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Numerical Simulation on the Electrical Conductivity of
Ternary Mixtures Containing NaCl Solution, Quartz, and
Smectite
K. Aoyama1 and T. Hashimoto2

1Graduate School of Science, Hokkaido University, Sapporo, Japan, 2Faculty of Science, Hokkaido University, Sapporo,
Japan

Abstract While the electrical conductivity of smectite‐rich rocks is high, previous studies have only
partially revealed its dependence on temperature, salinity, and porosity. This knowledge gap mainly arises from
challenges in controlling various experimental conditions when measuring the conductivity of real smectite‐
bearing rock samples and quantifying the smectite content. To mimic conductivity measurements under ideal
conditions, this study aimed to develop a simulator capable of accurately configuring the conditions to predict
the direct‐current conductivity of saturated rocks composed of an aqueous NaCl solution, quartz, and smectite
under various temperatures (20°C–200°C), salinities (10− 4–5 mol kg− 1), porosities (0–1), and smectite fractions
(0–1). The simulator reproduced the experimental conductivity measurements from drilled core samples by
giving the anisotropy of those components' distribution. In addition, simulations with randomly assigned
components revealed that when rocks contain abundant smectite, the bulk conductivity partially decreases with
increasing NaCl solution's salinity or volume fraction. These negative slopes were approximated using
empirical equations derived from previous studies. Percolation analysis further revealed that when the
components are randomly assigned, conductive paths begin to form between the ends of the modeled sample
once the sum of the volume fraction of bulk pore and smectite reaches 0.1.

Plain Language Summary When a rock contains smectite—a clay mineral commonly found in
shallow parts of the ground—its electrical conductivity is known to increase. However, the detailed
relationships between the conductivity of such smectite‐bearing rocks and temperature, salt concentration of
pore water, and the amount of fluid and smectite remain to be clarified. Therefore, we developed a simulator
applicable to various physical and chemical conditions and attempted to clarify these relationships through
numerical simulation. First, we confirmed that our simulator can reproduce the reported experimental results
using real rock samples. While it is established that rock conductivity increases with higher fluid volume
fractions and salinity, our simulations revealed a counterintuitive phenomenon: when smectite is abundant, rock
conductivity partially decreases with increasing salinity or fluid content within large pores. We approximated
this behavior using an empirical equation proposed in a previous study by adding new parameters for salinity
dependence. Furthermore, our simulations with randomly assigned components showed that when the volume
fraction of large pores and smectite in the rock exceeds 10%, current pathways comprising these components
begin to form, leading to a rapid increase in rock conductivity.

1. Introduction
Electromagnetic sounding is a prominent method for investigating subsurface structures because the electrical
conductivity of rock serves as a good proxy for crucial geological and/or geophysical features, such as tem-
perature, salinity of pore fluid, geometry of the pore network, and degree of clay alteration. Among them,
smectite, a clay mineral commonly found in characteristic geological structures such as caprocks of a geothermal
reservoir (e.g., Àrnason et al., 2000), landslide layers (e.g., Castro et al., 2020), and subducting plate boundaries
(e.g., Vrolijk, 1990), is known to contribute to the increase in bulk conductivity of rocks (e.g., Lévy et al., 2018).
However, the dependence of the conductivity of smectite‐bearing rocks on temperature, fluid salinity, porosity,
and the amount of smectite has only been partially clarified by laboratory experiments in previous studies (e.g.,
Lévy et al., 2018; Waxman & Smits, 1968). The limited number of experimental studies is mostly due to the
difficulty in accurately quantifying the smectite content and controlling the petrophysical properties of smectite‐
bearing rocks. For example, X‐ray diffraction (XRD) is a common technique for quantifying clay minerals;
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however, because of the variable chemical compositions, structures, and preferred orientations of smectite, es-
timations of the clay mineral contents may contain significant uncertainties (Zhou et al., 2018). In addition, when
measuring the conductivity of core samples containing smectite, great attention is required to avoid collapse or
swelling of the samples at a low salt concentration (Takakura, 2009; Waxman & Smits, 1968), to leave them for
months for equilibrium at a high concentration (Waxman & Smits, 1968), and to maintain a constant temperature
(Kaufhold et al., 2014). Although numerical simulations have the advantage of controlling those petrophysical
conditions and mimicking experimental measurements (e.g., Fu et al., 2021), to the authors' knowledge, no
simulator universally applies to a wide range of temperatures, pressures, and salinities for rocks containing clay
minerals.

Therefore, this study aimed to develop a simulator that can accurately control the petrophysical conditions to
predict the direct‐current conductivity of saturated rocks composed of aqueous NaCl solution, quartz, and
smectite under various temperatures (20°C–200°C), salinities (10− 4–5 mol kg− 1), porosities (0–1), and smectite
fractions (0–1). Simulations were performed in the following steps, as outlined comprehensively in Section 2: (1)
calculating the conductivity of each component constituting the rock (Section 2.1), (2) assigning each component
in a discretized space (Section 2.2), and (3) computing the current density from the electric potential distribution
using the finite element method (FEM) (Section 2.3). The simulation results were compared with experimental
data and empirical equations from previous studies. Furthermore, this study investigated the effect of the smectite
content on the percolation threshold.

2. Method
2.1. Conductivity of Each Component

As a first step, we calculated the conductivities of NaCl solution, quartz, and smectite across varied temperatures
(20°C–200°C), pressures (0.1–5 MPa), and salt concentrations (10− 4–5 mol kg− 1). In addition, we calculated the
conductivities of the electrical double layers (EDLs) formed at solid–liquid boundaries (i.e., the boundaries
between quartz and aqueous NaCl solution and between smectite and aqueous NaCl solution). These calculations
were based on the model proposed in previous studies (Gonçalvès et al., 2007; Leroy et al., 2013, 2022; Leroy &
Revil, 2004, 2009; Sen & Goode, 1992). In the following subsections, we first describe some physical and
chemical properties of the NaCl solution necessary for the following steps and then explain the calculation of the
electrochemical properties of the EDLs that develop on the surfaces of quartz and smectite.

2.1.1. Aqueous NaCl Solution

The electrical conductivity of the aqueous NaCl solution was calculated using an empirical equation proposed by
Sen and Goode (1992) (Figure 1a):

σw = (5.6 + 0.27Tc − 1.5 × 10− 4Tc2)m −
2.36 + 0.099T
1 + 0.214m1

2
m

3
2, (1)

where σw is the conductivity of the NaCl solution (in S m− 1), Tc is the temperature (in °C), andm is the molality (in
mol kg− 1). Watanabe et al. (2021) recommend the use of Sen and Goode's (1992) equation for low temperatures,
as addressed in the present study (≤200°C) as it best reproduced the experimental data of Bannard (1975)
measured under various pressures (25–200 MPa) and salinities (10− 2–5 M NaCl). The conductivity tensor of the
NaCl solution is expressed in an isotropic form:

σw =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

σw 0 0

0 σw 0

0 0 σw

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (2)

This conductivity tensor will be assigned to each voxel in the discretized space of the numerical calculations.

We also calculated some physical and chemical properties of aqueous NaCl solution using models by Dries-
ner (2007), Klyukin et al. (2017), Raspo and Neau (2020), and Pitzer (1973), which accurately reproduced
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experimental data across varied temperatures (20°C–200°C) and salinities (0–5 mol kg− 1 NaCl) (Table 1). These
properties will be used to calculate the electrochemical properties of the EDLs in Sections 2.1.2 and 2.1.3. It
should be noted that the temperature dependences of Pitzer's parameters (Voigt, 2020) were fitted by the
experimental data on the vapor–liquid–halite coexisting curve compiled by Cohen‐Adad and Lorimer (1991).
Therefore, the applicable pressure may be less than 1.1 MPa. However, the pressure dependence of the activity
coefficient is expected to be sufficiently small (∼10− 8 Pa− 1) in the low‐temperature (≤200°C) and low‐pressure
(≤5 MPa) conditions covered in the present study (e.g., Monnin, 1990). Therefore, we neglected the pressure
dependence of Pitzer's parameters.

The mobilities of Na+ and Cl− in the pore water were calculated from the empirical equations devised in this study
to align with the conductivity data of Sen and Goode (1992) (Figure 1b):

βwi = β°i (T, P) [exp (− amb) +
c
T
], (3)

with

β°i (T, P) =
eD°

i η°(298.15, P)
298.15kBη°(T, P)

, (4)

where a, b, and c are free parameters optimized using the Levenberg–Marquardt method implemented in lmfit
package (a software for nonlinear regression) (Newville et al., 2023) at 5 MPa (Table 2), β°i (T,P) is the mobility

Figure 1. Electrical conductivity of aqueous NaCl solution as a function of molality. (a) Conductivity calculated using the empirical equation of Sen and Goode (1992).
(b) Conductivity calculated from the ion mobility of Equation 3 (P = 5.0 MPa). In both figures, the dots represent the experimental data of Sen and Goode (1992), and
the lines represent the calculated values.

Table 1
List of Relevant Models for Calculating the Physical and Chemical Properties of Aqueous NaCl Solution

Properties Symbols Models Temperature (°C) Pressure (MPa) Molality (mol kg− 1)

Density (in kg m− 3) ρw Driesner (2007) a 0–1000 0.1–500 0–msat

Dynamic viscosity (in Pa s) ηw Klyukin et al. (2017) 0–1000 0.1–500 0–msat

Dielectric permittivity (in F m− 1) εw Raspo and Neau (2020) 30–325 3 × 10− 3–11.8 b 0–10.41

Ion activity awi Pitzer (1973) c 0–200 Not provided 0–msat

Note. The temperature, pressure, and molality columns indicate the models' applicability ranges. msat denotes the molality of the halite‐saturated liquid. aWe used the
parameters optimized for IAPWS‐95, as suggested by Mao et al. (2015). bExperimental data cover this range, but empirical parameters used to compute dielectric
permittivity do not consider the pressure dependences. cPitzer's equation was calculated by considering the temperature dependence of the Pitzer's parameters suggested
by Voigt (2020).
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(m2 s− 1 V− 1) of ion i at infinite dilution in water at temperature T (in K) and
pressure P (in Pa), e is the elementary charge (1.602× 10− 19 C),D°

i is the self‐
diffusion coefficient (m2 s− 1) of ion i at infinite dilution in water at 25°C
derived from Roger et al. (2009) (Table 2), and η°(T, P) is the dynamic vis-
cosity (Pa s) of pure water calculated by the formulation of the International
Association for the Properties of Water and Steam 2008 (IAPWS, 2008)
implemented in the iapws package (Romera, 2021).

2.1.2. Quartz

In the temperature range for smectite‐rich formations (≤∼200°C), the atomic
bonds in quartz are ionic or covalent, and the atoms strongly bind the elec-

trons. The electrical conductivity is around 10− 12 S m− 1 (Watanabe, 2005; Yamamoto & Namikawa, 1994).
While the conductivity of quartz is temperature dependent, its slope in the above temperature range is less than
10− 11 S m− 1 K− 1 (Yamamoto & Namikawa, 1994), which is negligible compared to the effects of NaCl solution
and EDL. Therefore, the conductivity of quartz was assumed to be constant and set to 10− 12 S m− 1. The constant
conductivity tensor of quartz can be expressed in isotropic form:

σquartz =

⎡

⎢
⎢
⎢
⎢
⎢
⎢
⎣

10− 12 0 0

0 10− 12 0

0 0 10− 12

⎤

⎥
⎥
⎥
⎥
⎥
⎥
⎦

. (5)

The electrochemical properties of the EDL that develops between quartz and pore water were calculated using the
1‐pK basic Stern model (BSM) developed by Leroy et al. (2013, 2022) (Figure 2):

Table 2
Parameter Values for Calculating the Mobility of Ions in Pore Water
(Equations 3 and 4)

Symbols Values

a (mol− 1 kg) 1.1845

b 0.38359

c (K) 94.931

D°
Na+ (m2 s− 1) 1.33 × 10− 9

D°
Cl− (m2 s− 1) 2.03 × 10− 9

Figure 2. Sketch of the basic Stern model (BSM) developed by Leroy et al. (2013, 2022).

Journal of Geophysical Research: Solid Earth 10.1029/2024JB029063

AOYAMA AND HASHIMOTO 4 of 28

 21699356, 2024, 11, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2024JB

029063 by H
okkaido U

niversity, W
iley O

nline L
ibrary on [01/12/2024]. See the T

erm
s and C

onditions (https://onlinelibrary.w
iley.com

/term
s-and-conditions) on W

iley O
nline L

ibrary for rules of use; O
A

 articles are governed by the applicable C
reative C

om
m

ons L
icense



Q0 = − e(Γ>SiO− + Γ>SiO− − M+), (6)

Qβ = eΓ>SiO− − M+ , (7)

QS =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8000εwkBTNAI

√
sinh (−

eφβ
2kBT

), (8)

Q0 + Qβ + QS = 0, (9)

φ0 − φβ =
Q0
C1

, (10)

φd = φβ − (φβ − φ0)
C1

ε1
d, (11)

where Q0, Qβ, and QS are charge densities (in C m− 2) of the mineral surface (0‐plane), Stern layer, and diffuse
layer, respectively. φ0, φβ, and φd are electrical potentials (in V) at 0‐plane, Stern plane (i.e., outer Helmholtz
plane), and shear plane, respectively. Γ>SiO− and Γ>SiO− − M+ are surface site densities (in sites m− 2) of SiO− at 0‐
plane and cation (M+) at Stern plane (“>” stands for the crystalline framework), respectively. kB is the Boltzmann
constant (1.381 × 10− 23 J K− 1), NA is the Avogadro number (6.022 × 1023 mol− 1), εw is the dielectric permittivity
of pore water (in F m− 1), and I is the ionic strength (in mol L− 1). C1 and ε1 are the capacitance (in F m− 2) and
dielectric permittivity (in F m− 1) of the Stern layer, respectively, and d is the distance (in m) between the Stern
plane and the shear plane. Γ>SiO− and Γ>SiO− − M+ in Equations 6 and 7 are calculated under the following ther-
modynamic equilibrium condition:

Γ>SiO− =
ΓS
A

, (12)

Γ>SiO− − M+ =
ΓS
A
KM+awM+ exp(−

eφβ
kBT

), (13)

with

A = 1 + K2awH+ exp(−
eφ0
kBT

) + KM+awM+ exp(−
eφβ
kBT

), (14)

where ΓS is the total surface site density (in sites m− 2), awi is the activity of species i in pore water, andK2 andKM+

are equilibrium constants defined for each reaction of

>SiO− + H+ ⇔ > SiOH, K2, (15)

>SiO− +M+ ⇔ > SiO− − M+, KM+ . (16)

These equilibrium constants at temperature T (K) are calculated using the following equation of chemical
equilibrium at isothermal condition:

∆G0
f (T) = − RTlnK, (17)

where ∆G0
f (T) is the standard Gibbs energy (J mol− 1) of formation at 0.1 MPa, R is the molar gas constant

(8.314 J K− 1 mol− 1), and K is the equilibrium constant.

The surface reaction of (15) occurs at the 0‐plane and that of (16) occurs at the Stern plane. Equations 6–10 were
solved for the variables of Q0, Qβ, QS, φ0, and φβ using the Newton–Raphson method. Table 3 shows the
parameter values in Equations 6–11 used in this study, which were derived from Leroy et al. (2022). It should be
noted that ∆G0

f (T) , C1, and ε1 were assumed to be constants obtained at 20–25°C and approximately 0.1 MPa.
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Although these values can depend on temperature and pressure (e.g., Aliza-
deh & Wang, 2020), to our knowledge, no studies have investigated these
values under the conditions covered in the present study (25–200°C and 0.1–
5 MPa). Nevertheless, as discussed in Section 2.1.4, assuming them as con-
stants allowed us to obtain reasonable temperature dependencies at high
pressure (3.45 MPa). Therefore, we decided to use these assumptions.

The specific surface conductance of the quartz was then calculated using the
following equation (Leroy et al., 2013):

Σs = Σ0
s + ΣStern

s + ΣDiffuse
s , (18)

where Σs is the specific surface conductance, representing the increments
from the conductance of pore water at the surface (in S). Σ0

s is the conductance
due to the transport of protons on the surface and is set to a constant of 1.53 nS
(Leroy et al., 2013), ΣStern

s is the conductance of the Stern layer (in S), and
ΣDiffuse
s is the conductance of the diffuse layer (in S).

ΣStern
s was calculated using:

ΣStern
s = eβSM+ Γ>SiO− − M+ , (19)

where βSM+ is the mobility of cation M+ in the Stern layer (in m2 s− 1 V− 1). The mobility of sodium ions in the Stern
layer was calculated using an empirical equation based on the results of molecular dynamics (MD) simulations by
Zhang et al. (2011):

βSNa+ = 0.1βwNa+ exp(− 7.0m − 0.105), (20)

where βwNa+ is the mobility of sodium ion in pore water. ΣDiffuse
s was then calculated using:

ΣDiffuse
s = 2000eNAλ∑

i
(βwi +

2εwkBT
vieηw

) cwi {exp(
− vieφd
2kBT

) − 1}, (21)

where vi is the valence of ion i, cwi is the molarity of ion i in pore water (in mol L− 1), ηw is the dynamic viscosity of
pore water (in Pa s), and λ is the Debye length (in m) calculated as follows:

λ =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
εwkBT

2000e2NAI

√

. (22)

The right‐hand side of Equation 21 is the sum of the electro‐osmotic conductance derived from the Stokes
equation and electromigration conductance, which is calculated based on the assumption that the ion mobility in
the diffuse layer is equal to that in the pore water (Revil & Glover, 1997). It is worth mentioning that Equations 8,
19–21 implicitly assume that the Debye length is smaller than the local radius of the curvature of the mineral
surface and the pore size (Revil & Glover, 1997). Therefore, the unit element of quartz and aqueous NaCl solution
should be significantly larger than approximately 1–10 nm, which is the order of the Debye length calculated
under 20°C–200°C and 10− 4–5 mol kg− 1 covered in this study.

The specific surface conductance calculated by Equations 18–22 agreed well with the experimental data of
Watillon and de Backer (1970) and Sonnefeld et al. (2001) measured at 20°C–25°C (Figure 3) within the order of
10− 8 S, as highlighted in previous studies (Leroy et al., 2013; Revil & Glover, 1998). It is worth noting that these
studies measured the surface conductance of the amorphous silica, which might differ from the surface
conductance of quartz calculated in this study. However, the zeta potential of amorphous silica and that of quartz
are close at low salinity (< difference 5 mV) (Leroy et al., 2013, 2022; Walker & Glover, 2018); therefore, both

Table 3
Parameter Values of BSM in Equations 6–11

Symbols Values

ΓS (sites m− 2) 4.6 × 1018

K2
a 2.04 × 107

KNa+
a 3.80

C1 (F m− 2) 3.43

ε1 (F m− 1) 3.81 × 10− 10

d (m) 2.0 × 10− 11

aValues are equilibrium constant at 298.15 K. The values at a given tem-
perature T (K) are calculated by multiplying them by exp(298.15/T) based on
Equation 17.
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surface conductances are deemed to be close as well. The smaller calculated values than the experimental data of
Watillon and de Backer (1970) (squares in Figure 3) may be mainly due to (1) the mobility of Na+, which is
approximately 1.5 times smaller than that of K+ when the solution is dilute (e.g., Roger et al., 2009) and (2)
differences in the parameter values of BSM (Table 3). The inconsistencies with the experimental data of Son-
nefeld et al. (2001) (circles in Figure 3) may be due to the inadequacy of the equation used to evaluate the
experimental data, as discussed in Leroy et al. (2013). Furthermore, the conductivity of the aqueous NaCl solution
(Equation 1) used for the conversion from the Dukhin number to specific surface conductance may differ from the
conductivity of the solution in the experimental system. Although it remains unconfirmed whether the surface
conductance agrees with experimental data above 10− 1 M, this model can reproduce the zeta potential that Walker
and Glover (2018) measured over varied salt concentrations (∼10− 4–5.5 M NaCl). Therefore, the specific surface
conductance is deemed accurate at high salt concentrations as long as Equations 18–22 hold. The temperature
dependence of the specific surface conductance of quartz will be discussed in Section 2.1.4.

2.1.3. Smectite

Smectite is a 2:1 phyllosilicate composed of tetrahedra–octahedra–tetrahedra (TOT) layers and interlayers. Al3+

in the octahedral sheet and Si4+ in the tetrahedral sheet are partly replaced by Mg2+ and Al3+ or Mg2+,
respectively, attracting cations to the interlayer to compensate for the excess negative charges. This study con-
siders saturated conditions alone. Thus, the interlayer was assumed to be filled with an aqueous NaCl solution.
The electrochemical properties of the Na‐smectite interlayer were calculated using the 1‐pK triple layer model
(TLM) developed by Gonçalvès et al. (2007) (Figure 4):

Q0 =
e
2
[

Γ0
1
A′
{
awH+
K′1

exp(
− eφ0
kBT

) − 1} +
Γ0

2
B′
{
awH+
K′2

exp(
− eφ0
kBT

) − 1} − 2Γ0
3] + Qi, (23)

Figure 3. Specific surface conductance of quartz as a function of molality. Colors indicate temperature (in °C). The squares
represent the experimental data (KNO3(aq), Tc∼20–25°C) as measured by Watillon and de Backer (1970). Referring to Revil
and Glover (1998), the conductivity of the aqueous solution was converted to molality, assuming that molarity and molality
are equal in such a dilute solution. The circles represent the specific surface conductance (NaCl(aq), Tc = 25°C) calculated
from the Dukhin number measured by Sonnefeld et al. (2001). This study only explicitly showed the Dukhin number
obtained at 10− 3 M NaCl; thus, we compiled those values from Leroy et al. (2013). When calculating the surface conductivity
from the Dukhin number, the effective radius was set to 150 nm based on Leroy et al. (2013).
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Qβ = e
Γ0

3
C′
(
awH+
K′3

+
awNa+
K′4

) exp(
− eφβ
kBT

), (24)

Q0 + Qβ + QS = 0, (25)

φ0 − φβ =
Q0
C′1

, (26)

φβ − φd = −
QS

C′2
, (27)

QS = 2

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

1000NAcwkBTεw{cosh(
eφd
kBT

) − cosh(
eφr
kBT

)}

√

, (28)

φd = φr +
103eNAcw

εw
sinh(

eφr
kBT

) (xd − r)2 +
106e3NA2cw2

12εw2kBT
sinh(

2eφr
kBT

) (xd − r)4, (29)

with

A′ = 1 +
awH+

K′1
exp(

− eφ0
kBT

), (30)

B′ = 1 +
awH+

K′2
exp(

− eφ0
kBT

), (31)

C′ = 1 + (
awH+

K′3
+
awNa+

K′4
) exp(

− eφβ
kBT

), (32)

Figure 4. Schematic illustration of smectite's structure. (a) Smectite particles (adapted from Figure 1 in Leroy & Revil, 2004). (b) Sketch of the TLM developed by
Gonçalvès et al. (2007). The >OH denotes the hydroxyl group located at the center of the six‐membered ring of oxygens.
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where Γ0
1, Γ0

2, and Γ0
3 are surface site densities (in sites m− 2) of aluminol, sianol,

and >Al‐O‐Si‐O, respectively. Qi is half of the permanent charge density (in
C m− 2) and C′1 and C′2 are the capacitances of the inner and outer parts of the
Stern layer (in F m− 2), respectively. cw is the molarity (mol L− 1), φr is the
electric potential at the midpoint of the interlayer (in V), r is the half thickness
of the interlayer (in m), xd is the distance between the centers of the oxygens in
the siloxane surface and the shear plane (in m) (Figure 4), and K′1, K′2, K′3, and
K′4 are the equilibrium constants defined for each surface reaction of

> AlOH
1
2+

2 ⇔ > AlOH
1
2− + H+, K′1, (33)

> SiOH
1
2+ ⇔ > SiO

1
2− + H+, K′2, (34)

> XH0 ⇔ > X− + H+, K′3, (35)

> XNa0 ⇔ > X− + Na+, K′4, (36)

where > X stands for the surface sites of >Al‐O‐Si‐O. Equations 23–29 were
solved for the variables of Q0, Qβ, QS, φ0, φβ, φd, and φr using the Newton–
Raphson method. The parameter values in Equations 23–32 were derived
from Gonçalvès et al. (2007) (Table 4), whereas xd was set as a variable

depending on the layer thickness (i.e., 2r), based on the location of the peak number density of Na+ computed by
the MD simulation by Zhang et al. (2014) (Table 5). As with the case of quartz, the standard Gibbs energy of
formation (Equation 17), along with C′1 and C′2, were assumed to be constants.

It is worth mentioning that Equations 23–36 were derived from Leroy and Revil (2004), who originally
considered the basal (001) plane of phyllosilicate as inert (i.e., hydrophobic), and the surface reactions of (33)–
(36) occur at the edges of the (110) and (010) planes. However, the MD simulations by Szczerba et al. (2020)
revealed that the (001) plane is hydrophilic due to the cations attracted to the surface to satisfy electrical neutrality.
Gonçalvès et al. (2007) accurately reproduced the measurement of swelling pressure decreasing as the interlayer
thickens using Equations 23–36. In addition, the assumptions of the Poisson–Boltzmann distributions in Equa-
tions 28 and 29 find support in MD simulations (e.g., Tinnacher et al., 2016). Given these considerations, we
deemed Equations 23–36 appropriate for calculating the electrochemical properties of the interlayer.

The conductance of the interlayer, Σintra (in S), was then obtained from the following equation, ignoring the
contribution of protons (Leroy et al., 2015; Leroy & Revil, 2004):

Σintra = ΣStern
I + ΣDiffuse

I , (37)

where ΣStern
I is the conductance of the Stern layer (in S) and ΣDiffuse

I is the conductance of the diffuse layer (in S).
ΣStern
I was obtained from

ΣStern
I = eβS

′
Na+ Γ>X− Na+ , (38)

with

Γ>X− Na+ =
Γ0

3
C′

awNa+

K′4
exp(

− eφβ
kBT

), (39)

where βS′Na+ is the mobility of the cation Na+ on the Stern plane (in
m2 s− 1 V− 1) and Γ>X− Na+ is the surface density of the cation on the Stern
plane (in sites m− 2). βS′Na+ was set to half of the mobility of the bulk pore water
based on the MD simulation results (Bourg & Sposito, 2011; Tournassat
et al., 2009; Zheng et al., 2023), that is,

Table 4
TLM Parameter Values for Calculating the Electrochemical Properties of
the Interlayer and EDL at the Interface of Solid and Macropore Water

Symbols

Values

Interlayer EDL facing bulk pore

Γ0
1 (sites m− 2) 0.0 0.0

Γ0
2 (sites m− 2) 5.5 × 1018 5.5 × 1018

Γ0
3 (sites m− 2) 5.5 × 1018 5.5 × 1018

Qi (C m− 2) − 0.16 − 0.44

K′1a 1.0 × 10− 10 1.0 × 10− 10

K′2a 1.3 × 10− 6 1.3 × 10− 6

K′3a 1.0 × 10− 2 1.0 × 10− 2

K′4a 0.95 0.50

C′1 (F m− 2) 2.1 0.93

C′2 (F m− 2) 0.55 2.56
aValues are equilibrium constants at 298.15 K. The values at a given tem-
perature T (K) are calculated by multiplying them with exp(298.15/T) based
on Equation 17.

Table 5
Relationship Between the Thickness of the Interlayer (2r) and the Distance
From the Basal Surface to the Shear Plane (xd)

2r (in Å) xd (in Å)

9.40 2.08

12.3 2.41

15.2 4.21

18.4 4.18

21.6 4.22

Note. xd was linearly interpolated with 2r.
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βS
′

Na+ = 0.5βwNa+ . (40)

ΣDiffuse
I was calculated using:

ΣDiffuse
I = 1000eNA∫

r

xd
∑
i
cwi β

I
i (x + xd) exp(

− viφ(x)
kBT

) dx, (41)

where φ(x) is the potential (in V) at distance x from the shear plane (in m) and βIi (x) is the mobility (in m2 s− 1 V− 1)
of ion i at the distance x. Here, φ(x) is given by

φ(x) = φd exp(−
1
r
ln(

φd
φr
) x), (42)

and βIi (x) is given based on the distributions of self‐diffusion coefficients parallel to the TOT surface predicted by
MD simulations (Bourg & Sposito, 2011):

βIi (x) = βwi {1 − exp (− 1.4 × 109x)}. (43)

The mobility calculated using this equation is lower than that of the bulk solution, as it does not include the
contribution of electro‐osmosis.

If the TOT layer is parallel to an XY plane (i.e., the c‐axis is parallel to the Z‐axis) and the unit element has a cubic
shape, the conductivity tensor can be expressed as follows:

σsmectite =

⎡

⎢
⎢
⎢
⎢
⎣

σXY 0 0

0 σXY 0

0 0 σZ

⎤

⎥
⎥
⎥
⎥
⎦

, (44)

where σXY and σZ are combined conductivity of the interlayer and TOT in parallel and series, respectively, and are
calculated as

σXY =
2rσr + dTOTσTOT

2r + dTOT
, (45)

σZ =
2r + dTOT
2r
σr
+
dTOT
σTOT

,
(46)

where σr is the conductivity of the interlayer (in S m− 1; σr = Σintra/r). dTOT and σTOT are the thickness (in m) and
conductivity (in S m− 1) of the TOT layer, respectively. As both the thicknesses of the tetrahedral and octahedral
sheets are ∼2.2 Å (Shirozu, 1988), dTOT was set to 6.6 Å. From the discussion we had when assigning the
conductivity of the solid phase of quartz, 10− 12 S m− 1 was also assinged to σTOT.

The electrochemical properties of the EDL that develops at the boundary between smectite and macropore water
were calculated by solving Equations 23–27 and following Equation 47 for the variables ofQ0,Qβ,QS, φ0, φβ, and
φd by the Newton–Raphson method. Here, Equation 47 is

QS =
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
8000εwkBTNAI

√
sinh(−

eφd
2kBT

). (47)

The parameter values (Table 4) were examined manually around the values reported by Leroy et al. (2015) to
reproduce the zeta potentials of montmorillonite measured by Rasmusson et al. (1997). It is noteworthy that the
charge density value of − 0.44 C/m2 is close to the upper limit of the experimental data (Revil et al., 1998). The
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specific surface conductance was then calculated in the same way as for quartz, using Equations 18, 19 and 21
substituting Σ0

s = 0 and βSNa+ = 0.5βwNa+ (Leroy & Revil, 2004).

To our knowledge, no direct measurement data exist for the EDL conductivity of smectite. Therefore, to test the
reliability of the TLM‐based conductivity of interlayer water at an nm scale, we compared the conductivities
obtained from Equation 37 with the MD simulation results, which investigate atom motions in the interlayer water
at an Å scale, and with the effective medium theory (EMT), which estimates the EDL conductivity on a cm scale
of the core sample.

The conductivities calculated from the distribution of the number densities and self‐diffusion coefficients of
interlayer cations and anions based on MD simulations (Bourg & Sposito, 2011; Tournassat et al., 2009) and those
calculated using Equation 37 generally agreed within ∼2.0 S m− 1 (Figure 5a). The discrepancies between them
may be due to (1) the different parameters of cation compositions and permanent charge densities (Tables 4 and
6); (2) the errors caused by the assumptions in the TLM applied for simplicity, such as the ion activity in the
interlayer being equal to that of bulk water; and (3) the numerical errors in the MD simulations. The interlayer
conductivities also aligned with the results of the EMT analysis by Revil et al. (1998) (Figure 5b herein). At low

Figure 5. Comparison of interlayer conductivities of smectite based on the TLM with those estimated in previous studies. (a) Conductivity of the interlayer calculated
from the results of the MD simulations (Bourg & Sposito, 2011; Tournassat et al., 2009) versus those calculated by TLM (the present study). The thickness of the
interlayer and molarity refer to the values in Table 6, while the remaining parameters are from Tables 4 and 5. The self‐diffusion coefficients of ions in the bulk water
were computed by the mean spherical approximation (Roger et al., 2009). (b) Conductivity of the EDL in smectite as a function of molality, which is normalized by the
EDL conductivity when the aqueous NaCl solution has a molality of 0.58 mol kg− 1. The solid lines indicate the conductivity of the interlayer, with colors representing
the layer thickness (i.e., 2r). The region with a molality over 3 mol kg− 1 for a layer thickness of 1 nm had poor convergence due to overflow when solving Equations 23–
29 with the Newton–Raphson method. The red dashed line shows the specific surface conductivity of the EDL that faces the bulk pore. The gray circles represent the
results of the analysis by Revil et al. (1998) using drilled core samples.

Table 6
Parameter Values of MD Simulations (Bourg & Sposito, 2011; Tournassat et al., 2009)

Parameter Tournassat et al. (2009) Bourg and Sposito (2011)

Half of the permanent charge density (C m− 2) − 0.058 − 0.21

Interlayer cation Only Na+ Na+ and Ca2+ a

Thickness of the interlayer (nm) 16.3b 5.8

Molarity (molc L− 1) 0.1 0.34–1.83

Note.Both simulations were performed under conditions of 298 K and a constant gauge pressure of 0 Pa. aRatio of the number
densities of Na+ and Ca2+ was 2:1 (i.e., the chemical equivalents were equal). bThe thickness of the TOT layer was read from
the graph as 6.9 Å.
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salt concentrations (<∼0.6 mol kg− 1), the analytical results from the EMT approached the 3–4 nm lines, whereas
at higher salt concentrations, those results asymptotically approached the 1–2 nm lines. This shift may correspond
to an osmotic expansion process in which the thickness of the smectite layer (i.e., d001) decreases with increasing
salt concentration (e.g., Svensson & Hansen, 2013). However, the conductivity of the EDL developing on the bulk
pore disagreed with the results of the EMT analysis, which may be attributed to the concentration of the current
flowing through the smectite in the interlayer (e.g., Leroy & Revil, 2009). The linear increase in interlayer
conductivity with increasing temperature (Figure 6) will be discussed in Section 2.1.4.

2.1.4. Validity of the Temperature Dependence of Surface Conductivity

Although no direct measurement data of the surface conductivity of quartz and smectite covering the 20°C–200°C
range exist, several previous studies have estimated the temperature dependence of EDL conductivity by applying
empirical equations to bulk conductivity data measured over varied temperatures (25°C–200°C) and salinities
(0.09–4.74 mol kg− 1) (Waxman & Thomas, 1974; Clavier et al., 1984; Sen & Goode, 1992; Revil et al., 1998).
These studies predicted that the EDL conductivity increases linearly with increasing temperature, which aligns
with the calculations in our study (Figure 7). In addition, the EDL conductivities predicted in these studies fell
roughly between those of quartz and smectite calculated in our study. This is reasonable because the estimated
EDL conductivities in previous studies represent the effective conductivities of pathways through (1) the surface
of minerals with permanent charges, such as smectite; (2) those with only variable charges, such as quartz; and (3)
aqueous NaCl solutions. Further quantitative comparisons were impossible because previous studies have not
quantified clay minerals. However, based on the qualitative discussion above, we consider the temperature
dependence of each component calculated in this study reliable. The close temperature dependences of the
interlayer conductivity and the NaCl solution in the pore water align with the MD simulations, which revealed that
the self‐diffusion coefficients of Na+ in the interlayer are about half of the bulk solution regardless of the tem-
perature in 25°C–100°C (Zheng et al., 2023).

Figure 6. Conductivity of the smectite interlayer as a function of molality (2r = 2 nm; pressure is 5 MPa). Colors indicate
temperature (in °C).
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2.2. Assignment of Components

The conductivity tensor of NaCl solution (i.e., pore space), quartz, and smectite calculated in Section 2.1 was
assigned to the discretized model space using the following two methods:

1. Anisotropic assignment (Figure 8): Utilizing an anisotropic scaling factor, a randomly selected initial
placement was spatially interpolated by ordinary kriging (e.g., Wackernagel, 1995). First, N1 voxels were
randomly selected from those yet to be assigned to scatter the voxels with conductive components (i.e., NaCl
(aq) or smectite) throughout the model space without an end‐to‐end connection. It is important to note that
quartz was assigned to the last remaining voxels instead of kriging. Here,N1 is an integer approximately half of
Nt, whereNt is a target number (integer) obtained by rounding the volume fraction of the component multiplied
by the total number of voxels in the model space. Subsequently, those initially selected voxels were assigned
probabilities in 0–1. These probabilities were interpolated on the location of the yet unassigned voxels through
anisotropic ordinary kriging to ensure that the ratios of autocorrelation lengths on the Y‐ and Z‐axes (i.e., axes
without voltage) to the X‐axis (i.e., axis for applying voltage) were proportional to constant k. The smaller the k
value, the more conductive paths form in the X‐axis and less in the Y‐ and Z‐axes (Figure 8). Similar to the
random assignment method described below, the distribution is uniquely determined once a random seed value
is given. This method was employed in simulations when reproducing the bulk conductivity data from core
samples in previous studies (Section 2.4), with rotation matrices being either fixed or randomly given.

2. Random assignment (Figure 9): The conductivity tensors were randomly assigned and rotated. The distri-
bution of the components was determined by random sampling of the indices of voxels that had not yet been
assigned. Rotation matrices were obtained for each element through QR decomposition of randomly generated

Figure 7. Normalized conductivity at 25°C as a function of temperature. The blue, green, and orange lines represent the
conductivity of the aqueous NaCl solution, the interlayer of smectite, and the EDL on the quartz surface, respectively. The
circles, squares, and rectangles correspond to data from Waxman and Thomas (1974), Clavier et al. (1984), and Sen and
Goode (1992), respectively. These conductivities have been normalized to their values at 25°C. The temperature
dependences of the surface conductivities estimated in previous studies are compiled from the mobilities multiplied by the
surface charge densities. As these mobilities are major contributors to the bulk conductivities at low salinities, the
conductivities of each component (lines) were calculated at 0.09 mol kg− 1 (the lowest of the molalities covered by previous
studies). The pore pressure was set to 3.45 MPa, which was the same as that in the experimental system.
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3 × 3 matrices using uniformly distributed random numbers. This method was used to investigate bulk
conductivity dependence on various petrophysical conditions, such as temperature, salinity, or pore volume
fraction (Section 2.4).

2.3. Finite Element Method

After the assignment of components to the gridded model space, the electric potential distribution was computed
using FEM to minimize the resistive loss in the rock. We added the functionality of Ventcel's boundary condition
to the computational code developed by Garboczi (1998) to calculate the resistive loss associated with surface
conduction. Separate element stiffness matrices were prepared for both volume and surface elements. For the
cubic volume element, the stiffness matrix is defined by the following equation:

Dv
rs =∫

1

0
∫

1

0
∫

1

0
{∑

p
∑
q

∂ϕr
∂p

σpq
∂ϕs
∂q

} dxdydz, (48)

whereDv
rs is the r, s entry in 8× 8 stiffness matrix of Dv (r and s denote the indices of vertices in Figure 10a), σpq is

the p, q entry of the conductivity tensor in σ (p and q represent the indices of axes where one corresponds to the X‐

Figure 8. Examples of component daistributions realized by anisotropic ordinary kriging (Nx = Ny = Nz = 20). Cases with the anisotropic ratio for NaCl solution of
(a) k = 0.2, (b) k = 1.0, and (c) k = 5.0. The pore volume fraction (i.e., the volume fraction of NaCl solution in the entire volume of the model space) is 0.2 for all cases
here, and smectite is not shown in this figure for clarity.

Figure 9. Distribution of randomly assigned components (Nx = Ny = Nz = 20) with a volume fraction of NaCl solution (ϕw) as (a) 0.1, (b) 0.3, and (c) 0.5. The volume
fraction of smectite for the solid phase (not the entire model volume) is 0.1 for all cases here.
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axis, two to the Y‐axis, and three to the Z‐axis, respectively), and ϕi is the
linear shape function defined at vertices i of a cubic element (Table 7 and
Figure 10a). The integral interval was set to 0–1 for simplicity because the
bulk conductivity obtained in this study is independent of the scale due to the
periodic boundary condition mentioned later. Equation 48 can be accurately
solved using Simpson's rule (Garboczi, 1998). Subsequently, the resistive loss
(in W) in each volume element is calculated as follows:

Evn =
1
2

uTv Dvuv, (49)

where uv is the 8 × 1 column vector containing electric potentials at the
vertices (in V) of the cubic element.

Similarly, the surface stiffness matrix on the solid–liquid boundary is
defined as

Ds
r′s′ =

Σs

d
∫

Ω

⎧⎨

⎩
∑
p′
∑
q′

∂ϕr′
∂p′

∂ϕs′
∂q′

⎫⎬

⎭
dΩ, (50)

where Ds
r′s′ is the r′, s′ entry in the 4 × 4 stiffness matrix of Ds (r′ and s′ denote the indices of vertices in

Figure 10b), Σs is the specific surface conductance (in S) of the EDL developed at the solid–liquid boundary
calculated using Equation 18, d is the edge length of the cube (in m), and p′ and q′ denote the indices of axes on the
surface boundary Ω (Table 8 and Figure 10b). d should be much larger than the Debye length (1–10 nm in this
study) in order to qualify the following two conditions: (1) the thin and flat layer assumption in the BSM (Leroy
et al., 2013, 2022) and the TLM (Leroy & Revil, 2004) and (2) the condition required by the FEM that the EDL is
thin enough compared to the volume elements. The energy generated on the surface per unit time (in W) is
calculated as follows:

Esn =
1
2

uTs Dsus, (51)

where us is the 4 × 1 column vector containing electric potentials at the vertices (in V) of each square element on
the surface.

Once the stiffness matrix for each element has been calculated, the total resistive loss is calculated using the
following equation (Garboczi, 1998):

Table 7
Linear Shape Functions at the Vertices of Cubic Elements

ϕi Shape functions

ϕ1 (1 − x) (1 − y) (1 − z)

ϕ2 x(1 − y) (1 − z)

ϕ3 xy(1 − z)

ϕ4 (1 − x)y(1 − z)

ϕ5 (1 − x) (1 − y)z

ϕ6 x(1 − y)z

ϕ7 xyz

ϕ8 (1 − x)yz

Figure 10. Indices of vertices. (a) Cubic element. (b) Surface element on the solid–liquid boundary.
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E =
1
2

uTAu + b · u + c, (52)

where u is the column vector containing electric potentials (in V) at every
vertex, A is the global stiffness matrix built from Dv and Ds of all elements,
and b and c are constants associated with the periodic boundary condition. E
was minimized using the conjugate gradient method to obtain the optimum
distribution of the potential u. Finally, the bulk conductivity is calculated
using the following equation:

σp =
〈ip〉 Lp
∆Vp

, (53)

where subscript p denotes the axis index, σp is the bulk conductivity, ip is a vector containing the current density in
each element (A m− 2) calculated from the potential u, conductivity tensors, and specific conductance on the
solid–liquid boundaries (〈∙〉 denotes an average), ∆Vp is the voltage applied to the system (in V), and Lp is the
length of the computational domain (in m). The simulated and theoretical bulk conductivities of rocks with
layered quartz and NaCl solutions agreed within a relative error of 10− 15 in the ranges of 20°C–200°C and 10− 4–
5 mol kg− 1 (pore pressure was set to be 5 MPa, and other conditions are listed in Table 9).

2.4. Simulation Conditions

All simulations were performed using the parameter settings listed in Table 9. It should be noted that we did not
investigate the off‐diagonal elements in the bulk‐conductivity tensor as they fall beyond the scope of this study.

First, we tested the simulator's ability to reproduce core sample data from Waxman and Smits (1968) and Lévy
et al. (2018), in which we performed simulations under the conditions listed in Table 10. Here, the mass fraction of
smectite quantified by XRD in Lévy et al. (2018) was converted to a volume fraction using the average density of
solid grains measured in the same core samples and the hydrated smectite's average density at 2.3 g cm− 3, which
was assumed in their study. Meanwhile, as the smectite content was not quantified in Waxman and Smits (1968),
the following equation proposed by Lévy et al. (2018) was applied to convert the surface charge density to the
volume fraction of smectite:

Xsmec =
Qvϕ

202(1 − ϕ)
, (54)

where Xsmec is the volume fraction of smectite in the solid phase, Qv is the excess of charge per unit pore volume
(C cm− 3), and ϕ is the effective porosity. The effective porosity measured by Waxman and Smits (1968) and Lévy
et al. (2018) may include the microporosity of the smectite interlayer; thus, the following equation was introduced
to calculate the volume fraction of the macropore:

ϕw =
ϕ − ϕsolsmec
1 − ϕsolsmec

, (55)

with

ϕsolsmec =
2rXsmec

2r + dTOT
, (56)

where ϕw is the volume fraction of macropore and ϕsolsmec is the volume fraction
of the smectite interlayer in the solid phase. Equation 55 was derived by
equating the sum of the microporosity in smectite (= [1 − ϕw]ϕsolsmec) and
macroporosity (ϕw) to the effective porosity (ϕ). The other temperature and
salinity properties were set to the values provided in the aforementioned

Table 8
Linear Shape Functions at the Vertices of Square Elements on the Surface

ϕi Shape functions

ϕ1 (1 − p′) (1 − q′)

ϕ2 p′(1 − q′)

ϕ3 (1 − p′)q′

ϕ4 p′q′

Table 9
Parameter Values Commonly Used in the Simulations

Parameters Values

Grid numbers (Nx,Ny,Nz) 20, 20, 20

Edge length of a cubic cell 1.0 μm

Voltages (Vx,Vy,Vz, in V) 20, 20, 20

Convergence criteria of the CG methoda 8.0 × 10− 13

pH 7.0
aCriteria for the squared value of the L2 norm of the gradient vector ∂E

∂u.
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papers. As the pore pressure was not specified in Waxman and Smits (1968) and Lévy et al. (2018), we assumed
an atmospheric pressure of 0.1 MPa in our simulations. A voltage of 20 V was applied only on the X‐axis and null
on the other axes to make the condition similar to that in the laboratory experimental system. The thickness of the
interlayer (2r), anisotropic ratio (k) of each material type, and rotation angles (θ) of the conductivity tensor of
smectite around the Y‐axis (conductivity tensors shown in Equations 2, 5 and 44 are defined at θ = 0°) were
searched for unknown parameters by trial and error. Owing to limited computational resources, we did not
confirm the uniqueness of the solution (i.e., whether a global minimum exists). The bulk conductivity was
computed from 100 different distributions generated by anisotropic kriging based on the corresponding 100
random seeds to estimate the variance of the simulations.

Second, we investigated the dependence of the bulk conductivity of smectite‐bearing rocks on temperature,
salinity, porosity, and smectite content. The simulation conditions are listed in Table 11. To accurately calculate
the electrochemical properties of the interlayer, its thickness (i.e., 2r) was set to 2 nm, allowing the TLM to
reproduce the experimental data of osmotic pressure (Gonçalvès et al., 2007) and EMT analysis (Revil
et al., 1998, Figure 5b herein). The pore pressure was fixed at 5 MPa, corresponding to the hydrostatic pressure at
a depth of 500 m, where smectites are abundant in geothermal fields (e.g., Àrnason et al., 2000). For each
condition, we computed the bulk conductivity from 10 different random distributions based on the corresponding
random seeds to evaluate simulation variance. Furthermore, the empirical and theoretical models proposed in
seven previous studies (Archie, 1942; Wyllie & Southwick, 1954; Waxman & Thomas, 1974; Bussian, 1983;
Clavier et al., 1984; Sen & Goode, 1992; Qi & Wu, 2022) were fitted to our simulation results using the

Levenberg–Marquardt method implemented by the lmfit package (Newville
et al., 2023). The inverse of the square common logarithm of the variance
calculated from 30 pieces of simulated data (10 random seeds × 3 axes) was
employed as weights in the curve fitting.

3. Results and Discussion
3.1. Comparison With Experimental Data

The best‐fitted geometrical parameters of the core samples, obtained by
comparing the experimental data with our simulations, are listed in Table 12.
Overall, the simulator reproduced the molality dependence of the experi-
mental data within or close to the standard deviations derived from the
randomness of the initial distribution in the anisotropic arrangement of
components (Figure 11). For WS26, we reproduced the reported conductivity
by giving a random distribution and angle of smectite (Table 12). Given that
WS26 was collected from a depth of 982 m in a Tertiary horizon, burial
consolidation might have contributed to forming a smectite's preferred
orientation in the actual core sample parallel to the bedding plane (e.g.,
Kawamura, 2010). However, as Bowles (1968) reported random smectite

Table 10
Experimental Conditions of the Core Samples

Symbols

Core IDs

WS26 L22 L24a L31 L96 L113

Tc (in °C) 25.0 22.0 22.0 22.0 22.0 22.0

m (in mol kg− 1) 1.7 × 10− 2–5.6 1.5 × 10− 2–0.64 1.5 × 10− 2–0.64 4.7 × 10− 4–1.6 1.5 × 10− 3–1.6 7.8 × 10− 3–1.6

P (in MPa) 0.1 0.1 0.1 0.1 0.1 0.1

ϕ 0.229 0.139 0.222 0.236 0.279 0.099

Xsmec 0.209 0.177 0.324 0.242 0.331 0.111

Nseed 100 100 100 100 100 100

Note. The core IDs are based on those listed in previous studies (Lévy et al., 2018; Waxman & Smits, 1968). WS26 is from
Waxman and Smits (1968), and the others are from Lévy et al. (2018). Nseed denotes the number of random seeds in our
simulations.

Table 11
Simulation Conditions Under Which the Dependence of Bulk Conductivity on
Petrophysical Properties was Studied

Symbols Values

Tc (in °C) 20–200

m (in mol kg− 1) 10− 4–5

ϕw 0–1

Xsmec 0–1

P (in MPa) 5

2r (in nm) 2

Nseed 10

Note. Nseed denotes the number of random seeds in the simulations.
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distributions in the Gulf of Mexico even in high‐pressure sedimentary envi-
ronments (>33 MPa), we eventually opted for the random setting for ksmec and
θsmec. The other cores, L22–L113, were collected from depths of 131–582 m
in the Krafla geothermal area, Iceland (Lévy et al., 2018; Scott et al., 2023).
Due to the fact that these plugs were cored perpendicularly to the vertical core
from the original drilling on‐site, conductivities were overall measured along
the horizontal plane (note that a significant part of smectite precipitation in
altered volcanic rocks happens in fractures, which are not necessarily parallel
to the bedding plane). Therefore, the low θsmec of L22–L113 (Table 12) in-
dicates that the TOT plane of the smectite may have been parallel to a hori-
zontal direction, close to the bedding plane. These angles may be related to
regional ground deformation in the Krafla area because particles with large
aspect ratios, such as smectite, tend to rotate in response to the magnitude and
anisotropy of the strain rate (e.g., Masuda et al., 1995). On the other hand,
values of ksmec in the range of 0.5–5 of L22–L113 may imply that the direction
of fracture propagation, which promoted hydrothermal alteration to produce

smectite, differed from core to core. In addition, these values might reflect the igneous lamination of the protolith
(e.g., Best, 2002). However, no data on the anisotropy of smectite distribution and preferred orientation were
available to validate the optimized parameters in Table 12; thus, we do not discuss them further.

3.2. Dependence of Bulk Conductivity on Petrophysical Properties in Smectite‐Bearing Rocks

Here, we show the simulation results under the wide parameter ranges listed in Table 11. In all conditions,
simulations were performed for 10 different random configurations to obtain the conductivities in the X, Y, and Z
axis directions; thus, we have 30 pieces of simulated conductivity data for each condition. The contribution of the
EDL on quartz to the bulk conductivity was not discussed here because it was minimal (<0.06 S m− 1) across all
petrophysical conditions considered.

Table 12
Optimized Parameters.

Symbols

Core IDs

WS26 L22 L24a L31 L96 L113

2r (in nm) 2.0–4.0a 1.3 1.1 2.0 2.0 0.8

ksmec R 0.5 5.0 5.0 5.0 0.6

kNaCl(aq) 0.7 R R R R R

θsmec(°) R 20.0 0.0 0.0 0.0 0.0

Note. ksmec and kNaCl(aq) are anisotropic ratios of smectite and NaCl solution,
respectively, θsmec is the rotation angle of the tensor of smectite (in degree),
and “R” denotes random settings under a given random seed. a2r decreases
linearly (4.0–2.0 nm) with increasing molality (1.7 × 10− 2–5.6 mol kg− 1).
This setting is based on the analysis in Section 2.1.3 (Figure 5b).

Figure 11. Comparison of the experimental data (dots) and simulator output (gray area). The best‐fit parameter values are listed in Table 12. The gray areas indicate the
average± standard deviation estimated from 100 realizations of the simulations. The vertical and horizontal axes show the bulk conductivity in the X‐axis (in S m− 1) and
molality (mol kg− 1), respectively.
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3.2.1. Temperature Dependence

For any salinity, porosity, and smectite content, the temperature dependence of the bulk conductivity was linear
(Figure 12). This linear slope arises from the linear nature of the temperature dependence of the conductivity for
each component. On the other hand, above 200°C, these linear dependences might disappear due to the nonlinear
temperature dependence of the conductivity of NaCl solution (e.g., Watanabe et al., 2021) and the electrochemical
properties of smectite (Equations 23–43). The greater slope of the bulk conductivity versus temperature with
increasing smectite content is attributed to the greater temperature dependence of smectite than that of the NaCl
solution (Figure 7). While the temperature dependence of the conductivity of the EDL on quartz is approximately
three times larger than that of smectite or NaCl solution in the normalized plot (Figure 7), its contribution is
negligible compared to smectite because of the small conductivity (10− 12 S m− 1) of quartz.

3.2.2. Salinity Dependence

Regions of negative slopes of bulk conductivity with increasing salinity appeared when the rock contained
sufficient smectite (Figure 13). This negative slope is because, at molalities below 1 mol kg− 1, Na+ ions
concentrate in the Stern layer, where mobility decreases monotonically with increasing salinity (Figure 14).
Conversely, at molalities exceeding 1 mol kg− 1, the conductivity of the interlayer begins to increase because of
the increased proportion of Na+ in the diffuse layer, where the ion mobility is greater than that of the Stern layer.
The negative slopes of the interlayer conductivity have been confirmed by MD simulations (Greathouse
et al., 2016) and EMT analysis (Revil et al., 1998, Figure 5b herein). However, to our knowledge, experimental
studies have not supported this, potentially owing to the following three factors.

Figure 12. Temperature dependence of bulk conductivity at different salinity (m), porosity (ϕw: volume fraction of macropore), and smectite fraction (Xsmec). Error bars
indicate standard deviations estimated using 30 pieces of simulated conductivity data for each condition based on the random assignment of components.
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Figure 13. Molality dependence of bulk conductivity at different temperatures (Tc), porosities (ϕw: volume fraction of macropore), and smectite fractions (Xsmec). Error
bars indicate standard deviations estimated using 30 pieces of simulated conductivity data for each condition based on the random assignment of components.

Figure 14. Molality dependence of the conductance of an interlayer (2r = 2 nm; Tc = 20°C; P = 5 MPa).
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1. Xsmec of cores for which the bulk conductivity has been measured in previous studies is generally less than 0.5
(e.g., Lévy et al., 2018). The pore water conduction dominates the bulk conductivity at low smectite content,
which always increases with salinity (Figure 1). In addition, the degree of clay alteration is positively
correlated with porosity (Lévy et al., 2018); therefore, core samples with low porosity and high smectite
content, where negative slopes appear, may rarely be found.

2. In actual core samples, interlayer thickness decreases with increasing salinity (e.g., Svensson & Han-
sen, 2013). Thus, the current through the macropores is expected to increase with increasing salinity.

3. Conductivity measurements of samples with high clay mineral content require a significant effort. For
instance, the viscous properties and swelling pressure make it challenging to place or remove them from a
sample holder (Takakura, 2009). Additionally, achieving chemical equilibrium can take several months
(Waxman & Smits, 1968).

3.2.3. Porosity Dependence

When the salinity is low (≤10− 2 mol kg− 1) and smectite is present in a rock, the slope of the bulk conductivity to
the porosity is negative (Figure 15) (note that in this section, we use porosity to mean the volume fraction of
macropore: ϕw). If the salinity is 10− 2 mol kg− 1 or less, the conductivity of the interlayer exceeds that of the
macropore by over 100 times. Thus, the current path is concentrated in the smectite. Therefore, as porosity in-
creases, the total current decreases as the volume fraction of smectite in the entire rock (= [1 − ϕw]Xsmec) de-
creases. Conversely, for a salinity of 1 mol kg− 1, the predominant current pathway shifts from smectite to the
macropore, and curves with a very high smectite content (Xsmec ≥ 0.9) alone have negative slopes, whereas others
show a typical feature of Archie's law (Archie, 1942). To our knowledge, no previous experimental studies using
real samples have reported such a negative slope in smectite‐bearing rocks. It would be difficult to conduct

Figure 15. Porosity dependence of bulk conductivity at different temperatures (Tc), molalities (m), and smectite fractions (Xsmec). Error bars indicate standard deviations
estimated using 30 pieces of simulated conductivity data for each condition based on the random assignment of components.
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experiments on actual rocks in which the macro‐porosity alone is changed without affecting other petrophysical
properties. The ability to replicate experiments under such difficult conditions is an advantage of numerical
simulation. In two‐component systems with Cu2O and NaCl solutions, similar behavior has been reported for
NaCl concentrations below 10− 2 M (Glover et al., 2000).

3.3. Comparison With Previous Models

Among the seven equations proposed in previous studies, our simulator best fitted Clavier et al.’s (1984) equation,
which showed the highest R2 with the lowest Akaike information criterion (AIC) (Table 13). However, the
assumption in this equation that the ion mobility in the EDL increases with increasing salt concentration needs to
be corrected, considering the discussion in Section 3.2.2. Moreover, although this equation has the smallest AIC
among those proposed in previous studies, it has eight free parameters. Therefore, instead of further complexing
it, we modified the equation of Qi and Wu (2022) derived from the EMT, which is an easy‐to‐use explicit function
with fewer free parameters. By introducing additional parameters for the dependence of the effective EDL
conductivity (σr) on fluid conductivity, the modified equation of Qi and Wu (2022) yielded an AIC smaller than
that of Clavier et al. (1984) with an equivalent R2 (Table 13). It may also be used to interpret experimental data, as
the original equation of Qi and Wu (2022) is capable of such purposes.

Archie's equation (Archie, 1942) cannot be applied to interpret the conductivity of smectite‐bearing rocks because
it is valid only for binary systems comprising an insulator and a conductor (e.g., Bussian, 1983). Furthermore,
while Archie's equation did not reproduce the simulation results well, replacing ϕw with ϕ (= ϕw + ϕsmec, where
ϕsmec = 2(1 − ϕw)rXsmec/ [2r + dTOT] ) resulted in better R2 and AIC (Table 13). This result implies that we
should know which region is included in the “porosity” used to interpret the conductivity of shaly sands with
Archie's type formation factor.

3.4. Percolation Thresholds of Smectite‐Bearing Rock

To investigate the percolation threshold, we performed simulations by varying ϕw and Xsmec in 0.01 increments in
the ranges of 0 ≤ ϕw ≤ 0.2 and 0 ≤ X smec ≤ 0.2 with the conditions listed in Tables 9 and 11 (temperature, pore
pressure, and molality are fixed at 20°C, 5 MPa, and 0.1 mol kg− 1, respectively). We observed a significant
change in bulk conductivity on a logarithmic scale when the sum of ϕw and Xsmec (approximately equal to ϕsmec at
low ϕw) reached 0.1 (Figure 16). This value is close to the percolation threshold of 0.0976 reported by Kurzawski
and Malarz (2012) for a randomly assigned binary mixture of an insulator and a conductor using the criteria of a
26‐site coordination number (i.e., Rubik's neighborhood named in that study). By employing NeworkX (a soft-
ware to analyze graphs comprising nodes and edges) (Jung, 2022) with Rubik's neighborhood criteria, we further
confirmed that when the sum of ϕw and ϕsmec reaches 0.1, smectite and macropore paths begin to connect from
one end of the specimen to the other (Figure 17). Below the percolation threshold, independent clusters with a
small localized current flow were observed (Figure 18a). At the percolation threshold, current pathways emerged
along conduits comprising NaCl solution and smectite (Figure 18b). Above the percolation threshold, almost all
NaCl solutions and smectite contributed to the current paths (Figure 18c).

4. Conclusions
To accurately compute the direct‐current conductivity of smectite‐bearing rocks across varied temperatures,
salinities, and porosities, we developed a simulator capable of reproducing the conduction phenomenon in rocks
composed of aqueous NaCl solution, quartz, and smectite. By considering the geometric parameters of the rock,
the simulator reproduced the experimental data of core samples in previous studies. Simulations with randomly
assigned components revealed that when rock specimens contain abundant smectite, the bulk conductivity
partially decreases with increasing NaCl solution's salinity or volume fraction. To our knowledge, this study is the
first to validate the presence of these negative slopes. We confirmed that such characteristics can also be
reproduced using the equations of Clavier et al. (1984) or the partially modified version of Qi and Wu (2022). In
addition, we found that current paths between the ends of the specimen start to form when the sum of the volume
fraction of macropores and smectite reaches 0.1. An effective application of our simulator is the interpretation of
shallow subsurface structures, particularly those containing smectite‐bearing rocks. This includes evaluating
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geothermal resources and identifying potential landslide layers. However, achieving accurate interpretation de-
pends on appropriately constrained petrophysical properties, which can be attained through drilling or cross‐
checking with other methods.

Table 13
Equations Tested to Reproduce the Results of Numerical Experiments With Optimized Parameters, Coefficient of Determination (R2), and Akaike's Information
Criterion (AIC)

Previous works Equations Optimized parameters R2 AIC

Archie (1942) σbulk = ϕw
mσw m = 1.0 − 0.09 3.4 × 104

σbulk = ϕmσw m = 1.5 0.27 3.3 × 104

Wyllie and
Southwick (1954) a, b

σbulk =
1
Fσw +

σr+σw
xσr+yσw

+ zσr , with σr = c′ϕsmec {1 + α(Tc − 20)} F = 6.3,
x = 1.0 × 10− 11,
y = 1.7 × 10− 3,
z = 5.5 × 102,
α = 4.2 × 10− 2,
c′ = 7.6 × 10− 3

0.76 2.4 × 104

Waxman and Thomas (1974) σbulk = ϕm(σw + BQv), with

B = exp (− E/T) (1 − a exp(− σw/γ)) , and Qv = c′ϕsmec

m = 1.9,
a = 0.14,
γ = 2.1 × 10− 5,
E = 1.5 × 103,
c′ = 2.8 × 103

0.70 2.6 × 104

Bussian (1983) a, b σbulk = σwϕm(
1− σw/σr

1− σbulk/σr)
m

, with σr = c′ϕsmec {1 + α(Tc − 20)} m = 1.7,
α = 1.25,
c′ = 9.3 × 10− 2

0.30 3.3 × 104

Clavier et al. (1984) σbulk = ϕm[(1 − vQQv)σw+βQv], with

vQ = α(22+b)
T+b , β = λ{1 − a exp(− σw

γ )}
T+22
c+22 , and Qv = c′ϕsmec

m = 1.4,
a = 0.24,
b = 5.0 × 105,
c = 5.5,
α = 0.45,
γ = 3.5 × 10− 6,
λ = 5.0,
c′ = 3.4

0.93 2.1 × 104

Sen and Goode (1992) σbulk = ϕm(σw +
DmμTQv

1+CμT
σw

) + EϕmμTQv, with μT = 1 + α(Tc − 22), and Qv = c′ϕsmec m = 1.9,
C = 7.4 × 10− 2,
D = 9.9 × 10− 13,
E = 3.1,
α = 0.20,
c′ = 1.1

0.70 2.6 × 104

Qi and Wu (2022) a, b σbulk =
σw
F +

(2ξ+1)σrσw+2(1− ξ)σr2

(2+ξ)σr+(1− ξ)σw
, with σr = c′ϕsmec {1 + α(Tc − 20)} ζ = 6.2 × 10− 8,

F = 6.2,
α = 0.91,
c′ = 0.47

0.75 2.4 × 104

Modified Qi and Wu (2022) σbulk = ϕmσw +
(2ξ+1)σrσw+2(1− ξ)σr 2

(2+ξ)σr+(1− ξ)σw
,

with σr = c′ϕsmec {1 + α(Tc − 20)} (aσw2 + bσw + c)
ζ = 1.60 × 10− 10,
m = 1.52,
α = 6.7 × 10− 2,
a = 0.63,
b = − 1.1 × 102,
c = 4.5 × 103,
c′ = 1.3 × 10− 3

0.93 1.9 × 104

Note. Independent variables are σbulk (bulk conductivity; in S m− 1), σw (in S m− 1), Tc (in °C), T (in K), ϕw (volume fraction of macropore), ϕsmec (volume fraction of
smectite; ϕsmec= 2r(1 − ϕw)Xsmec/[2r+ dTOT]), and ϕ (effective porosity, including microporosity of the interlayer; i.e., ϕ= ϕw+ ϕsmec). The others are free parameters
(i.e., parameters to be fitted). Symbols are derived from previous studies. The curve‐fitting was performed using the simulated data with ϕw ≤ 0.5. aAlthough those
studies did not consider the salinity dependence of EDL conductivity, they reproduced the salinity dependence of bulk conductivity of shaly sands. Therefore, we did not
incorporate the salinity dependence in our study. bAs the temperature dependence of the EDL conductivity was not addressed in those studies, our study incorporated the
corresponding parameters into the equation.
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Figure 16. Bulk conductivity of the smectite‐bearing rock in 0 ≤ ϕw ≤ 0.2 and 0 ≤ Xsmec ≤ 0.2. The lines indicate the average
of 30 pieces of simulated conductivity data.

Figure 17. Plot of percolation points from network analysis and curve of ϕw + ϕsmec = 0.1 (ϕsmec = (1 − ϕw)Xsmec). The
percolation points indicate the conditions under which at least one path was formed from end to end out of 10 random
arrangements.
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Data Availability Statement
Experimental data from Lévy et al. (2018), Rasmusson et al. (1997), Sen and Goode (1992), Sonnefeld
et al. (2001), Watillon and de Backer (1970), Waxman and Smits (1968), and Yamamoto and Namikawa (1994)
were used in this study. As noted in the caption of Figure 3, some of the data from Sonnefeld et al. (2001) and
Watillon and de Backer (1970) were compiled from Leroy et al. (2013) and Revil et al. (1998), respectively. In
addition, analytical results from Bourg and Sposito (2011), Clavier et al. (1984), Revil et al. (1998), Sen and
Goode (1992), Tournassat et al. (2009), Waxman and Thomas (1974), Zhang et al. (2011), and Zhang et al. (2014)
were used. If numerical data were available in the literature, they were referenced; otherwise, the data in the
graphs were numerically converted using WebPlotDigitizer (Rohatgi, 2015). The software developed in this study
is licensed under GPL‐3.0 and published on the open‐access repository (Aoyama, 2024). Those codes were
written in Python 3.9.15 and implemented byNumPy (Harris et al., 2020), SciPy (Virtanen et al., 2020), and iapws
(Romera, 2021). All graphs in this manuscript were created using Matplotlib (Caswell et al., 2022; Hunter, 2007)
and ParaView (Ahrens et al., 2005). The network analysis and non‐linear regression were conducted using
NetworkX (Jung, 2022) and lmfit (Newville et al., 2023), respectively.

Figure 18. Three‐dimensional views of current paths near the percolation threshold. The top panel shows the arrangement of the NaCl solution and smectite, the middle
panel shows the magnitude of the surface current density, and the bottom panel shows the magnitude of the volume current density. (a) Xsmec = 0.05 and ϕw = 0.02.
(b) Xsmec = 0.05 and ϕw = 0.05. (c) Xsmec = 0.05 and ϕw = 0.08. Considering the periodic boundary conditions, we plotted a region two times larger than the
computational domain. A voltage of 20 V was equally and simultaneously applied to all three axes (Table 9).
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