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ABSTRACT 

 

This study presents novel planar curved Euler-Bernoulli and Timoshenko-

Ehrenfest beam elements for analyzing beam structures subjected to large 

displacements but small strains. As the total Lagrangian description is employed, the 

initial configuration is the reference for the kinematics. By assuming small strains and 

thin beams, higher-order terms of the Green-Lagrange strains are discarded, leading to 

the simplification of formulations. The equilibrium is then stated through the principle 

of virtual works. Subsequently, the proposed elements are derived using the 

isogeometric analysis approach. Cubic non-uniform rational B-spline (NURBS) 

representations are employed for the Euler-Bernoulli beam element, while quadratic 

and cubic NURBS representations are used for the Timoshenko-Ehrenfest beam 

elements. However, in contrast to the traditional isogeometric analysis concept, the 

isoparameterization between the reference geometry and kinematic unknowns is 

relaxed by treating specific weights in the NURBS basis functions as degrees of 

freedom (DOFs). The obtained equation systems are inherently nonlinear in terms of 
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DOFs. As this study employs the Newton-Raphson method to solve these nonlinear-

equation systems, linearization is required. For this purpose, the symbolic computing 

capability of MATLAB is used. 

The efficiency of the proposed elements and the superiority of the proposed 

elements over those with constant weights are demonstrated by solving several beam 

problems. The obtained solutions underscore the efficiency of the proposed elements 

in analyzing beam structures experiencing large displacements with complex behaviors, 

such as buckling and snap responses. Additionally, the varying-weight elements 

consistently outperform the constant-weight counterparts in providing highly accurate 

solutions. In this regard, the constant-weight elements always require significantly 

more DOFs than the varying-weight counterparts. The accuracy superiority of the 

varying-weight elements becomes more apparent in extreme regions such as regions of 

buckling points, limit points, or substantial displacements.  

For Euler-Bernoulli beams, the superiority of the varying-weight element is also 

evident in terms of accurate recovery of strain measures. While the cubic varying-

weight element exhibits no locking phenomena, the cubic constant-weight element 

slightly shows locking effects in some problems. For Timoshenko-Ehrenfest beams, the 

varying-weight elements effectively mitigate locking effects, confirming their 

reliability for solving thin-beam problems. Furthermore, while exhibiting the locking-

free characteristic, varying-weight elements yield comparable accuracy to that of the 

locking-free B̅ elements in a literature, but demand significantly less computational 

effort. This solves the trade-off challenge of these B̅ elements, between mitigating 

locking effects and computational efficiency. 

 

Keywords: Geometrically nonlinear analysis, large displacements, small strains, non-

uniform rational B-spline, Euler-Bernoulli beams, Timoshenko-Ehrenfest beams, 

constant-weight elements, varying-weight elements. 
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CHAPTER 1  

INTRODUCTION 

 

1.1 General 

Numerical analysis of beam structures has a long and rich history (Timoshenko, 

1958). However, ongoing progress continues today, driven by the demands of emerging 

unconventional modern beam structures (Cesnik & Shin, 2001; Hodges, 2006; Júnior, 

Cardozo, Júnior & Neto, 2019; Sabale & Gopal, 2019). These modern structures often 

feature complex geometries, and in typical applications, may undergo large 

displacements. When performing numerical analysis, an appropriate beam model and 

numerical method need to be selected. Among various beam models, the Euler-

Bernoulli and Timoshenko-Ehrenfest beam models are common choices. In the Euler-

Bernoulli beam model, a plane cross-section initially orthogonal to the beam axis is 

assumed to remain plane and orthogonal to the beam axis during deformation. In 

contrast, in the Timoshenko-Ehrenfest beam model, a plane cross-section initially 

orthogonal to the beam axis is assumed to remain plane but not necessarily orthogonal 

to the beam axis during deformation. For beams experiencing large displacements, 

these kinematic assumptions in the Euler-Bernoulli or Timoshenko-Ehrenfest beam 

model generally remain applicable. However, formulations designed for small 

displacements must be revised to accommodate large displacements and potentially 

large strains (Reissner, 1972; Simo & Vu-Quoc, 1986, 1986). Regarding numerical 

methods, finite element methods (FEMs) are widely used owing to their versatility. 

In conventional FEM, interpolations of kinematic unknowns are mainly 

constructed using polynomials. With the isoparametric concept, a finite element 

model’s reference geometry and kinematic unknowns are interpolated using the same 

set of interpolation functions. This concept, therefore, necessitates the use of 

polynomials to interpolate the model’s reference geometry, resulting in the mesh used 

for analysis. Unfortunately, objects with complex reference geometries often require 

fine meshes for accurate analysis, making mesh generation both costly and challenging, 

especially since, in practice, these geometries are not initially created using 
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polynomials. To address this issue, isogeometric analysis (IGA) (Hughes, Cottrell & 

Bazilevs, 2005) was introduced.  

In engineering modeling, the geometries of objects are mostly built using 

computer-aided design (CAD) programs, in which CAD basis functions are used to 

model the geometry. The IGA concept argues that CAD basis functions (Hughes, 

Cottrell & Bazilevs, 2005; Li & Sederberg, 2019; Piegl & Tiller, 1996; Sederberg, 

Zheng, Bakenov & Nasri, 2003; Warren & Weimer, 2001) can be directly and 

effectively used in analysis instead of polynomials. This elegant approach lessens the 

effort required for mesh generation, allowing a complex geometrical model to be 

represented in analysis unaltered, regardless of mesh density. Furthermore, the quality 

of interpolations is enhanced due to the high continuity of CAD basis functions. 

Analytical proofs of the stability of the IGA approach in the context of mesh 

refinements, along with pertinent numerical investigations, are available (Bazilevs, 

Beirao da Veiga, Cottrell, Hughes & Sangalli, 2006; Da Veiga, Buffa, Sangalli & 

Vázquez, 2014; Hughes, Cottrell & Bazilevs, 2005). The IGA approach also passes 

standard patch tests (Hughes, Cottrell & Bazilevs, 2005). The advantages of the IGA 

approach for analysis of beams have also been confirmed (Bauer, Breitenberger, 

Philipp, Wüchner & Bletzinger, 2016; Bauer, Wüchner & Bletzinger, 2020; Borković, 

Kovačević, Radenković, Milovanović & Guzijan-Dilber, 2018; Borković, Kovačević, 

Radenković, Milovanović & Majstorović, 2019; Borković, Marussig & Radenković, 

2022, 2022; Choi & Cho, 2019, 2020; Choi, Kang, Oh & Cho, 2019; Choi, Kim, Koo 

& Cho, 2021; Choi, Sauer & Klinkel, 2021; Chorn, Vo & Nanakorn, 2021; Greco, 2020; 

Greco & Cuomo, 2013, 2014; Greco, Cuomo, Contrafatto & Gazzo, 2017; Greco, 

Scrofani & Cuomo, 2021; Magisano, Leonetti & Garcea, 2021; Magisano, Leonetti, 

Madeo & Garcea, 2020; Marino, 2016, 2017; Radenković & Borković, 2018; Vo, 

Borković, Nanakorn & Bui, 2020; Vo, Li, Nanakorn & Bui, 2021; Vo & Nanakorn, 

2019; Vo & Nanakorn, 2020, 2020; Vo, Nanakorn & Bui, 2019, 2020, 2021; Weeger, 

Yeung & Dunn, 2017, 2018). 

 

1.2 Problem statement 

Although various CAD basis functions are available, non-uniform rational B-

spline (NURBS) basis functions (Piegl & Tiller, 1996) are widely used in IGA. In 
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structural shape optimization employing NURBS basis functions, it has been observed 

that incorporating the weights in these basis functions as design variables significantly 

enhances the flexibility and accuracy of solutions (Fußeder, Simeon & Vuong, 2015; 

Nagy, Abdalla & Gürdal, 2010, 2010, 2011; Nagy, IJsselmuiden & Abdalla, 2013; 

Qian, 2010; Wall, Frenzel & Cyron, 2008). IGA formulations based on the 

isoparametric concept require the same basis functions for both the reference geometry 

and the interpolation of kinematic unknowns. Consequently, the weights in these basis 

functions are typically kept constant, optimized for the most accurate representation of 

the reference geometry. 

In geometrically nonlinear analysis, large deformations of domains can occur, 

leading to significant shape differences between the initial and deformed 

configurations. As a result, a set of weights that is optimal for representing an initial 

domain may not be suitable for representing its deformed configuration. This issue is 

illustrated by the deformation of a cantilever beam subjected to an end moment in 

Figure 1.1a. Under a specific applied moment, the beam is bent into a semicircular 

shape. The initial and deformed beam axes can be exactly represented using cubic 

NURBS basis functions. However, the exact representations of the initial and deformed 

beam axes require different sets of weights in their NURBS basis functions, as indicated 

by the bracketed numbers in Figure 1.1a. In other words, the initial and deformed beam 

axes can be described exactly by using different basis functions, as shown in Figure 

1.1b-c. This observation in geometrically nonlinear analysis suggests relaxing the 

isoparametric concept by treating weights in CAD basis functions as degrees of 

freedom (DOFs). Given the superior properties reported in shape optimization, this 

relaxation is expected to enhance the effectiveness and efficiency of IGA. 

As various real-life beam structures are designed to undergo significant 

displacements during normal usage, analyzing these structures can effectively highlight 

the advantages of novel methods over traditional approaches. In this study, novel planar 

IGA curved Euler-Bernoulli and Timoshenko-Ehrenfest beam elements for large-

displacement and small-strain analyses are introduced. The kinematic approximations 

are achieved using NURBS-based representations. Additionally, the isoparametric 

concept is relaxed by treating certain weights in NURBS basis functions as DOFs. This 

varying-weight concept allows for enhanced accuracy in approximating deformed 
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geometries, thereby improving overall performance. The objectives and scope of this 

study are outlined below. 

 

Figure 1.1 Pure bending of a cantilever beam. 
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1.3 The objectives of the study 

The objectives of this study are as follows: 

- To develop effective isogeometric finite element formulations for analyzing 

two-dimensional (2D) curved beams subjected to large displacements and small 

strains using NURBS. 

- To investigate the impact of varying weights in rational basis functions on the 

performance of isogeometric beam analysis, specifically in terms of accuracy, 

convergence with respect to the number of DOFs, strain recovery, and the 

mitigation of locking phenomena. 

 

1.4 The scope of the study 

The scope of this study is as follows: 

- Only static problems are considered. 

- Only linear elastic isotropic materials are considered. 
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CHAPTER 2  

REVIEW OF LITERATURE 

 

In analysis of large displacements, there are three popular kinematic 

descriptions, i.e., total Lagrangian formulation (Chorn, Vo & Nanakorn, 2021; Pai, 

Anderson & Wheater, 2000), updated Lagrangian formulation (Bergel & Li, 2016; 

Noguchi & Hisada, 1995; Ten Thije, Akkerman & Huétink, 2007), and corotational 

formulation (Elkaranshawy, Elerian & Hussien, 2018; Urthaler & Reddy, 2005). Each 

description offers a distinct perspective on modeling. The total Lagrangian approach 

relies on integrations based on the initial configuration, leading to a fixed reference 

throughout the analysis. In contrast, the updated Lagrangian approach employs the 

latest configuration as the reference, enabling adaptive responses to evolving states. 

The corotational approach differs from the two Lagrangian formulations by 

decomposing displacements into two fundamental components, i.e., one from pure 

deformation and one from rigid body motion. This distinction facilitates a nuanced 

understanding of structural behavior, particularly when the relations between 

deformations and rigid body motions are complex. 

IGA (Cottrell, Hughes & Bazilevs, 2009; Hughes, Cottrell & Bazilevs, 2005; 

Nguyen, Anitescu, Bordas & Rabczuk, 2015) emerged from the concept of integrating 

CAD utilities into finite element analysis (FEA). The use of CAD interpolations in IGA 

enables highly accurate representations of geometries and displacements, significantly 

enhancing the accuracy of numerical results (Han, Ma & Huang, 2008; Hartley & Judd, 

1980; Hongsen, 2020; Kacprzyk & Ostapska-Łuczkowska, 2014; Li & Sederberg, 

2019; Lian, Kerfriden & Bordas, 2017; Thomas, Engvall, Schmidt, Tew & Scott, 2022; 

Voruganti & Gondegaon, 2016). Consequently, IGA has been applied to various 

problems in computational mechanics (Bazilevs, Beirao da Veiga, Cottrell, Hughes & 

Sangalli, 2006; Hughes, Cottrell & Bazilevs, 2005), including those related to beam 

structures (Bauer, Breitenberger, Philipp, Wüchner & Bletzinger, 2016; Bauer, 

Wüchner & Bletzinger, 2020; Dimas & Briassoulis, 1999; Jočković, 2021; Vo, 

Borković, Nanakorn & Bui, 2020; Vo, Duong, Rungamornrat & Nanakorn, 2022; Vo, 

Li, Nanakorn & Bui, 2021; Vo & Nanakorn, 2020, 2020; Vo, Nanakorn & Bui, 2020, 
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2020, 2021; Vo, Nanakorn, Bui & Rungamornrat, 2022). Various CAD splines can be 

employed in IGA, such as U-splines, T-splines, S-splines, B-splines, and Bézier curves 

(Dimitri et al., 2014; Han, Ma & Huang, 2008; Hartley & Judd, 1980; Li & Sederberg, 

2019; Lian, Kerfriden & Bordas, 2017; Prautzsch, Boehm & Paluszny, 2002; Ren, Shou 

& Lin, 2022; Sederberg, Zheng, Bakenov & Nasri, 2003; Thomas, Engvall, Schmidt, 

Tew & Scott, 2022). Additionally, rational forms of these CAD splines are favored due 

to their capability to capture complex and arbitrary shapes such as conic sections (Farin, 

1992; Kim & Kang, 2011). Among these CAD interpolations, NURBS functions have 

gained popularity (Rogers, 2001). The works of Piegl (1991), Piegl and Tiller (1996), 

and Dimas and Briassoulis (1999) provide comprehensive overviews of NURBS, 

covering basic formulations and properties such as non-negativity, partition of unity, 

local support, differentiability. Moreover, each of these works presents specific 

applications and insights derived from their investigations into NURBS. 

Typically, weights employed in NURBS basis functions are optimized to best 

represent the considered geometry. For instance, in the studies of Ma and Kruth (1998) 

and Carlson (2009), weights in NURBS basis functions are adjusted to fit curves and 

surfaces in reverse engineering. Meanwhile, in the study of Zhang, Zhu and Guo (2017), 

weights are manipulated to define the regular control surface for NURBS surfaces. This 

study elucidates the geometric meaning of weights and states that a regular control 

surface represents the limit of a NURBS surface when all control points are fixed but 

their weights approach infinity. Additionally, in shape optimization using NURBS basis 

functions, the flexibility and accuracy of solutions are significantly improved by 

including weights as design variables (Fußeder, Simeon & Vuong, 2015; Nagy, Abdalla 

& Gürdal, 2010, 2010, 2011; Nagy, IJsselmuiden & Abdalla, 2013; Qian, 2010; Wall, 

Frenzel & Cyron, 2008). Furthermore, an extended form of NURBS, known as 

generalized non-uniform rational B-splines (GNURBS), introduced by Taheri, 

Abolghasemi and Suresh (2020), uses different sets of weights for different coordinates 

in the employed coordinate system. As GNURBS is shown to be a disguised form of 

higher-order classic NURBS, it inherits all properties of NURBS that ensures a strong 

theoretical foundation. GNURBS offers better approximations than traditional NURBS 

for both smooth and rapidly varying fields. To illustrate the behavior of GNURBS 

compared to NURBS, a MATLAB toolbox called GNURBS Lab can be used. Building 
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on this concept, Taheri and Suresh (2020) applied GNURBS to devise an adaptive w-

refinement technique, where weights are decoupled for the geometry and solution 

space. Weights in the solution space are treated as design variables, enriching the 

solution space while preserving the underlying geometry and its parameterization. This 

technique achieves convergence rates that are one order higher than conventional IGA 

in smooth problems, and significantly improves the solution accuracy in problems with 

sharply varying solutions. Moreover, Taheri and Suresh (2022) extended the concept to 

bivariate parametric surfaces, improving the approximation of certain classes of 

surfaces, such as helicoids, revolved surfaces, and minimal surfaces. A MATLAB 

toolbox called GNURBS3D-Lab is available for illustrating the behavior and properties 

of GNURBS surfaces compared to classic NURBS surfaces. 

Beams, the focal case studies of this research, have been extensively 

investigated, with their theories well-established and documented in various sources. 

Notably, Euler-Bernoulli and Timoshenko-Ehrenfest beams are the two most 

recognized models (Bauchau & Craig, 2009; Biondi & Caddemi, 2007; Davis, Henshell 

& Warburton, 1972; Elishakoff, 2020; Hutchinson, 2001; Kopmaz & Gündoğdu, 2003; 

Labuschagne, van Rensburg & Van der Merwe, 2009; Thomas, Wilson & Wilson, 

1973; Wang, 1995). The primary distinction between these two beam models is that 

Timoshenko-Ehrenfest beams account for shear effects, while Euler-Bernoulli beams 

do not. During deformation, a plane cross-section initially orthogonal to the beam axis 

is assumed to remain plane and orthogonal to the beam axis in Euler-Bernoulli beams, 

while in Timoshenko-Ehrenfest beams, it is assumed to remain plane but not necessarily 

orthogonal to the beam axis. In practice, many beam structures are designed to be used 

under significant displacements during normal usage, necessitating reliable analysis 

methods to ensure accurate designs. As a result, various beam elements, from straight 

to curved, have been developed to meet specific demands and scenarios. Formulating 

beam elements requires a thorough understanding of these beam theories, along with a 

solid foundation in calculus (Lebedev, Cloud & Eremeyev, 2010), nonlinear continuum 

mechanics of solids (Basar & Weichert, 2000), applied mechanics (Reddy, 2017), and 

nonlinear FEA in structural mechanics (Rust, 2015). 

In the context of straight beam elements, derivations are typically performed 

within Cartesian coordinate systems (Caillerie, Kotronis & Cybulski, 2015; Chad E & 
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Alex J, 2010; Irschik & Gerstmayr, 2009; Nanakorn & Vu, 2006; Vo, Duong, 

Rungamornrat & Nanakorn, 2022). In the study by Simo (1985), a clear and concise 

deformation map for three-dimensional (3D) geometrically nonlinear beams was 

introduced by incorporating a rotation tensor to represent cross-sectional finite rotation, 

offering a versatile approach applicable to both Euler-Bernoulli and Timoshenko-

Ehrenfest beams. Building on this, Auricchio, Carotenuto and Reali (2008) highlighted 

the intrinsic characteristics of this 3D beam model by applying the small-strain 

assumption, which neglects higher-order terms of the Green-Lagrange strains. This 

approach simplifies the model equations, making them suitable for finite deformations 

with small strains. Additionally, Nanakorn and Vu (2006) developed a 2D straight 

Euler-Bernoulli beam element, designed for large-displacement and small-strain 

problems. Their model incorporates both the cross-sectional rotation tensor and the 

small-strain assumption, truncating higher-order terms of Green-Lagrange strains to 

yield simpler formulations. Furthermore, Chorn, Vo and Nanakorn (2021) effectively 

applied these concepts to develop 2D IGA straight Timoshenko-Ehrenfest beams using 

B-spline approximations. 

Nonetheless, many beam structures designed for large displacements are not 

straight. Additionally, regardless of their initial configurations, the deformations always 

involve curved configurations. Accurately representing these initially curved beams 

and their deformed states requires a greater number of straight beam elements, making 

the computations expensive. As a result, using curved beam elements, which are 

derived with curved configurations from the outset, is preferable as it can reduce the 

number of required elements. Moreover, unlike straight beam elements, curved beam 

elements are commonly formulated in curvilinear coordinate systems (Auricchio, 

Carotenuto & Reali, 2008; Thompson, 1982; Vo & Nanakorn, 2020, 2020). Using 

curvilinear coordinate systems eliminates the need for coordinate transformations 

between local and global coordinates, simplifying implementation and reducing 

computational cost. In the studies by Vo and Nanakorn (2020, 2020), planar NURBS-

based curved Euler-Bernoulli and Timoshenko-Ehrenfest beam elements are introduced 

for analyses of thin and curved beam structures, undergoing large displacements and 

finite strains. The formulations are developed within curvilinear coordinate systems, 

consisting of contravariant and covariant coordinate systems. The Green-Lagrange 
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strain tensor is expressed in the contravariant system, while its energy conjugate, the 

second Polia-Kirchoff stress tensor, is written in the covariant system. These elements 

demonstrate high accuracy and convergence with increasing DOFs. Additionally, Vo, 

Nanakorn and Bui (2020, 2021) extended their studies to build 3D NURBS-based 

curved Euler-Bernoulli and Timoshenko-Ehrenfest beams. 

As previously mentioned, weights employed in NURBS basis functions are 

typically optimized to best represent the geometry under consideration. In most IGA 

studies, these weights are optimized for the initial configurations, and remain 

unchanged throughout deformation. However, with large displacements, deformed 

configurations can deviate significantly from the initial state. Using fixed weights 

throughout the deformation can obviously reduce performance. To fully leverage the 

advantages of NURBS basis functions, weights should be varied to better adapt to 

deformed configurations. Applying this concept to IGA beams, Vo, Duong, 

Rungamornrat and Nanakorn (2022) treated weights in rational cubic Bézier basis 

functions as additional DOFs in their 2D IGA Euler-Bernoulli beam element. Their 

findings show that the presented element with varying weights outperforms the fixed-

weight element in terms of solution accuracy and convergences with increasing DOFs. 

However, despite the clear reasoning for using varying weights during deformation, the 

application of this concept in IGA remains notably limited. 

The success of beam elements in simulating flexible structures largely depends 

on addressing locking phenomena (Belytschko, Liu, Moran & Elkhodary, 2014; 

Hughes, 2012), i.e., membrane and shear locking. In conventional FEM, several 

techniques have been devised to address these locking problems. Examples include 

increasing the order of interpolations (Ashwell & Gallagher, 1976; Meck, 1980), using 

different interpolations for different kinematic unknowns (Babu & Prathap, 1986; 

Babu, Subramanian & Prathap, 1987; Ishaquddin, Raveendranath & Reddy, 2012, 

2013), reduced and selective integration techniques (Noor & Peters, 1981; Prathap, 

1985; Prathap & Bhashyam, 1982; Prathap & Naganarayana, 1990; Stolarski & 

Belytschko, 1982), mixed methods (Aköz, Omurtag & Doḡruoḡlu, 1991; Benlemlih & 

El Ferricha, 2002; Doğruoğlu & Kömürcü, 2019; Kim & Kim, 1998; Nukala & White, 

2004), assumed natural strain and B̅-projection methods (Choit & Lim, 1995; Hughes, 

1980; Karamanlidis & Jasti, 1987; Kim, 2010; Simo & Hughes, 1986), and discrete 
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strain gap methods (Bletzinger, Bischoff & Ramm, 2000; Koschnick, Bischoff, 

Camprubí & Bletzinger, 2005). However, implementing these strategies often increases 

computational costs and can introduce numerical instabilities, such as hourglass modes 

in reduced and selective integration techniques (Flanagan & Belytschko, 1981). As a 

result, there is a continuous demand for intrinsically locking-free beam elements 

(Kiendl, Auricchio, Hughes & Reali, 2015; Kiendl, Auricchio & Reali, 2018). 

Unfortunately, locking effects are not automatically eliminated with NURBS-based 

discretization, and some strategies of FEM have been extended to the IGA approach. 

Examples include increasing the order of interpolations (Bouclier, Elguedj & 

Combescure, 2012; Vo & Nanakorn, 2020; Vo, Nanakorn & Bui, 2020), reduced and 

selective integration techniques (Adam, Bouabdallah, Zarroug & Maitournam, 2014; 

Bouclier, Elguedj & Combescure, 2012), assumed natural strain and B̅-projection 

methods (Bouclier, Elguedj & Combescure, 2012; Greco, Cuomo, Contrafatto & 

Gazzo, 2017; Hu, Hu & Xia, 2016), and discrete strain gap methods (Echter & Bischoff, 

2010). While achieve varying degrees of success, concerns about generalization and 

cost efficiency remain. 

The significance of computer implementation cannot be overstated, as computer 

science is one of the three fundamental pillars of computational mechanics, alongside 

mathematics and mechanics. Various programming languages are available for 

computer implementation. In this study, MATLAB (Higham & Higham, 2016; Routh, 

2016) is employed due to its robust graphical capabilities and symbolic engine. 

Additionally, a range of solution techniques (Torkamani & Sonmez, 2008), including 

Linear Incremental, Incremental-Iterative, Newton-Raphson, Displacement Control, 

and Generalized Displacement Control methods, can be used to solve nonlinear finite 

element equation systems. 
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CHAPTER 3  

PLANAR NON-UNIFORM RATIONAL B-SPLINE CURVES 

 

IGA is a computational approach that integrates FEA and CAD tools to produce 

highly accurate models. In the IGA framework, various CAD splines can be employed, 

including Bézier functions, B-splines, T-splines, U-splines, and S-splines. Rational 

splines are also favored, with non-uniform rational B-splines (NURBS) being 

prevalent. In this study, planar NURBS representations are employed. 

Generally, a planar NURBS curve can be expressed as (Hughes, Cottrell & 

Bazilevs, 2005; Piegl & Tiller, 1996; Prautzsch, Boehm & Paluszny, 2002) 

 

𝐂(𝜉) = ∑𝑟𝑖,𝑝(𝜉)𝐜𝑖

𝑛

𝑖=1

 (3.1)  

 

where 𝑛 is the number of control points and 𝐜𝑖 ∈ ℝ2 represents the 𝑖-th control point. 

Additionally, 𝑟𝑖,𝑝(𝜉) is a NURBS basis function expressed in terms of a parametric 

variable 𝜉 as 

 

𝑟𝑖,𝑝(𝜉) =
𝑁𝑖,𝑝(𝜉)𝑤𝑖

∑ 𝑁𝑗,𝑝(𝜉)𝑤𝑗
𝑛
𝑗=1

 (3.2)  

 

where 𝑁𝑖,𝑝(𝜉) denotes a B-spline basis function defined over a knot vector Ξ =

{𝜉1, 𝜉2, … , 𝜉𝑛+𝑝+1}, with 𝜉𝑖 ≤ 𝜉𝑖+1 representing a knot value and 𝑝 indicating the degree 

of the basis function. Moreover, 𝑤𝑖 is a non-negative weight. The term "non-uniform" 

in NURBS refers to the flexible distribution of knot values, meaning that the spacing 

between adjacent knot values can vary. 

In this study, cubic NURBS representations are employed for Euler-Bernoulli 

beams, while quadratic and cubic NURBS representations are used for Timoshenko-

Ehrenfest beams. The parametric variable 𝜉 is set in the range from 0 to 1, i.e., 𝜉 ∈

[0, 1]. 
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For quadratic NURBS (𝑝 = 2), the knot vector Ξq = {0, 0, 0, 1, 1, 1} is used. In 

this case, there are three control points (𝑛 = 3) and three quadratic B-spline basis 

functions, explicitly defined as 

 

𝑁1,2(𝜉) = (1 − 𝜉)2 𝑁2,2(𝜉) = 2𝜉(1 − 𝜉) 𝑁3,2(𝜉) = 𝜉2 . (3.3)  

 

For cubic NURBS (𝑝 = 3), the knot vector Ξc = {0, 0, 0, 0, 1, 1, 1, 1} is employed. 

There are four control points (𝑛 = 4) and four cubic B-spline basis functions, i.e., 

 

𝑁1,3(𝜉) = (1 − 𝜉)3 𝑁2,3(𝜉) = 3𝜉(1 − 𝜉)2 (3.4)  

𝑁3,3(𝜉) = 3𝜉2(1 − 𝜉) 𝑁4,3(𝜉) = 𝜉3 . (3.5)  

 

Illustrations of these quadratic and cubic B-spline basis functions are shown in 

Figure 3.1a and Figure 3.2a, respectively. For demonstration, quadratic NURBS basis 

functions are constructed using these quadratic B-spline basis functions with 𝑤1 = 1, 

𝑤2 = 2, 𝑤3 = 1, as shown in Figure 3.1a. Meanwhile, cubic NURBS basis functions 

are constructed using these cubic B-spline basis functions with 𝑤1 = 1, 𝑤2 = 4, 𝑤3 =

3, and 𝑤4 = 1, as shown in Figure 3.2b. Note that, if uniform weights are used, NURBS 

basis functions transform into B-spline basis functions, making B-spline basis functions 

special cases of NURBS basis functions. 

In Figure 3.1b, two different quadratic NURBS curves with the same three 

control points are shown. Similarly, two different cubic NURBS curves with the same 

four control points are shown in Figure 3.2c. In these figures, the solid NURBS curves 

are constructed using uniform weights, meaning that their NURBS basis functions are 

simply the B-spline basis functions shown in Figure 3.1a and Figure 3.2a. 

Consequently, the solid NURBS curves are in fact B-spline curves. The dashed curves 

are NURBS curves constructed using the NURBS basis functions shown in Figure 3.1a 

and Figure 3.2b. Increasing the weight associated with a control point increases the 

proximity of the NURBS curve to that specific control point, as demonstrated by the 

dashed NURBS curves. Conversely, reducing the weight induces a deviation away from 
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the respective control point. For more details on NURBS, refer to the work of Piegl and 

Tiller (1996). 

 

 

Figure 3.1 (a) quadratic B-spline and NURBS basis functions with 𝑤1 = 𝑤3 = 1, 

𝑤2 = 2, (b) quadratic NURBS curves, with knot vector Ξq = {0, 0, 0, 1, 1, 1}. 
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Figure 3.2 (a) Cubic B-spline basis functions, (b) cubic NURBS basis functions with 

𝑤1 = 𝑤4 = 1, 𝑤2 = 4, 𝑤3 = 3, (c) cubic NURBS curves, with knot vector Ξc =

{0, 0, 0, 0, 1, 1, 1, 1}. 
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CHAPTER 4  

A PLANAR CURVED EULER-BERNOULLI BEAM ELEMENT 

FOR LARGE-DISPLACEMENT AND SMALL-STRAIN 

ANALYSIS USING NURBS CURVES WITH VARYING 

WEIGHTS 

 

In this chapter, a novel planar curved Euler-Bernoulli beam element is 

developed for large-displacement and small-strain analysis, incorporating NURBS-

based representations, the varying-weight concept, the small-strain assumption, and the 

thin-beam assumption. Curvilinear coordinate systems are employed to formulate the 

curved beam element, eliminating the need to transform finite element equations 

between local and global coordinates. The physical meanings of the derived strain 

components are clearly articulated. The performance of the proposed varying-weight 

element is validated through comparisons with a constant-weight element in five beam 

problems, considering factors such as accuracy, convergence with increasing DOFs, 

recovery of strain measures, and mitigation of locking effects. 

 

4.1 Kinematics of planar curved Euler-Bernoulli beams 

4.1.1 Beam configurations, basis vectors, and curvilinear coordinate systems 

The total Lagrangian description is used to describe different configurations of 

a planar curved Euler-Bernoulli beam. This approach involves describing the beam’s 

deformation through its two configurations, i.e., the initial and deformed 

configurations, as depicted in Figure 4.1. In the total Lagrangian description, the initial 

configuration serves as the reference configuration. Let 𝑆 be the arc-length variable of 

the undeformed beam axis in the initial configuration. Let 𝑄0 denote a material point 

on the undeformed beam axis, located at 𝑆. After deformation, 𝑄0 undergoes a 

displacement to a new position 𝑞0, as shown in Figure 4.1. The relationship between 

the coordinates of 𝑄0 and 𝑞0 is expressed as follows: 

 

𝐮0(𝑆) = 𝐫0(𝑆) − 𝐑0(𝑆) (4.1)  
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where 𝐑0(𝑆) and 𝐫0(𝑆) represent, respectively, the coordinates of 𝑄0 and 𝑞0 in the 𝑋𝑌 

coordinate system. Moreover, 𝐮0(𝑆) = [𝑢0𝑋 𝑢0𝑌]T denotes the vector of translational 

displacements from 𝑄0 to 𝑞0. 

 

 

Figure 4.1 Initial and deformed configurations of a planar curved Euler-Bernoulli 

beam. 

The tangent vectors of the reference and deformed beam axes, denoted by 𝐀1(𝑆) 

and 𝐚1(𝑆) respectively and shown in Figure 4.1, are determined as 

 

𝐀1(𝑆) =
d𝐑0(𝑆)

d𝑆
= 𝐑0

′ (𝑆) 𝐚1(𝑆) =
d𝐫0(𝑆)

d𝑆
= 𝐫0

′(𝑆). (4.2)  

 

The use of primes indicates differentiations with respect to the arc-length 𝑆. Using the 

obtained tangent vectors, the director vectors of the reference and deformed beam axes, 

denoted, respectively, by 𝐀2 and 𝐚2 are written as 
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𝐀2 = 𝚲(
𝜋

2
)𝐀1 𝐚2 = 𝚲(

𝜋

2
)

𝐚1

‖𝐚1‖
= 𝚲(

𝜋

2
)
𝐚1

𝑎1
 (4.3)  

 

where 𝚲(𝜑) is the rotation tensor, written in matrix form as 𝚲(𝜑) = [
cos𝜑 − sin𝜑
sin𝜑 cos𝜑

]. 

Note that 𝐀1, 𝐀2 and 𝐚2 are unit vectors. In addition, 𝑎1 denotes the length of 𝐚1. 

In the reference configuration, let 𝑄 denote a material point located on the same 

cross-section as 𝑄0. As shown in Figure 4.1, the coordinates of 𝑄, denoted by 𝐑, can 

be written as 

 

𝐑 = 𝐑0 + 𝑇𝐀2. (4.4)  

 

After deformation, 𝑄 moves to a new position 𝑞, situated on the same cross-section but 

now in the deformed configuration. Subsequently, the coordinates of 𝑞, denoted by 𝐫, 

are determined as 

 

𝐫 = 𝐫0 + 𝑇𝐚2. (4.5)  

 

From the above expressions of 𝐑 and 𝐫, the following basis vectors are defined 

(Vo & Nanakorn, 2020) 

 

𝐆1 =
𝜕𝐑

𝜕𝑆
= 𝐀1 + 𝑇𝐀2

′  𝐠1 =
𝜕𝐫

𝜕𝑆
= 𝐚1 + 𝑇𝐚2

′  (4.6)  

𝐆2 =
𝜕𝐑

𝜕𝑇
= 𝐀2 𝐠2 =

𝜕𝐫

𝜕𝑇
= 𝐚2. (4.7)  

 

It is evident from their expressions that 𝐆1 and 𝐠1 are tangent to their corresponding 

beam axes, while 𝐆2 and 𝐠2 are tangent to their corresponding cross-sections. For 

Euler-Bernoulli beams, a cross-section always remains perpendicular to the beam axis. 

Note that the derivatives of 𝐀2 and 𝐚2, which are unit vectors normal to their respective 

beam axes, with respect to 𝑆 are tangent to their respective beam axes. 
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The basis vectors 𝐆1 and 𝐆2 are ultilized to form the covariant curvilinear 

coordinate system employed in the derivation. For the expression of the virtual work 

equation using the Green-Lagrange strain and second Piola-Kirchhoff stress tensors in 

this study, the reciprocal contravariant coordinate system is also introduced. The 

contravariant coordinate system is formed by the reciprocal basis vectors of 𝐆1 and 𝐆2, 

denoted by 𝐆1 and 𝐆2, respectively. The vectors 𝐆1 and 𝐆2 are defined by the following 

relation: 

 

𝐆𝛼 ∙ 𝐆𝛽 = {
0     𝛼 ≠ 𝛽
1     𝛼 = 𝛽

 (4.8)  

 

where 𝛼, 𝛽 = 1,2. This definition yields 

 

𝐆1 =
𝐆1

𝐆1 ∙ 𝐆1
 𝐆2 = 𝐆2. (4.9)  

 

For more details about curvilinear coordinate systems, please refer to the studies of Vo 

and Nanakorn (2020, 2020). 

 

4.1.2 The Green-Lagrange strain and second Piola-Kirchhoff stress tensors 

The Green-Lagrange strain tensor 𝐄 is written as (Vo & Nanakorn, 2020) 

 

𝐄 = 𝐸𝛼𝛽𝐆𝛼 ⊗ 𝐆𝛽 =
1

2
(𝐅T𝐅 − 𝐆) (4.10)  

 

where 𝐅 is the deformation gradient tensor and 𝐆 is the metric tensor, defined in the 

reference configuration. Explicitly, 𝐅 and 𝐆, are given as (Basar & Weichert, 2000) 

 

𝐅 = 𝐠𝛼⨂𝐆𝛼 = 𝐠1 ⊗ 𝐆1 + 𝐠2 ⊗ 𝐆2 (4.11)  

𝐆 = 𝐺𝛼𝛽𝐆𝛼⨂𝐆β = (𝐆1 ∙ 𝐆1)𝐆
1 ⊗ 𝐆1 + 𝐆2 ⊗ 𝐆2. (4.12)  

 

Note that the following relationship holds: 
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𝐺12 = 𝐆1 ∙ 𝐆2 = 𝐺21 = 𝐆2 ∙ 𝐆1 = 0. (4.13)  

 

In Figure 4.1, the angle from the vectors 𝐀2 to 𝐚2 is the rotation of the cross-section 

and is denoted by 𝜃. The rotation can be expressed as 

 

𝐚2 =  𝚲(𝜃)𝐀2. (4.14)  

 

Additionally, the right stretch tensor 𝐐 is determined as 

 

𝐐 = 𝚲T(𝜃)𝐅. (4.15)  

 

It follows that 

 

𝐄 =
1

2
(𝐅T𝐅 − 𝐆) =

1

2
[(𝚲(𝜃)𝐐)T(𝚲(𝜃)𝐐) − 𝐆]

=
1

2
(𝐐T𝚲T(𝜃)𝚲(𝜃)𝐐 − 𝐆) =

1

2
(𝐐T𝐐 − 𝐆). 

(4.16)  

 

Define a tensor 𝐋 as 

 

𝐋 =  𝐐 − 𝐆. (4.17)  

 

By using Equation (4.17) in Equation (4.16), the Green-Lagrange strain tensor in 

Equation (4.10) is expressed as 

 

𝐄 =
1

2
(𝐐T𝐐 − 𝐆) =

1

2
(𝐋T𝐋 + 𝐋T𝐆 + 𝐆T𝐋 + 𝐆T𝐆 − 𝐆)

=
1

2
(𝐋T𝐋 + 𝐋T + 𝐋). 

(4.18)  
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In the above equation, some properties of the metric tensor 𝐆 are utilized, i.e., 𝐆T = 𝐆 

and 𝐆𝐂 = 𝐂𝐆 = 𝐂 for all arbitrary tensors 𝐂 (Basar & Weichert, 2000).  

In essence, the orthonormal vectors 𝐚1/𝑎1  and 𝐚2 can be seen as the results of 

rotating the orthonormal vectors 𝐀1 and 𝐀2 by the angle 𝜃, respectively. Similarly, the 

orthonormal vectors 𝐠1/‖𝐠1‖  and 𝐠2 can be regarded as the results of rotating the 

orthonormal vectors 𝐆1/‖𝐆1‖ and 𝐆2 by the angle 𝜃, respectively. Thus, the rotation 

tensor 𝚲(𝜃) can be written in terms of these vectors as 

 

𝚲(𝜃) =
𝐚1

𝑎1
⊗ 𝐀1 + 𝐚2 ⊗ 𝐀2 =

𝐠1

𝑔1
⊗

𝐆1

𝐺1
+ 𝐠2 ⊗ 𝐆2 (4.19)  

 

where 𝐺1 and 𝑔1 denote the lengths of 𝐆1 and 𝐠1, respectively. 

Straightforwardly, the transpose of 𝚲(𝜃) is obtained as 

 

𝚲T(𝜃) = 𝐀1 ⊗
𝐚1

𝑎1
+ 𝐀2 ⊗ 𝐚2 =

𝐆1

𝐺1
⊗

𝐠1

𝑔1
+ 𝐆2 ⊗ 𝐠2. (4.20)  

 

Using Equations (4.9), (4.11), (4.12), (4.15), and (4.20) with Equation (4.17) 

and noting that 𝐠1 ∙ 𝐠2 = 𝐠2 ∙ 𝐠1 = 0 yield 

 

𝐋 = (𝑔1 − 𝐺1)𝐺1𝐆
1 ⊗ 𝐆1. (4.21)  

 

Let 𝑘0 denote the signed curvature of the initial configuration, given by 

 

𝑘0 =
‖𝐑0

′ (𝑆)‖‖𝐑0
′′(𝑆)‖ sin 𝛺

‖𝐑0
′ (𝑆)‖3

=
𝐑0

′′(𝑆) ∙ 𝚲 (
𝜋
2)𝐑0

′ (𝑆)

‖𝐑0
′ (𝑆)‖3

=
𝐀1

′ ∙ 𝚲 (
𝜋
2)𝐀1

‖𝐀1‖3

= 𝐀1
′ ∙ 𝐀2 = −𝐀1 ∙ 𝐀2

′  

(4.22)  

 

where 𝛺 is the angle from 𝐑0
′ (𝑆) to 𝐑0

′′(𝑆). Similarly, let 𝑘 denote the signed curvature 

of the deformed configuration, given by 
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𝑘 =
‖𝐫0

′(𝑆)‖‖𝐫0
′′(𝑆)‖ sin𝜔

‖𝐫0
′(𝑆)‖3

=
𝐫0

′′(𝑆) ∙ 𝚲 (
𝜋
2) 𝐫0

′(𝑆)

‖𝐫0
′(𝑆)‖3

=
𝐚1

′ ∙ 𝚲 (
𝜋
2) 𝐚1

‖𝐚1‖3

=
𝐚1

′ ∙ (𝑎1𝐚2)

𝑎1
3 = −

𝐚1 ∙ 𝐚2
′

𝑎1
2  

(4.23)  

 

where 𝜔 is the angle from 𝐫0
′(𝑆) to 𝐫0

′′(𝑆). In addition, in Equations (4.22) and (4.23), 

the following is used, i.e., 

 

(𝐀1 ∙ 𝐀2)
′ = 0 = 𝐀1

′ ∙ 𝐀2 + 𝐀1 ∙ 𝐀2
′  (𝐚1 ∙ 𝐚2)

′ = 0 = 𝐚1
′ ∙ 𝐚2 + 𝐚1 ∙ 𝐚2

′ . (4.24)  

 

Recall that 𝐀1 and 𝐀2
′  are both tangent to the initial beam axis and 𝐀1 is a unit vector. 

In addition, 𝐚1/𝑎1 and 𝐚2
′  are tangent to the deformed beam axis and 𝐚1/𝑎1 is a unit 

vector. It follows that 

 

𝐀2
′ = (𝐀1 ∙ 𝐀2

′ )𝐀1 = −𝑘0𝐀1 𝐚2
′ = (

𝐚1

𝑎1
∙ 𝐚2

′ )
𝐚1

𝑎1
= −𝑘𝐚1. (4.25)  

 

Consequently, 𝐆1 and 𝐠1 become 

 

𝐆1 = 𝐀1 + 𝑇𝐀2
′ = (1 − 𝑇𝑘0)𝐀1 𝐠1 = 𝐚1 + 𝑇𝐚2

′ = (1 − 𝑇𝑘)𝐚1. (4.26)  

 

Subsequently, the lengths of 𝐆1 and 𝐠1 are obtained as 

 

𝐺1 = 1 − 𝑇𝑘0 𝑔1 = 𝑎1 − 𝑎1𝑇𝑘. (4.27)  

 

Substituting Equation (4.27) into Equation (4.21) yields 

 

𝐋 = [(𝑎1 − 1) − 𝑇(𝑘0(𝑎1 − 1) + (𝑎1𝑘 − 𝑘0)) + 𝑇2𝑘0(𝑎1𝑘 − 𝑘0)]𝐆
1

⊗ 𝐆1. 
(4.28)  
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For thin beams, 𝑇 is small. In addition, under small strains, (𝑎1 − 1) and 𝑇(𝑎1𝑘 − 𝑘0) 

are small. Consequently, 𝑇𝑘0(𝑎1 − 1) and 𝑇2𝑘0(𝑎1𝑘 − 𝑘0) in Equation (4.28) can be 

neglected, which yields 

 

𝐋 = [(𝑎1 − 1) − 𝑇(𝑎1𝑘 − 𝑘0)]𝐆
1 ⊗ 𝐆1. (4.29)  

 

It follows that 

 

𝐋T𝐋 = [(𝑎1 − 1)2 − 2𝑇(𝑎1 − 1)(𝑎1𝑘 − 𝑘0) + 𝑇2(𝑎1𝑘 − 𝑘0)
2]𝐆1 ⊗ 𝐆1. (4.30)  

 

Since 𝑇, (𝑎1 − 1), and 𝑇(𝑎1𝑘 − 𝑘0) are small, 𝐋T𝐋 in Equation (4.18) can be discarded 

to give 

 

𝐄 =
1

2
(𝐋T + 𝐋) = 𝐋. (4.31)  

 

Consequently, the matrix form of the tensor 𝐄 is given by 

 

𝐄 = [
𝐸11 𝐸12

𝐸21 𝐸22
] = [

(𝑎1 − 1) − 𝑇(𝑎1𝑘 − 𝑘0) 0
0 0

] = [
𝛤11 − 𝑇𝐾11 0

0 0
]. (4.32)  

 

Here, 𝛤11 represents the axial strain and 𝐾11 effectively represents the change in 

curvature due to bending. It is worth noting that axial deformation in a curved beam 

also leads to changes in curvature as evident in Equation (4.23), where the curvature 

varies with 𝑎1. 
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Figure 4.2 A thin circular ring under radial expansion. 

 

To demonstrate the physical meanings of the two components of 𝐸11, consider 

a thin circular ring with an initial axis radius of 𝑅0, as shown in Figure 4.2. The ring is 

deformed into a larger circular ring, with its axis now having a radius of 𝑟0, as also 

shown in Figure 4.2. This deformation is created such that each cross-section moves 

outward solely in the radial direction. Let 𝑆 and 𝑆̂ represent the arc-length parameters 

of the undeformed and deformed rings, respectively. The directions of the two arc-

length parameters are as shown in Figure 4.2. The signed curvatures of the two beam 

axes are obtained as 

 

𝑘0 =
1

𝑅0
 𝑘 =

1

𝑟0
 . (4.33)  

 

Let 𝐫0(𝑆̂) be the position vector of the deformed ring. The variable 𝐚1 in Equation (4.2) 

is then expressed as 

 

𝐚1 =
d𝐫0

d𝑆
=

d𝐫0

d𝑆̂

d𝑆̂

d𝑆
= 𝐧

d𝑆̂

d𝑆
 (4.34)  
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where 𝐧 is a unit tangent vector of the deformed axis. It follows that 

 

𝑎1 = ‖𝐚1‖ =
d𝑆̂

d𝑆
=

𝑟0
𝑅0

 . (4.35)  

 

Subsequently, 𝛤11 and 𝐾11 are obtained as 

 

𝛤11 = 𝑎1 − 1 =
𝑟0
𝑅0

− 1

=
2𝜋𝑟0 − 2𝜋𝑅0

2𝜋𝑅0
 

𝐾11 = 𝑎1𝑘 − 𝑘0 =
𝑟0
𝑅0

1

𝑟0
−

1

𝑅0
= 0 . (4.36)  

 

As expected, in this example, there is only axial strain, and the bending strain is zero. 

There is no change in curvature due to bending, as indicated by 𝐾11 = 0. The observed 

change in curvature is solely due to axial deformation. 

Next, the second Piola-Kirchhoff stress tensor 𝐒 is written in the covariant 

curvilinear coordinate system as 

 

𝐒 = 𝑆𝛼𝛽𝐆𝛼 ⊗ 𝐆𝛽 . (4.37)  

 

In this study, linear elastic isotropic materials are considered. The relationship between 

𝑆11 and 𝐸11 is described as (Vo & Nanakorn, 2020) 

 

𝑆11 = 𝐸̅𝐸11 (4.38)  

 

where 𝐸̅ denotes Young’s modulus measured in the covariant curvilinear coordinate 

system. Let 𝐸 represent Young’s modulus of the material. Following Vo and Nanakorn 

(2020), it is assumed in this study that, for thin beams, 𝐸̅ can be approximated as 𝐸 

without significant error. Under this assumption, 𝐸̅ on a cross-section is therefore 

constant. 
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4.1.3 Virtual work principle 

The virtual work equation is written as 

 

𝛿Π𝑖𝑛𝑡 − 𝛿Π𝑒𝑥𝑡 = 0 (4.39)  

 

where 𝛿Π𝑖𝑛𝑡 and 𝛿Π𝑒𝑥𝑡 are, respectively, the internal and external virtual work. 

The resultant internal forces are defined as 

 

𝑁11 = ∫ 𝑆11d𝐴
𝐴

= 𝐸𝐴𝛤11 𝑀11 = −∫ 𝑇𝑆11d𝐴
𝐴

= 𝐸𝐼𝛫11 (4.40)  

 

with 𝑁11 being the resultant axial force, and 𝑀11 being the resultant bending moment. 

In addition, 𝐴 is the cross-sectional area, and 𝐼 represents the cross-sectional moment 

of inertia. 

By utilizing Equation (4.40), the internal virtual work is obtained as 

 

𝛿Π𝑖𝑛𝑡 = ∫ 𝛿𝐸11𝑆
11𝑑𝑉

𝑉

= ∫ ∫ 𝛿(𝛤11 − 𝑇𝐾11)𝐸(𝛤11 − 𝑇𝐾11)𝑑𝐴
𝐴

𝑑𝑆
𝑙

0

= ∫𝛿𝚪T𝐃𝚪

𝑙

0

d𝑆 

(4.41)  

 

where 

 

𝚪 = [𝛤11  𝐾11]
T 𝐃 = [

𝐸𝐴 0
0 𝐸𝐼

]. (4.42)  

 

In addition, 𝑉 and 𝑙 are, respectively, the volume and length of the beam element in the 

reference configuration. 

To complete the virtual work equation, the external virtual work is expressed as 
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𝛿Π𝑒𝑥𝑡 = ∫[𝛿𝑢0𝑋(𝑆)𝑓𝑋(𝑆) + 𝛿𝑢0𝑌(𝑆)𝑓𝑌(𝑆) + 𝛿𝜃(𝑆)𝑚(𝑆)]d𝑆

𝑙

0

+ 𝛿𝑢0𝑋(0)𝐹𝑋(0) + 𝛿𝑢0𝑌(0)𝐹𝑌(0) + 𝛿𝜃(0)𝑀(0)

+ 𝛿𝑢0𝑋(𝑙)𝐹𝑋(𝑙) + 𝛿𝑢0𝑌(𝑙)𝐹𝑌(𝑙) + 𝛿𝜃(𝑙)𝑀(𝑙). 

(4.43)  

 

Here, 𝑢0𝑋(𝑆) and 𝑢0𝑌(𝑆) represent, respectively, the displacements of the beam axis in 

the 𝑋 and 𝑌 directions, as defined in Equation (4.1), while 𝜃(𝑆) is the rotation of the 

cross-section, introduced earlier. Moreover, 𝑓𝑋(𝑆) and 𝑓𝑌(𝑆) are, respectively, the 

distributed forces applied to the beam axis, while 𝑚(𝑆) is the distributed moment. 

Additionally, 𝐹𝑋(0), 𝐹𝑌(0), and 𝑀(0) are the applied concentrated forces and moment 

at 𝑆 = 0, and 𝐹𝑋(𝑙), 𝐹𝑌(𝑙), and 𝑀(𝑙) are the applied concentrated forces and moment 

at 𝑆 = 𝑙. 

 

4.2 NURBS representations of beam configurations with varying weights 

4.2.1 Representations of beam axes using cubic NURBS curves 

Originally, both reference and deformed beam axes are parameterized by the 

arch-length 𝑆. Here, these beam axes are further represented using NURBS curves as 

 

𝐑0(𝜉) = ∑𝑅𝑖,𝑝(𝜉)𝐂𝑖

𝑛

𝑖=1

 𝐫0(𝜉) = ∑𝑟𝑖,𝑝(𝜉)𝐜𝑖

𝑛

𝑖=1

 (4.44)  

 

where 𝑝 denotes the degree of the basis function, 𝑛 is the number of control points, and 

𝐂𝑖 = [𝑋𝑖 𝑌𝑖]
T and 𝐜𝑖 = [𝑥𝑖 𝑦𝑖]T  represent the 𝑖-th control points in the reference 

and deformed configurations, respectively. In addition, 𝑅𝑖,𝑝(𝜉) and 𝑟𝑖,𝑝(𝜉) are NURBS 

basis functions, given by 

 

𝑅𝑖,𝑝(𝜉) =
𝑁𝑖,𝑝(𝜉)𝑊𝑖

∑ 𝑁𝑗,𝑝(𝜉)𝑊𝑗
𝑛
𝑗=1

 𝑟𝑖,𝑝(𝜉) =
𝑁𝑖,𝑝(𝜉)𝑤𝑖

∑ 𝑁𝑗,𝑝(𝜉)𝑤𝑗
𝑛
𝑗=1

 (4.45)  
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where 𝑊𝑖 and 𝑤𝑖 denote non-negative weights, and 𝑁𝑖,𝑝(𝜉) denotes a B-spline basis 

function, defined over a knot vector Ξ = {𝜉1, 𝜉2, … , 𝜉𝑛+𝑝+1}, where 𝜉𝑖 ≤ 𝜉𝑖+1 is a knot 

value. 

Using Equations (4.44) in Equation (4.1) gives 

 

𝐮0(𝜉) = [
𝑢0𝑋(𝜉)

𝑢0𝑌(𝜉)
] = 𝐫0(𝜉) − 𝐑0(𝜉) = ∑𝑟𝑖,𝑝(𝜉)𝐜𝑖

𝑛

𝑖=1

− ∑𝑅𝑖,𝑝(𝜉)𝐂𝑖

𝑛

𝑖=1

. (4.46)  

 

Given that 𝐂𝑖 is constant, 𝐮0(𝜉) dependents solely on 𝐜𝑖. 

This study employs cubic NURBS representations, i.e., 𝑝 = 3, for Euler-

Bernoulli beams. By using 𝜉 ∈ [0, 1] and Ξ = Ξc = {0, 0, 0, 0, 1, 1, 1, 1}, the cubic 

NURBS consists of four control points, i.e., 𝑛 = 4, and four cubic B-spline basis 

functions determined in Equations (3.4) and (3.5). 

 

4.2.2 Degrees of freedom 

As previously mentioned, different beam configurations can be optimally 

represented by NURBS curves using various combinations of weights in their NURBS 

basis functions. Consequently, allowing some of the weights to vary constitutes a better 

strategy for representing different configurations. In this study, the weights associated 

with the second and the third control points in the deformed configuration, denoted by 

𝑤2 and 𝑤3 in Equation (4.45), are allowed to vary. Thus, the deformed configuration is 

represented using 𝐜𝑖 = [𝑥𝑖 𝑦𝑖]T, 𝑖 = 1, 2, 3, 4, along with 𝑤2 and 𝑤3. These 10 

variables can be directly used as DOFs. However, they do not include end rotational 

DOFs. The absence of end rotational DOFs poses challenges in enforcing rotational 

continuity across elements, prescribing end rotations, and applying external end 

moments. To address this limitation, a vector 𝐔, which incorporates the end rotations, 

is introduced as 

 

𝐔 = [𝑥1 𝑦1 𝜃1 𝑙1 𝑤2 𝑤3 𝑙3 𝑥4 𝑦4 𝜃4]
T. (4.47)  
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Here, 𝜃1 and 𝜃4 denotes 𝜃 at 𝑆 = 0 and 𝑙, respectively, while 𝑙𝑖 is the distance between 

the control points 𝐜𝑖 and 𝐜𝑖+1 in the deformed configuration as depicted in Figure 4.3. 

In this study, the 10 members of 𝐔 are used as DOFs. 

 

Figure 4.3 End tangent vectors and end rotations of a cubic curved beam element. 

 

In Equation (4.47), instead of utilizing 𝑥2, 𝑦2, 𝑥3, and 𝑦3 as DOFs, 𝜃1, 𝜃4, 𝑙1, 

and 𝑙3 are employed. To achieve this, 𝐜2 and 𝐜3 are written in terms of 𝜃1, 𝜃4, 𝑙1, and 

𝑙3 as 

 

𝐜2 = 𝐜1 + 𝑙1𝚲(𝜃1)𝐓1 𝐜3 = 𝐜4 − 𝑙3𝚲(𝜃4)𝐓4. (4.48)  

 

As shown in Figure 4.3, 𝐓1 and 𝐓4 denote, respectively, the unit vectors tangent to the 

reference beam axis at 𝐂1 and 𝐂4, given by 
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𝐓1 =
𝐂2 − 𝐂1

‖𝐂2 − 𝐂1‖
 𝐓4 =

𝐂4 − 𝐂3

‖𝐂4 − 𝐂3‖
. (4.49)  

 

Similarly, 𝐭1 and 𝐭4 denote, respectively, the unit vectors tangent to the deformed beam 

axis at 𝐩1 and 𝐩4, expressed as 

 

𝐭1 = 𝚲(𝜃1)𝐓1 =
𝐜2 − 𝐜1

‖𝐜2 − 𝐜1‖

=
𝐜2 − 𝐜1

𝑙1
 

𝐭4 = 𝚲(𝜃4)𝐓4 =
𝐜4 − 𝐜3

‖𝐜4 − 𝐜3‖

=
𝐜4 − 𝐜3

𝑙3
. 

(4.50)  

 

It is important to note that 𝐂1, 𝐂4, 𝐜1 and 𝐜4 are always located at the ends of the beam 

element. 

By using Equation (4.48), 𝑢0𝑋(𝜉) and 𝑢0𝑌(𝜉) in Equation (4.46) can now be 

expressed in terms of 𝑥1, 𝑦1, 𝑥4, 𝑦4, 𝜃1, 𝜃4, 𝑙1, and 𝑙3, instead of 𝑥1, 𝑦1, 𝑥2, 𝑦2, 𝑥3, 

𝑦3, 𝑥4, and 𝑦4. As 𝑤2 and 𝑤3 are treated as DOFs, 𝑢0𝑋(𝜉) and 𝑢0𝑌(𝜉) are now written 

in terms of the DOF vector 𝐔 in Equation (4.47). 

 

4.2.3 Relationship between beam axis parameters 

The initial and deformed beam axes are now parameterized using 𝑆 and 𝜉.  The 

relationship between d𝑆 and d𝜉 is expressed as 

 

d𝑆 = ‖
d𝐑0(𝜉)

d𝜉
‖d𝜉. (4.51)  

 

The above equation facilitates integrations in the 𝑆 domain of integrands expressed in 

terms of 𝜉 to be determined in the 𝜉 domain. In addition, it enables the determination 

of derivatives of functions of 𝜉 with respect to 𝑆 to be computed via the chain rule (Vo 

& Nanakorn, 2020). 

 

4.3 Planar Euler-Bernoulli beam element using cubic NURBS curves with 

varying weights 
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Define a matrix 𝐁 as 

 

𝐁

=

[
 
 
 
 
𝜕𝛤11

𝜕𝑥1

𝜕𝐾11

𝜕𝑥1

𝜕𝛤11

𝜕𝑦1

𝜕𝐾11

𝜕𝑦1

𝜕𝛤11

𝜕𝜃1

𝜕𝐾11

𝜕𝜃1

𝜕𝛤11

𝜕𝑙1
𝜕𝐾11

𝜕𝑙1

𝜕𝛤11

𝜕𝑤2

𝜕𝐾11

𝜕𝑤2

𝜕𝛤11

𝜕𝑤3

𝜕𝐾11

𝜕𝑤3

𝜕𝛤11

𝜕𝑙3
𝜕𝐾11

𝜕𝑙3

𝜕𝛤11

𝜕𝑥4

𝜕𝐾11

𝜕𝑥4

𝜕𝛤11

𝜕𝑦4

𝜕𝐾11

𝜕𝑦4

𝜕𝛤11

𝜕𝜃4

𝜕𝐾11

𝜕𝜃4 ]
 
 
 
 

. 
(4.52)  

 

Subsequently, the variation of 𝚪 in Equation (4.42) can be determined as 

 

𝛿𝚪 = 𝐁𝛿𝐔. (4.53)  

 

The internal virtual work is then written as 

 

𝛿Π𝑖𝑛𝑡 = 𝛿𝐔T ∫ 𝐁T𝐃𝚪d𝑆

𝑙

0

. (4.54)  

 

Equation (4.14)  yields 

 

𝛿𝐚2 =
d𝚲(𝜃)

d𝜃
𝐀2𝛿𝜃 = −𝚲(𝜃 −

𝜋

2
)𝐀2𝛿𝜃 = −

𝐚1

𝑎1
𝛿𝜃 (4.55)  

 

which leads to 

 

𝛿𝜃 = −
𝐚1

𝑎1
∙ 𝛿𝐚2. (4.56)  

 

Introduce vectors 𝐇𝑋, 𝐇𝑌 and 𝐇𝜃 as 

 

𝐇𝑋 = [
𝜕𝑢0𝑋

𝜕𝑥1

𝜕𝑢0𝑋

𝜕𝑦1

𝜕𝑢0𝑋

𝜕𝜃1

𝜕𝑢0𝑋

𝜕𝑙1

𝜕𝑢0𝑋

𝜕𝑤2

𝜕𝑢0𝑋

𝜕𝑤3

𝜕𝑢0𝑋

𝜕𝑙3

𝜕𝑢0𝑋

𝜕𝑥4

𝜕𝑢0𝑋

𝜕𝑦4

𝜕𝑢0𝑋

𝜕𝜃4
] (4.57)  

𝐇𝑌 = [
𝜕𝑢0𝑌

𝜕𝑥1

𝜕𝑢0𝑌

𝜕𝑦1

𝜕𝑢0𝑌

𝜕𝜃1

𝜕𝑢0𝑌

𝜕𝑙1

𝜕𝑢0𝑌

𝜕𝑤2

𝜕𝑢0𝑌

𝜕𝑤3

𝜕𝑢0𝑌

𝜕𝑙3

𝜕𝑢0𝑌

𝜕𝑥4

𝜕𝑢0𝑌

𝜕𝑦4

𝜕𝑢0𝑌

𝜕𝜃4
] (4.58) 
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𝐇𝜃

= −
1

𝑎1

[𝐚1 ∙
𝜕𝐚2

𝜕𝑥1

𝐚1 ∙
𝜕𝐚2

𝜕𝑦1

𝐚1 ∙
𝜕𝐚2

𝜕𝜃1

𝐚1 ∙
𝜕𝐚2

𝜕𝑙1
𝐚1 ∙

𝜕𝐚2

𝜕𝑤2

𝐚1 ∙
𝜕𝐚2

𝜕𝑤3

𝐚1 ∙
𝜕𝐚2

𝜕𝑙3
𝐚1 ∙

𝜕𝐚2

𝜕𝑥4

𝐚1 ∙
𝜕𝐚2

𝜕𝑦4

𝐚1 ∙
𝜕𝐚2

𝜕𝜃4

]. (4.59) 

 

By using 𝐇𝑋, 𝐇𝑌, and 𝐇𝜃, the variations of 𝑢0𝑋, 𝑢0𝑌 and 𝜃 can be expressed as 

 

𝛿𝑢0𝑋 = 𝐇𝑋𝛿𝐔 𝛿𝑢0𝑌 = 𝐇𝑌𝛿𝐔 𝛿𝜃 = 𝐇𝜃𝛿𝐔. (4.60)  

 

Define an end force vector 𝐏 as 

 

𝐏 = [𝐹𝑋(0) 𝐹𝑌(0) 𝑀(0) 0 0 0 0 𝐹𝑋(𝑙) 𝐹𝑌(𝑙) 𝑀(𝑙)]T. (4.61)  

 

The external virtual work is then expressed as 

 

𝛿Π𝑒𝑥𝑡 = 𝛿𝐔T ∫(𝐇𝑋
T𝑓𝑋 + 𝐇𝑌

T𝑓Y + 𝐇𝜃
T𝑚)d𝑆

𝑙

0

+  𝛿𝐔T𝐏. (4.62)  

 

Equations (4.39), (4.54), and (4.62) lead to the system of nonlinear governing 

equations, i.e., 

 

𝚽 = 𝐩 + 𝐏 (4.63)  

 

where 

 

𝚽 = ∫𝐁T𝐃𝚪d𝑆

𝑙

0

 𝐩 = ∫(𝐇𝑋
T𝑓𝑋 + 𝐇𝑌

T𝑓Y + 𝐇𝜃
T𝑚)d𝑆

𝑙

0

. (4.64)  

 

Equation (4.64) is nonlinear with respect to the discrete unknowns, and the Newton-

Raphson method (Torkamani & Sonmez, 2008) is used to solve it in this study. To this 

end, the derivatives of 𝚽 and 𝐩 with respect to the components of 𝐔 must be 
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determined. This task is carried out using symbolic computing capabilities of available 

commercial software.  

 

4.4 Numerical examples 

The proposed Euler-Bernoulli beam element is validated by solving five beam 

problems, each involving large and complex deformations. These examples utilize 

prismatic beams with rectangular cross-sections, where 𝑏 and ℎ represent the width and 

height of the cross-section, respectively. In addition, 𝐸 denotes Young’s modulus, and 

𝐼 = 𝑏ℎ3/12 is the cross-sectional moment of inertia. To thoroughly assess the 

efficiency of the varying-weight concept, the performances of the proposed varying-

weight element are rigorously compared with those of the constant-weight element. 

Specifically, three models—VW, CW1, and CW2—are employed for each problem. 

Model VW uses the minimum number of varying-weight elements necessary to yield 

accurate solutions, while model CW1 employs constant-weight elements with a 

comparable number of DOFs to VW. As CW1 for each problem consistently exhibits 

lower accuracy than VW, the number of employed constant-weight elements is 

increased from CW1 until the solution attains the accuracy level of VW. The resulting 

model is referred to as CW2. The details of the models for the five problems are shown 

in Table 4.1, while the assessments specific to each problem are presented in a separate 

subsection. In the first problem, the reference solutions are obtained analytically, while 

the reference solutions in the other problems are converged solutions obtained using 

fine meshes of the planar curved Euler-Bernoulli beam element proposed in the study 

of Vo and Nanakorn (2020). 
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Table 4.1 Model details. 

Problem 

No. of elements (No. of DOFs) DOF 

ratio of 

CW2 

/VW 
VW CW1 CW2 

4.4.1 – A circular arch under a 

uniformly distributed moment 
7 (49) 10 (50) 28 (140) 2.9 

4.4.2 – A spiral beam under an 

end moment 
17 (119) 24 (120) 54 (270) 2.3 

4.4.3 – A curved spring in 

compression 
14 (98) 20 (100) 50 (250) 2.6 

4.4.4 – A wheel with curved 

spokes under equidistant 

concentrated rim loads 

32 (212) 48 (228) 120 (588) 2.8 

4.4.5 – An S-shaped beam under 

equal end moments 
16 (111) 23 (114) 59 (294) 2.6 
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4.4.1 A circular arch under a uniformly distributed moment 

The first problem involves a cantilever circular arch subjected to a uniformly 

distributed moment 𝑚 applied along its entire length 𝐿 = 𝜋𝑅/2, where 𝑅 is the radius 

of the arch depicted in Figure 4.4. Analytical solutions for the problem can be obtained 

and serve as reference solutions. 

 

 

Figure 4.4 Problem 4.4.1: A circular arch under a uniformly distributed moment. 

 

Define 𝛼 as 

 

𝛼(𝑆) = ∫ 𝑘(𝑆)d𝑆
𝑆

0

= ∫
(𝑘0 + 𝐾11)

𝑎1
d𝑆

𝑆

0

= ∫
(1/𝑅 + 𝐾11)

𝑎1
d𝑆

𝑆

0

 (4.65)  

 

where 𝑆 denotes the arc-length variable, starting at the support 𝑂. Here, 𝛼(𝑆) represents 

the angle between the unit tangent vectors at 𝑆 = 0 and at 𝑆. Note that the unit tangent 

vector at 𝑆 = 0 is a vertical vector pointing in the positive 𝑌 direction. Since the 

problem involves pure bending, the beam’s length 𝐿 remains unchanged during 
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deformation, i.e., 𝑎1 = 1. Additionally, 𝐾11 is determined from the internal resultant 

moment 𝑀11 via Equation (4.40) as 

 

𝐾11 = −
𝑚(𝐿 − 𝑆)

𝐸𝐼
. (4.66)  

 

Subsequently, Equation (4.65) can be expressed as 

 

𝛼(𝑆) = ∫ (
1

𝑅
−

𝑚(𝐿 − 𝑆)

𝐸𝐼
)d𝑆

𝑆

0

=
𝑆

𝑅
−

𝑚(𝐿𝑆 − 𝑆2/2)

𝐸𝐼
. (4.67)  

 

The coordinates of the deformed beam axis can then be calculated as 

 

𝑥(𝑆) =  𝑥𝑂 − ∫ sin 𝛼
𝑆

0

d𝑆 𝑦(𝑆) = 𝑦𝑂 + ∫ cos 𝛼
𝑆

0

d𝑆 (4.68)  

 

where (𝑥𝑂 , 𝑦𝑂) represents the coordinates of the beam axis at 𝑂 in Figure 4.4. Figure 

4.5 illustrates the deformed configurations at various magnitudes of 𝑚, obtained from 

Equation (4.68). The arch experiences significant displacements and transforms into a 

spiral-like configuration when 𝑚 = 6𝜋𝐸𝐼/𝐿2, at which point the cross-section at the 

free end rotates by an angle of 3𝜋. 

The 𝑋 and 𝑌 displacements of the beam axis can be obtained from the 

coordinates of the initial and deformed beam axes. Let 𝑋(𝑆) and 𝑌(𝑆) denote the 

coordinates of the initial beam axis, and let 𝑢0𝑋(𝑆) and 𝑢0𝑌(𝑆) represent the 

displacements in the 𝑋 and 𝑌 directions, respectively. The translational displacements 

of the beam axis, normalized by the beam length 𝐿, are given by 

 

𝑢0𝑋(𝑆)

𝐿
=

𝑥(𝑆) − 𝑋(𝑆)

𝐿
 

𝑢0𝑌(𝑆)

𝐿
=

𝑦(𝑆) − 𝑌(𝑆)

𝐿
. (4.69)  
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Figure 4.5 Problem 4.4.1: Analytical deformed configurations at various magnitudes 

of the applied moment 𝑚. 

 

For the numerical analysis, the cross-sectional height ℎ is set to 0.01𝑅. Figure 

4.6 presents the normalized translational displacements at the free end 𝐵, i.e., 𝑢0𝑋,𝐵/𝐿 

and 𝑢0𝑌,𝐵/𝐿. From the magnified figures within Figure 4.6, it can be seen that model 

VW yields noticeably better results than CW1. As mentioned earlier, VW and CW1 

employ approximately the same number of DOFs, as shown in Table 4.1. The number 

of employed constant-weight elements is increased from CW1 until the solution attains 

the accuracy level of VW, resulting in model CW2. The results in Table 4.1 show that 

CW2 requires about three times the DOFs of VW for a comparable level of accuracy. 

Figure 4.7 shows the analytical deformed beam axis at 𝑚 = 6𝜋𝐸𝐼/𝐿2 as well as those 

from the three models. The figure illustrates the clear difference in the deformed beam 

axes between VW and CW1. As CW2 is designed to achieve accuracy comparable to 

VW, the deformed beam axes from VW and CW2 are visually indistinguishable. More 

importantly, they also excellently match the analytical one. 
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Figure 4.6 Problem 4.4.1: Normalized load-displacement curves for the 

displacements at the free end 𝐵. 

 

Furthermore, 𝛤11 and 𝐾11 at 𝑚 = 6𝜋𝐸𝐼/𝐿2, obtained using these three models, 

are compared with the analytical solutions in Figure 4.8. The values of 𝛤11 and 𝐾11 from 

the three models are calculated at the Gauss points for numerical integration, while the 

exact 𝐾11 is obtained from Equation (4.66) and the exact 𝛤11 is equal to zero due to pure 

bending. Evidently, 𝛤11 and 𝐾11 given by model VW are very accurate compared to the 

analytical solutions. In contrast, model CW2 provides rather accurate 𝐾11 but quite 

inaccurate 𝛤11, while CW1 yields significantly inaccurate 𝛤11 and 𝐾11. 
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Figure 4.7 Problem 4.4.1: Deformed configurations at 𝑚 = 6𝜋𝐸𝐼/𝐿2. 

 

Another accuracy assessment involves the convergence of solutions at 𝑚 =

6𝜋𝐸𝐼/𝐿2 with respect to the number of DOFs. To this end, the relative error 

representing the difference between the obtained and reference deformed beam axes is 

defined as 

 

Relative error = √
∫ (𝐫0,𝑛𝑢𝑚 − 𝐫0,𝑟𝑒𝑓)

2𝐿

0
d𝑆

∫ (𝐫0,𝑟𝑒𝑓)
2𝐿

0
d𝑆

. (4.70)  

 

Here, 𝐫0,𝑛𝑢𝑚 denotes the final deformed beam axis at 𝑚 = 6𝜋𝐸𝐼/𝐿2 obtained from 

either the varying-weight element or the constant-weight element, while 𝐫0,𝑟𝑒𝑓 is the 

reference final deformed beam axis, obtained analytically from Equation (4.68). 

Figure 4.9 shows that the varying-weight element consistently achieves smaller 

relative errors compared to the constant-weight element. Initially, the order of 

convergence for the varying-weight element is significantly higher than that of the 

constant-weight element, with values of 10.5 versus 3. However, towards the end of the 
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DOF range, the order of convergence for the varying-weight element becomes slightly 

lower than that of the constant-weight element, showing values of 3.5 versus 4. 

Nonetheless, the varying-weight element maintains its superiority in accuracy 

throughout. 

 

 

Figure 4.8 Problem 4.4.1: 𝛤11 and 𝐾11 at 𝑚 = 6𝜋𝐸𝐼/𝐿2. 
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Figure 4.9 Problem 4.4.1: Convergence with respect to DOFs at 𝑚 = 6𝜋𝐸𝐼/𝐿2. 

Locking effects are common challenges in thin beam analyses, where the 

computed stiffness of a beam exceeds its actual stiffness, resulting in reduced 

displacements with significant inaccuracies. Various techniques, including reduced 

integration methods, B̅ projection methods, and discrete strain gap methods, have been 

employed to mitigate this issue (Koschnick, Bischoff, Camprubí & Bletzinger, 2005; 

Miao, Borden, Scott & Thomas, 2018; Noor & Peters, 1981; Stolarski & Belytschko, 

1982). However, these approaches often involve additional complex and expensive 

procedures. Therefore, there is increasing interest in elements that are inherently free 

from locking effects. As demonstrated in this problem, the proposed varying-weight 

element belongs to this category of elements. 

Locking effects are examined in this problem using the results of convergence 

tests with respect to the number of DOFs for three thickness values, i.e., ℎ/𝑅 = 0.01 , 

0.001, and 0.0001, representing a very thin beam to an extremely thin beam. The 

convergence results from the varying-weight element in Figure 4.10a for these three 

thickness values are virtually overlapping, demonstrating no accuracy loss with the 

decrease in thickness and, therefore, no sign of locking effects. In contrast, in Figure 

4.10b, the constant-weight element exhibits slight differences between the convergence 

results for the difference thickness values. Specifically, smaller ratios of ℎ/𝑅 result in 
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larger relative errors, demonstrating accuracy losses due to the decrease in thickness. 

This behavior of the constant-weight element indicates that it suffers from locking 

effects, although the observed effect is insignificant. 

 

Figure 4.10 Problem 4.4.1: Convergence with respect to DOFs at 𝑚 = 6𝜋𝐸𝐼/𝐿2, for 

different thickness values: (a) the varying-weight element and (b) the constant-weight 

element. 
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4.4.2 A spiral beam under an end moment 

The second problem concerns a cantilever beam with a spiral shape subjected 

to a concentrated moment 𝑀 at its free end, as described in Figure 4.11. The initial 

beam axis of the spiral is mathematically defined by the following equations as 

 

𝑋(𝜑) = 𝑅(1 + 𝜑) cos𝜑 𝑌(𝜑) = 𝑅(1 + 𝜑) sin𝜑. (4.71)  

 

Here, 𝜑 spans the range [0, 4𝜋], indicating two turns of the initial axis. It can be clearly 

seen that the initial beam axis has non-uniform curvature. The cross-sectional height ℎ 

is set to 0.1𝑅. 

 

Figure 4.11 Problem 4.4.2: A spiral beam under an end moment. 

 

The accuracy performance of the two elements is evaluated using the 

displacements at the free end 𝐵, denoted as 𝑢0𝑋,𝐵 and 𝑢0𝑌,𝐵, with the three models, VW, 

CW1, and CW2, detailed in Table 4.1. As mentioned earlier, for this problem, the 

reference solutions for the two displacements are converged solutions obtained using a 

fine mesh of the planar curved Euler-Bernoulli beam element proposed by Vo and 

Nanakorn (2020). Specifically, 1,000 DOFs are used to obtain the reference solutions. 

Figure 4.12 shows the normalized load-displacement curves for 𝑢0𝑋,𝐵 and 𝑢0𝑌,𝐵 

obtained from the three models, with comparisons to the reference solutions. Through 
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the magnified figures in Figure 4.12, it can be seen again that VW yields much better 

results than CW1 when compared to the reference solutions, although they employ 

approximately the same numbers of DOFs. In contrast, as shown in Table 4.1, CW2 

requires more than twice the number of DOFs as VW to achieve the same accuracy 

level. Figure 4.13 presents the deformed configurations at 𝑀 = 0.15𝐸𝐼/𝑅 from the 

three model as well as the reference model. The deformed axes by VW and CW2 closely 

match the reference, while that by CW1 exhibits noticeable deviation. As shown in 

Figure 4.13a, at 𝑀 = 0.15𝐸𝐼/𝑅, the deformed configuration is very different from the 

initial one. 

 

 

Figure 4.12 Problem 4.4.2: Normalized load-displacement curves for the 

displacements at the free end 𝐵. 
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Figure 4.13 Problem 4.4.2: Deformed configurations at 𝑀 = 0.15𝐸𝐼/𝑅. 

 

Locking effects in this problem are examined by considering the final deformed 

spiral axes at 𝑀 = 0.15𝐸𝐼/𝑅. For a fair comparison between the varying-weight and 

constant-weight elements, models VW and CW1 are used due to their similar numbers 

of DOFs. For each model, the problem is solved with three thickness values, i.e., ℎ/𝑅 =

0.1 , 0.01, and 0.001, representing a very thin beam to an extremely thin beam. The 

obtained deformed spiral axes are shown in Figure 4.14. Note that the applied moment 

𝑀 = 0.15𝐸𝐼/𝑅 is a normalized value that yields the same displacements for different 

values of ℎ/𝑅. Figure 4.14 shows that the solutions obtained from both models VW 
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and CW1 for the three thickness values virtually do not vary with the thickness. 

Therefore, for this problem, both the varying-weight and constant-weight elements do 

not exhibit any locking effect. 

 

 

Figure 4.14 Problem 4.4.2: Deformed configurations at 𝑀 = 0.15𝐸𝐼/𝑅, for different 

thickness values: (a) VW and (b) CW1. 
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4.4.3 A curved spring in compression 

This problem focuses on the behavior of a curved plane spring under 

compression, particularly exploring its buckling behavior through geometrically 

nonlinear analysis. The problem description is presented in Figure 4.15, and the length 

of the spring can be determined as 𝐿 = 46𝜋𝑅/3. Additionally, the cross-sectional 

height ℎ is set equal to 0.1𝑅. 

 

Figure 4.15 Problem 4.4.3: A curved spring in compression. 

 

Figure 4.16 illustrates the normalized load-displacement curves for the 

displacements of the spring axis at point 𝐵, denoted by 𝑢0𝑋,𝐵 and 𝑢0𝑌,𝐵. The curves are 

obtained from the three models, with comparisons to the reference solutions. For this 

problem, the reference solutions are obtained using the planar curved Euler-Bernoulli 

beam element proposed in Vo and Nanakorn (2020) with 1,050 DOFs. From the 
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magnified figures in Figure 4.16, it can be seen that VW yields much more accurate 

solutions than CW1 when compared to the reference solutions. In contrast, as shown in 

Table 4.1, CW2 requires 2.6 times the number of DOFs as VW to achieve the same 

accuracy level.  

 

 

Figure 4.16 Problem 4.4.3: Normalized load-displacement curves for the 

displacements at point 𝐵. 

 

Figure 4.17 shows the deformed configurations of the spring at various 

magnitudes of the applied force 𝑃, obtained using VW. In Figure 4.17a-c, where 𝑃 is 

between 5𝐸𝐼/𝐿2 and 15𝐸𝐼/𝐿2, the spring undergoes approximately linear deformations 
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with insignificant lateral displacements, as shown in Figure 4.16. However, in Figure 

4.17d-f, where 𝑃 is larger and between 20𝐸𝐼/𝐿2 and 40𝐸𝐼/𝐿2, significant lateral and 

vertical displacements occur, as evident in Figure 4.16. The behavior shown in Figure 

4.16 and Figure 4.17 indicates that the spring reaches its buckling load and becomes 

unstable between 15𝐸𝐼/𝐿2 and 20𝐸𝐼/𝐿2. Figure 4.18 shows the deformed 

configurations at 𝑃 = 40𝐸𝐼/𝐿2, where the inaccuracy of model CW1 is noticeable.  

 

 

Figure 4.17 Problem 4.4.3: Deformed configurations at various magnitudes of the 

applied force 𝑃. 
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Figure 4.19 shows the deformed configurations at 𝑃 = 40𝐸𝐼/𝐿2, obtained from 

VW and CW1 for three different thickness values, i.e., ℎ/𝑅 = 0.1, 0.01, and 0.001, 

representing a very thin beam to an extremely thin beam. Similar to the previous 

problem, the applied force 𝑃 = 40𝐸𝐼/𝐿2 is a normalized value that yields the same 

displacements for different values of ℎ/𝑅. It can be seen from the figure that neither 

the varying-weight element nor the constant-weight element exhibits locking effects as 

their results virtually do not vary with the thickness. 

 

 

Figure 4.18 Problem 4.4.3: Deformed configurations at 𝑃 = 40𝐸𝐼/𝐿2. 
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Figure 4.19 Problem 4.4.3: Deformed configurations at 𝑃 = 40𝐸𝐼/𝐿2, for different 

thickness values: (a) VW and (b) CW1. 
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4.4.4 A wheel with curved spokes under equidistant concentrated rim loads 

A wheel of radius 𝑅 in Figure 4.20 is analyzed. The wheel has four curved 

spokes, each a half-circle with a radius of 𝑅/2, and is subjected to compression from 

two pairs of concentrated force 𝑃. The center of the wheel serves as a fixed support. 

The cross-sectional height ℎ is set equal to 0.01𝑅 for all the members. 

 

Figure 4.20 Problem 4.4.4: A wheel with curved spokes under equidistant 

concentrated rim loads. 

 

Figure 4.21 displays the normalized load-displacement curves for the 

displacements at point 𝐵, denoted by 𝑢0𝑋,𝐵 and 𝑢0𝑌,𝐵. The reference solutions in the 

figure are obtained using the planar curved Euler-Bernoulli beam element proposed in 

Vo and Nanakorn (2020) with 1,088 DOFs. It can be seen from the figure again that the 

varying-weight element noticeably outperforms the constant-weight element. As 

indicated in Table 4.1, CW2 requires nearly three times as many DOFs as VW to 

achieve the same level of accuracy. In Figure 4.22, the deformed configurations at 𝑃 =

7𝐸𝐼/𝑅2 are shown for the three models as well as the reference model. The deformed 

shapes by VW and CW2 closely match the reference results, whereas the configuration 
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from CW1 exhibits noticeable deviation. As shown in Figure 4.22a, at 𝑃 = 7𝐸𝐼/𝑅2, 

the deformed shape is markedly different from the initial one. 

 

 

Figure 4.21 Problem 4.4.4: Normalized load-displacement curves for the 

displacements at point 𝐵. 

 

For the locking investigation, the wheel is analyzed at 𝑃 = 7𝐸𝐼/𝑅2 using VW 

and CW1 with three thickness values, i.e., ℎ/𝑅 = 0.01, 0.001, 0.0001, representing a 

very thin beam to an extremely thin beam. The applied force 𝑃 = 7𝐸𝐼/𝑅2 is a 

normalized value that yields the same displacements for different values of ℎ/𝑅. Figure 

4.23 shows the deformed configurations at 𝑃 = 7𝐸𝐼/𝑅2. The varying-weight element 
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exhibits no locking effect, as indicated in Figure 4.23a, whereas the constant-weight 

element shows variation in the results for different ℎ/𝑅 ratios, as indicated in Figure 

4.23b, implying locking effects. 

 

 

Figure 4.22 Problem 4.4.4: Deformed configurations at 𝑃 = 7𝐸𝐼/𝑅2. 
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Figure 4.23 Problem 4.4.4: Deformed configurations at 𝑃 = 7𝐸𝐼/𝑅2, for different 

thickness values: (a) VW and (b) CW1. 
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4.4.5 An S-shaped beam under equal end moments 

Here, an S-shaped beam under equal end moments, as shown in Figure 4.24a, 

is analyzed. The beam has a pinned support at each end. At both ends of the beam, a 

concentrated moment 𝑀 is applied in the same direction. The cross-sectional height ℎ 

is set equal to 0.01𝑅. It can be deduced from the equilibrium and symmetry that the 

resultant moment and displacements at point 𝐶 are zero. As a result, only the upper half 

of the beam, as shown in Figure 4.24b, is analyzed instead of the whole beam.  

 

 

Figure 4.24 Problem 4.4.5: An S-shaped beam under equal end moments. 

 

Figure 4.25 shows the normalized load-rotation curves for the cross-section 

rotation at point 𝐵, denoted by 𝜃𝐵. The reference solution in the figure is obtained using 

the planar curved Euler-Bernoulli beam element proposed in Vo and Nanakorn (2020) 

with 999 DOFs. The beam exhibits highly complex snap behavior with multiple limit 

points. Figure 4.25, including its magnified details, confirms the superiority of the 
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varying-weight element over the constant-weight element. According to Table 4.1, 

CW2 requires 2.6 times as many DOFs as VW to achieve the same level of accuracy. 

Figure 4.26 illustrates the deformed configurations at three limit points, specified in 

Figure 4.25, obtained by model VW, revealing significant changes from the initial S 

shape. 

 

 

Figure 4.25 Problem 4.4.5: Normalized load-rotation curves for the rotation at point 

𝐵. 
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Figure 4.26 Problem 4.4.5: Deformed configurations at some limit points. 
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CHAPTER 5  

PLANAR CURVED TIMOSHENKO-EHRENFEST BEAM 

ELEMENTS FOR LARGE-DISPLACEMENT AND SMALL-

STRAIN ANALYSIS USING NURBS CURVES WITH VARYING 

WEIGHTS 

 

Similar to the previous chapter, for large-displacement and small-strain analysis 

novel planar curved Timoshenko-Ehrenfest beam elements are developed in this 

chapter. The development of these Timoshenko-Ehrenfest beam elements involves 

curvilinear coordinate systems, and the assumptions of small strains and thin beams. 

The derived formulations are simplified compared to the finite-strain counterparts. In 

addition, NURBS-based discretization incorporating the varying-weight concept is also 

employed. Nonetheless, the discretization is implemented using both quadratic and 

cubic NURBS. Subsequently, the proposed beam elements are assessed through solving 

four beam problems. 

 

5.1 Kinematics of planar curved Timoshenko-Ehrenfest beams 

5.1.1 Defining the initial and deformed configurations 

In Figure 5.1, the kinematics of Timoshenko-Ehrenfest beams are characterized 

by two configurations, i.e., the initial configuration and the deformed configuration. 

This study employs the total Lagrangian formulation, which anchors all computations 

to the initial configuration. The vectorial quantities are introduced for each 

configuration. The quantities associated with the initial and deformed configurations 

are, respectively, denoted by uppercase and lowercase letters. 

In the initial configuration, 𝐑0(𝑆) denotes the coordinates of point 𝑄0 on the 

initial beam axis. Here, 𝑆 represents the arch-length variable of the initial beam axis. 

Since all the vectorial quantities in this section are defined in terms of 𝑆, it will be 

omitted in the later function notations for brevity. The unit tangent vector and the unit 

director vector of the initial beam axis, denoted by 𝐀1, are specified as in Equations 

(4.2) and (4.3), respectively. Let point 𝑄 be on the same cross-section as point 𝑄0. The 
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coordinates of 𝑄, denoted by 𝐑, can be specified as Equation (4.4). Accordingly, the 

basis vectors 𝐆1 and 𝐆2 are determined as in Equations (4.6) and (4.7), respectively. 

Note that vector 𝐆1 is parallel to the vector 𝐀1, while vector 𝐆2 equals the unit vector 

𝐀2 which is constant across the cross-section. 

 

 

Figure 5.1 Initial and deformed configurations of a planar curved Timoshenko-

Ehrenfest beam. 

 

In the deformed configuration, 𝑞0 represents the corresponding location of 𝑄0 

on the deformed beam axis. The coordinates of 𝑞0, denoted by 𝐫0, can be specified from 

Equation (4.1) where 𝐮0 = [𝑢0𝑋 𝑢0𝑌]T is still the translational displacements from 𝑄0 

to 𝑞0. Consequently, the tangent vector of the deformed beam axis, denoted by 𝐚1, is 

specified as in Equation (4.2). The unit vectors 𝐚1
∗  and 𝐚2 are established in relation to 

the unit vectors 𝐀1 and 𝐀2, respectively, and incorporating the cross-sectional rotation 

𝜃 as 

𝐚1
∗ = 𝚲(𝜃)𝐀1 𝐚2 = 𝚲(𝜃)𝐀2. (5.1)  
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In the framework of Timoshenko-Ehrenfest beams, the cross-sectional rotation 

𝜃 is a result that integrates various influencing factors, primarily the bending and the 

shear effects. Generally, vector 𝐚2 is not perpendicular to the deformed beam axis. 

Therefore, vector 𝐚1
∗  being orthogonal to the vector 𝐚2, is not tangential to the deformed 

beam axis. However, when the shear effect vanishes, bending remains the primary 

influencing factor for the cross-sectional rotation 𝜃. Consequently, the vectors 𝐚1
∗  and 

𝐚2 become tangential and perpendicular to the deformed beam axis, respectively. This 

in fact aligns with the Euler-Bernoulli beam context (Vo & Nanakorn, 2020), when the 

shear effect is not considered in constructing beam kinematics. 

On the same cross-section as point 𝑞0, let 𝑞 represent the corresponding location 

of 𝑄. The coordinates of 𝑞, denoted by 𝐫, can be determined as in Equation (4.5). 

Subsequently, the basis vectors 𝐠1 and 𝐠2 are defined as in Equations (4.6) and (4.7). 

In addition, the vector 𝐠1
∗  is defined as 

 

𝐠1
∗ = 𝚲(𝜃)𝐆1.  (5.2) 

 

Vectors 𝐠1 and 𝐚1 do not exhibit parallelism, vector 𝐠2 equals the unit vector 𝐚2 which 

is tangential to the cross-section and remains constant across it. Additionally, vector 𝐠1
∗  

is parallel to the unit vector 𝐚1
∗ . 

The basis vectors 𝐆1 and 𝐆2 are ultilized to form the covariant curvilinear 

coordinate system employed in the derivation. For the expression of the virtual work 

equation using the Green-Lagrange strain and second Piola-Kirchhoff stress tensors in 

this study, the reciprocal contravariant coordinate system is also introduced. The details 

of curvilinear coordinate systems are presented in 4.1.1, or can be referred to the studies 

of Vo and Nanakorn (2020, 2020). 

 

 

 

 

5.1.2 Green-Lagrange strain and second Piola-Kirchhoff stress 
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The Green-Lagrange strain is specified in the contravariant curvilinear 

coordinate system 𝐆𝛼 ⊗ 𝐆𝛽 as in Equations (4.10) − (4.18). However, In Timoshenko-

Ehrenfest beam, the tensor 𝐐, as defined in Equation (4.15), is not a right stretch tensor. 

The orthonormal vectors 𝐚1
∗   and 𝐚2 can be regarded as the results of rotating the 

orthonormal vectors 𝐀1 and 𝐀2 by the angle 𝜃, respectively. Let 𝐺1 = ‖𝐆1‖ denote the 

length of vector 𝐆1, the orthonormal vectors 𝐠1
∗/𝐺1 and 𝐠2 can be seen as the results of 

rotating the orthonormal vectors 𝐆1/𝐺1 and 𝐆2 by the angle 𝜃, respectively. The 

rotation tensor 𝚲(𝜃) can be expressed in terms of these vectors as 

 

𝚲(𝜃) = 𝐚1
∗ ⊗ 𝐀1 + 𝐚2 ⊗ 𝐀2 =

𝐠
1
∗

𝐺1
⊗

𝐆1

𝐺1
+ 𝐠2 ⊗ 𝐆2. (5.3)  

 

The transpose of the rotation tensor can be specified as 

 

𝚲T(𝜃) = 𝐀1 ⊗ 𝐚1
∗ + 𝐀2 ⊗ 𝐚2 =

𝐆1

𝐺1
⊗

𝐠1
∗

𝐺1
+ 𝐆2 ⊗ 𝐠2. (5.4)  

 

From Equations (4.9),  (4.11), (4.12), (4.15), and (5.4), the tensor 𝐋 in Equation (4.17) 

is expressed explicitly as 

 

𝐋 = 𝚲T(𝜃)𝐅 − 𝐆 = (𝐠1
∗ ∙ 𝐠1 − (𝐺1)

2)𝐆1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1. (5.5)  

 

For the explicit demonstration of the above equation, please see Appendix A. 

In Equation (5.5), to determine the term 𝐠1
∗ . 𝐠1 − (𝐺1)

2, 𝐺1 = ‖𝐆1‖ is specified in the 

same manner as in 4.1.2, resulted in Equation (4.27). Recall that 𝐚1
∗  is a unit vector, 𝐠1

∗  

is parallel to 𝐚1
∗ , and ‖𝐠1

∗‖ = ‖𝐆1‖ = 𝐺1. It yields 𝐺1 

 

𝐠1
∗

𝐺1
= 𝐚1

∗ . (5.6)  

 

With the aid of Equations (4.6), (4.7), (4.27), and (5.6), the following variation is 

obtained as 
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𝐠1
∗ ∙ 𝐠1 − (𝐺1)

2 = (𝐺1𝐚1
∗) ∙ 𝐚1 + (𝐺1𝐚1

∗) ∙ (𝑇𝐚2
′ ) − (𝐺1)

2  

= (𝐚1 ∙  𝐚1
∗ + 𝑇𝐚1

∗ ∙ 𝐚2
′ − 𝐺1)𝐺1

= (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))(1 − 𝑇𝑘0)

= (𝐚1 ∙  𝐚1
∗ − 1) − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ) − 𝑇𝑘0(𝐚1 ∙  𝐚1
∗ − 1)

+ 𝑇2𝑘0(𝐀1 ∙ 𝐀2
′ − 𝐚1

∗ ∙ 𝐚2
′ ). 

(5.7)  

 

Substituting Equation (5.7) into Equation (5.5) gives 

 

𝐋 = ((𝐚1 ∙  𝐚1
∗ − 1) − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ) − 𝑇𝑘0(𝐚1 ∙  𝐚1
∗ − 1)

+ 𝑇2𝑘0(𝐀1 ∙ 𝐀2
′ − 𝐚1

∗ ∙ 𝐚2
′ ))𝐆1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆

2 ⊗ 𝐆1. 
(5.8)  

 

For small strains, (𝐚1 ∙  𝐚1
∗ − 1), 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ), and (𝐚1 ∙ 𝐚2) are small. In 

addition, 𝑇 is small for thin beams. Therefore, the terms 𝑇𝑘0(𝐚1 ∙  𝐚1
∗ − 1) and 

𝑇2𝑘0(𝐀1 ∙ 𝐀2
′ − 𝐚1

∗ ∙ 𝐚2
′ ) can be ignored, that leads to the shortening of tensor 𝐋 as 

 

𝐋 = (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1. (5.9)  

 

Furthermore, since (𝐚1 ∙  𝐚1
∗ − 1), 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ), and (𝐚1 ∙ 𝐚2) are small, 𝐋T𝐋 in 

Equation (4.18) can also be neglected (see Appendix B for more details). It follows that 

 

𝐄 =
1

2
(𝐋T + 𝐋). (5.10)  

 

Substituting Equation (5.9) into Equation (5.10) gives 

 

𝐄 = (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1 +
1

2
(𝐚1 ∙ 𝐚2)𝐆

1 ⊗ 𝐆2

+
1

2
(𝐚1 ∙ 𝐚2)𝐆

2 ⊗ 𝐆1 

(5.11)  
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The tensor 𝐄 is expressed in the matrix form as 

 

𝐄 = [
𝐸11 𝐸12

𝐸21 𝐸22
] = [

𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ )
1

2
𝐚1 ∙ 𝐚2

1

2
𝐚1 ∙ 𝐚2 0

] 

                               = [
𝛤11 − 𝑇𝐾11

1

2
𝛤12

1

2
𝛤12 0

] 

(5.12)  

 

where 𝛤11 is the axial strain, 𝛤12 = 2𝐸12 = 2𝐸21 is the engineering shear strain. As 𝐾11 

accounts for the shear effect, it does not solely reflect the change of curvature due to 

bending. Apparently, due to the small-strain assumption, 𝛤11 in Equation (5.12) are 

simpler than that in Equation (24) in the research of Vo and Nanakorn (2020), where 

the small-strain assumption is not applied. 

The energy conjugate of the Green-Lagrange strain 𝐄 is the second Piola-Kirchhoff 

stress 𝐒, specified in the covariant curvilinear coordinate system 𝐆𝛼 ⊗ 𝐆𝛽 as Equation 

(4.37). As the Green-Lagrange strain tensor 𝐄 has three non-zero strain components, 

i.e., 𝐸11, 𝐸12 and 𝐸21, the second Piola-Kirchhoff stress tensor 𝐒 also consists of three 

corresponding non-zero stress components, i.e., 𝑆11, 𝑆12 and 𝑆21. These stress 

components are determined as 

 

𝑆11 = 𝐸̅𝐸11 𝑆12 = 𝑆21 = 2𝐺̅𝐸12 = 2𝐺̅𝐸21. (5.13)  

 

Linear elastic isotropic materials are applied in this study, 𝐸̅ and 𝐺̅ denote Young’s 

modulus and shear modulus, respectively, measured in the covariant curvilinear 

coordinate system 𝐆𝛼 ⊗ 𝐆𝛽. Let 𝐸 and 𝐺 represent Young’s modulus and shear 

modulus of the material. For thin beams, 𝐸̅ and 𝐺̅ are assumed as constant across a 

cross-section as (Vo & Nanakorn, 2020) 

 

𝐸̅ ≈ 𝐸 𝐺̅ ≈ 𝐺. (5.14)  
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5.1.3 The principle of virtual work 

The principle of virtual work is expressed as 

 

𝛿Π𝑖𝑛𝑡 = 𝛿Π𝑒𝑥𝑡 (5.15)  

 

where 𝛿Π𝑖𝑛𝑡 is internal virtual work and 𝛿Π𝑒𝑥𝑡 is external virtual work. 

The cross-sectional resultant forces are determined by the following 

integrations as 

 

𝑁11 = ∫ 𝑆11d𝐴
𝐴

= 𝐸𝐴𝛤11 𝑁12 = ∫ 𝑆12𝑑𝐴
𝐴

= 𝐺𝐴𝛤12 (5.16)  

𝑀11 = −∫ 𝑇𝑆11d𝐴
𝐴

= 𝐸𝐼𝛫11.  (5.17)  

 

Here, 𝑁11, 𝑁12 and 𝑀11 are the resultant axial force, resultant shear force, and resultant 

bending moment, respectively. Additionally, 𝐴 and 𝐼 denote the cross-sectional area 

and cross-sectional moment of inertia, respectively. 

The internal virtual work is expressed with the aid of Equations (5.16) and 

(5.17) as 

 

𝛿Π𝑖𝑛𝑡 = ∫ 𝐒: 𝛿𝐄d𝑉
𝑉

= ∫ (𝑆11𝛿𝐸11 + 2𝑆12𝛿𝐸12)d𝑉
𝑉

= ∫ (𝑁11𝛿𝛤11 + 𝑁12𝛿𝛤12 + 𝑀11𝛿𝛫11)d𝑆
𝑙

0

= ∫ 𝛿𝚪T𝐃𝚪d𝑆
𝑙

0

. 

(5.18)  

 

Here, 𝑙 and 𝑉 are the length and the volume of the initial beam element, respectively. 

In addition, 𝚪 and 𝐃 denote the strain vector and the moduli matrix, respectively, i.e., 
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𝚪 = [
𝛤11

𝛤12

𝐾11

] = [

𝐚1
∗ ∙ 𝐚1 − 1
𝐚1 ∙ 𝐚2

𝐀1 ∙ 𝐀2
′ − 𝐚1

∗ ∙ 𝐚2
′
] 𝐃 = [

𝐸𝐴 0 0
0 𝐺𝐴 0
0 0 𝐸𝐼

]. (5.19)  

 

The external virtual work is expressed as 

 

𝛿Πext = ∫ (𝐟T𝛿𝐮0 + 𝑚𝛿𝜃)d𝑆
𝑙

0

+ 𝐅T(0)𝛿𝐮0(0) + 𝑀(0)𝛿𝜃(0)

+ 𝐅T(𝑙)𝛿𝐮0(𝑙) + 𝑀(𝑙)𝛿𝜃(𝑙). 

(5.20)  

 

Here, 𝐟 = [𝑓𝑋 𝑓𝑌]T and 𝑚 are the distributed force vector and the distributed moment, 

respectively. Meanwhile, 𝐅 = [𝐹𝑋 𝐹𝑌]𝑇 and 𝑀 are, respectively, the concentrated 

force vector and the concentrated moment, which are applied to the beam axis at 𝑆 = 0 

or 𝑆 = 𝑙. Moreover, 𝐮0 = [𝑢0𝑋 𝑢0𝑌]T is the vector of translational displacements of 

the beam axis, determined from Equation (4.1), whereas 𝜃 is the cross-sectional 

rotation. 

 

5.2 Finite element equation system 

5.2.1 Field approximations by planar NURBS representations 

The initial and deformed beam axes can parameterized in terms of the 

parametric dimension 𝜉 using NURBS basis functions, denoted as 𝐑0(𝜉) and 𝐫0(𝜉), 

respectively, are determined in Equations (4.44) and (4.45). Accordingly, the 

displacement vector of the beam axis can be parameterized in terms of 𝜉, denoted as 

𝐮0(𝜉), is specified in Equation (4.46). Assuming the zero cross-sectional rotation of the 

initial beam axis, the rotational displacement of a cross-section is subsequently the 

cross-sectional rotation of the deformed beam axis. Thus, the rotational displacement 

can be parameterized as 

 

𝜃(𝜉) = ∑𝑟𝑖,𝑝(𝜉)𝜃𝑖

𝑛

𝑖=1

 (5.21)  

 

where 𝜃𝑖 denotes the rotation of 𝑖-th control point in the deformed configuration. 
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As stated in CHAPTER 3, this study employs quadratic and cubic NURBS 

representations, and 𝜉 ∈ [0, 1]. Specifically, the quadratic NURBS (𝑝 = 2) with three 

control points (𝑛 = 3) is defined over a knot vector Ξ = Ξq = {0, 0, 0, 1, 1, 1}. There 

are three quadratic B-spline basis functions which are determined in Equation (3.3). In 

addition, the cubic NURBS (𝑝 = 3) with four control points (𝑛 = 4) is defined over a 

knot vector Ξ = Ξc = {0, 0, 0, 0, 1, 1, 1, 1}. There are four cubic B-spline basis 

functions which are determined in Equations (3.4) and (3.5). 

 

5.2.2 Degrees of freedom 

Stem from (5.21), the fields are discretized in terms of 𝐂𝑖 = [𝑋𝑖 𝑌𝑖]
T,  𝐜𝑖 =

[𝑥𝑖 𝑦𝑖]T, and 𝜃𝑖. Since 𝐂𝑖 is associated with the initial configuration, which is 

unchanged during the deformation, 𝑋𝑖 and 𝑌𝑖 are fixed. Therefore, only 𝑥𝑖, 𝑦𝑖, and 𝜃𝑖 

are variables which can be directly treated as DOFs. Remind that 𝑖 = 1, 2, 3 in quadratic 

elements, 𝑖 = 1, 2, 3, 4 in cubic elements. 

NURBS has an edge over the B-spline in terms of approximation capacity 

because of its weights which can be adjusted. Typically, in NURBS-based studies, these 

weights are set initially and remain constant during deformation. This yields optimal 

NURBS representation for the initial beam axis. However, while deformed beam axis 

can differ significantly from the initial beam axis under large displacements, the initial 

setup of NURBS may not hold optimal representation for the substantially deformed 

beam axes. Therefore, to better facilitate the NURBS adaptation to the deformation, 

and then enhance the approximation accuracy, NURBS weights are further exploited. 

This study treats some weights of control points as additional DOFs. Specifically, the 

weights of the first and the last control points are constant, while those of the other 

control points are treated as additional DOFs. Consequently, in quadratic NURBS, only 

𝑤2 serves as additional DOFs. Meanwhile, in cubic NURBS, 𝑤2 and 𝑤3 are additional 

DOFs. 

Following this, the DOFs can be gathered into the vectors as 

 

𝐔q = [𝑥1 𝑦1 𝜃1 𝑥2 𝑦2 𝜃2 𝑤2 𝑥3 𝑦3 𝜃3]T (5.22)  
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𝐔c = [𝑥1 𝑦1 𝜃1 𝑥2 𝑦2 𝜃2 𝑤2 𝑥3 𝑦3 𝜃3 𝑤3 𝑥4 𝑦4 𝜃4]T. (5.23)  

 

where 𝐔q and 𝐔c are the DOF vectors for quadratic and cubic elements, respectively. 

Discretizing the beam kinematics with weight DOFs highlights a key distinction 

between the proposed elements and conventional elements. In this study, conventional 

elements, which employs only 𝑥𝑖, 𝑦𝑖 and 𝜃𝑖 as DOFs, are referred to as constant-weight 

elements. In contrast, the proposed elements, which incorporate not only 𝑥𝑖, 𝑦𝑖 and 𝜃𝑖 

but also certain NURBS weights as DOFs (as shown in Equations (5.22) and (5.23)), 

are termed varying-weight elements. 

 

5.2.3 Discretizing the beam kinematics 

The discretization process for quadratic and cubic elements shares similarities. 

In this manuscript, the discretization of cubic elements is detailed. Such a process can 

be easily adapted for quadratic elements. 

Recall the DOFs vector 𝐔c for cubic elements in Equation (5.23). Additionally, 

define the vector of nodal forces and moments as 

 

 𝐏 = [𝐹𝑋(0) 𝐹𝑌(0) 𝑀(0) 0 0 0 0 0 0 0 0 𝐹𝑋(𝑙) 𝐹𝑌(𝑙) 𝑀(𝑙)]T. (5.24)  

 

From the relations in Equations (4.44) and (4.46) for cubic elements, 𝐫0(𝜉), 𝐮0(𝜉) and 

𝜃(𝜉) are interpreted in terms of the DOFs in 𝐔c. Consequently, 𝛤11(𝜉), 𝛤12(𝜉), 𝐾11(𝜉) 

are also expressed in terms of the DOFs in 𝐔c. These facilitate the calculation of the 

partial derivatives of 𝛤11(𝜉), 𝛤12(𝜉), 𝐾11(𝜉), 𝑢0𝑋(𝜉), 𝑢0𝑌(𝜉), and 𝜃(𝜉) with respect to 

these DOFs. For conciseness, 𝜉 is omitted in the later function notations. 

Define the matrix 𝐁 as 

 

𝐁 =

[
 
 
 
 
 
 
𝜕𝛤11

𝜕𝑥1

𝜕𝛤12

𝜕𝑥1

𝜕𝐾11

𝜕𝑥1

𝜕𝛤11

𝜕𝑦1

𝜕𝛤12

𝜕𝑦1

𝜕𝐾11

𝜕𝑦1

𝜕𝛤11

𝜕𝜃1

𝜕𝛤12

𝜕𝜃1

𝜕𝐾11

𝜕𝜃1

𝜕𝛤11

𝜕𝑥2

𝜕𝛤12

𝜕𝑥2

𝜕𝐾11

𝜕𝑥2

𝜕𝛤11

𝜕𝑦2

𝜕𝛤12

𝜕𝑦2

𝜕𝐾11

𝜕𝑦2

𝜕𝛤11

𝜕𝜃2

𝜕𝛤12

𝜕𝜃2

𝜕𝐾11

𝜕𝜃2

𝜕𝛤11

𝜕𝑤2

𝜕𝛤12

𝜕𝑤2

𝜕𝐾11

𝜕𝑤2

𝜕𝛤11

𝜕𝑥3

𝜕𝛤12

𝜕𝑥3

𝜕𝐾11

𝜕𝑥3

𝜕𝛤11

𝜕𝑦3

𝜕𝛤12

𝜕𝑦3

𝜕𝐾11

𝜕𝑦3

𝜕𝛤11

𝜕𝜃3

𝜕𝛤12

𝜕𝜃3

𝜕𝐾11

𝜕𝜃3

𝜕𝛤11

𝜕𝑤3

𝜕𝛤12

𝜕𝑤3

𝜕𝐾11

𝜕𝑤3

𝜕𝛤11

𝜕𝑥4

𝜕𝛤12

𝜕𝑥4

𝜕𝐾11

𝜕𝑥4

𝜕𝛤11

𝜕𝑦4

𝜕𝛤12

𝜕𝑦4

𝜕𝐾11

𝜕𝑦4

𝜕𝛤11

𝜕𝜃4

𝜕𝛤12

𝜕𝜃4

𝜕𝐾11

𝜕𝜃4 ]
 
 
 
 
 
 

 (5.25)  
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The variation of 𝚪 is expressed as 

 

𝛿𝚪 = 𝐁𝛿𝐔c. (5.26)  

 

The internal virtual work in Equation (5.18) is identified as 

 

𝛿Π𝑖𝑛𝑡 = 𝛿𝐔c
T ∫ 𝐁T𝐃𝚪d𝑆

𝑙

0

. (5.27)  

 

Introduce the matrix 𝐇𝑋𝑌 and the vector 𝐇𝜃 as 

 

𝐇𝑋𝑌

=

[
 
 
 
 
𝜕𝑢0𝑋

𝜕𝑥1

𝜕𝑢0𝑌

𝜕𝑥1

𝜕𝑢0𝑋

𝜕𝑦1

𝜕𝑢0𝑌

𝜕𝑦1

𝜕𝑢0𝑋

𝜕𝜃1

𝜕𝑢0𝑌

𝜕𝜃1

𝜕𝑢0𝑋

𝜕𝑥2

𝜕𝑢0𝑌

𝜕𝑥2

𝜕𝑢0𝑋

𝜕𝑦2

𝜕𝑢0𝑌

𝜕𝑦2

𝜕𝑢0𝑋

𝜕𝜃2

𝜕𝑢0𝑌

𝜕𝜃2

𝜕𝑢0𝑋

𝜕𝑤2

𝜕𝑢0𝑌

𝜕𝑤2

𝜕𝑢0𝑋

𝜕𝑥3

𝜕𝑢0𝑌

𝜕𝑥3

𝜕𝑢0𝑋

𝜕𝑦3

𝜕𝑢0𝑌

𝜕𝑦3

𝜕𝑢0𝑋

𝜕𝜃3

𝜕𝑢0𝑌

𝜕𝜃3

𝜕𝑢0𝑋

𝜕𝑤3

𝜕𝑢0𝑌

𝜕𝑤3

𝜕𝑢0𝑋

𝜕𝑥4

𝜕𝑢0𝑌

𝜕𝑥4

𝜕𝑢0𝑋

𝜕𝑦4

𝜕𝑢0𝑌

𝜕𝑦4

𝜕𝑢0𝑋

𝜕𝜃4

𝜕𝑢0𝑌

𝜕𝜃4 ]
 
 
 
 

 (5.28)  

𝐇𝜃 = [
𝜕𝜃

𝜕𝑥1

𝜕𝜃

𝜕𝑦1

𝜕𝜃

𝜕𝜃1

𝜕𝜃

𝜕𝑥2

𝜕𝜃

𝜕𝑦2

𝜕𝜃

𝜕𝜃2

𝜕𝜃

𝜕𝑤2

𝜕𝜃

𝜕𝑥3

𝜕𝜃

𝜕𝑦3

𝜕𝜃

𝜕𝜃3

𝜕𝜃

𝜕𝑤3

𝜕𝜃

𝜕𝑥4

𝜕𝜃

𝜕𝑦4

𝜕𝜃

𝜕𝜃4

]. (5.29)  

 

The variations of 𝐮0 and 𝜃 are determined as 

 

𝛿𝐮0 = 𝐇𝑋𝑌𝛿𝐔c 𝛿𝜃 = 𝐇𝜃𝛿𝐔c. (5.30)  

The external virtual work in Equation (5.20) is then expressed as 

 

𝛿Π𝑒𝑥𝑡 = 𝛿𝐔c
T ∫(𝐇𝑋𝑌

T 𝐟 + 𝐇𝜃
T𝑚)d𝑆

𝑙

0

+  𝛿𝐔c
T𝐏. (5.31)  

 

In the above equation, the first term on the right-hand side reveals that the effect of 

distributed loads depends on the deformation. 

Eventually, the equation system is obtained from Equations (5.15), (5.27), and 

(5.31) as 
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𝚽 − 𝐩 − 𝐏 = 𝟎 (5.32)  

 

where 

 

𝚽 = ∫𝐁T𝐃𝚪d𝑆

𝑙

0

 𝐩 = ∫(𝐇𝑋𝑌
T 𝐟 + 𝐇𝜃

T𝑚)d𝑆.

𝑙

0

 (5.33)  

 

The equation system in Equation (5.32) is inherently nonlinear in terms of the 

DOFs in 𝐔c. Therefore, linearization is required to enable the use of iterative methods, 

such as the Newton-Raphson methods (Torkamani & Sonmez, 2008). As stated in 

CHAPTER 4, determining the derivatives for the linearization can be complex and 

time-consuming. Within the use of quadratic and cubic NURBS, this task can be 

efficiently handled by using the symbolic computing capabilities of commercial 

software. In this study, MATLAB is employed for this purpose. 

 

5.3 Numerical examples 

The proposed Timoshenko-Ehrenfest beam elements are appraised through 

solving four beam problems undergoing large and complex deformations. The beam’s 

cross-sections are rectangular and constant across the lengths, with 𝑏 and ℎ denoting 

the cross-sectional width and height, respectively. Additionally, 𝐸 denotes Young’s 

modulus, Poisson’s ratio is set equal to 0.3, and 𝐼 = 𝑏ℎ3/12 is the cross-sectional 

moment of inertia. In problem 5.3.1, analytical solutions are available and serve as the 

reference solutions. In the subsequent problems, the reference solutions are converged 

solutions obtained using fine meshes of the Timoshenko-Ehrenfest beam element 

presented in the study of Vo and Nanakorn (2020). Moreover, problem 5.3.1 is solved 

with quadratic and cubic elements, while the other problems are solved with only cubic 

elements. 

Performances of the proposed varying-weight elements and the constant-weight 

elements are rigorously compared, always entailing the use of three cubic models in 

each problem, i.e., VW, CW1, and CW2. Concretely, model VW consists of a minimum 

number of cubic varying-weight elements, necessary for achieving accurate solutions. 
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Model CW1 includes cubic constant-weight elements, with an approximate DOF 

number to VW, ensuring a fair comparison. Given that CW1 always yields solutions 

with lower accuracy than VW in the considered problems, the number of cubic 

constant-weight elements increases until the accuracy level of VW is reached, resulting 

in model CW2. In addition, as quadratic elements are used in problem 5.3.1, there are 

three additional quadratic models designated in a similar manner, signified as QVW, 

QCW1, and QCW2. Furthermore, the comparisons to the B̅ elements introduced by Vo, 

Nanakorn, Bui and Rungamornrat (2022) are made in all problems. These B̅ elements 

effectively address locking effects and improve the accuracy, however, require 

significantly more computational effort. In problem 5.3.1, their performances are 

exhibited in the convergence graphs. Meanwhile, in problems 5.3.2 to 5.3.4, their 

performances are exhibited with model BB, consisting of the minimum number of cubic 

B̅ elements to achieve the accuracy level of VW.  

These model details are shown in Table 5.1 for quadratic elements, and Table 

5.2 for cubic elements. 

 

Table 5.1 Details of quadratic models. 

Problem 

No. of elements (No. of DOFs) 

DOF 

ratio of 

QCW2 / 

QVW 

QVW 

Quadratic 

Varying-

weight 

elements 

QCW1 

Quadratic 

Constant-

weight 

elements 

QCW2 

Quadratic 

Constant-

weight 

elements 

5.3.1 – A circular cantilever arch 

subjected to a uniformly 

distributed moment 

20 (140) 24 (144) 110 (660) 4.7 
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Table 5.2 Details of cubic models. 

Problem 

No. of elements (No. of DOFs) 

 

DOF 

ratio of 

CW2 / 

VW 

VW 

Cubic 

Varying-

weight 

elements 

CW1 

Cubic 

Constant-

weight 

elements 

CW2 

Cubic 

Constant-

weight 

elements 

BB 

Cubic   

B̅ 

elements  

(2022) 

5.3.1 – A circular 

cantilever arch subjected 

to a uniformly distributed 

moment 

5 (55) 6 (54) 17 (153) − 2.8 

5.3.2 – A zigzag beam 10 (110) 12 (108) 34 (306) 10 (90) 2.8 

5.3.3 – The snap 

behaviors of an S-shaped 

beam subjected to a 

downwardly concentrated 

force 

8 (87) 10 (89) 36 (323) 10 (89) 3.7 

5.3.4 – A spring in 

watches undergoing 

multiple snap phenomena 

26 (284) 32 (286) 104 (934) 34(304) 3.3 
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5.3.1 A circular cantilever arch subjected to a uniformly distributed moment 

As described in Figure 5.2, this problem involves a circular cantilever arch, with 

a span angle of 𝜋/2 and is subjected to a uniformly distributed moment 𝑚 along the 

arch’s length. Let 𝑅 represent the radius of the arch, the arch’s length (denoted by 𝐿) is 

calculated as 𝐿 = 𝜋𝑅/2. 

 

 

Figure 5.2 Problem 5.3.1: A circular cantilever arch subjected to a uniformly 

distributed moment. 

 

As the deformation is pure bending, the analytical solutions are obtainable and 

serve as reference solutions. In this problem, let 𝑆 denote the arc-length variable, i.e., 

𝑆 ∈ [0, 𝐿]. The curvature of the undeformed arch, denoted by 𝑘0, is uniform along the 

arch’s length and is specified as 

 

𝑘0(𝑆) =
1

𝑅
. (5.34)  
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In Figure 5.2, point 𝑂 is on the arch axis at the clamped support, i.e., 𝑆 = 0. Let 

[
0
0
] be the coordinates of 𝑂, the coordinates of the undeformed arch axis, 𝐑0(𝑆) =

[
𝑋(𝑆)
𝑌(𝑆)

], can be determined as 

 

𝑋(𝑆) =  −∫ sin 𝛼(𝑆)
𝑆

0

d𝑆 𝑌(𝑆) = ∫ cos 𝛼(𝑆)
𝑆

0

d𝑆 (5.35)  

 

where 

 

𝛼(𝑆) = ∫ 𝑘0(𝑆)d𝑆
𝑆

0

=
𝑆

𝑅
. (5.36)  

 

Subsequently, the coordinates of the undeformed arch axis in Equation (5.35) become 

 

𝑋(𝑆) = 𝑅 (cos (
𝑆

𝑅
) − 1) 𝑌(𝑆) = 𝑅 sin (

𝑆

𝑅
). (5.37)  

 

Additionally, since the shear effect does not exist, 𝐾11(𝑆) in Equation (5.12) exactly 

represents the absolute change of curvature due to bending, specified from the internal 

resultant moment 𝑀11 in Equation (5.17) as  

 

𝐾11(𝑆) =
𝑚(𝐿 − 𝑆)

𝐸𝐼
. (5.38)  

 

Hence, the curvature of the deformed arch, denoted by 𝑘, is obtained as  

 

𝑘(𝑆) = 𝑘0(𝑆) + 𝐾11(𝑆). (5.39)  

 

Similarly, the coordinates of the deformed arch axis, 𝐫0(𝑆) = [
𝑥(𝑆)
𝑦(𝑆)

], can be 

determined as 
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𝑥(𝑆) =  −∫ sin 𝛽(𝑆)
𝑆

0

d𝑆 𝑦(𝑆) = ∫ cos 𝛽(𝑆)
𝑆

0

d𝑆 (5.40)  

 

where 

 

𝛽(𝑆) = ∫ 𝑘(𝑆)d𝑆
𝑆

0

=
𝑚(𝐿𝑆 − 0.5𝑆2)

𝐸𝐼
+

𝑆

𝑅
. (5.41)  

 

Figure 5.3 Problem 5.3.1: Several analytical deformed configurations of the arch. 
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With the aids of Equations (5.40) and (5.41), in Figure 5.3, the analytical 

deformations with respect to 𝑚 = 𝜋𝐸𝐼/𝐿2, 2𝜋𝐸𝐼/𝐿2, 3𝜋𝐸𝐼/𝐿2, 4𝜋𝐸𝐼/𝐿2 are depicted. 

Initially, the undeformed arch exhibits a uniform curvature along the entire length. 

However, upon the application of the uniformly distributed moment 𝑚, the arch 

undergoes large deformations and loses its uniform curvature. At the final deformation 

stage with 𝑚 = 4𝜋𝐸𝐼/𝐿2, it is bent into a spiral-like curve, as unveiled in Figure 5.3d. 

From Equations (4.1), (5.35), and (5.40), the translational displacements of the 

beam axis, denoted by 𝑢𝑋,𝐵 and 𝑢𝑌,𝐵, are specified as 

 

[
𝑢0𝑋(𝑆)

𝑢0𝑌(𝑆)
] = 𝐮0(𝑆) = 𝐫0(𝑆) − 𝐑0(𝑆) = [

𝑥(𝑆) − 𝑋(𝑆)

𝑦(𝐿) − 𝑌(𝐿)
]. (5.42)  

 

Subsequently, accuracy tests are conducted to assess the performances of the 

constant-weight and varying-weight elements. In these tests, cross-sectional height of 

the arch ℎ is set equal to 0.01𝑅. In addition, six models of the two variants are 

considered, i.e., QVW, QCW1, and QCW2 with quadratic elements are detailed in 

Table 5.1, and VW, CW1, and CW2 with cubic elements are detailed in Table 5.2. 

Firstly, the accuracy test involves translational displacements of the arch axis at the free 

end 𝐵, i.e., 𝑢0𝑋,𝐵 and 𝑢0𝑌,𝐵. The analytical solutions for these displacements are 

specified in Equation (5.42) with 𝑆 = 𝐿 at point 𝐵. Figure 5.4 unveils the curves of 

normalized load and displacements of the arch axis at the free end 𝐵 obtained by the 

quadratic models, while those obtained by the cubic models are shown in Figure 5.5. 

Regardless of whether the quadratic or cubic elements are employed, the superiority of 

varying-weight elements over constant-weight elements is exhibited. 
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Figure 5.4 Problem 5.3.1: Normalized load-displacement curves of the arch axis at 

the free end 𝐵, using quadratic models. 

 

In Figure 5.4, model QVW of quadratic varying-weight elements with 140 

DOFs results in closely matched solutions with the analytical solutions, while QCW1 

of quadratic constant-weight elements with a similar DOF number cannot predict well 

the solutions. To achieve the accuracy level of model QVW, the quadratic constant-

weight element necessitates QCW2 with 660 DOFs, about 4.7 times higher than those 

of QVW. Similarly, in Figure 5.5, model VW of cubic varying-weight elements and 

model CW1 of cubic constant-weight elements consume similar DOF numbers, 
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however, only VW provides accurate solutions. Model CW2 of cubic constant-weight 

elements can yield accurate results but consumes about 2.8 times more DOFs than VW. 

 

 

Figure 5.5 Problem 5.3.1: Normalized load-displacement curves of the arch axis at 

the free end 𝐵, using cubic models. 

 

This trend is repeated in Figure 5.6, where final deformed arch axes, given by 

these models, are depicted. The reference deformed arch axis is derived analytically in 

Equation (5.40) with 𝑚 = 4𝜋𝐸𝐼/𝐿2. In Figure 5.6a with the quadratic elements, the 

deformed axes given by QVW and QCW2 are indistinguishable from the analytical 

one, whereas that of QCW1 shows a remarkable difference. Similarly, in Figure 5.6b 
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with the cubic elements, VW and CW2 can yield precise deformed arch axes, while 

CW1 cannot. 

 

 

Figure 5.6 Problem 5.3.1: Final deformed arch axes given by using the six models. 

 

Elucidating further the accuracy of the proposed elements, convergences of the 

relative errors in the deformed arch axes are examined. Convergences indicate how well 

the obtained solutions approach the reference one as increasing the DOF numbers. In 

this test, relative errors, denoted by 𝑅𝐸, in the deformed arch axes are calculated as 

 

𝑅𝐸 = √
∫ (𝐫0,𝑛𝑢𝑚 − 𝐫0,𝑟𝑒𝑓)

2𝐿

0
d𝑆

∫ (𝐫0,𝑟𝑒𝑓)
2𝐿

0
d𝑆

. (5.43)  

 

Here, 𝐫0,𝑟𝑒𝑓 = [𝑥 𝑦]T is the reference deformed arch axis, which is derived 

analytically in Equation (5.40). Meanwhile, 𝐫0,𝑛𝑢𝑚 represents the deformed arch axis 

obtained using the proposed elements. Additionally, as stated earlier, 𝐿 is the arch’s 
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length and 𝑆 is the arc-length variables. Accordingly, a small relative error indicates 

that the obtained deformed arch axis is closely aligned to the reference one, and vice 

versa. This test considers the final deformed arch axes, i.e., 𝑚 = 4𝜋𝐸𝐼/𝐿2. 

 

 

Figure 5.7 Problem 5.3.1: Convergences of the relative errors in the final deformed 

arch axes. 

 

The convergence graphs are plotted in Figure 5.7. Across the DOF ranges, the 

varying-weight elements consistently produce smaller relative errors than the constant-
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weight counterparts. In Figure 5.7a with quadratic elements, the varying-weight 

element reaches the convergence order of 3.3 by the end of the DOF range, while the 

constant-weight element only achieves the order of 2.2. In Figure 5.7b with cubic 

elements, both end up with the same convergence order of 4.2. It is crucial to highlight 

that while the constant-weight elements yield good convergence with cubic order, its 

convergence with quadratic order is noticeably low, particularly at the beginning of the 

DOF range (coarse meshes) as exhibited in Figure 5.7a. This observation raises a 

suspicion of locking effects, which are subsequently investigated. 

Locking effects, i.e., membrane locking and shear locking in Timoshenko-

Ehrenfest beams, are well-known phenomena in FEA and IGA of thin beams. These 

effects cause the spurious stiffening of thin beams, leading to smaller displacements 

and increased errors. To tackle these challenges, various techniques have been 

introduced, i.e., elevating the order of interpolations, using different interpolations for 

different kinematic unknowns, reduced and selective integration techniques, mixed 

methods, B̅-projection methods, and discrete strain gap methods (Bletzinger, Bischoff 

& Ramm, 2000; Ishaquddin, Raveendranath & Reddy, 2012; Nukala & White, 2004; 

Vo & Nanakorn, 2020; Vo, Nanakorn, Bui & Rungamornrat, 2022). However, these 

techniques often require additional complexities or costs. Consequently, the utilization 

of naturally locking-free elements is paid more interest, in this regard, varying-weight 

elements emerge as potential candidates. 

To expose locking effects in this problem, three thicknesses of the arch are 

considered, i.e., 𝑅/ℎ = 100, 𝑅/ℎ = 1000, and 𝑅/ℎ = 10000, which represent a very 

thin arch to an extremely thin arch. The convergences of relative errors in the final 

deformed arch axes, i.e., 𝑚 = 4𝜋𝐸𝐼/𝐿2, are examined and depicted in Figure 5.8. 

Moreover, these outcomes are compared to those obtained using the B̅ Timoshenko-

Ehrenfest beam element introduced by Vo, Nanakorn, Bui and Rungamornrat (2022). 

In Figure 5.8a, employing quadratic elements, the constant-weight element 

exhibits a noticeable loss of accuracy as the thickness decreases. The relative errors 

corresponding to 𝑅/ℎ = 1000 and 𝑅/ℎ = 10000 shows little to no convergence across 

the DOF range, which sharply contrasts to the outcome with 𝑅/ℎ = 100. This clearly 

demonstrates the severe locking phenomena. Conversely, the varying-weight element 
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does not exhibit locking phenomena, as similar relative errors are observed regardless 

of thickness. Furthermore, the solutions obtained using the B̅ element reveals no locking 

effect. While these solutions provide smaller relative errors than those of the varying-

weight variant, they consume approximately 4 to 7 times more computational effort. 

 

Figure 5.8 Problem 5.3.1: Convergences of the relative errors in the final deformed 

arch axes, for different 𝑅/ℎ ratios. 
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In Figure 5.8b, employing cubic elements, none of the variants exhibit severe 

locking phenomena, as there is no notable loss in accuracy with decreasing thickness. 

Although a slight difference is observed with the constant-weight variant, it is 

insignificant. Moreover, despite consuming more than 7 times of computational cost, 

the B̅ element still yields higher relative errors than the varying-weight element. 

In this problem, varying-weight elements are locking-free regardless of the 

order. In addition, it is important to note that locking mitigation exhibited in Figure 5.8b 

is primarily attributed to the increase of the order (from quadratic to cubic) of the 

constant-weight elements, rather than their inherent robust locking-free feature. 

Moreover, the quadratic constant-weight element easily experiences locking effects, 

even with 𝑅/ℎ =  100 as very low convergence is exhibited at the beginning of the 

DOF range (coarse meshes), as highlighted in Figure 5.7a. Therefore, in the subsequent 

problems, only cubic elements are employed. 
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5.3.2 A zigzag frame 

This problem is a zigzag frame, assembled by 10 straight segments, as shown 

in Figure 5.9. One end of the frame, i.e., end 𝑂,  is affixed by a roller support restricting 

the vertical movement, and subjected to a horizontal force 𝑃 with the maximum 

magnitude of 14.5𝐸𝐼/𝐿2. The other end of the frame, i.e., end 𝐵, is constrained by a 

pinned support. In the undeformed configuration, any two adjacent segments of the 

frame form a right angle. In addition, the lengths of the first and the last segments are 

half the length of the other segments. As mentioned earlier, for this problem, the 

reference solutions are converged solutions obtained using a fine mesh of the planar 

cubic curved Timoshenko-Ehrenfest beam element proposed in the study of Vo and 

Nanakorn (2020). Specifically, 1,800 DOFs are used to obtain the reference solutions. 

 

 

Figure 5.9 Problem 5.3.2: A zigzag frame. 

 

In Figure 5.10, curves of normalized load and displacements of the frame axis 

at point 𝐶 are exhibited. Here, 𝑢0𝑋,𝐶 and 𝑢0𝑌,𝐶 represent the horizontal and the vertical 

displacements, respectively. The cross-sectional height ℎ is set equal to 0.01𝐿. The 

performance of the varying-weight, constant-weight, and B̅ elements are compared by 

using four models detailed in Table 5.2. The magnified figures reveal that model VW 

of cubic varying-weight elements, provides accurate solutions, while CW1 employing 

cubic constant-weight elements with a comparable DOF number fails to achieve good 

solutions. The cubic constant-weight element needs at least model CW2, which 

consumes approximately 3 times more DOFs to reach the accuracy of VW. 

Furthermore, model BB of cubic B̅ elements consist of the same number of elements to 
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model VW for a similar accuracy. While having smaller DOF number, BB consumes 

about 9 times more computational cost than VW. 

 

 

Figure 5.10 Problem 5.3.2: Normalized load-displacement curves of the beam axis at 

point 𝐶. 

Several deformed configurations in response to different force magnitudes, 

yielded by using model VW, are illustrated in Figure 5.11. In Figure 5.11a-d, modest 

displacements are exhibited with the increase in applied force 𝑃. This underscores the 

substantial horizontal stiffness of the frame at this stage. However, in Figure 5.11d-h, 

the displacements amplify dramatically when 𝑃 exceeds 7𝐸𝐼/𝐿2. Indeed, this abrupt 

increase in displacements, as shown in Figure 5.10 and Figure 5.11d-h, is a consequence 
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of exceeding a critical threshold of the applied force. At the beginning, i.e., 𝑃 <

7𝐸𝐼/𝐿2, the force’s orientation aligns with the frame’s neutral line. Thus, the 

deformation at this stage resembles that of axial compression, which is typically 

proportional to the force’s magnitude. When 𝑃 exceeds 7𝐸𝐼/𝐿2, significant vertical 

displacement occurs, leading to the asymmetry of deformed configurations. 

Consequently, the zigzag frame undergoes bucking and exhibits large displacements 

beyond those of a mere axial deformation. 

 

 

Figure 5.11 Problem 5.3.2: Deformed configurations of the zigzag frame 

corresponding to different magnitudes of 𝑃. 
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The final deformed frame axes, i.e., 𝑃 = 14.5𝐸𝐼/𝐿2, given by the 4 models are 

sketched in Figure 5.12 where the superior accuracy of the varying-weight element over 

constant-weight element is again demonstrated. Evidently, the deformed frame axis 

obtained by CW1 is significantly different from the reference deformed frame axis. 

Conversely, the deformed axes produced by VW, CW2, and BB are visually 

indistinguishable from the reference one. 

 

 

Figure 5.12 Problem 5.3.2: Final deformed frame axes given by using 4 models. 

 

In the absence of analytical solutions, the convergence graphs are discouraged 

from examining the locking pathologies. It is crucial to recall that locking effects 

spuriously stiffen the elements, leading to failed representations of deformed 

kinematics and inaccurate solutions. Therefore, other manners of accuracy tests can be 

adopted for examining locking effects, such as utilizing deformed frame axes. 

Particularly, the final deformed frame axes, i.e., 𝑃 = 14.5𝐸𝐼/𝐿2, given by the 4 models 

with different thickness values, i.e., 𝐿/ℎ = 100, 1000, 10000 representing a very thin 

beam to an extremely thin beam, are considered and depicted in Figure 5.13. Note that 

the applied force 𝑃 = 14.5𝐸𝐼/𝐿2 is a normalized value that yields the same 
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displacements for different values of 𝐿/ℎ. Therefore, for each model, the three 

deformed axes with respect to the three thickness values are compared for the 

difference. As evidenced in Figure 5.13a, model VW results in 3 identical deformed 

frame axes, implying no change in solutions due to the decrease in frame’s thickness. 

Therefore, it unveils no locking effect. Conversely, in Figure 5.13b, CW1 totally fails 

to yield identical axes for different thickness values. The deformed frame axes with 

respect to 𝐿/ℎ = 1000 and 10000 exhibit little deformations, which are remarkably 

different from the deformed axis corresponding to 𝐿/ℎ = 100. In these two cases, little 

deformations imply great spurious stiffness of the frame and the severe locking effect. 

Moreover, locking effects turn lower when the number of cubic constant-weight 

elements increases, as revealed in Figure 5.13c with model CW2. Certainty, model BB 

of cubic B̅ elements addresses well locking effects, as shown in Figure 5.13d. 

Different from the previous problem, the cubic constant-weight element cannot 

eliminate the locking pathologies in this problem with coarse meshes. Therefore, in this 

problem, using only cubic elements can effectively exhibit the superiority of the 

varying-weight element over the constant-weight element in mitigating the locking 

phenomena. 
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Figure 5.13 Problem 5.3.2: Final deformed frame axes given by using the 4 models 

with three different 𝐿/ℎ ratios. 
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5.3.3 The snap behaviors of an S-shaped beam subjected to a downwardly 

concentrated force 

The third problem involves an S-shaped beam applied by a downwardly 

concentrated force 𝑃, as shown in Figure 5.14. One end of the S-shaped beam (end 𝑂) 

is clamped, while the other end (end 𝐵) is assigned by a roller that constrains the 

horizontal movement. Additionally, a downwardly concentrated force 𝑃 is applied at 

the end 𝐵. 

 

 

Figure 5.14 Problem 5.3.3: An S-shaped beam subjected to a downwardly 

concentrated force. 

 

Four models of cubic elements, as detailed in Table 5.2, are employed to assess 

the performance of the varying-weight, constant-weight, and B̅ elements. The cross-

sectional height ℎ is set equal to 0.01𝑅. The appraisal focuses on the vertical 

displacement of the beam axis at the end 𝐵, denoted by 𝑢0𝑌,𝐵. Unlike the previous 
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problem where buckling behavior occurs, this S-shape beam experiences the 

displacement snaps with several limit points. Consequently, solving this problem 

necessitates the utilization of the displacement control method to efficiently address 

these limit points, which is a difference from the force control method used in the 

previous two problems. 

 

 

Figure 5.15 Problem 5.3.3: Normalized load-displacement curves of the beam axis at 

the end 𝐵. 

 

In Figure 5.15, the curves depicting normalized load and displacement of the 

beam axis at the end 𝐵 are presented. The reference solutions are obtained using the 
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cubic planar curved Timoshenko-Ehrenfest beam element proposed in Vo and 

Nanakorn (2020) with 1,799 DOFs. From the enlarged figures, model VW of cubic 

varying-weight elements with 87 DOFs demonstrates remarkable accuracy as its 

solution strongly agrees with the reference solution. Conversely, despite consuming a 

similar DOF number, i.e., 89 DOFs, model CW1 of cubic constant-weight elements 

fails to accurately predict the solution, particularly in the vicinity of the limit points. 

Additionally, model CW2, also employing cubic constant-weight elements, achieves 

an accurate solution. However, CW2 consumes up to 323 DOFs, approximately 3.7 

times higher than VW. Furthermore, upon achieving the accuracy level of VW with a 

similar DOF number, i.e., 89 DOFs, model BB consumes about 10 times more 

computational cost. The deformed configurations corresponding to the limit points (1) 

- (3), specified in Figure 5.15 and obtained by using model VW, are illustrated in Figure 

5.16. 
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Figure 5.16 Problem 5.3.3: Deformed configurations at the limit points. 
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5.3.4 A spring in watches undergoing multiple snap behaviors 

As unveiled in Figure 5.17, the last problem involves a spiral-like beam that is 

inspired by the torsion springs found in watches. The initial spiral axis is defined as 

 

𝑋(𝜙) = 𝑅(1 + 𝜙) cos𝜙 𝑌(𝜙) = 𝑅(1 + 𝜙) sin𝜙. (5.44)  

 

Here, 𝜙 is set in the range from 0 to 4𝜋, implying a two-cycle twist of the undeformed 

spiral. The cross-sectional height ℎ is set equal to 0.1𝑅. Additionally, one end of the 

spiral (end 𝑂) is constrained by a pinned support, while the other end (end 𝐵) is fixed.  

End 𝑂 is subjected to a concentrated moment 𝑀 that induces the clockwise twist on the 

cross-section. Consequently, the cross-sectional rotation at 𝑂, denoted by 𝜃𝑂, is 

examined to assess the elements. Four models of cubic elements are employed, as 

detailed in Table 5.2. Analogous to the previous problem, this problem undergoes snap 

behavior with multiple limit points, which require the utilization of the displacement 

control method. 

 

 

Figure 5.17 Problem 5.3.4: A spring in watches. 
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Figure 5.18 illustrates the curves of normalized load and cross-sectional rotation 

at 𝑂. The reference solution in the figure is obtained using the planar cubic curved 

Timoshenko-Ehrenfest beam element proposed in Vo and Nanakorn (2020) with 1,798 

DOFs. The figure unveils displacement snaps, occurring at limit points, labeled as (1) 

- (7). The deformed configurations corresponding to some limit points, obtained using 

model VW, are depicted in Figure 5.19, showcasing the large and complex 

deformations. Moreover, in Figure 5.18, the superior accuracy of the varying-weight 

element over the constant-weight element is repeated. Concretely, model VW of cubic 

varying-weight elements with 284 DOFs yields a solution that closely matches the 

reference solution. Conversely, model CW1 of cubic constant-weight elements, with a 

comparable DOF number, fails to accurately predict the solution, particularly in the 

vicinity of the limit points. In this problem, for achieving the same accuracy level as 

VW, the cubic constant-weight element necessitates CW2 with up to 3.3 times more 

DOFs, while the cubic B̅ element needs model BB with slightly more DOFs but 

consuming about 8 times more computational cost.  
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Figure 5.18 Problem 5.3.4: Curves of normalized load and cross-sectional rotation at 

𝑂. 

In contrast to problem 5.3.2, the other three problems demonstrate the superior 

accuracy of the cubic varying-weight element over the cubic B̅ element. Apparently, 

these three problems are initially curved structures, and undergo larger and more 

complex deformations than problem 5.3.2 having initially straight configuration. 

Generally, one can conclude that the accuracies of varying-weight elements and B̅ 

elements are comparable. Nonetheless, varying-weight elements are undoubtedly 

superior in terms of computational efficiency than B̅ elements. Therefore, in addition 

to the robust locking-free feature, varying-weight elements effectively address the 

trade-off between mitigating locking effects and maintaining computational efficiency, 
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which is a significant challenge identified by Vo, Nanakorn, Bui and Rungamornrat 

(2022) in B̅ elements. 

 

 

Figure 5.19 Problem 5.3.4: Deformed configurations at the limit points. 
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CHAPTER 6  

CONCLUSIONS AND REMARKS 

 

In this study, novel planar Euler-Bernoulli and Timoshenko-Ehrenfest beam 

elements are developed within curvilinear coordinate systems, for analyzing curved 

beam structures which undergo large displacements and small strains. Utilizing the total 

Lagrangian description, the kinematics are computed with respect to the initial 

configuration. In addition, the small-strain and thin-beam assumptions are employed 

that simplify the varied formulations. The kinematics of the beam elements are 

discretized using the isogeometric approach. Specifically, cubic NURBS 

representations are employed for the Euler-Bernoulli beam element, while quadratic 

and cubic NURBS representations are employed for Timoshenko-Ehrenfest beam 

elements. 

The varying-weight concept is applied to enhance the approximation capacity 

of NURBS. Accordingly, weights of NURBS control points are selectively treated as 

DOFs, in such a way that weights of the first and the last control points are kept constant 

while weights of the other control points are relaxed. This new interpolation scheme 

highlights a key distinction between the proposed and conventional elements. The 

conventional elements, utilizing NURBS basis functions with constant weights, are 

referred to as constant-weight elements. Meanwhile, the proposed elements, 

incorporating some weights in NURBS as additional DOFs, are termed as varying-

weight elements. 

The efficiency of the proposed elements and the superiority of the proposed 

elements over the constant-weight elements are demonstrated by solving several beam 

problems. Specifically, five problems are solved with the Euler-Bernoulli beam 

elements, and four problems are solved with the Timoshenko-Ehrenfest beam elements. 

Overall, the solutions obtained demonstrate the efficiency of the proposed elements and 

underscore the robustness of the varying-weight concept. The varying-weight elements 

consistently outperform the constant-weight elements in terms of accuracy, particularly 

in extreme regions such as buckling points, limit points, or large displacements. 
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In Euler-Bernoulli beams, clear physical meanings of the derived strain 

components are provided. The cubic varying-weight element requires about 2.5 to 3 

times fewer DOFs than the cubic constant-weight element to achieve accurate solutions. 

Its superiority is also evident in accurately yielding the strain measures. The cubic 

varying-weight element completely exhibits locking free. Conversely, the constant-

weight counterpart occasionally shows a slight locking effect, as unveiled in problems 

4.4.1 and 4.4.4. 

In Timoshenko-Ehrenfest beams, the formulations with small-strain 

assumptions are simplified. Both the quadratic and cubic varying-weight elements 

require significantly fewer DOFs compared to their constant-weight counterparts for 

achieving accurate solutions. Additionally, these varying-weight elements effectively 

eliminate the locking pathologies giving them the eligibility to solve thin-beam 

problems. Furthermore, while exhibiting the locking-free characteristics but incurring 

many times lower computational costs, the accuracy of varying-weight elements is 

comparable to that of the locking-free B̅ elements. In particular, the cubic varying-

weight element is found to consume equal to less DOFs to yield accurate solutions, 

when solving large and complex deformed problems such as problems 5.3.1, 5.3.3, and 

5.3.4. 

While the varying-weight concept in IGA has been exploited and shows its 

potential in producing higher accuracy of solutions compared to traditional IGA, so far, 

its applications are limited. To fully understand the potential of this concept on IGA, 

further research for 3D beams or other elements is promising. 
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APPENDIX A 

The demonstration for the expression of tensor 𝐋 in Equation (5.5) 

 

From Equations (4.11) and (5.4), it gives as 

 

𝚲T(𝜃)𝐅 = (
𝐆1

𝐺1
⊗

𝐠1
∗

𝐺1
+ 𝐆2 ⊗ 𝐠2) (𝐠1 ⊗ 𝐆1 + 𝐠2 ⊗ 𝐆2) 

= (
𝐆1

𝐺1
⊗

𝐠1
∗

𝐺1
) (𝐠1 ⊗ 𝐆1) + (

𝐆1

𝐺1
⊗

𝐠1
∗

𝐺1
) (𝐠2 ⊗ 𝐆2) + (𝐆2 ⊗ 𝐠2)(𝐠1 ⊗ 𝐆1)

+ (𝐆2 ⊗ 𝐠2)(𝐠2 ⊗ 𝐆2) 

=
𝐠1

∗ ∙ 𝐠1

(𝐺1)
2

𝐆1 ⊗ 𝐆1 +
𝐠1

∗ ∙ 𝐠2

(𝐺1)
2

𝐆1 ⊗ 𝐆2 + (𝐠1 ∙ 𝐠2)𝐆2 ⊗ 𝐆1 + (𝐠2 ∙ 𝐠2)𝐆2 ⊗ 𝐆2. 

(6.1)  

 

Recall Equation (4.9) to obtain the relations as 𝐆1 = 𝐆1/(𝐺1)
2 and 𝐆2 = 𝐆2. In 

addition, 𝐠1
∗ ∙ 𝐠2 = 0, 𝐠1 ∙ 𝐠2 = 𝐚1 ∙ 𝐚2, and 𝐠2 ∙ 𝐠2 = 1 since 𝐠2 is a unit vector. 

Consequently, 

 

𝚲T(𝜃)𝐅 = 

=
𝐠1

∗ ∙ 𝐠1

(𝐺1)
2

𝐆1 ⊗ 𝐆1 +
𝐠1

∗ ∙ 𝐠2

(𝐺1)
2

𝐆1 ⊗ 𝐆2 + (𝐠1 ∙ 𝐠2)𝐆2 ⊗ 𝐆1 + (𝐠2 ∙ 𝐠2)𝐆2 ⊗ 𝐆2 

= (𝐠1
∗ ∙ 𝐠1)𝐆

1 ⊗ 𝐆1 + (𝐠1
∗ ∙ 𝐠2)𝐆

1 ⊗ 𝐆2 + (𝐠1 ∙ 𝐠2)𝐆
2 ⊗ 𝐆1 + (𝐠2 ∙ 𝐠2)𝐆

2 ⊗ 𝐆2 

= (𝐠1
∗ ∙ 𝐠1)𝐆

1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1 + 𝐆2 ⊗ 𝐆2. 

(6.2)  

 

Utilizing Equations (6.2) and (4.12) yields 

 

𝐋 = 𝚲T(𝜃)𝐅 − 𝐆 = (𝐠1
∗ ∙ 𝐠1)𝐆

1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1 + 𝐆2 ⊗ 𝐆2 

                                      − (𝐆1 ∙ 𝐆1)𝐆
1 ⊗ 𝐆1 − 𝐆2 ⊗ 𝐆2 

                                = (𝐠1
∗ ∙ 𝐠1 − (𝐺1)

2)𝐆1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1. 

(6.3)  
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APPENDIX B 

Explicit expression of the quadratic term of 𝐋 

 

From the expression of tensor 𝐋 in Equation (5.9), it follows as 

 

𝐋T𝐋 = [(𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1 + (𝐚1 ∙ 𝐚2)𝐆
1

⊗ 𝐆2][(𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1

+ (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1] 

         = ((𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1

⊗ 𝐆1) ((𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1) 

         + ((𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))𝐆1 ⊗ 𝐆1) (𝐚1 ∙ 𝐚2)𝐆
2 ⊗ 𝐆1 

         + ((𝐚1 ∙ 𝐚2)𝐆
1 ⊗ 𝐆2) ((𝐚1 ∙  𝐚1

∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2
′ − 𝐚1

∗ ∙ 𝐚2
′ ))𝐆1 ⊗ 𝐆1) 

         + ((𝐚1 ∙ 𝐚2)𝐆
1 ⊗ 𝐆2)((𝐚1 ∙ 𝐚2)𝐆

2 ⊗ 𝐆1) 

= (𝐼) + (𝐼𝐼) + (𝐼𝐼𝐼) + (𝐼𝑉). 

(6.4)  

 

The above equation consists of four terms, i.e., 

 

(𝐼) = (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))
2
(𝐆1 ∙ 𝐆1)𝐆1 ⊗ 𝐆1 (6.5)  

(𝐼𝐼) = (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))(𝐚1 ∙ 𝐚2)(𝐆
1 ∙ 𝐆2)𝐆1 ⊗ 𝐆1 = 0 

(6.6) 

(𝐼𝐼𝐼) = (𝐚1 ∙ 𝐚2)(𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ))(𝐆2 ∙ 𝐆1)𝐆1 ⊗ 𝐆1 = 0 
(6.7) 

(𝐼𝑉) = (𝐚1 ∙ 𝐚2)
2(𝐆2 ∙ 𝐆2)𝐆1 ⊗ 𝐆1 = (𝐚1 ∙ 𝐚2)

𝟐𝐆1 ⊗ 𝐆1. 
(6.8) 

 

Note that 

 

𝐆1 ∙ 𝐆2 = 𝐆2 ∙ 𝐆1 = 0 𝐆2 ∙ 𝐆2 = 1. (6.9)  
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Recall that (𝐚1 ∙  𝐚1
∗ − 1), 𝑇(𝐀1 ∙ 𝐀2

′ − 𝐚1
∗ ∙ 𝐚2

′ ), and (𝐚1 ∙ 𝐚2) are small under small-

strain assumption. Consequently, the higher-order terms (𝐚1 ∙  𝐚1
∗ − 1 − 𝑇(𝐀1 ∙ 𝐀2

′ −

𝐚1
∗ ∙ 𝐚2

′ ))
2
 in (𝐼) and (𝐚1 ∙ 𝐚2)

2 in (𝐼𝑉) are sufficiently small and negligible. As a result, 

𝐋T𝐋 in Equation (4.16) is discarded. 
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