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Emergent cross-product-type spin-orbit coupling under ferroaxial ordering

Akane Inda and Satoru Hayami
Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

A ferroic alignment of a time-reversal-even axial vector, which is called the ferroaxial ordered state,
is identified by the spontaneous rotational distortion of the lattice structure to break vertical mirror
symmetry. We theoretically investigate what happens in the electronic structure once ferroaxial
ordering occurs by analyzing a tetragonal d-p cluster model with transition metal oxide in mind. By
adopting the symmetry-adapted multipole representation, we elucidate the emergent cross-product
form of the spin-orbit coupling by the interplay between the atomic spin-orbit coupling and the d-p
hybridization according to vertical mirror symmetry breaking, which corresponds to the electronic

order parameter of ferroaxial ordering.

Introduction. In condensed matter physics, various
types of spontaneous symmetry breaking owing to elec-
tron correlation have been extensively explored. In par-
ticular, the cooperation between the lattice and electron
degrees of freedom gives rise to unconventional quantum
states of matter, such as orbital ordering by the Jahn-
Teller effect [1-3] and noncollinear magnetic ordering by
spin-lattice coupling [4-6].

Among them, ferroaxial ordering has drawn growing
interest in recent years since its direct observation in
RbFe(MoOy)s [7, 8] and NiTiO3 [8-11]. These ferroax-
ial ordered phases are driven by the rotational structural
distortion of the ligand sites surrounding the transition
metal (TM) sites so as to break the mirror symmetry
parallel to the principal axis, whose emergence requires
the breaking of neither spatial inversion (P) symmetry
nor time-reversal (7)) symmetry. The different P and T
parities of ferroaxial ordering from those of ferromagnetic
and ferroelectric orderings indicate the appearance of fur-
ther intriguing physical properties [12, 13]. For example,
the ferroaxial ordering exhibits a rotational response of
the conjugate physical quantities with the same P and
T symmetries; an input field along the z (y) direction
induces the conjugate physical quantities as an output
along the y (—x) direction [14]. Furthermore, ferroax-
ial ordering shows an unconventional optical response
such as electric gyration, which is the optical rotation
induced by an external electric field parallel to the prin-
cipal axis [8, 9].

From a symmetry viewpoint, the ferroaxial ordered
phase is microscopically described as the ferroic align-
ment of a T-even axial vector. Since such an axial
vector belongs to the identity irreducible representation
in 13 out of 32 point groups [15], there are various
candidate ferroaxial materials, such as CuzNbyOg [16],
CaMn7012 [17], BaCoSiO4 [18], Ca5lr3012 [19722],
KoZr(POy)s [23], NagHf(BOs3)s [24], Na-superionic con-
ductors [25], MnTiO3 [26], and 17-TaSs [27, 28]. Nev-
ertheless, the effect of rotational distortion on electronic
structures has been less studied [14, 29], and the funda-
mental issue of how the lattice and electronic degrees of
freedom are coupled has not been elucidated so far.

The symmetry-adapted multipole representation re-
veals that the ferroaxial order parameter is an electric
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FIG. 1. Schematic pictures of (a) the cluster ETD G (green
arrow) and (b) the atomic ETD G® (green arrow). The
cluster ETD is represented as a vortex of electric polarization
(yellow arrows), while the atomic ETD is represented as an
outer product of orbital angular momentum I (blue arrow)
and spin angular momentum o (purple arrow).

toroidal dipole (ETD) [30], which is often defined as a
vortex consisting of multiple electric dipoles [31-33];

G =>"R;xP, (1)

where R; and P; are the position and electric polarization
of site i, respectively, as shown in Fig. 1(a).

Although the quantity in Eq. (1) provides an intuitive
understanding of the emergence of ferroaxial ordering in
rotationally distorted systems, the choice of the cluster
origin is ambiguous in a periodic crystal structure. In
addition, the description based on Eq. (1) is sometimes
ill-defined, since the electric polarization is not directly
related to the rotational distortion of the ligand sites.

Alternatively, the atomic description independent of
the cluster origin is introduced as [34]

G® =Ixo, (2)

where | and o = 2s are the orbital and spin angular
momenta as shown in Fig. 1(b), respectively. This cor-
responds to emergent cross-product-type spin-orbit cou-
pling (SOC), which is qualitatively different from the con-
ventional relativistic SOC defined by the inner product as
l-o. In other words, further intriguing spin-orbital-lattice
entangled physics is expected under ferroaxial ordering.
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FIG. 2. Schematic structure of the five-site tetragonal clus-
ter model under the point group (a) Dsn and (b) Can. The
TM sites consist of dy., d.s, dsy orbitals and the ligand sites
(L1—L4) consist of py, py, p- orbitals. The z-component of the
atomic ETD on the TM site (GZ) and ligand sites (GZ), which
are represented by dark green and light green circles, respec-
tively, are activated according to vertical mirror symmetry
(0» and o4) breaking.

However, the microscopic origin of such an atomic ETD
has not been clarified. In the present Letter, we show
the microscopic origin of the atomic ETD by analyzing
a fundamental d-p cluster model. We find that the in-
terplay between the relativistic atomic SOC and the d-p
hybridization caused by the rotational distortion of the
ligand sites is a source of unconventional cross-product-
type SOC.

Model. With the TM oxide consisting of a TM sur-
rounded by four ligand oxygens in mind, we consider a
fundamental d-p model under tetragonal Dy, symmetry;
there are three d orbitals (dy., d.s,dsy) at the TM site
and three p orbitals (pg, py,p-) at the hgand sites L1—Ly4
as shown in Fig. 2(a). The model Hamiltonian is given
as

H = Hcrr + Hsoc + Hap. (3)

The first term Hcgr represents the CEF Hamiltonian,
where the atomic-energy levels for the (dy ., dy, dyy) or-
bitals under the Dy, site symmetry are (1.7,1.7,1.4) at
the TM site and those for the (ps,py,p-) orbitals under
the Cyy site symmetry are (0.4,0.2,0) at the L; site; the
p. level is taken for the energy origin. The second term
Hsoc represents the atomic SOC for the d orbitals at the
TM site and for the p orbitals at the ligand sites, which
are represented by

Hsoc = Ap Zlk Sk + )\dld (4)

where 1% and s? (I} and s}, for k = Li—Ly) are the orbital
and spin angular momentum operators at the TM (lig-
and) site, respectively. The third term represents the d-p
hybridization between the TM and ligand sites, which is
given by

Hdp - Z Ztoe[;’g LUC/BU

k=L; afo

+ (h.c.), (5)
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FIG. 3. Expectation values of the ETD for the p orbital (G%)
and that for the d orbital (G¢) against the hybridization orig-
inating from the rotational distortion, §*2¢, for the ﬁlhng per
site n = 28/5, 2%, = 0.46%29 1227 = 0. 25A2q e = 0.6,

219 = 1.4, A, = 0.05, and \g = 0.07.

where ¢, (cao) is the creation (annihilation) operator;
« represents (dy, d.q, dsy) orbitals, 8 represents a set of
(Pz, Py, p-) orbitals and ligand sites L1—L4, and o repre-
sents the up and down spins. By using the Slater-Koster
parameters, there are two symmetry-allowed hybridiza-
tion parameters: One is the hybridization between d,

and p,, t;‘lf'w and the other is that between d,, and p,
orbitals, tZAm, for the L, site. The hybridization param-

eters taé" for k = Lo—L,4 are obtained by the fourfold
rotation around the TM site.

When the rotational structural distortion by the lig-
and sites to break the vertical mirror symmetry occurs
as shown in Fig. 2(b), the point group symmetry reduces
to C4n and the Ay, representation under Dy, belongs
to the identity irreducible representation A . Since the
cross-product-type SOC in Eq. (2) also belongs to the
Ay, representation under Dgy,, one can expect nonzero
expectation values of the atomic ETD under Cjyy,. To un-
derstand the microscopic origin of such an ETD, we focus
on the modulation of the d-p hybridizations induced by
the rotational distortion. Reflecting the lack of vertical
mirror symmetry in Fig. 2(b), two additional hybridiza-
tion parameters are symmetry-allowed in Eq. (5), which
correspond to the hybridization between d,, and p, or-
bitals, tm .y, and that between d,, and p, orbitals, t?jfz,
in the case of the L site.

Numerical results. Figure 3 represents the behavior
of the atomic ETD when the hybridization parameters,

tw oy and tﬁ%‘;, are varied. Here, we evaluate the expec-
tation values of the ETD operators for the p and d or-
bitals, which are defined by G2 = >°, (I¥ xo?), and G4 =
(1% x o?), [35]. In addition, we parametrize the modula-
tion of the hybridization as §42¢ with ti@fy = 0.46%29 and

ﬁtzgz = 0.20%2s. The other model parameters are set as
tyls, = 0.6, t21% = 1.4, A, = 0.05, and \g = 0.07 for the

filling per site n = 28/ 5 The result shows that both (G?)
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FIG. 4. )\, dependence of (GZ) and (G2), for the filling per
site n = 28/5, ta2, = 0.4, 220 = 0.2, t4%, = 0.6, to 4% = 1.4,

and \g = 0.07.

and (G?) become finite for nonzero §42¢, which indicates
that the cross-product-type SOC emerges according to
vertical mirror symmetry breaking.

Let us show the important microscopic degrees of free-
dom to induce the cross-product-type SOC. One is the
atomic SOC. The SOC for the p orbital is necessary for

nonzero (G%), as demonstrated by its )\, dependence in

Fig. 4 by fixing tﬁffy = 0.4 and t?jfz = 0.2 while keeping

the other parameters; (G¢) vanishes for A, = 0, while
(GZP) is less sensitive to Ap,. The opposite tendency oc-
curs when Ay = 0 instead of \p; (GP) vanishes and (G?)
takes nonzero values. Thus, (G¢) and (G?) vanish in the
absence of the SOC for the other orbitals. The other
is the three d and p orbital degrees of freedom. Among
them, p, and d, orbitals are necessary since (G%) ((G2))
vanishes when the p. (dg,) orbital is neglected, where
the ETD operator G2 (G¢) is no longer defined in this
case. In addition, the other four orbitals are also neces-
sary to define the ETD operator in the p and d orbital
space so that the orbital angular momentum [ can be
activated. Therefore, the d-p model consisting of six or-
bitals in Eq. (3) is a minimal model to capture the origin
of the cross-product-type SOC.

Perturbation analysis. To get further deep insight into
the microscopic origin of the cross-product-type SOC,
we perform the perturbative analysis; we focus on the
important ingredients for obtaining nonzero (G%). For
this purpose, we simplify the d-p model in Eq. (3) by
neglecting the atomic SOC for the d orbitals and suppose
the same CEF level for the three d and p orbitals as A
and 0, respectively, since these factors are not important
in the following results. The simplified Hamiltonian is
given by

Hiot = Ho + Hap, (6)
Ho=A Z Ch oCao + Ap Z - sh. (7)
oo k

Using the perturbative wave functions within the second
order of Hgp, the effective hybridization paths to couple

FIG. 5. Two effective hybridization paths between the TM
site and the ligand L, site to induce the atomic ETD (cross-

product-type SOC) at the TM site, which are represented by

A1y A2 Arg A2
(a) Apta 2oty and (b) Aptyfyts %

with the atomic ETD for the d orbital along the L, site
are derived as
Agg LA A1y LA
Tr[fH(Q)Gd] — 4)‘P(tZ7IZgT %21974 — t%llgytzj/gz)
bame (A - )‘p)()‘p + 2A> 7

(8)

where H(L2l) stands for the contribution from the L; site
in the effective Hamiltonian obtained by the second-order
perturbation in terms of H4p, whose general form is given

by
/3)0-//

(2) _
HY = Z E((lo) . E(~O)

aa’Ba” B,0"

0 0 0 0
(s Hanlp), ) 05 Hapldg) 1)

Here, |p(~0) ) and |d£¥0,),g,> (E(~O) and E&O)) represent the

ﬁ)a.// BVU,/
eigenvectors (energy levels) of Hg for spin o’,¢” =1,,

respectively; the subscripts a, o/ () stand for the index

for yz, zx, and xy (z,y, and z) orbitals. E? denotes the
second-order energy correction and 1 denotes the 6 x 6
identity matrix.

By taking the limit of the large energy difference be-
tween the d and p orbitals (A > A,), the expression in
Eq. (8) turns into

2A\
TR G = S (1207, — £, t05n) (10)

- AQ Z2,ZT°T,TY Y,xy - z,yz

x Ap Sin40(V3Vpdo — 2Vpar ) Vpdr-  (11)

In the last line, we introduce the Slater-Koster parame-
ters, Vpdo and Vjqr, and 0 corresponding to the rotational
angle measured from the z-axis as shown in Fig. 5(a).
The expression in Eq. (10) reveals the important hy-
bridization paths as well as the atomic SOC for obtaining
the atomic ETD (cross-product-type SOC); the modula-
tions of the hybridization owing to the rotational dis-

tortion, tiﬁ;’y and t?fj’z, contribute to the atomic ETD
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tyay = 0.6, 1222 = 1.4, A\p = 0.05, Aq = 0.07, and the filling
per site n = 28/5. The gray line shows the fitting line by KH;’
with k = 0.948377.

in collaboration with the A;,-type hybridizations, t?fz%c
and t?;gy, for the L, site, respectively. In addition, one
finds that such a coupling between A;g-type and Asg-
type hybridizations is enabled by the atomic SOC for
the p orbital A,. In a similar manner, the conditions of
inducing the atomic ETD for the p orbital is obtained
by replacing A, with —Ag in Eq. (8). This perturbative
result is consistent with the numerical result discussed
above. Moreover, as shown in Figs. 5(a) and 5(b), two
effective hybridization paths include the p, orbital. This
is why the p, orbital is necessary for inducing the atomic
ETD at the TM site.

From Eq. (11), the effective hybridization vanishes for
0 = mn/4(n € Z). This is understood from the fact
that the x direction is equivalent to the y direction for
6 = mn/4, which means the recovery of the vertical mirror
symmetry. In other words, the point group symmetry
remains Dy, for § = 7n/4. This result also indicates
that the lack of vertical mirror symmetry is essential for
inducing the atomic ETD, which is consistent with the
symmetry consideration.

Magnetic response. Once ferroaxial ordering occurs,
various physical phenomena are expected to emerge,

4

such as electric gyration [8, 9], spin current gener-
ation [13, 14], antisymmetric thermopolarization [36],
third-order transverse magnetization [37], second-order
nonlinear magnetostriction [38], and magnetic instabil-
ity [39]. Among them, we here evaluate the third-order
transverse magnetization under ferroaxial ordering. The
effect of an external magnetic field is introduced as the
Zeeman coupling effect given by

Hex = _NBMtOt . H7 (12)

where Mt = 19 4 2s? + Y, (I} + 2s}) is the uni-
form magnetization and the Bohr magneton up is set
as unity. When the ferroaxial state occurs, the third-
order transverse magnetization as M{°" = xpy,, H) and
M;Ot = —XWMH;)’ is expected from the symmetry. The
numerical evaluation indicates that the transverse mag-
netization (M;°") is induced in the order of H}, as shown
in Fig. 6, as expected from the symmetry analysis; model
parameters are set as the filling per site n = 28/5,
thee = 04, thm = 02, M = 06, 2y = 14,
Ap = 0.05, and Ay = 0.07. We also confirm the rela-
tion of M,/H3 = —M,/H? for the small magnetic field.
Such a transverse magnetization becomes a macroscopic
experimental signal of the ferroaxial ordering.

Summary. We have proposed an emergent cross-
product-type SOC, which corresponds to the atomic
ETD, under ferroaxial ordering with rotational struc-
tural distortion. By analyzing the d-p tetragonal clus-
ter model, we have shown that the synergy between the
atomic SOC and the d-p hybridization arising from the
breaking of the vertical mirror symmetries induces an
atomic ETD, which can become the origin of the intrigu-
ing responses of the conjugate physical quantities as a
consequence of spin-orbital-lattice entanglement.
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