0
L (—DN (G4 PY —N) ((i+P)\ (N o
:; (+P) ] < N >'(j>'E[(V)’]'h’( P=EW] 39

For Equation (39), regardless of whether the corresponding h value can be obtained, it is evident
that the h value is significantly influenced by P. From the previous analysis, it is clear that P can
only affect the P error, i.e., the value of E [(V)”P ] — E[(V)!], and cannot influence the numerical
solution error. The purpose and significance of constructing the function g,/ (h) is to find the
optimal h value that minimizes the current numerical solution error. This optimal h value should
only relate to the current V' and N and is not influenced by P, and the numerical solution error will
never be zero. Based on this, when N is even, directly calculating the optimal h value through the
approach of Equation (39) is unreasonable. This is because the optimal h is directly related to the
value of P, and when P changes, the corresponding optimal h value will change drastically.
Consequently, this optimal h lacks stability, meaning that the method of determining the optimal h
through the function g,s,,(h) is unstable and cannot be effectively applied in practice. Additionally,
when the optimal h value is directly related to the value of P, any changein A within the respective
interval implies a change in P, meaning this optimal h cannot ensure the stability of the FFMT
method’s computational error, leading to a significant increase in error. Therefore, when N is even,
Equation (39) should be further modified to make the calculated optimal h independent of P. Thus,
when N is even, the function g, (h) is modified as follows:

N

—DNJ- (A =N) [A\ (N L .
WV”‘):Z( ) AI _(j ),<N)_(j>.5[(y)1].h1—z _ E[0)]
= =K, U+ 5, Uy + 4 Ky - Uy (40)

The form of function g,s,(h) proposed in Equation (40) effectively addresses the described
issues, allowing for the calculation of the optimal h value that is not influenced by P. The
modification to the form of Equation (40) is necessary because the first term (K, U,) of the original
function g,/,(h) does not contain significant integer-order moment information. Consequently,
when A varies within the corresponding integer interval, the first term K,U, has minimal impact
on the final computational result. Therefore, removing the first term to obtain the optimal h still
ensures that the error of FFMT method remains within a low range. Additionally, after removing the
first term, the curve shape of new function g,/ (h) resembles that of the function when N is odd,
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with only one minimum value. This similarity ensures that the optimal h value, unaffected by P,
can be effectively obtained. The trend and sign change patterns of each term are consistent with those
of the function g,/ ,(h) when N is odd. The characteristics of the function g,s,(h) in Equation
(40) remain consistent with those when N is odd. Therefore, the method for calculating the
corresponding optimal h value is the same as when N is odd. The corresponding expression is as
follows:

“hi =0 (41)

jt- (N =)

Thus far, the analysis has focused on the characteristics of the function g,:,(h) corresponding

i (—DN - E[(v)]
j=1

to different parity of N, as well as the existence and uniqueness of the corresponding optimal h.
Furthermore, the validity of the method proposed in this paper for obtaining the optimal h value
through the function g, (h) has been demonstrated.
3.2.2 Calculation of the Optimal h

. . . -DNE[v)]] . .

Based on the preceding argumentation, letting Q; = ETTETE the expression for calculating

the optimal h as described above can be understood as solving the corresponding N-order univariate
equation, as shown below:

th+th2+---+QNhN—%=0 for N is 0dd (42)

Q.h+ Q,h% + -+ QyhN =0 for N is Even

The methods for solving high-order univariate equations can be broadly classified into two

categories: algebraic methods for analytical solutions and numerical solution methods. According to
Galois Theory, for high-order univariate equations of degree 5 or higher, it is impossible to express
solutions using a finite number of arithmetic operations and radicals. Given that N in Equation (42)
can indeed be greater than 5, it is evident that using algebraic methods to obtain an analytical solution
for Equation (42) is impractical. Considering that the h value calculated through Equation (42) does
not require high precision—accuracy to four decimal places is sufficient to ensure the precision of
the FFMT method’s computational results—using numerical solution methods to solve Equation (42)
is evidently more appropriate. And since Equation (42) contains only one unknown variable, applying
relevant numerical solution techniques is straightforward. There are numerous well-known numerical
methods for solving high-order univariate equations, including the bisection method, secant method,
fixed-point iteration method, Newton-Raphson iteration method, and Taylor series expansion method.
Considering that the optimal h does not require high precision to ensure the error level of the FFMT
method, the more convenient and intuitive Taylor series expansion method is used here to solve
Equation (42) to obtain the optimal h. For the sake of clarity, the function g(h) corresponding to
Equation (42) is given by the following expression:

1
g(h) = Q1h+Q2h2+---+QNhN—m for N is 0dd

Q.h + Q,h% + -+ QuhN for N is Even
Subsequently, a series of 6; (i = 0,1,2,...,8,9) are provided, where except for 8, = 0.01, the

(43)

remaining 6; values are given by 6; = 0.1 - i. The Taylor series expansion method is then used to
approximate the function g(h) atdifferent 8; points, expanding it into the corresponding quadratic
functions:
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@) (p.
a() = 4(0) +4D(6) - (h—0)) +2 2(90

Using Equation (44), the roots corresponding to g(h) = 0 for the Taylor series expansion at

- (h—6,)? (44)

different ; points can be conveniently obtained. These roots are denoted by h!, and the specific

—bli ’biz—‘l"ai'ci

expression for h! is given as follows:

hl = (45a)
2" a;
) (p.
bi = g™ (6) - 6;- 4P (6)) (45c¢)
(6% 4 (6)

¢ = 4(6;) — g™ (6) - 6; + >
The method for obtaining h] is based on the root-finding formula for a quadratic equation,

where g™ (-) represents the n-th derivative of the function ¢ (k). When the difference between 6;
and h] is minimized, then this h! value is the optimal h sought. Given a function 4 (h!),

(45d)

denoted as ¢ (h7) = |6; — hY|, the optimal h value can be expressed by the following relationship:
Optimal h = argmin: y(hT) = |6; — hT| (46)

The A7 values in Equation (46) correspond to the real roots of Equation (44). If no real roots
exist, the corresponding imaginary roots h! values are not adopted. The advantage of using the
above method to calculate the optimal h value lies in the elimination of the need for multiple
iterations. Only 10 times calculations are required to obtain the corresponding optimal h value,
significantly reducing the computational cost of the FFMT method in practical applications. On the
other hand, for the Taylor series expansion of the function g(h) , in addition to being expanded into
the form of a quadratic equation as in Equation (26), it can also be expanded into the form of a cubic

@) (p. 3)(g.
Equation, denoted as g(h) = ¢(6,) + 4 (6) - (h— 6) + -2 (h - 6)% + -2 (h— ,)%,

The cubic equation also has a root-finding formula, which allows for the roots to be obtained very
conveniently. Increasing the number of terms in the Taylor expansion (like cubic Equation) can further
improve the accuracy of the final optimal h value. It should be noted that the use of the Taylor
expansion method to obtain the optimal h value here is due to its intuitive nature. However, in
practical applications, more efficient solution methods may exist depending on the specific
application environment and the nature of the random variables. Developing tailored solution
methods for particular application settings can significantly enhance the computational efficiency of
the FFMT method. Nevertheless, this aspect is not the focus of the present study, and therefore, it is
not discussed further here.

At present, this study has provided the method for determining the values of parameters N and
h. When applying the formula from Corollary 2.4 in practical scenarios, it is only necessary to
determine the values of N and h using the described method. Then by combining these with the
given integer-order moments of the corresponding random variable V and the values of the fractional
order A, the result E [(V)’l] can be calculated.

4. Numerical Experiments
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In the numerical experiments part, it is assumed that the random variable V follows various types
of distributions and use the FFMT method proposed in this paper to calculate the corresponding
fractional moments, validating the FFMT method’s effectiveness through experimental data. To
present the validation results more clearly, fractional moments for different types of random variables
V' are calculated using either direct integration or analytical expressions. These results are considered
the True Values and are compared with those obtained from the FFMT method. The accuracy of the
FFMT method is assessed by measuring the error, defined as the difference between the FFMT-
calculated results and the true values. Given that the Taylor expansion method, which is widely used
in the engineering field for calculating fractional moments, also requires known integer moments
(similar to the FFMT method), it serves as a suitable comparison. Consequently, the results include
the error levels for fractional moments calculated using the Taylor expansion method under the same
conditions. For consistency in comparison, when applying the Taylor expansion method, the number
of expansion terms corresponds to the value of parameter N in the FFMT method.

(1) Truncated Normal Distribution

Assuming random variable V' follows a truncated normal distribution. Employing the direct
integration method computes the value of ‘E[(V)*]’, which is regarded as the True Values. Specifying
the distribution characteristics of V, denoted as ‘V~TN(10,3)’, and truncation interval is [0,30]
Then as the fractional order A varies, the computational results ‘ E[(V)*]” obtained via FFMT
method and Taylor expansion, respectively. The results are compared with the True Values and errors
of the two methods are illustrated in the Figure 2. The figure demonstrates that the FFMT method
exhibits minimal error fluctuations, consistently maintaining a very low level of error. This stability
indicates that the FFMT method reliably produces highly accurate fractional order moment results,
irrespective of the value of A. In contrast, the Taylor expansion method also maintains high accuracy
when A is less than 3. However, when A exceeds 4, the Taylor expansion method’s error increases
sharply with higher A values, showing significant fluctuations. This suggests that the Taylor
expansion method lacks the stability and accuracy of the FFMT method for higher-order moment
calculations. This observation highlights the superiority of the FFMT method in handling high-order
moments.

True Values

T T T T T T T T
1 J
2010 5o FFMT Values
1.5x10" 1 Taylor Values
- 10 —— FFMT Errors (%)

1.0%10'" 4 . —— Taylor Errors (%),
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Fig 2. The errors of FFMT method and the Taylor expansion method compared to the True Values as A varies, where the

distribution is V~TN(10,3) and truncation interval is [0,30].
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Figure 3 illustrates the error fluctuations of the FFMT method and the Taylor expansion method
as A varies, corresponding to changes in the standard deviation of a truncated normal distribution
with a mean of 10 and a truncation range of [0, 30]. Figure 4 shows the error fluctuations of both
methods as A changes, corresponding to variations in the mean of a truncated normal distribution
with a standard deviation of 5 and the same truncation range. The patterns observed in Figures 3 and
4 indicate that the overall error level of the FFMT method is directly related to the coefficient of
variation of the random distribution. A higher coefficient of variation, indicating greater data
dispersion, results in larger errors for the FFMT method. This is because higher data dispersion means
the information contained in the same number of integer order moments is less effective at reflecting
the corresponding fractional order moments. Thus, using these integer order moments to form a linear
combination to obtain fractional order moments leads to increased errors. However, even when the
coefficient of variation reaches 0.6, indicating significant data dispersion, the FFMT method’s error
remains controlled within 1%. Furthermore, regardless of changes in the coefficient of variation, the
FFMT method maintains stable error levels as A varies. In contrast, the Taylor expansion method’s
stability and accuracy are limited to lower fractional orders. As A increases, the Taylor expansion
method exhibits sharp error fluctuations and significant error increases. Therefore, the FFMT method

demonstrates clear advantages over the Taylor expansion method for practical engineering
applications.
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Fig 3. Errors of the FFMT method and the Taylor expansion method compared to the True Values as A varies, considering

different u, denoted as V~TN (u, 3), and truncation interval is [0,30].
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Fig 4. Errors of the FFMT method and the Taylor expansion method compared to the True Values as A varies, considering
different o, denoted as V~TN (10, ¢), and truncation interval is [0,30].

(2) Lognormal Distribution

Assuming the random variable V follows a lognormal distribution, denoted as V~LN(1,0.5).
The corresponding fractional moments of the specified order are computed directly using analytical
expressions, which are regarded as the True Values. The expressions are presented as follows:

E[(V)A] — e%‘/lz'0'2+/1',u

Figure 5 illustrates the results of E[(V)?] calculated using the FFMT and Taylor expansion
methods as the lognormal distribution varies with fractional order A, along with the corresponding
error levels compared to the True Values. From the Figure 5, it can be observed that although the
Taylor expansion method no longer exhibits drastic errors when faced with the lognormal distribution,
its error levels remain consistently high, averaging over 20% regardless of the variation in A. In
contrast, the FFMT method demonstrates excellent stability in error levels, coupled with high
accuracy in results. The standard deviation of this lognormal distribution has already reached 50% of
the mean, indicating a substantial degree of dispersion. However, even with such a large dispersion,
the error in the results obtained using the FFMT method remains within 0.8% regardless of the
variation in A, demonstrating remarkably high accuracy.
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Fig 5. The errors of the FFMT method and the Taylor expansion method compared to the True Values as the distribution
is V~LN(1,0.5), while A varies.

Figure 6 illustrates the error fluctuations of the FFMT method and the Taylor expansion method
for lognormal distributions with varying means and standard deviations. The FFMT method
consistently maintains a very low level of error regardless of changes in the mean and standard
deviation of the log-normal distribution. Additionally, as the fractional order A varies, the FFMT
method’s error remains stable, underscoring its robustness. In contrast, the Taylor expansion method
exhibits significantly higher errors, which are not comparable to those of the FFMT method,
demonstrating the superior accuracy of the FFMT method for lognormal distributions. Under the
same mean or standard deviation conditions, the result precision of the FFMT method significantly
exceeds that of the Taylor expansion method. As the mean of the log-normal distribution increases
while the standard deviation remains constant, the error of the Taylor expansion method also increases.
This occurs because the accuracy of the Taylor expansion method is influenced by the expansion
point, typically the mean of the distribution in practical applications. Consequently, an increase in the
mean results in greater error for the Taylor expansion method. The FFMT method effectively
overcomes this limitation, maintaining a low and stable error level regardless of changes in the mean
of the log-normal distribution. This stability highlights the FFMT method’s reliability in practical
engineering applications. As previously noted, increased dispersion of the random variable leads to
higher errors for the FFMT method. However, even with greater dispersion, the FFMT method’s error
remains very low. This further demonstrates the FFMT method’s advantage in accuracy.

On the other hand, comparing the error of the FFMT method for the lognormal distribution and
the truncated normal distribution reveals that, within the same integer interval corresponding to a
given A, the error for the lognormal distribution is higher than that for the truncated normal
distribution. This phenomenon occurs because the growth rate of the real-order moments for the
lognormal distribution increases significantly more than that for the truncated normal distribution as
the order A increases. The FFMT method essentially involves linearly combining N integer-order
moments with a proportion h to obtain the fractional-order moments within the corresponding
interval. When the growth rate of the integer-order moments is higher, the growth rate of the
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fractional-order moments within the integer interval is also greater. Therefore, using the same optimal
h value within the same interval results in increased error for the FFMT method. This phenomenon
also explains, in reverse, how different types of random distributions affect the error of the FFMT
method. To address this, when the growth rate of the integer-order moments of a random variable is
very high, it is necessary to consider variations in the optimal h value within the integer interval.
Constructing an analytical expression that allows the optimal h value to change with the order A
can further improve the accuracy of the FFMT method. Given the focus of this study, a more in-depth

discussion is not provided here.
Taylor Method FFMT Method
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Fig 6. Errors of the FFMT method and the Taylor expansion method compared to True Values as A varies, considering

different 0 and p of the log-normal distribution.

(3) Gamma Distribution
As a typical example of a non-Gaussian distribution, the Gamma distribution is considered as the
third case. Assuming the random variable V follows a Gamma distribution, denoted as ‘V~T'(k, 8)’.
The True Values of different order moments are computed according to the following formula:
I'(k+2)
rck)
Figure 7 depicts the error fluctuations of the FFMT method and the Taylor expansion method as

E[()Y] = 67

the parameters k and 6 of the Gamma distribution vary. The FFMT method consistently maintains
a very low and stable error level, regardless of the distribution characteristics of the random variable.
In comparison, the Taylor expansion method exhibits errors that are several orders of magnitude
higher than those of the FFMT method under identical distribution conditions. As the fractional order
A increases, the FFMT method’s error fluctuations remain stable within a presentable range, avoiding
increases with A. In contrast, the Taylor expansion method’s error fluctuations increase with A,
potentially causing negative impacts in practical engineering applications. This clearly demonstrates
the FFMT method’s superior output stability. When focusing on a specific integer interval of A, the
FFMT method’s error increases as 4 moves away from the interval boundary and decreases as A
approaches the boundary. This behavior is due to the FFMT method’s reliance on linear combinations
of integer order moments to obtain corresponding fractional order moments. As A nears the boundary,
the integer order moments more accurately represent the corresponding A-order moment, resulting
in smaller errors. Conversely, as A moves away from the boundary, the same integer order moments
are less effective, leading to increased errors. Nevertheless, within any integer interval, the FFMT
method controls error fluctuations within a small range, ensuring highly accurate results.
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Fig 7. Errors of the FFMT method and Taylor expansion method compared to True Values as A varies, considering

different k and 6@ of gamma distribution.

The results demonstrate the feasibility and effectiveness of the FFMT method for calculating
fractional order moments of random variables in the engineering field. The FFMT method exhibits
two key advantages: accuracy and stability. The accuracy of the FFMT method ensures that highly
precise fractional order moments can be obtained in practical applications, supporting the feasibility
of subsequent research utilizing these moments. Stability refers to the method’s ability to maintain
errors within a very low and stable range, preventing abnormal fluctuations in the results. This
stability ensures that the fractional order moments derived from the FFMT method will not cause
aberrant outcomes in subsequent studies, thereby providing reliable data for further research.

(4) Real-world Application Case

To demonstrate the advantages of the FFMT method in practical engineering applications, a real-
world example is added here for further analysis. In the stochastic traffic assignment problem, the
BPR function is used to obtain the corresponding stochastic link travel time T, [30], and its form is

given as follows:
VA2
Ta=t2-<1+ﬁ-<—a> )
Ca

where tQ represents the free travel time of the link, C, represents the link capacity, and f and A
are empirical parameters, which are positive real numbers. When the link capacity follows a certain
random distribution and parameter A takes a non-integer value, calculating the corresponding T,
leads to fractional moment problems. For the fractional moment problems in stochastic traffic
assignment, the most used approach for solving these problems is the Taylor series expansion method
[31]. However, in real-world networks, due to the large scale of the traffic network and the numerous
links involved, the Taylor expansion method often cannot use adequate integer-order moments when
considering computational costs, which results in inaccurate calculation outcomes. Based on this, a
comparison between the FFMT method and the Taylor expansion method is conducted here, with
both methods applied to stochastic traffic assignment to compare the traffic assignment results when
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the network is in equilibrium. To ensure a fair comparison, both methods use N = [A1] integer-order
moments, allowing for a performance comparison while minimizing computational costs. The case
uses the Nguyen and Dupuis network, which includes 13 nodes and 19 links, as illustrated in Figure
8.

Destination

estination

Fig 8. The Nguyen and Dupuis Network

Table 1
Random Link Capacity
Link Link Link
Number Mean Ccv - Mean Ccv - Mean Ccv
1 2 0.3 8 2.7 0.2 15 34 0.1
2 2.1 0.3 9 2.8 0.2 16 3.5 0.1
3 2.2 0.3 10 2.9 0.2 17 3.6 0.1
4 2.3 0.3 11 3 0.2 18 3.7 0.1
5 2.4 0.3 12 3.1 0.2 19 3.8 0.1
6 2.5 0.3 13 3.2 0.1
7 2.6 0.2 14 3.3 0.1
Table 2
Path and link sequences
O-D pair Path number Link sequence
1 1-6-13-19
2 2-17-8-14-16
(1.3) 3 2-17-7-10-16
4 1-6-12-14-16
5 1-5-7-10-16
6 1-5-8-14-16

The free travel times for the links are set to 3. It is assumed that the link capacities follow a
lognormal distribution, with the specific distribution parameters for each link shown in Table 1, where
CV represents coefficient of variation. In this stochastic traffic assignment, (1, 3) is used as the O-D
pair, with a total demand of 40. The link and path sequences in the network are provided in Table 2.
The traffic assignment method follows the classical User Equilibrium (UE) principle [32], and the
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corresponding assignment algorithm is the Method of Successive Averages (MSA) [30]. In the BPR
function, parameter [ is set to 0.15, and parameter A is set to 5.5. After the network reaches
equilibrium, the path flows and average travel times are shown in Table 3. Since the fractional
moments of a lognormal distribution have an exact analytical solution, the results obtained using the
analytical method are also included for comparison. Results of analytical method represent the fully
accurate traffic assignment and are used to compare with the outcomes of the FFMT method and the
Taylor expansion method. A comparison of the network assignment results shows that, after reaching
equilibrium with the three different methods, the path flows obtained using the FFMT method are
very close to those from the analytical method. The errors between the two are well within acceptable
limits for practical applications of traffic assignment, indicating that the FFMT method ensures
accuracy while controlling computational costs. However, when comparing the results from the
Taylor expansion method, it is evident that there is a significant deviation from the analytical solution.
Such a level of error is unacceptable in real-world applications. This demonstrates that the Taylor
expansion method, when limited by the number of integer-order moments, leads to inaccurate results,
and increasing the number of moments would require excessive computational resources. In contrast,
the FFMT method manages to maintain accuracy while controlling computational costs, further
highlighting its advantages in practical applications.

Table 3

Path flow and travel time values for the stochastic traffic assignment model at equilibrium using the Taylor expansion

method, the analytical method, and the proposed method.

Analytical Method Proposed Method Taylor Expansion Method
Path Path Path Path Path Path
Flow Time Flow Time Flow Time
Path 1 27.72 15.01219 27.76 15.00779 29.72 15.00021
Path 2 6.42 15.01089 6.38 15.01087 5.34 15.00259
Path 3 5.86 15.01089 5.86 15.01087 4.94 15.00259
Path 4 0 17.82058 0 17.81618 0 17.76587
Path 5 0 17.81223 0 17.8079 0 17.76126
Path 6 0 17.81223 0 17.80789 0 17.76126

5. Conclusion

To address the calculation of fractional order moments for positive random variables in the
engineering field, this study derives an analytical solution for the fractional order moments by
combining Laplace transforms and R-L type fractional derivatives. To enhance practical applicability,
the study further develops a numerical solution using the principle of short memory principle and G-
L type fractional derivatives based on the analytical solution. The stability and accuracy of the
numerical solution are validated by demonstrating the existence of key parameters N and h, along
with methods for determining their values, ensuring practical applicability. Data experiments validate
that the FFMT method effectively addresses the calculation of fractional order moments for various
random variables in engineering, thus facilitating research based on fractional order moments.
Compared to traditional methods, such as the widely used Taylor expansion, the FFMT method
demonstrates superior accuracy and stability, eliminating concerns regarding convergence. On the
other hand, in terms of computational resource consumption, both the FFMT method and the Taylor
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expansion method assume that the integer-order moments are known in practical applications. If
obtaining the integer-order moments proves challenging, it can similarly affect the applicability of
the FFMT method. However, given that the integer-order moments are known, the FFMT method
requires fewer integer-order moments to ensure accurate results compared to the Taylor expansion
method, thus significantly reducing computational resource demands in practical applications. The
FFMT method, with its straightforward implementation, provides results with very low error levels
and stable error fluctuations, benefiting practical engineering problems like probability density
function reconstruction and distribution characteristic analysis.

There is still potential for further improvement of the FFMT method. Currently, the calculation
of parameter h in the FFMT method employs the Taylor expansion method. However, many
methods exist for solving univariate higher-order equations. Developing a more efficient method
tailored to the specific characteristics of these equations when determining parameter h could
further enhance the efficiency of the FFMT method in practical applications. Additionally, while
using the same optimal h ensures accuracy as the fractional order A varies within its integer interval,
the optimal h value also exhibits a certain variation pattern with changes in A. ldentifying this
pattern and formulating it as an analytical expression could further enhance the accuracy of the FFMT
method significantly. Especially for different types of random distributions, the growth rate of their
integer-order moments varies significantly. Consequently, as A changes within its corresponding
integer interval, the variation rate of the optimal h value also differs. If a specific mapping
relationship between h and A could be formulated based on the requirements of various practical
distribution types, it would further optimize the accuracy of the results and greatly enhance the
method's performance. This represents a significant direction for future research.
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Appendix
A. Proof of Corollary 2.1
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k=1 =2 O2)

Form the equation (A4.1), when z - —oo, ( i=0 TG+ D ) equals to 0, therefor the

corollary 2.1 holds true.

B. Proof of Corollary 2.2
According to the definition of the R-L fractional integral:

1 t
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1 t—z
= A1 £t —&)d (B.1
r ) e )
Given the conditions that f(t) = e®t, a » —oo, & > 0, then:
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This completes the proof of Corollary 2.2.

C. Proof of Corollary 2.3

Definition 2.5: Given an arbitrary real number z, z € R, and a non-integer number A, A1 €
R*&A &N, m—1<21<mEe€Z* The left Grunwald-Letnikov fractional derivatives .DAf of
order A of a function f(t) € C™ is also defined by[29]:

“LDAf() =
m f(i)(z)(t — Z)—)L+i 1 ¢ B
; r(-A+i+1) +F(—/1+m+1)fz(t‘f) Aem ) () dg €. 1)

Let k=[], ( =k —A, k —1 < A <k, the following relationship holds:
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This completes the proof of the corollary 2.3.

D. Proof of Corollary 2.4
For sufficiently small h, according to the definition of integer-order derivatives, the following
expansion can be obtained:

FM@) =
(—D°C2f(t—0h) + (—DICLf(t — 1h) + (m1)2CEf(t — 2h) + -+ (—D)"CIf(t — nh) 0.1)
hn '
Performing the inverse transformation on Equation (D.1) yields:
f(t—nh) = RO (=1D)°CIF Q@) + A (=D Cif D (&) + R2(-1)2Cf P (1) +
e AP (=D)CRFM (1)
= ) HEDIEFO® (0.2)
i=0

According to Definition 2.5, combined with Equations (13) and (D.2), the following relationship
can be further derived:
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This completes the proof of Corollary 2.4.

E. Proof of Corollary 2.5
Given |f(t)| <M, a+ L < b, L is the memory length, and A(t) denotes the error, then the
following inequality holds:
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Given a required accuracy &, € can impose a direct impact on the memory length, if A(t) < &,
then & further determine the memory length L:

L= (; |r(l1w— /1)|)z -2
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