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Nonlinear frequency-asymmetric optical response in chiral systems

Shuhei Kanda! and Satoru Hayami!
! Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

We report our theoretical results on the emergence of a nonlinear frequency-asymmetric optical
response characteristic of chiral crystal systems with neither spatial inversion symmetry nor mirror
symmetry. Based on the group theoretical analysis, we show that the chirality-related second-
order nonlinear optical response occurs for two different input frequencies when the low-energy
model Hamiltonian includes a time-reversal-even pseudoscalar quantity, i.e., the electric toroidal
monopole. We demonstrate its emergence by investigating a fundamental microscopic model with
the chiral-type antisymmetric spin—orbit interaction on a simple cubic lattice. By analyzing the
behavior of nonlinear optical conductivity based on the Kubo formula, we find that the response
is largely enhanced when one of the frequencies is set to zero and the other is set to a resonant
frequency. We also discuss the relaxation time dependence of the response.

I. INTRODUCTION

Physical responses in materials are determined by
their symmetries. For example, noncentrosymmetric sys-
tems without spatial inversion symmetry show fascinat-
ing physical responses against external fields and cur-
rents, such as the piezoelectric effect [1, 2] and the Edel-
stein effect [3-5]. Among them, the nonlinear transport
against the square of the input electric field has been ex-
tensively studied in recent years [6, 7], which includes the
second harmonic generation [8-10], nonreciprocal trans-
port [11-14], photogalvanic effect [15-19], and nonlinear
Hall effect [18, 20-26]. The microscopic understanding of
not only exploring various mechanisms but also enhanc-
ing such responses has been an active research area in
condensed matter physics.

The multipole description provides a way to link
macroscopic phenomena with microscopic electronic de-
grees of freedom from the symmetry [27-31]. There are
four types of multipoles with different spatial inversion
(P) and time-reversal (7) parities: electric multipole
corresponding to a 7T -even polar tensor, magnetic mul-
tipole corresponding to a 7-odd axial tensor, magnetic
toroidal multipole corresponding to a 7-odd polar ten-
sor, and electric toroidal multipole corresponding to a
T-even axial tensor. Among them, the odd-rank elec-
tric and magnetic toroidal multipoles and even-rank mag-
netic and electric toroidal multipoles show an odd-parity
transformation in terms of the P operation, which are
referred to as the odd-parity multipoles. In the case of
the second-order nonlinear conductivity characterized by
a rank-3 polar tensor, the rank 0-3 odd-parity multi-
poles play an important role [27, 32]; when the expecta-
tion values of the multipole moments are finite, the cor-
responding tensor component can become nonzero. In
addition, the multipole description also provides the es-
sential model parameters in the conductive phenomena,
as demonstrated in the case of a monolayer of the fer-
roelectric material SnTe to have the electric dipole de-
gree of freedom [24]. Moreover, the close relationship
between the nonlinear physical phenomena and multi-
poles has been clarified, such as the nonreciprocal trans-

port under the magnetic toroidal dipole [13, 33], intrinsic
nonlinear Hall effect under the magnetic quadrupole [25],
and nonlinear transverse magnetization under the electric
toroidal dipole [34].

In the present study, we propose yet another inter-
esting situation that is induced by the rank-0 electric
toroidal monopole under chiral crystal structures with
neither spatial inversion symmetry nor mirror symme-
try [27, 35, 36]. Although fascinating transport phe-
nomena have been unveiled in chiral crystals like the
phonon magnetic chiral effect and macroscopic spin re-
sponse [12, 37-41], we here focus on second-order non-
linear optical conductivities with different input frequen-
cies. First, we investigate the nonlinear optical response
characteristic of chiral crystals based on symmetry and
multipole analyses. We show that the electric toroidal
monopole degree of freedom activated under chiral crys-
tals is symmetry-related to frequency-asymmetric optical
responses against the second-order electric field. Next,
we analyze such an optical response for a fundamental
model with antisymmetric spin—orbit interaction (ASOI)
that originates from the chiral structures. By examining
the nonlinear Kubo formula, we derive analytical expres-
sions for the second-order nonlinear conductivities, where
the ASOI plays an essential role. Furthermore, we dis-
cuss the behavior against the input frequencies, and as
a result, we find that the optical response is largely en-
hanced when one of the frequencies is the DC limit, while
the other corresponds to a resonant frequency. We also
investigate the dependence of the relaxation time.

The organization of this paper is as follows: In
Sec. II, we present the relationship between the second-
order nonlinear optical conductivity tensor and multi-
poles based on the group theory. We show that the elec-
tric toroidal monopole induced under chiral structures
contributes to the nonlinear optical conductivity when
the input frequencies are different. In Sec. III, we exam-
ine the behavior of the nonlinear frequency-asymmetric
optical conductivity by analyzing the fundamental tight-
binding model incorporating the chiral-type ASOI. Start-
ing from the nonlinear Kubo formula, we derive the ana-
lytical expressions of the optical conductivity. In Sec. IV,



we present the numerical results with an emphasis on the
dependence of input frequencies and relaxation times. Fi-
nally, in Sec. V, we summarize the paper.

II. SECOND-ORDER OPTICAL
CONDUCTIVITY TENSOR

The second-order optical conductivity tensor repre-
sents the current response proportional to the square of
the input electric field. That is expressed by

/dm /@2775 w—w; —ws)
(1)

X2 (1w ) B (wy) EY? (wa),

where E*!(wq), j*(w), and o#91%2(w;,wy) stand for the
a1 = x,y, 2z component of the electric field with the fre-
quency wi, the u = z,y, z component of the electric cur-
rent with the frequency w = w; + wo, and second-order
nonlinear conductivity tensor characterized by the third-
rank polar tensor, respectively. In the following, we in-
troduce the frequency-asymmetric component by decom-
posing o#91%2 (wy, wy) into symmetric and antisymmetric
components in Sec. IT A and discuss the relevance to the
multipoles in Sec. II B based on the group theory.

Q1,02

A. Frequency-asymmetric nonlinear conductivity

The second-order nonlinear optical conductivity ten-
sor is symmetric with respect to the simultaneous inter-
change of the components of the electric field and the
input frequencies as follows:

o2 (1 wy) = oMY (we, wr). (2)

Meanwhile, it can be decomposed into a symmetric part
(0s) and an antisymmetric part (o4 ) for the interchange
of either the components of the electric field or the input
frequencies [17], which are expressed as

P 0 5) = A ) O o 2),
(3)

with
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(1)

In the situation where two input frequencies are sym-
metric, such as the DC limit of the electric conduc-
tivity with w1 = wy = 0 [24, 25, 42, 43] and the
second harmonic generation with w; = ws # 0 [8-
10, 44], only 0§'**“* (w1, w2) contributes to the conductiv-
ity; oy’ “**? (w1, ws) identically vanishes from the symme-
try. Meanwhile, in the situation where the two input fre-
quencies are different, i.e., w1 # wo, as represented by the
photogalvanic effect (w; = —ws) [16-18] or the AC volt-
age with DC bias (w1 = 0,ws # 0) [45], o' ** (w1, wo)
can become nonzero in addition to of**** 2(whwg).

B. Correspondence to multipole

From the symmetry viewpoint, the relevant multipoles
to induce 01?2 (wy, wy) are understood by the addition
rule of the input electric field and the output electric
current [27, 32, 46]. Owing to the property in Eq. (4),
the corresponding electric fields for o™ **(wq,ws) are
given by the rank-0 form with E(w;) - E(ws) and the
rank-2 form with E%(w)E*(wg) + E*?(w1)E* (w2),
whereas that for of*'**(wy,ws) is given by the rank-
1 form with E(w;) x E(ws2). Since the direct prod-
uct of the rank-IV electric field and rank-1 electric cur-
rent leads to odd-parity multipoles from rank |[N — 1
to N + 1, the relevant multipoles for of ' (wy,ws)
are the rank—l to rank-3 odd-parity Inultlpoles7 while
those for of{'*'**(wy,wsy) are the rank-0 to rank-2 odd-
parity multipoles. Thus, the rank-3 odd-parity multi-
poles only contribute to a” 192 (W1, we), while the rank-0
odd-parity multipoles only contribute to oy ** (w1, w2).
In the following, we focus on the relatlonshlp between
ol "% (w1, wy) and multipoles; the relationship between
ok" (w1, wy) and multipoles has been discussed in
Ref. [32].

The relationship between the tensor components and
multipoles for o/{’**“? (w1, ws) is given by
YvO*Yu‘{’Yv Xz+Yzy *Xy+yzr

-X.+Y,, Y%W-Y,-Y, X,+Y,.

, (5)

OA =

where the matrix is represented by (j%,jY,55)T =
oa(EYE* E*E* E*EY)T. Yo, (Xg, Xy, X.), and
(Y, Yo,Yye, Veu, Yo ) (u =322 —r? and v = 2% — y?) de-
note the odd-parity monopole, dipole, and quadrupole,
respectively, where X and Y represent the polar and ax-
ial quantities, respectively. The specific correspondence
between multipoles and tensor components is given by

Yo = MO, (6a)
(Xa, Xy, X2) = (X2 3 DO DAD) - ()

Y, = 3Qx1) _ X,L%(D(l), (6¢)
1
Y= (x%m) Xfﬁf“”) : (6d)

Yy, Vg, Yoy ) = (ng(lxl)7XZQI(1><1)7XIQy(1><1)), (6Ge)

where
1 o
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X?(lxl) _ 1} :(0“3 —pEDY (7b)
1 — I
Xg(lxl) szl (ezklo.j,kl +6]klo.z,kl)’ (7c)



where €% is the Levi-Civita tensor. Thus, when the
system accompanies the rank-0 electric toroidal (mag-
netic) monopole in the presence of the T (PT) symmetry,
ol (w1, wo) can be finite. Meanwhile, o512 (wy, wo)
is not induced under such rank-0 monopoles. Since
the electric toroidal monopole is regarded as a micro-
scopic order parameter in chiral structures belonging
to the Sohncke groups [27, 35], the pure frequency-
asymmetric response o'y’ “*“? (wy, w2 ) is expected in chiral
materials. In contrast, in other noncentrosymmetric sys-
tems including polar systems, both of'****(wy,ws) and
ol (w1, wo) contribute to nonlinear optical responses.

Let us consider a situation where o' **(wy,ws) can
become nonzero by taking a cubic system under the point
group Oy, as an example. We suppose that the time-
reversal symmetry is preserved; X and Y in Eq. (5)
correspond to the electric multipole and electric toroidal
multipole, respectively. In this situation, since the elec-
tric field FE belongs to the irreducible representation 17,
the irreducible representation of the second order of FE is

given by
T, ®@T1g = Alg @ Eg ©® Tlg (&) ng. (8)

Among them, A, corresponds to E(w;) - E(w2), Eg &
The to B (wq)E*?(w2) + E*?(w1)E* (w2), and Tig to
E(w1) X E(ws). Furthermore, since the electric current
also belongs to the irreducible representation Ti,, the
irreducible representation of o’ “* (w1, ws) is given by

Tlg & Tlu = Alu S Eu S Tlu 2 T2u~ (9)

There are nine independent degrees of freedom: A,
corresponds to the electric toroidal monopole Gg, Ty
corresponds to the electric dipole (Q,Qy,Q.), and
E, @ Ty, corresponds to the electric toroidal quadrupole
(Gu, Gy, Gyzy Gy Gay). Thus, when the Oy symmetry
lowers to the O symmetry so that Aj, belongs to the iden-
tity irreducible representation, oy’***?(wq,w2) can be in-
duced. Especially, since the electric dipoles, the electric
toroidal quadrupoles, and the electric octupoles do not
belong to the identity irreducible representation in this
case, only the component 03" (w1, ws) = 05" (w1, ws) =

zxy _ T2y _ YTz _
o (wrwe) = —o P (wi,we) = —oX (wi,w2) =
zZyxr .
—o " (w1, w2) can become nonzero; other components in
M0 a2 ya{edRe ]

(w1,w2) and of (w1,ws) are identically zero.

IIT. MODEL AND METHOD

As described in the previous section, the chiral
system under the O symmetry exhibits the pure
nonlinear frequency-asymmetric optical conductivity

ol (wy,ws). In order to examine the behavior
of ol (w1, w2), we construct a fundamental tight-

binding model in Sec. IIT A. Then, we show the analytical
expressions of o™ *? (wy, w2) based on the Kubo formula

in Sec. ITI B.

A. Model Hamiltonian

We consider the tight-binding Hamiltonian on a three-
dimensional simple cubic lattice under the point group
O, which is given by

H = Huop + Hasor- (10)

The first term Hpop represents the hopping Hamiltonian,
which is expressed as

Hhop = Z Z EO(k)cLSckm
k s

eo(k) = —2t(cos ky + cos ky + cos k),

(11)

where cLs and cps are the fermionic creation and anni-

hilation operaters of the wave number k and the spin
s =T, ). eo(k) represents the nearest-neighbor hopping
with the magnitude of ¢ on the cubic lattice; the lattice
constant is set to be a = 1 for simplicity.

The second term in Eq. (10) represents the ASOI
Hamiltonian, which is given by

Hasor=a Y g(k) - uwch crs,
k s,s’ (12)

g(k) = (sink,,sink,,sink,),

where o = (04,0, 0,) is the vector of Pauli matrices in
spin space. g(k) is characterized by the antisymmetric
function with respect to the wave vector k, which is the
so-called g vector [47]. Owing to the chiral point group
O, the wave vector k is parallel to the spin o, i.e., k || o,
which has the same symmetry as the electric toroidal
monopole Gy. Thus, the system exhibits the antisym-
metric spin-split band structure [27]. The microscopic
origin of the ASOl is the interplay between the relativistic
spin—orbit coupling and parity mixing between orbitals.

B. Kubo Formula

The nonlinear frequency-asymmetric optical conduc-
tivity is calculated by using the Kubo formula. As shown
in Appendix B, 01?2 (w,wq) can be generally decom-
posed into intraband (i) and interband (e) contributions
under the length gauge as follows [15, 17, 48, 49]:

O,u;alag — O.itit;aloéz +O.gi;a1062 + 0,55;041(12 +O,g,e;a1a2’ (13)
where we omit the frequency dependence for simplicity.
Among the terms, the second term o; is related to the
Berry curvature dipole term [20]. As discussed below, oe;
appears under the ETM order; we focus on the role of o
in the following analysis. The expression of e is given



by [17, 48]
o )
€aFED Dot
— a aa o u d ]_—alu
hQV Z wa +Z’)/ ( abg 26 b%ap )

+ ((whal) © (w27042))7

(14)
where the wave vector and frequency dependence is omit-
ted [e.g., €a = €4(k)]. e, B, and V are the elementary
charge, the reduced Planck constant, and the system vol-
ume, respectively. v = 1/7 is the scattering rate, charac-
terized as the inverse of the relaxation time 7 under the
relaxation time approximation. £,(k) is a band energy
with wave vector k and band index a, and €., = &, — &
is a energy difference. p, = df (¢,)/de is the derivative of
the Fermi distribution function

fo = fea) = !

S ART T (15)

where p is the chemical potential. vg;, is a Bloch repre-
sentation for the velocity operator defined by

o 1 0H,
Uab = <Ua(k’) ' ﬁaTk

where Hjp and |u,(k)) are k-resolved Hamiltonian and
the eigenstate, respectively. Go'“? and F_'** are re-
ferred to as the band-resolved quantum metrlc tensor and
Berry curvature tensor, respectively [17, 24, 50], whose
expressions are given by

W), a9

2 061 a2 o3 Pe3
L2 =
@ 2 (eq — €p)? 17
Qo Q2 O ( )
Foroz — ﬁM_
(Ea_gb)

dE, = d (w1 +wa, 27) is the (anti-)symmetrized resonant
Green’s function [15, 17, 44, 51]:

1 1
dE == + )
(@) =35 <hw—€ab+i7’w hw+sab+z'iw>
(18)

By calculating the Yy component of g in Eq. (6a), we
obtain

Yoo (wr, wa) = i ¢’ P 1
0 12 6h2V \ws + 1y  wy +iy
EaFED (19)

X Z Z pavaa (Eabd;bBab)v
k a,b

where B, is the vector representation of the band-
resolved Berry curvature:

Vabp X Vpg

B* = E eharaz a1 )
ab ab ) (Ea . 5b)2

[e3KeD)

By, = 2ih? (20)

It is noted that B, (k) vanishes in the presence of the PT
symmetry owing to the relation B,y(k) = —Bas(k) [17].
This indicates that magnetic monopole does not con-
tribute to YO(CI) in the model in Eq. (10); only the electric
toroidal monopole contributes.

In the present model in Eq. (10), only the tensor com-
ponent oy (wy,ws) = UA‘zm(whwg) = o (w1, w2) =
—oW Y (wi,wr) = =X (wi,w2) = —0Y" (w1, w2) be-
comes nonzero. The specific expressions of oY (wy, ws)
are analytically calculated by

z;xy

o (wr,we) = o) (w1, w2)

_;.© ( 11 )
3RV \wa4iy wi + iy (21)
s+;£5_

Z Jog (2} )",

g4 —E—

where e+ = g9 £ ag(g = /g-g) is the eigenenergy
with the band index 4+ of the k-resolved expression in
Eq. (10) and Jog = a3 cos ky cos ky cosk,; the detailed
derivation is presented in Appendix A. This expression
clearly indicates the importance of the ASOI in inducing
0" (wi,wa); 05" (Wi, wa) = 0 for a = 0. Hereafter, we
omit the subscript A in the conductivity, since there is
no contribution from the symmetric component.

IV. NUMERICAL RESULTS

In the following numerical calculations, we set ¢t = 1
and a = 0.2. We also set e = h = kg = 1, the tempera-
ture T' = 0.01, and the chemical potential 4 = —4. The
number of the k mesh N = V/a? is appropriately taken
so that the results reach convergence.

A. Frequency dependence

First, we investigate the dependence of 0" (w1, w2) on
the two input frequencies w; and wy by numerically evalu-
ating the expression in Eq. (21). The scattering rate is set
as v = 0.01, and the k mesh is taken as N = 1283. Fig-
ure 1 shows a color map of the real and imaginary parts
of 0" (w1, ws) in the plane of (wy,ws). 05" (w1, ws) ex-
hlblts a characteristic behavior along the lines wo = 4ws:

05" (w2, wr) = —0 g™ (wr, wa),

zTY

(). D

in;wy(_(“& ) —W1 )

This relation indicates that o;"Y(wi,ws) vanishes for

wy = twy, Le., 0¥ (w,w) = 0 and o (w, —w) = 0;
there is no second harmonic generation and optical pho-
togalvanic effect. This relation arises from the two fac-
tors. One is the antisymmetric nature of the tensor oa
for the interchange of the frequency. The other is the re-
lation satisfying, oY (—w1, —wa) = (05" (w1, w2))" due

to E(—w) = E*(w ) and j(—w) = j*(wsn. The absence of
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FIG. 1. The color map showing the behavior of the real part (a) and imaginary part (b) of the second-order optical response

zzy
ei

tensor o,

w1, ws) with respect to the input frequencies (w1,ws2). We set v = 0.01 and N = 1283. The real (imaginar
Y giary

part of 05"¥ (w1, w2) exhibits symmetric (antisymmetric) behavior in terms of the line wy = w; and antisymmetric (symmetric)

behavior in terms of wy = —wi. It is noted that there is no response for second harmonic generation (w1 = w2) and the
photogalvanic effect (w1 = —w2).
05" (w, —w) = 0 is also understood from the analytical — or wy = 0, 0"¥ is also enhanced for either w; = 0 or

expression. By supposing the clean limit, i.e., v = 0,
Eq. (19) is rewritten as

€a7Ep

ei . 9
VW@ —w) 30 3 fagp Bu+ 007, (23)
k a,b

where ZZ“#L’ Ok - Bgp represents the divergence of the
Berry curvature. Since such a singularity appears in
pairs of opposite signs in the three-dimensional Brillouin
zone, oY vanishes for bulk [52, 53]. Thus, 0, (w, —w)
vanishes in the present model, although it is symmetry-
allowed.

In both Figs. 1(a) and (b), the responses are enhanced
along lines with w; + wy =~ 0.5. Furthermore, within
these lines, the magnitude of the responses is maximized
in the vicinity when one frequency is DC, i.e., w1 = 0
or we = 0. This behavior is understood by evaluating
the dependencies on the sum (w; +ws) and the difference
(w1 — wa) of the two frequencies. From Eq. (21), the
factor with the frequency dependence is represented by

1 1
way + 1y

- w1 — w2
wi iy (wiwe —2) +iy(wr +w2)’

(24)

We show the w; —wy dependence of the term in Eq. (24)
at w; + wy = 0.5 in Fig. 2. The results show that the
term in Eq. (24) exhibits the peaks around the frequen-
cies satisfying the condition wy; — we = £(w; + we) for
small . Since this condition is satisfied for either w; = 0

wo = 0. Thus, a large response is expected when the in-
put electric field corresponds to the AC voltage with DC
bias satisfying

w1 =w(>7),

Wy = 0. (25)

—-1.5 0.0 1.5
w1 — wy (W + w, = 0.5)

FIG. 2. The dependence of the factor in the Eq. (24) on the
frequency difference w; — w2 for v = 0.01 and w1 + w2 =
0.5. The purple line represents the real part (Re), while the
green line represents the imaginary part (Im). The imaginary
part shows the peaks when w1 — w2 & +(w1 + w2). At these
frequencies, the real part becomes zero but peaks nearby.
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FIG. 3. (a) w dependence of 7Y (w, 0) in Eq. (21), where we set v = 0.01 and N = 128%. The purple line represents the real part
(Re), while the green line represents the imaginary part (Im). In the real part, peaks are observed at w = +0.40, +-0.49, £0.56.
(b) The energy dispersion of Hjy along the high-symmetry lines: I' means k = (0,0,0), M means k = (0,7, 7), R means
k = (7,7, m), and X means k = (0,0, 7). The color bar represents the expectation value of the z spin component with k and
the band index =+, and the black solid horizontal line indicates the chemical potential u = —4. (¢)—(e) The enlarged data for
the three areas enclosed by squares in (b) are shown in (c), (d), and (e). The transition energies from the chemical potential

correspond to the peaks in (a).

In such a situation, the term in Eq. (24) is simplified as

1 1 1
— — — = —i—+0 ~ —iT. 26
wo + 1y wi F+ 1y ¥ (7) ( )

Thus, o;"? is proportional to 7. A similar phenomenon,
the nonlinear Hall effect induced by a DC, has also been
reported [26].

To further examine the behavior of o;"(w,0), we plot
its w dependence in Fig. 3(a). Particularly focusing on
the real part, peaks are observed at specific frequencies
w = £0.40,+£0.49,40.56. These peaks are caused by
the resonance with the band structure. Indeed, d_, in
Eq. (18) is transformed in the clean limit (y — +0) as

Zxy

Im(d, (w,7)] ~ —m[(hw — eap) — §(hw + €ap)],  (27)

which indicates that the important contribution occurs
when the frequency corresponds to the energy difference
between the two bands, i.e., ey —e_ ~ hw. Such a cor-
respondence is found in the band structures, as shown
in Fig. 3(b); the color bar represents the expectation
value of the z spin component (uy (k)|o,|us(k)), and the
black solid horizontal line indicates the chemical poten-
tial p = —4. We also show the enlarged figures for the
energy dispersions crossing the Fermi level in the high-
symmetry lines in Figs. 3(c)-3(e). The frequencies to en-
hance o) (w, 0), which correspond to w = £0.40, +0.49,
and +0.56, are explained by the energy differences split
by the ASOI. In other words, the resonance between the

spin-split bands by the ASOI plays an important role in
obtaining large frequency-asymmetric responses in chiral
systems.

B. Relaxation time dependence

Next, we investigate the relaxation-time dependence
of 0" (wy,ws) in Eq. (21). Similarly to the previous
section, we focus on the situation where 0" (w1, w2) is
enhanced by setting w; ~ w and wy ~ 0. In order to
analytically deal with the relaxation time dependence,

we parameterize wy and wo as follows:

2 2
wi=— |1+ 1—<>
TW
(28)
2 2
=—|1—4/1—-|—
w2y <7w> ’

where wy ~ w and wy ~ 0 for wr > 1. It is noted
that w; + wy = w. Fig. 4 shows the w dependence of
05" (w1, ws) in Eq. (21) for various relaxation times as
T =27,275 ... 210 with the system size N = 20483. As
the relaxation time increases, both real and imaginary
components become larger, as shown in Figs. 4(a) and

4(b), respectively.
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FIG. 4. w dependence of (a) the real and (b) imaginary parts of 07" in Eq. (21) for the relaxation times 7 = 27,275 ... 20

combined with Eq. (28) at N = 20483. In the real part, the dominant peak is observed at w = 0.49, while in the imaginary
part, one of the peaks is observed at w = 0.51. As the relaxation time increases, the response becomes larger in both cases.

In order to examine the relaxation time dependence,
we consider the two situations. First, we consider the sit-
uation when the non-resonant frequency is applied. The
result for N = 1283 and w = 0.60 is shown in Fig. 5(a),
which indicates that the 7 dependence of o;"Y gradually
approaches the following values:

Re[o7™Y] < —,

ei

Im[o™Y] o 1, (29)
in the clean limit 7 — oo (y — 0). This behavior is un-
derstood from the 7 dependence of the factor d_, included
in 0;"Y, which is expressed as

Re[d, (w,7)] o< 1+0(¥?),

30
tnfdy 7)) o~ + O(7?). o

In contrast to the non-resonant frequency, the 7 depen-
dence is complicated in the situation where the resonant
frequency is applied. For the peak positions of the real-
part conductivity at w = 0.49 and the imaginary-part
conductivity at w = 0.51, we investigate each 7 depen-
dence, as shown in Fig. 5(b).

We numerically obtain the non-trivial 7 dependence as
follows:

Re[gz;wy] x 7_1.21’

o Im[o5™] oc 7123, (31)

el

Although it is difficult to obtain such exponents in an
analytical way, this complicated behavior might be at-
tributed to the following reasons. The 7 dependence
directly arises from the factor of the frequency differ-
ence as in Eq. (24) (x —it) and d_;. The term d,
exhibits a delta function-like contribution 7/k from the
range |e; —e_ — hw| < A/7. This means that as 7 in-
creases, the peak increases proportionally to 7, while the
peak range narrows. The reduction in the number of
states contributing to the peak due to the decreasing
peak range results in a non-trivial 7 dependence char-
acterized by p,. As a result, non-trivial relaxation time
dependence appears in the resonant-frequency case.

V. SUMMARY

In summary, we have proposed the possibility of non-
linear frequency-asymmetric optical response phenomena
under chiral crystal structures. By performing the group
theoretical analysis, we have shown the relationship be-
tween the second-order nonlinear frequency-asymmetric
optical conductivity and odd-parity multipole, where the
electric toroidal monopole contributes to the conductivity
in chiral systems. Then, we investigated the behavior of
the second-order nonlinear frequency-asymmetric optical
conductivity by the microscopic model calculations. By
analyzing the Kubo formula for the fundamental tight-
binding model with the chiral-type ASOI, we discussed
the frequency and relaxation time dependence. With re-
spect to the frequency dependence, we have shown that
the conductivity is largely enhanced when one of the fre-
quencies is set to zero and the other is set to a reso-
nant frequency in the clean limit.With respect to the
relaxation-time dependence, we have shown its difference
whether the frequency is resonant or not.

The present second-order mnonlinear frequency-
asymmetric optical conductivity is expected to appear
in noncentrosymmetric materials, such as the chiral
systems with the rank-0 electric toroidal monopole
in tellurium [54-57], CrNbsSe [38, 58], and chiral
molecules [59], the polar systems with the rank-1 electric
dipole in SnTe [60-62], and gyrotropic systems with the
rank-2 electric toroidal quadrupole in CdaRe2O7 [63-66].
Among them, the cubic materials under the point group
O are promising to investigate the pure frequency-
asymmetric responses since only the electric toroidal
monopole is activated in such a case. The candidate
materials are CogZngMny [67] and MgzRus [68].
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FIG. 5. Relaxation time dependence for (a) the non-resonant frequency with w = 0.60 and (b) the resonant frequency at
N =128%. In (b), the frequency is set as w = 0.49 for the real part and w = 0.51 for the imaginary part. The purple and green

lines represent the behavior of the real and imaginary parts, respectively. In (a), the real part of o

zxy

2"Y shows oc —7, while the

imaginary part shows (o 1) for large 7. In (b), both the real and imaginary parts show non-trivial relaxation time dependence:
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Appendix A: Derivation of the analytical expression

We show the derivation of the analytical expression
in Eq. (21) in the main text. We start from the tight-
binding Hamiltonian in Eq. (10), which is rewritten in
the general form as

H= Z Z[Hk]ss’c;gscks’a

k s,s’

Hk, = Ro(k) + R(k) - 0.

(A1)

Eq. (10) is obtained by setting Ro(k) = eo(k) and
R(k) = ag(k). By diagonalizing Hy, the eigenenergy
e+ (k) is given as follow:

ci(k)=Ro(k) £ R(k) (R=VR-R), (A2

The eigenstates with the wave vector k and the band
index + are

77;¢7R gpi 71‘75713 . @

ur(B) = | o 2 ) u (k) = L 2
e'2 sin £¢ —e' 2 cos £F
(A3)

where the vector representation is expressed in spin
space. g and ¢g are defined by

R = R(cos prsinpr, sinprsinpr, cospr). (A4)

] o< 7123, The dotted lines are the fitting lines for large 7.

The matrix elements of the Pauli matrix defined in the
above basis are

o o (k):—%eﬁ‘+

T
R T R

Y (k)==+
iy (k) R

ef £ieg, (A5)

where
r = Rsinppg,

e, = cos pre, +sinpre,, ey = —singre, + cospre,.

(A6)
Then, the velocity operator is described by hv® = O Ro+
(O Ro)o®, whose matrix elements are given by

o 1 (0Ry OR
iy (k) = 7 (5% + 6ka> ,
vi+ (k)
_l 87R8RZ_3Rﬁ j:i 87’31?1,_(91"(91%3c
" R\ Or 0k, OR, Ok, h \OR, Ok, OR, Ok, )’
(AT)
where the relation
dr = %dm + %d}zy, (A8)

was used. Therefore,

V2 (kv (k)
OR OR OR 8R>

_ L _ OR
T 12 \Oka, Okey Oka, Ok,

_tR . OR
2R \0ka,  0Oka,)
A9)

In addition, the band-resolved quantum metric tensor
and Berry curvature tensor are given by

gam(k>:11(aR ~OR IR 8R>

- 8 R2 \ Oky, Oka, Okq, Oka, )’ (A10)
Freg = LB (SR OB

t 4 R3 \Oke, = Ok,



Using the above results, Yo(ei)

ten as
Yo' (w1, wa)

in Eq. (19) can be rewrit-

e 1 1
=1 —
32V \ws +1y  wy +iy
jing OR

S+ — /-
Z . (2d+ )22R? == o

(A11)
B‘F*a

where integration by parts, the energy difference e, —
e_ = 2R, and the relation that Jg - B,_ = 0 in a two-
level system were used. Furthermore, the relation

0 - a
Fe (Cardin () = =57 (240, (w,7)?

was used.
Considering R(k) = ag(k) = a(sink,,sink,,sink,),
we obtain

(A12)

1
B, = g (sin k, cos ky, cos k, (cyclic.)),

OR
% j(sm k, cos k,, (cyclic.)),
OR
COR2 = ok -Bi_ = a? cos k,, cos ky cosk,
= Jag.
(A13)
As a result, we derive
i 3 1 1
v, (eh) _; _
0" (wr,w2) 3RV (wg—l-iy wl—l—iy)
erFe_ (A14)

<3 EE (i)

which correspond to Eq. (21) in the main text.

Appendix B: Decomposition into intraband and
interband contributions

We decompose the second-order nonlinear conductivity
into the intraband (i) and interband (e) contributions.
The Bloch representation of the position operator is given
by

r(t) = 7i(t) + 7o (1)

=2 (i )
= Z ZEab (t)chaCris
where n
(1) = 17 k)
Eap(t) = /Mgy (B2)

w(k))

Eab =1 <Ua(k)

is the Berry connection [17, 48]. r; represents the intra-
band contribution of the position operator, while r, rep-
resents the interband contribution. In the length gauge,
the second-order nonlinear optical response tensor ac-
cording to the Kubo formula is given as follows:

wonan _ _piono oo warag o o
o = 0y + 0y + i T 0eé , (B3)

oxy ' (Wi, w2)
e? 0 i)t i i(watint
:_72712{/‘/_006%16 1Ty 1/_Oodt26 2TUY)l2
x Tr [p [ry? (t2), [r% (1), v¥]]] + (w1, 01) > (w2, a2)),

(B4)
where X, Y =iore and p is the density matrix satisfying
Tr[pc,tackb} = fralap.- The square braket [A, B] = AB —
BA is the commutator.

Each component in Eq. (B4) is specifically given by
ol (wr, wa)
e3 1 A3,
2RV wy + iy wa —|—w szaék ,0kq, Ok,

(B5a)
O_‘l;iﬂ)élOQ (w17w2)
sasésb 1
d(w1+w272'v) ar,
+ ((wla al) e (WZa a2))u
(B5b)
ol (whwz)

€aFEp f f 9
a b (wg,'y) a (w14w2,27)  p
FLQV Z Z €a — €b oy Vab gp— Okq, (d Yba

+ ((Wl,al) < (w2, 2)),

(B5c¢)

oh1 Y (W, wa)

caFeE
’ fo d(wzﬁ) az

_ fa*
- Qthzaa—sba Yab

2
« (déﬁﬁm’h){?gv _dwl+w2 ) go u)

(B5d)

ca Ube

+ (w1, 1) ¢ (w2, a2)),

where df;;’v) is the resonant Green’s function [15, 17, 44,

51]:

g 1

L (B6)

Accordingly, one finds that each term in Eq. (B3) has
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different frequency dependence:

1 1
hwsg + ihry B(wy + wa) + 2ihy’
1 d(w1+w2127)
ws + ihy ’ (B7)

JTHeER e (w2,7) y(w1+w2,27)
ie (wl’w2) X dab dab ’

THeZNeY (w2~,“/) w1 +wa2,2
L2 (wi, wp) o dgy? TR ).

M0 Qo2
ii

o (w1, ws) x

i O

o1 1oy, ) o

ag

When one of the frequencies is set to zero (w1 # 0,ws =
0), the 7 (= 1/v) dependence of each term in the clean
limit 7 — oo is expressed as

This result indicates that o¢; is dominant in o in the
clean limit. It is noted that oy contributes to only the
symmetric tensor component os. Their symmetry condi-
tions are classified by the 7 /PT symmetry [17, 24].

Finally, it is noteworthy to show that the band-resolved
Berry curvature tensor f;bl # vanish in o.; in the presence
of the PT symmetry, where odd-parity magnetic-type
multipoles are induced instead of odd-parity electric-type
ones. oo in Eq. (B5b) is rewriten as

0;@1062 (ng wg)

63
~ v

+ (w1, 1) < (w2, a2)).

€qF#E .
- pa’ugj d+ galﬂ _ 1 d-, Foik
€ablapYap 25ab abY ab

w 7
" 2 + vy

(B9)
Since the relation F (k) = —F.;"(k) holds for the
PT-symmetric system, the second term does not con-
tribute in this case.

. T 1
M0 Q2 .
ot (w1, ws) _Zﬁ oo
HeBReY T (w1,2/7)
ol (wy, we) —iz dy ,
JeANe D] 1 (w1,2/7) (BS)
Oie (w1,wa) 0X ———d,, ;
Ea —Eb
1
. I
06" (wr, w2) o dger?/m

€a —€b
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