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 Abstract— This paper proposes a simple analytical expression 
to estimate the temperature of no-insulation (NI) high-
temperature superconducting (HTS) coils when a local normal 
zone appears. The combination of the NI winding technology and 
HTS, especially rare-earth barium copper oxide (REBCO), 
enables high-field generation with high thermal stability. Since 
the advent of the NI winding technology, a few simulation 
techniques have been improved: the finite element method (FEM) 
and the partial element equivalent circuit (PEEC) are well-
established as of today. The PEEC method can simulate the coil 
behaviors relatively fast compared with the FEM simulation due 
to the number of elements. However, the computation time is still 
long, particularly when a normal-state transition is simulated 
coupled with thermal analysis due to the extreme non-linearity of 
the superconductors. Therefore, we have previously proposed a 
simple and versatile analytical expression to estimate NI HTS coil 
temperatures in the cases of ramping down with an arbitrary 
speed and sudden discharging. Compared with PEEC 
simulations, the analytical formulae were validated in both cases 
under the assumption that the NI HTS coil is perfectly 
superconducting. In this paper, taking further realistic 
considerations into account, an NI HTS coil with a few normal-
state turns is modeled, and its temperature is also formulated. 
The calculation results are validated with the PEEC model, and 
the accuracy and usable range of the proposed method is also 
discussed.  

 
Index Terms—HTS magnet, no-insulation winding technique, 
simple evaluation, thermal stability. 

 

I. INTRODUCTION 
O-INSULATION (NI) high-temperature 
superconducting (HTS) coils have been paving the 
way toward high-field applications. As a matter of 

fact, an NI rare-earth barium copper oxide (REBCO) coil as an 
insert coil has generated 14.4 T under a background field of 
31.1 T with a resistive magnet [1]. Following the experiment 
of 45.5 T generation, several institutes employed NI-related 
technologies towards the generation of high fields [2]-[5]. The 
NI REBCO coils exhibit potential for high-field applications, 
whereas the NI REBCO coils demonstrate complexities in 
their current distribution due to the capability of current 
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sharing among the turns [6]. The complicated current 
behaviors are one of the major obstacles to coil designs and 
further developments. 

As of today, several simulation techniques have been 
developed to evaluate the behaviors of NI REBCO coils. For 
example, finite element methods (FEM) are a powerful tool to 
precisely simulate screening current distribution and the 
consequent deformation [7]-[9]. The partial equivalent 
element circuit (PEEC) method is also widely used such as in 
the simulation of the normal-state transition and the current 
distribution of various operations [10]-[13]. The PEEC 
method has a feature of faster computation than the FEM; 
nevertheless, significant coding is required. Thus, we 
previously proposed a simple analytical expression to estimate 
the temperature of the NI HTS coils during ramp-down and 
sudden-discharge operations [14]. An NI HTS coil was 
modeled with a simple RL circuit, then the coil currents were 
formulated, followed by the coil temperature formulation 
considering the cooling effect. It was demonstrated that the 
simple analytical expression could well estimate the 
temperature of the NI REBCO coil with almost zero 
computation time. The estimation results were validated by 
comparing them with the PEEC simulation results. However, 
the analytical expression was obtained under the assumption 
of a perfectly superconducting state. 

In this paper, the currents and temperatures of an NI HTS 
coil having local normal-state zones are analytically 
formulated to impose further realistic features on the 
modeling, where its simplicity and conciseness are retained 
well. The formulation is aimed at the rough calculation of 
robustness against hot-spot appearance, not at the detailed 
simulation. The calculation results are validated with the well-
established PEEC model, and the accuracy and usable range of 
the proposed method are also discussed. 

II. FORMULATION OF CURRENT AND TEMPERATURE 

A. Coil Current 
Now, we consider the case where a local normal-state zone 

appears in an NI HTS coil and the operation current decreases 
to zero. The coil current during ramp down is formulated, 
followed by the coil temperature formulation. Now, we 
assume an NI HTS coil as shown in Fig. 1(a). The NI HTS 
coil has a small normal-state region at the middle turns of the 
coil, surrounded by the superconducting turns. The equivalent 
circuit of the NI HTS coil is represented in Fig. 1(b). The 
superconducting turns at the inner and outer parts have the 
inductances L1 and L2, and the turn-to-turn contact resistance 

N 
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Rr1 and Rr2. The normal-state region has the inductance Ln, the 
circumferential resistance RLn, and the turn-to-turn contact 
resistance Rrn. The calculation of contact resistance is 
expressed as follows 

𝑅𝑅r𝑥𝑥 = �
𝜌𝜌
𝑆𝑆𝑖𝑖

𝑁𝑁𝑥𝑥

𝑖𝑖=1

, 

where, N is the number of turns at superconducting or normal 
regions, 𝜌𝜌 is the contact resistivity, and x represents 1, 2, or n. 

Now, the inductance at the normal-state region is neglected 
since the inductance is very low compared with the other 
inductances L1 and L2, a few hundred µH in the model case in 
this paper. Thereby, the circuit is simplified as shown in Fig. 
1(c). The inductance L is a coil inductance, and the coil 
contact resistance Rr and the normal-state region resistance Rn 
are calculated as follows: 

𝑅𝑅r = 𝑅𝑅r1 + 𝑅𝑅r2, (1) 

𝑅𝑅n =
𝑅𝑅Ln𝑅𝑅rn
𝑅𝑅Ln + 𝑅𝑅rn

. (2) 

Fig. 2 shows the power supply profile. Initially, the power 
supplies Im to the coil, then after t = 0, the power supply 
begins to decrease its output with the ratio r [A/s]. Thus, 
operating current Iop is defined as the following equation: 

𝐼𝐼op = �𝐼𝐼m − 𝑟𝑟𝑟𝑟         (0 ≤ 𝑡𝑡 < 𝑡𝑡0)
0 (𝑡𝑡0 ≤ 𝑡𝑡) , (3) 

where t0 is the time when the operating current reaches zero. 
Here, setting a very high sweep rate corresponds to open-
circuit dumping [14]. 

Now we derive the coil current during the ramp down 
operation. The governing equation is given by 

𝐿𝐿
d𝐼𝐼L
d𝑡𝑡

+ 𝑅𝑅r�𝐼𝐼L − 𝐼𝐼op� = 0. (4) 

By solving the governing equation under the initial condition 
IL = Im at t = 0, we get the circumferential current and the 
radial current: 

𝐼𝐼L = �
𝑟𝑟𝜏𝜏e �1 − 𝑒𝑒−

𝑡𝑡
𝜏𝜏e� + 𝐼𝐼op    (0 ≤ 𝑡𝑡 < 𝑡𝑡0)

𝑟𝑟𝜏𝜏e �𝑒𝑒
−𝑡𝑡−𝑡𝑡0𝜏𝜏e − 𝑒𝑒−

𝑡𝑡
𝜏𝜏e� (𝑡𝑡0 ≤ 𝑡𝑡)

, (5) 

𝐼𝐼r = �
−𝑟𝑟𝜏𝜏e �1 − 𝑒𝑒−

𝑡𝑡
𝜏𝜏e�           (0 ≤ 𝑡𝑡 < 𝑡𝑡0)

−𝑟𝑟𝜏𝜏e �𝑒𝑒
−𝑡𝑡−𝑡𝑡0𝜏𝜏e − 𝑒𝑒−

𝑡𝑡
𝜏𝜏e� (𝑡𝑡0 ≤ 𝑡𝑡)

. (6) 

Note that the 𝜏𝜏e is the time constant of the NI HTS coil, which 
is calculated as 𝜏𝜏e = 𝐿𝐿/𝑅𝑅r. 

B. Coil Temperature 
In the coil temperature formulation, the following are 

assumed: (i) the coil is immersed in the coolant of temperature 
𝑇𝑇c , (ii) the coil is cooled according to Fourier’s law with a 
constant heat transfer coefficient h [W/(K·m2)], and (iii) the 
superconducting and the normal-state regions are thermally 
decoupled. The temperatures of the superconducting region Ts 
and the normal-state region Tn are then governed by the 
following equations: 

𝐶𝐶s
𝑑𝑑𝑇𝑇s
𝑑𝑑𝑑𝑑

= 𝑅𝑅r𝐼𝐼r2 − 𝐻𝐻s(𝑇𝑇s − 𝑇𝑇c), (7) 

𝐶𝐶n
𝑑𝑑𝑇𝑇n
𝑑𝑑𝑑𝑑

= 𝑅𝑅n𝐼𝐼op2 − 𝐻𝐻n(𝑇𝑇n − 𝑇𝑇c), (8) 

where C is the heat capacity, and the subscripts s and n denote 
the superconducting and the normal-state regions, 
respectively. Also, H [W/K] is the heat transfer coefficient 
given by ℎ𝑆𝑆 , where S is the interface area between the coolant 
and the coil. The thermal properties are found in [15]. 

First, the governing equation of the superconducting region 
(7) is solved under 𝑇𝑇s(0) = 𝑇𝑇c and we obtain 

𝑇𝑇s(𝑡𝑡) =

⎩
⎪
⎨

⎪
⎧𝑓𝑓s(𝑡𝑡) − 𝑓𝑓s(0)𝑒𝑒−

𝑡𝑡
𝜏𝜏hs + 𝑇𝑇c (0 ≤ 𝑡𝑡 < 𝑡𝑡0)

𝑔𝑔s(𝑡𝑡) + �𝑓𝑓s(𝑡𝑡0) − 𝑔𝑔s(𝑡𝑡0)�𝑒𝑒−
𝑡𝑡−𝑡𝑡0
𝜏𝜏hs

         −𝑓𝑓s(0)𝑒𝑒−
𝑡𝑡
𝜏𝜏hs + 𝑇𝑇c (𝑡𝑡0 ≤ 𝑡𝑡)

   .  (9) 

Note that 𝜏𝜏hs is the time constant related to cooling, defined as 
𝐶𝐶s/𝐻𝐻s. The functions 𝑓𝑓s(𝑡𝑡) and 𝑔𝑔s(𝑡𝑡) are given below: 

𝑓𝑓s(𝑡𝑡) =
𝑅𝑅r
𝐻𝐻s
𝑟𝑟2𝜏𝜏e2 �1 −

2𝜏𝜏e
𝜏𝜏e − 𝜏𝜏hs

𝑒𝑒−
𝑡𝑡
𝜏𝜏e +

𝜏𝜏e
𝜏𝜏e − 2𝜏𝜏hs

𝑒𝑒−
2𝑡𝑡
𝜏𝜏e� , (10) 

𝑔𝑔s(𝑡𝑡) =
𝑅𝑅r
𝐻𝐻s

𝜏𝜏e
𝜏𝜏e − 2𝜏𝜏hs

𝐼𝐼r2 . (11) 

Similarly, the temperature of the normal-state region is 

 
Fig. 1. (a) NI HTS coil with normal-state turns, (b) electrically 
equivalent circuit, and (c) simplified circuit. 

 
Fig. 2. Power supply current for ramp down operation. 
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obtained as follows: 

𝑇𝑇n(𝑡𝑡) = �
𝑓𝑓n(𝑡𝑡) − 𝑓𝑓n(0)𝑒𝑒−

𝑡𝑡
𝜏𝜏hn + 𝑇𝑇c           (0 ≤ 𝑡𝑡 < 𝑡𝑡0)

𝑓𝑓n(𝑡𝑡0)𝑒𝑒−
𝑡𝑡−𝑡𝑡0
𝜏𝜏hn − 𝑓𝑓n(0)𝑒𝑒−

𝑡𝑡
𝜏𝜏hn + 𝑇𝑇c      (𝑡𝑡0 ≤ 𝑡𝑡)

,   (12) 

where the time constant 𝜏𝜏hn is defined as 𝐶𝐶n/𝐻𝐻n. The function 
𝑓𝑓n(𝑡𝑡) are 

𝑓𝑓n(𝑡𝑡) =
𝑅𝑅rn
𝐻𝐻n

��𝐼𝐼op + 𝑟𝑟𝜏𝜏hn�
2 + 𝑟𝑟2𝜏𝜏hn2 � . (13) 

It is worth mentioning modeling of the innermost or outer turn 
quench is possible by changing the radial resistance at normal 
turn Rn. Changing the number of normal turns, which indicates 
the delay of quench detection, also affects the estimated 
temperature. 

III. RESULT COMPARISON WITH PEEC SIMULATION 

A. Coil Voltage 
In order to check the validity of the derived formulae, we 

compare the results obtained from the proposed formulae and 

the PEEC simulations [16]. The specifications of the NI 
REBCO coil which are supposed to be simulated are shown in 
Table I. The coil parameters and the operating conditions are 
referred from the previous work [14]. In the formula 
calculation and the PEEC simulation, the central 5 turns inside 
the NI REBCO coil (98th to 102nd turns from inner) transition 
to the normal state at t = 0, and then, the operating current is 
decreased at 100 A/s as shown in Fig. 2. 

We first calculate the coil voltage using the following 
equation: 

𝑉𝑉coil = 𝑅𝑅r𝐼𝐼r + 𝑅𝑅n𝐼𝐼op. (14) 
Fig. 3 shows the voltage of the NI REBCO pancake coil with 
contact resistivities of 70 and 700 µΩ·cm2 after the normal-
state turn appearance. It is important to note that the 
calculation of the proposed method for the voltage and the 
subsequent temperature was completed in a remarkably short 
time, only a few milliseconds. The coil voltages well agree in 
both cases. It means that the coil current of the NI REBCO 
pancake is well modeled even when a hot spot appears. It is 
noted that a voltage spike appears at t = 0 in the case of 
700 µΩ·cm2 of the proposed formula as can be seen in 
Fig. 3(b). This is because the inductance of the normal-
transitioned area is ignored, that is, the negative voltage to 
cancel the rapid voltage increase at the normal-transitioned 
area is not induced in the superconducting region.  

B. Coil Temperature 
The coil temperature is estimated with (9) for the 

superconducting region and (12) for the normal-transitioned 
region. Fig. 4 illustrates the averaged coil temperature (black) 
along with the temperature at the normal-transitioned region 
(red). When the contact resistivity is 70 µΩ·cm2, the averaged 
coil temperatures behave in the same way in both methods. 
Particularly, it is important that both methods estimate the 
maximum temperature of the normal-transitioned area to be 
approximately 10 K. This result demonstrates the proposed 
model is correctly modeled in this condition. 

TABLE I 
COIL SPECIFICATIONS AND OPERATION PARAMETERS 

Parameters Values 
I.D.; O.D.; Height [mm] 50; 90; 4.0 

Number of turns 200 
Number of single pancakes 1 
Initial operating current [A] 268.6 

Magnetic field [T] 7 (background 5 T) 
Coil inductance [mH] 3.48 

Coil heat capacity [J/K] 15.8 
Coolant temperature [K] 4.2 

Heat transfer coefficient [W/(K·m2)] 100 
Ramp down rate [A/s] 100 

Number of normal-transitioned turns 5 
Electrical time constant 𝜏𝜏e [s] 20.2@70 µΩcm·2 

Thermal time constant 𝜏𝜏hs, 𝜏𝜏hn [s] 18.0, 15.0 
 

 
Fig. 3. Voltage behaviors of NI REBCO coil whose contact 
resistivity is (a) 70 µΩ·cm2 and (b) 700 µΩ·cm2. The solid and 
the broken lines correspond to the simple formula calculation 
and the PEEC simulation, respectively.  
 

 
Fig. 4. Temperature of normal-transitioned region (red) and 
overall coil (black) in the case where the contact resistivity is 
70 and 700 µΩ·cm2.  
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Fig. 6. Comparison of temperatures during ramp down operation at different sweep rate: (a) PEEC simulation results showing 
temperature range during current sweep and average temperature of coil and (b) results with proposed simple formulae. 

In the case of 700 µΩ·cm2, a large discrepancy is observed 
in the normal-transitioned region. The PEEC simulation 
estimates the maximum temperature to be 19 K, while the 
proposed formula estimates it as 64 K. To reveal the detailed 
mechanism of the different estimated temperatures, the 
temperature distribution inside the NI REBCO pancake coil 
computed with the PEEC method is plotted in Fig. 5. At 1 s 
after the normal-state zone appearance, the temperature at the 
middle turns of the coil reaches 19 K. It is evident that the 
temperature increases not only at the normal-transitioned turns 
but also at the adjacent superconducting turns; e.g., the closest 
turns to the normal-transitioned region reaches 15.1 K. This is 
because some of the generated heat is diffused to adjacent 
regions. After t = 1 s, the temperature of the normal-
transitioned turns decreases due to the thermal diffusion and 
the cooling effect. However, the proposed model does not 
consider the thermal conduction inside the NI REBCO 
pancake coil, which leads to the discrepancy and 
overestimation of the maximum temperature. 

Further verification is performed to see the limitations of 
the proposed equations. Fig. 6(a) shows the averaged coil 
temperature (black) and the temperature range (blue shaded 
area) as a function of the contact resistivity, computed with the 
PEEC simulation. Here, the temperature range is defined as a 
difference between the maximum and the minimum of the 
reached temperature during operations. Meanwhile, Fig. 6(b) 
shows the maximum temperature at the normal-transitioned 
area (red) and on the whole coil (black) estimated with the 
proposed simple formulae. At a high ramp down speed, e.g. 
1000 A/s, the averaged coil temperatures of Fig. 6(a) and (b) 
are almost identical. As for the temperature of the normal-state 
region, it tends to be underestimated with the simple formula. 
At the other ramp rates, 1, 10, and 100 A/s, the simple formula 
also well reflects the temperature increase of the PEEC 
simulated results: the temperature of the normal-state region in 
Fig. 6(b) changes similarly to the upper limit of the 
temperature range in Fig. 6(a). Therefore, the model is proven 
to be a useful tool to roughly estimate the thermal stability of 

the NI REBCO pancake coil when a hot spot appears, taking 
almost zero computation time and no effort to implement.  

It is noted that the temperature estimation with the simple 
formula is not as accurate as the PEEC simulation when the 
amount of the Joule heat is large at the normal-state region. 
This is due to the decoupled thermal connection between the 
normal state and the superconducting region, as discussed 
earlier. This needs to be resolved as a future task. 

IV. CONCLUSION 
In this paper, we proposed a simple analytical expression 

to estimate the maximum temperature increase of NI REBCO 
pancake coils in the case of normal-state appearance with 
nearly zero computation time. The NI REBCO pancake coil 
having a few normal-state-transitioned turns is modeled as 
shown in Fig. 1(c), divided into the superconducting region 
and the normal-transitioned turns. The temperature estimation 
during ramp down operation after the appetence of normal-
state-transitioned turns is performed with both the proposed 
formula and the PEEC simulation.  

The results show that the proposed formula well estimates 
and reflects the electromagnetic behaviors. The temperature 
increase is also well modeled, whereas there is room for 
improvement in the qualitative accuracy, which could be 
achieved by considering the thermal conduction inside the NI 
REBCO pancake coil. 

 
Fig. 5. Temperature distribution obtained from PEEC 
simulation in the case of 700 µΩ·cm2. 
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