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Abstract

A mode converter using bent and twisted coupled-multicore fiber for the reduction of the group delay spread is proposed. The bent
and twisted fiber, which is one of the periodic structures, can work as a long-period grating mode converter by properly setting
the twist rate. To investigate the mode conversion characteristics, a simple and effective eigenmode analysis for three-dimensional
periodic structures is proposed. We found that to convert the specified modes, the core layout is also important as well as the twist
rate. For example, the mode conversion behaviors of 4CFs with square lattice and triangular lattice layouts are greatly different
although each 4CF enables the specified mode conversion. It is revealed that, by switching the higher and lower order modes, the
group delay can be equalized, resulting in the suppression of the group delay spread. It leads to reducing the complexity of the

multiple-input multiple-output receiver in the mode division multiplexing system.

Keywords: Coupled multicore fiber, group delay spread, space division multiplexing, coupled-mode theory

1. Introduction

Space division multiplexing (SDM) technique can provide
a way to overcome the physical capacity limits of the single-
mode fiber [1]. Multicore fiber (MCF) is one of the transmis-
sion mediums used in the SDM system. Uncoupled-type MCFs,
in which the cores are arranged with enough core-to-core dis-
tance, can independently transport the lightwave in each core.
On the other hand, coupled MCFs (CMCFs) become attractive
because the spatial density is higher than uncoupled MCFs al-
though the multiple-input multiple-output digital signal proces-
sor (MIMO-DSP) is required. Compared with few-mode fibers
(FMFs), CMCFs tend to have the lower attenuation character-
istics and the lower group-delay spread (GDS) [2].

To reduce the MIMO complexity, much lower GDS is prefer-
able. There are two plans to drastically reduce the GDS of
CMCEF. One is utilizing the strong coupling state as in [3]. In
general, the GDS of the straight fiber increases linearly along
with propagation distance L, while the GDS of the strong cou-
pling state is proportional to VL . Such a strong coupling state
appears by the mode coupling with the random perturbation
[3-8]. However, the previous report [5] clarified that, if the
core-to-core distance is too close, the random mode coupling is
weakened and the GDS increases. Depending on the radius, the
minimum core pitch to make the strong coupling state seems
to be approximately from 17 to 20 um [5,8]. To realize both
the dense SDM transmission and the GDS suppression, the use
of the mode converter as an optical relay component is another
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promising way. Assuming the two-mode transmission system
by using CMCFs, if their modes are switched to each other at
the halfway point, the GDS is suppressed because of the com-
pensation of differential modal delay (DMD). If the structural
perturbation is enough small, the GDS in such a type could be
lower than that in the strong random coupling fiber [9]. In ad-
dition, a smaller bending radius tends to be required to make
the strong random coupling. Such a requirement could also be
eased by using the mode converter.

Various types of fiber-based mode converters have been stud-
ied. By bending the FMF, the modes coupling occurs due to the
distortion of the electric field distribution of the guided modes
[10] although the mode selective conversion is difficult. The
long-period grating (LPG) based on periodical modulation by
the structural stress or material deforming is also one of the
candidates. In [11], the LPG using the FMF is reported, where
the one-period length must be around 1 mm. To appropriately
select the one-period length, the converted mode can be con-
trolled. If the LPG is formed in a CMCEF, it is expected that the
one-period length becomes larger than FMF due to the small
difference between the propagation constants, which makes the
fabrication easier. In [12], it is reported that only twisting
the fiber also makes the mode conversion because the twisted
fiber can be considered as one of the LPG, where the struc-
tural asymmetry is necessary instead of the bending. In this
paper, we focus on the LPG-based mode converter using the
bent and twisted CMCF. This type of mode converter can also
be called supermode converter more accurately. The twisted
CMCEF can be fabricated by spinning the fiber preform [13],
otherwise, it can be formed by simply rotating the standard
CMCEF [14]. Compared to the LPG which requires a mechan-
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ical grating plate with a precise periodic groove, our proposed
bent and twisted type mode converter has an advantage that the
one-period length can be fine-tuned by controlling the amount
of torsion, although the fabrication or equipment cost may in-
crease. If the mode converter of the CMCF is deployed as an
optical relay in the MDM transmission system, the GDS will
be successfully suppressed. We would like to repeat that the
proposed mode converter is urged to be required to reduce the
GDS for the transmission system based on CMCEF, which has a
small core pitch of approximately less than 17 ym.

This paper is organized as follows. In Section 2, we explain
an eigenmode analysis to investigate the LPG-based mode con-
version. In this method, the transfer matrix method (TMM) is
mainly used. In Section 3, the mode conversion characteristics
in the CMCFs are investigated. We show that the mode con-
version occurs even if the bending radius is larger than 1 m. In
Section 4, the example of the GDS suppression by using the
CMCEF is shown. Section 5 is dedicated to conclusions.

2. Numerical Method and Theoretical model

2.1. Eigenmode analysis of periodic waveguide

A transfer matrix for a one-period waveguide is defined as
Tp, where we assume that the straight (non-periodic) waveg-
uides are connected before and after the periodic waveguide. If
the matrix is diagonalizable, it can be decomposed as

Tip = PspDipPpes, (H
and the transfer matrix for the N-period waveguide is given as
(Tip)" = Psp (Dip)" Ppcs, (2)

where the orthogonal matrix Ps.p has the series of eigenvec-
tors and the diagonal matrix Dp has the series of eigenvalues.
Pp.s is given as the inverse matrix of Ps.p. Suppose that the
ith eigenvalue is expressed as A;exp (j6;), 6; and A; indicate
the amount of phase shift and attenuation (or gain) for the ith
eigenmodes, respectively. While Pp._g indicates the basis con-
version matrix from the input straight waveguide to the periodic
waveguide. In this paper, such a 3D eigenmode of the periodic
waveguide is called a periodic mode. The ith electric field vec-
tor EEP) of the periodic mode is virtually visualized by the basis
conversion matrix Ps.p and the electric field vector of the input
straight waveguide, El(.s) ,as

EP =" (Prcs), EY, 3)

J=1

where (-);; denotes the (i, j) element of the matrix, and 7 is the
number of modes. Please note that the electric field given by
Eq. (3) is valid only for the cross section at z = NA, where A
is a one-period length. Also, if 6; is defined as —y; - A, y; is
equivalent to the propagation constant of the periodic mode. It
is not easy to obtain y;, since |6;| generally becomes greater than
2n. In other words, we cannot distinguish whether y; or y; +
2m/A is a genuine solution. By carrying out some procedures,
v; can be properly estimated in most cases (see Appendix A).

Although there is another method to directly obtain the periodic
mode [15], the analysis proposed above is simple and adequate
for the low-A optical waveguide.

It is known that two guided modes can convert to each other
by the modulation with the periodicity of

2n

Aﬂ b
where AQ is the difference between two propagation constants
of guided modes in the straight waveguides. When setting A =
Abpeat, the following two conditions should be satisfied. First,

for the ith and jth mode conversion, two guided modes should
excite the same ratio of periodic modes, namely,

I(Ppes)il = |Ppes)ij] - S

Apear = (4)

where the order of the periodic mode, k, is an arbitrary integer.
Second, after the propagation of a cycle of p;, the phase dif-
ference of periodic modes excited by two guided modes should
be

(D1p)ik ] _ [ (Pps)i; } [ (Ppes)ii

=arg|——|-arg| ———
Dip)1y (Ppes)i; (Ppes)i;
for any k, where arg [-] denotes the argument. If Pp._gisa2x?2

unitary matrix, the conditions of Egs. (5) and (6) can be rewrit-
ten as

p1arg [ ] (6)

1 1 1
[Pps| = $( 11 ), (7
p1(62—61)=Q2py+ D, (8

where p, is an integer. Eq. (8) leads to the coupling length L.
as

©))

where Ay is the difference between two propagation constants
of periodic modes. From Eq. (9), the coupling coefficient for
periodic modes can be expressed as

_ Vs
2L

Ke (10)
If L. calculated by Eq. (9) is much lower than A, it may not be
a reasonable value. From Eq. (8), to make the phase difference
of m, the condition of

A
PA=L ~2py 41 (11
T
is required. Thus we can calculate the modified coupling length,
L), as
L, = piA. (12)

In Eq. (12), a candidate solution of L becomes the discrete
value. To obtain the solution of the continuous value, we found
the other form of Egs. (11) and (12) as

A

L= (13)



X = )% +p3|, (14)
where pj is an integer, which makes y minimum value.

If |A — Apeacl > 0, the condition of mode conversion is bro-
ken. By evaluating the similarity of the eigenmode vector in Eq.
(1), the degradation of conversion efficiency can be estimated.
The maximum conversion efficiency, T.max, can be calculated
as

n 2
Temax = | ) 1Pl [(Pos)y]| - (15)
k

According to the coupled-mode theory, Eq. (15) forms the
Lorentzian curve in the ideal case [16]. If the full width at half
maximum (FWHM) is defined as Ak, we can find that Ak is also
related to the coupling length as

= 2

c = E

In this way, the coupling length cannot be only obtained by

eigenvalues but also by eigenvectors. Eq. (16) is useful except

for a situation, in which the various modes are simultaneously

coupled and the FWHM cannot be obtained. To confirm the

validity of the eigenmode analysis, the LPG-based mode con-

verter with a silica planar lightwave circuit (PLC) is investi-
gated as an example in Appendix B.

(16)

2.2. Periodic mode in bent and twisted CMCFs

To explore the characteristics of the CMCEF, the transfer ma-
trix corresponding to one-period CMCEF is required. As in [7],
by formularizing the mode coupling equations and solving the
simultaneous linear differential equations, we can easily ob-
tain the transfer matrix of the bent and twisted CMCEF. Strictly
speaking, in [7], the bending direction is rotated along to the
z-direction as shown in Fig. 1(a), where a and R, are the twist
rate and the bending radius. In the numerical simulation, the
effect of twisting and bending is treated as a refractive index
change ratio on as follows:

cos(az)x + sin(az)y

Re a7

on(x,y,z) =1+
For example, for the homogeneous single-mode two-core bent
and twisted CMCEF, the simultaneous equations can be repre-
sented as

d aj _ aj

£(n)mlz)
[ B-ony K

M—( « B-om ) (19)

on; = on(x;,yi,2), (20

where a; is a linear-polarized modal amplitude in the ith core,
B is the propagation constant, « is the coupling coefficient, and
(xi, yi) is the ith core position. If R, I' = 0 (without bending), on

becomes 1, and hence, Eqgs. (18), (19), and (20) can be rewritten

as
o )=m(5 )
)
(Z; )=PCFD " ) 23)
Peos - \L@( b ) 24)

where 4; is the modal amplitudes of eigenmodes for no-bent
fiber, which are also called supermodes (even and odd modes).
In contrast, the mode for q; is called the discrete core mode.
Pccp (Ppec) is basis conversion matrix between the super-
modes and the discrete core modes. Eqs. (21) and (22) indicate
that no coupling between supermodes occurs for any a. One
may consider that the propagation characteristics depend on the
twist rate a because the modal coupling occurs even in the no-
bent twisted fiber as shown in Fig. 1(b). It is known that the
propagation constant split to 5 + ga according to the twist rate
and the order of the hybrid modes, g, due to the polarization
coupling [12]. These modes are circularly polarized modes. In
this study, each core supports one spatial mode (HE11 mode),
and hence, ¢ = 1. Note that, such a split is observed in the
orthogonal coordinate system. From the view of the helicoidal
coordinate system, the propagation constant is not spitted for
HEI11 mode, and the linearly polarized mode propagates as a
linearly polarized mode as shown in Figs. 2(a) and (b), where
both modes have the same propagation constants. Therefore,
we considered one of the polarized modes, and the scalar finite-
element method [17] developed in our laboratory was used to
obtain the propagation constant and the coupling coefficients in
this paper.

3. Mode Conversion in CMCF

3.1. Coupled two-core fiber

In this section, the coupled single-mode two-core CMCF
(2CF) is investigated by using the eigenmode analysis derived
in Section 2. Figs. 3 (a), (b), and (c) show the cross section
of the bent and twisted fiber of CMCF with various numbers
of cores, where a is the core radius, g is the distance between
cores (core pitch). The wavelength is fixed to 1550 nm through-
out this paper. To satisfy the single-mode operation, the relative
refractive index difference (A) and a are set to 0.35% and 4.5
um, respectively. When the number of cores is n, we define the

ith (i = 1,...,n) core position (x;, y;) as
x; = rpcos [(i —1)6,], (25)
yi = rpsin[(i = D], (26)
w=—2 @7

2sin(§)’



(a) Core position: fixed z

Bending direction: rotated
z=m/o

(b) Core position: rotated z
Bending direction: fixed /

Figure 1: Comparison of two models for the bent and twisted CMCF.

0, = —, (28)

which give the ring layout. By solving the modal evolution
in the ith core by Eqs. (18) and (19), the transfer matrix for
discrete core mode, Tp, can be obtained. After that, the transfer
matrix for supermodes can be obtained by

Tc = PccpTpPpc. (29)

Note also that, the supermodes of CMCF are equivalent to the
eigenmodes of the straight waveguides (subscription of “ S”) in
Section 2.1. Figs. 4(a) and (b) show the field distributions of
two supermodes of the straight 2CF, where g = 14 ym. In order
to convert from the 1st (even) mode to the 2nd (odd) mode, we
apply the structural modulation by bending and twisting with
the period of the beat length. Fig. 4 (c) shows the propagation
constants of two supermodes and the beat length for various g.
The larger the core pitch is, the larger the beat length becomes.

Fig. 5 shows the T.m.x as a function of « for various Ry,
where g is fixed to 14 um corresponding to Apeyy = 10.6 mm
(21/ Apear = 1897 rad/m). We can see the peak for each R, lo-
cated at @ = 27/ Apea- The smaller Ry, gives the strong refractive
index modulation, resulting in the broadening of the peak width
(Ak) and the shortening of the coupling length (L.). If Ry, < 500
mm, the spectrum is deformed because the modulation is too
strong, in other words, the perturbation theory seems not to be
held. Though, the perfect mode conversion occurs as long as
Temax = 1. Fig. 6 shows the coupling length as a function of Ry,
The coupling length gets close to Apey for R, < 500 mm, which
indicates that the modulation is too strong. In such a condition,
the conversion efficiency greatly depends on the initial bending
angle. Figs. 7(a) and (b) show the difference of T.pnax for R, =
1000 and 200 mm when the initial bending angle changes from
az to az + w/2. For R, = 1000 mm, the spectra almost agree.
For R, = 200 mm, the peak around @ = Apey is shifted and the
spectral shapes for @ < Apey are greatly changed. To retain
the stable conversion condition, we should select the parameter
satisfying L. > Apey. Figs. 8(a) and (b) show the Tyax as
a function of « for various g, where R, = 1000 mm. For g =
12 and 14 um, ideal Lorentzian curves appear at @ = 27/ Apeat-
Increasing g, the peaks are shifted to the left as expected from
Avpeat, and the spectra are deformed due to the increase of Apey.
As shown in Fig. 9, for g > 18 um, L. is expected to be smaller
than Apey. This is the reason for the deformation of spectra for
g > 18 yum. Fig. 10 shows the T¢max as a function of Ry, for
various g, where « is fixed to 271/ Apes. We can see that the in-
crease of g limits the range of R}, for making the complete mode
conversion.

Figs. 11(a) and (b) show the propagation constants of the
periodic modes and the squared absolute value of the basis con-
version matrix when changing a, where g = 14 um and R, =
1000 mm. Note that, 1st and 2nd modes in the legend do not
indicate the supermodes. Figs. 11(a) and (b) are similar to Figs.
B.2(a) and (b) in Appendix B, which indicates that the bent and
twisted CMCF works as same as the standard LPG. In the inset
of Fig. 11(b), the field distributions calculated by Eq. (3) are
displayed. When @ = 180x rad/m, the 1st (2nd) periodic mode



(a) x-polarized lightwave injected at z = 0 (b) y-polarized lightwave injected at z =0

z=7n/2a) / ) z=1/2w) / )

z = n/(40) z = /4a)
= 0 = 0 /
b Al Polarized direction ///é

Figure 2: Polarization states when the (a) x- and (b) y-polarized mode propagate in the bent and twisted CMCF as shown in Fig. 1(b).
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Figure 5: Tcmax as a function of « for the 2CF, where g = 14 um.
Figure 3: Cross section of bent and twisted fiber of CMCF with the ring layout
for (a) 2CF, (b) 3CF, and (c) 4CF.
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Figure 4: Characteristics of 2CF. (a), (b) Field distributions of even and odd
modes of straight 2CF when g = 14 um. (c) Propagation constants of even and
odd modes and the beat length.

Figure 6: Coupling length for the 2CF as a function of R}, where g = 14 um.
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Figure 7: Difference of T¢max for R, = (a) 1000 mm and (b) 200 mm when the
initial bending angle changes from az to @z + /2, where n = 2 and g = 14 um.
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Figure 10: T¢max of 2CF as a function of Ry, for various g, where « is fixed to
21/ Apeat-

is expressed by even mode — odd mode (even mode + odd mode
). Conversely, we can understand that the launched even mode
excites 1st and 2nd periodic modes almost equally. Since these
periodic modes have different propagation constants, when the
phase shift becomes 7, only the odd mode can be exploited.
Fig. 12 shows the transmission as a function of the propaga-
tion distance when the even mode is launched, where g = 14
um, R, = 1000 mm, and @ = 1897 rad/m. The launched even
mode is fully converted to the odd mode around z from 75 to
78 mm. As discussed in Section 2, this coupling length can be
estimated by some equations. Fig. 13 shows the comparison
of the coupling lengths estimated by Egs. (9), (13), and (16).
We can see that the original L. obtained by Eq. (9) must be
modified by Eq. (13) or (16) for periodic modes. L. obtained
by Eq. (16) is 76.2 mm, which agrees well with Fig. 12. The
discontinuity of L by Eq. (13) arises from the uncertainty of y.
In practice, we can estimate the plausible coupling length from
Eq. (13) by averaging the high and low L in the vicinity of the
discontinuous point. In this case, the high L and the low L
are 81.8 and 71.2 mm, respectively. As the result, we can obtain
a reasonable value of 76.5 mm without investigating FWHM of

Tcmax .

3.2. Coupled three-core fiber

In this section, similarly to the 2CF, the coupled single-mode
three-core CMCF (3CF) is investigated. The core positions are
given by Eqs. (25) and (26), where n = 3. It gives the core
layout as shown in Fig. 3 (b). Other structural parameters are
the same with 2CF. According to the coupled-mode theory, we
defined the matrix M used in Eq. (18) forn = 3 as

B on K K
Mg; = kK B-onp ok . (30)
K K B-ons

where « is the coupling coefficient for adjacent cores. The basis
conversion matrix, which has countless forms because Mg has
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Figure 11: Eigenmodes of the 2CF, where A = 0.35%, a = 4.5 um, g = 14 um,
and Ry = 1000 mm. (a) Propagation constants and (b) squared absolute value
of the basis conversion matrix as a function of the twist rate @. The 1st and 2nd
(periodic) modes correspond to (7, j) = (1, 1) and (2, 1), respectively. The field
distributions of the inset are the virtually visualized fields of the periodic modes
obtained by Eq. (3).
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Figure 13: Comparison of the coupling lengths estimated by Eqs. (9), (13), and
(16), where A = 0.35%, a = 4.5 um, g = 14 um, and R, = 1000 mm.
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Figure 14: Characteristics of 3CF. (a), (b), and (c) Field distributions of three
supermodes of straight 3CF when g = 15 um. (d) Propagation constants of
three supermodes and the beat length.
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Figs. 14(a), (b), and (c) show the field distributions of three
supermodes of the straight 3CF, where g = 15 um. By bending
and twisting with the period of the beat length, the 1st mode
can be converted into 2nd or 3rd modes. Fig. 14(d) shows the
propagation constants of three supermodes and the beat length
for various g. When R, ! = 0, the 2nd supermode and the 3rd
supremode degenerate.

Fig. 15 shows the excitation ratio of eigenmodes in the 3CF
(squared absolute value of the basis conversion matrix) when
changing @, where g = 15 um and R, = 1000 mm, which corre-
sponds to Apear = 10.5 mm (271/ Apear = 1917 rad/m). In the bent
and twisted 3CF, the degeneration of 2nd and 3rd supermodes is
broken as displayed in the left (right) bottom corner in Fig. 15.
In a similar manner with the 2CF, when @ = 191z rad/m, the

L L
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- — =
o L o =
Se L V2 o® ® . *
c = [ |[— 1st mode = a
-% 40.5 F|---2nd mode i - .
=&  r|--3rd mode
> 7
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0 {_.-a:;-—\’ﬂ:i; a1 T X
100 150 200 250 300
Twist rate a [rad/m] (>m)

Figure 15: Excitation ratio of eigenmodes in the 3CF (squared absolute value of
the basis conversion matrix) as a function of the twist rate @, where A = 0.35%,
a =45 pum, g =15 um, and R, = 1000 mm. The Ist, 2nd, and 3rd (periodic)
modes correspond to (i, j) = (1,1),(2,1), and (3, 1), respectively. The field
distributions of the inset are the virtually visualized field of the periodic modes
obtained by Eq. (3).

launched 1st supermode can excite 1st and 2nd periodic modes
almost equally. After the propagation of the coupling length,
2nd/3rd supermodes can be exploited. Fig. 16 shows the trans-
mission as a function of the propagation distance when one of
supermodes is launched, where g = 15 um, R, = 1000 mm,
and @ = 191x rad/m. The launched 1st mode is fully con-
verted to 2nd and 3rd supermodes around z = 62 mm. When
the 2nd supermode is launched, because of the optical linear
reciprocity, it is impossible to exploit only 1st supermode. To
convert from 2nd and 3rd supermodes into the Ist supermode,
2nd and 3rd supermodes must be almost equally launched with
the 90-degree phase difference.

3.3. Coupled Four-core fiber

In this section, the coupled single-mode four-core CMCF
(4CF) is investigated. The basic principle is the same as the 2CF
and 3CF. However, as discussed below, the 1st mode cannot be
directly converted into 4th mode even if the core arrangement
is equally spaced as in Egs. (25) and (26). Instead, we examine
the conversion from the Ist supremode to the 4th supremode
via 2nd/3rd supremodes.

At first, the core positions are assumed to be set by Egs. (25)
and (26), where n = 4. It gives the core layout as shown in Fig.
3 (c). Other structural parameters are the same with the 2CF
and 3CF. According to the coupled-mode theory, we defined
the matrix M used in Eq. (18) for n = 4 as

B on; K I'd K
B K B-on, K I'd
MR4 - « % B . 6713 K > (32)
K ' K B-ony

where « and «” are the coupling coefficient for adjacent cores
and opposite cores, respectively. It is noted that «” should be
carefully calculated by following the procedure in Appendix
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C. Since Mg4 has also multiple roots for R, I = 0, the basis
conversion matrix is fixed to

1 1 1 1
2 % 2 2
o L o -X
Pruco=| o 0 Vs (33)
V2 V2
L1 1 1
2 2 2 2

which is normalized and orthogonalized.

Figs. 17 (a), (b), (c), and (d) show the field distributions of
four supermodes of the straight 4CF, where g = 15 um. Here,
we emphasize that asymmetric refractive index modulation is
required for the interband transition [16]. That is,

f f on(x,y) (EES)(x, y) - E;S)(x, y)) dxdy #0 (34)

for the conversion between the ith and jth mode. For the
4CF, 1st and 4th supermodes are 90- and 180-degree sym-
metry. If we define f;;(r,¢) = E(r,¢) - E§S>(r, #) with the
cylindrical coordinate system, f4(r, ¢) is 180-degree symme-
try, namely fi4(r,¢) = fla(r,¢ + m). Whereas, the refractive
index change can be expressed as on(r,¢) = —on(r,¢ + m).
As a result, the left-hand term in (34) for 1st and 4th super-
modes becomes 0. For Ist and 2nd/3rd supermodes, we can
find fi2(r,¢) = —fi2(r,¢ + m), which satisfies (34). For 4th
and 2nd/3rd supermodes, we can find fo4(r, ¢) = — fou(r, ¢ + 7),
which also satisfies Eq. (34). Therefore, the 1st supermode can
be converted into the 4th supermode via 2nd/3rd supermodes.
Fig. 17(e) shows the propagation constants of four supermodes
and the beat length for various g, where the beat length is cal-
culated by averaging the propagation constant difference of 1st-
2nd and 2nd-4th supermodes. When R, ! = 0, the 2nd super-
mode and the 3rd supremode degenerate.

(a) 1st mode (b) 2nd mode
. (e) 5.866 v 5 1000
:C; -1
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Figure 17: Characteristics of 4CF. (a), (b), (c), and (d) Field distributions of
four supermodes of straight 4CF when g = 16 um. (e) Propagation constants of
four supermodes and the beat length calculated by averaging the propagation
constant difference of 1st-2nd and 2nd-4th supermodes.

In the beginning, we apply the approximation of «* = 0 for
simplicity. Figs. 18(a) and (b) show the propagation constants
of the periodic modes and the squared absolute value of the
basis conversion matrix when changing @, where g = 16 um
and Ry, = 1000 mm, which corresponds to Apeyr = 22.3 mm
27/ Apeat = 89.5m rad/m). In Fig. 18(a), 1st and 2nd periodic
modes seem to be coupled. But, as seen in Fig. 18(b), the 3rd
periodic mode is also related to the mode conversion. Such an
operation resembles the directional coupler with the in-line ar-
rangement (See Appendix D). In this situation, instead of using
the coupling length defined by Eq. (9), the following definition
should be used:

_ 2n

Y-y
It should also be modified by Eq. (13). In addition, L’ in
Eq. (16) cannot be used because it is derived when only two
modes are coupled. Fig. 19 shows T/, calculated by Eq. (15)
and L calculated by Eqgs. (13), (14), and (35) as a function of
a, where g = 16 um. We can see the ideal Lorentzian curve
for @ = 271/ Apear- The coupling length of 67 mm is estimated
around the discontinuous point. Fig. 20 shows the transmission
as a function of the propagation distance when the 1st super
mode is launched, where g = 16 um, Ry, = 1000 mm, and a =
90r rad/m. The launched 1st mode is successfully converted to
the 4th supermode via 2nd/3rd supermodes around z = 67 mm.

From now, «’ is taken into account for the simulation, which
cannot be neglected. Fig. 21 shows the comparison of propa-
gation constants of the 3rd and 4th periodic modes, where the
parameters are the same as Fig. 18(a) except for x’. The de-
generation of 3rd and 4th periodic modes is slightly broken.
It means that there will be an imbalance between 1st-3rd and
2nd-3rd periodic modes. For example, in the standard direc-
tional coupler as shown in Fig. D.1, if the left waveguide can
directly couple to the right waveguide, the regularity of power
transition is broken. It may deteriorate the conversion efficiency
from the left waveguide to the right waveguide. The same situ-
ation occurs in the 4CF. As shown in Fig. 22, the transmission
as a function of the propagation distance obviously deteriorates
from Fig. 20. Around z = 67 mm, we can see roughly 97%

L. (33)
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of the 4th supermode and the remaining 3% of the Ist super-
mode. For z < 1000 mm, the maximum conversion efficiency
does not exceed 97%. If the coupling between opposite cores is
suppressed by making a small air hole at the center, or the bend-
ing radius is appropriately adjusted, such deterioration may be
avoided.

Whereas, the 1st supermode seems to couple to 4th super-
mode if Eq. (34) becomes non-zero by adding the structural
asymmetry. For the sake of checking the effect of structural
asymmetry, we examine that the spacing angle of the core po-
sition given by Eq. (28) is only changed from 64 to 0.956,4
(namely, 85.5°) without changing all other parameters includ-
ing « and «’. Fig. 23 shows the 7., for different 6,4 as a func-
tion of @, where the parameters are the same as Fig. 19 except
for ¥’ and 60,4. If 64 = 85.5°, T/, reaches 100% around o =
1787 rad/m. It corresponds to 27/ Apeat, in Which Apeye is the
propagation constant difference of 1st-4th supermodes instead
of 1st-2nd supermode. Fig. 24 shows the transmission as a
function of the propagation distance when the 1st supermode is
launched, where « is fixed to 177.57 rad/m and other parame-
ters are the same as Fig. 23. As clearly seen from Fig. 24, the
Ist supermode is directly converted to the 4th supermode. Al-
though it is not a precise simulation (only 6, is changed without
modifying « and «’), the effectiveness of introducing the struc-
tural asymmetry for the mode conversion in the 4CF is demon-



i|| — 1st supermode
2nd supermode
“\: || = —3rd supermode
""" 4th supermode

Transmission
I
[6)]
T

]:“‘if ¥ ‘-‘”:. R4

0 [ AL A\ Agl_l_l_r_.tigl

0 200 400 600 800
Propagation distance z [mm]

1000

Figure 22: Mode evolution in the 4CF (ring layout) for «” # 0 when launching
1st supermode, where A = 0.35%, a = 4.5 um, g = 16 um, Ry = 1000 mm, and

@ = 90r rad/m.
i 6,=855"—— ||
L | ‘\
I
. ’ ‘
I
x [ I \
g |
505 \
I
L / \
/ \
b / \
/ \
[ 6,=90° 7 N
0 n n n n n
150 160 170 180 190 200
Twist rate a [rad/m] (>m)
Figure 23: T .. of 4CF (ring layout) for x* # O for different 64, where the

parameters are the same as Fig. 19 except for «” and 6.

strated.

Here, we reconsider the core layout. The core layout of 4CF
as in Fig. 3 (c) is categorized as a square lattice arrangement.
A triangular lattice arrangement for 4CF, as shown in Fig. 25,
can be defined as:

(i = (£,0), (36)
<xz,yz>—( ? ) (37)
(es,y9) = (-5,0), (38)
(xas ) = (a—? ] (39)

and hence, the matrix M used in Eq. (18) and the basis conver-
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Figure 24: Mode evolution in the asymmetric (64 = 85.5°) 4CF (ring layout)
for & # 0 when launching 1st supermode, where A = 0.35%, a = 4.5 um, g =
16 um, Ry = 1000 mm, and @ = 907 rad/m.

sion matrix are given by

B on K K K
_ K B -ony K K
My = X B s < ) (40)
K 4 K B ony
and
Pryccp =
Ly 2 L VT 2
V17417 \/17]+W V174V1T7 \/17+]W
0 v 0 V| @
0 -1 0 ’
V2
2 =11 2

-V17
2
V17-vT7  V1-vTT  N1-vii 1=V
where &’ should be calculated as in Appendix C, and Eq. (41)
is normalized and orthogonalized. In this case, the propagation
constants of four supermodes are different from each other as
follows:

Y1,72,73,Y4) =

o+ LV, g wp+ ﬁx)
which is obtained for @ = R;' = " = 0. From Egs. (34), (41),
and (42), 1st and 4th supermodes can couple to either of 2nd or
3rd mode, and these conversions do not occur simultaneously.
In Figs. 26 (a), (b), (c), and (d), the transmission as a func-
tion of the propagation distance in the triangular-lattice 4CF
for various a are shown, where g = 16 um. Figs. 26 (a) and (b)
show the mode evolution when @ = 1137 and 159z rad/m corre-
sponding to the beat length of 1st-2nd and 1st-3rd supremodes,
respectively. Almost ideal conversion between two modes are
observed. Figs. 26 (c¢) and (d) show the mode evolution when
a =73m and 277 rad/m corresponding to the beat length of 4th-
2nd and 4th-3rd supremodes, respectively. Similarly, the con-
version between two modes can be seen. By combining these
mode converters, mode conversions for any mode are possible.

(42)

3.4. Effect of structural errors on mode conversion character-
istics

The fabrication accuracy’s effect on the performance is de-

scribed here. We consider the situation that one of the cores in



Figure 25: Cross section of bent and twisted fiber of 4CF with the triangular
lattice layout.
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Figure 27: 2nd supermode evolution in the 2CF with fabrication errors when
launching 1st supermode, where A = 0.35%, a = 4.5 um, g = 14 um, and Ry, =
1000 mm. (a) The radius of one of the cores was increased by 0.1 um. (b) A of
one of the cores was increased by 0.01%.

the 2CF (as in Fig. 12) has some fabrication error. Fig. 27(a)
shows the 2nd supermode evolution in the 2CF with the struc-
tural error of the radius of 0.1 yum. As seen from the black
dashed line in Fig. 27(a), the maximum conversion is degraded
to 70%. However, if the twist rate « is adjusted from 1897«
rad/m to 2107 rad/m, the maximum conversion is improved to
100%, where 210x rad/m is almost the same as the beat length
calculated by Eq. (4) for 2CF with core radius variance. In
such asymmetric 2CF, there is an imbalance of the power con-
finement in each core of supermodes, leading to the large fluc-
tuation of the mode conversion ratio along the z direction. Fig.
27(b) shows the mode evolution for the structural error of A of
0.01%. Similarly to Fig. 27(b), if the twist rate @ is adjusted
from 1897 rad/m to 239x rad/m, the maximum conversion is
improved from 40% to 100%.

4. GDS Characteristics

The GDS suppression using the mode converter based on the
bent and twisted CMCEF is investigated. As shown in Fig. 28,
we assume that the mode converter is used as an optical relay
for GDS suppression. The GDS is defined as the standard devi-
ation of the group delays [18], which is given by the eigenmode
of a group delay operator (GDO) [19]:

F=,T" ﬂ,
dw
where T is the transfer matrix of the system, and w is the an-
gular frequency. Eigenvalues of Eq. (43), 7;, indicate the group
delay of the ith principal mode. Thus, the GDS is calculated by

43)

(44)
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Figure 28: Schematics of the transmission system using two straight CMCFs
and the mode converter (bent and twisted CMCF) to suppress the GDS.
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Figure 29: Normalized group delay and GDS for the straight 2CF.

where 7 is the mean value of 7;. In the configuration of Fig.
28, T can be expressed as ToTcT;, where T; corresponds to
L;-km fiber and T¢ is given by Eq. (29). T; is the diagonal
matrix. The mode converter is much shorter than the L;-km
transmission line, namely dT¢/dw < dT;/dw. Assuming that
T, and T are unitary matrices, Eq. (43) can be simply rewritten

as
B LZ ~13: .
F= L—Tc diag [#;] T¢ + diag [#;], (45)
1
. w1 dTy Ly dT,
diag[t;] = jT;'— = —jT,' —, 46
iag (1] = T do L2 dw (46)

where the eigenvalues agree with Eq. (43), but F # F (the
eigenvectors of Eq. (43) are not kept). #; denotes the group de-
lay of the ith supermode in the straight CMCF for the L,-km
propagation. From Eqs. (45) and (46), if L,/L; is fixed, we
can understand that the GDS of the system in Fig. 28 linearly
increases with total length L = L; + L,. In practice, the number
of segments of the transmission line, as well as the lengths of
L, and L,, are unknown. According to the given transmission
lines, by investigating the relation of Eq. (43) and mode conver-
sion characteristics, and adapting an optimization scheme, we
can obtain the best GDS characteristics. Hereafter, we demon-
strate that even one mode converter is effective to reduce the
GDS.

Fig. 29 shows the normalized group delay (¢,—7) and GDS (o)
for the straight 2CF. When n = 2, the GDS coincides with the
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normalized group delay, in other words, the GDS agrees with
half of the DMD. Ideally, the DMD is completely compensated
if two modes are switched in the relay point. Fig. 30(a) shows
the GDS as a function of the length of the bent and twisted 2CF
and the bending radius R,, where g = 14 ym and @ = 1897
rad/m. The GDS becomes almost 0 for any R, by setting the
length to the coupling length (L = 76.5 mm when R, = 1000
mm). Fig. 30(b) shows the GDS as a function of the length of
2CF and the one-period length A (= 2n/a@), where g = 14 um
and R, = 1000 mm. The GDS is well suppressed by setting A
to the beat length (Apeyy = 10.6 mm), where the GDS is less
than 100 ps/km for the coupling length.

The 4CF with the ring layout (equivalent to the square lat-
tice layout) is also investigated. Fig. 31 shows the normalized
group delay and GDS for the straight 4CF. We can expect that,
if 1st and 4th supermodes are switched, the group delays are
averaged, and the GDS is greatly reduced. Fig. 32(a) shows
the GDS as a function of the length of the bent and twisted 4CF
and the bending radius Ry, where g = 16 um, @ = 90x rad/m,
and «’ is nonzero. Although the fluctuations are observed as
shown in Fig. 22, even if Ry, is larger than 1000 mm, the GDS
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can be reduced by properly selecting R}, and the length of the
twisted fiber. Fig. 32(b) shows the GDS as a function of the
length of 4CF and one-period length A, where g = 16 ym and
Ry, = 2300 mm. The GDS can be suppressed by setting A to
the beat length (Apear = 22.3 mm), where the GDS is less than
100 ps/km for the length of 600 mm. Although only certain pa-
rameters are demonstrated here, similar characteristics can be
obtained with different values of g, Ry, and « as long as the ap-
propriately designed parameters are used. Note that, the larger
value of Ry, leads to larger 7., Whereas the dependence on «
becomes more sensitive.

As described in the introduction, the GDS reduction by the
mode converter is effective for small core pitch because the
CMCEF with a larger core pitch can successfully suppress the
GDS by the strong random coupling state. Let us compare
the GDS characteristics in 2CFs with and without strong ran-
dom coupling. Fig. 33 shows the GDS characteristics in 2CFs,
where g = 14 or 20 yum and Ry, = 80 or 1000 mm. The simula-
tion method with random perturbation is the same as [8], where
the parameters are as follows: twist rate is 7 rad/m, the twist
rate of standard deviation is 0.1x rad/m, the step size is 1 mm,
and 30 realizations are averaged. In the green long-dashed line
(i) and blue dashed line (ii), the mode converter is inserted at 5
km (L; = L, =5 km) and 10/3 km (L; = 10/3 km, L, = 20/3
km), respectively, where the parameter of the mode converter
is the same as in Fig. 12 and its length is 78 mm. As seen in
Fig. 33, for g = 20 um and R, = 80 mm, the strong random
coupling appears and the GDS is less than 100 ps at 10 km. If
the bending radius becomes larger to R, = 1000 mm, the GDS
linearly increases along with the propagation distance, which
means that the strong coupling state is no longer seen due to the
weak bending condition. For the small core pitch g = 14 um,
the GDS linearly increases even in the strong bending condition
of R, = 80 mm. On the other hand, for the 2CF with the mode
converter where g = 14 ym and R, = 1000 mm, the GDS is
drastically reduced due to the GDS compensation by the mode
conversion. When the mode converter is inserted at 10/3 km,
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Figure 33: GDS characteristics in 2CFs, where g = 14 or 20 um and R, = 80 or
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the GDS is compensated at 20/3 km. After this, the GDS in-
creases again. The appearance of the floor around GDS of 300
ps arises from the imperfection of mode conversion and the dif-
ference between former and latter transmission lines due to the
random perturbation. It can be concluded that the GDS reduc-
tion by the mode converter is effective especially for dense core
layouts although it does not improve up to the characteristics of
the strong coupling state.

Finally, we briefly describe about the loss in the proposed
system. The bending losses of CMCFs as shown in Figs. 30
and 32 are less than 0.001 dB/km (it does not include the mate-
rial loss) because the bending radius is enough large. Although
the loss due to twisting depends on the fabrication method and
experimental setup, the propagation distance is very short, and
hence the connection loss is probably the main factor of loss.

5. Conclusion

The CMCF-based mode converter for the reduction of the
group delay spread is proposed. The bent and twisted fibers
are worked as the LPG-type mode converter. The characteris-
tics of the mode conversion are investigated by the eigenmode
analysis based on TMM. The specified mode conversion can be
done by applying the asymmetric refractive index modulation.
We would like to emphasize that the complete mode conver-
sion arises even in the small core pitch condition of g < 17 um
and the week bending condition of R, > 1000 mm. To make
sure to reduce the GDS, it is effective that the higher mode is
switched to the lower mode. It is revealed that the GDSs of
2CF and 4CF are well suppressed by deploying the mode con-
verter in the relay point. If the core layout is properly designed,
the mode conversion chain is controlled to some extent, which
enables the GDS suppression of the many-core CMCF.

Appendix

A. Calculation of propagation constants for periodic modes

The transfer matrix of the one-period waveguide is given by
Eq. (1). As a function of z (=~ A), Eq. (1) is rewritten as

T(z) = PDP!, (A.])

D = diag[exp (-jyi2)], (A.2)
where diag[ f(i)] denotes the diagonal matrix, in which the (i, 7)
element has f(i), and off-diagonal components of diag| f(i)] are
zero. If the propagation length is added by Az, Eq. (A.1) is can
be rewritten as

T(z + Az) ~ Pdiag [exp (- jy;Az)]| DP™", (A3)

where we assume that (9/0z)P is sufficiently smaller than
(0/0z)D. By calculating the eigenvalue of Eq. (A.3) divided by
the eigenvalue of Eq. (A.1l), we can obtain diag[exp(—jy;Az)].
And thus, the estimated propagation constant is obtained by

1 _
Ti= e |(P~'T(A + AT(AP) |. (A4)

But Eq. (A.4) includes a non-negligible error by ignoring
(0/02)P in Eq. (A.3). If the error ¢; is expressed as
Yi =i+ e, (A.5)
the error e; can be calculated by
1 . .
e = A arg [(Ddiag [exp (+7:M)]);:] - (A.6)

In this way, the propagation constant is almost precisely ob-
tained.

B. Numerical example by eigenmode analysis for periodic
waveguide

To confirm the validity of the proposed method described in
Section 2.1, the standard LPG-based mode converter with silica
PLC [20] is analyzed.

Fig. B.1 shows a schematic of the PLC-based LPG. The core
and cladding materials are Ge-doped and pure silica, where A=
1.1%. A rectangular waveguide with the width of w = 11 ym
and the height of # = 10 um has periodic grooves, where one
groove length is A/2, and the depth of the groove is d = 0.5 um.
Here, we call two straight waveguides with the width of w and
w —d as the WA and WB, respectively. According to the TMM,
the transfer matrix for one period, Tp, can be expressed as:

Tip = CAcgTeCraTa, (B.1)

. . A
Tap = diag [exp (_JﬁEA'B)E)] , (B.2)

(CB<—A)ij
~ f+oo f+oo EEA)(r)XH;(B)(r)
CJe e [ FEPmxH @

} -i,dxdy, (B.3)
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Figure B.1: Schematic of the PLC-based LPG where the launched LPO1 mode
from the left side converts to LP11a mode by the appropriate structural param-
eters.

Cacp=C)

B—A>

(B.4)

where T, is the transfer matrix for the WA. Cg_, is the mode
coupling matrix for the butt-joint coupling from the WA to the
WB. El(.A), Hl(.A), and BEA) are the electric field vector, the mag-
netic field vector, and the propagation constant for the ith 2D
eigenmode in the WA. r,i,, and { denote the position vector,
the unit vector for z-direction, and the complex conjugate trans-
pose. Vice versa for the WB.

Figs. B.2(a) and (b) show the propagation constant and the
squared absolute value of the basis conversion matrix when
changing A, where a waveguide width modulation is defined
as k = 2x/A. For simplifying the calculation, we show the
mode conversion only between LPO1 and LP11 modes. We can
see the cross point around A = 438 um in Fig. B.2(b). At this
point, we can find the basis conversion of

=J

sl )
vz\ -7 L)
which means that the electric field distributions of periodic
modes form even- and odd-like modes as shown in the inset
in Fig. B.2(b). If the LPG length, namely the number of peri-

ods, N, is chosen as two modes have the phase difference of
the transfer matrix can be expressed as

{1

2\ +j 1

)5
[55)

It makes the mode conversion between LPO1 and LP11a modes.
When calculating AS for the WA and the WB, we can obtain
Apeat = 454 and 422 um, respectively. The average value of
beat lengths becomes 438 um, which agrees well with A at the
cross point in Fig. B.2(b). Note that, although we can also see
the discontinuous point around A = 438 um in Fig. B.2(a), this
discontinuity is not important. It is shown as one example, and
we can shift the discontinuous point according to the calcula-
tion of y as above explained (y may be y + 2nm/A where n is an
integer).

Fig. B.3 shows the mode evolution for launching LPO1 mode
when A = 440 um. In this simulation, in addition to TMM
analysis by Egs. (2) and (B.1), the beam propagation method

Cps = (B.5)

.
(Typ)" /

(B.6)
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Figure B.2: Eigenmodes of the PLC-based LPG where A = 1.1%, w = 11
pum, h = 10 um, and d = 0.5 um. (a) Propagation constants and (b) squared
absolute value of the basis conversion matrix as a function of waveguide width
modulation k. The 1st, 2nd, and 3rd (periodic) modes correspond to (i, j) =
(1,1),(2,1), and (3, 1), respectively. The field distributions of the inset are the
virtually visualized fields of the periodic modes obtained by Eq. (3).
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Figure B.4: Maximum conversion efficiency corresponding to Fig. B.2(b).

(BPM [21]) is also performed to confirm the validity. These
plots agree well, where we can see the coupling losses at the
discontinuous points (z = nA/2) in both simulations. We can
see that the LPOl mode is completely converted to the LP11
mode when z is from 6.5 to 7.0 mm. However, L. defined by
Eq. (9) becomes 213 um (Ay = 0.015 rad/um) at A = 440 um.
This value seems not to correct because L. is lower than A. By
using Egs. (11) and (12), we can find p; = 16, p, = 15, and
L, =7040 um for A = 440 um. Also, by using Egs. (13) and
(14), we can find p3 = —1 and L = 6951 um for A = 440 um.
These values are reasonable.

When |A — Apext] > 0, even and odd modes are deformed.
Fig. B.4 shows T.max calculated by Fig. B.2(b) and Eq.(15), in
which the FWHM is Ak = 9.29 x 107* rad/um. By using Eq.
(16), we can obtain the coupling length as L’ = 6763 um. It
also gives a reasonable value.

C. Calculation of coupling coefficients
According to the standard coupled-mode theory, the coupling
coeflicient between ith and jth modes (i # j) is defined as [22]

where ky is the free-space wavenumber, Z is the free-space
impedance, ¢ is the relative permittivity of the whole structure,

(C.1)
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and ¢; is the relative permittivity in which there is only core for
Jjth mode. Whereas, we can also obtain the coupling coefficient
as follows. If R ' = 0, the propagation constants of periodic
modes are obtained by the standard guided-mode analysis. Ac-
cording to the relations from Eqgs. (18) to (24), we found the
following relation:

Kij = (CDHcdiag [’yl] CQ_D)U s (C2)
where (Cpc is the mode coupling matrix from discrete core
modes to supermodes, which is defined as similar to Eq. (B.3).
This is the same procedure in [23] except for the use of a pseudo
unitary conversion. For 2CF and 3CF, the difference between
Egs. (C.1) and (C.2) is negligible. However, especially in «’
and k” («” is defined in Appendix E) of triangular and square
lattice layout, it becomes a non-negligible value.

Here, one example of the 4CF (ring layout; equivalent to
square lattice layout) is shown, where g is fixed to 16 um. By
using Eq. (C.1), x and « are calculated as 1.41 x 10~ rad/um
and 1.25 x 107> rad/um, respectively. When using Eq. (C.2), k
can be calculated by averaging ki, K14, K21, K23, K32, K34, K14, and
K34, resulting in 1.41 X 107* rad/um, which agrees well with
the result of Eq. (C.1). Since the standard deviation of these
eight ;; is less than 107" rad/um, the procedure of averaging
is reasonable. However, by using Eq. (C.2) and by averag-
ing K13, k4, K31, and kgp, K = 5.25 X 107 rad/um is obtained,
which is about half the result of Eq. (C.1). The standard devia-
tion of these four k;; is less than 107!? rad/um. In the condition
without twisting and bending, the expression of supermodes is
more plausible than discrete core modes. According to the con-
sistency between the discrete core modes and the supermodes,
we conclude that the use of ¥’ and «” from Eq. (C.2) is more
reasonable. Therefore, in this paper, Eq. (C.2) is used for «” and
k" instead of Eq. (C.1).

D. Behavior of mode conversion in 4CF

Eigenmodes of the bent and twisted 4CF (ring layout) is sim-
ilar with the standard directional coupler having three waveg-
uides with the in-line arrangement as shown in Fig. D.1. In
the directional coupler, the lightwave launched from the left
waveguide can couple to the right waveguide via the center
waveguide. Similarly, in the bent and twisted 4CF, the 1st su-
permode can couple to the 4th supermode via the 2nd/3rd super-
mode. But more accurately, as shown in the field distribution in
Fig. 18(b), the 2nd/3rd supermode indicates (2nd supermode)
+j(3rd supermode). To make it easier to understand, it is better
to take a basis conversion from the degenerated 2nd and 3rd su-
permodes to the ((2nd supermode) +j(3rd supermode))/ V2. In
these basis, the amplitudes in the cores are changed with clock-
wise and anti-clockwise in a complex plane, and hence, here
we call them clockwise and anti-clockwise modes. We can un-
derstand that the 4th periodic mode in Fig. 18 corresponds to
the anti-clockwise mode, and that the clockwise refractive in-
dex modulation does not affect the propagation constant of the
anti-clockwise mode.



In the directional coupler as shown in Fig. D.1, the matrix M
used in Eq. (18) can be defined as

B « 0
Mpc=| « B « |=PpcDpcPpc’, (D.1
0 « B
B+ V2k 0 0
Dpc = 0 B 0 , (D.2)
0 0 B- V2
S T |
2 NG 2
Poc=| = 0 —-L |=pPp"! (D.3)
DC V2 ﬁ DC » .
1 1 1
7 TVv 2

where 8 and « indicate the propagation constant of three waveg-
uides and the coupling coefficient between neighboring waveg-
uides, respectively. Eqgs. (D.2) and (D.3) correspond to the il-
lustration of the field distributions in Fig. D.1. When the light-
wave is launched from the left waveguide, 1st, 2nd, and 3rd su-
permodes are excited with the amplitude ratio of 1: V2:1 (power
ratio of 1:2:1). When the phase difference between 1st and 2nd
supermodes becomes 7, the phase difference between 2nd and
3rd supermodes also becomes 7. At this time, the amplitude of
Ist, 2nd, and 3rd supermodes becomes 1:— \5:1, which leads
to the complete transfer from the left waveguide to the right
waveguide. Whereas, 1st, 2nd, and 3rd supermodes in Fig. D.1
correspond to 1st, 3rd, and 2nd periodic modes in Fig. 18, re-
spectively. In the situation of the 4CF, 1st and 4th supermodes
excites 1st, 2nd, and 3rd periodic modes with the amplitude ra-
tio of 1:1:+ V2 (power ratio of 1:1:2). As explained above, the
3rd periodic mode is equivalent to ((2nd supermode) + j(3rd
supermodes))/ V2, resulting in the field distribution of (1st su-
permode) + (4th supermode) + j(3rd supermodes) +(2nd super-
mode) for Ist and 2nd periodic modes in the vicinity of @ =
907. Similar to the case of directional coupler, when the phase
difference between 1st and 3rd periodic modes becomes 7, the
1st supermode will completely convert to the 4th supermode.

From Eq. (D.2), the propagation constant of 2nd supermode
in Fig. D.1 does not change in Fig. D.1 regardless of the cou-
pling strength. This is the reason why the propagation constant
of the 3rd periodic mode in Fig. 18(a) is constant for any a and
it agrees with that of 4th periodic mode.

E. Larger number of cores

Here, the conversion characteristics for CMCF having larger
number of cores are summarized.

E.1. Ring layout

The matrix M used in Eq. (18) for the ring layout is approx-
imately given as

B-on (i=))
K (li—jl=1)

(MRp);j = < Gi—jl=n—1)" (E.1)
0 otherwise
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Figure D.1: Schematics of the standard directional coupler having three waveg-
uides with the in-line arrangement and three supermodes in the coupler.

By solving the eigenvector of Eq. (E.1) for R, ' =0, we can
find the circumferential order of the field distribution for the ith
supremode is given as

-}

where |- | denotes the floor function. From Egs. (34) and (E.2),
the condition to enable the mode conversion between the ith and
Jjth supremodes is given as

(E2)

|m,- — mj| =1. (ES)

For example, the circumferential order for 1st and 4th super-
modes are m; = 0 and m4 = 2, respectively, which means that
1st and 4th supermodes cannot be directly converted for any n
as long as the ring core layout with equally core-to-core dis-
tance is used. The propagation constants of the supermodes for
various n are summarized in Table E.1. The chained conversion
as for 4CF seems not to occur when n # 4.

E.2. Triangular lattice layout

Here, we consider 3CF, 4CF, and 7CF. The matrix M used in
Eq. (18) for the triangular lattice layout when n = 7, as shown
in Fig. E.1(a), can be defined as

K K K K K K
K k K K K «
K K K kK K

M =| k ¥ « k K K|, (E4)
k K K « kK K
k K K' K « K
k k K K K «




Table E.1: The propagation constants of the supermodes in the CMCF with ring layout for various n.

Order of supermode

n 1 2 3 4 5 6 7 8
1 B
2 p+xK p—xK
3 P +2K -k p—K
4 p+2K g p P -2k
5 B +2k ﬂ+\/§_llc ﬂ+\/§_1K ﬂ—\/§+ll( ﬁ—\/g-'—lic
2 2 2 2
6 B +2k B+xK B+xK LK p-K p-2x

8 f+2x B+\2c B2k B

B B2 Bp-2x  p-2

(b)

Figure E.1: Cross sections of bent and twisted fiber of (a) 7CF with the trian-
gular lattice layout and (b) 9CF with the square lattice layout.

where «" and «”” should be calculated as in Appendix C, and
these values cannot be neglected. In Eq. (E.4), diagonal ele-
ments are omitted because of the space limitations. When a =
R' =« =«" =0, Eq. (E4) leads to the supermodes similar
to the linear polarized mode of LPO1, LP11a/b, LP21a/b, LP31,
LP02 modes. From Eq. (34), the LPO1-like mode can couple
to LP11-like modes. Whereas, the LP11-like modes can couple
to LP21- and LP02-like modes as well as LPO1-like mode. For
3CF and 4CF, the matrix M is already defined in Eqgs. (30) and
(40). The propagation constants of the supermodes for various
n are summarized in Table E.2. Except for 4CF, the degener-
ation can be seen, which makes difficult the mode conversion
between the selected modes.

E.3. Square lattice layout

Here, we consider 4CF and 9CF. The matrix M used in Eq.
(18) for the triangular lattice layout when n = 9, as shown in
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Fig. E.1 (b), can be defined as

/17 /

K K k K 0 « 0 0
K . k K « ¥ 0 « 0
"k -0 ¥ « 0 0 «”
k « 0 k K k ¥ 0
Mg =| ¥ « K« « k K «k K |,(E)S)
0 «¥ « K «k - 0 « «
¥ 0 0 « ¥ O kK"
0 ¥ 0 «¥ «k K « K
0 0 v 0 «¥ « K «

where «” and «” cannot be neglected similarly to Eq. (E.4). For
4CF, the matrix M is already defined in Eq. (32). Assuming
a =Ry =¥ =«” =0, Eq. (E.5) gives the supermodes similar
to LPO1, LP11a/b, LP21a/b, LP02, LP31a/b, and LP12 modes.
As summarized in Table E.3, the propagation constants of these
modes are equally spaced. Figs. E.2(a) and (b) show the trans-
mission as a function of the propagation distance when the 1st
supermode is launched, where g = 16 um, R, = 2000 mm, and
a = 64r rad/m. The power of each mode group is summed
up. In Fig. E.2(a), we apply the approximation of " = " = 0.
The launched LPO1-like mode can be coupled to the LP12-like
mode. On the other hand, «” and " are nonzero in Fig. E.2(b),
which makes the deterioration of the balance of the mode cou-
pling similar to the 4CF with the square lattice layout. It can be
used as a mode scrambler [20].



Table E.2: The propagation constants of the supermodes in the CMCF with triangular layout for various n, where the approximation of " = «”/ = 0 is applied.

Order of supermode
n 1 2 3 4 5 6 7

P +2K p—K -K

\/z+11( B p-x ﬂ—ﬁ_l

7 p+(NT+1)k Bk B+ B-Kk Sk p-2c  p-(N7-1)x

W

~

g+

K

Table E.3: The propagation constants of the supermodes in the CMCF with squarelattice layout for various n, where the approximation of ¥ = «”” = 0 is applied.

Order of supermode

n 1 2 3 4 5 6 7 8 9
4 p+2K B p P2k
9 p+22c p+ae P2k B B B B-2c  p-2ac -2
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Figure E.2: Mode evolution in the 9CF when launching 1st supermode, where
A =0.35%,a=4.5um, g =16 um, R, = 2000 um, and @ = 64z rad/m. In (a),
the assumption of ' = 0 is applied. In (b), ¥’ and k" are correctly simulated.
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