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PRESENTATIONS OF SCHUR COVERS OF BRAID GROUPS

TOSHIYUKI AKITA, RIKAKO KAWASAKI, AND TAKAO SATOH

ABSTRACT. In this paper, we consider several basic facts of Schur covers of the sym-
metric groups and braid groups. In particular, we give explicit presentations of Schur
covers of braid groups.

1. INTRODUCTION

For a group G, consider a central group extension
0— Hy(G) = E S G—1

of G by the integral second homology H>(G) of G. If the cohomology class u €
H?*(G, Hy(G)) corresponding to this central extension is mapped to id ) by the ho-
momorphism x : H*(G, Hy(G)) — Homgy(H(G), Hy(G)) coming from the universal
coefficient theorem, the group F is called a Schur cover of G. A concept of Schur covers
was originally introduced by Schur in a series of his works [9, 10] in the study of pro-
jective representations of finite groups. In particular, he determined the Schur cover of
the symmetric groups, and gave a finite presentation for it. (See Theorem 2.2.)

For n > 1, let B,, be the braid group of n-strands. The group B, was studied in
his original works by Artin [1] who gave its first finite presentation. Let &,, be the
symmetric group of degree n. There is a natural surjective homomorphism from B, to
S,,. In other words, B, is an extension of &,,. From a viewpoint of Artin groups, &,
is the Coxeter group of B,. Now the study of the braid groups has achieved a good
progress, and has a broad range of remarkable results by quite many authors. For the
study of the Schur covers of B,,, it turns out that there is a unique non-trivial central
extension of B,, by Hy(B,) up to isomorphism from the universal coefficient theorem.
(For details, see Subsection 2.2.) Namely, the Schur cover of B, is essentially unique,
and denote it by C,. On the other hand, Huebschmann [5] studied the homomorphism
w : C, — B, from a viewpoint of a crossed module, and showed that it is a free
B,,-crossed module generated by a single generator of B,. Thus the group C), has two
interesting features. One is the non-trivial central extension, and the other is a free
crossed module.

So far, any explicit presentation of the Schur cover of B, has not been obtained. In
the main theorem of this paper, we give it as follows.
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Theorem 1. For any n > 4, a presentation for the Schur cover C,, of the braid group
B,, is given by generators
0->1k7 T 7‘7;717 z"

subject to relations

Here w: C,, — B, satisfies w(o}) =o0; (1 <i<n-—1), w(z*) =1.

In order to show this, we use 2-cocycles of B,, and combinatorial group theory. In Sec-
tion 5, as an appenfix, we give explicit constructions of generators of H*(&,,,Z/27) =
(Z)27Z)* for n > 4. These cocycles are used to construct those of B,. This paper is
based on the master’s thesis ([8]) of the second author at Hokkaido University in 2022.

2. SCHUR COVERS

First of all, we review and fix notations for Artin’s braid groups and its related groups.
For n > 1, let B,, be the braid group of n strands. The groups B,, were introduced by
Artin in 1925, and Artin gave its finite presentations for them in 1947. More precisely,
Artin [1] obtained the first finite presentation of B, as follows:

B,={(o01,...,001] ai+1ai0i+1afla;rlla;1 (1<i<n-2),

(1) oo, (1<i<j<n—1,|i—j>2)).

By the universal mapping poperty there is unique homomorphism onto &,,. It is also
well-known that &,, has the following finite presentation.

Sn={(581,...,8-1a; = siﬂsisiﬂs;ls;}ls[l =1 (1<i<n-2),
ci=s=1(1<i<n-1)).

Thus we see that there is the standard surjective homomorphism 7 : B, — &,, such
that m(o;) = s; for 1 <i<n-—1.

Here for a group G, we review the correspondence between central extensions and
2-cocycles of G. Let A be an abelian group and

(3) 00ALES G 1

a central extension of G by A. Namely, i(A) is contained in the center of E. Choose a
set-theoretic section s: G — E of w such that s(1) = 1. Let fg : G x G — A be the
map defined by (g, h) — s(g)s(h)(s(gh))~!. Then fg is a normalized 2-cocycle of G to
A.

Conversely, if a normalized 2-cocycle f : G x G — A of G is given, then f defines
a central extension of G by A as follows. Let E; be the set A x G equipped with the
product defined by (a, g)(b,h) = (a+b+ f(g,h), gh). From the 2-cocycle condition of f,
E; become a group. Let £(G, A) be the set of equivalence classes of central extensions
of G by A. It is well-known that the correspondence [E] +— [fg] defines a bijection
E(G,A) — H?*(G, A), whose inverse is given by [f] — [E/].
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We review the Schur covers of the symmetric groups and the braid groups. Here, for
the simplicity, for a group G we will abbreviate the integral homology group H,(G,Z)
of G as H,(G). For any p > 1 and any trivial G-module M, let us consider the universal
coefficients theorem

0 — Exty(H, 1(G), M) — H*(G, M) = Homgy(H,(G), M) — 0.
Definition 2.1. For groups G and E, let
(4) 0— Hy(G) - E =G —1

be a central extension, andu € H?*(G, Hy(G)) the cohomology class corresponding to this
central extension. The central extension E is called a Schur cover of G if k(u) = idp,(c) -

We remark that a Schur cover is not unique in general. If G is a perfect group, there
exists a unique Schur cover up to isomorphism. Then (4) is called the universal central
extension of G.

2.1. Schur covers of the symmetric groups. Here, we review Schur covers of the
symmetric group &,,. For any n > 4, it is known that
H((6,)=7/27Z, Hy6,)=7Z/2Z.

Hence, a Schur cover E of &,, satisfies
(5) 0—Z%Z/2Z - FE— &, — 1.
By using the universal coefficient theorem and

Homy(Hy(6,,),Z2/27) = 7./2Z,

Exty(H,(8,),Z/27) = 7./27,

we have H?*(8,,,Z/27) = 7./]27 @ 7./27. Hence, there exist four non-equivalent central
extensions which satisfy (5). Since Homyz(Ho(6,,), Ha(6,,)) = Z/27 consists of two ele-
ments, which are the identity map id g, (es,) and the zero map, there exists two elements
of H*(6,,, Hy(6,)) which are mapped to idg,s,). Each of them induces the extension
(5) and the following commutative diagram.

0 —— Z)27 —— H*(&,, Hy(6,)) —— Hom(Hs(S,), Hy(S,)) — 0

0 —— Z)2Z —— Z)27 & 7./27 > L/27 > 0

Therefore, there exist two Schur covers of &,,. The 2-cocycles which corresponds to the
two Schur covers are given by the following theorem.

Theorem 2.2 (Schur [9, 10] (See also [2].)). Consider Z/27 as a multiplicative group,
and let z be its generator.

(i) For any o, 8 € Z/2Z = {1,z}, there exists the 2-cocycle Tiq 5 @ &n X &, = Z/27
such that

Tla,6)(Sis $i) = @, Tag(Sks S1) = {
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Then we have H*(S,,Z/27) = {[Tja5] | . 5 € {1, 2}}.
(17) Let
0—Z/2Z = Ejag = 6, — 1

be the central extension corresponding to [1(o.g]. Then E., 5 has a presentation whose

generators are ty,...,t,_1,2 subject to relations
ti=a, 22 =1, 2t; = tiz, titjt; = tjatitia, titr = Bhty
(6) (1<i<n—-1,1<j<n-2 1<k<l-1<n-2).

Here 1(2) = z, w(t;) = s; and w(z) = 1.
(iit) If B = z, then for any o € Z/2Z, the central extension Ej, g is a Schur cover of
S,.

In Section 5, we give explicit calculations to obtain the 2-cocycles 7i,,5 by using

combinatorial group theory since there is no explicit calculations in [9].

2.2. Schur covers of braid groups. Here we consider a Schur cover of the braid
group B,,. For any n > 4, it is well-known that

Hy(B,) 27, HyB,) =7Z/2Z.

A Schur cover of B,, satisfies
(7) 0—7Z/2Z - E > B, — 1.
By using the universal coefficient theorem and

Hom(Hy(B,),Z/27) = 7./ 27,

Exty,(H:(B,),Z/2Z) = 0,
we have H?(B,,7Z/27) = 7Z/27. In this case, there are two non-equivalent central
extensions of (7). Furthermore, since k : H?*(B,,Z/2Z) — Hom(Hy(B,),Z/27) is
an isomorphism, the non-trivial central extension of B,, by Z/2Z is the unique Schur
cover. For the standard surjection 7 : B, — &, consider the four 2-cocycles i, g =

Tla,8 0 (T X 7): By X B, = Z/2Z of B, and the following commutative diagram induced
from the universal coefficient theorem:

0 —— Exty,(H\(6,),2/27) — H*(8,,7Z/27) —— Hom(Hy(

| =

0 > 0 s H2(B,,7Z/2Z) —— Hom(Hy(

@

n), L)27) —— 0

IR

Sy

), 2)27) —— 0
For any o, 8 € Z/27Z = {1, z}, let

0—=Z/2Z — Clop — Bn — 1
be a central extension corresponding to fi, 5. We obtain the following Proposition.

Proposition 2.3. As notation above,

(1) If B =1, then the central extension is trivial.

(it) Cp, and Cy. ) are equivalent central extensions of By, and each of them is a Schur
cover of B,.



3. PRESENTATIONS OF EXTENSIONS OF GROUPS

In this section, according to [6], we review a method to obtain a presentation for an
extension of presented groups. Let

1-K5G5L5 N1
be a group extension, and assume that presentations for K and N are given by
K=(1]5), N=(X|R)

respectively. Set X* := {z* |z € X} and Y* = {y* | y € Y}. Let F be the free group
on X*UY* and set S* = {(y))---(yp)* € F | -y € S}. For any x € X,
take ' € ¢~ (z), and set X' == {2/ € G| x € X}. Let ¢: F — G be the surjective
homomorphism defined by z* — 2’ and y* — «(y) for any z* € X* and y* € Y*. For
any r = 2,1 .- )/t € R, set r* == (27)71 - (x7)t € F. Then o(r*) = () -+ (2))" €
Ker(q) = Im(¢). Hence we can write p(r*) =y - - - y7, for some y,; € Y and ¢; = 1.
Set v, = (yp) -+~ (ypp)* € F, and R* := {r*v,”" € F | r € R}. Since Im(:) is the
normal subgroup of G, we see p((z*) 'y*z*) € Im(¢) for any z* € X* and y* € Y*.
Thus we can write o((z*)'y*z*) = (Y31 - Yok, 1) for some y,,; € Y and a; = +1.
Set wyy = (Y5, 1) (s p)™ € F, and T == {(z*)"'y*v*w,, € F | 2" € X* and
yr e Y}
Theorem 3.1 (Presentations of Extensions of Groups). As notation above, we have

G=(X"UY"|RUSTUT).
For a proof, see [6].

4. PRESENTATIONS OF SCHUR COVERS OF BRAID GROUPS

In this section, we prove our main theorem. By Theorem 2.2, for any «, 5 € Z/27 =
{1, 2}, the 2-cocyle piag: By X B, — Z/2Z defined in Subsection 2.2 satisfies the
following equations.

M[a,ﬁ](UmUz‘) = Q,
fag ok 00) =1 (k <),
Pag (o 00) =8 (k<I).

Let
1= Z/2Z = Clap = B, — 1

be the central extension corresponding to fis,5. The group Cl, s can be identified
with Z/27Z x B, as a set. Under this identification, the group operation on C, g is
represented as

(QT, U) ’ (y7 T) - (I‘ Y- N[a,ﬂ](o-v 7—)7 O-T)a
and the homomorphisms ¢ : Z/2Z — Clo ), @ : Cla,5 — B, are represented as

us)=1(s,1), w(z,0)=o0.
Furthermore, there exists a standard set-theoretic section
By, = Clap, o= (1,0).
Consider a presentation (z | z2) of Z/2Z and Artin’s presentation of B,, as mentioned in

(1). For simplicity, we write the above presentations as Z/2 = (Y | S), B, = (X | R).
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Let F(X) be the free group on X, and ¢ : F(X) — B, the standard surjection. Since
¢lx : X — B, is injective, we regard X as a subset of B,, through ¢, and we write ¢(z)
as x for any x € X by abuse of language. In a similar way, we consider Y C Z/2Z.

We use Theorem 3.1 to obtain a presentation of C, 5. First, set X* == {oy*,--- ;07 _,}
and Y* := {2*}. Let F be the free group F(X*UY*) on X*UY™*. Here S* = {(2*)?} C F.
Set X' = {(1,01-) | 1 <4 < n—1}. The standard homomorphism ©: F' — Cj, g is
defined by z* — z and o] — (1,0;). For each ¢ and j such that 1 <i < j <n —1,
define r;; € R and rj; € F' by

o ) 01010(0i10:050) 7 (1= = 1),
Y amj(ojai)_l (i<j—1),

r*o— {‘7 forgoi(ofgotor )Tt (i=5-1),

U Yotoi(oter) ! (1<j—1).

(2 ]

Then we have

sp(r*) — {(17Ui)<17Ui+1)<17Ui)(L0i+1)_1(170i)_1(17Ui+1)_1 (1 <it<n-— 2)7
K (1,00)(1,05)(1,00) " (1,05) " (i<j—1).

Consider the element (1,0;)(1,0;)(1,0;)"!(1,0;)" for i < j — 1. By using equations
(10 (L0y) = (1 1+ pasy (00,03), 7103) = (1, 705)
and
(1,05)(1,03) = (L- 1+ ppa,5)(95, 03), 050:) = (B, 0505) = (B, 1)(1, 0:05),
we obtain
(L,00)(L,05) (1, 00) 7 (1, 05) 7" = (1,030) (1, 005) 71 (8, 1)
=(8,1)7 =(8.1).

Next, we consider the element (1,0;)(1,0:11)(1,0:)(1,0:41) " (1,04) 7 (1,0441) 7" for
1 <i < n — 2. Similarly, we have

(1,04)(1,0441)(1, 04)

(1 -1 :u[oéﬁ](o.h Ui+1)(17 Ui)
= (1,04041)(1, 04)

(1 -1 N[a,ﬁ]<0i0i+17ai)a Uz'UiHO'i)

and

(L, 0i41)(1 - 1+ p(040i41), 050i41)
(1 Uz+1>(1 0'10'1_‘_1)

(1 1- ,u[aﬁ(o—z—i—lao—za—z—&-l) Uz+10201+1)
= (

Hla,p] (JZ+17 0'10'1_,_1) O'i+10'i0'2-+1),

(1,041)(1,04) (1, 0441) =

Lemma 4.1. For any o, € Z/27 = {1,z} and any 1 <i <n—1, pag(0i0it1,0:) =
Hie, 8] (Oi41,0i0i41).

Proof. We use the same notation as in Theorem 2.2. Consider the central extension
1= Z/2Z = Epnp — &, — 1
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corresponding to the 2-cocycle 7, 4: 6, X &, — 7./27. The group Ejn 5 can be
identified with Z/2Z x &,, as a set. Thus, the operation on Ej, g is given by

(@, 8i) - (Y, 85) = (T Y - T(a,p1(8i, 55), 8i85)-
In this case, (1,s;)(1,s;41)(1,8:) = (1,8:01)(1,8:)(1, ;1) follows from Schur [9]. Fur-
thermore we see Tjo,(SiSit+1, Si) = Tja,8](Si+1, SiSit1) from

(LHS) = (Tag)(8i5 Si41)s 8isi1) (1, 80) = (1, 8i8i11) (1, 81) = (T(a,p)(8iSi41, 8:), SiSi15:)
(RHS) = (1, $i11)(Tja,5) (S Sit1), SiSi+1) = (Tja,6)(Si41, SiSi1), Sit18iSit1)-
Since fija,5) = Tja,p) © (7 X ), we obtain the required result. O
From Lemma 4.1,
(1,00)(1,0551) (L, 03)(L, 0i1) " (L, 00) T (L 0i1) ™
= (Wa,51(0i0i41, i), 030i110) (Ha,) (Tit1, 0i0i41), 0i41050511) " = (1,1).
Set
= {070l 107 (0}10707,1) | 1< i <=2} U{ojoj(0jo;) H(z") " i< j—1}.
We have ¢((0})'2*0}) € Im(:) for any of € X* and 2* € Y*, and
p((o))2707) = (L, Ui)_l(z 1)(1, 03)

= (z.0,)(z,1)(1,09)
= (1- 1 o, ) (1,09)
= (

% 1) = u(2).
Hence, the set T of Theorem 3.1 is
T ={(c) 20 (") ' € Flof e X*, 2" € Y*}.
From the above calculations and Theorem 3.1, we obtain the following theorem.

Theorem 4.2. For any n > 4 and o, 8 € Z/27Z = {1,z}, a presentation for Ci, g is
given by generators

* *
0'17... ’O-TL—17Z

subject to relations

From Proposition 2.3, we have the following corollary.

Corollary 4.3. For any n > 4, a presentation for the Schur cover C,, of the braid
group B, 1is given by generators

* *
Oy 3 0p_15%7



subject to relations
(2*)2 =1,
0707110 = 071007, (1<i<n-—2),

*

0,0, =20

5. APPENDIX: CONSTRUCTIONS OF GENERATORS OF H*(&,,7Z/27)

In this section, by using the presentation of &,, and combinatorial group theory, we
give explicit constructions of generators of H?(S,,,Z/27Z) = (Z/2Z)? for n > 4. Here
we do not show Hy(S,) = Z/27Z, but the order of Hy(&,) is at most 2. Hence by
combining the fact that Hy(S&,) = Z/2Z, we obtain an explicit generator of Hy(&,,).
By using this, we construct generators of H*(&,,,Z/27).

5.1. A generator of Hy(S,,,Z). Recall the presentation (2) of the symmetric group
S,. Let F be the free group on {s1,...,8,_1}, and p : FF = &,, the standard surjection
defined by the correspondence s; — (7 i+ 1). The kernel R := Ker(p) of ¢ is the normal
closure of all of a;s, b;;s and ¢;s in F'. The homological five-term exact sequence of the
group extension

(8) l1-R—-F—>6,—1
is
0= Hy(F,Z) —» Hy(6,,Z) - H\(R,Z)r LN H\(F,7Z) SN H(6,,Z) — 0.

Here ¢ : R — F' is the inclusion map, and the maps ¢, and ¢, are the induced homo-
morphisms by ¢ and ¢ respectively. Since F' is a free group, we have Hy(F,7Z) = 0, and
hence Ho(6,,,Z) = Ker(r,). Since the signature map sgn : S,, — {£1} induces the
abelianization of &,,, we identify H,(&,,Z) with {£1} via the map sgn. Consider the
natural identifications H;(R,Z)r = R/[F, R] and H,(F,Z) = F/[F, F]. For any o € F,
set 0’ := o (mod [F, F]). Then F/[F, F] is the free abelian group of rank n — 1 with

basis §/,...,s, ;. The map @, maps each s, to —1, and it it easily seen that Ker(y,) is
the free abelian group of rank n— 1 with basis s,(s]) ™!, s4(sh) ™1, ..., s, _1(sh, o) 1.

Next, we find a minimal generating set of R/[F, R]. For any r € R, denote by r” the
coset class of r in R/[F, R].

Lemma 5.1. For n > 4, R/[F, R| is generated by ay,...,al_,, ci_1 b5 as an abelian
group.

Proof. Notice that for any r € Rand z € F, zrz~' =r (mod [F, R]). Thus R/[F, R]
is generated by the coset classes of all of relators

as an abelian group. We reduce these generators. Observe that

-1 1 2 1 -1 —2
8i;S; - = @; - (841557415, Siy1) * S

and hence
ci =a;%ciy1 (mod [F, R])



for any 1 < i < n — 2. Therefore we can remove the generators ¢}, ..., c!_, from the
generating set.

Next, for any 1 <i < j < n — 2 such that |i — j| > 2, observe
5j8j1biiST 87 = (8585118687 4157 ', 8i87+18787415;
= [[sj8j41, 81l 86, a; ' sj41].
By using commutator formulae
(9) [x,yz] = [:v,y][x,z][[z,x],y], [$y>z] = [:L’, [y,z]][y,z][x, 2]7
since [$;S;41, Sil, a;l € R, we have
(88541 8il86: a5 ' sj1] = [s0,8501]  (mod [F) R]),

and hence b); = b}, ,, € R/[F, R]. Similarly, we can see b , ; = b/, € R/[F, R] for any

2 <i<j<n-—1suchthat [i — j| > 2. Thus we obtain bj; = bY; € R/[F, R] for any
|i — j| > 2, and the required result. O

Since ¢, satisfies

b (alll) - 8/2(8,1)_17 ceey by (CL;;_2> - 8;1—1(8%—2)_17 L*(Cg—l) - C;L—l?

it turns out that the subgroup of R/[F,R| generated by af,...,al _,, ¢l | is a free
abelian group of rank n — 1, and that

R/[F,R] = {df, ... ay_5,¢1) & (V3).
We see that (bj;)*> = 1 is induced from the observation
sibijs;t =87 - (sjsl-_zsj_l) : b;jl € R.
By considering Hopf’s formula, we see
Hy(&n, Z) = (RN [F, F])/[F, R] = (bi}).
Sin(ce ])4[2(6”) = 7Z/2Z, we see that bf; is a non-trivial 2-torsion, and it generates
Hy(6,).

5.2. Generators of H*(6,,7Z/27Z). Here we give explicit constructions of generators
of H*(S,,,Z/27) = (Z/2Z)* for n > 4. The Z/2Z-coefficient cohomological five-term
exact sequence of the group extension (8) is

0— HY(&,,2/2Z) <5 HY(F,Z/2Z) <> HY(R,Z/2Z)"
% H*(6,,7/27) — H*(F,7/2Z) = 0.

Here the maps ¢* and ¢* are the induced homomorphisms by ¢ and ¢ respectively. Since
F is a free group, we have H?(F,Z/27) = 0, and hence H*(&,,7Z/27Z) = Coker(v*).
Notice that

HY(F,7,/27) = Homgz(F/[F, F|,Z/2Z), HY(R,Z/2Z)F = Homgy(R/[F, R],Z/2Z).

Consider F/[F,F] and R/[F,R] as additive groups. For any 1 < i < n —1, let s} :
F/|F,F] — Z/2Z be the homomorphism defined by

kysy + -+ knoisy oy > kg,
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where k € Z/27 means the coset class of k € Z. Then s},...,s%_, form a basis of

HY(F,Z/27) as a Z/2Z-vector space. Recall that R/[F, R] = (af, ... al_,, i _)®(b]s).
Any element « € R/[F, R] is uniquely written as

v=ha]+-+ 1l 0a! oAl 1,

for some I; € Z and | € Z/27. Define a, ¢;_, and b}, € Homg(R/[F, R),Z/27) by

n—1

@) =T (1<i<n-2), ¢, @)=l b=l

7 n—1

Then af,...,a% o, c: 1, b5 is a basis of Homy(R/[F, R],Z/27) as a 7 /2Z-vector space.
We have

—a (i =1),
Csi) =qain—a 2<i<n-—2)
() (1=n-1),
and see Im(¢*) = (a,...,a’_,). Hence we obtain that H*(&,,Z/2Z) is generated

by tg(c:_,) and tg(b};). Furthermore, since H*(&,,Z/27Z) = (Z/27)?, the elements
tg(ch_y), tg(bys) form a basis of H*(&,,,Z/27Z) as a Z/27-vector space.

Next we review the transgression map tg : H*(R,Z/2Z)" — H*(&,,Z/2Z). For any
[f] € HY(R,Z/27)F, we examine tg([f]). Let T C F be a set of left coset representatives
of Rin F'. We assume that 1" contains 1, s1,...,5,-1 and s;s; forany 1 <i < j <n-—1,

and fix 7. In the following, we define elements m, € Z/27 for any o € F. First, for
any 7 € T, since [7 - f] = [f] € HY(R,Z/27Z)", there exists some m, € Z/2Z such that

(t-f=—flx)=x-m; —m,
for any = € R. Since F' acts on Z/27Z trivially, we may choose m, = 0 for any 7 € T..
For any ¢ € F, there exist unique elements 7 € T and r € R such that ¢ = 77.
Set my == m, + 7 - (f(r")) = f(r"). By using m,s for all ¢ € F, define the map
ap: Fx F — Z/2Z by

ap(0,p) =My, — 0 My — My = Mgy, — My — M.
The map a; satisfies the following.
e For any o,p,u € G,

ar(p, ) — arlop, p) + ay(o, pp) — ay(o, p) = 0.
e For any 0,p € G and any r,[ € R,
ag(or, pl) = ag(o,p).
Thus, we see that o induces the 2-cocycle @y : 6, x &,, — Z/2Z by az(p(0), ¢(p)) =
07 (0,p), and have te((]) = (o).

We give a few examples of calculations of images of &y for f = ¢, and bj5. First,
from the 2-cocycle condition of a7, we have

as(plo), 1) = a5(1,¢(0)) = az(1,1) =my =0
i <

for any o € F'. Notice that m,, = 0 for any 1 < n — 1 since s; € T. Hence we have
Oé_f(gp(sisi—"l)’ @(Si)) = Msassiprsi — Msgsipr = Msipisisipr = Msisipa
= Oé_f(90<3i+1), ©(8i8i41))-
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Next we consider af(p(s;), p(s;)). Forany 1 <i,j <n — 1, we can write s;5; € F
as 7r for 7 € T'and r € R as follows:

spsi- (s 'sy [si silsgss) (G <),
$iS; = 1812 (Z:j)a
SiSj'l (Z<j)

*

Thus, for the case where f =¢,_,,

since ¢ = (af)2(a}, 1) (al_)"2c_,, we have

mSiSj =

and hence

s (ol pls) =41 =)

On the other hand, for the case where f = b};, we have

1 (1 <),
mSiSj - . .
0 (1>

9

~— —

and hence

_ L (<),
(07 Si), Sj = . .

b13(g0( ) 90( J)) 0 (Z S ,])
From these facts, it is easily seen that there exists the 2-cocycle of &,, appearing The-
orem 2.2.
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