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Chapter 1

Introduction

In condensed matter physics, the classification of phases has traditionally relied on Landau’s

symmetry-breaking theory [1, 2]. However, following the discovery of the quantum Hall effect

in the 1980s [3], an entirely new framework for phase classification emerged, placing topolog-

ical properties at the forefront of defining distinct phases [4–10]. A hallmark of such topolog-

ical phases is that their physical properties are governed by global topological invariants, such

as the Chern number in quantum Hall systems, which remains robust against local perturba-

tions. Among the most canonical representatives of topological phases are topological insulators

[11, 12], whose bulk remains insulating while their edges (or surfaces) host topologically pro-

tected conducting states. Such edge states are robust against impurity scattering, thereby ensuring

effectively dissipationless transport.

In 2005, Kane and Mele proposed the quantum spin Hall (QSH) insulator [8, 9] by introducing

time-reversal symmetric spin-orbit coupling between two Haldane models [6]. In QSH insula-

tors, electrons of opposite spin propagate in opposite directions along the boundaries, forming

Kramers-degenerate pairs of helical edge states. The topological nature of these states is charac-

terized by a Z2 topological invariant. Shortly thereafter, the QSH insulator was experimentally

realized in HgTe/CdTe quantum wells [13], providing one of the earliest direct experimental

validations of topological insulators, thus solidifying the conceptual foundation of topological

matter. In recent years, research has extended to three-dimensional topological insulators [14–

17], and the exploration of topological phases has expanded across various platforms, including

photonic crystals [18, 19], phononic systems [20, 21], and cold atomic systems [22, 23], signifi-

cantly broadening the scope and impact of topological physics.
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However, in realistic physical scenarios, systems are inevitably coupled to their external envi-

ronment, thereby exhibiting the characteristics of open systems. In open systems, non-equilibrium

phenomena such as particle inelastic scattering and gain-loss processes render the system’s dy-

namics incompatible with traditional Hermitian Hamiltonian frameworks. Consequently, it be-

comes necessary to employ non-Hermitian Hamiltonians to accurately capture the underlying

physics [24]. The study of non-Hermitian systems has gained significant attention in recent

years, especially relating to topological phases [25]. The eigenenergies of non-Hermitian Hamil-

tonians generically become complex. For classical systems, non-Hermitian Hamiltonians are

frequently employed to describe optical systems with gain and loss [26–31], topological circuit

systems [32–38], etc. In open quantum systems, a non-Hermitian Hamiltonian can be used to

describe the dynamics of a system without quantum jumps [39–42]. In such cases, the system

follows the Schrödinger equation with a non-Hermitian Hamiltonian.

In Ref. [43], symmetry in non-Hermitian systems, which is important to the topological

phases, has been studied by extending the symmetry relations for Hermitian Hamiltonians. Then,

they showed that there are 38 symmetry classes in non-Hermitian systems. Furthermore, in non-

Hermitian systems, the energy gaps can be classified into two types: line gaps and point gaps

[43, 44]. On one hand, the topological invariant for the line gap is related to the number of edge

states appearing in the gap through the bulk-boundary correspondence (BBC) in the same fashion

in Hermitian systems.

On the other hand, the point gap is unique to non-Hermitian systems and Z topological in-

variant defined as the winding number in the complex energy plane for the system with periodic

boundary conditions (PBC) predicts that spectra for the system with open boundary conditions

(OBC) collapse into arcs within the closed curves of the PBC spectra. The corresponding eigen-

states are localized near the open boundaries, known as the non-Hermitian skin effect (NHSE)

[40, 45–63]. One of the famous examples is the Hatano-Nelson model [64–66]. It is also known

that a system with spinful time-reversal symmetry exhibits Z2 topological invariant for the point

gap [54]. This class of Z2 point-gap topology is fundamentally analogous to the Z2 topologi-

cal phases characterizing the QSH insulator, and both are associated with Kramers-degenerate

pairs. Within Hermitian systems, Z2 topological phases have been extensively investigated. For

instance, the QSH insulator has played a pivotal role in advancing our understanding of topolog-
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ical insulators [13, 14, 67–72], while Majorana fermions in Z2 topological superconductors have

attracted considerable interest in quantum computational applications [73–77]. In contrast, the

concept of Z2 point-gap topology in non-Hermitian systems was proposed only recently, leading

to a limited body of theoretical work and, as yet, no experimental realizations.

Given the profound impact that Z2 topological phases have had in Hermitian systems, it is thus

reasonable to anticipate that non-Hermitian Z2 topological phases will likewise possess consider-

able research value and potential applications. Consequently, this doctoral thesis seeks to under-

take a theoretical exploration of Z2 point-gap topologies across various non-Hermitian systems,

and to propose potential experimental schemes and practical applications.

The rest of this doctoral thesis is structured as follows. In Chapter 2, we introduce two frame-

works for describing the evolution of open quantum systems: the Lindblad master equation and

the non-Hermitian Hamiltonian formalism. In Chapters 3 and 4, we provide overviews of topo-

logical phases in closed (Hermitian) systems and open (non-Hermitian) systems, along with their

respective symmetry classifications. The main results of this thesis are detailed in Chapters 5,

6, and 7. In Chapter 5, we extend the symmetry classification for non-Hermitian systems by

unifying the classifications of Hamiltonians and time-evolution operators under the concept of

dual symmetry classification, according to the fact that Hamiltonians and time-evolution opera-

tors lack clear mathematical distinctions in non-Hermitian systems. In Chapter 6, we define a

nonunitary quantum walk characterized by Z2 point-gap topology based on the dual symmetry

classification and investigate its topological and dynamical properties. In Chapter 7, we examine

an application of the Z2 point-gap topology by analyzing the robustness of the Z2 topology in

Hermitian systems under stacking. We propose a systematic explanation for this robustness by

adopting a non-Hermitian perspective. We demonstrate that the observed topological behavior

arises from level repulsion between Kramers pairs within a non-Hermitian framework. Finally,

Chapter 8 gives a summary and outlook.
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Chapter 2

Open Quantum Systems

2.1 Introduction

In most practical physical systems, almost all systems inevitably interact with their environ-

ment, leading to phenomena such as dissipation and decoherence. In such cases, the quantum sys-

tem is referred to as an open quantum system, and the theoretical framework for closed quantum

systems no longer applies. In this chapter, we introduce three important methods for describing

open quantum systems: the quantum master equation, quantum trajectories, and non-Hermitian

quantum mechanics, along with the close connections between these approaches.

2.2 Quantum master equation

In this section, we introduce the concepts of quantum states and density matrices from a

systems-based perspective. Building on these concepts, we present a key method for describ-

ing the evolution of open quantum systems, known as the quantum master equation.

2.2.1 Density matrix

In quantum mechanics, a collection of quantum systems that are prepared under identical ex-

perimental conditions but may be in different quantum states is known as a quantum ensemble.

If every system within the ensemble is in the state |ψ⟩, the ensemble is referred to as a pure state

ensemble. Conversely, if the systems are in various states |ψi⟩, each with an associated probabil-

ity pi, the ensemble is called a mixed state ensemble. Thus, the state of a mixed state ensemble

cannot be represented by a single state vector, whereas a pure state ensemble is simply a special
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case of a mixed state ensemble. To effectively describe the state of an ensemble, the concept of

the density matrix is introduced [78].

The density matrix for a pure state ensemble in the state |ψ⟩ is defined as

ρp = |ψ⟩⟨ψ|, (2.1)

while for a mixed state ensemble, it is given by

ρm =
∑

i

piρi, ρi = |ψi⟩⟨ψi|. (2.2)

Here, pi represents the probability of the state |ψi⟩ occurring in the ensemble, and it satisfies∑
i pi = 1. The density matrix is a Hermitian operator (ρ† = ρ), and it exhibits semi-positivity

(⟨ψ|ρ|ψ⟩ ≥ 0) and unit trace (Tr ρ = 1). An important distinction between the density matrices

of pure and mixed states lies in the trace of the squared density matrix: a pure state satisfies

Tr ρ2 = 1, whereas a mixed state satisfies Tr ρ2 ≤ 1.

According to the density matrix, the expectation value of a given observable can be obtained.

For a pure state system, the expectation value of an observable O is given by

⟨O⟩ = ⟨ψ|O|ψ⟩ =
∑

n

⟨ψ|n⟩⟨n|O|ψ⟩ =
∑

n

⟨n|O|ψ⟩⟨ψ|n⟩ = Tr (ρpO), (2.3)

whereas for a mixed state system, it is given by

⟨O⟩ = Tr (ρmO) = Tr (
∑

i

pi|ψi⟩⟨ψi|O) =
∑

i

pi⟨ψi|O|ψi⟩ =
∑

i

pi⟨O⟩i, (2.4)

where ⟨O⟩i = ⟨ψi|O|ψi⟩ represents the expectation value of the observable O in the pure state

|ψi⟩. Theoretically, if two systems share the same density matrix, all observable information

obtainable from them will be identical.

When studying composite systems made up of multiple subsystems, we often only need to

focus on the properties of observables in a particular subsystem. For instance, consider a system

composed of two subsystems, A and B, with {ϕi} and {χ j} being the basis vectors of subsystems

A and B, respectively. If the density matrix of the composite system is ρ, then the density matrix
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of subsystem A can be obtained by

ρA = TrB ρ =
∑

n

⟨χ j|ρ|χ j⟩. (2.5)

Here, ρA is referred to as the reduced density matrix of subsystem A [79, 80]. The expectation

value of an observable OA in subsystem A is then given by

⟨OA⟩ = TrA（ρAO）. (2.6)

2.2.2 Lindblad master equation

In general, a closed quantum system is always in a pure state, and its time evolution is described

by the Schrödinger equation and the time evolution operator U. For convenience, we assume that

the Hamiltonian of the system is time-independent:

iℏ
∂

∂t
|Ψ(t)⟩ = H|Ψ(t)⟩, U = e−iHt. (2.7)

This evolution process is unitary. However, in reality, a truly “isolated system” does not exist, as

nearly all systems inevitably interact with their environment, as shown in Fig. 2.1. A pure state

ensemble, when interacting with its environment, undergoes energy dissipation and decoherence,

often evolving into a mixed state ensemble. In this case, the evolution of the system state is no

longer unitary and reversible. A commonly used approach to study the dynamical evolution

of open systems is the quantum master equation method. The basic idea is to treat the system

and environment as a closed system, whose state evolution follows the Schrödinger equation.

By solving the Schrödinger equation, the state of the entire system at any given time can be

determined. A partial trace can then be taken to eliminate the environmental degrees of freedom,

allowing the state of the system of interest to be obtained.

The dynamics of open quantum systems can generally be divided into Markovian [81, 82]

and non-Markovian processes [83]. A Markovian process is a memoryless dynamic process,

where the timescale of the environment’s memory and feedback is much shorter than that of the

system’s evolution. In contrast, in a non-Markovian process, information can flow back into the

system during its interaction with the environment, causing the current dynamics to depend on

the system’s evolution history.
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Environment

System

Interaction

Figure 2.1: A schematic diagram of an open quantum system, showing the density matrix ρ and
Hamiltonian H of both the system and environment, as well as their interaction.

In this section, we focus on the Markovian quantum master equation. By applying the Born

approximation [84], Markov approximation [81, 82], and rotating wave approximation [85], one

can derive the time evolution of the system’s density operator ρ, known as the Lindblad master

equation [82]:

ρ̇ = −i[H, ρ] +
∑

k

(
LkρL†k −

1
2

{
L†k Lk, ρ

})
. (2.8)

Here, the operator Lk is referred to as the Lindblad operator or quantum jump operator, represent-

ing the dissipative part of the system when interacting with the environment. The first term on the

right side of the Lindblad-form quantum master equation is the unitary term, which describes the

unitary evolution of the system in the absence of dissipation, while the remaining terms describe

the nonunitary evolution of the system.

The Lindblad master equation is the most general form of a quantum dynamical equation that

ensures complete positivity (the property that the density matrix remains positive semi-definite)

and trace preservation (the trace of ρ remains 1), which are necessary for the physical consis-

tency of the density matrix over time. Moreover, the Lindblad master equation has a wide range

of applications across fields such as quantum optics [86–88], quantum information [89–95], con-

densed matter physics [96–98], and more. It is used to model phenomena like thermalization,

decoherence, particle loss, and various interactions between a quantum system and its environ-

ment.
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2.3 Quantum trajectory

Traditionally, open quantum systems are described by master equations, such as the Lind-

blad master equation, which describe the average evolution of the system’s density matrix. In

this section, we introduce an alternative theoretical framework for describing the dynamics of

open quantum systems that examines the evolution of the system state from the perspective of

stochastic processes, referred to as quantum trajectories.

To introduce the concept of quantum trajectories, we start with the Lindblad master equation

[Eq. (2.8)]. By defining a non-Hermitian effective Hamiltonian:

Heff = H − i
2

∑
k

L†k Lk, (2.9)

the Lindblad master equation in Eq. (2.8) can be rewritten as

ρ̇ = −i
(
Heffρ − ρH†eff

)
+

∑
k

LkρL†k . (2.10)

In this expression, the first term on the right-hand side describes a nonunitary evolution governed

by the effective Hamiltonian Heff, while the second term represents the stochastic quantum jump.

In quantum trajectory theory, the system’s evolution consists of both deterministic evolution

and stochastic jumps [99, 100]. The deterministic evolution is governed by the non-Hermitian

Hamiltonian Heff. In the absence of any quantum jumps, the pure state |ψ(t)⟩ of the system

evolves according to the Schrödinger equation:

i
d
dt
|ψ(t)⟩ = Heff|ψ(t)⟩. (2.11)

Because Heff is non-Hermitian, the norm of the state vector is not conserved, meaning its mag-

nitude changes over time. When the system interacts with the environment, it may undergoes

sudden jump, described by:

|ψ(t)⟩ → Lk|ψ(t)⟩
|Lk|ψ(t)⟩| , (2.12)

where the probability density of a jump event is given by
∑

k⟨ψ(t)|L†k Lk|ψ(t)⟩.

As shown in Fig. 2.2, the system’s state evolves smoothly under the non-Hermitian Hamil-

tonian Heff until a stochastic quantum jump occurs, after which the state undergoes a sudden
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Figure 2.2: A schematic diagram of a single quantum trajectory of the quantum state |ψ⟩, showing
its evolution under a smooth non-Hermitian Hamiltonian Heff before experiencing a stochastic
quantum jump Lk.

transformation. This alternation between smooth evolution and stochastic jumps forms the com-

plete quantum trajectory. By averaging over all possible quantum trajectories, one recovers the

evolution of the density matrix ρ, which is governed by the Lindblad master equation.

To clarify this process, we consider a simple model of an optical cavity described by the

Hamiltonian:

Hp = ℏωa†a, (2.13)

where ω represents the frequency of the cavity while a† and a are the creation and annihilation

operators, respectively.

In this model, a photon may occasionally escape from the cavity into the surrounding environ-

ment. This process can be phenomenologically described using the Lindblad operator:

L = a, (2.14)

and the Lindblad master equation of such an open quantum system can be written as

ρ̇ = −i[Hp, ρ] + κ
(
2aρa† −

{
a†a, ρ

})
, (2.15)

where κ represents the photon loss rate. Using Eq. (2.9), we can reformulate this master equation

with an effective Hamiltonian:

Hp-eff =

(
ℏω − i

κ

2

)
a†a. (2.16)

The reformulated dynamical equation is then written as:

ρ̇ = −i
(
Hp-effρ − ρH†p-eff

)
+ κaρa†. (2.17)

The second term on the right-hand side is known as the quantum jump term. If the system is
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initially in the Fock state |n⟩ with n photons, the quantum jump term corresponds to the density

matrix of a new state:

ρ′ = |n′⟩⟨n′|, (2.18)

where

|n′⟩ = a|n⟩ =
√

n|n − 1⟩, (2.19)

describes the process of photon loss. In other words, the system can be effectively described

by the non-Hermitian Hamiltonian Hp-eff, following the Schrödinger equation when no photons

escape to the environment.

The role of the non-Hermitian Hamiltonian is to introduce nonunitary effects that account for

dissipation and decoherence before a jump occurs, which arise from the system’s interaction

with its environment. The non-Hermitian Hamiltonian Heff acts as a bridge in quantum trajec-

tory theory, linking the stochastic evolution of individual pure states to the overall evolution of

the density matrix. Notably, if the timescale of interest is much shorter than the average time

between quantum jumps, the dynamics of the open system can be effectively described by the

non-Hermitian Hamiltonian and the Schrödinger equation. This approximation significantly sim-

plifies the dynamical equations of open quantum systems, a topic that will be explained in detail

in the next section.

2.4 Non-Hermitian quantum mechanics

In open quantum systems, interactions between the system and its external environment cause

the system’s evolution to be neither closed nor unitary. As discussed in Sec. 2.3, a non-Hermitian

Hamiltonian can describe open quantum systems, provided the timescale is short enough to pre-

vent quantum jumps.

Non-Hermitian quantum mechanics, an extension of traditional quantum mechanics, in which

the Hamiltonian is not required to be Hermitian, has gained significant attention in recent years

due to its potential for novel physical phenomena. Non-Hermitian quantum mechanics allows

for Hamiltonians where H† , H, leading to complex energy spectra and enabling the description
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of a broader range of physical phenomena, particularly those involving dissipation, gain, deco-

herence, and other effects that arise in open quantum systems. In this section, we introduce some

fundamental concepts and properties of non-Hermitian systems.

2.4.1 Eigenstates of non-Hermitian Hamiltonian

In Hermitian systems, the eigenstates possess key properties such as orthogonality, normaliza-

tion, and completeness. These properties ensure that the quantum states of the system can be

expressed as linear combinations of the eigenstates, forming a complete basis. Unlike Hermitian

systems, where these properties hold naturally, they require modifications in non-Hermitian sys-

tems due to their altered inner product structure. Instead, the concepts of orthogonality, normal-

ization, and completeness are generalized and described using biorthogonality, bi-normalization,

and bi-completeness.

Biorthogonality

In non-Hermitian systems, we typically define two distinct sets of eigenstates: right eigenstates

|ψ⟩ and left eigenstates |ψ⟩⟩, as they are not equivalent. These are defined as follows:

H|ψn⟩ = En|ψn⟩, ⟨ψn|H† = E∗n⟨ψn| (2.20)

H†|ψn⟩⟩ = E∗n|ψn⟩⟩, ⟨⟨ψn|H = En⟨⟨ψn|. (2.21)

Here, the right eigenstates |ψ⟩ and left eigenstates |ψ⟩⟩ are generally not orthogonal to one another

in the usual sense. Instead, they satisfy the biorthogonality condition:

⟨⟨ψm|ψn⟩ = 0 (n , m). (2.22)

This condition implies that the left and right eigenstates corresponding to different eigenvalues

are orthogonal, similar to the orthogonality seen in Hermitian systems. However, the key differ-

ence is that this orthogonality occurs between the left and right eigenstates, rather than between

eigenstates of the same type (i.e., either left or right eigenstates alone).
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Bi-normalization

In non-Hermitian systems, both the right and left eigenstates can be normalized to ensure

consistency, leading to the bi-normalization condition:

⟨⟨ψn|ψn⟩ = 1. (2.23)

This condition ensures that the left and right eigenstates with the same eigenenergy En are prop-

erly scaled, analogous to the normalization applied to eigenstates in Hermitian systems. How-

ever, in non-Hermitian systems, both the left and right eigenstates must be normalized, rather

than just a single set of states.

It is important to note that in non-Hermitian systems, the norm of the individual right eigen-

states |ψ⟩ or left eigenstates |ψ⟩⟩ may not be conserved during the system’s evolution. However,

the bi-normalization between the two sets ensures that the overall system’s states remain properly

normalized, preserving consistency in the description of the system’s dynamics.

Bi-completeness

In Hermitian systems, completeness refers to the property that the eigenstates form a complete

basis, allowing any state to be expressed as a linear combination of these eigenstates. In non-

Hermitian systems, we have bi-completeness, which involves both the left and right eigenstates.

The bi-completeness condition is given by:

∑
n

|ψn⟩⟨⟨ψn| = I. (2.24)

This condition is analogous to the completeness property in Hermitian systems, but it requires

contributions from both the right and left eigenstates. It ensures that any arbitrary state in the

system can be expanded in terms of these biorthogonal eigenstates, maintaining the completeness

of the basis in non-Hermitian quantum mechanics.

2.4.2 Dynamics of non-Hermitian systems

In non-Hermitian quantum mechanics, the Schrödinger equation remains unchanged, but the

Hamiltonian is non-Hermitian. As a result, the eigenvalue En of the non-Hermitian Hamiltonian
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is generally complex and can be expressed as En = εn + iγn, where εn and γn are real. The

dynamics of the system is influenced by both the real and imaginary parts of En. The real part

εn governs the oscillatory (or coherent) evolution of the quantum state, similar to what occurs in

Hermitian systems, while the imaginary part γn controls the exponential growth or decay of the

quantum state.

The nonunitary time evolution of an eigenstate |ψn(t)⟩, associated with the eigenvalue En,

behaves as:

|ψn(t)⟩ = e−iEnt|ψn(0)⟩ = eγnte−iεnt|ψn(0)⟩. (2.25)

Here, eγnt introduces either exponential growth or decay, resulting in nonunitary time evolution

and non-conservation of probability in the system. Consequently, the norm of the eigenstate is

no longer conserved and can increase or decrease over time, depending on the imaginary part of

the eigenvalue:

⟨ψ(t)|ψ(t)⟩ = e2γnt⟨ψ(0)|ψ(0)⟩. (2.26)

This non-conservation of probability reflects the open nature of the system, where energy or

particles can flow in or out, leading to gain or loss.

2.4.3 PT symmetry

In general, a non-Hermitian Hamiltonian typically has complex eigenvalues. However, its

energy spectrum can remain real if the system possesses PT symmetry (Parity-Time symmetry)

[101], which is a fundamental concept in non-Hermitian quantum mechanics. PT symmetry

combines two operations: parity symmetry (P) and time-reversal symmetry (T ).

The parity operator P reverses the spatial coordinates and satisfies the following condition:

PHP−1 = H, (2.27)

where P is a unitary operator. The time-reversal operator reverses time and complex conjugates
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all complex numbers. For time reversal:

TH∗T −1 = H, (2.28)

where T is a unitary operator which obeys TT ∗ = ±1.

By defining an anti-unitary operator as the combination of the unitary PT -symmetry operator

and the complex conjugation operator K , a PT -symmetric Hamiltonian H remains invariant

under the combined PTK operation:

(PTK)H(PTK)−1 = H, (2.29)

(PT )H∗(PT )−1 = H. (2.30)

If the anti-unitary operator PTK shares the same eigenstates as the Hamiltonian

PTK|ψn⟩ = λn|ψn⟩, (2.31)

the eigenvalue becomes real.

Using the eigenvalue equation for the Hamiltonian and applying the PT operation, we get:

HPTK|ψn⟩ = PTKEn|ψn⟩. (2.32)

Since the operator K reverses the sign of the imaginary part of the eigenvalue, we get

H (PTK|ψn⟩) = E∗n (PTK|ψn⟩) , (2.33)

From Eq. (2.31), it follows that

H|ψn⟩ = E∗n|ψn⟩, (2.34)

indicating the eigenenergies En = E∗n are real, provided the PT symmetry is preserved.

PT symmetry is often used to describe physical systems with balanced gain and loss, provid-

ing a framework for describing non-Hermitian quantum systems where the energy spectrum can

remain real, similar to Hermitian systems, as long as the PT symmetry is unbroken. However,

when PT symmetry is broken, the energy spectrum becomes complex, leading to gain and loss

17



Gain Loss

𝜀 𝜀

Figure 2.3: A schematic diagram of the PT -symmetric system, with its Hamiltonian given in
Eq. 2.35. The system exhibits a balance between in-coming and out-going energy.

effects. As an example, we consider a PT symmetric non-Hermitian Hamiltonian, expressed as

H =

ε + iγ t

t ε − iγ

 . (2.35)

The PT operator can be written as

PT =

0 1

1 0

 , (2.36)

As shown in Fig. 2.3, the gain and loss of the system from the environment are balanced, resulting

in the conservation of the system’s energy.

The PT symmetry has important applications in various fields, including quantum optics

[102–104], acoustics [105, 106], electronic circuits [107, 108], and other systems where non-

Hermitian dynamics, such as dissipation or amplification, are present. For example, in optical

systems, PT -symmetric structures can be designed to control light propagation with balanced

gain and loss, enabling unique behaviors such as unidirectional light transport and enhanced

sensing [102].

2.4.4 Exceptional points

Exceptional points (EPs) in non-Hermitian systems refer to special degeneracies where two or

more eigenvalues and their corresponding eigenstates coalesce. Different from standard degen-

eracies in Hermitian systems, where eigenvalues can become degenerate while their eigenstates

remain linearly independent, at EPs, both the eigenvalues and eigenstates merge. We consider
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the non-Hermitian Hamiltonian introduced in Eq. (2.35). The eigenvalues can be solved as

E± = ε ±
√

t2 − γ2, (2.37)

and the eigenenergies become degenerate when t = ±γ. In the case of t = γ, according to the

characteristic equation,  i 1

1 −i


c1

c2

 = 0. (2.38)

the solution for both eigenstates is

(c1, c2) ∝ (i, 1). (2.39)

This means that at the non-Hermitian degeneracy point, not only do the eigenenergies degenerate,

but the eigenstates also coalesce into the same state. Moreover, after applying a transformation

to the matrix in Eq. 2.38,

 i 1

1 0


−1  i 1

1 −i


 i 1

1 0

 =
0 1

0 0

 , (2.40)

we obtain a Jordan block structure, indicating that the Hamiltonian at such an EP is no longer

diagonalizable.

Additionally, EPs exhibit unique mathematical [109], dynamical [110], and topological prop-

erties [111], including the breakdown of adiabatic evolution, mode switching, and enhanced sen-

sitivity to gain and loss. EPs have applications in various fields, particularly in optical, acoustic,

and electronic systems, where they can be exploited for high-precision sensing [104, 112] and

non-reciprocal signal transmission [113–116]. The study of EPs provides deep insights into the

topological structure of non-Hermitian systems, making them a key area of research in modern

physics.
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Chapter 3

Topological Phases in Closed Quantum
Systems

3.1 Introduction

The traditional understanding of the phases of matter is based on the concept of symmetry

breaking. According to the Landau theory of phase transitions, phases are primarily classified by

the way symmetries are broken in the system’s ground state [1, 2]. For example, in a ferromagnet,

when atomic spins align in one direction, the system’s rotational symmetry is broken, resulting

in the ferromagnetic (FM) phase [117–119]. Similarly, superconductors and crystals exhibit the

breaking of gauge symmetry and translational symmetry, respectively [120]. In this framework,

local order parameters are typically used to describe different phases. For instance, magnetization

is an order parameter for ferromagnets [118], and the density wave is an order parameter for

crystals [121].

The discovery of the quantum Hall effect in 1980 by Klaus von Klitzing revealed that not all

phases can be explained solely by local symmetry breaking. He observed that a two-dimensional

electron gas in a strong magnetic field exhibits quantized Hall conductance at low temperatures,

despite the absence of symmetry breaking [3]. It was soon realized that this quantized conduc-

tance could be explained using a topological invariant known as the Chern number [122]. Unlike

local order parameters, the Chern number characterizes the global properties of the system. The

integer nature of the Hall conductance is directly linked to the Chern number, a topological prop-

erty that remains unchanged as long as the system’s topology is preserved. This discovery, which
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introduced new phases of matter governed by global topological properties rather than local order

parameters, was a major breakthrough in the understanding of topological phases.

In this chapter, we mainly introduce the basic concepts and theories of topological phases in

a closed system, including Bloch band theory (Sec. 3.2), Berry phase (Sec. 3.3), topological

invariants (Sec. 3.4), as well as important topological properties such as bulk-boundary cor-

respondence (Sec. 3.5). Finally, we discuss the symmetries and the 10-fold classification of

Hermitian Hamiltonians, also known as the Altland-Zirnbauer (AZ) classification in Sec. 3.6.

3.2 Bloch band theory

Band theory is a fundamental framework for studying the behavior of electron motion and en-

ergy levels in solids [123]. Developed from quantum mechanics, it provides a theoretical basis for

understanding the energy levels and physical properties of crystalline systems [124–126]. Band

theory establishes the basic principles of electron motion in crystals and, through the analysis of

energy level structures, reveals the microscopic mechanisms underlying the properties of conduc-

tors, insulators, and other materials. This has greatly advanced the development and application

of semiconductor theory. Furthermore, the emergence of topological band theory, building on

this foundation, has become a crucial tool for discovering and studying new topological systems

and analyzing novel topological materials.

A Bloch wave (or Bloch state) refers to the wavefunction of an electron moving in a periodic

potential field. In a lattice with a periodic structure, the wave’s propagation is influenced by the

periodic potential of the lattice, V(r + R) = V(R), where R represents a lattice vector. This peri-

odic potential leads to the Hamiltonian h(r) = h(r + R) also varies periodically. The eigenstates

of these systems can be expressed using Bloch functions, as

ψn,k(r) = un,k(r)eik·r. (3.1)

Here, n represents the band index, while k denotes the crystal momentum. The wavefunction un,k

inherits the periodicity of the lattice, satisfying un,k(r) = un,k(r+R). This wavefunction serves as

the eigenstate of H(k) = e−ik·rh(r)eik·r, and its eigenvalue satisfies En(k) = En(k + K), where K

denotes the reciprocal lattice vector. En(k) associated with the band index n varies continuously
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Figure 3.1: A schematic diagram of (a) metals and (b) insulators from the perspective of band
theory. Here, EF represents the Fermi energy.

with the wavevector k, forming energy bands characterized by n. For a given n, the eigenvalues

are periodic with respect to k.

Bloch’s theorem expresses this periodicity mathematically as:

ψn,k(r + R) = ψn,k(r)eik·R, (3.2)

indicating that the difference between the wavefunctions at positions r and r + R is only a phase

factor eik·r. Bloch’s theorem tells us that in a crystalline system with a periodic potential field, the

wavefunction of the electrons also exhibits periodicity. It can be viewed as a plane wave whose

amplitude is periodically modulated by the structure of the lattice.

According to the Pauli exclusion principle, each quantum state can be occupied by at most one

electron. Electrons tend to fill the lowest available energy states first, creating an “electron sea”

with a finite electron density. Depending on how the electrons occupy these states, energy bands

are classified into valence bands (fully filled) and conduction bands (partially filled). The gap

between the conduction and valence bands, where no electron states are present, is known as the

band gap, and its size is referred to as the energy gap.

Materials can be classified as metals or insulators based on whether electronic states cross

the Fermi energy EF , which corresponds to the energy of the highest occupied state at zero

temperature. As illustrated in Fig. 3.1, in typical metals, the Fermi energy lies within a partially

filled energy band, meaning there exist available electronic states arbitrarily close to EF . This
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allows electrons to be easily excited within the same band under an external perturbation, leading

to electrical conductivity. In contrast, insulators have a finite energy gap between the highest

occupied (valence) band and the lowest unoccupied (conduction) band, preventing low-energy

excitations and thus inhibiting electrical conductivity.

3.3 Berry phase

In topological band theory, the Berry phase is a crucial concept [122, 127–130]. In quantum

mechanics, when the Hamiltonian of a system changes slowly, the quantum state of the system

undergoes adiabatic evolution. According to the quantum adiabatic theorem, if the system ini-

tially starts in a particular eigenstate, it will remain in the instantaneous eigenstate throughout the

evolution. However, when the system undergoes evolution along a closed path, the final quantum

state acquires not only the usual dynamical phase but also an additional geometric phase known

as the Berry phase. Unlike the conventional dynamical phase, the Berry phase depends on the

evolution path of the system rather than the time. Below, we provide the expression for the Berry

phase when the Hamiltonian undergoes adiabatic periodic changes.

We consider a Hamiltonian H that depends on a parameter vector R = (R1,R2, ...), which

changes slowly over time, such that R = R(t). The term “slowly” has two important implications

in this context. First, it means that the change is slow enough so that, at any given moment,

we can still identify a set of orthogonal and complete eigenstates for the system’s Hamiltonian

H (R(t)):

H(R(t))|n(R(t))⟩ = εn(R(t))|n(R(t))⟩. (3.3)

Second, the “slowly” changing nature of R(t) ensures that the adiabatic approximation holds.

This means the system remains in the same eigenstate |n(R)⟩ throughout the evolution, without

“jumping” to a different eigenstate associated with another band index n′.

We assume that the initial state at time t = 0 is |n(R(0))⟩. The state at time t denoted by ψn(t),

can be expressed as the eigenstate |n(R(t))⟩ multiplied by a phase factor:

|ψn(t)⟩ = eiγn(t)exp
[
−i

∫ t

0
dt′εn(R(t′))

]
|n(R(0))⟩. (3.4)
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Here, the phase term can be divided into two parts: the first part, eiγn(t), is of primary interest

to us, while the second part, exp
[
−i

∫ t
0 dt′εn(R(t′))

]
, is known as the dynamical phase factor.

Substituting |ψn(t)⟩ into the time-dependent Schrödinger equation

i
∂

∂t
|ψn(t)⟩ = H (R(t)) |ψn(t)⟩ (3.5)

and left-multiplying by ⟨n(R(t))|, using ⟨n(R(t))|R(t)⟩ = 1 and Eq. (3.3), we find that γn satisfies:

γn(t) = i
∫ t

0
dt′⟨n(R(t′))| d

dt′
|R(t′)⟩ = i

∫ R(t)

R(0)
dR⟨n(R)|∇R|n(R)⟩. (3.6)

Assuming that the system’s evolution corresponds to a path C in parameter space R = (R1,R2, ...),

the corresponding integral becomes a path integral:

γn =

∫
C

dRAn(R), (3.7)

where

An(R) = i⟨n(R)|∇R|n(R)⟩ (3.8)

is known as the Berry connection or Berry potential. It is important to note that the Berry connec-

tion depends on the choice of gauge. If a gauge transformation |n(R)⟩ → e−ζ(R)|n(R)⟩ is applied

to the basis we initially chose, the Berry connection will change as follows:

An(R)→ An(R) − ∂

∂R
ζ(R), (3.9)

and the change in γn due to this gauge transformation can be expressed as ζ(R(0))−ζ(R(T )). If the

evolution of the Hamiltonian in parameter space follows a closed loop and exhibits periodicity,

then after a time T , we have R(0) = R(T ). Under these conditions, when a gauge transformation

is applied, the single-valuedness of the wave function requires that:

ζ(R(0)) − ζ(R(T )) = 2mπ, (3.10)

where m is an integer. As a result, for a closed path C, γn is gauge-invariant and is known as the
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Berry phase:

γn =

∮
C

dRAn(R). (3.11)

By applying Stokes’ theorem, the Berry phase can be expressed as a surface integral over a

surface S bounded by the path C:

γn =

∫
S

dS ·Ω(n)(R), (3.12)

where Ω(n)(R) = ∇R × An(R) is known as the Berry curvature. In component form, the Berry

curvature can be written as:

Ω
(n)
µν = ∂µ(An)ν − ∂ν(An)µ (3.13)

= i(⟨∂µun(R)|∂νun(R)⟩ − ⟨∂νun(R)|∂µun(R)⟩), (3.14)

where ∂µ denotes ∂/∂Rµ. Using the completeness relation,
∑

n |un(R)⟩⟨un(R)| = 1, and identity:

⟨um(R)| ∇R |un(R)⟩ = ⟨um(R)| ∇RH(R) | un(R⟩)
En − Em

(m , n), (3.15)

the Berry curvature can also be expressed in the following alternative form:

Ω(n) = Im
∑
m,n

⟨un(R)| ∇RH(R) |um(R)⟩ × ⟨um(R)| ∇RH(R) |un(R)⟩
(En − Em)2 . (3.16)

The introduction to the Berry phase above is based on the periodic variation of the Hamiltonian

over time. In crystalline systems, the Hamiltonian in momentum space also exhibits a periodic

form, meaning it changes periodically with crystal momentum k. This periodicity in k can be

seen as analogous to the periodicity in time, allowing the definition of a Berry phase in momen-

tum space, known as the Zak phase. In this context, the Berry phase over a Brillouin zone can be

expressed as:

γn =

∮
BZ

dk · ⟨un(k)|i∇k|un(k)⟩. (3.17)

On the Bloch band, the Berry curvature is defined as

Ω(n)(k) = ∇k × ⟨un(k)|i∇k|un(k)⟩. (3.18)
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Since the points k and k+K (where K is a reciprocal lattice vector) are equivalent in the Brillouin

zone, sweeping k across the entire Brillouin zone can be viewed as a closed path. The integral of

the Berry curvature over a closed surface yields a quantized integer known as the Chern number,

which serves as a topological invariant that characterizes topological systems.

The Berry phase is often referred to as a geometric phase because it depends solely on the

geometric properties of the parameter path. This geometric or topological invariance is a funda-

mental aspect in physics, playing a crucial role in phenomena such as the quantum Hall effect,

topological insulators, topological order, and topological quantum computing. These topologi-

cal phases are robust against local perturbations, making them significant for understanding and

developing new materials and technologies in condensed matter physics.

3.4 Topological invariant

In topological physics, topological invariants are quantities used to describe and distinguish

different topological phases in quantum systems, playing a crucial role in various applications.

Different topological invariants help us understand the properties of quantum Hall effects, topo-

logical insulators, topological superconductors, and other topological materials. These invari-

ants remain unchanged when system parameters change continuously without a phase transition,

making them essential tools for studying the robustness of topological phases. Common topolog-

ical invariants include the winding number [131–135], TKNN number [122, 136–138] (or Chern

number [12, 122, 129]), etc. In this section, we will briefly introduce some of the topological

invariants that will be used in this thesis.

3.4.1 Winding number

Mathematically, the winding number describes the total number of times a closed curve winds

around a fixed point on a plane. The sign of the winding number depends on the direction of

the winding: if the curve winds counterclockwise around the fixed point, the winding number

is a positive integer, as shown in Fig. 3.2(d-f); if it winds clockwise, the winding number is a

negative integer, as shown in Fig. 3.2(a,b). If the curve does not enclose the fixed point, the

winding number is zero, as shown in Fig. 3.2(c). In topological physics, the winding number
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Figure 3.2: The winding number is the total number of times a closed curve in the plane winds
around a given point, and it is always an integer (Figure from WIKIPEDIA). The winding num-
bers for (a) to (f) are -2, -1, 0, 1, 2, and 3, respectively.

is a Z topological invariant that is commonly used to describe the topological properties of odd-

dimensional systems. To illustrate the specific characteristics of the winding number, we consider

a one-dimensional two-band system.

For a one-dimensional two-band system, the Hamiltonian in momentum space can always be

expressed as a two-dimensional matrix, whose generators are the Pauli matrices. The Hamilto-

nian is given by:

H = h(k) · σ =

 hz(k) hx(k) − ihy(k)

hx(k) + ihy(k) −hz(k)

 , (3.19)

where h(k) =
(
hx(k), hy(k), hz(k)

)T
is a vector function of the wavevector k, and σ = (σx, σy, σz)

are the Pauli matrices. The dispersion relation of the system is given by

E± = ±
√

h2
x(k) + h2

y(k) + h2
z (k), (3.20)

while the corresponding eigenstates are:

ψ± =
1
N±

 hz(k) + E±

hx(k) − ihy(k)

 , (3.21)

where N± is a normalization constant.
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Now, we consider the case where the component hz(k) = 0. In this situation, the wavefunction

is given by:

ψ± =
1
√

2

 ±1

ĥ∗(k)

 , ĥ(k) ≡ h(k)
|h(k)| , (3.22)

where h(k) = hx(k) + ihy(k) represents one of the off-diagonal elements of the Hamiltonian.

According to Eq. (3.17), the Berry phase of the system can be obtained by

γ(C) =
∮
C

dk A(k), (3.23)

where the Berry connection

A(k) = i⟨ψ−|∂k|ψ−⟩, (3.24)

so that

γ(C) =
i
2

∮
C

dk⟨ψ−|∂k|ψ−⟩ = i
∮
C

ĥ(k)∂kĥ∗(k)dk. (3.25)

The normalized ĥ(k) obeys ĥ(k)ĥ∗(k) = 1, allowing the Berry phase to be written as:

γ =
i
2

∮
C

dĥ∗(k)

ĥ∗(k)
=

i
2

∮
C

dĥ(k)

ĥ(k)
. (3.26)

In one-dimensional systems, the Berry connection has only one component, enabling the defini-

tion of the winding number as:

w =
1

2πi

∮
C

dĥ(k)

ĥ(k)
. (3.27)

We can understand the meaning of the winding number from a mathematical perspective. For

a Hamiltonian without diagonal elements (hz(x) = 0), the vector representing the Hamiltonian

has only two components, h(k) =
(
hx(k), hy(k), 0

)T
. The matrix elements corresponding to the

Pauli matrix σy contain imaginary parts. This allows the Hamiltonian to be mapped onto the

complex plane, where the x-axis and y-axis correspond to the components hx(k) and hy(k) of the

Hamiltonian, respectively. In this case, the number of times that the curve C winds around the
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origin point is given by

W =
1

2πi

∮
C

dh
h
, (3.28)

which corresponds precisely to the winding number.

Such coincidence can be understood from a physical perspective. For points where the energy

gap opens and closes (in this model, corresponds to the original point), these points are non-

analytic. As the momentum k sweeps across the entire Brillouin zone, the integration path on the

complex plane forms a closed circle, with its specific shape and size determined by the model

and parameters. If the closed circle does not enclose a singularity, the integral value is zero,

indicating that the system is topologically trivial. However, if the circle encloses a singularity,

the integral yields a non-zero integer, indicating that the system is topologically nontrivial. This

understanding leads to an alternative formula for calculating the winding number:

w =
1

2πi

∫ 2π

0
dk

d
dk

log h(k), (3.29)

where

log h(k) = log
(
|h(k)|eiϕ(k)

)
= log |h(k)| + iϕ(k). (3.30)

Here, ϕ(k) is the argument of h(k). In the contour integral on the complex plane, the term log |h(k)|

does not contribute, while the term iϕ(k) represents the angle around the singularity. Conse-

quently, this gives the number of times the path winds around the singularity, also corresponding

to the winding number.

3.4.2 Chern number

The Chern number is a type of topological invariant that describes the geometric properties

of “bundles”. Similar to the winding number, the Chern number also belongs to Z topological

invariants, which can only take integer values. Physically, the Chern number is typically used

to describe the topological properties of even-dimensional systems. For topological systems of

different dimensions, the first and second Chern numbers correspond to phenomena such as two-

dimensional systems and four-dimensional quantum Hall effect, respectively. In this section, we
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briefly introduce the first Chern number.

We consider a two-dimensional system with N energy bands, whose Berry curvature is Ωi j(k).

The Chern number of the system is defined as the integral of the Berry curvature over the Bril-

louin zone:

C =
1

2π

∫
BZ

d2 k Tr Ωi j(k), (3.31)

where

Tr Ωi j(k) =
N∑
α=1

(Tr Ωαα(k))i j. (3.32)

One important application of the Chern number is in explaining the integer quantum Hall

effect (IQHE). The IQHE refers to the phenomenon where, under strong magnetic fields and

extremely low temperatures, the Hall conductivity of a two-dimensional electron gas exhibits

perfect quantization. Under certain conditions, the Hall conductivity σxy no longer changes

continuously but instead shows a step-like, discrete, and integer-quantized behavior. In this effect,

when electrons in a two-dimensional electron gas are subjected to a strong magnetic field, the

Hall conductivity can be expressed as:

σxy = C
e2

h
, (3.33)

where e is the electron charge, h is the Planck constant, and C is Chern number. This relationship

indicates that the Hall conductivity is quantized, with the Chern number determining the level of

quantization.

3.4.3 Z2 invariant

As mentioned above, the integer quantum Hall insulator can generally be classified using the

first Chern number. However, for two-dimensional topological insulators with time-reversal sym-

metry, the first Chern number is always zero, regardless of whether the system has other topo-

logical properties. Therefore, it cannot be used to classify systems with time-reversal symmetry.

In 2005, Kane and Mele introduced the Z2 topological invariant, to characterize the topological

properties of systems with time-reversal symmetry [8]. In this section, we introduce the Pfaffian
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Figure 3.3: Two-dimensional Brillouin zone with four red points representing the time-reversal
invariant momenta (TRIM).

method for calculating Z2 topological invariant.

For a system with time-reversal symmetry, Kramers degeneracy occurs, meaning the number

of energy bands must be even. We consider a system with 2N occupied energy bands and define

the following unitary matrix

ωmn(k) = ⟨um,−k|T |un,k⟩, (3.34)

where m, n = 1, 2, ..., 2N denote the indices of the energy bands, T represents the time-reversal

operator, and |un,k⟩ is the periodic part of the Bloch function. Here, the matrix ω has an important

property:

ωmn(−k) = −ωnm(−k). (3.35)

For a two-dimensional topological insulator, the system has four time-reversal invariant mo-

menta (TRIM), which are positioned at specific points in the Brillouin zone as shown in Fig. 3.3.

These TRIM points, listed counterclockwise, are:

Γ1 = (0, 0), Γ2 =

(
π

a
, 0

)
, Γ3 =

(
π

a
,
π

b

)
, Γ4 =

(
0,
π

b

)
, (3.36)
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where a and b are the lattice constants in the two spatial directions. At these TRIM points, the ma-

trix ω is anti-symmetric, satisfying ωT (Γi) = −ω(Γi). Mathematically, for an even-dimensional

anti-symmetric matrix A, its Pfaffian can be defined as:

Pf(A) =
1

2N N!

∑
P

sgn(P)AP(1)P(2)AP(3)P(4) . . . AP(2N−1)P(2N). (3.37)

Here, P represents the permutation group elements of (1, 2, ..., 2N − 1, 2N). The sign sgn(P) =

−1 for an odd number of permutations and sgn(P) = 1 for an even number of permutations.

Mathematically, it can also be shown that the determinant of an anti-symmetric matrix equals the

square of its Pfaffian, expressed as det(A) = [Pf(A)]2. Based on this property, a Z2 topological

invariant can be defined by

(−1)ν =
4∏

i=1

δi, (3.38)

where

δi =
Pf [ω (Γi)]√
det [ω (Γi)]

= ±1, (3.39)

and ν refers to the Z2 invariant.

From the above definition, we note that the topological invariant ν ∈ {0, 1}, belonging to a Z2

group. Therefore, two-dimensional topological insulators with time-reversal symmetry can be

classified into two types: ν = 0 corresponds to a normal insulator, while ν = 1 corresponds to a

topological insulator.

This concept can also be extended to three-dimensional systems with time-reversal symmetry,

where four Z2 topological invariants (one strong topological invariant and three weak topological

invariants) are used to describe the system’s topological properties. According to this classifica-

tion, three-dimensional time-reversal invariant insulator systems can be divided into three types:

trivial normal insulators, weak topological insulators, and strong topological insulators. Deter-

mining whether a time-reversal symmetric system has nontrivial topological properties can be

done by calculating its Z2 topological invariants.
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3.5 Bulk-boundary correspondence

In conventional insulators, the bulk and boundary states of the material are independent of

each other. However, in topological insulators, the situation is entirely different. Although the

bulk states of these materials behave as insulators, their boundaries exhibit conductivity. This

conductivity is not only directly related to the topological properties of the material but also re-

mains robust against slight disorder or defects. This characteristic arises from the bulk-boundary

correspondence (BBC) in topological systems [122, 139].

The BBC is a core concept in topological physics that describes the close relationship between

the topological properties of bulk states and the conductive states at the boundaries. This principle

states that when the bulk of a material exhibits nontrivial topological properties, topologically

protected conductive edge states will emerge at its boundaries, and the number of these boundary

states is directly related to the value of the topological invariant. This phenomenon is observed in

systems such as the Su-Schrieffer-Heeger (SSH) model [140–143], IQHI, QSHI, and even three-

dimensional topological insulators, playing a crucial role in understanding and designing novel

quantum materials.

According to the BBC, for a one-dimensional system described by a winding number, if the

winding number w of the bulk Hamiltonian (which can be thought of as the Hamiltonian un-

der periodic boundary conditions) is non-zero, there will be edge states at the boundaries of the

system. This principle can be extended to junction systems: if a system consists of two homo-

geneous subsystems with different parameters, and these two subsystems have different winding

numbers w1 and w2, there must be topologically protected zero-energy states at the junction in-

terface, and the number of these states is given by |w1 − w2|. This result can also be generalized

to other Z topological invariants, such as the Chern number in two-dimensional systems, where

the difference in Chern numbers between regions leads to the presence of chiral edge states.

The BBC for systems described by Z2 invariants is a bit different. The Z2 invariant ν can only

take the values 0 or 1. When the Z2 invariant ν of the bulk Hamiltonian equals 1, this indicates a

topologically nontrivial phase, and an odd number of Kramers pairs will emerge at the boundaries

as a helical edge state which is robust against symmetry-preserving perturbations. Conversely,

when ν = 0, the system is in a topologically trivial phase, and an even number (including zero)

of Kramers pairs will appear at the boundaries. However, these states are unstable against per-
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turbations and can be absorbed into the bulk bands. This distinction is crucial for understanding

systems with time-reversal symmetry, such as quantum spin Hall insulators, where the presence

of an odd number of Kramers pairs is a hallmark of nontrivial Z2 topology.

3.6 Symmetry and AZ classification

In physics, the symmetry of a system plays a crucial role. System symmetry refers to a prop-

erty that remains unchanged when the system undergoes certain transformations. If a system

possesses a particular continuous symmetry, there is necessarily a corresponding conservation

law [144, 145]. For example, if a system has time translation symmetry, it conserves energy; if

it has spatial translation symmetry, it conserves momentum; and if it has U(1) global symmetry,

it corresponds to the conservation of charge. Symmetry also plays a vital role in topological

physics. In Hermitian systems, the classification of topological systems is associated with three

types of symmetries: time-reversal symmetry (TRS), particle-hole symmetry (PHS), and chiral

symmetry (CS) [146, 147]. These symmetries are defined as follows:

TH∗T −1 = H (TRS), (3.40a)

ΞH∗Ξ−1 = −H (PHS), (3.40b)

ΓHΓ−1 = −H (CS), (3.40c)

where T , Ξ and Γ are TRS operator, PHS operator and CS operator, respectively. These are

unitary operators that satisfy TT ∗ = ±1, and ΞΞ∗ = ±1. In Hermitian systems, where H† = H,

chiral symmetry (CS) is also referred to as sublattice symmetry (SLS).

By applying a Fourier transformation |x⟩ = 1√
N

∑
k e−ikx|k⟩, a one-dimensional real-space

Hamiltonian H(x) can be diagonalized in momentum space as H(x) =
∑

k |k⟩⟨k| ⊗ H(k). The

symmetries in momentum space can then be expressed as:

TH∗(k)T −1 = H(−k) (TRS), (3.41a)

ΞH∗(k)Ξ−1 = −H(−k) (PHS), (3.41b)

ΓH(k)Γ−1 = −H(k) (CS). (3.41c)

Note that the CS operator can be obtained by combining the THS operator and PHS operator,
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Table 3.1: The table of the 10-fold AZ classification [146, 147]. The first column shows the
names of the symmetry classes. For TRS and PHS, ±1 indicate the value of TT ∗ or ΞΞ∗, while
0 represents the absence of the symmetry. For CS, 1 and 0 denote whether the system has CS
or not. The right part shows the type of topology of a d-dimensional system, where Z, Z2 and 0
indicate that the system exhibits Z topology, Z2 topology, or is topologically trivial. Specifically,
2Z indicates that the system possesses an even Z topological invariant.

Class TRS PHS CS d = 0 d = 1 d = 2 d = 3 d = 4 d = 5 d = 6 d = 7
A 0 0 0 Z 0 Z 0 Z 0 Z 0
AIII 0 0 1 0 Z 0 Z 0 Z 0 Z

AI +1 0 0 Z 0 0 0 2Z 0 Z2 Z2

BDI +1 +1 1 Z2 Z 0 0 0 2Z 0 Z2

D 0 +1 0 Z2 Z2 Z 0 0 0 2Z 0
DIII -1 +1 1 0 Z2 Z2 Z 0 0 0 2Z
AII -1 0 0 2Z 0 Z2 Z2 Z 0 0 0
CII -1 -1 1 0 2Z 0 Z2 Z2 Z 0 0
C 0 -1 0 0 0 2Z 0 Z2 Z2 Z 0
CI +1 -1 1 0 0 0 2Z 0 Z2 Z2 Z

as Γ = ΞT . For a system that possesses both TRS and PHS, we have:

ΓHΓ−1 = ΞTHT −1Ξ−1 = ΞH∗Ξ−1 = −H, (3.42)

which indicates that the system must also possess CS, with Γ = ΞT . This relationship shows

that the presence of both TRS and PHS ensures the existence of CS, linking these symmetries

together in topological classification.

In 1997, Alexander Altland and Martin R. Zirnbauer proposed a classification of disordered

systems based on symmetry [146]. For TRS, a system can have three possibilities: TT ∗ =

±1 or no TRS. Similarly, for PHS, there are also three possibilities: ΞΞ∗ = ±1 or no PHS.

By combining these options, we obtain nine possible combinations of symmetry properties for

system Hamiltonians.

Since CS can be defined as a combination of TRS and PHS, it does not need to be considered

separately when both are present. However, when the system lacks both THS and PHS, CS

must still be considered in two cases: either satisfying CS or not satisfying CS. Therefore, the

combination of these three symmetries results in 9− 1+ 2 = 10 types, known as 10-fold Altland-

Zirnbauer (AZ) classification [146, 147].

Table 3.1 lists the 10-fold classifications, each corresponding to a different combination of
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symmetries and the associated symmetries of the Hamiltonian. Different spatial dimensions cor-

respond to different systems, and the topological properties of these systems can be characterized

by Z or Z2 topological invariants. Among them, classes A and AIII are relatively special because

they are only related to CS and are referred to as complex symmetry classes. The remaining 8

classes are known as real symmetry classes.

These 10 symmetry classes correspond to a variety of models. For example, the well-known

one-dimensional SSH model belongs to the BDI class and is described by the winding number (Z

topological invariant). The IQH insulator and QSH insulator correspond to the two-dimensional

A and AII classes, characterized by Z and Z2 topological phases, respectively. In Chapter 4, we

will study the Z2 topological phase of a one-dimensional DIII class system in detail, focusing on

its robustness in stacked systems.
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Chapter 4

Topological Phases in Non-Hermitian
Systems

4.1 Introduction

The study of non-Hermitian systems has gained significant attention in recent years due to its

potential for novel physical phenomena, especially relating to topological phases, and practical

applications. In this chapter, we extend the discussion of topological phases to non-Hermitian

systems. The presence of complex eigenenergies positions the energy spectrum on the complex

plane, allowing the energy gap to be classified into two types: line gaps and point gaps. In Sec.

4.2, we introduce these two types of energy gaps and their unique topological properties. This

thesis focuses on the point-gap topology, which gives rise to the non-Hermitian skin effect― a

phenomenon in which all eigenstates become localized at the system boundaries, as discussed in

Sec. 4.4. This effect is naturally explained within the framework of non-Bloch band theory, an

extension of Bloch band theory tailored for non-Hermitian systems, covered in Sec. 4.3. Finally,

we examine the symmetries and the 38-fold classification of non-Hermitian Hamiltonians.

4.2 Line gap and point gap

The concept of an energy gap in non-Hermitian systems significantly differs from its counter-

part in Hermitian systems. In Hermitian systems, the energy gap refers to regions in the energy

spectrum where no states are present, as illustrated in Fig. 4.1(a). Because the energy spectrum

in Hermitian systems lies on the real axis, the gap region can reduce to a single zero-dimensional
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(a) (b) (c)

Figure 4.1: Schematic diagram of energy gaps in Hermitian and non-Hermitian systems. (a) Real
energy gap for a Hermitian Hamiltonian. The energy gap opens if and only if the energy bands do
not cross the Fermi energy EF . (b) Line gap for a non-Hermitian Hamiltonian. A line gap exists
if and only if the complex energy spectrum does not cross a reference line EL. (c) Point gap for a
non-Hermitian Hamiltonian. A point gap exists if and only if the complex energy spectrum does
not cross a reference point EP.

point, E = EF , known as the Fermi energy. An open energy gap occurs when no energy bands

cross the Fermi energy, and a topological phase transition takes place if and only if the energy

gap closes or reopens.

In non-Hermitian systems, however, the energy spectrum extends to two dimensions in the

complex plane, allowing energy gaps to be defined in terms of either a zero-dimensional point

or a one-dimensional line, corresponding to point gaps and line gaps, respectively [43, 44]. The

concepts of point gaps and line gaps are essential for understanding the various types of topolog-

ical phases that emerge due to the complex nature of these spectra.

A non-Hermitian Hamiltonian is defined to have a line gap if and only if its complex-energy

bands do not cross a reference line EL in the complex plane, as shown in Fig. 4.1(b). For a

spectrum with an open line gap at EL, it can be continuously deformed into a similar spectrum of

a Hermitian Hamiltonian without closing the line gap. This property suggests that the line gap can

be viewed as an extension of the Hermitian energy gap, describing the persistence of conventional

topological phases under non-Hermitian perturbations, a property that is particularly relevant to

the design of topological lasers.

In contrast, a point gap is defined as a condition where the complex energy spectrum of a

Hamiltonian does not cross a reference point E = EP, as shown in Fig. 4.1(c). Different from a

line gap, the spectrum of a Hamiltonian with an open point gap cannot be continuously deformed
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into the spectrum of a Hermitian Hamiltonian without closing the point gap. This suggests that

point-gap topology is an intrinsic feature of non-Hermitian systems, giving rise to unique phys-

ical phenomena. For example, in a one-dimensional system with a point gap, we can define a

winding number for the point-gap topology, which describes how the energy spectrum encircles

the reference point EP. This winding number directly affects the distribution of eigenstates, often

resulting in phenomena like the non-Hermitian skin effect, where all eigenstates become local-

ized near the system boundaries. We will discuss this phenomenon in detail in the next section.

4.3 Non-Bloch band theory

In Hermitian systems, the bulk-boundary correspondence accurately predicts the boundary

states of a system based on the topology of the bulk Hamiltonian. However, in non-Hermitian

systems, the traditional bulk-boundary correspondence has been shown to break down in several

studies [148]. In this section, we examine the reasons behind this failure: the Bloch band theory,

effective in Hermitian systems, no longer applies in non-Hermitian contexts. By rigorously ana-

lyzing the Hatano-Nelson model, we extend Bloch band theory to non-Hermitian systems, known

as non-Bloch band theory. This extension leads to the concept of the generalized Brillouin zone,

which replaces the conventional Brillouin zone in non-Hermitian systems.

The Hatano-Nelson (HN) model serves as a prototypical example of a one-dimensional non-

Hermitian system [64–66]. It introduces asymmetric hopping, resulting in a non-Hermitian

Hamiltonian. Here, we consider a HN model without on-site potentials. The Hamiltonian under

arbitrary boundary conditions is given by

H =
N−1∑
i=1

[
(t + g)a†i ai+1 + (t − g)a†i+1ai

]
+ λ

[
(t + g)a†Na1 + (t − g)a†1aN

]
, (4.1)

where t, g ∈ R represent the asymmetric hopping strengths, and N is the length of the chain. The

parameter λ = 1 indicates periodic boundary conditions, while λ = 0 indicates open boundary
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conditions. The eigenvalue equation of H can be written as

0 t + g 0 . . . 0 λ(t − g)

t − g 0 t + g . . . 0 0

0 t − g 0 . . . 0 0
...

...
...

. . .
...

...

0 0 0 . . . 0 t + g

λ(t + g) 0 0 . . . t − g 0





ϕ1

ϕ2

ϕ3
...

ϕN−1

ϕN


= E



ϕ1

ϕ2

ϕ3
...

ϕN−1

ϕN


, (4.2)

where Φ = (ϕ1, ϕ2, . . . , ϕN)T is the eigenstate vector. This equation leads to the bulk equation

(t + g)ϕi+1 + (t − g)ϕi−1 = Eϕi (4.3)

for the interior sites of the chain. From the theory of linear difference equations, the solution of

Eq. (4.3) can be written in the form

Φ(β) =
(
β, β2, . . . , βN

)T
. (4.4)

Substituting Eq. (4.4) into bulk equation Eq. (4.3) yields

(t + g)β2 − Eβ + t − g = 0. (4.5)

Thus, for any energy E, there are two solutions, Φ(β1) and Φ(β2), for the bulk equation, given by

β1/2 =
E ±

√
E2 − 4(t2 − g2)
2(t + g)

. (4.6)

The wave function can then be expressed as a superposition of Φ(β1) and Φ(β2)

Φ = c1Φ(β1) + c2Φ(β2). (4.7)

In the case of open boundary conditions, substituting this solution into Eq. (4.2) yields the

boundary conditions at the edges:

(t + g)(c1β
2
1 + c2β

2
2) = E(c1β1 + c2β2), (4.8)

(t − g)(c1β
N−1
1 + c2β

N−1
2 ) = E(c1β

N
1 + c2β

N
2 ). (4.9)
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Combining with Eq. (4.5), we get

− (t − g)c1 − (t − g)c2 = 0, (4.10)

− (t + g)βN+1
1 c1 − (t + g)βN+1

2 c2 = 0. (4.11)

By multiplying the left and right sides of Eq. (4.10) and Eq. (4.11) separately, we obtain

βN+1
1 = βN+1

2 . (4.12)

Here, we consider a very long chain. To ensure that this relation holds in the limit as N → ∞, we

require that

|β1| = |β2|. (4.13)

Using Eq. (4.5), which gives β1β2 = (t − g)/(t + g), we can solve for β1 and β2:

β1/2 =

√∣∣∣∣∣ t − g
t + g

∣∣∣∣∣e±ik, k =
nπ

N + 1
, n = 1, 2, · · · ,N. (4.14)

As N → ∞, the solutions for β1 and β2 in the complex plane form a closed curve:

β=

√∣∣∣∣∣ t − g
t + g

∣∣∣∣∣eik, k ∈ (0, 2π), (4.15)

which is known as the generalized Brillouin zone (GBZ) [52, 148–150].

In this model, the GBZ forms a circle that lies either inside or outside the standard Brillouin

zone, with a radius given by r = |β|. The energy spectrum under OBC, denoted σOBC, can be

determined from Eq. (4.5) as

EOBC = 2
√

t2 − g2 cos k, (4.16)

which forms an arc on the real axis. In contrast, the energy spectrum under PBC, σPBC, is given

by

EPBC = 2t cos k + 2gi sin k, (4.17)

which traces out an ellipse that encloses σOBC. Here, the boundary conditions cannot be treated

as a mere perturbation, as the energy spectrum is highly sensitive to them. As for the wavefunc-
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tions, when g > 0 (g < 0), the eigenstates take the form ϕE ∝
(√∣∣∣∣ t−g

t+g

∣∣∣∣eik,
(√∣∣∣∣ t−g

t+g

∣∣∣∣eik
)2
, ...,

(√∣∣∣∣ t−g
t+g

∣∣∣∣eik
)N)T

,

with all eigenstates localized at the left (right) boundary. These states, known as non-Hermitian

skin modes, exhibit exponential localization at the system boundaries. This phenomenon is called

the non-Hermitian skin effect, which we will discuss in detail in the next section.

Notably, in the Hermitian limit where g = 0, the GBZ coincides with the standard Brillouin

zone, suggesting that the GBZ serves as a natural extension of the Brillouin zone. By replacing all

points on the Brillouin zone with those on the GBZ, via the transformation eik → β, we can obtain

the non-Bloch Hamiltonian H(β) and the corresponding non-Bloch wavefunctions |ψ(β)⟩. The

non-Bloch Hamiltonian accurately describes the energy spectrum properties of non-Hermitian

systems with open boundary conditions in the thermodynamic limit. The energy spectrum is

then obtained by diagonalizing the non-Bloch Hamiltonian, and the winding number is defined

through an integral along the GBZ.

For the HN model, the characteristic equation Eq. (4.5) has only two roots, and the GBZ is

given by Eq. (4.13). In Ref. [149], this result has been extended to multi-band systems. For a

one-dimensional tight-binding model with l bands, where each lattice site has m internal degrees

of freedom, the characteristic equation

det(H(β) − E) = 0 (4.18)

has 2ml roots. Arranging all roots in order of increasing modulus, we have

|β1| ⩽ · · · ⩽ |βml| ⩽ |βml+1| ⩽ · · · ⩽ |β2ml| , (4.19)

and the GBZ is given by

|βml| = |βml+1| , (4.20)

which is known as the non-Bloch band theory.

Unlike the simple HN model, the GBZ in general forms irregular closed curves on the complex

plane that encircles the origin and may even intersect with the Brillouin zone (the unit circle). The

shape of the GBZ provides insight into the distribution of the system’s eigenstates. According

to the translational symmetry in non-Bloch band theory, if a point on the GBZ lies inside the
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Brillouin zone, the corresponding wave function is a left-skin mode, while a point on the GBZ

located outside the Brillouin zone corresponds to a right-skin mode. Specifically, points where

the GBZ intersects the Brillouin zone correspond to non-skin modes.

However, as pointed out in Ref. [150], the standard non-Bloch band theory requires modifica-

tions for symplectic class systems (class AII†). Such a system exhibits spinful TRS† (THT (β)T −1 =

H(β−1), where TT ∗ = −1, see Sec. 4.5 for details). If β is one of the roots of Eq. (4.18), we

have

det(H(β−1) − E) = det(THT (β)T −1 − E) = det(H(β) − E) = 0, (4.21)

indicating that β−1 is another root of Eq. (4.18). Thus, the characteristic equation has 4ml roots,

which can be ordered by modulus as follows:

|β1| ⩽ · · · ⩽ |β2ml| ⩽ 1 ⩽
∣∣∣β−1

2ml

∣∣∣ ⩽ · · · ⩽ ∣∣∣β−1
1

∣∣∣ . (4.22)

According to the standard non-Bloch band theory, the GBZ is given by |β2ml| =
∣∣∣β−1

2ml

∣∣∣ = 1,

indicating the GBZ collapses onto the Brillouin zone, what means that there is no skin modes.

However, this is impossible for the following reason: THT (β)T −1 = H(β−1) implies that the

system has at least a two-fold degeneracy, corresponding to eigenstates |ψ⟩ and T |ψ⟩⟩∗, where

|ψ⟩ and ⟨⟨ψ| are the right and left eigenstate, respectively. These eigenstates correspond to β and

β−1 on the GBZ, meaning they localize at different edges of the system. In general, the system’s

energy spectrum is non-degenerate, implying that these two eigenstates are equivalent. However,

the condition TT ∗ = −1 requires that

⟨⟨ψ|T |ψ⟩⟩∗ = ⟨⟨ψ|T T |ψ⟩⟩∗ = −⟨⟨ψ|T |ψ⟩⟩∗ = 0, (4.23)

which indicates that |ψ⟩ and T |ψ⟩⟩∗, associated with the same eigenenergy, are bi-orthogonal and

linearly independent. These states form skin modes that are localized at opposite boundaries of

the system. Such pairs of eigenstates are referred to as Kramers pairs. The modified non-Bloch

band theory provides the GBZ applicable to symplectic systems, given by:

|β2ml−1| = |β2ml| . (4.24)
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In symplectic systems with Kramers pairs, the GBZ consists of pairs of points located in-

side and outside the Brillouin zone, ensuring that the numbers of left- and right-skin modes are

equal. This phenomenon, known as the Z2 non-Hermitian skin effect, arises from a nontrivial

Z2 point-gap topology. In the next section, we use the HN model and the symplectic HN model

as examples to explore the relationship between point-gap topology and the non-Hermitian skin

effect.

4.4 Non-Hermitian skin effect

In Sec. 4.3, we introduced non-Bloch band theory and the GBZ to explain the unique local-

ization of eigenstates in non-Hermitian systems under OBC, known as the non-Hermitian skin

effect (NHSE) [40, 45–63]. However, Ref. [54] provides a topological perspective, suggesting

that the origin of the NHSE lies in the presence of a nontrivial point-gap topology in the bulk

Hamiltonian. They demonstrated that the OBC spectrum of a non-Hermitian system σOBC forms

an arc without enclosed area, indicating that the Hamiltonian under OBC is always topologically

trivial. Consequently, the non-Hermitian skin effect inevitably accompanies a topological phase

transition whenever the Hamiltonian under PBC exhibits a nontrivial point-gap topology. In this

case, the PBC spectrum σPBC forms a closed curve with a finite enclosed area, and a complex

energy point E within this area can be assigned a non-zero winding number, defined as

W(E) =
∫ 2π

0

dk
2πi

d
dk

log det[H(k) − E], (4.25)

where W(E) ∈ Z represents the number of times σPBC winds around the point E.

To demonstrate this theory, we once again consider the HN model without on-site potential,

whose momentum Hamiltonian is given by

H(k) = (t + g)eik + (t − g)e−ik. (4.26)

In the case g > 0, the winding number calculated by Eq. (4.25) is equal to +1, indicating that

the PBC spectrum, which forms an ellipse in the complex plane, encloses a finite area in an anti-

clockwise direction. Under OBC, the spectrum appears as a line on the real axis, lying within the

topologically nontrivial region defined by the PBC spectrum, as shown in Fig. 4.2(a). According
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Figure 4.2: Non-Hermitian skin effect in a HN model with size L = 50, t = 1 and g = 0.3. (a)
Eigenenergy spectrum under PBC (black curve) and OBC (red dots) (b) Spatial distribution of
eigenstates, showing all eigenstates localized at the left boundary.

to the theory, the emergence of a nontrivial point-gap topology in the PBC Hamiltonian signals

the presence of the NHSE, where all eigenstates are localized at the left boundary of the system,

as illustrated in Fig. 4.2(b).

Next, we consider a time-reversal symmetric system Hc, formed by coupling the HN chain

H(k) with its time-reversal symmetric partner HT (−k). Analogous to the QSHI, we introduce

a spin-orbit coupling between H(k) and HT (−k), and the momentum-space Hamiltonian of the

coupled HN model is defined as:

Hc(k) =

 H(k) 2∆ sin k

2∆ sin k HT (−k)

 , (4.27)

with ∆ ∈ R represents the coupling strength. We note that Hc(k) belongs to the AII† symmetry

class, which possesses spinful TRS†. According to Eq. (4.23), in an AII† system, any eigenen-

ergy E has two associated eigenstates |ψ⟩ and T |ψ⟩⟩∗ , which form a Kramers pair. This results

in a double-degenerate spectrum.

When calculating the winding number W(E) for this system, we find that W(E) ≡ 0 even if E

is enclosed by the PBC spectrum of Hc(k). This occurs because each Kramers pair contributes an

opposite winding number, meaning that the degenerate energy spectrum consists of two identical

closed curves winding in opposite directions, effectively canceling each other’s contribution to

the total winding number.
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Figure 4.3: Non-Hermitian skin effect in a coupled HN model with size L = 100, t = 1, g = 0.3
and ∆ = 0.2. (a) Eigenenergy spectrum under PBC (black curve) and OBC (red dots) (b) Spatial
distribution of eigenstates, showing all eigenstates localized at the both boundaries.

Although the winding number is zero, the energy spectrum of this coupled system still en-

closes a finite area, indicating that point-gap topology can be defined. The topological number is

characterized by the Z2 invariant, which is defined as

(−1)ν(E) = sgn
{

Pf[(H(π) − E)T ]
Pf[(H(0) − E)T ]

× exp
[
−1

2

∫ k=π

k=0
dk ∂k log det[(H(k) − E)T ]

]}
. (4.28)

Here, Pf denotes the Pfaffian, and ν(E) ∈ {0, 1} represents the Z2 invariant.

The energy spectrum of Hc is depicted in Fig. 4.3(a). Under PBC, the spectrum forms an

elliptical contour, and for energy points enclosed by this ellipse, ν = 1. Under OBC, the spectrum

forms an arc lying within the topologically nontrivial region of the PBC spectrum. All eigenstates

form Kramers pairs and exhibit boundary localization at both ends of the system, as shown in

Fig. 4.3(b). This phenomenon is referred to as the Z2 non-Hermitian skin effect.

4.5 Symmetry and classification for non-Hermitian systems

In Hermitian systems, a system is classified into the 10-fold AZ symmetry class by consid-

ering the presence or absence of three symmetries; time-reversal symmetry (TRS), partical-hole

symmetry (PHS) and chiral symmetry (CS) or sublattice symmetry (SLS). In Ref.[43], because

of the absence of Hermiticity (H∗ , HT ), it is shown that the non-Hermitian systems possess the

additional symmetry class called AZ† symmetry class where TRS and PHS are ramified as TRS†
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and PHS†, respectively. These symmetry relations are summarized as

T+H∗T −1
+ = +H (TRS), (4.29a)

T−HTT −1
− = +H (TRS†), (4.29b)

Ξ+HTΞ−1
+ = −H (PHS), (4.29c)

Ξ−H∗Ξ−1
− = −H (PHS†), (4.29d)

ΓH†Γ−1 = −H (CS), (4.29e)

S HS −1 = −H (SLS), (4.29f)

where H stands a non-Hermitian Hamiltonian in the real space and T±,Ξ±,Γ, and S are unitary

operators. Then the symmetries in momentum space can then be expressed as:

T+H∗(k)T −1
+ = +H(−k) (TRS), (4.30a)

T−HT (k)T −1
− = +H(−k) (TRS†), (4.30b)

Ξ+HT (k)Ξ−1
+ = −H(−k) (PHS), (4.30c)

Ξ−H∗(k)Ξ−1
− = −H(−k) (PHS†), (4.30d)

ΓH†(k)Γ−1 = −H(+k) (CS), (4.30e)

S H(k)S −1 = −H(+k) (SLS). (4.30f)

Similar to Hermitian systems, non-Hermitian systems can also be classified based on TRS

(TRS†), PHS (PHS†) and CS. Due to the additional symmetries involved in topological classifi-

cation, non-Hermitian systems exhibit a richer variety of topological phases, increasing from 10

classes in Hermitian systems to 38 classes [43, 44].

The symmetry classification of non-Hermitian systems is summarized in Table 4.1. Categories

lacking time-reversal symmetry and particle-hole symmetry are collectively referred to as the

Complex AZ class. In contrast, categories incorporating TRS and PHS, along with chiral sym-

metry (CS), are termed the Real AZ class. Notably, classifications based on TRS† and PHS†,

together with CS, are referred to as the Real AZ† class, which is unique to non-Hermitian sys-

tems.
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Table 4.1: The table of AZ and AZ† classification for non-Hermition Hamiltonians. For TRS
(TRS†) and PHS (PHS†), ±1 indicate the value of T±T ∗± or Ξ±Ξ∗±, while 0 represents the absence
of the symmetry. For CS, 1 and 0 denote whether the system has CS or not.

Symmetry
class

TRS
(T+)

PHS
(C+)

TRS†

(T−)
PHS†

(C−)
CS
(Γ)

Complex AZ A 0 0 0 0 0
AIII 0 0 0 0 1

Real AZ AI +1 0 0 0 0
BDI +1 +1 0 0 1
D 0 +1 0 0 0

DIII -1 +1 0 0 1
AII -1 0 0 0 0
CII -1 -1 0 0 1
C 0 -1 0 0 0
CI +1 -1 0 0 1

Real AZ† AI† 0 0 +1 0 0
BDI† 0 0 +1 +1 1

D† 0 0 0 +1 0
DIII† 0 0 -1 +1 1
AII† 0 0 -1 0 0
CII† 0 0 -1 -1 1
C† 0 0 0 -1 0
CI† 0 0 +1 -1 1

Table 4.2 summarizes the types of point-gap topology, real line-gap topology, and imaginary

line-gap topology in AZ† class systems across different dimensions, along with their correspond-

ing classification spaces. The coupled HN model introduced in Sec. 4.4 exhibits only spinful

TRS†, which places it in class AII†, leading to a Z2 point-gap topology.

For non-Hermitian systems with SLS, the topological phases can be further classified based

on the AZ symmetry classes, incorporating additional SLS. This classification depends on the

relationship between the TRS or PHS operators and the SLS operator, specifically whether they

commute or anti-commute:

SX = ±XS ∗, (4.31)

where X represents a symmetry operator (e.g., TRS or PHS), and S denotes the SLS operator. To

be convenient, we use the notation S ± to indicate the sign on the right-hand side of the equation.

48



Table 4.2: Classification of topological types for d-dimensional non-Hermitian systems in the
real AZ† class.Here, P represents point gaps, and L denotes line gaps, with the subscripts r and
i indicating real and imaginary line gaps, respectively. The notation 2Z signifies an even Z
topological invariant, while Z ⊕ Z (Z2 ⊕ Z2) indicates the presence of two independent Z (Z2)
topological invariants.

AZ† class Gap Classifying space d = 0 d = 1 d = 2 d = 3 d = 4
AI† P R7 0 0 0 2Z 0

L R0 Z 0 0 0 2Z
BDI† P R0 Z 0 0 0 2Z

Lr R1 Z2 Z 0 0 0
Li R0 × R0 Z ⊕ Z 0 0 0 2Z ⊕ 2Z

D† P R1 Z2 Z 0 0 0
Lr R2 Z2 Z2 Z 0 0
Li R0 Z 0 0 0 2Z

DIII† P R2 Z2 Z2 Z 0 0
Lr R3 0 Z2 Z2 Z 0
Li C0 Z 0 Z 0 Z

AII† P R3 0 Z2 Z2 Z 0
L R4 2Z 0 Z2 Z2 Z

CII† P R4 2Z 0 Z2 Z2 Z

Lr R5 0 2Z 0 Z2 Z2

Li R4 × R4 2Z ⊕ 2Z 0 Z2 ⊕ Z2 Z2 ⊕ Z2 Z ⊕ Z
C† P R5 0 2Z 0 Z2 Z2

Lr R6 0 0 2Z 0 Z2

Li R4 2Z 0 Z2 Z2 Z

CI† P R6 0 0 2Z 0 Z2

Lr R7 0 0 0 2Z 0
Li C0 Z 0 Z 0 Z

Table 4.3 summarizes the symmetry classification for non-Hermitian systems with SLS. For

Hamiltonians possessing both TRS and PHS, each class can be divided into four cases based

on whether SLS commutes or anti-commutes with the TRS and PHS operators, denoted as S ±±.

However, some of these cases overlap with other symmetry classes (e.g., DII+S −+), leaving only

12 unique classes in this category.

For symmetry classes with only one of TRS or PHS, each class exhibits two types of SLS.

However the class AI+S − is duplicated. In systems that lack both TRS and PHS, there are

two symmetry types depending on the presence or absence of CS. Within the AIII class, which

includes CS, two cases emerge depending on whether SLS commutes or anti-commutes with the
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Table 4.3: Classification of topological phases for non-Hermitian systems with SLS based on
the AZ symmetry classes. For TRS and PHS, ±1 indicate the value of TT ∗ or ΞΞ∗, while 0
represents the absence of the symmetry. S ±± specifies whether TRS and PHS operators commute
or anti-commute with SLS operator. Notably, in the A+S case, SLS is not distinguished due to
the absence of both TRS and PHS.

TRS
PHS

+1 -1 0

+1
BDI +

S ++ S +−
S −+ S −−

CI +
S ++ S +−
S −+ S −−

AI +
S +

-1
DII +

S ++ S +−

CII +
S ++ S +−

AII +
S + S −

0

D +
S + S −

C +
S + S −

A +
S

AIII +
S + S −

CS operator. In contrast, for the A class, which lacks all symmetries, we do not distinguish S +

and S −.

Overall, non-Hermitian systems with SLS exhibit 22 distinct symmetry classes. When com-

bined with the 10 classes of the AZ symmetry classification and the 6 classes of the AZ† symme-

try classification, the total number of symmetry classes for non-Hermitian systems amounts to 38.

Similar to Hermitian systems, symmetry classification plays a crucial role in understanding the

topological properties of non-Hermitian systems. However, our recent research indicates that the

classification of non-Hermitian topological systems extends beyond these 38 classes. In Chap-

ter 5, starting from Floquet systems, we expand the symmetry classification of non-Hermitian

systems into what we term dual symmetry classification.

4.6 Purpose of this thesis

In the preceding chapters, we have explained both Hermitian and non-Hermitian topological

phases, highlighting their novel physical phenomena. Notably, Z2 topology plays a pivotal role

in a wide range of Hermitian systems. For instance, the proposal of the QSHI in 2005 [8, 9]

has significantly advanced the study of topological phases, while Majorana fermions in Z2 topo-

logical superconductors are essential candidates for fault-tolerant quantum computing. Building
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on these developments, we believe that the non-Hermitian analogue, Z2 point-gap topology, also

holds considerable promise for practical applications. However, the concept of Z2 point-gap

topology has only recently been introduced in [43, 54]; it has yet to be experimentally observed,

and even theoretical investigations remain scarce. Therefore, this doctoral thesis aims to establish

the theoretical framework, explore potential experimental realizations, and investigate possible

applications of Z2 point-gap topology from several complementary perspectives.

A key experimental challenge in non-Hermitian systems is that the eigenenergies of the Hamil-

tonian are complex, making direct observation and measurement more demanding. In recent

years, nonunitary quantum walks have emerged as a promising platform for probing non-Hermitian

dynamics and topological phenomena, as they incorporate multiple controllable parameters with

high precision. In a standard (unitary) quantum walk, a walker moves on a lattice through succes-

sive unitary operations. By contrast, nonunitary quantum walks introduce gain and loss, resulting

in non-Hermitian dynamics. Such systems have already been experimentally realized using tem-

porally alternating photon losses. Despite this progress, most current research in the context of

quantum walks focuses on systems characterized by Z point-gap topology, leaving the Z2 in-

variant relatively unexplored. One of the objectives of this thesis is thus to design a nonunitary

quantum walk that exhibits Z2 point-gap topology and propose a feasible experimental setup,

thereby opening a pathway for the first direct observation of Z2 point-gap topology.

Beyond experimental realizations, non-Hermitian topological phases can offer conceptual ad-

vantages over their Hermitian counterparts. Because the eigenenergy spectrum of non-Hermitian

Hamiltonians lies in the complex plane, topological invariants in one-dimensional systems can

be defined directly in terms of the relationship between the energy spectrum and a reference

point, which is often more intuitive than defining topological invariants in Hermitian systems.

If a one-to-one correspondence can be established between the real-energy gap in a Hermitian

Hamiltonian and the point gap in a non-Hermitian Hamiltonian, the Hermitian system itself can

be understood more intuitively by mapping it onto a corresponding non-Hermitian framework.

Accordingly, this thesis also investigates a Hermitian system in which non-Hermitian concepts

elucidate the physical behavior. In particular, we focus on a stacked system comprising a Z2 topo-

logical insulator and demonstrate how the robustness of Z2 topology is preserved under stacking.

Through this analysis, we aim to provide deeper insight into how non-Hermitian physics can
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inform the understanding of Hermitian topological phases.

Overall, this work endeavors to bridge theoretical insights and experimental realizations of Z2

point-gap topology, while illustrating how non-Hermitian perspectives can enhance our grasp of

topological phenomena in both Hermitian and non-Hermitian contexts.
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Chapter 5

Dual Symmetry Classification for
Non-Hermitian Systems

5.1 Introduction

Non-Hermitian systems exhibit richer topological properties compared to their Hermitian coun-

terparts, as demonstrated in Chapter 4. It is well known that non-Hermitian systems have been

classified based on either the symmetry relations for non-Hermitian Hamiltonians or the symme-

try relations for nonunitary time-evolution operators in the context of Floquet topological phases

[151, 152]. In this chapter, we propose that non-Hermitian systems can always be classified

in two ways; a non-Hermitian system can be classified using the symmetry relations for non-

Hermitian Hamiltonians or time-evolution operator regardless of the Floquet topological phases

or not. We refer to this as dual symmetry classification. Section 5.2 provides a review of Floquet

topological phases, and in Sec. 5.3, we introduce dual symmetry classification to expand the

symmetry classification of non-Hermitian systems.

5.2 Classification for Floquet systems

In the study of topological phases, it is found that the nontrivial topological phase can be

induced by periodically driving a system, which is known as the Floqeut topological phase [153–

157]. For the Floquet topological phase, symmetry should be defined through the time-evolution

operator, not the instantaneous Hamiltonian since the time dependence of the Hamiltonian is

crucial to retain the symmetry. Therefore, taking into account the relation between the Floquet
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effective Hamiltonian Heff(k) and the time-evolution operator U(k),

U(k) = e−iHeff(k), (5.1)

the aforementioned relationships of symmetry in Eq. (4.30) can be reformulated as

T+U∗(k)T −1
+ = U−1(−k) (TRS), (5.2a)

T−UT (k)T −1
− = U(−k), (TRS†) (5.2b)

Ξ+UT (k)Ξ−1
+ = U−1(−k) (PHS), (5.2c)

Ξ−U∗(k)Ξ−1
− = U(−k) (PHS†), (5.2d)

ΓU†(k)Γ−1 = U(k) (CS), (5.2e)

S U(k)S −1 = U−1(k) (SLS). (5.2f)

where U(k) stands for a nonunitary time-evolution operator in the momentum space. The quasi-

energy is defined by the eigenvalue equation of U(k)

U |ϕ⟩ = λ|ϕ⟩ = e−iε|ϕ⟩. (5.3)

For a nonunitary time-evolution operator, in general, |λ| , 1 and ε is complex.

5.3 Dual symmetry classification

While it is well known that the classifications based on the above symmetry relations in

Eqs. (4.30) and (5.2) correctly predicts nontrivial topological phases in non-Hermitian systems,

here, we propose alternative way to classify the non-Hermitian systems based on the fact that

there is no strict difference in mathematical definition between non-Hermitian Hamiltonians and

nonunitary time-evolution operators. By regarding a given non-Hermitian Hamiltonian H(k) as

a nonunitary time-evolution operator U(k), the non-Hermitian Hamiltonian can be classified by

symmetries defined in Eq. (5.2). In the same way, regarding a nonunitary time-evolution operator

U(k) as an non-Hermitian Hamiltonian H(k), the nonunitary time-evolution operator can be clas-

sified by Eq. (4.30). This means that there are always two ways to classify a given Hamiltonian or

a time-evolution operator in non-Hermitian systems, which we call dual symmetry classification.
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Table 5.1: A list of the symmetry relations. For the dual symmetry classification we represent ei-
ther a non-Hermitian Hamiltonian or a nonunitary time-evolution operator for the non-Hermitian
system as X(k).

Symmetry Hamiltonian Time-evolution operator
class Ref. [43] Ref. [151]
TRS T+H∗(k)T −1

+ = H(−k) T+U∗(k)T −1
+ = U−1(−k)

TRS† T−HT (k)T −1
− = H(−k) T−UT (k)T −1

− = U(−k)
PHS Ξ+HT (k)Ξ−1

+ = −H(−k) Ξ+UT (k)Ξ−1
+ = U−1(−k)

PHS† Ξ−H∗(k)Ξ−1
− = −H(−k) Ξ−U∗(k)Ξ−1

− = U(−k)
CS ΓH†(k)Γ−1 = −H(k) ΓU†(k)Γ−1 = U(k)
SLS S H(k)S −1 = −H(k) S U(k)S −1 = U−1(k)

Symmetry Dual symmetry classification Dual symmetry classification
class H-type, Ref. [62] U-type, Ref. [62]
TRS T+X∗(k)T −1

+ = X(−k) T+X∗(k)T −1
+ = X−1(−k)

TRS† T−XT (k)T −1
− = X(−k) T−XT (k)T −1

− = X(−k)
PHS Ξ+XT (k)Ξ−1

+ = −X(−k) Ξ+XT (k)Ξ−1
+ = X−1(−k)

PHS† Ξ−X∗(k)Ξ−1
− = −X(−k) Ξ−X∗(k)Ξ−1

− = X(−k)
CS ΓX†(k)Γ−1 = −X(k) ΓX†(k)Γ−1 = X(k)
SLS S X(k)S −1 = −X(k) S X(k)S −1 = X−1(k)

For example, the symmetry class of a give time-evolution operator is determined by the relations

in Eqs. (4.30a)-(4.30f) or the relations in Eqs. (5.2a) - (5.2f). To avoid confusion, we call the

former (latter) scheme for the classification as the H-type (U-type) classification. For the sake of

completeness, we summarize all the symmetry relations in Table 5.1.

Note that Eq. (4.30b) and Eq. (5.2a) for TRS† are the same. In addition, Eq. (4.30a) for TRS

and Eq. (5.2d) for PHS† are the same. We also note the inverse of the operator on the right-hand

side in Eqs. (5.2a), (5.2c), and (5.2f) for U-type symmetry requires the strong constraints on the

Hamiltonian. However, the minus sign on the right-hand side in Eqs. (4.30c)-(4.30f) for H-type

symmetry requires the time-evolution operator only shifting the quasi-energy by π.

Here, we consider an example described by a non-Hermitian Hamiltonian:

H(k) =

 eγeik
√

e2γ − 1
√

e2γ − 1 eγe−ik

 , (5.4)
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whose inverse is given by

H−1(k) =

 eγe−ik −
√

e2γ − 1

−
√

e2γ − 1 eγeik

 , (5.5)

where γ is a real number.

According to our dual symmetry classification, there are always two approaches to classifying

such a Hamiltonian. From the relationships in Eqs. (4.30a)-(4.30f), we find that H(k) satisfies

only the spinless TRS with T+ = σ0. In this case, it falls into class AI, featuring a Z point-

gap topology and a Z2 imaginary line-gap topology. Alternatively, by interpreting H(k) as a

nonunitary time-evolution operator, and using the relationships in Eqs. (5.2a) - (5.2f), we see that

it satisfies spinful TRS with T+ = σy, spinless PHS with Ξ+ = σz and CS with Γ = σx. From this

perspective, it belongs to class DIII, which is characterized by a Z2 real line-gap topology. This

demonstrates that our dual symmetry classification approach refines the topological classification

of non-Hermitian systems and enriches their topological phases.

In Chapter 6, we demonstrate the validity of the dual symmetry classification by considering a

nonunitary time-evolution operator defined for a quantum walk.
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Chapter 6

Non-unitary Quantum Walks with Z2

Point-gap Topology

6.1 Introduction

One promising area of exploration within topology of non-Hermitian physics is the study of

nonunitary quantum walks [151, 158–162]. The discrete-time quantum walk consists of a walker

moving on a lattice, obeying a unitary time-evolution operator with each time step [163–169].

However, the nonunitary quantum walks incorporate gain and loss, resulting in non-Hermitian

Hamiltonian dynamics. It is known that the nonunitary time-evolution operator can be classi-

fied by translating the symmetry relations of Hamiltonians to time-evolution operators. Some

models of nonunitary quantum walks have been realized theoretically [151, 158, 160, 162] and

experimentally [159, 161] by temporally alternating photon losses. However, there is no research

focused on the topological properties of time-reversal symmetric no-Hermitian system with non-

trivial Z2 point-gap topology.

In this chapter, we introduce a nonunitary quantum walk with spinful time-reversal symme-

try and Z2 point gap topology by proposing the alternative symmetry classification way which

we call as dual symmetry classification, which is introduced in Chapter 5. By using this new

classification scheme, we introduce a nonunitary quantum walk with spinful time-reversal sym-

metry. We find that the nonunitary quantum walk has Z2 point gap with nontrivial Z2 topological

invariant. We confirm that the nonunitary quantum walk satisfies BBC and the eigenstates are

localized at both boundaries, indicating the Z2 NHSE.
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This chapter is organized as follows. In Sec.6.2, we introduce quantum walks, the quantum

counterpart of random walks, and construct a nonunitary quantum walk by incorporating a gain-

loss operator to simulate an open system. In Sec.6.3, we define a nonunitary quantum walk with

spinful time-reversal symmetry† and discuss the symmetry class of the system. Moreover, we

propose methods of experimental realization of our quantum walk. In Sec.6.4.1 we calculate the

Z2 point gap topological invariant of the nonunitary quantum walk and validate that when the

quantum walk possesses a nontrivial Z2 topology, the eigenvalue spectrum of the time evolution

operator under reflecting boundary conditions resides within the spectrum under periodic bound-

ary conditions. Simultaneously, the eigenstates are localized near the boundaries of the system,

indicating the emergence of the Z2 NHSE. In Sec.6.4.2, we study a junction system comprised

of two topologically nontrivial quantum walks with inhomogeneous parameters in real space.

Intriguingly, we find that both subsystems exhibit skin effects even under periodic boundary con-

ditions.

6.2 Non-unitary quantum walks

Random walks are statistical models describing a series of random steps taken by a particle

from its origin. They are widely used in computational algorithms to address complex problems

in computer science, finance, and physics. Random walks can be classified based on time pro-

gression: continuous-time random walks, such as Brownian motion and the drunkard’s walk, and

discrete-time random walks, such as a Galton board, shown in Fig. 6.1(a). In a Galton board,

a ball released from the top falls through layers of pegs, with a 50% chance of bouncing left

or right at each peg. By the time it reaches the bottom, the ball’s position follows a Gaussian

distribution, peaking at the center.

Quantum walks are the quantum analogs of classical random walks. Fig. 6.1(b) illustrates a

quantum extension of the Galton board. Unlike the classical case, where the ball follows distinct

paths, the quantum system allows the ball to exist in a superposition of moving left and right at

each step. This superposition results in interference during the descent, producing a probability

distribution that differs fundamentally from the classical Gaussian distribution after enough steps.

This quantum distribution is often referred to as the Konno distribution.

Now, we consider a particle that is treated as a “walker” in a quantum walk. The state of the
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Figure 6.1: Schematic of a Galton board for (a) a classical random walk and (b) a quantum walk.
This figure is reproduced from Ref. [170].

walker, denoted as |ψ⟩ is represented as the tensor product of its position state |x ∈ Z⟩ and the

coin state |s⟩, expressed as

|ψ⟩ =
∑
x,s

|x⟩ ⊗ |s⟩, (6.1)

where the coin state |s⟩ is an internal state written as a superposition of the basis states |L⟩ =

(1, 0)T and |R⟩ = (0, 1)T .

A simple quantum walk process involves two fundamental operators: the coin operator C and

the shift operator S . The coin operator acts only on the coin state and performs a rotation to

simulate the process of tossing a coin. It is defined as

C[θ(x)] =
∑

x

|x⟩⟨x| ⊗ e−iθ(x)σy =
∑

x

|x⟩⟨x| ⊗

 cos θ(x) sin θ(x)

− sin θ(x) cosθ(x)

 , (6.2)

where σy is the Pauli matrix, indicating that the coin state is rotated by an angle θ(x) about the y

axis.

Following the coin operation, the walker moves based on its internal state. If the coin state is

|L⟩, the walker moves one step to the left, whereas if the coin state is |R⟩, the walker moves one

step to the right. This movement is implemented by the shift operator S , which is expressed as

S =
∑
x,s

|x − 1⟩⟨x| ⊗ |L⟩⟨L| + |x + 1⟩⟨x| ⊗ |R⟩⟨R|. (6.3)

In some cases, the shift operator can also be written in terms of split-step shift operators. These
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are defined as

S − =
∑
x,s

|x − 1⟩⟨x| ⊗ |L⟩⟨L| + |x⟩⟨x| ⊗ |R⟩⟨R|, (6.4)

S + =
∑
x,s

|x⟩⟨x| ⊗ |L⟩⟨L| + |x + 1⟩⟨x| ⊗ |R⟩⟨R|, (6.5)

with the relationship S = S −S +. By combining the coin operator and the shift operator, the

time-evolution operator for the quantum walk is defined as

U = S C[θ(x)]. (6.6)

We assume that the initial state of the walker is |ψ(0)⟩. After one step of the quantum walk, the

state of the walker is given by |ψ(1)⟩ = U |ψ(0)⟩. After t steps, the state of the walker is expressed

as

|ψ(t)⟩ = U t|ψ(0)⟩. (6.7)

Similar to the tight-binding model, the quantum walk model often employs operators in the

momentum representation to analyze systems under PBCs when θ(x) is homogeneous in real

space. By applying the Fourier transform |x⟩ = 1√
N

∑
k eikx|k⟩, the time-evolution operator can be

easily diagonalized in momentum space, resulting in:

C(θ) =
∑

k

|k⟩⟨k| ⊗ C̃(θ), C̃(θ) = e−iθσy , (6.8)

S =
∑

k

|k⟩⟨k| ⊗ S̃ , S̃ =

eik

e−ik

 , (6.9)

U =
∑

k

|k⟩⟨k| ⊗ Ũ, Ũ = S̃ C̃(θ) =

 eik cos θ eik sin θ

−e−ik sin θ e−ik cos θ

 . (6.10)

To simulate asymmetric hopping in non-Hermitian tight-binding models (e.g., the Hatano-

Nelson model), we can introduce gain and loss acting on different internal states in the quantum

walk. This operator, referred to as the gain-loss operator, is represented as

G =
∑

x

|x⟩⟨x| ⊗

eγ eγ

 . (6.11)

Here γ characterizes the degree of nonunitarity, and the gain-loss operator satisfies G† , G−1. For
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Figure 6.2: Experimental setup for realizing a nonunitary quantum walk, as demonstrated in Ref.
[159].

γ > 0, G|x, L⟩ = eγ|x, L⟩ corresponds to gain in the system, while G|x, L⟩ = e−γ|x,R⟩ represents

loss.

By introducing the gain-loss operator, we can define a nonunitary quantum walk, where the

time-evolution operator is given by

U = GS C[θ(x)]. (6.12)

The nonunitary quantum walk has been experimentally realized on an optical platform, as

demonstrated in Ref. [159]. In their implementation, the walker is represented by entangled

photon pairs, while the coin operator and shift operator are realized using half-wave plates and

beam displacers, respectively, as shown in Fig. 6.2.

In realistic systems, implementing gain is highly challenging. Therefore, the experiment fo-

cuses solely on the loss process, which is realized using a partially polarizing beam splitter. The

corresponding loss operator is defined as

L =
∑

x

|x⟩⟨x| ⊗

1 √
P

 , (6.13)

where P represents the probability that the walker in the |R⟩ internal state is not reflected by the

partially polarizing beam splitter, while walker in the |L⟩ internal state passes straight through

the prism without being reflected.
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Figure 6.3: The schematic view of the movement of the walker in the nonunitary quantum walk
in Eq. (6.31). The walker is moving on a pair of parallel chains. The horizontal movement of the
walker along the chain is controlled by S operator, while the jump to the other chain is controlled
by J operator.

6.3 A model of nonunitary quantum walk with time-reversal sym-

metry

In this section, we introduce a nonunitary discrete-time quantum walk to demonstrate the dual

symmetry classification for the time-evolution operator. Due to the reason explained in Sec. 6.4,

we call this quantum walk the nonunitary quantum walk with Z2 point-gap topology.

6.3.1 Real space representation

We consider a particle with two internal degrees of freedom, which a walker of the quantum

walk, moving on a pair of parallel chains, a and b, which is important to realize TRS† with

T−T ∗− = −1, as we demonstrate later. The state of the walker can be defined as

|ψ(t)⟩ =
∑
x,n,s

ψx,n,s(t) |x⟩ ⊗ |n⟩ ⊗ |s⟩ . (6.14)

Here, |x⟩ where x ∈ Z represents the position space, |n = a, b⟩ represents the chain space, and

|s = L,R⟩ represents the internal state space where two basic vectors of the internal state of the

walker is |L⟩ = (1, 0)T and |R⟩ = (0, 1)T . The dynamics of a quantum walk are described by

a time-evolution operator U periodically operating on the wave function of the walker. After t

steps, the state of walker can be written as |ψ(t)⟩ = U t|ψ(0)⟩.
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A standard quantum walk within one period involves at least two operators: the coin operator

and the shift operator. These operators serve to simulate the processes of coin flipping and the

movement of the walker, respectively. We define the coin operator C as a rotation operation in

the opposite direction of the internal state on different chains, which can be expressed as

Cα=x,y[θ(x)] =
∑

x

|x⟩⟨x| ⊗ e−iθ(x)τz⊗σα (6.15)

=
∑

x

|x⟩⟨x| ⊗

e−iθ(x)σα 0

0 eiθ(x)σα

 , (6.16)

where the Pauli matrix σx,y,z (τx,y,z) acts on the internal states space |s⟩ (the chain space |n⟩). The

subscript α = x, y indicates the rotation around the x or y axis with the rotation angle θ(x) which

may depend on the position x.

The movement of the walker along the same chain is determined by the shift operators. The

shift operators change the position |x⟩ depending on the initinal states, are given by

S − =
∑

x

(|x − 1⟩⟨x| ⊗ τ0 ⊗ |L⟩⟨L| + |x⟩⟨x| ⊗ τ0 ⊗ |R⟩⟨R|) , (6.17)

S + =
∑

x

(|x⟩⟨x| ⊗ τ0 ⊗ |L⟩⟨L| + |x + 1⟩⟨x| ⊗ τ0 ⊗ |R⟩⟨R|) , (6.18)

where τ0 represent the 2 × 2 indentity matrix acting on the chain space. Here, we take periodic

boundary condition to ensure that the shift operator is unitary.

We introduce another operator representing the hopping between the two chains that we refer

to as the jump operator J1,2. This operator determines whether the walker jumps to another chain

depending on the internal state. The jump operators J1,2 can be expressed as follows:

J1 =
∑

x

|x⟩⟨x| ⊗ [τ0 ⊗ |L⟩⟨L| + (|b⟩⟨a| + |a⟩⟨b|) ⊗ |R⟩⟨R|] , (6.19)

J2 =
∑

x

|x⟩⟨x| ⊗ [(|b⟩⟨a| + |a⟩⟨b|) ⊗ |L⟩⟨L| + τ0 ⊗ |R⟩⟨R|] . (6.20)

The movement of the walker by the shift operator S ± and the jump operator J1,2 are schematically

shown in Fig.6.3.

To incorporate nonunitary dynamics into the quantum walk, we introduce a nonunitary gain-
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loss operator

G =
∑

x

|x⟩⟨x| ⊗ eγτz⊗σz (6.21)

=
∑

x

|x⟩⟨x| ⊗

eγσz 0

0 e−γσz

 , (6.22)

which accounts for the phenomenological gain and loss of amplitudes, while γ represents the

strength of non-unitarity of the quantum walk.

Using the above operators, we define the time evolution operator of our quantum walk in a

time-symmetric frame as

U = Cy [θ3(x)/2] S +Cy[θ1(x)]J2Cx[θ2(x)]GCx[θ2(x)]J1Cy[θ1(x)]S −Cy [θ3(x)/2] . (6.23)

When we set the value of θ3 at the boundary to be π/2, the walker cannot move from one side

boundary to the other. In this case, the boundary conditions are referred to as reflecting boundary

conditions (RBC), which can also be viewed as OBC in a tight-binding model.

6.3.2 Momentum space representation

If the parameter θ(x) in Eq. (6.16) and γ in Eq. (6.22) are constant over the position x, the

time-evolution operator U possesses translation symmetry and can be diagonal in the momentum

space |k⟩ by the Fourier transformation of the basic operators over the real space |x⟩, yielding:

Cα[θ] =
∑

k

|k⟩⟨k| ⊗ C̃α(θ), C̃α(θ) =

e−iθσα 0

0 eiθσα

 , (6.24)

S − =
∑

k

|k⟩⟨k| ⊗ S̃ −(k), S̃ −(k) =


eik

1

eik

1


, (6.25)

S + =
∑

k

|k⟩⟨k| ⊗ S̃ +(k), S̃ +(k) =


1

e−ik

1

e−ik


, (6.26)
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J1 =
∑

k

|k⟩⟨k| ⊗ J̃1, J̃1 =


0 0 1 0

0 1 0 0

1 0 0 0

0 0 0 1


, (6.27)

J2 =
∑

k

|k⟩⟨k| ⊗ J̃2, J̃2 =


1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0


, (6.28)

G =
∑

k

|k⟩⟨k| ⊗ G̃, G̃ =

eγσz 0

0 e−γσz

 , (6.29)

with time evolution operator

U =
∑

k

|k⟩⟨k| ⊗ Ũ(k), (6.30)

Ũ(k) = C̃y (θ3/2) S̃ +C̃y(θ1)J̃2C̃x(θ2)G̃C̃x(θ2)J̃1C̃y(θ1)S̃ −C̃y
(
θy/2

)
. (6.31)

6.3.3 Symmetry

Here, we examine the symmetry of the nonunitary time-evolution operator Ũ(k) in Eq. (6.31)

according to our proposal in Sec. 5.3. First, we observe that the operator Ũ(k) fulfills spinful

TRS† in H type in Eq. (4.30b) with T− = τx ⊗ σy where T−T ∗− = −1. Thus, the operator Ũ(k)

also satisfies the TRS† in U type in Eq. (5.2b) since both relations are identical. Due to spinful

TRS†, the eigenvalue of Ũ(k) is always double degenerated.

Furthermore, the operator Ũ(k) satisfies PHS† in H type, namely Eq.(4.30d) with Ξ− = τz⊗σ0.

Thereby, CS in H type in Eq.(4.30e) with Γ = τy ⊗σy is also satisfied. Accordingly, the operator

Ũ(k) is classified in class DIII† in H type, though it is classified in class AII† in U type.

We remark that the symmetry realizations in Eq. (4.30d) assumes that the eigenenergy E ap-

pears a pair ±E, thus the particle-hole symmetric point E0 = 0. If the symmetric point E0 is not

zero, Eq. (4.30d) is modified as

Ξ− [H(k) − E0]∗ Ξ−1
− = − [H(−k) − E0] . (6.32)
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This means that when the operator satisfies Eq. (4.30d), the operator also satisfies Eq. (6.32) only

for Re [E0] = 0. In other words, PHS† is broken for Im [E0] , 0. Accordingly, our quantum

walk Ũ(k) belongs in class AII† even in H type if the symmetric point is not a pure imaginary

number. While this fact may imply that the dual symmetry classification is not important, this is

not the case as we explained in Sec. 6.4.

We also note that while we consider symmetry of our quantum walk only in the momentum

representation for simplicity, symmetries mentioned above hold even in the time-evolution op-

erator in the real space. Therefore, even if the parameter θ(x) in Eq. (6.16) and γ in Eq. (6.22)

depend on the position, the symmetry class is unchanged.

6.3.4 Experimental implementation

At the end of Sec. 6.3, we simply mention the experimental realization of our quantum walk.

In the experiment of photonic quantum walks in nonunitary dynamics, the coin operator, shift

operator, and gain-loss operator can be realized by using a half-wave plate, beam displacer, and

partially polarizing beam splitter, respectively. To experimentally implement the jump operator

in our model, we propose two methods utilizing distinct optical setups, as illustrated in Fig. 6.4.

In Fig. 6.4(a), we employ polarizing beam splitters and mirrors to facilitate the jump of photons

possessing a specific polarization to the other chain. Here, photons with the |R⟩ internal state

traverse the polarizing beam splitter directly, maintaining their original direction. Conversely,

photons with the |L⟩ internal state undergo a π/2 reflection. After two subsequent reflections

in the mirrors, they traverse the beam splitter of the alternate chain in a direction parallel to the

incident path. In Fig. 6.4(b), a notched rectangle beam displacer is employed. This architecture is

expected to be more compact and stable than that in Fig. 6.4(a). Photons with the |R⟩ internal state

remain on their original chain, while photons with the |L⟩ internal state undergo displacement.

After two refractions, they move to the alternate chain in a direction parallel to the original chain.

6.4 Z2 point-gap topology of the nonunitary quantum walk

In this section, we study the point-gap topology of our nonunitary quantum walk Ũ(k) in Eq.

6.31. We recall that the operator Ũ(k) belongs to class DIII† in H type for the symmetric point
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(a)

(b)

Figure 6.4: The schematic view of the two experimental implementation for the jump operator
J2 using (a) beam splitters and (b) beam displacers. The walker with an internal state of |L⟩
undergoes a jump to the other chain, while the walker with an internal state of |R⟩ remains on
the same chain. J1 can be implemented by rotating the polarization of the photons entering each
optical path of the J2 setup by 90 degrees using a half-wave plate and the polarization of the
photons output from the J2 setup by 90 degrees using a half-wave plate.

Re[E0] = 0, otherwise it belongs to class AII† in H type. On the other hand, the operator Ũ(k)

belongs to class AII† in U type for any symmetric point.

6.4.1 Z2 point-gap topology under PBC and RBC

The eigenvalues λ of Ũ(k) are shown by red curves in Fig. 6.5 for two specific values of

parameters. Figure 6.5(a) clearly shows that the point gaps open in finite regions of the symmetric

point E0, while the point gaps close by slightly changing the value of θ2 from π/5 to π/6 as shown

in Figure 6.5(b). However, due to the double degeneracy of the eigenvalue, the energy-winding

number for class DIII† is always trivial. However, an additional topological invariant, known as
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Figure 6.5: Eigenvalue spectra of the time evolution operator U under PBC (red curves) and RBC
(blue dots) in the case of γ = 0.5, θ1 = 3π/10 and θ3 = π/4. (a) θ2 = π/5, (b) θ2 = π/6. The
black dashed line represents the unit circle.

Z2 topological invariant, defined in Ref. [43] by

(−1)ν(λ) = sgn

Pf
[(

Ũ(π) − E0
)
T

]
Pf

[(
Ũ(0) − E0

)
T

]
 , (6.33)

can be topologically nontrivial for Re [E0] = 0 in class DIII† in H type. Here, ν ∈ {0, 1} repre-

sents Z2 topological invariant, with ν = 0 indicating a topologically trivial phase. We confirmed

that ν = 1 when E0 locates in the closed curves in Fig. 6.5(a). Here, we emphasize that we use the

nonunitary time-evolution operator Ũ(k) instead of the effective Hamiltonian in Eq. (6.33) to cal-

culate the Z2 topological invariant while Eq. (6.33) is defined for non-Hermitian Hamiltonians.

Therefore, the fact that the regarding the time-evolution operator as the non-Hermitian Hamilto-

nian, which is crucial for the dual symmetry classification, is essential to study the topological

phase.

However, as we mentioned, our quantum walk belongs to class AII† in H type for general

value of E0. In this case, Z2 topological invariant at a symmetric point E0 is defined by

(−1)ν(λ) = sgn

Pf
[(

Ũ(π) − E0
)
T

]
Pf

[(
Ũ(0) − E0

)
T

] × exp
[
−1

2

∫ k=π

k=0
dk∂k log det

[(
Ũ(k) − E0

)
T

]] , (6.34)

in Ref. [43] Again we remark that we use Ũ(k), not the Hamiltonian, to calculate the Z2 topo-

logical invariant. Since Eq. (6.34) is defined for the operator in H type, if Z2 invariant can be
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Figure 6.6: The phase diagram of Z2 topological invariant in the parameter space (θ2, γ), with
θ1 =

3
10π and θ3 =

π
4 . In the region depicted by filled yellow, ν(λ) = 1 for some values of λ, while

in the region shown by filled red, ν(λ) ≡ 0 for any value of λ.

correctly calculated in Eq. (6.34), this clarifies the correctness of our proposal on the dual sym-

metry classification.

Figure 6.6 illustrates the Z2 topological invariant of Ũ(k) as a function of the parameters θ2 and

γ and the symmetric point E0 by numerically solving Eq.(6.34). The yellow region represents

the presence of at least one point E0 ∈ C where ν(λ) = 1, while the blue region indicates that

any points on the complex plane is topologically trivial. The A and B in Fig. 6.6 indicates the

parameters used in Fig. 6.5 (a) and (b), respectively.

Here, we check the bulk-edge correspondence for Z2 point-gap topology of our quantum walk.

As explained, in case of Fig. 6.5 (a), the point gap opens in which Z2 topological invariant is

nontrivial, while there are no point gap in Fig. 6.5 (b). To calculate the spectra and eigenstates

of the operator U with RBC in the real space representation, we apply for the the generalized

Brillouin zone (GBZ) [52, 148–150] as shown in Fig. 7.4 (a) and (b). Figure 6.5 (a) shows that

the spectrum for the system with RBC (RBC spectrum, in short) depicted by blue dots appears

as arcs in the point gap. Furthermore, the eigenstates are localized at right and left boundaries,

confirming Z2 NHSE. More specifically, as shown in Fig. 7.4 (a) and (b), GBZ inside of Brillouin

zone (BZ) correspond to eigenmodes localized at the left boundary, while those outside of BZ

represent right-boundary-localized eigenmodes [55]. On the other hand, in case of Fig. 6.5(b)
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Figure 6.7: GBZ and BZ of the time evolution operator U under RBC in the case of γ = 0.5,
θ1 = 3π/10 and θ3 = π/4 for (a) θ2 = π/5, (b) θ2 = π/6. GBZ is depicted by blue crosses while
BZ forming a unit circle on the complex plane is represented by dashed line. (c,d) The probability
distributions of the corresponding eigenvectors of U for (c) θ2 = π/2 and (b) θ2 = π/6.

with trivial topology, the RBC spectrum almost overlaps with the PBC spectrum. Moreover, the

GBZ coincides with the BZ as shown in Fig. 7.4(b), resulting in the disappearance of NHSE, and

the eigenmodes are not localized near the boundaries as shown in Fig. 7.4 (d). These numerical

results verify that the quantum walk in Eq. (6.31) exhibits Z2 point-gap topology in H type and

satisfies the bulk-edge correspondence for Z2 point-gap topology.

Finally, we analyze the dynamical evolution of this quantum walk. We consider a walker

initially positioned at the origin and investigate its descrete evolution under the presence and

absence of the skin effect, respectively. In Fig. 6.8, we present the probability distribution of the

walker in real space after each step. It can be observed that in systems where the time evolution

operator exhibits a point gap, the walker becomes localized near the left and right boundaries

after a certain number of steps. In contrast, in systems where the time evolution operator is

topologically trivial, the walker is not confined to the boundaries, indicating the absence of the
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Figure 6.8: Time evolution of the probability distribution of the quantum walk in the case of
γ = 0.5, θ1 = 3π/10 and θ3 = π/4. (a) θ2 = π/5, (b) θ2 = π/6. The initial state of the walker is
given by |ψ0⟩ = |0⟩ ⊗ [|a⟩ ⊗ (|L⟩ + i|R⟩) + |b⟩ ⊗ (|L⟩ − i|R⟩)] /2.

skin effect.

6.4.2 Z2 point-gap topology in junction systems

Recently, the bulk-edge correspondence for Z point-gap topology has been generalized to junc-

tion systems where the topological number varies at interfaces[61]. It states that the spectrum

for the junction systems in a ring geometry appears in a region where the difference in the point-

gap topological numbers for two subsystems is nonzero and the corresponding eigenstates are

localized at the interfaces.

In this subsection, we study the bulk-edge correspondence for Z2 point gap topology in junc-

tion systems by using the nonunitary quantum walk with Z2 point-gap topology. We explore a

system with a ring geometry comprising two subsystems connected; subsystem A in the region

1 ≤ x ≤ l and subsystem B in the region l + 1 ≤ x ≤ 2l, where both subsystems possess distinct

parameters of the nonunitary quantum walk with Z2 point-gap topology. Therefore, there are two

interfaces near x = 1 and l.

Figure. 6.9 (a) shows PBC spectra for the individual subsystems, σA
PBC and σB

PBC, under dif-

ferent parameter pairs (θA
1 , θB

1 ), as well as the eigenvalue spectrum of the junction system, σjunc
PBC.

Note that the Z2 topological number for each subsystem ν is one in the closed curves of σA
PBC or

σB
PBC. Thereby, the difference in Z2 topological topological number is zero in a region with no

point gap and a region where σA
PBC and σB

PBC are overlapped. We observed that σjunc
PBC appears as
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Figure 6.9: (a,c,e) Eigenvalue spectra and (b,d,f) probability distributions of all eigenvectors
of the time-evolution operator in the junction system composed of two nontrivial subsystems
A and B with the parameters l = 50, γA = γB = 0.5, θ1,B = 3π/10, θ2A = θ2B = π/4 and
θ3A = θ3B = 2π/5, (a,b) θ1A = π/10, (c,d) θ1A = π/5, (e,f) θ1A = π/4. The left figures (a,c,e)
show the eigenvalue spectrum of subsystem A (blue curve), subsystem B (red curve) and junction
system with PBC (black curve), while the right figures (b,d,f) show the corresponding distribution
of all eigenstates.
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arcs in the region where the difference in Z2 topological topological number is nonzero as shown

by black curves in Fig. 6.9 (a). Furthermore, the eigenstates localized near the interfaces of the

two subsystems, called the non-Hermitian proximity effects[61], as shown in Fig. 6.9(b). We

note that although there is always a tendency for the eigenstates of the time evolution operator

to be localized near the boundaries of the two subsystems, this localization strength gradually

weakens as σA
PBC and σB

PBC get closer. When σA
PBC and σB

PBC are sufficiently far apart, the eigen-

states are tightly confined near the interface [see Fig.6.9(a) and (b)]. However, as the distance

between the two spectra decreases and even when they intersect, the eigenstates may have a

non-negligible probability of appearing even at the center of the subsystems, although they still

exhibit a tendency to move towards the interface [see Fig.6.9(e) and (f)]. These observations

establishes the bulk-edge correspondence for Z2 point-gap topology in junction systems in the

same fashion with Z point-gap topology as clarified in Ref. [61].

Figure 6.10 illustrates the time evolution of the walker in the junction system. In Figs. 6.10(a),

(c),(e), and (g), the walker is initially located on subsystem A, while in Figs. 6.10(b), (d),(f),

and (h), the walker’s initial state is on subsystem B. We observe that when σA
PBC and σB

PBC are

sufficiently far apart, the walker is strongly stucked near the interface. However, in cases where

σA
PBC and σB

PBC overlap each other, the confinement near the interface of the subsystems is not as

strong as in the previous cases, as indicated by Figs. 6.10(g,h).

6.4.3 Z2 point-gap topology in stacked systems

A hallmark of Z2 topology manifests in the gap-closing phenomenon emerging when stacking

two identical topologically nontrivial systems. To explore this characteristic in non-Hermitian

Floquet systems, we construct a bilayer system consisting of two identical quantum walk sub-

systems. Since our quantum walk exhibits nontrivial Z2 point-gap topology under the U-type

symmetry classification, we mathematically construct the stacked system through direct sum of

time-evolution operators of the subsystems in the stacking space. By introducing a constant in-

terlayer coupling strength ∆ that preserves original symmetries of the system, the time-evolution
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Figure 6.10: (a-f) Time evolution of the probability distribution in a junction system with PBC
with the parameters l = 25, γA = γB = 0.5, θ1,B = 3π/10, θ2A = θ2B = π/4 and θ3A =

θ3B = 2π/5, (a,b) θ1A = π/10, (c,d) θ1A = π/5, (e,f) θ1A = π/4. (g,h) The time dependence of
the probability of the walker near the boundaries of two subsystems. The initinal state of the
walker is given by (a,c,e,g) |ψ0⟩ = |x0,A⟩ ⊗ [|a⟩ ⊗ (|L⟩ + i|R⟩) + |b⟩ ⊗ (|L⟩ − i|R⟩)] /2 and (b,d,f,h)
|ψ0⟩ = |x0,B⟩⊗[|a⟩ ⊗ (|L⟩ + i|R⟩) + |b⟩ ⊗ (|L⟩ − i|R⟩)] /2, with x0,A = (l+1)/2 and x0,B = l+(l+1)/2.
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(a) (b)

Figure 6.11: Distribution of the Z2 topological index in the stacked quantum walk system with
parameters θ1 = 3π/10, θ2 = π/5, and θ3 = π/4. (a) Decoupled subsystem configuration (∆ = 0).
(b) Strong stacking strength with ∆ = 0.1. Regions shaded in yellow and red correspond to
ν(λ) = 1 and ν(λ) = 0, respectively. Black curves represent the eigenvalue spectrum of Us where
the Z2 index becomes undefined.

operator of the stacked system assumes the block matrix form:

Us(k) =

U(k) ∆

∆ U(k)

 . (6.35)

The eigenvalue spectrum of Us(k) and the distribution of the Z2 topological index are shown

in Fig. 6.11. In the case of ∆ = 0, where the two subsystems are decoupled, the Z2 point-gap

topology is trivial for any reference point in the complex plane [see Fig. 6.11(a)]. This is expected

due to the intrinsic Z2 nature. However, under strong stacking interactions, the spectrum begins

to split, and nontrivial Z2 regions emerge [see Fig. 6.11(b)]. According to the definition in Eq.

(6.34), the yellow regions, which are enclosed by the spectrum only once, exhibit nontrivial Z2

topology, whereas the red regions, surrounded by the spectrum twice, display trivial Z2 topology.

The above conclusion is particularly intriguing as it deviates from the conventional under-

standing of Z2 topology, which is generally considered highly fragile against stacking. In fact,

the emergence of the nontrivial topological phases in such system arises from the splitting of a

fourfold degeneracy into a twofold degeneracy, driven by non-Hermitian level repulsion between

Kramers pairs. In Chapter 7, we will explore the robustness of the Z2 topological phase in stacked

systems in detail and map this problem, through Hermitization, to the stability of Majorana zero

modes in Hermitian systems.
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6.5 Summary and discussion

In summary, in this chapter, by using H-type dual symmetry classification in Chapter 5 and

regarding the time-evolution operator as the non-Hermitian Hamiltonian, we have successfully

constructed a nonunitary quantum walk with spinful TRS†. Furthermore, we have shown that

this nonunitary quantum walk can obtain nontrivial Z2 point-gap topology again regarding the

time-evolution operator as the non-Hermitian Hamiltonian. The eigenvalue spectrum of the sys-

tem strongly depends on the system’s boundary conditions when the time evolution operator is

Z2 topologically nontrivial. Under RBC, the eigenstates of the time evolution operator exhibit

localization near the boundaries, indicating the presence of the skin effect. In contrast to the tra-

ditional Hatano-Nelson model, in such a quantum walk, we can control the opening and closing

of the point gap by adjusting the parameters of the coin operators or the gain-loss operator.

Moreover, we studied quantum walks in junction system composed of two Z2 nontrivial quan-

tum walks. When the distance between the PBC spectra of the two topologically nontrivial

subsystems in the junction system is sufficiently large, the PBC spectrum of the junction system

can be effectively treated as an RBC spectrum, which is also a novel approach to achieve RBC

in arbitrary quantum walks. In this scenario, all eigenstates become localized near the bound-

aries of the two subsystems, resulting in the non-Hermitian proximity effects. However, as the

distance between the two PBC spectra decreases, the confinement ability of the boundaries on

the eigenstates weakens. The same phenomenon also occurs with the confinement ability on the

walker.

In this chapter, we have defined the skin effect in nonunitary quantum walk systems as the

localization of eigenstates of the time evolution operator near the boundaries of the system. We

have noticed that in quantum walk systems with skin effect, the walker becomes localized near

the boundaries of the system after a sufficiently long time. However, especially for the junction

system, the state of the walker’s evolution over time is not well-defined. In particular, when

the eigenvalue spectrum of the PBC junction system has a non-zero area, the choice of initial

state can affect the boundaries to which the walker becomes confined. Studying the time evo-

lution of nonunitary quantum walks is an interesting work and holds significant importance for

investigating the time-dependent topological properties of non-Hermitian systems.

Finally, we discuss a possible application of the dual symmetry classification proposed in the
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current work to unitary time-evolution operators. In principle, the dual symmetry classification

can also be applied to unitary time-evolution systems. Applying the H-type classification, we

can identify line and point gaps for various unitary time-evolution operators, where nontrivial

topological phases may arise. However, these unitary time-evolution operators do not show phe-

nomena peculiar to non-Hermitian physics, such as point-gap topology and skin effects, as long

as they keep unitarity, for the following reasons. A unitary time-evolution operator U, related to

the effective Hermitian Heff by Eq. (5.1), can commute with Heff, leading to U and Heff having

simultaneous eigenstates. Therefore, since all the eigenstates are those of the Hermitian Hamil-

tonian, phenomena unique to non-Hermitian systems are not anticipated. However, applying

the dual symmetry classification for unitary time-evolution operators may give an opportunity

to better understand of the topological properties in Hermitian systems. We leave it as an open

problem.
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Chapter 7

Robust Z2 Topological Phases in
Stacked Systems

7.1 Introduction

Quantum spin Hall (QSH) insulators have attracted significant interest and spurred extensive

research into the field of topological insulators over the past two decades [8, 9, 13, 14, 67–

71, 171–175]. The concept of a QSH insulator was first proposed by Kane and Mele in 2005

[8, 9]. They showed that a nontrivial topological phase appears in a system with Kramers pairs

due to time-reversal symmetry (TRS) by considering the coupling of two Haldane models [6]

with opposite effective magnetic fields. They showed that the topological phase of such a two-

dimensional (2D) system hosts helical edge states of Kramers pairs, where electrons with oppo-

site spins propagate in opposite directions without back scattering. They also proposed that the

topology of such a system can be defined by a Z2 topological invariant. Because of the Kramers

pairs, TRS in the QSH system is called spinful TRS. Soon after that, following a more realistic

proposal [171], the QSH effect was first experimentally observed in HgTe/CdTe quantum wells

[13]. The Z2 topological phase has also been extended to the three-dimensional systems with

Kramers pair due to TRS and experimentally observed[14–17]. These theoretical and experi-

mental progress have highly stimulated the study of the topological phase of matter. Beyond the

well-known 2D and 3D topological insulators, other topological phases exhibiting Z2 topology

exist, which are classified by different symmetry classes. In one-dimensional (1D) systems, Z2

topology can also be observed in classes DIII [176–178] and D [179–181]. Class DIII exhibits
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spinful TRS, examples of which include 1D superconductors with Majorana edge states. Class

D systems possess particle-hole symmetry (PHS) but lack TRS, such as 1D superconductors in

the presence of a magnetic field.

In recent years, research on non-Hermitian systems has gained significant attention due to

its potential for novel physical phenomena. Z2 topology can also be defined in non-Hermitian

systems with point gaps, as discussed in the preceding chapters. For 1D systems, Z2 point-gap

topology appears in systems with spinful TRS† (AII†, DIII†, etc) due to the emergence of the

Kramers degeneracy [43, 62, 182–184]. A simple example is the coupled Hatano-Nelson model

with spinful TRS†, introduced in Sec. 4.4, where all eigenstates are localized at both boundaries

of the system, referred to as the Z2 NHSE [54].

By stacking multiple 1D strips or layering 2D sheets of topological materials, a hetero struc-

ture with unique and potentially advantageous properties can be realized, known as a stacked

system. These systems are of significant interest for both fundamental research and practical

applications, such as quantum computing [72, 185], due to the novel electronic, magnetic, and

optical behaviors that can arise from interactions between the layers [186–189]. It is generally

believed that when an even number of layers where each layer has a nontrivial Z2 topological

phase, such as quantum spin Hall insulators, are stacked, the Z2 topological phase becomes un-

stable due to the Z2 nature. However, several researchers have shown that Z2 topology exhibits

robustness against stacking in Hermitian systems in certain parameter regions[180, 190, 191].

Despite these findings, the reason has not yet been seriously discussed and there has been no

systematic research identifying the underlying causes of this robustness.

In this Chapter, we provide a systematic understanding of the robust Z2 topological phase in

a Hermitian system with chiral symmetry against stacking. We clarify that the robustness gen-

erally originates from level repulsion in the corresponding non-Hermitian system derived from

Hermitization[192]. We demonstrate this by treating a class DIII superconductor in 1D with

Z2 topology and the corresponding non-Hermitian 1D system in class AII† with Z2 point-gap

topology as an example. For the latter system, in the case of stacking two 1D chains, the four-

fold degeneracy of the spectrum breaks down to two-fold degeneracy due to the level repulsion

between two Kramers pairs as expected. Remarkably, Z2 point-gap topology at the energy E

in point gaps emerged as the level repulsion remains nontrivial. Moreover, through Hermitiza-
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tion, the energy E of the non-Hermitian system takes the role of the chemical potential µ of the

Hamiltonian for the DIII superconductors. Due to this correspondence, the energy region for the

nontrivial Z2 point-gap topology coincides with the range of µ where the Z2 topological phase of

the DIII stacked superconductor is nontrivial and zero-energy states appear. Our result provides

a systematic understanding of robust Z2 topology in Hermitian systems with chiral symmetry, as

the level repulsion in the corresponding non-Hermitian systems. We note that the stacking 2D Z2

topological insulators were studied from the view point of the robustness of 2D surface states on

a 3D weak topological insulator[172, 193–195]. However, the weak Z2 topological invariant for

the 3D system was studied in these works and not the (strong) Z2 topological invariant for the

2D system.

This Chapter is organized as follows. In Sec. 7.2, we provide our main idea that non-Hermitian

level repulsion can be considered the origin of robust Z2 topological phases in stacked Hermitian

systems via a Hermitization process. In Sec. 7.3.1, we define a 1D DIII superconductor and show

that it can be transformed into a Hermitized version of a coupled Hatano-Nelson model in class

AII†. We demonstrate that the emergence of zero-energy states in the Hermitian system can be

predicted by relating the energy point E in the non-Hermitian system to the chemical potential µ

in the Hermitian system. In Sec. 7.3.2, we investigate the robustness of the Z2 point-gap topology

against the stacking of coupled Hatano-Nelson models. We find that this robustness results from

non-Hermitian level repulsion. Additionally, we use three-chain and four-chain stacked system

as examples to demonstrate that the regions of Z2 trivial and nontrivial point-gap topology on

the complex plane alternate along the real axis in multi-chain stacked systems. In Sec. 7.3.3,

we examine the stacked DIII superconductor and confirm its robustness using the perspective

introduced in Sec. 7.3.1.

7.2 Origin of robust Z2 topology in stacked systems

First, we explain our main idea of why the robustness of Z2 topological phases in Hermitian

systems can be related to non-Hermitian systems. To establish connections between Hermitian

and non-Hermitian systems, the Hermitization procedure of a non-Hermitian Hamiltonian is cru-

cial. For any non-Hermitian H , it can be transformed into a Hermitian Hamiltonian H in the
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doubled Hilbert space through Hermitization[192] as follows:

H =

 0 H − Ep

H† − E∗p 0

 , (7.1)

where Ep represents a reference point on the complex energy plane of H , while it becomes a

system parameter for H. This relation inevitably introduces chiral symmetry for the Hermitian

Hamiltonian H, characterized by ΓHΓ−1 = −H with Γ = τz, where the Pauli matrices τx,y,z act on

the doubled space. Under periodic boundary conditions (PBC), the presence of a Z (or Z2) point

gap in the non-Hermitian HamiltonianH implies that a corresponding real energy gap will open

in the Hermitian Hamiltonian H, which induces edge states, and vice versa [43, 54? ].

We begin with a non-Hermitian Hamiltonian H(k) in class AII† that exhibits nontrivial Z2

point-gap topology. The HamiltonianH exhibits spinful TRS†, given by

TH(k)TT −1 = H(−k), T = σy, (7.2)

where the Pauli matrices σx,y,z and a 2 × 2 matrix σ0 = diag{1, 1} act on the spin space. The

condition TT ∗ = −1 leads to the important observation that for any eigenenergy E, there must

be at least double degeneracy, with the eigenstates |ψ⟩ and T T |ψ⟩∗, referred to as Kramers pairs.

If a non-Hermitian Hamiltonian only satisfies Eq. (7.2), the system belongs to class AII†. The

topological invariant of such a system can be defined by a Z2 invariant ν ∈ {0, 1}, while H(k)

exhibits nontrivial Z2 point-gap topology at the reference point Ep when ν(Ep) = 1.

The stacked system ofH(k) is written as

Hs(k) =

 H(k) δ0σ0 + iδ · σ
δ0σ0 − iδ · σ H(k)

 , (7.3)

where δ0 and δ = (δx, δy, δz) denotes the k-independent stacking strengths. The stacked Hamil-

tonian preserves spinful TRS† with the symmetry operator T = η0 ⊗ σy, where the 2 × 2 matrix

η0 = diag{1, 1} acts on the stacked space. One might naturally assume that Hs should be Z2

trivial even if each H(k) is Z2 nontrivial because of the Z2 nature. However, the stacking term

introduces the level repulsion which makes the four-fold degeneracy of the spectrum the double

degeneracy, as illustrated in Fig. 7.1. In tthe case of Fig. 7.1 (a) without couplings, since the

system consists of two independent layers with nontrivial Z2 invariant, the Z2 invariant remains
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Figure 7.1: Schematic views of the energy spectra of a stacked non-Hermitian HamiltonianHs(k)
(a) without and (b) with coupling terms. The black solid curve represents the four-fold and
two fold degenerated energy spectrum in (a) and (b) respectively. The blue regions indicate
emergence of nontrivial Z2 point-gap topology.

nontrivial. In the case of Fig. 7.1 (b) with finite couplings, the four-fold degeneracy is down to

two-fold degeneracy due to level repulsion. Since the energy spectrum winds around a point in

the middle white region twice, the Z2 invariant is trivial. On the other hand, since the energy

spectrum winds around a point in the blue regions once, the Z2 invariant is nontrivial. More-

over, the separation distance of the energy spectrum can increase or decrease depending on the

stacking strength, leading to the expansion or contraction of the Z2 nontrivial region.

By employing the Hermitization transform, we can extend conclusions from non-Hermitian

systems to Hermitian systems. Since the Z2 point-gap topology in a non-Hermitian system is

robust against stacking due to level repulsion, the corresponding Hermitian Hamiltonian, with

parameter Ep (the complex energy in the Z2 nontrivial region of the non-Hermitian system), also

exhibits such robustness. In the Hermitian case, since Ep is a parameter, we cannot understand

the robustness through level repulsion as we do in the non-Hermitian case. This approach of-

fers a clear and visual way to understand the robustness of Z2 topology from a non-Hermitian

perspective.
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7.3 Demonstration: 1D DIII Hermitian Hamiltonian and 1D AII†

non-Hermitian Hamiltonian

In this section, we demonstrate our idea that the robustness of Z2 topological phases in Hermi-

tian systems originates from the level repulsion of non-Hermitian systems. To this end, we focus

on a 1D topological superconductor in class DIII which possesses chiral symmetry resulting in Z2

topological phases and Majorana Kramers pairs. We demonstrate that the Majorana zero-energy

modes are robust in such a system due to the non-Hermitian level repulsion, as discussed in Sec.

7.2.

7.3.1 Models

To begin with, we consider a 1D topological superconductor in class DIII which possesses Z2

topological phases. Then, we derive the non-Hermitian Hamiltonian through the Hermitization

in Eq. (7.1).

The Hamiltonian in class DIII is formulated using fermionic annihilation and creation opera-

tors ci,σ and c†i,σ, respectively, at a site i with spin σ =↑, ↓ and can be expressed as follows:

H =
∑
i∈Z

 ∑
σ=↑,↓

t
(
c†i+1,σci,σ + H.c.

)
− µc†i,σci,σ

+
1
2

[
αR

(
c†i+1,↓ci,↑ − c†i,↓ci+1,↑

)
− dx

∑
σ=↑,↓

(
c†i,σc†i+1,σ − c†i+1,σc†i,σ

)
+ dz

(
c†i,↑c

†
i+1,↓ − c†i+1,↑c

†
i,↓

)
+ H.c.

]}
. (7.4)

The parameter t and µ represent the hopping amplitude and the chemical potential, respectively.

Additionally, αR and dx/z represent the strengths of the spin-orbit coupling and superconductor

pairing, respectively. All these parameters are real.

To study the topological properties, we diagonalize the Hamiltonian to momentum space by
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Fourier transform ci,σ =
∑

k
1√
N

eikxick,σ, and then we obtain a BdG Hamiltonian written as

HBdG(k) = Ψ†H(k)Ψ

= Ψ†

 h(k) − µσ0 id(k) · σσy

−id∗(k) · σσy −hT (−k) + µσ0

Ψ, (7.5)

where

Ψ =
(
ck,↑, ck,↓, c

†
−k,↑, c

†
−k,↓

)T
, (7.6)

h(k) = 2t cos(k)σ0 + αR sin(k)σy, (7.7)

d(k) = i (dx, 0, dz) sin k. (7.8)

Here, σ = (σx, σy, σz) and σ0 act on the spin space. The effective Hamiltonian H(k) can be

rewritten as

H(k) = (2t cos k − µ) τz ⊗ σ0 + αR sin(k)τz ⊗ σy + dx sin(k)τy ⊗ σz − dz sin(k)τy ⊗ σx, (7.9)

where the Pauli matrices τx,y,z and τ0 act on the particle-hole space. The Hamiltonian satisfies

the following symmetry relations

TRS : T H∗(k)T−1 = H(−k), T = τz ⊗ σy, (7.10)

PHS : PH∗(k)P−1 = −H(−k), P = τy ⊗ σy, (7.11)

CS : ΓH(k)Γ−1 = −H(k), Γ = τx ⊗ σ0, (7.12)

which results in the system belonging to the DIII symmetry class.

Now we derive a non-Hermitian Hamiltonian from the above DIII Hermitian Hamiltonian

through an inverse-Hermitization procedure. We consider a unitary transformation after which

the chiral symmetry operator exhibits a diagonal form Γ = τz⊗σ0. The transformed Hamiltonian
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is given by

H′(k) = e−i π4 τy⊗σ0 H(k)ei π4 τy⊗σ0

=

 H(k) − µ
H†(k) − µ

 , (7.13)

where the off-diagonal matrix

H(k) =

2t cos k − idx sin k −i(αR − dz) sin k

i(αR + dz) sin k 2t cos k + idx sin k

 , (7.14)

can be regarded as a non-Hermitian HamiltonianH(k) of the coupled Hatano-Nelson model [54].

The diagonal elements of H(k) represent the Hamiltonian of a Hatano-Nelson model without

disorder and its time-reversal partner:

HHN(k) =
(
t − dx

2

)
eik +

(
t +

dx

2

)
e−ik, (7.15)

HT
HN(−k) =

(
t − dx

2

)
e−ik +

(
t +

dx

2

)
eik, (7.16)

where the prefactors t ± dx/2 represent the asymmetric hopping terms, and the off-diagonal el-

ements denote the symmetry-protected couplings. We observe that H(k) exhibits spinful TRS†,

following Eq. (7.2), with T = σy. As a result, the energy spectrum is always double degener-

ate. Such a system belongs to the AII† symmetry class with Z2 point-gap topology according

to the symmetry classification in non-Hermitian systems[43]. The Z2 topological invariant ν at

reference point Ep onH(k) is defined by

(−1)ν(Ep) = sgn

Pf
[(
H(π) − Ep

)
T

]
Pf

[(
H(0) − Ep

)
T

] × exp

−1
2

∫ k=π

k=0
dk
∂ log det

[(
H(k) − Ep

)
T

]
∂k


 . (7.17)

When α2
R < d2

z + d2
x , as shown in Fig. 7.2 (a), the spectrum for the system with PBC (PBC

spectrum, in short) forms a closed ellipse on the complex plane keeping the double degeneracy,

leading to the Z2 point gaps being open at the point Ep enclosed by the spectrum. Under PBC,

when a point-gap opens for non-Hermitian Hamiltonian H(k), a real energy gap opens for DIII

Hermitian Hamiltonian H(k) if the chemical potential µ(∈ R) takes a value within the point gap,

as shown by the red line segment in Fig. 7.2(a). In this case, H′(k) [also H(k)] has nontrivial

Z2 topology, leading to the emergence of Majorana zero-energy modes under open boundary
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Figure 7.2: Energy spectrum of (a) non-Hermitian coupled HN modelH(k) and (b) correspond-
ing DIII superconductor H(k), with t = 0.5, αR = 0.2, dx = 0.4 and dz = 0.3. (a) Z2 topological
invariant ν = 1 inside the closed curve of the complex spectrum. (b) In the region of µ encircled
by the complex spectrum in (a), edge states appear in the DIII superconductor.

conditions (OBC) according to the BBC, as shown in Fig. 7.2(b).

7.3.2 Robust Z2 point-gap topology: Non-Hermitian system

Here, we study the robustness of Z2 point-gap topology of the non-Hermitian system against

stacking of multiple 1D chains using the coupled Hatano-Nelson model defined by Eq. 7.14.

According to Eq. (7.3), we define the stacked systemHs(k) as

Hs(k) =

 H(k) δ0σ0 + iδ · σ
δ0σ0 − iδ · σ H(k)

 , (7.18)

where, δ0 and δ = (δx, δy, δz) represent the strength of coupling of two 1D chains. The latter one

involves the spin-dependent coupling.

For simplicity, we consider the case δx = δy = 0 hereafter. We note that, to keep the symmetry

class with stacking effects, in general, the stacking term σ0 and at least one component of σ

should be finite. Otherwise, the Hamiltonian in Eq. (7.18) can be decomposed into two indepen-

dent systems and spinful TRS† may break, as explained in Sec. 7.4. Under this simplification,

the PBC spectrum can be solved as

Eηϵ(k) = 2t cos k + iηr(k)eiεϕ(k), (7.19)

86



where

r(k) =
{[

(α2
R + d2

x − d2
z ) sin2 k − (δ2

0 + δ
2
z )
]2
+ 4 sin2 k

[
δ2

0(α2
R + d2

x − d2
z ) + δ2

z d2
x

]} 1
4
, (7.20)

ϕ(k) =
1
2

arctan
2 sin k

√
δ2

0(α2
R + d2

x − d2
z ) + δ2

z d2
x

(α2
R + d2

x − d2
z ) sin2 k − (δ2

0 + δ
2
z )
∈

(
−π

2
,
π

2

)
. (7.21)

Here, η, ε = ± represent the four energy bands E±± ofHs(k). Rewriting Eq. (7.19), we see that

Eηε(k) = 2t cos k − ηεr(k) sin ϕ(k) + iηr(k) cos ϕ(k). (7.22)

Note that cos ϕ(k) ≥ 0.

For the stacking term δ0 = δz = 0, there is no coupling in the stacked system, resulting in

fourfold degeneracy of the eigenvalues. In this case, the Z2 topological invariant ν in Eq. (7.17)

becomes trivial due to the Z2 nature. On the other hand, when δ0 , 0 or δz , 0, ϕ is finite

in general, which results in lifting the fourfold degeneracy to double degeneracy because we

see Eη+ = Eη− while E+ε , E−ε. This indicates that the level repulsion in Hs(k) is induced

by the coupling of two chains. In Fig. 7.3, the black curves shows the PBC spectrum in Eq.

(7.19) for various values of the stacking strength δz. As schematically explained in Fig. 7.1, we

observe that the single closed ellipse with no stacking is split into two ellipses at the finite value

of δz. Especially, the regions surrounded by split spectra expand as increasing δz. Remarkably,

we confirmed that the Z2 topological invariant ν(Ep) in Eq. (7.17) becomes nontrivial when the

reference point Ep locates in the expanded regions, that is, inside the ellipses except for the

common region inside the two ellipses. In particular, when δz ≥
√

(2t)2 − δ2
0, all the regions

enclosed by the spectrum exhibit nontrivial Z2 topology [Fig. 7.3 (c) and (d)].

Next, we verify the BBC of the Z2 point-gap topology in the stacked systems. As shown by

the red curves in Fig. 7.3, which represent numerically calculated eigenvalues for the system

with OBC (OBC spectra, in short), OBC spectra always emerge in the topologically nontrivial

regions. Therefore, the BBC of the Z2 point-gap topology holds in the stacked systems.

As a technical note, when we calculate the OBC spectra, the strong finite-size effects make it

impossible to obtain the OBC spectrum by directly diagonalizingH(k) in real space. Therefore,

we apply the generalized Brillouin zone (GBZ) [148, 149] approach according to non-Bloch
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Figure 7.3: Complex energy spectrum of stacked coupled HN model Hs under PBC (black
curves) and OBC (red curves), with parameters t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3, δ0 = 0.2
and (a) δz = 0.2 (b) δz = 0.6 (c) δz =

√
0.96 (d) δz = 1.5.

band theory in the symplectic class [150]. The GBZ corresponding to Fig. 7.3 is shown in Fig.

7.4, by the black dots, while the unit circle (blue solid curve) represents the ordinary Brillouin

zone (BZ). The points on the GBZ inside the BZ correspond to eigenmodes localized at the left

boundary, while those outside the BZ represent right-boundary-localized eigenmodes. From Fig.

7.4(a), for a small value of δ0 and δz, the GBZ begins to deviate from the BZ along the real

axis, and the eigenmodes, especially those near the imaginary axis, are not strongly bound by the

boundaries. However, for a strong stacking strength, all the eigenmodes become localized at both

boundaries, as shown in Fig. 7.4, indicating the emergence of a strong Z2 NHSE. We note that

the robustness of Z2 invariant is rather the general property of the stacked Hamiltonian belonging

to class AII†. The same results are obtained even when using a different model, as demonstrated

at the end of Sec. 7.3.2.

Furthermore, the robustness of the Z2 point-gap topological phase due to the level repulsion

can be extended to multi-chain stacked systems. It is expected that, for an n-chain stacked system,
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Figure 7.4: GBZ (black dots) and BZ (blue unit circle) of stacked coupled HN model Hs, with
parameters t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3, δ0 = 0.2 and (a) δz = 0.2 (b) δz = 0.6 (c)
δz =

√
0.96 (d) δz = 1.5.

the energy spectrum splits from a 2n-degenerate curve into n double-degenerate curves and the

Z2 topological phase would have the robustness by the same argument.

To confirm the above expectation, we consider the systems with PBC composed by three and

four stacked chains, which are defined by

H3s(k) =


H(k) δ0 + iδ · σ

δ0 − iδ · σ H(k) δ0 + iδ · σ
δ0 − iδ · σ H(k)

 (7.23)
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Figure 7.5: Complex energy spectrum and Z2 index of (a)H3s(k) and (b)H4s(k) with parameters
t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3, δ0 = δz = 0.2 and σx = σy = 0. The capital T and N
indicates that the Z2 topology is trivial or nontrivial, respectively, in the corresponding areas.

and

H4s(k) =


H(k) δ0 + iδ · σ

δ0 − iδ · σ H(k) δ0 + iδ · σ
δ0 − iδ · σ H(k) δ0 + iδ · σ

δ0 − iδ · σ H(k)


, (7.24)

respectively. Note that bothH3s(k) andH4s(k) exhibit spinful TRS† symmetry with time-reversal

operators T3s = I3 ⊗ σy and T4s = I4 ⊗ σy, respectively. Here, In (n ∈ Z) represents an n-

dimensional identity matrix. The definition of the Z2 invariant is the same as before [Eq. (7.17)].

The complex energy spectra of H3s(k) and H4s(k) are shown in Fig. 7.5. We observe that

PBC spectra of H3s(k) and H4s(k) split into 3 and 4 bands (ellipses) with double degeneracy,
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respectively. We also confirm that the Z2 invariant alternatively changes value when the point gap

closes.Moreover, for even-chain stacked systems, the energy at the origin is always topologically

trivial, whereas for odd-chain stacked systems, the energy at the origin always shows nontrivial

Z2 topology.

At the end of Sec. 7.3.2, we show that the results are general properties by using the other

model which is originally introduced in [54]. The Hamiltonian is given by

Hc(k) =

HHN(k) 2∆ sin k

2∆ sin k HT
HN(−k)

 , (7.25)

where

HHN(k) = (t + g)eik + (t − g)e−ik (7.26)

describes the Hatano-Nelson model without disorder. The parameters t and g represent the asym-

metric hopping terms, while ∆ denotes the coupling strength. Such a system belongs to the AII†

symmetry class, and Z2 point gaps remain open as long as g , 0.

Similar to Eq. (7.3), we define the stacked systemHs(k) as

Hs(k) =

 Hc(k) δ0σ0 + iδ · σ
δ0σ0 − iδ · σ Hc(k)

 , (7.27)

where the parameters are defined as in Eq. (7.18). For simplicity, we still consider the case where

δx = δy = 0, and the energy spectrum is solved as follows:

Eηϵ(k) = 2t cos k + iηr(k)eiεϕ(k), (7.28)

where

r(k) =
{[

4(g2 − ∆2) sin2 k − (δ2
0 + δ

2
z )
]2 − (4 sin k)2

[
δ2

0(g2 − ∆2) + δ2
z g2

]} 1
4

(7.29)

ϕ(k) =
1
2

arctan
4 sin k

√
δ2

0(g2 − ∆2) + δ2
z g2

(g2 − ∆2) sin2 k − (δ2
0 + δ

2
z )
∈

(
−π

2
,
π

2

)
. (7.30)

Here, η, ε = ± represent the four energy bands E±± ofHs(k). We notice that for δ0 , 0 or δz , 0,

the complex energy spectrum ofHc(k) splits into a double degeneracy because of E++ , E−+.
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Figure 7.6: Complex energy spectrum of stacked coupled HN model Hs under PBC (black
curves) and OBC (red curves), with parameters t = 1, g = 0.8, ∆ = 0.2 and δ0 = 0.2 (a) δz = 0.2
(b) δz = 1 (c) δz =

√
3.96 (d) δz = 2.5.

Figure 7.6 shows the PBC and OBC spectra of the non-Hermitian Hamiltonian Hs(k). The

OBC spectrum is derived from the GBZ, as shown in Fig. 7.7 due to strong finite-size effects.

From Fig. 7.6, we observe that the PBC spectrum forms closed curves, while the OBC spectrum

forms arcs with no enclosed area, always lying within the Z2 nontrivial region of the PBC spec-

trum. This indicates the robustness of the NHSE in this model against stacking, similar to the

model discussed earlier in this section.

7.3.3 Robust Z2 topology: Hermitian system

In this part, we show that the above-mentioned robustness of Z2 topological phases in non-

Hermitian systems against stacking is inherited by the Hermitian systems related by the Hermi-
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Figure 7.7: GBZ (black dots) and BZ (blue unit circle) of stacked coupled HN model Hs, with
parameters t = 1, g = 0.8, ∆ = 0.2 and δ0 = 0.2 (a) δz = 0.2 (b) δz = 1 (c) δz =

√
3.96 (d)

δz = 2.5.

tization.

First, we introduce a Hermitian Hamiltonian by using the stacked non-Hermitian Hamiltonian

in Sec. 7.3.2 through the Hermitization in Eq. (7.1) as

H′s(k) =

 0 Hs(k) − Epη0 ⊗ σ0

H†s (k) − E∗pη0 ⊗ σ0 0

 (7.31)

where Hs(k) is defined by Eq. (7.18). We note that Ep is a parameter standing for the reference

point on the complex energy plain. After a unitary transformation by Hs(k) = UH′s(k)U† with
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U = ei π4 η0⊗τy⊗σ0 , we obtain

Hs(k) =

H11(k) H12

H†12 −HT
11(−k)

 , (7.32)

H11(k) =

h(k) − Re[Ep] δ0σ0 + iδ · σ
δ0σ0 − iδ · σ h(k) − Re[Ep]

 , (7.33)

H12 =

id(k) · σσy − iIm[Ep] 0

0 id(k) · σσy − iIm[Ep]

 , (7.34)

where h(k) and d(k) are defined by Eq. 7.7 and Eqs. 7.8, respectively. Here we assume that Ep

is real. Rewriting Ep as a parameter µ and rearranging the order of the basis, Eq. (7.32) can be

written as

Hs(k) =


h(k) − µ id(k) · σσy δ0 + iδ · σ 0

−id∗(k) · σσy −hT (−k) + µ 0 −δ0 − iδ · σ
δ0 − iδ · σ 0 h(k) − µ id(k) · σσy

0 −δ0 + iδ · σ −id∗(k) · σσy −hT (−k) + µ


. (7.35)

The above Hamiltonian can be interpreted as the two stacked chains of the DIII Hermitian Her-

mitonian in Eq. (7.9), in which each symmetry is given by

TRS : T H∗(k)T−1 = H(−k), T = η0 ⊗ τz ⊗ σy, (7.36)

PHS : PH∗(k)P−1 = −H(−k), P = η0 ⊗ τy ⊗ σy, (7.37)

CS : ΓH(k)Γ−1 = −H(k), Γ = η0 ⊗ τx ⊗ σ0. (7.38)

We emphasize that we introduce Ep as the reference point in Eq. (7.31). In Sec. 7.3.1, the

reference point Ep appears in Eq. (7.17) and we explain that if the non-Hermitian Hamiltonian is

topologically nontrivial at the reference energy point Ep, the corresponding Hermitian Hamilto-

nian is also nontrivial in Fig. 7.2. Then, in Sec. 7.3.2, we show that the Z2 point-gap topological

phase remains robust against stacking if Ep takes a proper values on the complex plain. Combin-

ing these facts, we can predict that if Ep locates at the nontrivial region for the Z2 index of the

non-Hermitian Hamiltonian Hs(k), the corresponding Hermitian DIII Hamiltonian Hs(k) should

also have a nontrivial Z2 topological phase even in the stacked system. We verify this prediction

below.

94



While in Sec. 7.3.2, δx = δy = 0 is studied for simplicity, we consider all the coupling terms

here. Figures 7.8 (a-1) and (b-1) shows the PBC spectrum of the stacked non-Hermitian Hamil-

tonian Hs(k) with δi = 0.2 and 0.5 for i = 0, x, y, z, respectively. Similar to Fig. 7.3, we observe

two closed curves intersecting each other at δi = 0.2 and attaching at E = 0 at δi = 0.5, which

arise from level repulsion. Note that the closed curves are not ellipses because of contributes of

δx and δy. Calculating the Z2 invariant ofHs(k), we confirm that only the non-overlapping region

exhibits nontrivial Z2 topology.

Figure 7.8: Energy spectrum of (a-1,b-1) non-Hermitian stacked coupled HN model Hs(k) and
(a-2,b-2) the corresponding stacked DIII superconductor Hs(k), with t = 0.5, αR = 0.2, dx = 0.4,
and dz = 0.3. Panels (a-1) and (a-2) correspond to the stacking strengths δi = 0.2 (i = 0, x, y, z),
while panels (b-1) and (b-2) correspond to δi = 0.5 (i = 0, x, y, z). When µ takes values from
red line segments in (a-1) or (b-1), the corresponding Hermitian system (a-2) or (b-2) exhibits
zero-energy states.

Now we study the corresponding Hermitian DIII Hamiltonian in Eq. (7.35) with OBC and
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verify the stability of the zero-energy states originating from the Z2 topological phase. To begin

with, we note the energy-gap around E 0 of the Hamiltonian close to |µ| = 2t ±
√ ∑

i=0,x,y,z

δ2
i

which can be obtained as the fact that the Hamiltonian closes the gap at k = 0, π. The OBC

spectra are shown in Figs. 7.8 (a-2) and (b-2). As depicted in Fig.7.8 (a-2) for δi = 0.2, for

|µ| < 2t−
√∑

i δ
2
i = 0.9, Hs(k) exhibits trivial Z2 topology, and no states appear in the energy gap

around E = 0. On the other had, for 2t −
√∑

i δ
2
i < |µ| < 2t +

√∑
i δ

2
i , Hs(k) exhibits nontrivial

Z2 topology, and fourfold-degenerate zero-energy edge states emerge even in the stacked DIII

system under OBC. This demonstrates the robustness of Z2 topology and zero-energy edge states

in a stacked system. Particularly, when the stacking strengths reach a critical value such that∑
i δ

2
i = 4t2, all energy points inside the PBC spectra exhibit nontrivial Z2 topology as shown

in Fig. 7.8 (b-1). Accordingly, for all µ satisfying 0 < |µ| < 4t (µ , 0), the DIII Hermitian

Hamiltonian exhibits zero-energy states as shown in Fig. 7.8 (b-2).

We can naively extend the above result to an n-chain stacked Hermitian system. Taking into

account the results in Fig. 7.6 for the multi-stacked non-Hermitian Hamiltonian, the trivial and

nontrivial Z2 invariant of the corresponding Hermitian Hamiltonian alternatively appears as the

function of the (real) chemical potential µ which moves on the real axis in Fig. 7.6.

7.3.4 Revisiting previous work

So far, we have explained that the Z2 point-gap topology is robust against stacking due to level

repulsion and then the corresponding Hamiltonian derived through the Hermitization inherits

the robustness of the Z2 topology. We demonstrated the robustness by focusing on the specific

Hamiltonian belonging to class DIII.

As we mentioned in the introduction, several works reported the nontrivial Z2 topology in the

stacked Hermitian systems[180, 190, 191], while the reason has not yet been understood. Here

we clarify that these results can by explained by non-Hermitian level repulsion.

Here we focus on Refs. [190, 191] in which the stacking of the 2D QSH insulator approaching

to the 3D Wilson-Dirac-type Hamiltonian is studied. It is shown that the Z2 invariant defined for

the 2D QSH insulator remains robust against the number of stacked systems as a function of a

mass parameter (equivalent to µ in our model). While the QSH insulator generally belongs to

class AII, the on-site random potential term is ignored for the calculation of the Z2 invariant. In
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this case, the Hamiltonian recovers chiral symmetry and belongs to class DIII which makes it pos-

sible to derive the corresponding non-Hermitian Hamiltonian belonging to class AII†. Thereby,

the robustness of the Z2 invariant in Refs. [190, 191] can be explained by level repulsion of the

non-Hermitian Hamiltonian.

7.4 Influence of stacking configuration on topology

In this section, we explain why we need to consider, at least, two terms of the stacking terms

δ0 + iδ · σ when defining the stacked system in Sec. 7.3.3. We show that the Hamiltonian is

decoupled into two independent ones and the symmetry class may also change if we consider

only a single stacking term.

7.4.1 δ0 , 0, δx = δy = δz = 0

First, we consider the simplest case by focusing only on a spin-independent stacking term, δ0.

The stacked non-Hamiltonian,Hs0(k), is expressed as follows:

Hs0(k) =

H(k) δ0σ0

δ0σ0 H(k)

 . (7.39)

By applying a unitary transformation with U0 = e−i π4 ηy⊗σ0 , we can obtain a diagonal block

Hamiltonian

H ′s0(k) = U0Hs0(k)U−1
0

=

H(k) − δ0σ0

H(k) + δ0σ0


=

H (1)
0 (k)

H (2)
0 (k)

 . (7.40)

H (1)
0 (k) and H (2)

0 (k) represent two decoupled systems belonging to the AII† class, each ac-

quiring nontrivial Z2 topology at the energy points enclosed by their own spectrum [Fig.7.9(a)].

As illustrated in Fig.7.9(b), the corresponding Hermitian Hamiltonian Hs0 exhibits zero-energy

edge states in both regions |µ| < 2t − |δ0| and 2t − |δ0| < |µ| < 2t + |δ0|, protected by nontrivial Z2

topology.
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Figure 7.9: (a) Energy spectrum of H (1)
0 (k) (blue curve) and H (2)

0 (k) (red curve). The numbers
present the Z2 topological number ofH (1)

0 (k) andH (2)
0 (k), respectively. (b) Real energy spectrum

of the corresponding stacked Hermitian system, with t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3,
δ0 = 0.2 and δx = δy = δz = 0. The system exhibits zero-energy edge states in both regions
|µ| < 0.8 and 0.8 < |µ| < 1.2.

7.4.2 δz , 0, δ0 = δx = δy = 0

Here, we consider the case of focusing solely on the spin-dependent stacking term σz. The

stacked non-Hermitian Hamiltonian,Hsz(k), is expressed as follows:

Hsz(k) =

 H(k) iδzσz

−iδzσz H(k)

 , (7.41)

By applying a unitary transformation with Uz = e−i π4 ηx⊗σ0 , we can obtain a diagonal block

Hamiltonian

H ′sz(k) = UzHsz(k)U−1
z

=

H(k) − δzσz

H(k) + δzσz


=

H (1)
z (k)

H (2)
z (k)

 . (7.42)

H (1)
z (k) andH (2)

z (k) are two decoupled systems, both belonging to the class A symmetry class,

without TRS, PHS, or CS. Such systems achieve Z point-gap topology in 1D systems.

As shown in Fig. 7.10, the energy spectra of H (1)
z (k) and H (2)

z (k) coincide with each other,
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given by Eη,ε = 2t cos k + η
√

(idx sin k + εdz)2 + (α2
R − d2

z ) sin k2, where η, ε = ±1. However,

they consistently exhibit opposite winding numbers at the same energy point, leading to the

emergence of zero-energy edge states in the region 2t − |δz| < |µ| < 2t + |δz|, protected by

nontrivial Z topology, but not Z2 topology.

(-1,1) (0,0) (1,-1)

Figure 7.10: Energy spectrum of (a) coincident H (1)
z (k) and H (2)

z (k) and (b) the corresponding
Hermitian system, with t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3, δz = 0.2 and δ0 = δx = δy = 0. The
numbers in (a) indicate the winding number of H (1)

z (k) and H (2)
z (k) in the corresponding areas,

while the direction of rotation of the energy spectrum is marked by blue arrows (H (1)
z (k)) and

red arrows (H (2)
z (k)). The Hermitian system Hsz exhibits zero-energy edge states in the region

0.8 < |µ| < 1.2.

7.4.3 δx , 0, δ0 = δy = δz = 0

In the case of only the spin-dependent stacking term δx , 0, we employ the same method as

when δz , 0. The stacked Hamiltonian,Hsx(k), is expressed as follows:

Hsx(k) =

 H(k) iδxσx

−iδxσx H(k)

 , (7.43)
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By a unitary transform byUx = e−i π4 ηx⊗σ0 , we can get a diagonal block Hamiltonian

H ′sx(k) = UxH̃sx(k)U−1
x

=

H(k) − δxσx

H(k) + δxσx


=

H (1)
x (k)

H (2)
x (k)

 . (7.44)

Here, neitherH (1)
x (k) norH (2)

x (k) possess any symmetries, which results in the A symmetry class.

Since the symmetry ofHsx is the same as that ofHsz, Hsx also achieves zero-energy edge states

in the region 2t − |δx| < |µ| < 2t + |δx|, protected by nontrivial Z topology.

7.4.4 δy , 0, δ0 = δx = δz = 0

Here, we focus on the spin-dependent stacking term, σy. The corresponding stacked non-

Hamiltonian,Hsy(k), is expressed as follows:

Hsy(k) =

 H(k) iδyσy

−iδyσy H(k)

 , (7.45)

by a unitary transform byUy = e−i π4 ηx⊗σ0 , we can get a diagonal block Hamiltonian

H ′sy(k) = UyHsy(k)U−1
y

=

H(k) − δyσy

H(k) + δyσy


=

H (1)
y (k)

H (2)
y (k)

 . (7.46)

Similar to the case discussed in Appendix 7.4.3, neither H (1)
y (k) nor H (2)

y (k) possess any sym-

metries. The eigenenergies can be obtained by solving the characteristic equation, as shown

here:

Eη,ε = 2t cos k + η
√

(αR sin k + εδy)2 − (d2
x + d2

y ) sin2 k, (7.47)

where η, ϵ = ±1. There must be a critical value kc, such that for k ∈ (0, kc), (αR sin k±δy)2− (d2
x +

d2
y ) sin2 k > 0, leading to the emergence of real eigenenergies E ∈ (±2t − |σy|,±2t + |σy|). The
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energy gap always closes for 2t−|δy| < |µ| < 2t+ |δy| in our model. As for the region |µ| < 2t−|δy|,

there is no zero-energy edge states due to the trivial topology.

Figure 7.11: Energy spectrum of (a) non-Hermitian Hamiltonian Hsy(k) and (b) stacked Hermi-
tian Hamiltonian Hsy, with t = 0.5, αR = 0.2, dx = 0.4, dz = 0.3, δy = 0.2 and δ0 = δx = δz = 0.
The point-gap is closed in the region of 0.8 < |µ| < 1.2, and no zero-energy edge states emerge
in Hermitian system Hsy.

In summary, if we introduce only the spin-independent stacking term δ0, the non-Hermitian

Hamiltonian can be represented by two decoupled subsystems with Z2 point-gap topology using

the unitary operator e−i π4 ηy⊗σ0 . If we introduce only σx or σz, the non-Hermitian Hamiltonian

can be achieved by two decoupled subsystems with opposite winding numbers using the unitary

operator e−i π4 ηx⊗σ0 , and the edge states are protected by nontrivial Z topology. If we introduce

only σy stacking, the point gap of the non-Hermitian Hamiltonian will close on the real axis,

causing the zero-energy states to disappear. By introducing both the stacking term δ0 and δx/y/z

simultaneously, we can avoid the system decoupling into two subsystems and ensure that the

zero-energy edge states are protected by Z2 topology.

7.5 Summary and discussion

As a summary, in this work, we proposed the perspective that non-Hermitian level repulsion

is the fundamental reason behind the robustness of Z2 topology in Hermitian systems. Our main

methodology involves connecting the topological properties of Hermitian systems with those of

non-Hermitian systems through a transformation called Hermitization. While the Z2 invariant
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of stacked Hermitian systems becomes trivial or nontrivial depending on system parameters, the

energy region of the nontrivial Z2 invariant in the non-Hermitian Hamiltonian originates from

level repulsion which can be easily understood since only the two-fold degeneracy is guaranteed

by Kramers pairs.

To demonstrate our general argument, we studied the 1D DIII topological superconductor with

chiral symmetry. Through unitary transformations and inverse Hermitization, we establish a con-

nection with a stacked coupled Hatano-Nelson model in the AII† symmetry class. As predicted,

the energy spectrum of the stacked non-Hermitian system shows level repulsion and we con-

firmed the existence of Z2 nontrivial regions on the energy complex plain. Then, we clarified that

the corresponding stacked Hermitian system also become Z2 topologically nontrivial when the

chemical potential µ locates at the real axis on the nontrivial regions.

Furthermore, we showed that the robustness of the Z2 topological invariant of the stacked

QSH insulators studied in Refs. [190, 191] can be well explained by level repulsion of the corre-

sponding non-Hermitian system since the system without on-site disordered potential has chiral

symmetry and belongs to class DIII in 2D. We emphasize again that the nontrivial Z2 topology

can be easily understood as the consequence of level repulsion in the case of non-Hermitian

Hamiltonians.

Finally, we note several open questions. We explained that Ref. [180], which studies the

stacked Kitaev chains belonging to class D also observed the robustness of the Z2 topological in-

variant against disorder, while there is no chiral symmetry in class D. While the kitaev model can

be transformed into class BDI which possesses chiral symmetry after a proper gauge transforma-

tion, the corresponding non-Hermitian system belongs to class AI and has Z point-gap topology.

Thereby, we cannot apply our theory to this system. The system studied by Refs. [190, 191] also

loses chiral symmetry if the system has on-site disorder potential, but nevertheless the conduc-

tance is well quantized. These results might be able to be explained by generalizing the current

theory, which will be addressed in future work.
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Chapter 8

Summary and Outlook

In this doctoral thesis, we investigate the Z2 point-gap topology in non-Hermitian systems

from three interrelated perspectives: theoretical analysis, experimental realization, and potential

applications. Our research focuses on two distinct yet complementary platforms: Floquet sys-

tems, represented by nonunitary quantum walks, and stacked systems. Each platform is studied

independently yet complementarily to provide a comprehensive and cohesive understanding of

the Z2 point-gap topology.

In the first part of our research, we propose an extension of the symmetry classification of

non-Hermitian systems. We show that non-Hermitian systems can always be classified in two

distinct ways: based on the symmetry relations for non-Hermitian Hamiltonians and those for

nonunitary time-evolution operators. This is based on the fact that there is no strict difference in

the mathematical definition between non-Hermitian Hamiltonians and nonunitary time-evolution

operators. We call the proposed method “dual symmetry classification.” This classification ap-

proach enables non-Hermitian systems to exhibit a broader range of nontrivial topological phases

than those considered in previous classification methods.

In addition, we apply the dual symmetry classification to a time-evolution operator defined for

nonunitary quantum walks, which provides a novel arena for studying non-Hermitian physics

even within the quantum realm. By treating the time-evolution operator as a non-Hermitian

Hamiltonian, we successfully define a nonunitary quantum walk with spinful time-reversal sym-

metry and confirm that the nonunitary quantum walk exhibits Z2 point gaps and the Z2 non-

Hermitian skin effect.

In the second part of our research, we highlight the advantages of leveraging non-Hermitian
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perspectives to explore Hermitian topological systems. As an application, we use Z2 point-gap

topology to provide a systematic understanding of why the Z2 topological phase remains robust

against stacking in the presence of chiral symmetry. We show that this robustness originates from

the level repulsion of the corresponding non-Hermitian Hamiltonian derived through a Hermiti-

zation procedure. Considering the spectrum of the non-Hermitian Hamiltonian, we can clearly

understand the emergence of the robust Z2 topological invariant by determining whether the en-

ergy winding around a reference point on the complex energy plane is even or odd. Our analysis

relies on a novel correspondence through Hermitization, showing that the reference point Ep on

the complex energy plane of the non-Hermitian system is mapped to the chemical potential µ of

the Hermitian system with chiral symmetry. This relationship implies that the energy region for

nontrivial Z2 point-gap topology aligns precisely with the range of µ where the Z2 topological

phase of the Hermitian system is nontrivial and zero-energy states appear.

We further substantiated our theoretical findings by studying a class DIII superconductor with

Z2 topology and its corresponding non-Hermitian system in symmetry class AII†, which exhibits

Z2 point-gap topology. In the non-Hermitian system, when two layers are stacked, the fourfold

degeneracy of the spectrum reduces to a twofold degeneracy due to level repulsion between

Kramers pairs. Crucially, the Z2 point-gap topology persists, ensuring the robustness of the

corresponding DIII superconductor against stacking within the range of µ corresponding to Ep,

and the system continues to exhibit zero-energy states.

Through this series of studies, we have expanded the symmetry classification methods for non-

Hermitian systems, revealed the unique topological and dynamical properties of Z2 point-gap

topology, and demonstrated the advantages of adopting a non-Hermitian perspective to investi-

gate Hermitian topological systems. These discoveries provide a theoretical foundation for novel

topological phenomena in non-Hermitian systems, propelling the development of non-Hermitian

topological phases. Looking ahead, we hope that these theoretical results can be experimen-

tally validated and applied in real physical systems, further deepening our understanding of non-

Hermitian topological phases.
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M. Soljačić, and B. Zhen, Observation of bulk Fermi arc and polarization half charge

from paired exceptional points, Science 359, 1009 (2018).

108



[31] H. Zhao, X. Qiao, T. Wu, B. Midya, S. Longhi, and L. Feng, Non-Hermitian topological

light steering, Science 365, 1163 (2019).

[32] J. Ningyuan, C. Owens, A. Sommer, D. Schuster, and J. Simon, Time- and Site-Resolved

Dynamics in a Topological Circuit, Physical Review X 5, 021031 (2015).

[33] M. Ezawa, Non-Hermitian higher-order topological states in nonreciprocal and reciprocal

systems with their electric-circuit realization, Physical Review B 99, 201411 (2019).

[34] M. Ezawa, Braiding of Majorana-like corner states in electric circuits and its non-

Hermitian generalization, Physical Review B 100, 045407 (2019).

[35] T. Helbig, T. Hofmann, S. Imhof, M. Abdelghany, T. Kiessling, L. Molenkamp, C. Lee,

A. Szameit, M. Greiter, and R. Thomale, Generalized bulk-boundary correspondence in

non-Hermitian topolectrical circuits, Nature Physics 16, 747 (2020).

[36] T. Yoshida, T. Mizoguchi, and Y. Hatsugai, Mirror skin effect and its electric circuit sim-

ulation, Physical Review Research 2, 022062 (2020).

[37] T. Hofmann, T. Helbig, F. Schindler, N. Salgo, M. Brzezińska, M. Greiter, T. Kiessling,
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[86] H. Weimer, R. Löw, T. Pfau, and H. P. Büchler, Quantum Critical Behavior in Strongly

Interacting Rydberg Gases, Physical Review Letters 101, 250601 (2008).

[87] I. Carusotto and C. Ciuti, Quantum fluids of light, Reviews of Modern Physics 85, 299

(2013).

[88] M. Mirhosseini, A. Sipahigil, M. Kalaee, and O. Painter, Superconducting qubit to optical

photon transduction, Nature 588, 599 (2020).

113



[89] G. Ithier, E. Collin, P. Joyez, P. Meeson, D. Vion, D. Esteve, F. Chiarello, A. Shnirman,

Y. Makhlin, J. Schriefl, et al., Decoherence in a superconducting quantum bit circuit,

Physical Review B 72, 134519 (2005).

[90] H. J. Kimble, The quantum internet, Nature 453, 1023 (2008).

[91] T. Yu and J. Eberly, Sudden death of entanglement, Science 323, 598 (2009).

[92] D. Gottesman, An introduction to quantum error correction and fault-tolerant quantum

computation, , in Quantum information science and its contributions to mathematics, Pro-

ceedings of Symposia in Applied Mathematics, Vol. 68 (2010) pp. 13–58.

[93] E. Paladino, Y. Galperin, G. Falci, and B. Altshuler, 1/f noise: Implications for solid-state

quantum information, Reviews of Modern Physics 86, 361 (2014).

[94] S. Pirandola, R. Laurenza, C. Ottaviani, and L. Banchi, Fundamental limits of repeaterless

quantum communications, Nature Communications 8, 1 (2017).

[95] R. Lo Franco and G. Compagno, Indistinguishability of Elementary Systems as a Resource

for Quantum Information Processing, Physical Review Letters 120, 240403 (2018).

[96] C.-E. Bardyn, M. A. Baranov, C. V. Kraus, E. Rico, A. İmamoğlu, P. Zoller, and S. Diehl,
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and C. Silberhorn, Photons Walking The Line: A Quantum Walk with Adjustable Coin

Operations, Physical Review Letters 104, 050502 (2010).
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