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 A B S T R A C T

In nanotechnology using scattered light and colloidal science, it is crucial to model the agglomeration of 
submicrometer-scale particles and light scattering in dense colloidal suspensions and clarify the quantitative 
relation between them. We numerically examined the effects of polydisperse stickiness and particle sizes on 
the scattering properties in the near-infrared optical wavelength using the dependent scattering theory (one 
of the electromagnetic theory) and bidisperse (binary) sticky hard-sphere (SHS) model at different stickiness 
parameters and particle sizes. The SHS model has been widely employed as a particle interaction model, 
but most previous works are for a monodisperse system. Actual suspensions are polydisperse, and our simple 
bidisperse models allow us to provide a physical interpretation of the two polydisperse effects. We showed 
that polydisperse stickiness contributions are effectively reduced to monodisperse cases with a mean value 
of the stickiness parameters. Meanwhile, we showed strong effects of the polydisperse particle size, and its 
contribution is not reduced to a monodisperse case. At a small particle size (around 100 nm), the polydispersity 
effects enhance the scattering properties even in the diffusive region of radiative transfer.
Introduction

Dense colloidal suspensions, where colloidal particles are dispersed 
in a medium, encounter many fields, such as the biomedical, chemical, 
and food industries [1–5]. In suspensions, particle agglomeration is a 
key physical phenomenon that influences product qualities (e.g., the 
qualities of paint and food) [6–9] and relates to colloidal gelation and 
crystallization [10]. Examples of the particles in agglomerate systems 
are silica [11,12], titanium dioxide [13], lysozyme (protein) [14], fat 
globules and proteins in soymilk [15], etc. The particle size ranges 
from several 10 nm to several micrometers. Particle agglomeration 
involves a particle configuration change by attractive interaction be-
tween particles at a short range [11,12,16,17]. Stronger attractive 
interaction enhances particle agglomeration, the degree of which is 
theoretically given by a potential depth or the second Virial coefficient. 
The dynamic light scattering technique has been widely used to eval-
uate the agglomeration degree from the effective change of a particle 
size [18], where its size is in the order of several hundred nanometers 
and comparable to the optical wavelength. Despite this usefulness, this 
technique basically requires sample dilution of less than 1% of the 
volume fraction to hold the Stokes–Einstein relation. Diffuse optical to-
mography and photon density wave spectroscopy, potentially evaluate 
agglomeration degree without dilution, although it was developed for 
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evaluating particle size distribution in dilute suspensions [19]. These 
techniques involve inverse analysis with the radiative transfer and light 
scattering models to treat strong scattering in dense suspension [20]. 
In evaluating the agglomeration degree using this technique, modeling 
a particle configuration change caused by particle agglomeration and 
light scattering with high physical accuracy is indispensable. Moreover, 
a physical understanding of their quantitative relationship is crucial in 
nanophotonics technology.

The dependent scattering theory (DST) has been widely employed 
as a light scattering model in dense suspension because this elec-
tromagnetic theory describes the measurement data of the scattering 
properties well. The DST uses a particle interaction model to treat 
the interference between the electric fields scattered by particles. Most 
studies have employed the hard-sphere (HS) model for a monodisperse 
system [21–23], but the authors developed it for a polydisperse sys-
tem [24]. However, the HS model does not treat particle agglomeration 
because it lacks an attractive part of particle interaction. Recently, 
Ma et al. investigated the relation between agglomeration and light 
scattering using the DST with the sticky hard-sphere (SHS) model 
for a monodisperse system [25]. The monodisperse SHS model treats 
agglomeration by adjusting the stickiness parameter, which is related 
to the depth of the attractive potential. Meanwhile, the relation for a 
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Fig. 1. Schematics of (a) radiative transfer (light propagation) on the macroscopic scale 
and (b) light scattering on the microscopic scale in a bidisperse stickiness colloidal 
suspension. 𝜇𝑠 and 𝜇′

𝑠 represent the scattering and reduced scattering coefficients.

polydisperse system is still unclear because implementing the polydis-
perse SHS model is complex. In remote sensing research, Tsang’s group 
has developed the polydisperse SHS model to examine the electromag-
netic scattering for snow layers [26,27]. However, there are significant 
differences in length scales between our system and their system; for 
example, the wavelength of an electromagnetic wave is in the range of 
a meter, much longer than the optical wavelength in ours. Their size 
parameter (𝜋× diameter/wavelength in a medium) is about 1.5 [28], 
smaller than ours. Thus, it is still necessary to clarify a physical inter-
pretation of the relation between particle agglomeration in polydisperse 
colloidal suspensions and light scattering at near-infrared wavelength.

We aim to numerically clarify the relation between particle configu-
ration change by agglomeration and light scattering in dense bidisperse 
(binary) colloidal suspension by the DST with the SHS model. Our 
simple bidisperse models allow us to provide a physical interpretation 
of the effects of polydisperse. The polydisperse SHS model can treat 
two polydispersities: stickiness and particle sizes, where stickiness pa-
rameters and diameter depend on particle classes. The total parameter 
number in a polydisperse system is proportional to the squared total 
number of particle classes, which makes the appropriate specification 
more difficult than in a monodisperse system. Hence, investigating the 
scattering properties at different values of the stickiness parameter is 
helpful for appropriate modeling. Nevertheless, the two polydisperse 
effects on light scattering have not been discussed to the best of 
our knowledge. Motivated by this, we also aim to clarify the two 
polydisperse effects on light scattering.

Theory and numerical model

This paper mainly considers the scattering and reduced scatter-
ing coefficients, 𝜇𝑠 and 𝜇′

𝑠, in the light scattering properties (ones of 
physicochemical properties). The two coefficients correspond to inverse 
mean free paths of photons in ballistic and diffusive regions on the 
macroscopic (millimeter) scale, as shown in Fig.  1(a). In the ballistic 
region near the light source, radiative transfer remains anisotropic, 
while in the diffusive region far from the source, radiative transfer is 
effectively isotropic [29–31]. It is noted that the reduced scattering 
coefficient is of interest to us, while it is less in remote sensing research 
because of the difference in measurement systems.

We provide general formulations in a polydisperse system with a 
total number of the particle classes, 𝑁𝑑 , although this paper focuses on 
a bidisperse (binary) system (𝑁𝑑 = 2).

Light scattering models

The light scattering model based on the electromagnetic theory con-
siders a colloidal suspension a system consisting of discrete spherical 
particles suspended in a continuous solvent medium, as shown in Fig. 
1(b). The particle size is on the sub-micrometer scale comparable to 
2 
the near-infrared wavelength. Hence, a single particle scattering is de-
scribed by the Mie theory [32]. We consider a discrete size distribution 
and denote a particle class by 𝛼 or 𝛽, e.g., its diameter by 𝑑𝛼 or 𝑑𝛽 . The 
indices of 𝛼 and 𝛽 run from 1 to 𝑁𝑑 . The number-based particle fraction 
of the 𝛼 class, 𝑓𝛼 , is normalized so that 

∑𝑁𝑑
𝛼=1 𝑓𝛼 = 1.

Dependent scattering theory (DST)

The DST treats the interference between electric fields scattered by 
particles [21]. The polydisperse DST provides the theoretical formula-
tion of the scattering coefficient as [24] 

𝜇𝑠,𝑝𝑜𝑙𝑦 = ∫

2𝜋

0
𝑑𝜙∫

𝜋

0
𝑑𝜃 sin 𝜃

𝑁𝑑
∑

𝛼=1

𝑁𝑑
∑

𝛽=1

√

𝑛𝛼𝑛𝛽𝑭𝑀𝑖𝑒
𝛼 (𝜃, 𝜙) ⋅ 𝑭𝑀𝑖𝑒∗

𝛽 (𝜃, 𝜙)𝑆𝛼𝛽 (𝜃).

(1)

Here, 𝜙 and 𝜃 are the azimuthal and polar angles, and 𝜃 is set to 
be equal to the scattering angle. 𝑛𝛼 (𝑛𝛽) is the number density for 
the 𝛼 class (𝛽 class). The number density relates with the volume 
fraction of particles 𝜂 as 𝑛𝛼 = 𝜂𝑓𝛼∕𝑣𝑝 with the mean particle volume 
𝑣𝑝 =

∑𝑁𝑑
𝛼=1 𝜋𝑑

3
𝛼𝑓𝛼∕6. 𝑭𝑀𝑖𝑒

𝛼  is the scattering amplitude vector for the 
𝛼 class using the Mie theory, and 𝑭𝑀𝑖𝑒∗

𝛽  is the complex conjugate of 
𝑭𝑀𝑖𝑒

𝛽 . 𝑆𝛼𝛽 is the partial static structure factor (SSF) between the 𝛼 and 
𝛽 classes. The SSF represents the interference and corresponds to the 
Fourier transform of the radial distribution function, representing the 
local particle configuration [33,34]. 𝑆𝛼𝛽 depends on 𝜂, 𝑛𝛼 , 𝑑𝛼 , etc., 
but we abbreviate the dependence except 𝜃 for simple notation. The 
polydisperse DST results nicely agree with the measurement data [35,
36] for no stickiness cases. The monodisperse DST formulation is given 
as [21,23] 

𝜇𝑠,𝑚𝑜𝑛𝑜(𝑑𝑜) = 2𝜋𝑛0𝜎𝑠,𝑀𝑖𝑒(𝑑𝑜)∫

𝜋

0
𝑑𝜃 sin 𝜃𝑃𝑀𝑖𝑒(𝜃, 𝑑𝑜)𝑆𝑜(𝜃). (2)

Here, the number density 𝑛0 is given as 𝜂∕𝑣𝑜 with the particle volume 
𝑣𝑜 = 𝜋𝑑3𝑜∕6 for a monodisperse system. 𝜎𝑠,𝑀𝑖𝑒 and 𝑃𝑀𝑖𝑒 are the 
scattering cross section and normalized phase function using the Mie 
theory. 𝑆𝑜 is a monodisperse SSF.

Particle interaction models

Calculating the SSF (𝑆𝛼𝛽 and 𝑆𝑜) requires the particle interaction 
model. To investigate the agglomeration and polydispersities in sticki-
ness and particle sizes on light scattering, we considered four models of 
particle interaction: the hard-sphere (HS) and sticky hard-sphere (SHS) 
models for bidisperse and monodisperse systems. The polydisperse HS 
model can treat the polydisperse particle sizes, while the SHS model 
also treats the polydisperse stickiness.

Hard-sphere (HS) model
We employed the Percus–Yevick model [37] as the HS interac-

tion. The HS interaction considers the strongly repulsive interaction 
between particles, as shown in Fig.  2(a). When particles contact to each 
other, they leave by the collision. The details of the formulations and 
calculations for polydisperse systems are referred to [24,27,38].

Sticky hard-sphere (SHS) model
The SHS model treats the short-range attraction between colloidal 

particles as a square well type, as shown in Fig.  2(b) and (c). The short-
range attraction is induced by entropic depletion force and surfactant 
additives [10]. The particle attraction causes particle agglomeration 
(Fig.  2(c)) and changes in particle configuration (particle positions). 
The SHS model adjusts the degree of the attraction or the potential 
depth by the so-called stickiness parameter 𝜏. A larger 𝜏-value case 
corresponds to a less sticky case. The limit of 𝜏 → ∞ corresponds to a 
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Fig. 2. Particle interaction potentials: (a) HS model for bidisperse particle sizes (𝑑2∕𝑑1 = 2.0), (b) SHS model for bidisperse stickiness (𝜏11 = 0.2, 𝜏22 = 0.4) at constant particle size, 
(c) SHS model for bidisperse particle sizes (𝑑2∕𝑑1 = 2.0) at constant stickiness, 𝜏𝛼𝛽 = 0.2.
hard-sphere case. The stickiness parameter is significant for thermody-
namic quantities, for example, mapping a liquid and gas phase diagram 
at the stickiness parameters and volume fractions [10].

The polydisperse SHS model has the stickiness parameter, 𝜏𝛼𝛽 , 
between the 𝛼th and 𝛽th particle classes. For polydisperse stickiness, 
𝜏𝛼𝛽 depends on the particle class pair, and the particle size is constant 
for the class, as shown in Fig.  2(b). For polydisperse particle sizes, 
meanwhile, 𝜏𝛼𝛽 is constant at all the particle class pairs and the particle 
size depends on the particle class as shown in Fig.  2(c). Here it is noted 
in the latter polydispersity, the potential depth depends on the particle 
class pair despite the constant value of 𝜏𝛼𝛽 . This is because that the 
potential depth depends on the particle size in addition to the stickiness 
parameter; the depth is given by log(24𝜏𝛼𝛽𝛥∕(𝑑𝛼 + 𝑑𝛽 )) with a potential 
width 𝛥 (theoretically infinitely small). The parameter is symmetric 
with the class pair; 𝜏𝛼𝛽 = 𝜏𝛽𝛼 . The total number of the pair combination 
is 𝑁𝑑 (𝑁𝑑 + 1)∕2. In a bidisperse case, which this paper focuses on, the 
total number is three (𝜏11, 𝜏12, and 𝜏22).

The SSF calculation requires a parameter 𝑡𝛼𝛽 . A relation between 𝑡𝛼𝛽
and 𝜏𝛼𝛽 is given as [27]2

𝑡𝛼𝛽𝜏𝛼𝛽 = 1
1 − 𝜉3

+
3𝑑𝛼𝑑𝛽𝜉2

(𝑑𝛼 + 𝑑𝛽 )(1 − 𝜉3)2

−
𝑑𝛽

(𝑑𝛼 + 𝑑𝛽 )(1 − 𝜉3)
𝜋
24

𝑁𝑑
∑

𝛾=1
𝑛𝛾 𝑡𝛼𝛾𝑑𝛾 (𝑑𝛼 + 𝑑𝛾 )2

−
𝑑𝛼

(𝑑𝛼 + 𝑑𝛽 )(1 − 𝜉3)
𝜋
24

𝑁𝑑
∑

𝛾=1
𝑛𝛾 𝑡𝛽𝛾𝑑𝛾 (𝑑𝛾 + 𝑑𝛽 )2

+ 𝜋
576(𝑑𝛼 + 𝑑𝛽 )

𝑁𝑑
∑

𝛾=1
𝑛𝛾 𝑡𝛼𝛾 𝑡𝛽𝛾 (𝑑𝛼 + 𝑑𝛾 )2(𝑑𝛾 + 𝑑𝛽 )2, (3)

where 𝛾 denotes the particle class index and 𝜉𝐿 = (𝜋∕6)
∑𝑁𝑑

𝛾=1 𝑛𝛾𝑑
𝐿
𝛾

(𝐿 = 2, 3). This relation is also symmetric with the class pair, so that 
the total number of the equations is 𝑁𝑑 (𝑁𝑑 + 1)∕2. From the above 
equation, the 𝑡𝛼𝛽 depends on 𝑛𝛼 and 𝑑𝛼 in addition to the stickiness 
parameter. In this paper, we solved the quadratic equation (Eq. (3)) to 
obtain 𝑡𝛼𝛽 by the Broyden method (one of the nonlinear optimization 
method). Although not shown here, we verified our calculation method 
in simple cases of quadratic equations where solutions are analytically 
given.

In the monodisperse SHS model, we solved the single quadratic 
equation with the stickiness parameter 𝜏𝑜 to attain the 𝑡𝑜-parameter. 
Then, we calculated the monodisperse SSF, 𝑆𝑜. The details of the 
calculations are referred to the Refs. [25,27].

Previous research has shown that the SHS model nicely describes 
experimental data of the SSF using neutron scattering measurements in 

2 The expression in the text has typos. This paper corrected the expression 
in the second and fourth terms for the right-hand side about the sum of the 
diameters.
3 
Table 1
Parameters to specify bidispersity in stickiness and particle size: stickiness parameter 
𝜏𝛼𝛽 , particle fraction 𝑓𝛼 , and particle size 𝑑𝛼 . 𝛼 = 1, 2 and 𝛽 = 1, 2. The subscript of 𝑜
means a constant value independent of particle classes.
 Bidispersity Parameters

 Stickiness 𝜏𝛼𝛽 𝑑𝛼 = 𝑑𝑜 𝑓𝛼 
 Particle size 𝜏𝛼𝛽 = 𝜏𝑜 𝑑𝛼 𝑓𝛼 

a system where attractive interaction between particles is considerable, 
such as silica particles in benzene and silicon oil [11,12,39].

Numerical methods and conditions

We calculated the two scattering coefficients by the DST with the 
four particle interaction models at different volume fractions. The 
volume fraction ranges from 1% to 20%, and the optical wavelengths 
are set as 650, 750, and 850 nm (near-infrared region). Table  1 lists 
parameters to specify two bidispersities in stickiness and particle size. 
The particle fraction 𝑓𝛼 influences both bidispersities. We calculated 𝜏12
as a mean value, 𝑓1𝜏11 + 𝑓2𝜏22. We considered two cases of the particle 
fractions for bidisperse systems: 𝑓1 = 𝑓2 = 0.5, 𝑓1 = 0.7 and 𝑓2 = 0.3. 
We considered the particle size range from 100 nm to 500 nm, which 
involves the typical size range of colloidal particles (e.g., fat globules 
and proteins [15]). Based on the reference data of the fat globules 
and water, we set the refractive indices of the particle and background 
medium as 1.44 and 1.33, the same as in our previous study [24]. Our 
study’s size parameter (𝜋× diameter/wavelength in a medium) ranges 
from 0.5 to 3.2, whose maximum is larger than a typical value of 1.5 
in remote sensing of the snow layer [28].

Numerical calculations of the two scattering coefficients (Eq. (1)) 
using the bidisperse DST for the SHS model require the following 
input parameters: particle sizes, particle fractions, volume fraction, 
stickiness parameters, wavelength, and refractive indices of the particle 
and background medium. We discretized two angles, 𝜃 and 𝜙. Firstly, 
we calculated the 𝑡-parameters from Eq. (3). Then, we numerically 
solved a linear matrix equation for the partial SSF at each discrete 
value of 𝜃 [27]. We obtained the integrand of Eq. (1) by combining 
Mie theory calculations with the SSF results. Finally, we numerically 
integrated the integrand over the angles using the extended trapezoidal 
rule to obtain the scattering coefficients. The calculation procedure for 
the monodisperse DST is almost the same as that for the bidisperse 
DST calculations. The other details are referred to in our previous 
study [35].

Although not shown here, we confirmed the verification of our 
numerical calculations for the monodisperse SHS model; that is, our 
results of the SSF and light scattering properties agree well with the 
numerical results by Ma et al. [25]. We also confirmed the verifica-
tion of our numerical calculations for the polydisperse HS model by 
comparison with Tsang’s group’s results [27].
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Fig. 3. The TCF, 𝐻𝛼𝛽 and 𝐻𝑜, at the volume fraction of 20% and wavelength of 750 nm: (a) Results of the SHS model for the bidisperse and monodisperse systems at 𝑑𝛼 = 𝑑𝑜 = 500 nm
and 𝜏𝛼𝛽 = 𝜏𝑜 = 0.1 and 0.2, and (b) Results of the bidisperse SHS model with 𝜏𝛼𝛽 = 15 and HS models at 𝑑1 = 250 nm, 𝑑2 = 500 nm, and 𝑓1 = 0.7, 𝑓2 = 0.3.
Results and discussion

Total correlation function (TCF)

Before the discussion on the scattering properties, we examined the 
results of the total correlation function (TCF) for the three particle 
interaction models: monodisperse and bidisperse SHS models and the 
bidisperse HS model. The TCF is defined as 𝐻𝛼𝛽 = 𝑆𝛼𝛽 − 𝛿𝛼𝛽 or 𝐻𝑜 =
𝑆𝑜−1 with the SSF. The TCF investigation instead of the SSF is because 
the TCF at the same class pair is in the same order of magnitude as 
that at a different class pair, which is convenient for plotting. The TCF 
results focused on the 20% volume fraction, where the interference 
between scattered fields is enhanced. Although not shown here, the TCF 
results are almost zero at less than approximately 5% volume fractions, 
meaning there is little contribution to the scattering properties. We 
focused on the results at the wavelength of 750 nm.

Comparison with monodisperse SHS and bidisperse HS models
Firstly, we examined the effects of stickiness on the TCF in two sim-

ple cases of the bidisperse SHS model: monodisperse in stickiness and 
particle sizes and quite a small attractive interaction. Fig.  3(a) compares 
the bidisperse SHS results at 𝑑𝛼 = 𝑑𝑜 and 𝜏𝛼𝛽 = 𝜏𝑜 with the monodisperse 
SHS results. Under the current condition, indices 1 and 2 are just labels, 
so the bidisperse model has to recover the monodisperse case. The 2𝐻𝑜
results are plotted in the figure for the quantitative comparison with the 
𝐻𝛼𝛽 results and adjusting the different normalizations in monodisperse 
and bidisperse systems. All the results agree at each 𝜏𝑜-value, suggesting 
the verification of our numerical calculations for the bidisperse SHS 
model. Fig.  3(b) compares the 𝐻𝛼𝛽 results for the bidisperse SHS model 
in particle sizes at a large stickiness parameter (𝜏𝛼𝛽 = 15) with the 
bidisperse HS model. The SHS results agree with the HS results at 
each pair. This result is consistent with the larger stickiness parameter 
case corresponding to the weaker attractive particle interaction, where 
agglomeration can be negligible.

As shown in Fig.  3(a), the SHS results have a broad peak at a small 
scattering angle region (0 < 𝜃 ≲ 30), and the peak value is pronounced 
at a smaller 𝜏-value. Generally, a positive value of the TCF corre-
sponds to constructive interference between scattered electric fields 
from particles, while a negative value does to destructive interference. 
A zero value means no interference. Hence, this result indicates that 
particle agglomeration induced by attractive interaction enhances con-
structive interference and forward scattering. Such enhancement has 
been experimentally observed in systems where particle agglomeration 
occurs [11,12,16]. Meanwhile, as shown in Fig.  3(b), the HS results do 
not have such a considerable value at the small angle region.

Polydispersity in stickiness
In Fig.  4, we examined the effects of bidisperse stickiness on the 

TCF by bidisperse and monodisperse SHS models. In the bidisperse 
SHS model, we set different 𝜏  values (𝜏 = 0.2, 𝜏 = 0.4, 𝜏 =
𝛼𝛽 11 22 12

4 
𝑓1𝜏11 + 𝑓2𝜏22) and the same particle size (𝑑1 = 𝑑2 = 500 nm). In the 
monodisperse SHS model, we set the particle size to 500 nm and 𝜏𝑜 to 
𝜏𝛼𝛽 , which depends on a particle class pair.

Fig.  4(a) shows the bidsiperse SHS results at the same particle 
fraction (𝑓1 = 𝑓2 = 0.5). Even at the same particle size and fraction, 
the 𝐻𝛼𝛽 results differ from each class pair in the small angle region 
due to the different stickiness degrees. Meanwhile, in the other angle 
region (30 ≲ 𝜃), the 𝐻𝛼𝛽 results depend less on polydisperse stickiness, 
implying that the particle size probably mainly contributes to the TCF. 
The 𝐻𝑜 results are similar to the 𝐻𝛼𝛽 results except for the values 
in the small angle region, meaning the polydisperse results can be 
decomposed into a monodisperse contribution for a case of the same 
particle fraction.

Fig.  4(b) shows the bidsiperse SHS results at different particle 
fractions (𝑓1 = 0.7, 𝑓2 = 0.3). The 𝐻12 result almost agrees with the 𝐻𝑜
result, the same as the case of Fig.  4(a). Meanwhile, 𝐻11 and 𝐻22 have 
peak values different from 𝐻𝑜, although the positions (angles) of crests 
and troughs are almost identical. This result indicates the difficulty of 
decomposing that bidisperse results into a monodisperse contribution.

Polydispersity in particle sizes
In Fig.  5, we examined the effects of bidisperse particle sizes on 

the TCF using the SHS and HS models at the different particle sizes 
(𝑑1 = 250 nm, 𝑑2 = 500 nm) and particle fractions (𝑓1 = 0.7, 𝑓2 = 0.3) 
for constant 𝜏𝛼𝛽 values. Both figures show that bidisperse SHS results 
differ from the HS results at the whole angle region. In the middle 
angle region (45 ≲ 𝜃 ≲ 90), negative or positive peak positions for 
the SHS model are shifted to a larger angle region from those for the 
HS model. Generally, peak positions appear at a larger angle region 
at a smaller particle size, so a negative value region before the peak 
becomes wider [36]. Hence, stickiness for polydisperse particle sizes 
enhances destructive interference, which is the opposite contribution 
at the small angle region. Although not shown here, we confirmed that 
the particle fraction influences the peak positions only slightly while 
it influences the amplitude of the profile. These results suggest that 
polydisperse particle size more strongly influences the interference than 
polydisperse stickiness.

Light scattering properties

We examined the effects of bidisperse stickiness and particle size 
on the light scattering properties (two scattering coefficients) using the 
DST with the SHS and HS models. We focused on the results at the 
wavelength of 750 nm, except for Section ‘‘Wavelength dependence’’.

Polydispersity in stickiness
Fig.  6(a) shows the scattering coefficients (Eqs. (1) and (2)) at 

different volume fractions to examine bidisperse stickiness on light scat-
tering. Here, we set the particle size, stickiness parameters, and particle 
fractions the same as in Fig.  4(a). A linear trend of the volume fraction 
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Fig. 4. The TCF for the bidisperse SHS models at the same particle size (𝑑1 = 𝑑2 = 500 nm) and different 𝜏𝛼𝛽 values (𝜏11 = 0.2, 𝜏22 = 0.4, 𝜏12 = 𝑓1𝜏11 + 𝑓2𝜏22), and monodisperse 
SHS models at 𝑑𝑜 = 500 nm and 𝜏𝑜 = 𝜏𝛼𝛽 at each class pair: (a) 𝑓1 = 𝑓2 = 0.5 and (b) 𝑓1 = 0.7, 𝑓2 = 0.3. The other details are the same as Fig.  3(a). The corresponding potential is 
shown in Fig.  2(b).
Fig. 5. The TCF for the bidisperse SHS and HS models at the different particle sizes (𝑑1 = 250 nm, 𝑑2 = 500 nm) and particle fractions (𝑓1 = 0.7, 𝑓2 = 0.3) for the constant 𝜏𝛼𝛽
value of (a) 0.4 and (b) 0.2. The corresponding potentials are shown in Fig.  2(a) and (c).
dependence is seen at approximately less than 5%, meaning there is no 
interference between the scattered electric fields, so-called independent 
scattering [40]. The results in the small volume fraction region are 
almost identical among the particle interaction models because the 
particle interaction influences the SSF and scattering properties little. 
The curvilinear trend is seen at the region with a more than 5% volume 
fraction, and it comes from destructive interference via the SSF, known 
as dependent scattering [20,23].

As shown in Fig.  6(a), the SHS models’ results are larger than the 
HS results at the large volume fraction region. This result is because 
the constructive interference by particle agglomeration enhances light 
scattering. As shown in the figure’s bottom, a relative difference (RD) 
in the results between the bidisperse SHS and monodisperse HS models 
approach to approximately 18% with increasing the volume fraction. 
For monodisperse SHS models, the coefficient at a smaller 𝜏𝑜 value 
is larger in the dense region. This result comes from the large value 
of the TCF or SSF at the small scattering angle, as shown in Fig. 
3(a), which contributes to constructive interference. The bidisperse SHS 
results coincide with the monodisperse SHS results at the mean value of 
𝜏𝛼𝛽 (𝜏𝑜 = 0.3). The RDs between the two SHS models are within 1%. This 
result suggests that polydisperse stickiness less influences the scattering 
properties due to the fact the scattering coefficient is averaged over 
the particle class pairs. Although not shown here, the above result is 
also seen at different particle fractions (𝑓1 = 0.7, 𝑓2 = 0.3, the same 
condition as Fig.  4(b)): there is a nice agreement between the bidisperse 
SHS and monodisperse SHS models at the mean value (𝜏𝑜 = 0.26).

Fig.  6(b) shows that the reduced scattering coefficients between 
models are similar, unlike the scattering coefficient. The RDs between 
bidisperse SHS and monodisperse HS models are less than 5%. This fact 
would be explained by a near unity value of the anisotropic factor, 
𝑔 (inset of the figure). The reduced scattering coefficient is given by 
𝜇𝑠(1−𝑔). Particle stickiness enhances the forward scattering and makes 
a 𝑔-value approach to unity, resulting in a smaller value of (1 − 𝑔). 
Hence, the two contributions of 𝜇  and (1−𝑔) are canceled out. The SHS 
𝑠
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results are smaller than the HS results, which is opposite the scattering 
coefficient case. This fact is also due to the anisotropic factor value.

The slight difference in the reduced scattering coefficient between 
particle interaction models suggests that the stickiness might less influ-
ence the diffusive region of radiative transfer. Meanwhile, the authors 
showed that at a small particle size, the reduced scattering coefficient 
strongly depends on polydispersity in particle sizes [36]. This fact 
suggests that the stickiness effect also might depend on the particle 
size. Fig.  7 show that the two coefficients at a small particle size 
(𝑑1 = 𝑑2 = 130 nm), where the other conditions are the same as in 
Fig.  6. The bidisperse SHS results largely differ from the monodisperse 
HS results, even in the reduced scattering coefficient. The RDs between 
the two models approach to around 50% in both coefficients. Like the 
large particle size case, the monodisperse SHS results with the mean 
stickiness parameter agree well with the bidisperse SHS results. These 
facts suggest the stickiness itself strongly influences light scattering in 
the ballistic and diffusive regions.

Polydispersity in particle sizes
In Fig.  8, we examined the effects of bidisperse particle sizes on 

light scattering. Here, we set the particle size, particle fractions, and 
stickiness parameters the same as in Fig.  5(b). As shown in Fig.  8(a), 
unlike polydisperse stickiness (Fig.  6(a)), the scattering coefficients 
using the monodisperse SHS model with the mean diameter largely 
differ from the bidisperse SHS results. The difference is seen even in the 
small volume fraction region, meaning the monodisperse model does 
not describe independent scattering. The RDs between the bidisperse 
HS and SHS models are smaller than those between the monodisperse 
and bidisperse SHS models. These results suggest that polydisperse par-
ticle size strongly influences the scattering coefficient over polydisperse 
stickiness.

As shown in Fig.  8(b), the reduced scattering coefficients for the 
three models are similar to the bidisperse stickiness case (Fig.  6(b)). The 
RDs to the bidisperse SHS model are within 6% at the whole volume 
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Fig. 6. Scattering properties using the DST with the SHS and HS models in bidisperse stickiness (constant particle size and different stickiness parameters) at 𝑑1 = 𝑑2 = 500 nm: 
(a) Scattering coefficient and (b) Reduced scattering coefficient (anisotropic factor as the inset). The relative differences (RD) based on the bidisperse SHS model are plotted at 
the bottom. The particle size, particle fraction, and stickiness parameters are the same as in Fig.  4(a).
Fig. 7. Scattering properties in bidisperse stickiness at 𝑑1 = 𝑑2 = 130 nm. The other details are the same as in Fig.  6.
Fig. 8. Scattering properties using the DST with the SHS and HS models in bidisperse particle sizes (different particle sizes and constant stickiness parameter) at 𝜏𝑜 = 0.2. The 
particle size and fraction, and stickiness parameters are the same as in Fig.  5(b). For monodisperse SHS results, the mean diameter of 325 nm is used.
Fig. 9. Scattering properties calculated from the DST with the SHS and HS models in bidisperse particle sizes at the small particle sizes (mean diameter of 130 nm). The other 
details are the same as Fig.  8.
6 
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Fig. 10. Reduced scattering coefficients at 𝜆 = 650 and 850 nm wavelengths for the two polydispersities: (a) bidisperse stickiness and (b) bidisperse particle size. Physical parameters, 
except for the wavelengths, are the same as those in Figs.  7 and 9, respectively. Monodisperse results used mean values of (a) the stickiness parameter and (b) particle sizes.
fraction region. This result is ascribed to the small value of 1 − 𝑔, as in 
the bidisperse stickiness case.

We examined the effect of bidisperse particle sizes on the scattering 
properties at small particle sizes (𝑑1 = 100 nm, 𝑑2 = 200 nm) in Fig.  9. In 
the scattering coefficient (Fig.  9(a)), the RDs between models are more 
significant than those at the large particle sizes (Fig.  8(a)). Even in the 
reduced scattering coefficient (Fig.  9(b)), the results are different from 
each model. The RDs between bidisperse HS and SHS models approach 
approximately 25%.

Wavelength dependence
This section investigated the wavelength dependence of the two 

polydisperse effects. We focused on the results of the reduced scattering 
coefficient at the wavelengths of 650 and 850 nm because the scattering 
coefficient results showed the same trend.

Fig.  10(a) shows the numerical results using the bidisperse and 
monodisperse SHS models for the polydisperse stickiness case under the 
same conditions as in Fig.  7 except for the wavelength. At the shorter 
wavelength (650 nm), the coefficient is larger. The size parameter 
roughly explains this result; the shorter wavelength corresponds to the 
larger particle case. The results using the monodisperse SHS model 
with the mean value of the stickiness parameter agree with those 
using the bidisperse SHS model at both wavelengths. This agreement 
indicates that the reduction of the polydisperse stickiness contribution 
to the monodisperse contribution little depends on the wavelength. Fig. 
10(b) shows the numerical results for the polydisperse particle size case 
under the same condition as those in Fig.  9 except for the wavelength. 
Unlike the polydisperse stickiness case, the monodisperse SHS model’s 
results largely differ from the bidisperse SHS model. The difference is 
more significant at the longer wavelength (850 nm), suggesting strong 
influences of the polydisperse particle size.

Conclusions

We numerically examined polydispersities in stickiness and par-
ticle sizes on the light scattering properties (scattering and reduced 
scattering coefficients) of dense colloidal suspensions up to the vol-
ume fraction of 20% using the four particle interaction models: the 
bidisperse and monodisperse SHS and HS models.

We showed that contributions of polydisperse stickiness are effec-
tively reduced to the monodisperse contribution with the mean value 
of the polydisperse stickiness parameters on the scattering proper-
ties. However, the polydispersity influences the SSF or TCF results. 
Meanwhile, polydisperse particle sizes strongly influence the scattering 
properties, and the polydisperse contribution cannot be reduced to 
the monodisperse contribution. This result is ascribed to the fact that 
this polydispersity influences the interference in the whole scattering 
angle region. We also showed that, at the small particle size (130 nm), 
the scattering properties strongly depend on the particle interaction 
models, even for the reduced scattering coefficient, which characterizes 
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diffusive radiative transfer. These results suggest that the polydisperse 
SHS model with different particle sizes and constant stickiness is ap-
propriate for describing the relation between particle configuration 
change by agglomeration and light scattering. The two polydisperse 
effects depend less on the optical wavelength in the region from 650 to 
850 nm.

Our findings will help attain a systematic understanding of particle 
agglomeration on the scattering properties in polydisperse colloidal 
systems and non-destructively evaluate the agglomeration degree even 
in a dense state by light scattering techniques, such as diffuse optical 
tomography and photon density wave spectroscopy. In the evaluation, 
our developed model can be helpful to an inverse analysis.

An experimental investigation of particle agglomeration’s effect on 
the scattering properties is crucial in future work. For example, a 
comparative study of the scattering properties for the polydisperse 
SHS model with measurement data is significant for validating the 
SHS model. To the best of our knowledge, measurement data of the 
scattering properties in a polydisperse agglomerate system at different 
volume fractions has not been reported. This paper focused on particle 
agglomeration in a static state and static particle configuration change 
via the SSF. Meanwhile, modeling agglomeration in a dynamic state 
and temporal change of the scattering properties are crucial to evalu-
ating agglomeration’s kinetic reaction rate. Such kinetic modeling will 
be helpful in future work.
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