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Theoretical design for artificial spin-triplet superconductors
Jaechul Lee

Abstract

The proximity effect has been an important issue in the physics of superconduct-

ivity. In a normal-metal/superconductor (NS) junction, Cooper pairs penetrate from

a superconductor into a normal metal, and modify its electromagnetic and thermal

properties. Such effect is called proximity effect. For instance, a normal metal in an

NS junction indicates large diamagnetic response to an external magnetic field and

has the gapped energy spectra at the Fermi level. The degree of the proximity effect

depends on the junction parameters such as the transparency of a junction interface

and the degree of disorder in a normal metal. In addition, the symmetry of the pair

potential in a superconductor is a key parameter that changes the proximity effect

qualitatively. The symmetry of the pair potential is categorized into two classes: spin-

singlet even-parity and spin-triplet odd-parity. Spin-singlet s-wave superconductivity

occurs in many metallic superconductors. Superconductivity in high-Tc cuprates be-

longs to spin-singlet d-wave symmetry class. However, spin-triplet superconductors

are very rare. At present, only several heavy-fermionic compounds are candidates

of spin-triplet superconductors. However, the spin-triplet superconductivity in these

materials has not yet been confirmed. Theoretical studies from 2002 to 2007 have

suggested very unusual transport properties in NS junctions consisting of spin-triplet

superconductors. For example, the differential conductance in a spin-triplet p-wave

NS junction at zero-bias is quantized irrespective of the transparency at the junction

interface and the degree of disorder in a normal metal. Such remarkable phenomenon

is called anomalous proximity effect (APE). At that time, microscopic mechanisms of

the APE were not clear at all. Therefore, the APE was considered as a phenomenon

unique to spin-triplet superconductors. Phenomenologically, the APE was understood

as an interference phenomenon between two phase coherent effects: the formation of

Andreev bound states at the junction interface and the usual proximity effect in a

normal metal. The former is realized when the pair potential is an odd function of

wavenumber in the current direction. The latter is realized when the pair potential

is an even function of wavenumber in the transverse direction to the current. Only

spin-triplet p-wave pair potentials satisfy these conditions. To observe the anomalous

proximity effect in experiments, prescriptions for synthesizing artificial spin-triplet

superconductors by combining existing materials and existing technologies. In 2015-

2016, several theoretical studies show that the quantized value of the conductance is

described well by an invariant N which is called Atiyah-Singer index and represents

the number of resonant transmission channels at zero energy in a normal metal. In

these theories, chiral symmetry of Hamiltonian is a key property that explains stability

of highly degenerate zero-energy states in a dirty normal metal.
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In this thesis, we propose theoretical recipes for artificial spin-triplet supercon-

ductors. Spin-orbit interactions have been important items that realizes topologically

nontrivial electronic in various materials such as topological insulators, topological

semimetals, and topological superconductors. Specific properties in topological ma-

terials can be tuned by controlling types of spin-orbit interactions such as Rashba

type, Dresselhaus type, and spin helix type. In this thesis, we consider spin-singlet

d-wave superconductors with spin helix type spin-orbit interactions. In a spin-singlet

d-wave superconductor, the Andreev bound states are present, but the proximity ef-

fect is absent. A spin helix type spin-orbit interaction enables the proximity effect in

a normal metal. In another spin-singlet d-wave superconductor, the Andreev bound

states are absent, but the proximity effect is present. Another specific spin helix type

spin-orbit interaction enables the Andreev bound states at the junction interface. As

a result of introducing spin helix type spin-orbit interactions, such artificial supercon-

ductor indicates the APE. Namely artificial spin-triplet superconductivity is realized

in a spin-singlet superconductor with a spin-orbit interaction. These studies indicate

that the APE is the unusual phenomenon of superconductors that have nontrivial

Atiyah-Singer index.
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Chapter 1

General Introduction

1.1 Anomalous proximity effect

The proximity effect has been an important issue in the physics of superconductivity.

In a normal-metal/superconductor (NS) junction, Cooper pairs penetrate from a super-

conductor into a normal metal and modify its electromagnetic and thermal properties.

Such effect is called proximity effect. [1] For instance, a normal metal in an NS junction

indicates large diamagnetic response to an external magnetic field and has the gapped

energy spectra at the Fermi level. [2, 3] The Josephson current in superconductor/normal-

metal/superconductor (SNS) flows as a result of the penetration of Cooper pairs into the

normal-metal from the two superconductors. The degree of the proximity effect depends

on the junction parameters such as the transparency of a junction interface and the degree

of disorder in a normal metal. In addition, the symmetry of a superconductor is a key

parameter that changes the proximity effect qualitatively. [4, 5, 6] It has been established

that the electric transport properties in an NS junction show in Fig. 1.1 depend sensitively

on the symmetry of the pair potential, where a superconductor is attached to a normal

metal through a potential barrier. The electric current flows in the x direction and width

of the junction in the y direction is W . The resistance at zero bias of an NS junction

calculated based on the quasiclassical Green’s function method is plotted as a function of

the resistance of the normal metal RN. In Fig. 1.1, the arrow points the normal resistance

of the potential barrier RB. In the classical mechanics, the total differential resistance at

zero bias in such a junction is given by

RNS = RB +RN. (1.1)

In quantum mechanics, the resistance at zero bias is represented as

RNS = R̃B + R̃N. (1.2)
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1.1. Anomalous proximity effect

The phase coherent effects renormalize the resistance R̃B and R̃N in various ways depend-

ing on symmetries of the pair potential.

In an unconventional superconductor, the pair potential ∆(kx, ky) changes its sign on

the Fermi surface, where we consider two-dimensional momentum space and kx (ky) is the

wavenumber in the x (y) direction on the Fermi surface, (i.e., k2x + k2y = k2F ). In Fig. 1.2,

the schematic picture of the pair potential is illustrated on the two-dimensional Fermi

surface. The presence of the proximity effect in a normal metal is described by[4]

∆(kx,−ky) ̸= −∆(kx, ky). (1.3)

In an unconventional superconductor, two types of Cooper pairs penetrate into a dirty

normal metal. One originates from the positive part of the pair potential and the other

originates from the negative part of the pair potential. When the pair potential is an

odd function of ky, the amplitudes of the two pairing correlations are equal to each other.

Therefore, the pairing correlation vanishes in a dirty normal metal. As a result, the

proximity effet is absent in a dirty metal and R̃N = RN. The pair potentials in dxy-

and py-wave symmetry are odd function of ky. Therefore the zero bias resistance in

these symmetries increases linearly with RN as shown in Fig. 1.1. In s-wave and px-

wave junction, the proximity effect changes the resistance of a normal metal to R̃N. The

resistance deviates from the linear relationship in these cases. The surface Andreev bound

states appear when the pair potential satisfies[7, 8]

∆(−kx, ky) ∆(kx, ky) < 0. (1.4)

The Andreev bound states at the NS interface decrease RB, indicated by an horizontal

arrow in Fig. 1.1, to R̃B for dxy- and px-wave junctions. The Sharvin conductance of the

junction is defined by

GSharvin =
2e2

h
Nc, (1.5)

Nc = WkF /π is the number of propagating channels on the Fermi surface, W is the width

of the junction, kF is the Fermi wavenumber, and spin degree of freedom of an electron

arises a factor 2. In dxy- and px-wave junctions R̃B becomes

R0 = [2GSharvin]−1 , (1.6)

where an extra factor 2 is derived from the perfect Andreev reflection. In Table 1.1, the

unconventional pair potentials are classified according to whether they satisfy Eqs. (1.3)

and (1.4). The resistance obey Eq. (1.1) for a py-wave junction because both the proximity

effect in a normal metal and the Andreev bound states at an NS interface are absent. As

a result, the total resistance increases linearly with RN from RB. In an dxy-wave junction,

the surface bound states decreases the resistance due to a potential barrier to R̃B = R0.

2



1.2. Atiyah-Singer Index

Figure 1.1: The resistance of an NS junction consisting of an unconventional supercon-
ductor is plotted as a function of the resistance of a normal metal RN. The arrow points
the resistance due to the potential barrier RB. The conductance is calculated based on
the quasiclassical Green’s function method, where the Keldysh-Usadel equation is solved
under appropriate boundary conditions.[5]

RNS in this case also increases linearly with RN because the proximity effect is absent in

a normal metal. The results for an s-wave junction decreases from RB with the increase

of RN then increases. Such reentrant behavior of the resistance is a result of the usual

proximity effect [9, 10] which is caused by the multiple Andreev reflection near an NS

interface. Finally in a px-wave junction, the resistance depends on neither RB nor RN.

The Andreev reflection is always perfect even in the presence of the potential barrier and

random impurities. This effect is called anomalous proximity effect. [5] Such drastic effect

can be seen only in the zero-bias resistance or the zero-bias conductance. The conductance

is quantized at

GNS = R−1
0 =

4e2

h
Nc. (1.7)

The perfect transmission of a Cooper pair through a dirty normal metal also causes the

low-temperature anomaly in an SNS junction. [6] Phenomenologically, the anomalous prox-

imity effect is understood as an interplay between the proximity effect in normal metals

and the formation of bound states at the interface. However, it took more than a decade

to reach a microscopic understanding of the anomalous proximity effect.

3



1.2. Atiyah-Singer Index
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Figure 1.2: Pair potentials on the Fermi surface in two dimension.

Table 1.1: The relationship between the symmetry of the pair potential and the presence
or absence of the two interference effects. The current flows in the x direction.

symmetry s, dx2−y2 dxy py px

proximity effect ◦ × × ◦
surface bound states × ◦ × ◦

(a) p  -wavex
(b) d     -wavexy

Figure 1.3: The eigenvalues of the BdG Hamiltonian are plotted as a function of ky on a
two-dimensional tight-binding model, where the periodic (hard wall) boundary boundary
condition is applied in the y (x) direction. The Green dots represents the eigenvalue of the
uniform states in the bulk. The blue and red dots indicate zero-energy states at a surface
of x = 0 belonging to positive (negative) chiral states.
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1.2. Atiyah-Singer Index

1.2 Atiyah-Singer Index

To explain the mechanism of the anomalous proximity effect, the analysis of the chiral

property of the surface Andreev bound states at zero energy (Fermi level) is necessary.

Chiral symmetry of the Bogoliubov-de Gennes (BdG) Hamiltonian

ΓHBdG Γ = −HBdG, Γ2 = 1, (1.8)

has been used frequently to characterize the topologically nontrivial superconducting

states [11, 12, 13]. The eigenvalues of the chiral operator Γ are either γ = 1 or −1.

A mathematical theorem suggests two important features of the eigenstates of HBdG

(i) The eigenstates of HBdG at zero energy are simultaneously the eigenstates of Γ.

Namely, the eigenstates at zero energy are classified into the positive chiral states

with γ = 1 or negative chiral states belonging to γ = −1.

(ii) In contrast to the zero-energy states, the nonzero-energy states are not the eigen-

states of Γ. They are described by an equal-weight linear combination of two zero-

energy states: one has γ = 1 and the other has γ = −1.

The BdG Hamiltonian of superconductors in Table 1.1 preserves chiral symmetry. The

superconducting states are topologically characterized by applying the dimensional reduc-

tion [13], where we consider one-dimensional Brillouin zone by fixing ky at a certain value.

The winding number can be defined in such a one-dimensional Brillouin zone as

W(ky) = sgn[∆(kx, ky)], (1.9)

when Eq. (1.4) is satisfied at ky. The surface Andreev bound states appear as a result

of the bulk-boundary correspondence of a topologically nontrivial superconducting states.

In Fig. 1.3, the eigenvalues of the BdG Hamiltonian are plotted as a function of ky on a

two-dimensional tight-binding model, where the periodic (hard wall) boundary boundary

condition is applied in the y (x) direction. The Green dots represent the eigenvalue of

the uniform states in the bulk. The blue and red dots indicate zero-energy states at a

surface of x = 0 belonging to positive (negative) chiral states. It is possible redefine the

chiral operator Γ in Eq. (1.8) so that its eigenvalue is equal to the winding number, (i.e.

γ = W). We note that surface bound states are absent for s-wave and py-wave junctions

as shown in Table 1.1. Fig. 1.3 shows that the degree of the degeneracy at zero energy is

Nc = WkF /π per spin at a surface of the px-wave and dxy-wave superconductors. Such

surface states are called flat band zero-energy states. The number of zero-energy states

belonging to γ = 1 (γ = −1) is N+ (N−). The anomalous proximity effect happens because

the flat band zero-energy states penetrate into a dirty normal metal with retaining their

5



1.2. Atiyah-Singer Index

high degeneracy and form the resonant transmission channels at zero-energy. This is a

phenomenological understanding of the anomalous proximity effect at 2007.

Quantum mechanics suggests that the large degree of the degeneracy is a result of high

symmetry of the Hamiltonian. In Fig. 1.3, we consider one-dimensional Brillouin zone

to characterize the superconducting states topologically by assuming the translational

symmetry in the y direction. The large degree of degeneracy at the flat band zero-energy

states are direct consequence of translational symmetry of the Hamiltonian. Therefore,

random impurities would lift the degeneracy because they break translational symmetry.

Theorems (i) and (ii) explain why the anomalous proximity effect happens in a px-wave

junction and why the proximity effect is absent in a dxy-wave junction. For a dxy-wave

junction, a half of the zero-energy states belong to the positive chiral eigenvalue γ = 1

and a rest half belongs to the negative eigenvalue γ = −1. According to theorem (ii), a

positive chiral zero-energy state and a negative chiral zero-energy state couple to each other

in the presence of random impurities in the normal metal, and form two nonzero energy

states. As a result, the high degeneracy at zero energy is lifted due to impurities, which

explains the absence of anomalous proximity effect in a dxy-wave NS junction. In a px-

wave junction, all the flat band zero-energy states belong to the positive chiral eigenvalue.

Therefore, according to theorem (ii), they retain the large degree of the degeneracy even

in the presence of random impurities. Their chiral partner stay the opposite end of the

px-wave superconductor.[14] Theorem (i) also explains the reason of the perfect Andreev

reflection at the NS interface at x = 0.[14] The number of zero-energy states penetrating

into a dirty normal metal is described by

NZES =
∑
ky

W(ky). (1.10)

By its definition NZES is a topological invariant. Since

NZES = N+ −N−, (1.11)

the NZES is simultaneously an invariant defined by using the solutions of the differential

equation. Such integer number is called Attiyah-Singer index, which is an invariant in

mathematics. The conductance is quantized at

GNS =
4e2

h
NZES. (1.12)

By applying the argument above, it is possible to discuss a universal property of the

conductance in NS junction of a superconductor preserving chiral symmetry. The zero-bias

conductance is summarized as

lim
RN→∞

GNS =
4e2

h
NZES. (1.13)

6



1.2. Atiyah-Singer Index
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Figure 1.4: The conducrtance is plotted as a function of the conductance of a normal
metal GN. The results for an f -wave junction decreases with decreasing GN and saturates
at 5 (4e2/h) in the limit of GN = 0. [15]

The number of resonant transmission channels in a normal metal NZES remains unchanged

even in RN → ∞. In this limit, electron transport is possible only through the resonant

channels at zero energy. In NS junctions in Fig. 1.1, NZES = 0 holds for s-, py-, and

dxy-wave cases, and NZES = Nc for px-wave case. The validity of the argument is checked

in a f -wave junction whose pair potential is described by ∆(k̂) = ∆kx(k2F − 2k2y)/k3F . It

is possible to estimate the index as

NZES =
[
Nc(

√
2 − 1)

]
G
, (1.14)

where [· · · ]G means the integer part of a number. Numerical results of the conductance are

shown in Fig. 1.4. The conductance for spin-singlet junctions goes to zero in the limit of

GN = 0 as shown with lines indicated by s and dxy. The results for a px-wave is constant

at 4e2

h 9, where NZES = 9 as Nc = 9. The conductance for an f -wave junction decreases

with decreasing GN and saturates at 5 (4e2/h) in the limit of GN = 0. The Eq. (1.14)

means that minimum value of the conductance is quantized at the Atiyah-Singer’s index

because of the anomalous proximity effect.

7



1.3. An experiment in T-shaped junctions

Table 1.2: The comparison between Mishra et. al. Ref. [19] and this thesis.

pair potential spin-orbit anomalous

interactions proximity effect

Mishra et. al. s+ p-wave absent ◦
This thesis s-wave present ×

d-wave present ◦

1.3 An experiment in T-shaped junctions

In 2007, Asano et. al., proposed an experiment that enables us to distinguish spin-triplet

superconductors from spin-singlet ones.[16] The anomalous proximity effect of a spin-

triplet odd-parity superconductor plays a key role in their proposal. According to the

proposal, the differential conductance in a T-shaped NS junction show the zero-bias peak

(dip) when a normal metal is connected to a spin-triplet (spin-singlet) superconductor.

The zero-bias dip structure for a spin-singlet superconductor had been observed in a

number of T-shaped proximity junctions. In 2021, an experiment reported a clear zero-

bias peak in a T-shaped junction connecting to CoSi2.[17] The results suggest spin-triplet

superconductivity in CoSi2. However, spin-singlet s-wave superconductivity has been well-

established in a bulk CoSi2.[18] A theory tried to fill the gap between the theory and the

experiment.[19] In the experiment, a thin film of CoSi2 is grown on a Si substrate. X-ray

diffraction and high-resolution TEM measurements confirmed that the films have a high-

quality crystalline structure with a sharp CoSi2/Si interface. Furthermore, analysis of

weak-antilocalization magnetoresistance allowed them to extract the spin-orbit scattering

time, from which they inferred a spin-orbit interaction energy roughly 20 times larger than

the superconducting gap energy. The authors of Ref. [19] assumed a spin-triplet p-wave

pair potential as well as spin-singlet s-wave pair potential and recover the zero-bias peak

in the conductance of a T-shaped junction. At present, however, the validity of the p-wave

superconductivity in CoSi2 is not clear.

1.4 Purpose of this thesis

Table 1.1, Eqs. (1.3) and (1.4) suggest that odd-parity pair potentials are a sufficient

condition of a superconductor that indicates the anomalous proximity effect. However,

unfortunately, spin-triplet odd-parity superconductors are very rare material. Only several

uranium compounds such as UBe13, UGe2, and UTe2 are candidates of the spin-triplet

superconductor. But triplet superconductivity in these materials are still under debate.

Under these circumstance, it would be very difficult to observe the anomalous proximity

8



1.4. Purpose of this thesis

effect in experiments. This argument is true when the BdG Hamiltonian can be block

diagonalized into two spin subspaces, where the BdG Hamiltonian is described effectively

by 2 × 2 matrices. In the presence of spin-dependent potentials such as a Zeeman field

and spin-orbit interactions, the 4 × 4 BdG Hamiltonian cannot be block diagonalized any

longer. Eq. (1.13) implies that it could be possible to observe the anomalous proximity

effect if we find chiral symmetry in 4 × 4 BdG Hamiltoninan and find a superconducting

state that gives NZES ̸= 0.

A purpose of this thesis is to propose a theoretical prescription that enables a super-

conductor indicating the anomalous proximity effect by combining existing materials and

existing technologies. Spin-orbit interactions play a key role in symmetry commversion

between spin-singlet even parity and spin-triplet odd-parity. In what follows, we always

assume pair potentials belonging to spin-singlet symmetry class, (i.e., ∆̂ = ∆(k) iσ̂y). We

also introduce spin-orbit interactions described by

HSOI =


λkxσy : x−type

−λkyσx : y−type

λ(kyσx − kxσx) : Rashba,

. (1.15)

The last one is known as Rashba spin-orbit interaction derived from lacking inversion

symmetry in the z direction. The first and second interaction cause the superspin-helix

states in semiconductor physics. Such magnetically active interactions generate spin-

triplet odd-parity Cooper pairs in a spin-singlet superconductor. The existence of a Cooper

pairs are described by the anomalous Green’s function

F̂ (k) = F S(k) iσ̂y + FT(k) · σ iσ̂y. (1.16)

The definition of the Green’s function will be given in succeeding sections. Here we

highlight only an important point of argument. The first term represents a spin-singlet

Cooper pair that forms the pair potential through the gap equation

∆̂(k) iσ̂y ∝ 1

Vvol

∑
p

g(k − p)F̂ (k), (1.17)

where g represents an attractive interaction working between two electrons with opposite

spins to each other and enables a spin-singlet Cooper pair. Therefore, only the spin-singlet

correlation F S contributes to the pair potential. The spin-triplet Cooper pairs exist as the

pairing correlation described by FT but do not contribute to the pair potential. However,

we will show that spin-triplet Cooper pairs generated by spin-orbit interactions cause the

anomalous proximity effect.
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Chapter 2

Odd-parity pairing correlations in a

d-wave superconductor

Abstract

We discuss the effects of spin-orbit interactions on the symmetry of a Cooper pair in a

spin-singlet dxy-wave superconductor and on the chiral property of the surface Andreev

bound states at zero energy. We demonstrate a spin-orbit interaction induces a spatially

uniform spin-triplet p-wave pairing correlation in a superconductor and an odd-frequency

spin-triplet s-wave pairing correlation at a surface. The spin-orbit interaction splits the

Fermi surface into two depending on the spin configuration. As a result of splitting, the

index can be a nontrivial nonzero value. On the basis of the close relationship among the

odd-frequency s-wave pairing correlation at a surface, the nonzero index of surface bound

states, and the anomalous proximity effect, we provide a design of a superconductor that

causes the strong anomalous proximity effect.

2.1 Introduction

The anomalous proximity effect has been considered as a part of Majorana physics [11,

12, 20, 21, 22, 23] because a spin-triplet superconductor hosts Majorana fermions at its

surface. Unfortunately, well-established spin-triplet superconductors have never been dis-

covered yet. A recipe for an artificial spin-triplet superconductor is desired to observe the

anomalous proximity effect in experiments.

Tamura and Tanaka [24] have studied theoretically the LDOS at a dirty normal metal

attached to a dxy-wave superconducting film with the Rashba spin-orbit interaction, where

the NS interface is parallel to the y direction as illustrated in Figs. 2.1(a)-(c). Their numer-

ical results indicate signs of the anomalous proximity effect. The modest enhancement of

10



2.2. Anomalous proximity effect

the LDOS at the zero energy suggests the penetration of the zero-energy states (ZESs) into

a dirty metal. In addition, they found an odd-frequency spin-triplet s-wave Cooper pair in

the normal metal. (See recent review papers on odd-frequency pairing correlations.[25, 26])

Although the signal of the proximity effect is very weak, the results are highly nontrivial

due to reasons as follows. It has been already established in the absence of spin-orbit inter-

actions that a dxy-wave superconductor in Fig. 2.1 (c) does not exhibit any proximity effect

in a dirty metal [4, 27, 28]. Spin-orbit interaction may induce a spin-triplet Cooper pair

in a spin-singlet superconductor [29, 30, 31, 32, 33, 12, 34, 35, 36]. However, mechanisms

of the symmetry conversion to an odd-frequency s-wave Cooper are still unclear.

In this chapter, we theoretically study the effects of spin-orbit interactions in a spin-

singlet dxy-wave superconductor on symmetry of a Cooper pair and on chiral property of

Andreev bound states at its surface. We analyze the symmetry of a Cooper pair by using

the anomalous Green’s function obtained by solving the Gor’kov equation [37] analytically.

The results show that a specific spin-orbit interaction generates a spin-triplet px-wave

pairing correlation in bulk and an odd-frequency spin-triplet s-wave pairing correlation at a

surface. The Bogoliubov-de Gennes (BdG) Hamiltonian of such a dxy-wave superconductor

preserves a nontrivial chiral symmetry, which enable us to define an index by using the

chiral eigenvalues of surface Andreev bound states at the zero energy. We find that the

index, a measure of the strength of the anomalous proximity effect, can be nonzero values

only in the presence of the spin-orbit interaction. On the basis of obtained results, we

explain why the signs of the anomalous proximity effect in Ref. [24] is weak and provide

a design for a superconductor which causes the strong anomalous proximity effect.

2.2 Anomalous proximity effect

In this section, we explain the conductance quantization in an NS junction due to an-

omalous proximity effect, and necessary conditions for a superconductor exhibiting the

anomalous proximity effect.

2.2.1 Chiral property of zero-energy states

The most drastic phenomenon of the anomalous proximity effect may be the quantization

of the differential conductance in a NS junction shown in Fig. 2.1(c). The conductance at

the zero bias can be described by

GNS =
2e2

h
|NZES|, (2.1)

in the limit of strong potential disorder in a normal metal, where |NZES| represents a

number of the zero-energy states (ZESs) remaining at a dirty surface of a supercon-

11



2.2.1. Chiral property of zero-energy states

ductor. [5, 15, 38] We first explain properties of the index NZES in the case of a spin-triplet

px-wave superconductor which is an example of superconductor exhibiting the anomalous

proximity effect. At a clean surface of a px-wave superconductor, topologically protec-

ted bound states appear at the zero energy as a result of a nontrivial winding number

W(ky) = ±1 in one-dimensional Brillouin zone. [13] In Fig. A.1(a) in Appendix A, we

plot the eigenvalues of the BdG Hamiltonian for a px-wave superconductor on a two-

dimensional tight-binding lattice. The superconducting gap has two nodes at ky = ±kF
with kF = π/2 being the Fermi wavenumber. The degree of the degeneracy at the zero

energy is equal to the number of propagating channels on the Fermi surface Nc because

each propagating channel −kF < ky < kF accommodates a ZES at a surface. We also show

the results for a dxy-wave superconductor in Fig. A.1(b). The winding number W(ky) can

be defined only in the presence of the translational symmetry in the y direction. There-

fore, the large degree of degeneracy at the zero energy in both Figs. A.1(a) and (b) is a

direct consequence of translational symmetry of the Hamiltonian in the y direction. The

zero-bias conductance in such a ballistic NS junction is described by

GNS =
2e2

h
Nc. (2.2)

The results are valid for both a px-wave junction and a dxy-wave junction.

Random impurities near the surface may lift the degeneracy at the zero energy because

they break translational symmetry. The index |NZES| in Eq. (2.1) represents the number

of the ZESs remains even in the presence of potential disorder. As discussed in detail later,

the index NZES can be defined when the Bogoliubov-de Gennes Hamiltonian preserves a

chiral symmetry. Therefore we discuss fundamental symmetries of BdG Hamiltonian in

this paragraph. The BdG Hamiltonian in momentum space is represented as

ȞBdG(k) =

[
ĤN(k) ∆̂(k)

−∆̂∗(−k) −Ĥ∗
N(−k)

]
, (2.3)

where ĤN(k) and ∆̂(k) are the normal state Hamiltonian and the pair potential, respect-

ively. [38] Throughput this chapter, symbols ˇ· · · and ˆ· · · represent 4×4 and 2×2 matrices,

respectively. The Hamiltonian for a px-wave superconductor in Eq. (A.2) preserves time-

reversal symmetry,

T− ȞBdG T −1
− = ȞBdG, T− = iσ̂2K, (2.4)

where K denotes taking the complex conjugation for Hamiltonian in real space, and taking

the complex conjugation plus applying k → −k for Hamiltonian in momentum space. The

Pauli’s matrix in spin space is denoted by σ̂j for j = 1 − 3. A BdG Hamiltonian always

preserves particle-hole symmetry,

C ȞBdG C−1 = −ȞBdG, C = τ̂1K, (2.5)
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2.2.1. Chiral property of zero-energy states

where τ̂j for j = 1 − 3 is the Pauli’s matrix in particle-hole space. By combining the two

symmetries, any Hamiltonian belonging to class DIII preserves a chiral symmetry{
Γ̌DIII, ȞBdG

}
= 0, Γ̌DIII = τ̂1 σ̂2. (2.6)

Since Γ̌2
DIII = 1, the eigenvalue of the chiral operator is either 1 or −1. A ZES is always

an eigenstate the chiral operator [13]. Indeed, it is easy to confirm that the Hamiltonian

in Eq. (A.2) anticommutes to Γ̌DIII and that the wave function of surface bound states

at the zero energy ϕpx,± in Eq. (A.5) is the eigenfunction of Γ̌DIII belonging to the chial

eigenvalue of ±1. The index in Eq. (2.1) can be defined by

NZES ≡ N+ −N−, (2.7)

where N± is the number of the ZESs belonging to the chiral eigenvalue of ±1. The index is

an invariant as long as the Hamiltonian preserves the chiral symmetry in Eq. (2.6). Thus

NZES calculated in a clean superconductor remains unchanged even in the presence of

potential disorder because the random impurity potential Vimp(r) τ̂3 preservers the chiral

symmetry in Eq. (2.6). The anomalous proximity effect happens when the index takes a

nontrivial value NZES ̸= 0. However, ZESs of HBdG in class DIII always satisfy NZES = 0

in terms of their chiral eigenvalues of Γ̌DIII [39]. Therefore, the BdG Hamiltonian of a

superconductor exhibiting the anomalous proximity effect must satisfy following necessary

conditions,

(i) HBdG anticommutes to an extra chiral operator other than Γ̌DIII,

(ii) Zero-energy states at a surface of a superconductor have such a chiral property as

NZES ̸= 0 in terms of the extra chiral operator.

We show a simple way to find an extra chiral operator as follows. The Hamiltonian in

Eq. (A.2) remains unchanged under the rotation around the first axis in spin space,

Ř1 Ȟpx Ř
−1
1 = Ȟ, Ř1 = σ̂1 τ̂3. (2.8)

Using such a spin rotation symmetry it is possible to define a time-reversal like symmetry

of Hamiltonian

T+ Ȟpx T −1
+ = Ȟpx , T+ = Ř1T− = −σ̂3 τ̂3K. (2.9)

As a result of the spin-rotation symmetry of the Hamiltonian, we find

{Γ̌BDI, Ȟpx} = 0, Γ̌BDI = iT+ C = σ̂3 τ̂2. (2.10)

Since T 2
+ = 1, Ȟpx belongs also to class BDI. The wave function of ZESs at a surface of

a px-wave superconductor can be represented alternatively as ϕpx,σ in Eq. (A.6). We find
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2.2.2. An odd-frequency s-wave pair

that ϕpx,σ belongs to the positive chiral eigenvalues of Γ̌BDI irrespective of σ. Therefore

we find N+ = Nc and N− = 0, which results in NZES = Nc. A px-wave superconductor

satisfies the conditions (i) and (ii) in terms of the chiral operator Γ̌BDI. Two of authors

showed that some superconductors under strong Zeeman field in the presence of spin-

orbit interactions preserve such an extra chiral symmetry and host flat-band ZESs at

their dirty surfaces. [39] The anomalous proximity effect has been considered to be a

part of Majorana physics because such artificial superconductors host Majorana fermions

at their surface. [40, 41] At present, however, we are thinking that a superconductor

hosting Majorana fermions is a sufficient condition for the anomalous proximity effect.

The necessary conditions (i) and (ii) are more relaxed than those generating Majorana

fermions.

2.2.2 An odd-frequency s-wave pair

The anomalous proximity effect has two aspects: the penetration of a quasiparticle at

the zero energy into a dirty metal as discussed in Sec. 2.2.1 and the penetration of an

odd-frequency Cooper pair into a dirty metal. The existence of NZES-fold degenerate

ZESs can be observed as a large zero-energy peak in the local density of states (LDOS)

at a dirty metal. In the mean-field theory of superconductivity, the density of states

can be calculated from the normal Green’s function Ĝ and the pairing correlations are

described by the anomalous Green’s function F̂ . As the two Green’s functions are related

to each other through the Gor’kov equation, the enhancement of Ĝ at the zero energy

causes an anomaly of F̂ at the zero energy. The anomalous Green’s function in Matsubara

representation F̂ (k, iωn) enables us to analyze symmetry of pairing correlations, where

ωn = (2n + 1)πT is a fermionic Matsubara frequency and T is a temperature. The

anomalous Green’s function obeys the antisymmetric relation under the permutation of

two electrons consisting of a Cooper pair,

F̂T(−k,−iωn) = − F̂ (k, iωn), (2.11)

where T means the transpose of a matrix. In the standard representation, the anomalous

Green’s function is decomposed into four spin components as

F̂ (k, iωn) =i [f0(k, iωn) + f(k, iωn) · σ̂] σ̂2, (2.12)

where f0 is a spin-singlet component and f represents three spin-triplet components. In

a dirty normal, the diffusive motion of a quasiparticle makes the Green’s function be

isotropic in momentum space as

F̂ (iωn) =i [f0(iωn) + f(iωn) · σ̂] σ̂2. (2.13)
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2.3. dxy-wave superconductor with spin-orbit interactions

The relation in Eq. (2.11) implies that the spin-singlet component is an even function of ωn

as f0(−iωn) = f0(iωn). The spin-triplet components, on the other hand, are odd function

of ωn as f(−iωn) = −f(iωn). To compensate the anomaly of Ĝ at ωn → 0, the anomalous

Green’s function must have a component of F̂ (iωn) ∝ 1/ωn. [42] Such an odd-frequency

pair must be spin-triplet. Thus the last necessary condition for the anomalous proximity

effect is

(iii) An odd-frequency spin-triplet s-wave pairing correlation f ∝ 1/ωn exists at a surface

as a result of the large zero-energy peak in the local density of states.

In a spin-singlet dxy-wave superconductor, however, no spin-triplet pairing correlation

exists in the absence of spin-dependent potentials.

2.3 dxy-wave superconductor with spin-orbit interactions

2.3.1 Motivations

To make clear a motivation of this study, we show that a spin-singlet dxy-wave supercon-

ductor without spin-orbit interaction does not cause the anomalous proximity effect. A

spin-singlet dxy-wave pair potential is defined by,

∆̂(k) = ∆k iσ̂2, ∆k = ∆ k̄xk̄y, (2.14)

where kx(ky) is the wavenumber in the x(y) direction. The wave numbers in the pair

potential are normalized to the Fermi wavenumber kF as k̄x = kx/kF and k̄y = ky/kF .

It is easy to confirm that the Hamiltonian for a dxy-wave superconductor in Eq. (A.7)

anticommutes to Γ̌BDI and that the wave function of the ZESs at a surface of a dxy-wave

superconductor are given in Eq. (A.9). Their chiral eigenvalues depend on sgn(ky) reflect-

ing the sign change of the pair potential at ky = 0. As displayed in Fig. A.1(b), the number

of the ZESs at ky > 0 is equal to that at ky < 0. Although Eq. (A.7) satisfy condition

(i), the index NZES is always zero in the absence of spin-orbit interactions. Therefore, we

concluded that random impurity potential completely lifts the high degeneracy at the zero

energy in Fig. A.1(b) and that a dxy-wave superconductor does not show the proximity

effect in the absence of spin-dependent potentials.

In the presence of Rashba spin-orbit interaction in a dxy-wave superconductor, numerical

results of LDOS and those of the pairing correlation in a dirty metal indicate that condition

(iii) may be satisfied [24]. The BdG Hamiltonian in momentum space reads,

Ȟ0 =(ξk − λkxσ̂2) τ̂3 + λkyσ̂1 − ∆kτ̂2 σ̂2, (2.15)
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2.3.2. Surface bound states

where ξk = k2/2m− ϵF is the kinetic energy of a quasiparticle measured from the Fermi

energy ϵF = k2F /(2m) and λ represents the strength of the spin-orbit interaction. When

the two spin-orbit interaction terms −λkxσ̂2 τ̂3 and λkyσ̂1 coexist, Γ̌DIII is the only chiral

operator anticommutes to Ȟ0. Since NZES = 0 in terms of the chiral eigenvalues of Γ̌DIII,

the degeneracy of the ZESs is fragile in the presence of potential disorder. [39] Thus we

infer that the anomalous proximity effect in such junction would be very weak. Namely,

the zero-bias conductance in an NS junction would not be quantized and the zero-energy

peak in LDOS would disappear in the limit of strong potential disorder.

In such a situation, the goal of this chapter is to make clear roles of the spin-orbit

interaction terms in the anomalous proximity effect. To achieve the objective, we analyze

the chiral property of the surface bound states of two different superconductors: the

Hamiltonian of one superconductor contains only a spin-orbit interaction λkyσ̂1 and that

of the other contains only −λkxσ̂2 τ̂3. After showing if NZES is 0 or not for the two

superconductors, we make clear how an odd-frequency spin-triplet s-wave pair appears

at a surface. On the basis of the obtained results, we provide a theoretical design of a

superconductor that exhibits the strong anomalous proximity effect.

2.3.2 Surface bound states

We divide the Rashba spin-orbit interaction into two parts: λkyσ̂1 and −λkxσ̂2 τ̂3 to

study how they modify independently the chiral properties of zero-energy states and the

symmetry of a Cooper pair at a surface. Fig. 2.1 shows the schematic pictures of a

superconductor under consideration. A superconductor in Fig. 2.1(a) is infinitely long in

the x direction and the width of the superconductor is W in the y direction. We apply

the periodic boundary condition in the y direction. In what follows, we analyze the two

BdG Hamiltonians given by

Ȟ1 = ξkτ̂3 + λkyσ̂1 − ∆kτ̂2 σ̂2, (2.16)

and

Ȟ2 =ξkτ̂3 − λkxσ̂2τ̂3 − ∆kτ̂2 σ̂2. (2.17)

We assume the relation

∆ ≪ λkF ≪ ϵF , (2.18)

and discuss the effects of the spin-orbit interaction on the superconducting states within

the first order of

α ≡ λkF
2ϵF

≪ 1. (2.19)
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Figure 2.1: Schematic pictures of superconducting proximity structures. A spin-singlet
dxy-wave superconductor is infinitely long in the x direction in (a). The width of the
superconductor is W in the y direction. The Green’s function at a surface is calculated
for a semi-infinite superconductor as shown in (b). We attach a normal metal to a su-
perconductor at x = 0 in (c), where ”cross” symbols represent impurities. A Cooper pair
penetrates into the normal metal and causes the proximity effect.

The main purpose of the next two subsections are checking if the two Hamiltonian

preserve extra chiral symmetry and calculating the index NZES. In addition, we also

define the wave number on the Fermi surface and the number of the propagating channels

Nc, which are necessary items to represent the anomalous Green’s function.

We first focus on the Ȟ1 in Eq. (2.16). The positive eigenvalues of Ȟ1 are calculated to

be

E1,± =
√
ξ21,± + ∆2

k, ξ1,±(k, ky) =ξk ± λ ky. (2.20)

The two Fermi surfaces characterized by ξ1,± = 0 are illustrated in Fig. 2.2(a). A wave

number in the y direction ky indicates a transport channel. As shown in Fig. 2.2(a), ky

axis are divided into three regions: (I) −B+ ≤ ky ≤ −B−, (II) −B− ≤ ky ≤ B−, and (III)

B− ≤ ky ≤ B+, with B± = [
√

1 + α2 ± α]kF . The wave numbers in the x direction are

calculated as

p1± ≡
[
k2F − k2y ∓ 2αkykF

]1/2
, (2.21)

as a function of ky. A transport channel at ky on the Fermi surface of ± branch is
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Figure 2.2: The two Fermi surfaces for H1 and those for H2 are illustrated in (a) and (b),
respectively. In (a), the lower (upper) circle indicated by ” + ” (” − ”) represents a Fermi
surface calculated from ξ1,+(k) = 0 (ξ1,−(k) = 0). In (b), the left (right) circle represent
a Fermi surface calculated from ξ2,+(k) = 0 (ξ2,−(k) = 0).

propagating for p21± > 0 and is evanescent for p21± < 0. Therefore,

n+(ky) ≡ Θ(p21+) + Θ(p21−), (2.22)

represents the number of the propagating channels at ky, where Θ(x) is the step function.

We also define

n−(ky) ≡ Θ(p21+) − Θ(p21−), (2.23)

for the latter use. In Figs. 2.3(a) and (b), we plot n± as a function of ky. As shown in

Fig 2.3(a), both ± branches are propagating in (II), whereas only one branch is propagating

in (I) and (III). The number of propagating channels is calculated as

Nc ≡
∑
ky

n+(ky) =
W

2π

∫ ∞

−∞
dky n+(ky), (2.24)

=

[
2WkF
π

]
G

, (2.25)

where [· · · ]G is the Gauss’s symbol meaning the integer part of the argument. Since a

propagating channel hosts a ZES, the number of the ZESs at a surface is Nc. A super-

conductor described by H1 hosts highly degenerate ZESs at its surface around x ≳ 0 in

Fig. 2.1 (b). As shown in Fig. 2.3(b), n− is an odd function of ky. We use this property

when we describe an induced pairing correlation by a spin-orbit interaction.
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2.3.2. Surface bound states

The wave functions of a surface bound states at the zero energy are described by

ψ1+(x) =


1

1

isk

−isk

 e−qxx sin p1+x, (2.26)

ψ1−(x) =


−1

1

isk

isk

 e−qxx sin p1−x, (2.27)

sk =sgn(ky). (2.28)

Here the wavenumber in superconducting state is given approximately by[
p21s ± 2m∆|p̄1sk̄y|

]1/2 ≈ p1s ± iqx, (2.29)

for s = ±. The imaginary part of the wave number is estimated at ϵ = 0 as qx =

(∆/vF )|k̄y| with vF = kF /m being the Fermi velocity. As shown in Eqs. (2.26) and (2.27),

qx characterizes the spatial area of the surface bound states. The Hamiltonian Eq. (2.16)

anticommutes to the extra chiral operator Γ̌BDI in Eq. (2.10). It is easy to show

Γ̌BDI ψ1± = g±ψ1±, g± = ±sk. (2.30)

The chiral eigenvalues g+, g− and g+ + g− are plotted as a function of ky in Figs. 2.3(c),

(d) and (e), respectively. By reflecting the sign change of the pair potential, both g+ and

g− change their signs at ky = 0 as shown in Figs. 2.3(c) and (d). The index in terms of

the chiral eigenvalue of Γ̌BDI can be calculated as

NZES =
∑
ky

[g+ + g−] =

[
−2WkF

π
α

]
G

. (2.31)

The index is a finite value in the presence of spin-orbit interaction. Thus, we conclude

that Ȟ1 satisfies necessary conditions (i) and (ii) in Sec. 2.2.1. The zero-bias conductance

in a dirty NS junction in Fig. 2.1(c) can be quantized as Eq. (2.1). The shift of the Fermi

surface by the spin-orbit interaction in Fig. 2.2 (a) makes the index be a nonzero value

because the integrand of Eq. (2.31) is nonzero at (I) and (III). Therefore we will make

clear what happen on the anomalous Green’s function in these regions in Sec. 2.3.3.

Next, we focus on Ȟ2 in Eq. (2.17). The positive eigenvalues of Ȟ2 are calculated to be

E2,± =
√
ξ22,± + ∆2

k, ξ2,±(k, ky) =ξk ± λ k. (2.32)

In Fig. 2.2(b), we illustrate the two splitting Fermi surfaces characterized by ξ2,± = 0.

The wave numbers in the x direction on the Fermi surface are calculated as

p2± =
√
k2F − k2y ∓ αkF . (2.33)
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Figure 2.3: In (a), n+(ky) represents the number of propagating channels at ky. n−(ky)
in (b) is an odd function of ky. The chiral eigenvalues of the ZESs g+ and g− are plotted
in (c) and (d), respectively. In (e), the summation of the chiral eigenvalues g+ + g− is
shown. n−(ky) in (b) and g+ + g− in (e) are nonzero at (I) and (III).
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2.3.3. Pairing correlations at a surface

For |ky| ≤ kF , the transport channels are propagating. A topologically protected ZES

appears for each propagating channel. The wave functions of such surface bound states

are calculated as

ψ2+(x) =


sk

−isk
1

−i

 e−qxx sin p2+x, (2.34)

ψ2−(x) =


sk

isk

−1

−i

 e−qxx sin p2−x. (2.35)

The Hamiltonian Ȟ2 anticommutes to an extra chiral operator τ̂1, which is derived from

the invariance of Ȟ2 under the rotation about the second axis in spin space σ̂2 τ̂0. It is

easy to show that τ̂1 ψ2± = ±sk ϕ2±. We find NZES = 0 because the chiral eigenvalues

depend on sgn(ky). Namely, Ȟ2 does not satisfy necessary condition for the anomalous

proximity effect (ii) in Sec. 2.2.1. Thus we conclude the a superconductor described by Ȟ2

does not exhibit the anomalous proximity effect because the random impurity potential

at its surface lifts the degeneracy at the zero energy.

2.3.3 Pairing correlations at a surface

The purpose of this section is to check a close relationship between conditions (ii) and (iii)

discussed in Sec. 2.2. As Ȟ1 satisfies condition (ii), an odd-frequency spin-triplet s-wave

pairing correlation is expected to appear at a surface of a superconductor. We will make

clear mechanisms of generating such an odd-frequency pair. As Ȟ2 does not satisfy (ii),

we will confirm that an odd-frequency spin-triplet s-wave pairing correlation is absent at

its surface.

To this end, we calculate the Green’s function at a surface of a superconductor as shown

in Fig. 2.1(b). The outline of the derivation is as follows. We first solve the Gor’kov

equation for the retarded Green’s function,[
ϵ+ iδ − ȞBdG(k)

]
Ǧϵ(k) = τ̂0 σ̂0, (2.36)

Ǧϵ(k) =

[
Ĝϵ(k) F̂ϵ(k)

−F̂ϵ˜(k) −Ĝϵ˜(k)

]
(2.37)

where iδ is a small imaginary part of energy. The ’undertilded’ function is defined by

Xϵ˜(k) ≡ X∗
−ϵ(−k), (2.38)
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2.3.3. Pairing correlations at a surface

where X is an arbitrary function. Secondly, we calculate the Green’s function in real

space,

Ǧ(r, r′) =

∫ ∞

−∞

dk

2π
eik(x−x′)

∑
ky

eiky(y−y′)

W
Ǧ(k). (2.39)

for an infinitely long superconductor in the x direction as shown in Fig. 2.1(a). Finally,

we introduce a high potential barrier V δ(x) τ̂3 to divide the infinitely long superconductor

into two semi-infinitely long superconductors. One of them is illustrated in Fig. 2.1(b).

The Green’s function at a surface ǦS(r, r′) can be calculated by solving the Lippmann-

Schwinger equation exactly as explained in Appendix C. The Green’s function at a semi-

infinite superconductor Ǧ is represented as

Ǧ(r, r′) = Ǧ(r, r′) + ǦS(r, r′). (2.40)

In the text, we will show only the results of calculation and details of derivation are given

in Appendix B.

We first study the pairing correlations at a surface of a superconductor described by

Ȟ1. The resulting anomalous Green’s function at a surface is given by,

F̂ S
iωn

(r, r′) =
1

W

∑
ky

eiky(y−y′)

2 vF
e−qx(x+x′)

[
i

Ωn
sin px(x− x′) ∆ k̄y n+(ky)

− i

Ωn
sin px(x− x′) ∆ k̄y n−(ky) σ̂1

+
2

ωn
sin pxx sin pxx

′ ∆ k̄y n+(ky)

− 2

ωn
sin pxx sin pxx

′ ∆ k̄y n−(ky) σ̂1

]
iσ̂2, (2.41)

where Ωn =
√
ω2
n + ∆2

k, px =
√
k2F − k2y + 2α|ky|kF , and we applied the analytic con-

tinuation ϵ + iδ → iωn to analyze the symmetry of pairing correlations. We use the

standard expression in Eq. (2.12) to decompose the anomalous Green’s function into four

spin components. The first term in Eq. (2.41) represents spin-singlet dxy-wave pairing

correlation because it changes sign under x ↔ x′ and y ↔ y′ independently. Such pair-

ing correlation is linked to the pair potential in the presence of attractive interactions

between two electrons. The third term represents the pairing correlation belongs to an

odd-frequency spin-singlet py-wave symmetry class. This correlation function changes the

sign under y ↔ y′, whereas it preserves the sign under x↔ x′. The spin-singlet dxy-wave

component in the anomalous Green’s function is an odd function of x−x′, which is respons-

ible for two phenomena at a surface: the appearance of highly degenerate bound states at
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2.3.3. Pairing correlations at a surface

the zero energy and the appearance of an odd-frequency py-wave pairing correlation. The

first and the third terms in Eq. (2.41) exist even in the absence of spin-orbit interactions.

The spin-orbit interaction in Ȟ1 generates a spin-triplet px-wave symmetry at the second

term from a spin-singlet dxy-wave pairing correlation. It is easy to confirm that the second

term remains unchanged under y ↔ y′ and changes its sign under x↔ x′. In addition, the

third term corresponds to an equal spin pairing correlation in the standard expression in

Eq. (2.12). The anomalous Green’s function in an infinitely long superconductor consists

of two pairing correlations. One belongs to a spin-singlet dxy-wave symmetry. The other

belongs to a spin-triplet px-wave symmetry as shown in Eq. (B.19). Since the spin-triplet

px-wave pairing correlation is also an odd function of x − x′, it induces a subdominant

pairing correlation at a surface as shown in the last term of Eq. (2.41). The relation among

the four components are illustrated schematically in Fig. 2.4(a). The last pairing correla-

tion in Eq. (2.41) belongs to an odd-frequency spin-triplet s-wave symmetry. It is easy to

check that this component does not change its sign in x ↔ x′ and y ↔ y′ independently.

As shown in n−(ky) in Fig. 2.3(b), this odd-frequency correlation is nonzero at region (I)

and (III) in ky. This property is closely related to the fact that g+ + g− in Eq. (2.31) is a

nonzero value of -1 at these regions as shown in Fig. 2.3(e). We conclude that spin-orbit

interaction in Ȟ1 generates an odd-frequency spin-triplet s-wave pairing correlation at a

surface. Thus a superconductor described by Ȟ1 satisfies also the last necessary condition

(iii) for the anomalous proximity effect.

The local density of states at a surface is calculated from the normal Green’s function

as

NS(x, ϵ) ≡ − 1

2π
Im

∫ W/2

−W/2
dyTr

[
ǦS

ϵ (r, r)
]
. (2.42)

The calculated results of the normal Green’s function at a surface is given by

ĜS
ϵ (r, r′) =

∑
ky

i eiky(y−y′)e−qx(x+x′)

2WvpxΩ

[
ϵ cos px(x+ x′)

+iΩ sin px(x+ x′) + 2
∆2

k̂

ϵ+ iδ
sin pxx sin pxx

′

]
× [n+(ky) + n−(ky) σ̂1] . (2.43)

The LDOS at a surface results in

NS(x, ϵ) =δ(ϵ)
∑
ky

2|∆k|
vpx

{
sin(pxx)e−qxx

}2
× n+(ky), (2.44)

for ϵ ≪ ∆. The local density of states at a surface has a peak at the zero energy, which

reflects the presence of highly degenerate surface bound states at the zero energy. The
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2.4. Discussion

appearance of an odd-frequency pairing correlation and that of surface bound states at the

zero energy are linked to each other directly. Mathematically, ϵ + iδ in the denominator

of ĜS in Eq. (2.43) and ωn in the denominator of the odd-frequency components of F̂ S

in Eq. (2.41) have the same origin within the analytic continuation ϵ + iδ → iωn. The

transformation of

1

ϵ+ iδ
=
P

ϵ
− iπδ(ϵ), (2.45)

implies that the zero-energy peak in LDOS is a consequence of appearing an odd-frequency

Cooper pair at a surface.

The Green’s function of a superconductor described by Ȟ2 is also calculated by solving

the Lippmann-Schwinger equation. The anomalous Green’s function at a surface results

in

F S
iωn

(r, r′) =
1

W

∑
ky

eiky(y−y′) e
−qx(x+x′)

vx

×
[
i

∆k

Ωn
sin kx(x− x′) +

2

ωn
∆k sin kxx sin kxx

′

+
α∆ k̄y

Ωn
cos kx(x− x′) σ̂2

]
i σ̂2. (2.46)

The first term belongs to spin-singlet dxy-wave symmetry and is linked to the pair poten-

tial. The second term is induced at a surface and belongs to odd-frequency spin-singlet

py-wave symmetry. Due to breaking local inversion symmetry at a surface, spin-singlet

py-wave component is generated from spin-singlet dxy-wave pairing correlation. As already

discussed in Eq. (2.41), these two correlations exist in the absence of spin-orbit interac-

tions. The spin-orbit interaction in Ȟ2 generates a spin-triplet py-wave symmetry pairing

correlation at the third term which changes sign under y ↔ y′ but retains its sign under

x ↔ x′. The relations among the pairing correlations are illustrated in Fig. 2.4(b). In

Eq (2.46), however, an odd-frequency spin-triplet s-wave correlation is absent as we expec-

ted at the beginning of this section. The usual proximity effect is also absent in a normal

metal attached to a superconductor because all of the pairing correlations in Eq. (2.46)

are odd functions of y − y′ [4, 27, 28]. Thus the spin-orbit interaction λkxσ̂2 τ̂3 does not

contribute to the proximity effect.

2.4 Discussion

We have concluded that a superconductor described by Ȟ1 in Eq. (2.16) satisfies all the

necessary conditions for the anomalous proximity effect. On the other hand, a supercon-

ductor described by Ȟ2 in Eq. (2.17) does not exhibit any type of proximity effect. Here we
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Figure 2.4: The pairing correlations appearing in a dxy-wave superconductor. At a surface
of dxy-wave superconductor, an odd-frequency spin-singlet py-wave pairing correlation
always appear as a result of the sign change in the dxy-wave pairing correlation under x↔
x′. In (a), a spin-orbit interaction λkyσ̂1 induces spin-triplet px-wave pairing correlation
in bulk. An odd-frequency spin-triplet s-wave component appears at a surface as a result
of the sign change of the px-wave pairing correlation. In (b), −λkxσ̂2τ̂3 induces spin-
triplet py-wave pairing correlation in bulk while this interaction does not generate an
odd-frequency spin-triplet s-wave correlation at a surface.
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2.5. Summary

discuss briefly the proximity effect of a dxy-wave superconductor where the two spin-orbit

interaction terms coexist and form the Rashba spin-orbit interaction λkyσ̂1 − λkxσ̂2 τ̂3.

Unfortunately, the coexistence of the two interaction terms weakens the anomalous prox-

imity effect seriously because the interaction −λkxσ̂2 τ̂3 breaks the extra chiral symmetry

of Ȟ1. It is easy to confirm that −λkxσ̂2τ̂3 does not anticommute to ΓBDI. Therefore,

random impurity potential lifts the degeneracy at the zero energy. This explains why the

signal of the anomalous proximity effect in Ref. [24] is very weak. Simultaneously, this

discussion will determine the design guidelines for superconductors. We conclude that a

dxy-wave superconductor described by Ȟ1 is necessary to observe the strong anomalous

proximity effect such as the conductance quantization in a NS junction in Eq. (2.1) and

the fractional current-phase relationship of the Josephson current in an SNS junction.

The control of spin-orbit interactions has been an important issue also in spintronics.

The spin-orbit interaction in Ȟ1 can be realized by tuning the Rashba spin-orbit interaction

and the Dresselhaus spin-orbit interaction. It has been known that such type of interac-

tion stabilizes a specialized spin configuration in momentum space called persistent spin

helix. [43, 44, 45, 46, 47] Thus it would be possible to fabricate a superconductor exhibits

the strong anomalous proximity effect by combining existing technologies. The anomalous

proximity effect has been considered as a phenomenon unique to spin-triplet superconduct-

ors such as a px-wave superconductor in Eq. (A.2), a Majorana nanowire [11, 12, 20, 21],

and two-dimensional artificial spin-triplet superconductors hosting flat-Majorana band at

its surface [40, 41]. It is no doubt that the existence of spin-triplet order parameter (pair

potential) is a sufficient condition for a superconductor exhibiting the anomalous prox-

imity effect. On the other hand, we conclude that the necessary conditions discussed in

Sec. 2.2 can be satisfied by a specific spin-triplet pairing correlation on a spin-singlet su-

perconductor. Our results indicate a way of enriching the superconducting properties of

high-Tc cuprate superconductors.

2.5 Summary

We theoretically studied the effects of spin-orbit interactions in a spin-singlet dxy-wave

superconductor on symmetry of the pairing correlations and those on chiral properties of

the zero-energy bound states at a surface. The Hamiltonian for a dxy-wave superconductor

with a specific spin-orbit interaction preserves a chiral symmetry. The chiral property of

the surface bound states is analyzed in terms of an index NZES which is a measure of the

strength of the anomalous proximity effect. Our results show that the spin-orbit interaction

modifies the chiral property of the surface bound states drastically. As a result, NZES can

be nontrivial nonzero values. The symmetry of the pairing correlations at a surface of a

superconductor are analyzed by using the anomalous Green’s function which is obtained
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2.5. Summary

by solving the Gor’kov equation and the Lippmann-Schwinger equation analytically. The

spin-orbit interactions induce spatially uniform spin-triplet p-wave pairing correlations in

a dxy-wave superconductor. A p-wave pairing correlation generates an odd-frequency spin-

triplet s-wave Cooper pair at a surface of a dxy-wave superconductor. We conclude that

the presence of a spin-triplet pairing correlation causes the anomalous proximity effect

even when a spin-triplet order parameter is absent.

To assist these conclusions, we should study low-energy transport properties through a

dirty normal metal such as the conductance in a NS junction and the Josephson current

in a SNS junction. The investigation by using numerical simulation is under way. Results

will be presented in somewhere else.
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Chapter 3

Theoretical model for an effective

spin-triplet superconductor

Abstract

The proximity effect from a spin-triplet px-wave superconductor to a dirty normal-metal

has been shown to result in various unusual electromagnetic properties, reflecting a co-

operative relation between topologically protected zero-energy quasiparticles and odd-

frequency Cooper pairs. However, because of a lack of candidate materials for spin-triplet

px-wave superconductors, observing this effect has been difficult. In this chapter, we

demonstrate that the anomalous proximity effect, which is essentially equivalent to that

of a spin-triplet px-wave superconductor, can occur in a semiconductor/high-Tc cuprate

superconductor hybrid device in which two potentials coexist: a spin-singlet d-wave pair

potential and a spin–orbit coupling potential sustaining the persistent spin-helix state. As

a result, we propose an alternative and promising route to observe the anomalous prox-

imity effect related to the profound nature of topologically protected quasiparticles and

odd-frequency Cooper pairs.

3.1 Introduction

When a superconductor (SC) is attached to a normal-metal, Cooper pairs (CPs) penet-

rate into the attached normal segment and modify the electromagnetic properties there.

This phenomenon is known as the proximity effect and has been a central research subject

in the field of superconductivity. When we consider a conventional spin-singlet s-wave

SC, the attached normal-metal exhibits superconducting-like electromagnetic properties.

However, the proximity effect from a spin-triplet px-wave SC to a dirty normal-metal

(DN) has been shown to result in various counter-intuitive transport properties such as
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dxy-wave SCInsulator

DN segment SC segment
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Figure 3.1: Schematic of an effective dirty normal-metal (DN)/dxy-wave superconductor
(SC) junction in the presence of a persistent spin helix (PSH).

the quantization of zero-bias conductance (ZBC) in DN/SC junctions [5, 48, 16, 14, 15]

and the fractional current-phase relationship in Josephson currents of SC/DN/SC junc-

tions [6, 49, 50]. Moreover, although the spin-triplet px-wave SC shows a diamagnetic

response, the magnetic response in the attached DN is reversed to paramagnetic [51].

Such a drastic proximity effect of a spin-triplet px-wave SC has been referred to as an

anomalous proximity effect (APE).

The APE of spin-triplet px-wave SCs has attracted intensive attention because its mech-

anism is related to two particles clad in novel concepts: a topologically-protected zero-

energy quasiparticle and an odd-frequency CP. The zero-energy states (ZESs) originally

located at a surface of a spin-triplet px-wave SC [52, 53, 54, 8, 13] can penetrate into the

attached DN while retaining the high degree of degeneracy at zero-energy [5, 48, 55, 42, 56],

where the robustness of the penetrated ZESs is ensured by topological protection [14, 15].

The unusual transport properties are a direct consequence of the resonant tunneling of

quasiparticles via such topologically protected ZESs in the DN. Moreover, it has been

shown that the ZESs penetrated from a spin-triplet px-wave are accompanied by odd-

frequency CPs [55, 42, 56, 57, 23, 58], which are responsible for the paramagnetic response

in the DN [51, 59, 60, 61, 25]. The APE is a remarkable phenomenon related to the in-

trinsic natures of topologically protected zero-energy quasiparticles and odd-frequency

CPs. Thus, experimental observations of this effect are an important topic in the physics

of superconductivity.

The main difficulty in observing the APE is a serious lack of candidate materials for spin-

triplet px-wave SCs. Thus far, several theoretical models for effective px-wave SCs have

been proposed, including models for semiconductor/s-wave SC hybrids under magnetic

fields [40, 41, 39] and helical p-wave SCs (which are also rare) under magnetic fields [39,

62, 63]. However, experimentally realizing these models is also challenging because strong

Zeeman potentials that exceed the superconducting pair potentials are needed to induce

effective px-wave superconductivity. To resolve this stalemate, in this Letter, we explore

an alternative route to observing the APE.
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3.2. Model

A central component of our scheme is to demonstrate the APE purely from spin-singlet

SCs, whereas the spin-triplet px-wave SCs have been speculated to be critical for realizing

the APE [5, 48, 55, 42, 56, 16, 14, 15, 6, 49, 50, 51]. Specifically, we demonstrate the APE

in a two-dimensional (2D) semiconductor fabricated on an insulator/high-Tc cuprate SC

junction, as shown in Fig. 3.1. We assume a proximity-induced spin-singlet dxy-wave pair

potential for the segment above the high-Tc cuprate SC. For the segment above the insu-

lator, we assume a nonmagnetic disorder potential that can be introduced, for example,

using a focused ion beam technique [64, 65]. Consequently, the 2D semiconductor be-

comes an effective DN/spin-singlet dxy-wave SC junction. In addition, we assume that the

semiconductor hosts a persistent spin helix (PSH) state, which has been studied intens-

ively in the field of spintronics [43, 66, 47, 67]. As described in detail later, a spin–orbit

coupling (SOC) potential sustaining the PSH induces a spin-triplet px-wave pairing cor-

relation in the SC segment [24, 68], whereas the pairing correlation does not contribute

to the superconducting gap directly. The induced spin-triplet px-wave pairing correlation

in the SC segment is a source of robust odd-frequency spin-triplet s-wave pairing correl-

ation in the attached DN segment. Moreover, on the basis of an Atiyah–Singer index

theorem [14, 15, 39, 69], we will demonstrate the emergence of topologically-protected

ZESs in the DN segment only in the presence of PSH. Remarkably, PSH states have

been already realized in a number of experiments using semiconductor quantum well sys-

tems [44, 46, 45, 70]. Furthermore, it has been recently shown that the PSH is realized

intrinsically in 2D ferroelectric materials such as group-IV monochalcogenide monolay-

ers [71, 72, 73, 74, 75, 76, 77]. Thus, the recent rapid progress in the physics of the

PSH provides a great potential for the realization of the proposed experimental setup.

Consequently, we report a promising route to observing the APE.

3.2 Model

We describe the present system using a 2D tight-binding model. A lattice site is indicated

by a vector r = jx +my, where x (y) is a unit vector in the x (y) direction. The system

comprises three segments: a semi-infinite lead wire (ballistic semiconductor segment) for

−∞ ≤ j < 1, a DN segment (dirty semiconductor segment) for 1 ≤ j ≤ L, and a

semi-infinite SC segment (ballistic semiconductor segment with a proximity-induced pair

potential) for L < j <∞. In the y direction, the number of lattice sites is given by W and

a periodic boundary condition is applied. The Bogoliubov–de Gennes (BdG) Hamiltonian
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3.2. Model

reads H = Hkin +HPSH +H∆ +Hv. The kinetic energy is given by

Hkin = − t
∑
⟨r,r′⟩

∑
σ=↑,↓

(c†r,σcr′,σ + c†r′,σcr,σ)

+ (4t− µ)
∑
r,σ

c†r,σcr,σ, (3.1)

where c†r,σ (cr,σ) is the creation (annihilation) operator for an electron at r with spin σ; t

and µ denote the nearest-neighbor hopping integral and chemical potential, respectively.

The PSH is characterized by a unidirectional SOC potential given by

HPSH =
iλ

2

∑
r,σ

sσ(c†r+y,σcr,σ − c†r,σcr+y,σ), (3.2)

where s↑(↓) = +1(−1). The SOC potential in Eq. (3.2) describes a Dresselhaus[110] SOC

potential realized in zinc-blende III–V semiconductor quantum wells grown along the [110]

direction [43, 66, 70]. The equivalent SOC potentials can also be obtained in quantum

wells in which Rashba and Dresselhaus[100] SOC potentials have equal amplitudes [43,

66, 44, 46, 45] and in ferroelectric thin-film materials [71, 72, 73, 74, 75, 76, 77]. The

proximity-induced spin-singlet dxy-wave pair potential is given by

H∆ =
∆

4

∞∑
j=L+1

W∑
m=1

(c†r+x+y,↑c
†
r,↓ + c†r,↑c

†
r+x+y,↓

− c†r+x−y,↑c
†
r,↓ − c†r,↑c

†
r+x−y,↓) + H.c., (3.3)

where ∆ denotes the amplitude of the pair potential. The disorder potential in the DN

segment is described by

Hv =
L∑

j=1

W∑
m=1

∑
σ

v(r)c†r,σcr,σ, (3.4)

where v(r) is given randomly in the range −X ≤ v(r) ≤ X.

In the following numerical calculations, we fix the parameters as µ = t, λ = 0.5t,

∆ = 0.1t, L = 50, and W = 50. For simplicity, we assume that t, µ, and λ are uniform in

the entire system. For the ensemble average, 500 samples are used. To observe the APE

experimentally, the thermal coherence length ξT =
√
ℏD/2πkBT must be longer than the

length of the DN segment, where T and D represent the temperature and the diffusion

constant in the DN segment, respectively. For simplicity, we assume zero temperature in

the following calculations.
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3.3. Results

3.3 Results

3.3.1 Zero-bias conductance

We first focus on the differential conductance in the present device. Within the Blonder–

Tinkham–Klapwijk formalism [78, 79, 7], the differential conductance is calculated by

GNS(eV ) =
e2

h

∑
ζ,ζ′

[
δζ,ζ′ −

∣∣reeζ,ζ′∣∣2 +
∣∣∣rheζ,ζ′∣∣∣2]

E=eV

, (3.5)

where reeζ,ζ′ and rheζ,ζ′ denote a normal and an Andreev reflection coefficient at energy E,

respectively. The indexes ζ and ζ ′ label an outgoing and incoming channel in the lead wire,

respectively. These reflection coefficients are calculated using recursive Green’s function

techniques [? 80]. In Fig. 3.2(a), we show the ZBC, i.e., GNS(eV = 0) as a function

of the normal resistance RN = G−1
N (eV = 0), where the normal conductance GN(eV ) is

calculated by setting ∆ = 0. We vary the value of RN by changing the magnitude of

the disorder potential, X. The dotted black line denotes the result corresponding to the

absence of the PSH (i.e., λ=0). In this case, the ZBC decreases to zero with increasing

resistance in the normal segment RN . Nevertheless, as shown by the solid red line, the

ZBC in the presence of the PSH shows saturation with increasing resistance and shows a

quantization in the dirty limit as

lim
RN→∞

GNS(eV = 0) =
2e2

h
|Z|, (3.6)

where |Z| = 6 in the case of the present parameters. In Fig. 3.2(b), we also show GNS

at RN = 0.55(h/e2) as a function of the bias voltage. The results clearly show that

only the conductance spectrum in the presence of the PSH exhibits a sharp ZBC peak.

The quantization of the ZBC in the dirty limit is a representative manifestation of the

APE [5, 48, 14, 15]. The integer number of Z, which characterizes the strength of the APE,

will later be derived analytically. We now discuss the local density of states (LDOS) in

the DN segment. The LDOS averaged over the lattice sites in the y direction is calculated

by

ρNS(j, E) = − 1

πW

W∑
m=1

Tr
[
Im
{
Ǧ(r, r, E + iδ)

}]
, (3.7)

where Ǧ(r, r′, E) represents the Green’s function, δ is a small imaginary component added

to the energy, E, and Tr denotes the trace in spin and Nambu spaces. Fig. 3.3(a) shows

ρNS(j, E) at the center of the DN segment (i.e., j = L/2) as a function of the energy. We

chose X = 2t and δ = 10−4∆. The result is normalized by the LDOS in the normal states

ρN calculated by setting ∆ = 0. When the PSH is present, the LDOS exhibits a sharp zero-

energy peak (solid red line), whereas the peak is not observed when the PSH is absent
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Figure 3.2: (a) ZBC as a function of the normal resistance RN . (b) Differential conduct-
ance at RN = 0.55(h/e2) as a function of the bias voltage. The solid red (dotted black)
line denotes the result corresponding to the presence (absence) of the PSH with λ = 0.5t
(λ = 0).

(dotted black line). The zero-energy peak in the LDOS suggests that ZESs originally

located at the junction interface penetrate into the DN segment, which is responsible for

the quantization of the conductance minimum in Eq. (3.6) [5, 48, 14, 15].

Here, we discuss the odd-frequency CPs in the DN segment. SOC potentials have been

shown to induce spin-triplet pairing correlations in spin-singlet SCs [24, 68], whereas the

pairing correlation does not contribute to the superconducting gap directly. According

to the analysis in Ref. [68], the SOC potential in Eq. (3.2), which sustains the PSH,

generates an even-frequency spin-triplet px-wave correlation in the spin-singlet dxy-wave

SC. Therefore, as in the case of pure DN/px-wave SC junctions [58, 68], we can reasonably

expect that the even-frequency spin-triplet px-wave pairing correlations induced in the SC

segment can function as the source of odd-frequency spin-triplet s-wave correlations in the

attached DN segment. We here focus only on the odd-frequency spin-triplet s-wave CPs,

whose pair amplitude is evaluated by

F odd
Sz=0(j, ω) =

1√
2W

W∑
m=1

[F odd
↑,↓ (r, ω) + F odd

↓,↑ (r, ω)], (3.8)

F odd
σ,σ′ (r, ω) = [Fσ,σ′(r, r, ω) − Fσ,σ′(r, r,−ω)]/2, (3.9)

where Fσ,σ′(r, r′, ω) represents the anomalous part of the Matsubara Green’s function.

We also confirm that other components of the odd-frequency spin-triplet s-wave CPs,

F odd
Sz=1(−1)(j, ω) =

∑
m

F odd
↑,↑(↓,↓)(r, ω)/W,
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Figure 3.3: (a) LDOS at the center of the DN segment as a function of the energy. (b)
Pair amplitudes for the odd-frequency spin-singlet s-wave component at the center of the
DN segment as a function of the Matsubara frequency.

are absent in the present junction. Fig. 3.3(b), shows the real part of F odd
Sz=0 at the center

of the DN segment as a function of the Matsubara frequency ω, where the imaginary

part of F odd
Sz=0 is also found to be zero identically. As expected, F odd

Sz=0 in the DN segment

becomes finite in the presence of the PSH (solid red line), whereas in the absence of the

PSH (dotted black line), F odd
Sz=0 = 0. As a result, we confirm the formation of the odd-

frequency spin-triplet s-wave CPs in the DN, which is an important aspect of the APE.

3.3.2 Index theorem

We here discuss an Atiyah–Singer index theorem that characterizes the APE in the present

junction. To evaluate the topological property of the SC segment, we remove the DN

segment from the system and apply a periodic boundary in the x direction. Moreover,

for simplicity, we describe the present SC in continuous space. Consequently, the BdG

Hamiltonian in momentum space is given by

H(k) = ξ(k)σ0τz + λkyσ̂zτ0 − ∆(k)σyτy, (3.10)

where ξ(k) = (ℏ2k2/2m)−µ with m representing the effective mass of an electron, ∆(k) =

∆(kxky/k
2
F ) with kF =

√
2mµ/ℏ representing the Fermi wavenumber, σα (τα) for α =

x, y, z are the Pauli matrices acting on spin (Nambu) space, and σ0 (τ0) is the unit matrix

in spin (Nambu) space. The BdG Hamiltonian H(k) intrinsically preserves particle–hole

symmetry as CH(k)C−1 = −H(−k), where C = τxK with K representing the complex

conjugation operator. We also find time-reversal symmetry as T−H(k)T−1
− = H(−k) with
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3.3.2. Index theorem

T− = iσyτ0K. Because C2 = +1 and T 2
− = −1, the BdG Hamiltonian belongs to the

DIII symmetry class [81]. Importantly, because of the nature of the PSH [43], the BdG

Hamiltonian preserves spin-rotation symmetry along the z axis even in the presence of

the SOC potential: RzH(k)R−1
z = H(k) with Rz = σzτz. By combining T− and Rz, we

obtain T+H(k)T−1
+ = H(−k), where T+ = RzT− represents an additional time-reversal

symmetry obeying T 2
+ = +1. Because C2 = +1 and T 2

+ = +1, we find that H(k) can be

simultaneously classified into the BDI symmetry class [81]. The energy spectrum of H(k)

is given by Esσ(k) = ±
√

{ξ(k) + sσλky}2 + ∆2(k). The branch of Esσ(k) exhibits four

superconducting gap nodes at (kx, ky) = (±kF , 0) and (0,±kλ − sσλ̄), where

kλ =
√
k2F + λ̄2, λ̄ = mλ/ℏ2. (3.11)

On the basis of the Atiyah–Singer index theorem [14, 15, 39, 69], a topological index that

characterizes the number of zero-energy states at a dirty surface of a nodal SC is given by

Z =
∑
ky

′
wBDI(ky), (3.12)

wBDI(ky) =
i

4π

∫
dkxTr[S+ {H(k)}−1 ∂kxH(k)], (3.13)

where S+ = iT+C = −σxτy represents the chiral symmetry operator with respect to the

BDI symmetry class and
∑′

ky
denotes a summation over ky excluding the nodal points.

Using Eq. (3.13), we obtain

wBDI(ky) =

{
1 for kλ − λ̄ < |ky| < kλ + λ̄

0 otherwise
, (3.14)

and therefore Z =
∑

kλ−λ̄<|ky |<kλ+λ̄. When the momentum ky is assumed to be a continu-

ous variable, the discrete summation of ky is replaced with the integration as∑
ky

→ W

2π

∫
dky. (3.15)

Using Eq. (3.15), we obtain

Z = [(λkF /2µ)Nc]G , (3.16)

where [· · · ]G is the Gauss symbol giving the integer part of the argument, and Nc =

2WkF /π, where [Nc]G represents the number of propagating channels. The index Z be-

comes finite only in the presence of the PSH (λ ̸= 0). According to the Atiyah–Singer

index theorem [14, 15, 39, 69], the |Z| ZESs can robustly remain at zero-energy even in

the presence of potential disorders; they can therefore penetrate into the attached DN

while retaining their |Z|-fold degeneracy [14, 15]. In the presence of the chiral symmetry

of S+, each ZES can form a perfect Andreev reflection channel at zero-energy [15, 82],

which explains the ZBC quantization in Eq. (3.6).
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Figure 3.4: ZBC as a function of the strength of the Rashba SOC potential. We chose
X = 2t.

We here note that the number of stable ZESs in typical fully gapped topological SCs

is limited to a few. However, the present hybrid system can host the ZESs with a high

degree of degeneracy at zero-energy. For instance, when we assume that µ = 2meV,

λ = 10meVnm, and m = 0.07me, where me is the electron rest mass, we obtain Z ≈
[0.128Nc]G, which means that approximately 10% of the propagating channels contribute

to the resonant transmission. We can therefore reasonably expect a drastic signature of

the APE, which should be easily detectable in experiments.

3.4 Discussion

We briefly discuss an effect of a perturbative Rashba SOC potential described by HR(k) =

λR(kyσxτ0−kxσyτz). Because the Rashba SOC breaks the chiral symmetry of S+, the index

Z in Eq. (3.12) can no longer be defined. Therefore, in the presence of Rashba SOC, the

ZESs cannot retain their high degree of degeneracy at zero-energy. Fig. 3.4 shows the ZBC

as a function of the strength of the Rashba SOC λR. The ZBC is substantially increased

in the vicinity of the PSH state (i.e., λR = 0). In principle, the amplitude of Rashba SOC

potentials can be tuned experimentally by applying gate voltages or pressures. Therefore,

in experiments, a sudden enhancement in the ZBC as the strength of the Rashba SOC is

varied is a possible observable signature of the APE.
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3.4. Discussion

In summary, we demonstrate that a spin-singlet dxy-wave SC in the presence of PSH

exhibits the APE. The proposed experimental setup can be fabricated by interfacing ex-

isting materials. Our proposal therefore represents a promising approach to observing the

APE.
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Chapter 4

Anomalous proximity effect in a

spin-singlet superconductor without

surface Andreev bound states

Abstract

The anomalous proximity effect of a spin-triplet p-wave superconductor has been known

as a part of the Majorana Physics. We demonstrate that a spin-singlet d-wave super-

conductor exhibits the anomalous proximity effect when a special type of the spin-orbit

interaction works in the superconductor. The results show the quantization of the zero-

bias conductance in a dirty normal-metal/superconductor junction. We also discuss a

relation between our findings and recent experimental results on a CoSi2/TiSi2 junction.

4.1 Introduction

When a superconductor (SC) is attached to a normal metal, Cooper pairs penetrate from

the SC into the normal metal and modify its electromagnetic and thermal properties.

This phenomenon, known as the proximity effect, exhibits distinct behavior depending

on the symmetry of the pair potential. Specifically, the proximity effect of a spin-triplet

p-wave SC indicates remarkable transport phenomena such as the quantization of zero-

bias conductance in a dirty normal-metal / superconductor (DN/SC) junction [5, 48]

and the fractional current-phase relationship of a Josephson currents in a SC/DN/SC

junction [6, 49]. These unusual phenomena are referred to as anomalous proximity effect

(APE).

The APE is a result of the interplay between two interference effects: the proximity effect
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in a DN attached to a SC and the formation of Andreev bound states at the surface of a SC.

The presence or absence of the proximity in a DN depends sensitively on the symmetry

of the pair potential [83]. To host Andreev bound states at the surface of a SC, the

pair potential is necessary to chenge its sign on the Fermi surface [52, 53, 7, 8]. Symmetry

analysis in the early stages of the study suggested that the APE is a phenomenon unique to

spin-triplet SCs. [49] In addition to the conductance quantization in a DN/SC junction, the

APE causes the zero-bias anomaly of the conductance spectra in a T-shaped junction [16],

and the unusual surface impedance [51]. Unfortunately, it would be very difficult to observe

the APEs in experiments because spin-triplet SCs are very rare. A topological material

based compound CuxBi2Se3 and several uranium compounds such as UPt3, UBe13, UGe2,

and UTe2 are candidates of the spin-triplet SC [84, 85, 86, 87, 88, 89, 90]. However,

spin-triplet superconductivity in these materials are still under debate.

The fabrication of artificial spin-triplet SCs is an important issue these days to real-

ize the quantum computation by applying non-Abelian statistics of Majorana Fermi-

ons. [11, 12, 20, 21, 23, 91]. The APE is a part of the Majorana physics because Majorana

zero modes are a special case of the Andreev bound states at the surface of a spin-triplet

SC [23]. These theoretical studies have suggested that spin-orbit interactions (SOIs) enable

the realization of spin-triplet superconductivity in a spin-singlet SC. Moreover, a theory

shows that a nonzero invariant NZES, mathematically known as an Atiyah-Singer index,

represents exactly the quantized value of the zero-bias conductance in a DN/SC junc-

tion [14, 15]. Namely, NZES represents the number of zero-energy states that penetrates

from a surface of SC into a DN and form the resonant transmission channels. There-

fore, a superconducting state described by the Bogoliubov de Gennes (BdG) Hamiltonian

leading to NZES ̸= 0 causes the APE. The conclusions of these theories lead us to infer

that spin-triplet superconductivity is only a sufficient condition for NZES ̸= 0. Two of

authors looked for necessary conditions for the BdG Hamiltonian that provide a nonzero

index [39]. We found that several Hamiltonians breaking time-reversal symmetry describe

the artificial SCs hosting Majorana zero modes [40, 41, 39]. In addition, we also found

that a Hamiltonian for a spin-singlet dxy-wave SC with a specialized SOI gives a nonzero

index. [68, 92] It has been well established that a dxy-wave SC without SOIs hosts highly

degenerate zero-energy states at its clean surface parallel to the y direction [52, 53, 7, 8].

But in the absense of SOIs, NZES = 0 holds true, which means that zero-energy states

are fragile under impurity scatterings. A SOI changes such fragile zero-energy states to

robust zero-energy states. [68, 92]

In 2021, an experiment observed a clear signal of APE [17]. The conductance spectra in a

T-shaped junction connecting to CoSi2 grown on a Si substrate show the zero-bias anomaly

which is a typical phenomenon of the APE. [16] Their analysis of weak-antilocalization

magnetoresistance allowed them to extract the spin-orbit scattering time, from which they
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inferred a spin-orbit interaction energy roughly 20 times larger than the superconducting

gap energy. However, spin-singlet s-wave superconductivity has been well-established in

bulk CoSi2 [93, 94]. Unlike a dxy-wave SC, the zero-energy states are absent at the junction

interface. At present, it is not clear if SOIs can cause the APE in a junction that consists

a spin-singlet SC without any surface Andreev bound states. We discuss this issue in the

present chapter.

In this chapter, we theoretically study the differential conductance in a DN/SC junction

as shown in Fig. 4.1. We assume the spin-singlet s-wave and spin-singlet dx2−y2-wave pair

potentials in a SC. In the absence of SOIs, the Andreev bound states are absent at an

interface of a junction consisting of such superconductors. We introduce three types of

SOIs in a SC and the nonmagnetic random impurity potential in a DN. The conductance is

calculated based on the Blonder-Tinkham-Klapwijk formula and the transport coefficients

are obtained by using the recursive Green’s function method. A dx2−y2-wave SC with a

spin-helix type SOI causes the APE. Unfortunately, an s-wave SC does not exhibit the

APE with any types of SOIs.

This chapter is organized as follows. We explain our theoretical model in Sec. 4.2. The

results of the differential conductance are presented in Sec. 4.3. We explain why spin-

helix type SOI is necessary for the APE and why an s-wave SC does not indicate APE in

Sec. 4.4. The discussion of our results is presented in Sec.4.5. The conclusion is given in

Sec. 4.6. In Appendix, we discuss important roles of chiral symmetry in the APE.

4.2 Model

We describe a DN/SC junction on a two-dimensional tight-binding lattice as shown in

Fig. 4.1, where L is the length of a DN, W is the width of a junction, x(y) is the unit

vector in the x(y) direction, and a vector r = jx + my indicates a lattice site. The

Hamiltonian consists of four terms,

H = Hkin +Himp +HSOI +H∆ (4.1)

The kinetic energy of an electron is represented by

Hkin = − t
∑
r,r′

∑
α=↑,↓

(
c†r,αcr′,α + c†r′,αcr,α

)
+ (4t− µ)

∑
r,α

c†r,αcr,α, (4.2)

where t is the nearest-neighbor hopping integral, µ is the chemical potential, and c†r,α(cr,α)

is the creation (annihilation) operator of an electron with spin α at r. The second term
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Figure 4.1: Schematic figure of a two-dimensional dirty normal-metal / SC junction below.
We consider spin-singlet pair potentials (s-wave or dx2−y2-wave) and three types of spin-
orbit interactions in a SC. We also introduce nonmagnetic random impurities in a normal
metal near the junction interface.

represents the random impurity potential in a normal metal

Himp =
L∑

j=1

W∑
m=1

∑
α

Vrc
†
r,αcr,α, (4.3)

where Vr is potential given randomly in the range of −Vimp/2 ≤ Vr ≤ Vimp/2 and L denote

the length of a DN in the x direction. We consider the SOI in a SC as

HSOI =
i

2

∑
r,α,α′

[
λx

(
c†r,αcr+x,α′ − c†r+x,αcr,α′

)
(σy)α,α′

−λy
(
c†r,αcr+y,α′ − c†r+y,αcr,α′

)
(σx)α,α′

]
, (4.4)

where λx(y) represents the strength of SOI coupled with a momentum kx(ky), and σi for

i = x, y, and z represets the Pauli matrix in spin space. In this chapter, we mainly consider

the three types SOI,

(λx, λy) = (λ, 0) x-type, (4.5a)

(λx, λy) = (0, λ) y-type, (4.5b)

(λx, λy) = (λ, λ) RSOI. (4.5c)
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The last one is the Rashba spin-orbit interaction (RSOI). The pair potential for a spin-

singlet dx2−y2 symmetry class is described by

H∆ =
∆

2

∞∑
j=L+1

W∑
m=1

(
c†r+x,↑c

†
r,↓ + c†r,↑c

†
r+x,↓ (4.6)

− c†r+y,↑c
†
r,↓ − c†r,↑c

†
r+y,↓ +H.c.) , (4.7)

with ∆ being the amplitude of the pair potential. For a spin-singlet s-wave SC, we choose

H∆ =∆
∞∑

j=L+1

W∑
m=1

[
c†r,↑c

†
r,↓ + H.c.

]
. (4.8)

The differential conductance of a DN/SC junction is calculated based on the Blonder-

Tinkham-Klapwijk formula [78],

GNS(eV ) =
e2

h

∑
ky

∑
l,l′,α,α′

×
[
δl,l′δα,α′ − |reel,α;l′,α′ |2 + |rhel,α;l′,α′ |2

]
E=eV

, (4.9)

where reel,α;l′,α′ is the normal reflection coefficient from the l′ th propagating channel with

spin α′ in the electron branch to the l th propagating channel with spin α in the electron

branch, whereas rhel,α;l′,α′ is the Andreev reflection coefficient from the l′ th propagating

channel with spin α′ in the electron branch to the l th propagating channel with spin α in

the hole branch. These reflection coefficients are calculated by using the recursive Green’s

function method [95, 80].

In this chapter, the energy is measured in units of t and we fix several parameters as

µ = 2t, ∆ = 0.1t, L = 50, and W = 25. We use 500 different samples for the ensemble

averaging over random impurity configurations.

4.3 Results

4.3.1 d-wave

We first study the conductance in a junction consisting of a dx2−y2-wave SC. In Fig. 4.2(a),

the zero-bias conductance GNS(0) is plotted as a function of the normal state resistance of

a DN RN for λ = 0.5t. The results for the y-type SOI, those for RSOI, and those without

SOI almost overlap with one another. They decrease with increasing RN and vanish for

large RN. The effects of the SOI on the zero-bias conductance are negligible for y-type

SOI and RSOI. These usual behaviors can be explained by the classical expression of the
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Figure 4.2: (a) The zero-bias differential conductance of a DN/SC junction as a function
of normal state resistance RN in a normal metal. The results for y-type SOI, those for
RSOI, and those without SOI almost overlap with one another. They decrease to zero
for RN → ∞. The results for x-type SOI remain a finite value for RN → ∞. (b) The
differential conductance is plotted as a function of the bias voltage at RN = 4.5(h/e2).

total resistance of the resistors in series. Because the resistance in a SC is zero, the total

resistance of the junction would be given by

RNS = RB +RN = G−1
NS, (4.10)

where RB is the normal resistance due to the potential barrier at the DN/S interface. In the

present results the Sharvin resistance replaces RB because we do not introduce potential

barrier at the interface. The relation GNS → 0 is expected for large RN. However, the

conductance for x-type SOI deviates from such a classical relationship and saturates at a

finite value of 4G0 for large RN with G0 = 2e2/h. Such unususal behavior is an aspect of

the APE.[15]. The resonant states at zero energy form the perfect transmission channels

in a DN and cause the APE. Thus such an anomalous transport property remains only

around zero bias. In Fig. 4.2(b), the differential conductance GNS at RN = 4.5G−1
0 is

plotted as a function of the bias voltage eV . The results for the x-type SOI decrease

rapidly with increasing eV . As a consequence, the results for the x-type SOI exhibits a

sharp peak at zero-bias. The width of the zero-bias peak depends on RN. For comparison,

we plot the results for RSOI in Fig. 4.2(b) with a broken line. The conductance exhibits

no distinct peak structures around zero bias.

43



4.3.2. s-wave

0 4 8 12 16

0

4

8

12

16

Figure 4.3: The zero-bias conductance of a dx2−y2-wave junction for x-type SOI is plotted

as a function of the strength of SOI λx at RN = 4.5G−1
0 .

In a dx2−y2-wave SC with x-type SOI, the zero-bias conductance in the limit of RN → ∞
depends on the amplitude of SOI λ as shown in Fig. 4.3, where GNS(0) is plotted as a

function of λ. The conductance remains zero for λ < 0.175t and jumps to a finite value of

8G0 at λx = 0.175t. Such step-like behavior is observed also at λx = 0.85t and λx = 1.35t.

The conductance is quantized at 4G0, 8 G0, and 12 G0, these steps. As we will discuss

in Sec. 4.4, the minimum value of the conductance is given by G0NZES, where a factor

2 is derived from the perfect Andreev reflection and NZES is the number of zero-energy

states that form the perfect transmission channels in a DN. The results indicate that NZES

changes discontinuously by 4. Such a discontinuous behavior is also a typical property of

the APE.

4.3.2 s-wave

At the end of the numerical simulation, we discuss the absence of the APE in a DN/SC

junction for an s-wave symmetry. In Fig. 4.4(a), we plot the zero-bias conductance as a

function of RN for a s-wave superconductor including x-type SOI, y-type SOI, and RSOI

with λ = 0.5t. For comparison, we also plot the results without SOI λ = 0 in the figure.

All of the results overlap with one another, which indicate that the effects of SOI on the

conductance are negligible in an s-wave junction. In all cases, the zero-bias conductance
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Figure 4.4: (a) The conductance for an s-wave DN/SC junction. The zero-bias differential
conductance is plotted as a function of normal state resistance RN in a normal metal.
Although we consider x- and y-types SOI, RSOI, and absence of SOI, all of the results
almost overlap with one another. (b) The differential conductance is plotted as a function
of the bias voltage at RN = 4.5(h/e2).

decreases to zero with increasing RN. In the inset of Fig. 4.4(b), we also plot the differential

conductance GNS at RN = 4.5G−1
0 as a function of the bias voltages. The results show

that the conductance is insensitive to the bias voltage. The results in Fig. 4.4 suggest that

s-wave superconductor junctions do not indicate the APE regardless of the type of SOI.

We will discuss the reasons in Sec. 4.4.

4.4 Modified pair potential and Index

To analyze the numerical results, we discuss how x-type SOI modifies the pair potential on

the Fermi surface of a dx2−y2 SC. In this section, we discuss the Hamiltonian in continuous

space

HBdG(k) = (ξk − λxkxσ̂y)τz − ∆(k)σy τy. (4.11)

which enable us to derive the analytical expression of the quantized value of the conduct-

ance minumum. There are two conditions for a superconductor that indicates the APE:

the existence of the Andreev bound states at its surfaces parallel to the y direction and
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the presence of the usual proximity effect. [6] A SC causes the usual proximity effect when

its the pair potential satisfies [83]

∆(kx,−ky) ̸= −∆(kx, ky), (4.12)

where kx and ky are the wave number on the Fermi surface. The pair potentials considered

in this chapter are described by

∆(k) =

{
∆(k2x − k2y)/k2F : dx2−y2−wave

∆ : s−wave
, (4.13)

where kF is the Fermi wave number on the isotropic Fermi surface. Both dx2−y2-wave pair

potential and s-wave pair potential satisfy Eq. (4.12). This condition is also satisfied even

in the presence of SOIs. In the junction geometry in Fig. 4.1, the wave number in the y

direction ky indicates a transport channel in the x direction. Meanwhile, the presence of

the surface Andreev bound states is ensured when the pair potential satisfies [7, 8]

∆(kx, ky)∆(−kx, ky) < 0. (4.14)

Either dx2−y2-wave pair potential or s-wave pair potential do not satisfy the condition in

the absence of SOIs. [6]

The SOIs modify the shape of the Fermi surface as shown in Fig. 4.5, where we illustrate

the pair potential on the Fermi surface in the presence of SOIs. The black dot indicates

the Γ point in the two-dimensional Brillouin zone (k = 0 ). The results for dx2−y2-wave

pair potentials in Fig. 4.5 show that the x-type SOI shifts the two Fermi surfaces: one

moves to +kx direction and the other moves to −kx direction. As a result, Eq. (4.14) is

satisfied along the black dotted lines, where the corresponding ky domain is determined

by Eq.(D.5). The one-dimensional winding number at fixed ky is defined by [13]

W(ky) ≡− 1

4πi

∫ ∞

−∞
dkx I(ky), (4.15)

I(ky) =Tr
[
τ̂xH

−1
BdG ∂kx HBdG

]
, (4.16)

{HBdG, τ̂x}+ = 0. (4.17)

The one-dimensional winding number is

W(ky) = W(−ky) = 2, (4.18)

for all ky values indicated by the black dotted line in 4.5(a). Because the pair potential is

an even function of ky, it is possible to show

NZES =
∑
ky

W(ky), (4.19)
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remains a finite value for each Fermi surface. This index represents the number of zero-

energy states which form the resonant transmission channels in a DN. [15] The conductance

at for large enough RN is quantized

GNS = G0 × |NZES|. (4.20)

Thus NZES increases by 2 with increasing λx. As a result, the quantized conductance

increases by 4G0 with increasing λx as shown in Fig. 4.3. When we assume doubly degen-

erate circular Fermi surfaces at λ = 0, the index is approximately calculated as

NZES ≈
[
2Nc

λxkF
µ

]
G

, (4.21)

where [· · · ]G means the integer part of the argument, Nc is the number of propagatting

channels on the Fermi surface per spin. Details of the derivation are supplied in Ap-

pendix D. Thus the quantized value of the conductance increases monotonically with

increasing λx. In Fig. 4.3, the conductance jumps discontinuously because the number of

propagating channels are limited for W = 25 in the numerical simulation. The width of

the plateaus in Fig. 4.3 decreases as W increases, because the index NZES also depends on

Nc. In contrast, the index is an invariant remains unchanged even in the presence of ran-

dom impurity potential. Details of the proof were given in Ref. [15] and are summarized

in Appendix.

The dx2−y2-wave pair potentials with the y-type SOI in Fig. 4.5(b) and that with the

RSOI in Fig. 4.5(c) do not satisfy Eq. (4.14) because they are always even functions of kx.

In Fig. 4.5(d), we also illustrate the pair potential for s-wave symmetry with the x-type

SOI. Although the SOI splits the Fermi surface into two and modifies the amplitudes of

the pair potentials, it does not change the sign of the pair potentials. Therefore, the APE

is absent in these junctions.

4.5 Discussion

Finally, we discuss a relation between the conclusions of this chapter and the experimental

results in CoSi2/TiO2 on a Si substrate [17]. The experiment in a T-shaped proximity

junction shows a clear zero-bias peak in the conductance spectra, which is an aspect of

the APE. They reported strong SOIs near the CoSi2/Si interface, suggesting that these

SOIs show to result in the APE in the CoSi2 spin-singlet s-wave SC. At the same time,

one of the authors of the experimental report theoretically demonstrated the zero-bias

conductance peak [19, 96]. Their studies on two-dimensional T-shaped junctions [19] and

DN/SC junctions [96] where substrate-induced RSOC lead to mixing of the spin-singlet

and spin-triplet order parameters. In the spin-triplet dominant limit, their theoretical
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(c) Rashba SOI (d) -type SOI

Inner Fermi surface Outer Fermi surface Left Fermi surface Right Fermi surface

(b) -type SOI(a) -type SOI

Upper Fermi surface Lower Fermi surfaceLeft Fermi surface Right Fermi surface

−

−

Figure 4.5: The pair potentials of a dx2−y2-wave SC on the Fermi surface with (a) x-type
SOI and (b) y-type SOI, and (c) RSOI. The black dot in the figure indicates the Γ point
(k = 0). On the dotted lines in (a), the condition ∆(kx, ky)∆(−kx, ky) < 0 is satisfied. In
(d), the pair potentials of an s-wave SC are illustrated for x-type SOI.

results show a robust zero-bias peak in the conductance of these junctions. This suggests

the possibility that CoSi2 becomes a noncentrosymmetric SC in two-dimensional junctions

with strong SOI.

In this chapter, we considered a different scenario where the SC has only a spin-singlet

order parameter. Our findings indicate a fundamental resistance to SOI-induced effects

due to the isotropic and sign invariant nature of s-wave symmetry. Conversely, we found

a robust APE in a dx2−y2-wave SC with specific SOI, which arise from the formation of a

resonant transmission channel stabilized by the anisotropic d-wave symmetry. Our finding

suggests that the APE in CoSi2 may result from the symmetry change from s-wave to

d-wave at two-dimentional thin CoSi2 film.

4.6 Summary

We theoretically studied the effects of the spin-orbit interaction (SOI) in a spin-singlet su-

perconductor on the low-energy transport properties in a dirty normal-metal/superconductor

junction as shown in Fig. 1. We introduce the random impurity potential in a normal metal

and the spin-singlet d-wave pair potential in a superconductor (SC). The differential con-
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ductance is calculated based on the Blonder-Tinkham-Klapwijk formula and the transport

coefficients are calculated numerically by using the recursive Green’s function method. We

investigate two types of pair potentials in DN/SC junctions, both of which lack ABS at

the interface in the absence of SOIs. In the simulation, we consider three types of SOI

such as x-type, y-type, and Rashba type. Our results demonstrate that a d-wave SC with

x-type SOI exhibits the anomalous proximity effect, whereas a d-wave SC with y-type SOI

and a d-wave SC with Rashba SOI do not indicate the APE. The numerical results also

show that an s-wave SC with any types of SOI does not show the APE. We explain the

reasons of these results by analyzing the sign change of the pair potential on the Fermi

surface modified by SOIs.

The APE is a characteristic phenomenon of spin-triplet SCs. Therefore, the observation

of the APE in experiments would be difficult because the spin-triplet SCs are very rare

even now. Our findings suggest an alternative route for observing the APE and provide

an experimental setup for realizing an effective spin-triplet SC.
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Chapter 5

Effect of the exchange potential and

spin-orbit interaction on a

spin-singlet Cooper pairs

Abstract

We investigate theoretically the proximity effect in a ferromagnetic semiconductor with

the Rashba spin-orbit interaction. The interplay between the exchange potential and the

spin-orbit interactions enhances the symmetry variety of Cooper pairs depending on the

degree of disorder in the ferromagnet. In the ballistic limit, spin-singlet s-wave Cooper

pairs are the most dominant in the presence of strong spin-orbit interaction because the

spin-momentum locking stabilizes a Cooper pair consisting of two electrons that are time-

reversal partners of each other. We demonstrate that the spin-orbit interactions induce

equal-spin-triplet p-wave pairs. In the dirty regime, on the other hand, equal-spin-triplet

s-wave pairs dominate because random impurity potentials disrupt the locking. The ex-

change splitting in the conduction band leads to an imbalance between the two equal-spin

pairing components. In a half-metallic ferromagnet, only one equal-spin pairing compon-

ent survives and carries the spin-polarized supercurrent. We analyze the effects of the

spin-orbit interaction on the Josephson current.

5.1 Introduction

The proximity effect in ferromagnetic metals has long been a central topic in the phys-

ics of superconductivity [97, 98, 99]. The interplay between the exchange potential in

ferromagnets and superconductivity significantly enriches the symmetry of Cooper pairs.

Specifically, the uniform exchange potential induces the formation of opposite-spin-triplet
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5.1. Introduction

Cooper pairs from spin-singlet s-wave Cooper pairs. These pairing functions exhibit os-

cillatory behavior and decay spatially within the ferromagnet, which plays a crucial role

in 0-π transitions in superconductor/ferromagnet/superconductor (SFS) junctions [100,

101, 102]. Furthermore, the inhomogeneity in the magnetic moments near the junc-

tion interface promotes the generation of equal-spin-triplet Cooper pairs, which carry

the long-range Josephson current in SFS junctions [99, 103, 104, 105, 106]. In the diffus-

ive transport regime, all spin-triplet components belong to the odd-frequency symmetry

class [99, 107, 108, 109, 110].

SFS junctions consisting of ferromagnetic semiconductors offer a promising route for

exploring spin-triplet Cooper pairs [111]. This is due to their tunable magnetic moment

through doping, allowing precise control of the spin configuration. Moreover, long-range

phase coherence is anticipated in high-mobility two-dimensional electron gases in semi-

conductors [112, 113]. Recent experiments have observed supercurrents flowing through

Nb/(In,Fe)As/Nb junctions [114, 115], providing experimental evidence for the presence

of spin-triplet Cooper pairs. The Rashba spin-orbit interaction, tunable by gating the

ferromagnetic segment in SFS junctions, further modifies the spin configuration and plays

a significant role in the spin structure in momentum space.

While several theoretical studies have examined the interplay between exchange poten-

tial and spin-orbit interaction in proximity effects [116, 117, 118, 119, 120, 121, 122, 123,

124], a comprehensive analysis of the Cooper pair symmetry that contributes most signi-

ficantly to the Josephson current across a broad range of exchange potentials, spin-orbit

interactions, and disorder degrees has yet to be performed. This chapter aims to address

this gap by providing a detailed study of these symmetries.

In this work, we theoretically investigate the Cooper pair symmetries in a two-dimensional

ferromagnetic semiconductor with Rashba spin-orbit interaction. The pairing functions

are computed numerically using the lattice Green’s function technique applied to SFS

junctions. This method allows for a detailed analysis across varying strengths of exchange

potential, spin-orbit interactions, and impurity-induced disorder. Our results reveal that

the pairing symmetry of the dominant Cooper pair in a ferromagnet is highly sensitive to

both spin-orbit coupling and disorder. In the regime of strong spin-orbit interaction, a

spin-singlet s-wave Cooper pair dominates in ballistic ferromagnets, while in diffusive fer-

romagnets, an equal-spin-triplet s-wave pair becomes dominant. Additionally, we discuss

the influence of spin-orbit interactions on the 0-π transition in SFS junctions.
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Ferromagnet

+

Rashba spin-orbit couplingSuperconductor Superconductor

Figure 5.1: SFS junction on two-dimensional tight-binding model.

5.2 Model

Let us consider an SFS junction on two-dimensional tight-binding lattice as shown in

Fig. 5.1, where L is the length of the ferromagnetic semiconductor, W is the width of the

junction in units of the lattice constant, x (y) is the unit vector in the x (y) direction,

r = jx +my points a lattice position. The Hamiltonian of the junction is given by

H =
∑
r,r′

Ψ†(r)

[
ĤN(r, r′) ∆̂(r, r′)

−∆̂∗(r, r′) −Ĥ∗
N(r, r′)

]
Ψ(r′), (5.1)

Ψ(r) =[ψ↑(r), ψ↓(r), ψ†
↑(r), ψ†

↓(r)]T, (5.2)

where ψα(r) is the annihilation operator of an electron with spin α at r. The normal state

Hamiltonian consists of four terms as,

ĤN =Ĥk + Ĥso + Ĥh + V̂i, (5.3)

Ĥk(r, r′) = − t
(
δr,r′+x + δr+x,r′

)
σ̂0

− t
(
δr,r′+y + δr+y,r′

)
σ̂0

+ (4t− ϵF )δr,r′ σ̂0, (5.4)

Ĥso(r, r
′) =i(λ/2)

[{
δr,r′+x − δr+x,r′

}
σ̂2

−
{
δr,r′+y − δr+y,r′

}
σ̂1
]

Θ(j) Θ(L− j), (5.5)

Ĥh(r, r′) = − h · σ δr,r′ Θ(j) Θ(L+ 1 − j), (5.6)

Ĥi(r, r
′) =vr σ0 δr,r′ Θ(j) Θ(L+ 1 − j), (5.7)

∆̂(r, r′) =∆ δr,r′i σ̂2

×
[
Θ(−j + 1)eiφL + Θ(j − L)eiφR

]
, (5.8)

Θ(j) =

{
1 : j > 1

0 : j ≤ 0
, (5.9)
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where t is the hopping integral among the nearest neighbor lattice sites, ϵF is the Fermi

energy, σ̂j for j = 1−3 and σ̂0 are the Pauli’s matrix and unit matrix in spin space, respect-

ively. In the ferromagnet (1 ≤ j ≤ L), λ is the amplitude of the spin-orbit interaction, h

represents the uniform exchange potential, and vr represents random impurity potential.

In the two superconductors, ∆ is the amplitude of the pair potential of spin-singlet s-wave

symmetry, and φL(φR) is the superconducting phase in the left (right) superconductor.

We solve the Gor’kov equation[
iωnτ̂0σ̂0 −

∑
r1

(
ĤN(r, r1) ∆̂(r, r1)

−∆̂∗(r, r1) −Ĥ∗
N(r, r1)

)]
× Ǧωn(r1, r

′) = τ̂0σ̂0δ(r − r′), (5.10)

Ǧωn(r, r′) =

[
Ĝωn(r, r′) F̂ωn(r, r′)

−F̂ ∗
ωn

(r, r′) −Ĝ∗
ωn

(r, r′)

]
, (5.11)

by applying the lattice Green’s function technique [95, 125], where τ0 is the unit matrix

in particle-hole space, ωn = (2n+ 1)πT is the fermionic Matsubara frequency, and T is a

temperature. The Josephson current in a ferromagnet 1 < j < L expressed as

J(j) = − ie

2
T
∑
ωn

W∑
m=1

Tr
[
τ̂3Ť+ Ǧωn(r, r + x)

− τ̂3Ť− Ǧωn(r + x, r)
]
, (5.12)

Ť± =

[
−tσ̂0 ∓ i(λ/2)σ̂2 0

0 tσ̂0 ± i(λ/2)σ̂2

]
, (5.13)

is independent of j.

The pairing function with s-wave symmetry is decomposed into four components

1

W

W∑
m=1

F̂ωn(r, r) =

3∑
ν=0

fν(j)σ̂νiσ̂2, (5.14)

where f0 is a spin-singlet component and fj with j = 1 − 3 are spin-triplet components.

In the clean limit, we also calculate pairing function with an odd-parity symmetry

1

2W

W∑
m=1

F̂ωn(r + x, r) − F̂ωn(r − x, r),

=
3∑

ν=0

fν(j)σ̂νiσ̂2. (5.15)

Throughout this chapter, we fix several parameters as W = 20, ϵF = 2t, ∆ = 0.005t,

and T/Tc = 0.1. The exchange field is always in the perpendicular direction to the two-

dimensional place h = hz.
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5.3 Results

5.3.1 Josephson current in clean limit

We first discuss the numerical results of the Josephson current plotted as a function of the

length of a ferromagnet L in Fig. 5.2, where we fix the phase difference at φ = φL−φR =

0.5π. Fig. 5.2(a) and (b) show the results in the absence of exchange potential h = 0 and

in the presence of an exchange potential h = 0.5t, respectively. The Josephson current

is normalized to J0 = e∆ throughout this chapter. The amplitude of the Josephson

current slightly decreases with the increase of L because the pairing functions decay as

e−x/ξCT with ξCT = vF /2πT for all pairing symmetry. We will discuss this point later

on by using analytic expression of the pairing function obtained by solving Eilenberger

equation. Since h = 0 in Fig. 5.2(a), the junction corresponds to superconductor/normal-

metal/superconductor junction. The results show that the spin-orbit interaction modifies

the Josephson current very slightly. On the other hand in Fig. 5.2(b), the Josephson

current oscillates as a function of L because of the exchange potential. The period of the

oscillations is described by ξCh = vF /2h in weak spin-orbit interactions. When the spin-

orbit interactions increase, the amplitude of the oscillations decreases. At λ = 0.5t, the

Josephson current is always positive at φ = 0.5π. In the present calculation at T/Tc = 0.1,

the current-phase relationship (CPR) deviates slightly from sinusoidal function. Roughly

speaking, the spin-orbit interaction stabilizes the 0 state rather than the π state.

In Fig. 5.3, we show a phase diagram of the Josephson current at φ = 0.5π and L =

50, where horizontal (vertical) axis indicates the amplitude of the spin-orbit interaction

(exchange potential). The junction is in the 0 state for J > 0 and is in the π state for J < 0.

At λ = 0, the Josephson current changes its sign with the increase of h, which indicates the

0-π transition by the exchange potential. When we introduce the spin-orbit interaction,

the 0-π transitions is suppressed and the Josephson current is always positive. Roughly

speaking π state disappears for λ > h. We will discuss the reasons for disappearing the π

state under the strong spin-orbit interactions in the next subsection.

5.3.2 Pairing functions in clean limit

To analyze the characteristic behavior of the Josephson current, we solve the Eilenberger

equation [126] in a ferromagnet,

ivF k̂ · ∇rǧ + [Ȟ0 + ∆̌, ǧ]− = 0, (5.16)

Ȟ0 = (iωn − h · σ̂) τ̂3 − λ× σ̂ · k̂, (5.17)

∆̌ =i∆̂τ̂1. (5.18)
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Figure 5.2: The Josephson current versus the length of a normal segment L in the clean
limit. (a): an SNS junction at h = 0. (b): an SFS junction at h = 0.5t.
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Figure 5.3: The Josephson current at φ = 0.5π and L = 50 is plotted as a function of h
and λ in the clean limit.
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5.3.2. Pairing functions in clean limit

To solve the Eilenberger equation, we apply the Riccati parameterization,

ǧ =

(
N̂ 0̂

0̂ N̂

)(
sωn(1 − ââ) 2â

2â −sωn(1 − ââ)

)
, (5.19)

where sωn = sgn(ωn). The two Riccati parameter are related to each other by â(r, k̂, ıωn) =

σ̂2â
∗(r,−k̂, iωn)σ̂2. One of the Riccati parameter obeys

ivF k̂ · ∇â+ 2iωnâ− h · σ̂â− âσ̂ · h− k̂ × λ · σ̂â

+ âk̂ × λ · σ̂ − i∆ + iâ∆â = 0. (5.20)

Since ∆ = 0 in a ferromagnet (x > 0), it is possible to have an analytic solution of

â(r, k̂, iωn) =
3∑

ν=0

aν(r, k̂, iωn)σ̂ν . (5.21)

The spin-singlet component satisfies

a0(r, k̂, iωn) = a0(r,−k̂,−iωn), (5.22)

and the three spin-triplet components satisfy

aj(r, k̂, iωn) = −aj(r,−k̂,−iωn), (5.23)

for j = 1 − 3. For h = hz and λ = λz, we obtain the solution in two-dimension,

a0 =
A0

V 2

[
h2 cos

(
2V

vFx

x

)
+ λ2

]
e
− 2ωn

vFx
x
, (5.24)

a↑↑ =a1 − ia2, (5.25)

=
A0hλ

V 2
(ky + ikx)

[
1 − cos

(
2V

vFx

x

)]
e
− 2ωn

vFx
x
, (5.26)

a↓↓ =a1 + ia2, (5.27)

=
A0hλ

V 2
(−ky + ikx)

[
1 − cos

(
2V

vFx

x

)]
e
− 2ωn

vFx
x
, (5.28)

a3 =i
A0h

V
sin

(
2V

vFx

x

)
e
− 2ωn

vFx
x
, (5.29)

where V =
√
h2 + λ2, vFx = kx/m and A0 = ∆/(|ωn| +

√
ω2
n + ∆2) is the solution in a

uniform superconductor. At the interface of a superconductor and a ferromagnet (x = 0),

we imposed a boundary condition of a0 = A0 and aj = 0 for j = 1 − 3. The decay

length of all the components is basically given by the thermal coherence in the clean

limit ξCT = vF /2πT . The spin-singlet component a0 has two contributions: an oscillating

term due to the exchange potential and a constant term due to the spin-orbit interaction.

Eqs. (5.24)-(5.29) suggest that only a spin-singlet pair stays in an SNS junction. Thus
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Figure 5.4: The spatial profile of the pairing functions at L = 50 and h = 0.3t in the clean
limit. The results for an s-wave symmetry in Eq. (5.14) are presented. (a) spin-singlet f0,
(b) opposite-spin-triplet f3, (c) equal-spin-triplet f↑↑, and (c) equal-spin-triplet f↓↓

the spin-orbit interaction does not affect the Josephson current so much as shown in

Fig. 5.2(a). A opposite-spin-triplet component a3 also oscillates in real space. The pairing

function for equal-spin pairs f↑↑ and f↓↓ become finite in the presence of the spin-orbit

unteraction and oscillate in real space. They, however, do not change their sign.

In Fig. 5.4, we show the numerical results of pairing function in the ferromagnet of an

SFS junction on the tight-binding model, where L = 50, φ = 0, h = 0.3t, and ωn = 0.02∆.

We first display the spatial profile of s-wave components in Eq. (5.14) for several choices

of λ. The spin-singlet s-wave component f0 in (a) oscillates and changes its sign in real

space at λ = 0. However, the spin-orbit interaction suppresses the sign change. As a
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Figure 5.5: The results for an odd-parity symmetry in Eq. (5.15). The parameters are
the same with those in Fig. 5.4. (a) spin-singlet f0, (b) opposite-spin-triplet f3, (c) equal-
spin-triplet f↑↑, and (c) equal-spin-triplet f↓↓

result, f0 is positive at any place for λ = 0.3t. The opposite-spin-triplet component f3

in (b) always changes its sing but is strongly suppressed by the spin-orbit interactions.

We note that f3 belongs to odd-frequency spin-triplet even-parity (OTE) symmetry class.

The two equal-spin-triplet components in (c) and (d) are absent irrespective of λ. The

analytical results of the Eilenberger equation predict these behavior well.

In Fig. 5.5, we display the spatial profile of the odd-parity components in Eq. (5.15)

for several choices of λ. At h = 0 and λ = 0, the junction becomes an SNS junction

and odd-parity components are absent in its normal segment. In the presence of the

exchange potential, however, odd-parity opposite-spin Cooper pairs are generated in the
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5.3.2. Pairing functions in clean limit

Figure 5.6: Schematic picture of spin-configuration on the Fermi surface. In Upper figure,
the spins of an electron in the spin ↑ band are twisted by the spin-orbit interactions. The
strong spin-orbit interaction fells spins down to a two-dimensional plane. In lower figure,
spin configuration on the two Fermi surface are shown for the two limits: h ≫ λ on the
left panel and h≪ λ on the right panel.

clean junction because the exchange potential breaks inversion symmetry locally at the

junction interface. The spin-singlet s-wave component f0 in (a) oscillates and changes

its sign in real space at λ = 0. The spin-orbit interactions suppresses drastically such

an odd-frequency spin-singlet odd-parity (OSO) component. The opposite-spin-triplet

component f3 in (b) belongs to even-frequency spin-triplet odd-parity (ETO) class shows

similar behavior to f0. Finally, the spin-orbit interactions generate two equal-spin-triplet

components f↑↑ and f↓↓ as shown in (c) and (d), respectively. They oscillate slightly in

real space but do not change their sign. The amplitude of such odd-parity equal spin

components first increases with the increase of λ then decrease in agreement with the

analytical results in Eqs. (5.26) and (5.28). The spin-momentum locking due to the spin-

orbit interaction explains such behaviors as we discuss in what follows.

Figure 5.6 shows the schematic spin structure on the Fermi surfaces. When the exchange

potential is much larger than the spin-orbit interactions, spin of an electron aligns in each

spin bands. The spin-orbit interactions twists the spin structure as shown in the upper

middle figure. The strong spin-orbit interactions causes the spin-momentum locking as
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5.3.3. Josephson current in dirty limit

shown in the upper right figure. The spin configuration in the two limits are shown in the

lower figure. The wavenumber k± in the figure are k± = kF ±h/vF in the limit of h≫ λ on

the left and k± = kF±λ/vF in the limit of h≪ λ on the right. At h≫ λ, a spin-singlet pair

and an opposite-spin-triplet pair have a center-of-mass-momentum of k++(−k−) = 2h/vF

on the Fermi surface. As a result, these components oscillate and change their signs in real

space [127, 128]. On the other hand, equal-spin-triplet components f↑↑ (f↓↓) do not have

a center-of-mass-momentum because they consist of two electrons at ±k+ (±k−). Thus

equal-spin-triplet components do not change signs as shown in the results for λ = 0.1t in

Fig. 5.5 (c) and (d).

In the opposite limit of h≪ λ, a spin-singlet Cooper pair does not have a center-of-mass-

momentum in this case. The spin-momentum locking due to strong spin-orbit interactions

stabilizes such a Cooper pair consisting of two electrons of time-reversal partners. Thus

a spin-singlet Cooper pair does not oscillate in real space as shown in the results for

λ = 0.3t in Fig. 5.4(a). Equal-spin-triplet pairs, on the other hand, have the center-of-

mass-momentum 2λ/vF . In Fig. 5.5 (c) and (d), fσσ for λ = 0.1t oscillate in real space.

Since the spacial oscillations cost the energy, fσσ for λ = 0.3t is smaller than that for

λ = 0.1t.

In the limit of λ ≫ h, a spin-singlet Cooper pair is dominant in a ferromagnet and

carries the Josephson current. The pairing function f0 in Fig. 5.4 (a) does not changes

sign. As a result, the 0 state is stable than the π state for λ > h as shown in Fig. 5.3.

5.3.3 Josephson current in dirty limit

In the dirty limit, we switch on the random impurity potential in Eq. (5.7) in a ferro-

magnet, where the potential is given randomly in the range of −Vimp/2 ≤ vrVimp/2. In

the numerical simulation, we set Vimp = 2t, which results in the mean free path ℓ about

five lattice constants. Since ℓ ≪ L, a ferromagnet is in the diffusive transport regime.

The coherence length ξ0 = vF /π∆ is estimated as twenty lattice constants at ∆ = 0.005t.

Thus the junction is in the dirty regime because of ℓ < ξ0. The Josephson current is first

calculated for a single sample with a specific random impurity configuration. Then the

results are averaged over Ns samples with different impurity configurations,

⟨J⟩ =
1

Ns

Ns∑
i=1

Ji. (5.30)

In this chapter, we choose Ns as 100-500 in numerical simulation.

In Fig. 5.7, we show the ensemble average of the Josephson current as a function of

the length of the ferromagnet, where we fix φ = 0.5π, the exchange potential is absent in

(a) and the exchange potential is h = 0.5t in (b). We confirmed that the current-phase
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Figure 5.7: The Josephson current versus the length of a normal segment L in the dirty
limit. (a): an SNS junction at h = 0. (b): an SFS junction at h = 0.5t. The parameters
here are the same as those in Fig. 5.2

relationship of ensemble aberaged Josephson current is sinusoidal. The decay length of

the Josephson current in Fig. 5.7(a) is shorter than that in the clean limit in Fig. 5.2(a).

It is well known in a diffusive normal metal that, the penetration length of a Cooper

pairs is limited by ξDT =
√
D/2πT . The Josephson current is almost free from spin-orbit

interactions. The results of a SFS junction in Fig. 5.7(b) shows the oscillations and the sign

change of the Josephson current at λ = 0.1t. The large spin-orbit interaction suppresses

the sign change of the Josephson current as show in the result for λ = 0.3t. In Fig. 5.8,

we plot the ensemble average of Josephson current at φ = 0.5π as a function of h and λ.

The results should be compared with those in Fig. 5.3. The amplitude of the Josephson

current is suppressed by the impurity scatterings. Although the 0-π transition can be

seen at λ = 0, the spin-orbit interaction suppresses the 0-π transition. Such tendency is

common in Figs. 5.3 and 5.8.

In the presence of impurities, however, the current-phase relation in a single sample

deviates from the sinusoidal function as

Ji = Jc sin(φ− φi), (5.31)

where φi is the phase shift depends on the random impurity configuration. In experi-

ments, the Josephson current is measured in a specific sample of SFS junction. Since the

Josephson effect is a result of the phase coherence of a quasiparticle developing over a fer-

romagnet, the Josephson current is not a self-averaged quantity. Therefore, the Josephson

current calculated at a single sample Ji corresponds to that at a single measurement in

experiments. When the behavior of ⟨J⟩ and that of Ji are different qualitatively from each
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Figure 5.8: The Josephson current is plotted as a function of h and λ in the dirty regime.
The parameters are the same as those in Fig. 5.3.

other, ⟨J⟩ cannot predict a Josephson current measured in experiments [125]. Therefore,

⟨J⟩ in Fig. 5.8 tell us only a tendency of φi value. Namely, φi ≈ 0 would be expected

in experiments for λ ≫ h. A previous paper [117] has discussed that the phase shift in

the current-phase relationship φ0 is tunable by applying the Zeeman field in the y direc-

tion. The argument is valid only when a normal segment of a junction is in the ballistic

transport regime and a junction geometry is symmetric under y → −y.

5.3.4 Pairing functions in dirty limit

Although the ensemble average of the Josephson current in theories cannot predict the

current-phase relationship measured in a real sample, the ensemble average of the pairing

functions tells us characteristic features of the proximity effect. In Fig. 5.9, we show

the spatial profile of the pairing functions in dirty regime, where φ = 0, hz = 0.5t and

L = 50. The parameters here are the same as those in Fig. 5.4. The singlet component

⟨f0⟩ oscillates and changes its sign at λ = 0 as shown in Fig. 5.9(a). At λ = 0.5t, the

spin-orbit interaction surpress the amplitude of oscillations. The similar tendency can

be found also in the opposite-spin-triplet component ⟨f3⟩ in (b). The equal-spin-triplet

components ⟨fσσ⟩ are zero at λ = 0. The amplitudes of such OTE pairs become finite and

spatially uniform in the dirty regime as shown in in Fig. 5.9(c) and (d).
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Figure 5.9: The spatial profile of the ensemble average of pairing function in the dirty
regime. Only an s-wave component remains finite in the dirty regime. The parameters
are the same as those in Fig. 5.4.
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Figure 5.10: The pairing functions at the center of a ferromagnet j = 25 are shown as a
function of λ. (a): a strong ferromagnet at h = 0.5t. (b): a half-metallic ferromagnet at
h = 2.5t.
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5.4. Summary

In the clean limit, the spin-momentum locking suppresses the equal-spin-triplet com-

ponents as shown in Figs. 5.4 (c) and (d). In the dirty regime, however, the momentum

is not a good quantum number. Equal-spin OTE pairs have the long-range property

because random impurity scatterings release the spin-momentum locking.[119, 120] At

λ > gh, the results in Fig. 5.9 show that the most dominant pair in a ferromagnet belongs

odd-frequency equal-spin-triplet s-wave symmetry class.

We fix j = 25 in Fig. 5.9 at a center of a ferromagnet and calculate the pairing functions

as a function of λ. The results are presented in Fig. 5.10, where we choose h = 0.5t in

(a) and h = 2.5t in (b). The pairing functions for opposite-spin pair ⟨f0⟩ and ⟨f3⟩ are

insensitive to spin-orbit interactions. The amplitude of equal-spin pairs ⟨fσσ⟩ increases

with the increase of λ and saturate for λ > 2.0t in (a). Thus odd-frequency long-range

components are dominant in a strong ferromagnet. When we increase the exchange po-

tential to h = 2.5t in (b), a ferromagnet becomes half-metallic. Namely the ferromagnet is

metallic for a spin-↑ electron and is insulating for a spin-↓ electron. In such a half-metal,

only ⟨f↑↑⟩ component survives and carries the Josephson current, which is very similar to

the situation discussed in the previous papers. [108, 107, 109].

5.4 Summary

In summary, we have theoretically examined the proximity effect in a ferromagnetic semi-

conductor with Rashba spin-orbit interaction by solving the Gor’kov equation on a two-

dimensional tight-binding lattice. Our findings reveal that the interplay between the

exchange potential and spin-orbit interaction enriches the symmetry landscape of Cooper

pairs. Specifically, the exchange potential in the ferromagnet converts spin-singlet Cooper

pairs into opposite-spin-triplet pairs, while strong spin-orbit interaction generates equal-

spin-triplet pairs in the clean regime.

Notably, we identified that the dominant pairing symmetry depends on the transport

regime: in the clean limit, spin-momentum locking stabilizes conventional spin-singlet

s-wave pairs, whereas in the dirty regime, odd-frequency equal-spin-triplet s-wave pairs

become dominant due to impurity scattering. This shift underscores the significant role

of disorder in releasing spin-momentum constraints.

These results not only deepen our understanding of superconducting proximity effects

in materials with complex spin-orbit interactions but also suggest potential route for indu-

cing spin-triplet superconductivity in hybrid structures. Future work could extend these

insights by exploring the impact of additional spin-textured states or multilayered struc-

tures, offering a richer framework for spin-polarized supercurrent applications.
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Chapter 6

Conclusding Remarks

We have theoretically studied the effects of spin-orbit interactions (SOI) on the low-energy

transport properties in two-dimensional dirty normal metal/superconductor (NS) junc-

tions. In this thesis, we considered spin-singlet s-wave, dxy-wave, and dx2−y2-wave pair

potentials in superconductors. However, spin-triplet Cooper pairs dominate the low-energy

transport properties. Spin-orbit interactions generate such spin-triplet Cooper pairs from

spin-singlet Cooper pairs which form the pair potential. In this thesis, we consider three

types of SOI: x-type, y-type, and Rashba SOI. In spintronics, x-type and y-type SOI have

been a persistent spin helix state

In chapters 2-4, we discuss the anomalous proximity effect in a normal-metal / super-

conductor (NS) junction. As discussed in chpater 1 and chapter 2, a topological invariant

called Atiyah-Singer index NZES well characterizes the anomalous proximity effect. In-

deed, the minimum of the zero-bias conductance is limited by (2e2/h)NZES independent

of the degree of disorder in the normal metal and the transparency of the junction inter-

face. The index can be defined when the Bogoliubov-de Gennes Hamiltonian preserves

chiral symmetry. Previous theoretical studies showed that NZES is zero in spin-singlet

superconductors in the absence of SOI. In this thesis, we show that the appropriate SOI

in a spin-singlet superconductor makes the index a nonzero value.

In chapters 2-3, we consider spin-singlet dxy superconductor in an NS junction, where

electric current flows in the x direction. A number of zero-energy states appear at a

clean surface of a dxy superconductor. However, the potential disorder in the normal

metal lifts the high degeneracy at zero energy, which results in NZES = 0 meaning the

absence of the anomalous proximity effect. The y-type SOI relax such severe situation.

In chapter 2, we analytically show that the y-type SOI generates spin-triplet px-wave

Cooper pairs. In addition, y-type SOI breaks the chiral balance of the zero-energy states,

which leads to NZES ̸= 0. In chapter 3, we check the validity of such prediction by

numerical simulations, where the conductance of an NS junction is calculated based on
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6. Conclusding Remarks

the Blonder-Tinkham-Klapwijk formula. The numerical results show the quantization of

the conductance minimum in agreement with the theoretical prediction.

In chapter 4, we consider spin-singlet s-wave and spin-singlet dx2−y2 symmetries in a

superconductor motivated by recent experiments suggesting the anomalous proximity ef-

fect. In both cases, zero-energy states are absent at a clean surface of a superconductor.

We show that x-type SOI generates spin-triplet px-wave Cooper pairs and causes the

anomalous proximity effect in a spin-singlet dx2−y2 junction. In a spin-singlet s-wave su-

perconductor junction, however, the proximity effect is always absent even in the presence

of strong SOIs. Our numerical simulation on the conductance of an NS junction justifies

the validity of the theoretical prediction.

The anomalous proximity effect is understood as a result of the penetration of zero-

energy states at a surface of a superconductor into a dirty normal metal with retain-

ing high degeneracy. Simultaneously, it is possible to say that the penetration of odd-

frequency Cooper pairs into a dirty normal metal causes the anomalous proximity effect.

The existence of odd-frequency Cooper pairs has attracted much attention in a super-

conductor/ferromagnet/superconductor junction, where superconductors belong to con-

ventional spin-singlet s-wave symmetry class and the exchange potential in a diffusive

ferromagnet is much larger than the pair potential. When the length of a ferromagnet

is long enough, spin-singlet Cooper pairs no longer carry Josephson current. Several ex-

periments have suggested the existence of spin-triplet Cooper pairs in a ferromagnet. In

chapter 5, we discuss how SOIs cause the symmetry conversion of Cooper pairs between

spin-singlet and spin-triplet. We also discuss how potential disorder suppress the variety

in the pairing symmetry in a ferromagnet. Our numerical simulation shows that only

odd-frequency Cooper spin-triplet s-wave Cooper pair carry the Josephson current in a

dirty limit.

Although spin-triplet Cooper pairs cause very unusual phenomena, spin-triplet super-

conductors are very rare. In this thesis, we provide designs for artificial spin-triplet su-

perconductors by combining existing materials and experimentally accessible technologies.

The specific type of spin-orbit interaction plays a central role in the symmetry conversion

of Cooper pairs. Our findings indicate an alternative route for investigating spin-triplet

superconductivity and its topological properties.
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Appendix A

Surface Andreev bound states

The BdG Hamiltonian on a two-dimensional tight-binding lattice is represented by

H =
∑
r,r′

[
ψ†
r,↑, ψ

†
r,↓, ψr,↑, ψr,↓

]
ȞBdG(r, r′)

[
ψr′,↑, ψr′,↓, ψ

†
r′,↑, ψ

†
r′,↓

]T
(A.1)

where ψr,σ is the annihilation operator of an electron at r = jx̂ + mŷ with with x̂ (ŷ)

being unit vector in the x (y) direction, σ =↑ or ↓ indicates spin of an electron, and

T represents the transpose of a matrix. The BdG Hamiltonian for an equal spin-triplet

px-wave superconductor can be represented as

Ȟpx(r, r′) =Ht(r, r
′)τ̂3 + Ĥ∆p(r, r′) σ̂3 τ̂1, (A.2)

Ht(r, r
′) = − t

[
δr,r′+x̂ + δr,r′−x̂ + δr,r′+ŷ + δr,r′−ŷ

]
σ̂0 + δr,r′ (4t− ϵF ) σ̂0, (A.3)

H∆p =
∆

2i

[
δr,r′+x̂ − δr,r′−x̂

]
, (A.4)

where τj and σj for j = 1 − 3 are the Pauli’s matrices in particle-hole space and those

in spin space, respectively. The unit matrix in these spaces are τ̂0 and σ̂0. The pair

potential and the hopping integral are denoted by ∆ and t, respectively. We calculate

the eigenvalues of Ĥpx under the hard wall boundary condition in the x direction and the

periodic boundary condition in the y direction. The results for ϵF = 2t and ∆ = t are

plotted as a function of ky in Fig. A.1(a). The symbols for E ̸= 0 represent eigenvalues

of bulk states. At the present parameter choice, the superconducting gap has two nodes

at ky = ±kF with kF = π/2. The ZESs between the nodes in Fig. A.1(a) localize at a

surface. The wave function of the ZESs near x = 0 are described by

ϕpx,−(r) =


1

1

i

−i

 fky(r), ϕpx,+(r) =


−1

1

i

i

 fky(r), fky(r) = Aeikyye−x/ξ0 sin kxx,

(A.5)
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where ξ0 = vF /∆ and A is a constant. It is easy to confirm that Γ̌BIII ϕ± = ±ϕ±. As a

result, we find N+ = N− and NZES = 0 in consistent with the prediction. [39]

The wave functions of the ZESs in Eq. (A.5) are described alternatively as

ϕpx,↑(r) =


1

0

i

0

 fky(r), ϕpx,↓(r) =


0

1

0

−i

 fky(r), (A.6)

where ϕpx,σ the the wave function in spin σ sector. It is easy to confirm that Γ̌BDI ϕσ = ϕσ

holds for both σ =↑ and ↓. Therefore we find N+ = Nc and N− = 0, which results in

NZES = Nc as long as {Ȟpx , Γ̌BDI} = 0.

The eigenvalues of the BdG Hamiltonian of a dxy-wave superconductor,

Ȟdxy(r, r′) =Ht(r, r
′)τ̂3 +H∆d

(r, r′) σ̂2 τ̂2, (A.7)

H∆d
(r, r′) =

∆

2

[
δr,r′+x̂+ŷ + δr,r′−x̂−ŷ − δr,r′+x̂−ŷ − δr,r′−x̂+ŷ

]
, (A.8)

are shown in Fig. A.1(b). There are three nodal points at ky = 0 and ±kF . A surface

Andreev bound state appears for each propagating channel on the Fermi surface. The

wave functions of the ZESs are described by

ϕdxy ,+(r) =


1

−1

i sk

i sk

 fky(r), ϕdxy ,−(r) =


1

1

−i sk
i sk

 fky(r), sk = sgn(ky), (A.9)

It is easy to confirm that Γ̌BDI ϕdxy ,± = ±sk ϕdxy ,± hold. The chiral eigenvalues of ZESs

depend on the sign of ky in a dxy-wave superconductor. As displayed in Fig. A.1(b), the

number of the ZESs at ky > 0 is equal to that at ky < 0. Although Ȟdxy anticommutes

to Γ̌BDI, the index NZES is always zero in the absence of spin-orbit interactions. The

Hamiltonian Ȟdxy anticommutes also to another chiral operator τ̂1. We, however, find

that NZES = 0 in terms of the chiral eigen values of τ̂1.
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(a) p  -wavex
(b) d     -wavexy

Figure A.1: The eigenvalues of the BdG Hamiltonian on a two-dimensional tight-binding
model are plotted as a function of the wave number in the y direction. The results for
a px-wave superconductor in (a) have nodes at ky = ±kF with kF = π/2. The surface
Andreev bound states are degenerate at E = 0 as indicated by a line between the two
nodal points. All of the ZESs belong to the same chiral eigenvalue of Γ̌BDI. In (b), the
results for a dxy-wave superconductor are shown. An additional nodal point appears at
ky = 0. ZESs for ky > 0 and those for ky < 0 belong to the opposite chiral eigenvalue of
Γ̌BDI.
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Appendix B

Green’s function in real space

The solution of the Gor’kov equation in Eq. (2.36) is obtained as

Ĝϵ(k) =
[
(ϵ− ĤN) + ∆̂ (ϵ+ Ĥ˜ N)−1 ∆̂˜

]−1
, F̂ϵ(k) =

[
∆̂˜ + (ϵ+ Ĥ˜ N) ∆̂−1 (ϵ− ĤN)

]−1
.

(B.1)

The retarded Green’s function for H1 is represented as

Ĝϵ(r − r′) =
1

W

∑
ky

eiky(y−y′)Ĝϵ(x− x′), F̂ϵ(r − r′) =
1

W

∑
ky

eiky(y−y′)F̂ϵ(x− x′),

(B.2)

with

Ĝϵ(x− x′) =
1

2π

∫ ∞

−∞
dk eik(x−x′) 1

2

[
(ϵ+ ξ1,+)(1 + σ̂1)

(ϵ+ iδ)2 − E2
1,+

+
(ϵ+ ξ1,−)(1 − σ̂1)

(ϵ+ iδ)2 − E2
1,−

]
, (B.3)

F̂ϵ(x− x′) =
1

2π

∫ ∞

−∞
dk eik(x−x′)∆k

2

[
1 − σ̂1

(ϵ+ iδ)2 − E2
1,−

+
1 + σ̂1

(ϵ+ iδ)2 − E2
1,+

]
iσ̂2. (B.4)

To proceed the calculation, it is necessary to carry out the integration

I1,± =
1

2π

∫ ∞

−∞
dk eik(x−x′) f(k, ξ1,±)

(ϵ+ iδ − E1,±)(ϵ+ E1,±)
, (B.5)

where f is an analytic function. For ϵ > 0, (ϵ+E1,±)−1 is analytic, whereas (ϵ+iδ−E1,±)−1

has two poles at k = ke± + i0+ and k = −kh± + i0+ with

ke± =

[
p21± +

2m

ℏ2
Ω

]1/2
, kh± =

[
p21± − 2m

ℏ2
Ω

]1/2
, Ω =

√
(ϵ+ iδ)2 − ∆2

k (B.6)

where p1± is defined in Eq. (2.21). Paying attention to the relations ξ1,± → Ω at k = ke±

and ξ1,± → −Ω at k = −kh±, ϵ+iδ−E1,± at the denominator of Eq. (B.5) can be expanded

around k = ke± as

ϵ+ iδ − E1,±(k) ≈ ϵ− E1,±(ke±) + iδ − ξ1,±
E1,±(ke±)

ℏ2ke±
m

(k − ke±) = −Ω

ϵ

ℏ2ke±
m

(k − ke± − iδ′).

(B.7)
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Around a pole of k = −kh±, the ϵ+ iδ − E1,± becomes

ϵ+ iδ − E1,±(k) ≈ ϵ− E1,±(−kh±) + iδ − ξ1,±

E1,±(−kh±)

−ℏ2kh±
m

(k + kh±) (B.8)

= −−Ω

ϵ

(−ℏ2kh±)

m
(k + kh± − iδ′). (B.9)

By picking up the residues of these poles, the integral in Eq. (B.5) is calculated as

I1,± = − i
m

2Ωℏ2

[
f(sxk

e
±,Ω)

ke±
eik

e
±|x−x′| +

f(−sxkh±,−Ω)

ke±
e−ikh±|x−x′|

]
Θ(p21±), (B.10)

sx =sgn(x− x′). (B.11)

where we consider the contribution from the propagating channels as indicated by a factor

Θ(p21±). The integral on the upper-half complex plane converges for x − x′ > 0. On the

other hand for x − x′ < 0, the transformation of k → −k is necessary, which produces a

factor of sx. In the text, we mainly discuss the Green’s function for 0 < ϵ ≪ ∆. In such

case, it is possible to apply an approximation for the wavenumber ke± = p1±+iqx and kh± =

p1± − iqx with qx = (∆/ℏvF )k̄y. We also apply p1+ ≈ p1− ≈ px =
√
k2F − k2y + 2αkF |ky|

because the amplitude of the wavenumber is not important for analyzing the pairing

symmetry. By the same reason, we consider qx only in the exponential function. The

integral under these approximations is represented as

I1,± ≈− i
m

2Ωℏ2
e−qx|x−x′|

[
f(sxpx,Ω)

px
eipx|x−x′| +

f(−sxpx,−Ω)

px
e−ipx|x−x′|

]
Θ(p21±).

(B.12)

The normal Greens’s function in Eq. (B.3) is calculated as

Gϵ(x− x′) = − i
m

4Ωℏ2
e−qx|x−x′|

[
ϵ+ Ω

px
eipx|x−x′| +

ϵ− Ω

px
e−ipx|x−x′|

]
(1 + σ̂1)Θ(p21+)

− i
m

4Ωℏ2
e−qx|x−x′|

[
ϵ+ Ω

px
eipx|x−x′| +

ϵ− Ω

px
e−ipx|x−x′|

]
(1 − σ̂1)Θ(p21−),

(B.13)

= − i
e−qx|x−x′|

2Ωℏvpx

[
ϵ cos(px|x− x′|) + iΩ sin(px|x− x′|)

]
[n+(ky) + n−(ky)σ̂1] .

(B.14)

The anomalous Green’s function results in

Fϵ(x− x′) = − i
msx
4Ωℏ2

e−qx|x−x′|
[

∆k̄yp̄x
px

eipx|x−x′| − ∆k̄yp̄x
px

e−ipx|x−x′|
]

(1 + σ̂1)Θ(p21+)iσ̂2

− i
msx
4Ωℏ2

e−qx|x−x′|
[

∆k̄yp̄x
px

eipx|x−x′| − ∆k̄yp̄x
px

e−ipx|x−x′|
]

(1 − σ̂1)Θ(p21−) iσ̂2,

(B.15)

= − i
e−qx|x−x′|

2ΩℏvF
i∆k̄y sin px(x− x′) [n+(ky) + n−(ky)σ̂1] iσ̂2. (B.16)
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B. Green’s function in real space

To obtain the Green’s function at a surface, the four parts of the Green’s in a uniform

superconductor are necessary. We supply them as follows,

Ĝiωn(x− x′) = − m

2Ωnℏ2
e−qx|x−x′|

px

[
iℏωn cos(px|x− x′|) − Ωn sin(px|x− x′|)

]
(B.17)

× [n+(ky) + n−(ky)σ̂1] , (B.18)

F̂iωn(x− x′) = − m

2Ωnℏ2
e−qx|x−x′|

px
∆p̄xk̄y i sin px(x− x′) [n+(ky) + n−(ky) σ̂1] i σ̂2,

(B.19)

−Ĝ˜ iωn(x− x′) = − m

2Ωnℏ2
e−qx|x−x′|

px

[
iℏωn cos(px|x− x′|) + Ωn sin(px|x− x′|)

]
(B.20)

× [n+(ky) − n−(ky)σ̂1] , (B.21)

−F̂˜ iωn(x− x′) = − m

2Ωnℏ2
e−qx|x−x′|

px
∆p̄xk̄y i sin px(x− x′) [−n+(ky) + n−(ky) σ̂1] i σ̂2,

(B.22)

where Ωn =
√

(ℏωn)2 + ∆2
k and the particle-hole transformation is expressed by

X˜ iωn(x, ky) = X∗
iωn

(x,−ky), (B.23)

in this representation.

The solution of the Gor’kov equation for Ȟ2 is represented as

Ĝϵ(x− x′) =
1

2π

∫ ∞

−∞
dk eik(x−x′) 1

2

[
(ϵ+ ξ2,+)(1 + σ̂2)

(ϵ+ iδ)2 − E2
2,+

+
(ϵ+ ξ2,−)(1 − σ̂2)

(ϵ+ iδ)2 − E2
2,−

]
, (B.24)

F̂ϵ(x− x′) =
1

2π

∫ ∞

−∞
dk eik(x−x′)∆k

2

[
1 − σ̂2

(ϵ+ iδ)2 − E2
2,−

+
1 + σ̂2

(ϵ+ iδ)2 − E2
2,+

]
iσ̂2. (B.25)

Within the first order α, the retarded Green’s functions in an infinitely long superconductor

are calculated as,

Ĝϵ(x− x′) =
−i

Ω ℏvkx
e−qx|x−x′| [ϵ cos kx|x− x′| + iΩ sin kx|x− x′|

]
, (B.26)

F̂ϵ(x− x′) =
−i

Ω ℏvkx
e−qx|x−x′| [i∆k sin kx(x− x′) + α∆ k̄y cos kx(x− x′)σ̂2

]
iσ̂2. (B.27)

Here we apply the relation,

I2,± =
1

2π

∫ ∞

−∞
dk eik(x−x′) f(k, ξ2,±)

(ϵ+ iδ − E2,±)(ϵ+ E2,±)
, (B.28)

= − i
e−qx|x−x′|

2Ωℏvx

[
f(∓αkF + sxkx,Ω) eikx|x−x′| + f(∓αkF − sxkx,−Ω) e−ikx|x−x′|

]
,

(B.29)

where vx = ℏkx/m and kx =
√
k2F − k2y is a real wavenumber.
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Appendix C

Lippmann-Schwinger equation

The Lippmann-Schwinger equation relates the Green’s function in the presence of a per-

turbation Ǧ to that in the absence of the perturbation Ǧ as

Ǧiωn(r, r′) =Ǧiωn(r, r′) +

∫
dr1 Ǧiωn(r, r1)V̌ (r1) Ǧiωn(r1, r

′), (C.1)

where V̌ (r) is the perturbation potential. In this appendix, we introduce a wall at x = x0

V̌ (r) = V δ(x− x0) τ̂3, (C.2)

to divide an infinitely long superconductor into two semi-infinite superconductors. Thus

Giωn is the Green’s function in a infinitely long superconductor in the x direction. Al-

though the wall breaks the translational symmetry in the x direction, the superconductor

is translational invariant in the y direction. Therefore it is possible to represent the Green’s

function as

Ǧiωn(r, r′) =
1

W

∑
ky

Ǧiωn(x, x′)eiky(y−y′). (C.3)

By substituting the expression into the equation, we find

Ǧiωn(x, x′) = Ǧiωn(x, x′) + Ǧiωn(x, x0)V τ̂3 Ǧiωn(x0, x
′). (C.4)

By putting x = x0, we obtain the Green’s function,

Ǧiωn(x0, x
′) =

[
1 − Ǧiωn(x0, x0)V τ̂3

]−1
Ǧiωn(x0, x

′). (C.5)

Finally, we reach an relation,

Ǧiωn(x, x′) = Ǧiωn(x, x′) + ǦS
iωn

(x, x′), (C.6)

ǦS
iωn

(x, x′) = Ǧiωn(x, x0)V τ̂3

[
1 − Ǧ

(0)
iωn

(x0, x0)V τ̂3

]−1
Ǧiωn(x0, x

′). (C.7)

The Green’s function at a surface of a superconductor is calculated by taking a limit of

V → ∞. In the text, we input x0 = 0 and analyze Eq. (C.7) near the surface 0 < x ≲ ξ0

and 0 < x′ ≲ ξ0 with ξ0 = ℏvF /π∆ being the coherence length.
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Appendix D

Atiyah-Singer’s Index

We briefly summarize the relation between the quantized value of the zero-bias conduct-

ance and an index NZES. Let us begin with a BdG Hamiltonian for a spin-singlet SC with

the x-type SOI in momentum space

HBdG(k) = (ξk − λxkxσ̂y)τz − ∆(k)σy τy, (D.1)

where ξk = ℏ2k2/2m − µ is the kinetic energy of an electron with m being the mass of

an electron and τi for i = x, y, and z are the Pauli’s matrix in particle-hole space. To

enhance the readability, we consider Hamiltonian in continuous space. The wave number

on the Fermi surface is determined by

ξk + s λx kx = 0, s = ±1, (D.2)

where s = 1(−1) corresponds to the Fermi surface shifted to left (right) in Fig. 4.5(a).

The wave numbers in the two directions satisfy

(kx + sλ̃kF )2 + k2y = (1+λ̃2)k2F , (D.3)

λ̃ ≡ λxkF
2µ

≪ 1. (D.4)

The x-type SOI shifts the center of the Fermi surface to ±λ̃kF on the kx axis. The pair

potential of a dx2−y2-wave SC on the Fermi surface has nodes at kx = ±ky. As a result,

Eq. (4.14) is satisfied at the channels

kF
2

(

√
λ̃2 + 2 − λ̃) ≤ |ky| ≤

kF
2

(

√
λ̃2 + 2 + λ̃), (D.5)

for both the left and the right Fermi surfaces. The schematic figure of the pair potentials

are shown in Fig. 4.5(a). The pair potential indicated by shaded area in Fig. 4.5(a) satisfies

Eq. (4.14), indicating the appearance of surface Andreev bound state at each propagating

channel. The number of such ZESs for the two spin sectors is estimated as

N = [4Ncλ̃]G, (D.6)
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Figure D.1: The zero-bias conductance of a dx2−y2-wave junction is plotted as a function
of the bias voltage for several RN . The results for the x-type at λx = 0.5t are shown in
(a). In (b), we choose λx = 0.5t and λy = 0.05t.

where Nc = WkF /π is the number of propagating channels for each spin sector, W is

the width of the SC in the y direction, and [. . .]G means the Gauss symbol providing the

integer part of a number. As a result, the number of Andreev bound states at zero-energy

is N at a clean surface of a dx2−y2-wave SC with the x-type SOI. In other words, N

represents the degree of the degeneracy at zero-energy states at a surface of a SC. Such a

high degeneracy is a result of translational symmetry in the y direction of a clean SC. In a

clean normal-metal / SC junction, the zero-energy states penetrate into the clean normal

metal and form the perfect transmission channels.

To discuss effects of random potentials in a normal metal attached to a SC, the analysis

of chiral property of zero-energy states is necessary.[14, 15] The BdG Hamiltonian in

Eq. (D.1) preserves chiral symmetry,

{HBdG,ΓBDI}+ = 0, ΓBDI = τx. (D.7)

Since Γ2
BDI = 1, the eigenvalues of ΓBDI are 1 (positive chirality) and -1 (negative chirality).

It is known that a zero-energy state of HBdG is the eigenstate of ΓBDI. Therefore such

a zero-energy state has either the positive chirality or the negative chirality. The wave

functions of the zero-energy states are calculated as

ψ1 =


i

1

−i
−1

Aeikyyf(x), ψ2 =


1

i

−1

−i

Aeikyyf(x) (D.8)

where A is a normalization constant and f(x) is a function localizing at a surface of a SC.

It is easy to confirm that all of the zero-energy states belong to the negative chirality, as
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it satisfies ΓBDIψj = −ψj for j = 1 and 2. The Atiyah-Singer index is defined by

NZES = N+ −N−, (D.9)

where N+ (N−) is the number of zero-energy states belonging to positive (negative) chir-

ality. Therefore, the index is calculated as

|NZES| =
[
4Ncλ̃

]
G
. (D.10)

The index NZES is an invariant in the presence of chiral symmetry of the Hamiltonian.

Here we calculate the index in a clean SC by assuming the translational symmetry in the

y direction. The index remains unchanged even when the random impurity potentials

Himp = V (r) τz, (D.11)

enters the Hamiltonian in Eq. (D.1). This is because the random potential preserves chiral

symmetry. In physics, |NZES| represents the number of zero-energy states that penetrate

into a dirty normal metal while retaining their high degeneracy and form the perfect

transmission channels. The electric current through such perfect transmission channels

is independent of RN, whereas the electric current through usual tranmission channels

decreases with increasing RN. As a result, the minimum value of the conductance at zero

bias is described by Eq. (4.20) [14, 15, 69].

Here we also demonstrate the effects of the y-type SOI additionally introduced to a

dx2−y2-wave SC with x-type SOI. The Hamiltonian of the y-type SOI

λykyσx, (D.12)

breaks chiral symmetry in Eq. (D.7). Therefore, the index NZES can no longer be defined

and the conductance would deviate from its quantized value. In Fig. D.1, the conduct-

ance is plotted as a function of the bias voltage for several choices of RN. We choose

(λx, λy) = (0.5t, 0) in (a) and (λx, λy) = (0.5t, 0.05t) in (b). The minimum value of the

zero-bias conductance is quantized as Eq. (4.20) in (a) irrespective of RN. When we ad-

ditionally introduce the y-type SOI in (b), the zero-bias conductance decreases gradually

with increasing RN. When λy is increased to λx, the results for RSOI in Fig. 4.2 do not

exhibit any indication of the APE. The APE disappears under any perturbations breaking

chiral symmetry.
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[70] YS Chen, Stefan Fält, Werner Wegscheider, and Gian Salis. Unidirectional spin-orbit

interaction and spin-helix state in a (110)-oriented GaAs/(Al, Ga) As quantum well.

Phys. Rev. B, 90(12):121304, 2014.

[71] LL Tao and Evgeny Y Tsymbal. Persistent spin texture enforced by symmetry.

Nature communications, 9(1):2763, 2018.

[72] Moh Adhib Ulil Absor and Fumiyuki Ishii. Doping-induced persistent spin helix

with a large spin splitting in monolayer SnSe. Phys. Rev. B, 99(7):075136, 2019.

82



Bibliography

[73] Moh Adhib Ulil Absor and Fumiyuki Ishii. Intrinsic persistent spin helix state in

two-dimensional group-IV monochalcogenide MX monolayers (M= Sn or Ge and

X= S, Se, or Te). Phys. Rev. B, 100(11):115104, 2019.

[74] Carmine Autieri, Paolo Barone, Jagoda S lawińska, and Silvia Picozzi. Persistent
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