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Abstract 

 

Network Design Problems (NDPs) are essential for optimizing infrastructure and resource allocation 

in transport networks. A key challenge in solving NDPs arises from equilibrium constraints, e.g., the user 

equilibrium (UE) principle. The inclusion of UE constraints in NDPs reflects the real-world dynamics of 

travelers’ behavior in transport networks, where travelers adjust their path choices in response to changes 

in path cost in the network, seeking to minimize their travel costs. The incorporation of UE constraints 

makes NDPs computationally intensive to solve, as each network adjustment requires reevaluation of the 

equilibrium state. 

 To address this issue, this thesis proposes efficient solution algorithms based on sensitivity analysis 

to improve computational efficiency in solving NDPs. Using sensitivity analysis, the proposed algorithms 

effectively evaluate how changes in network parameters influence the equilibrium state. The algorithms 

simplify the iteration process, reducing the computational burden while maintaining the accuracy of the 

results.  

This thesis is organized into 5 chapters. Chapter 1 describes the background and purpose of this thesis. 

Chapter 2 describes the literature review and basic models used in this study. 

Chapter 3 proposes a computationally efficient algorithm based on the sensitivity analysis of UE for 

solving a traffic state estimation problem by using floating car data. The traffic states in a road network 

are obtained by solving a full information maximum likelihood estimation (FIMLE) problem under UE 

constraints. Solving the FIMLE problem under equilibrium constraints requires much computation time. 

Therefore, an efficient solution algorithm is needed. The traffic states in the real Asahikawa network in 

Hokkaido, Japan estimated by the algorithm are presented in Chapter 3.6. 

Chapter 4 proposes a bi-level programming model to solve an optimization problem of bus route 

settings and service frequencies, in road networks where connected and autonomous buses (CABs) are 

introduced as a public transport system. The upper-level problem is formulated as a discrete optimization 

problem, which is then relaxed into a continuous form. A nonlinear optimization algorithm is applied to 

solve this problem. This optimization problem is subject to user equilibrium constraints at the lower level, 

represented by the UE principle. An algorithm based on the sensitivity analysis method is developed to 

solve the bi-level model. Numerical examples and results are shown in Chapter 4.9 and Chapter 4.10. 

In conclusion, this thesis develops innovative algorithms to enhance the computational efficiency and 

practical applicability of NDPs. These algorithms were successfully applied in Chapter 3 to estimate traffic 

states in the real-world network of Asahikawa, Hokkaido, Japan, and in Chapter 4 to solve the optimization 



 

 

 

problem of bus route settings and service frequencies in Sioux-Falls network. These findings demonstrate 

the capability of the proposed algorithm to effectively address the challenges of computational efficiency 

and practical implementation in NDPs. 
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1. Introduction 

 

1.1 Background 

 

 

Fig.1.1 Definitions of Network design problems 

 

 Network design problems (NDPs) optimize the network parameters that are expressed as Upper-level 

problem and the network parameters include O-D demand and link cost-related parameters, such as 

capacity, toll, and so on. The network parameters are treated as fixed inputs in the Lower-level problem 

(basically formulated as UE traffic assignment) to calculate the UE flows. However, the calculation of 

user equilibrium flows is needed when each network parameter changes, which requires large amounts of 

computational time. 

NDPs are the fundamental optimization problems in transportation that focus on improving the 

performance of a transportation network. The goal is to determine the optimal network configuration, such 

as adding new links or upgrading existing ones, to achieve objectives like minimizing total travel time or 

reducing congestion. A key challenge in solving NDPs results from equilibrium constraints, e.g., the user 

equilibrium (UE) principle. The inclusion of UE constraints in NDPs reflects the real-world dynamics of 

travelers’ behavior in transport networks, where travelers adjust their path choices in response to changes 

in path cost in the network, seeking to minimize their travel costs. The incorporation of UE constraints 

makes NDPs computationally intensive to solve, as each network adjustment requires reevaluating the 

equilibrium state. 

Since Abdulaal and LeBlanc (1979) first formulated NDPs as a bi-level programming problem, NDPs 

have become one of the most difficult problems in transportation research (Yang and Bell, 1998, 2001). 

Over the years, extensive research has been conducted on NDPs, leading to the development of various 

methods to obtain optimal or near-optimal solutions. Abdulaal and LeBlanc (1979) introduced the Hooke-
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Jeeves direct search algorithm as one of the initial approaches to solve NDPs. Around the same time, Tan 

et al. (1979) proposed expressing the traffic equilibrium problem as a set of nonlinear, nonconvex, yet 

differentiable constraints in terms of path flow variables. Suwansirikul et al. (1987) introduced the 

equilibrium decomposed optimization algorithm, a heuristic approach that approximates the derivative of 

the upper-level objective function. Marcotte (1983) and Marcotte and Marquis (1992) further contributed 

to this field by developing heuristic methods and analyzing their efficiency. Sensitivity analysis-based 

algorithms were also advanced by researchers, e.g., Friesz et al. (1990) and Yang and Yagar (1994, 1995).  

In more recent developments, Meng et al. (2001) and Yang et al. (2004) reformulated NDPs into a 

single-level, continuously differentiable optimization problem by utilizing the marginal function of the 

traffic equilibrium problem. Building on this, Gao et al. (2007) leveraged the relationship between system 

optimum and UE to develop a solution algorithm based on the method of successive averages (MSA). 

Additionally, Chiou (2005, 2009) implemented various subgradient-based methods to address NDPs. Ban 

et al. (2006) approached NDPs through mathematical programs with complementary constraints (MPCC), 

further enriching the field with novel solution techniques. 

With advancements in autonomous driving technology and the growing demand for urban 

transportation, the estimation of traffic states and the development of efficient networks have become 

essential considerations. Historically, traffic data was gathered manually, but in recent years it has been 

obtained easily because of the development of technology (e.g., detectors, known as ETC2.0 in Japan). 

Autonomous driving technology is expected to become widespread in the near future. Autonomous 

vehicles play an essential role in the future of urban mobility, offering substantial benefits to transportation 

systems worldwide. 

Autonomous vehicles present several advantages over human-driven vehicles, different from human 

driving vehicles, computer-controlled autonomous vehicles can reduce operational costs by eliminating 

the need for drivers. Additionally, autonomous vehicles enhance operational efficiency by collecting and 

processing real-time information about surrounding vehicles and the environment compared to human 

driving vehicles. 

When humans drive vehicles, differences in their perception of danger result in different reaction 

times, which negatively impact the efficient use of road capacity. In contrast, autonomous vehicles exhibit 

much shorter reaction times and maintain more consistent, shorter headways than human driving vehicles, 

thereby increasing the road capacity. These characteristics position autonomous vehicles as a 

transformative solution for addressing the challenges of modern urban transportation systems. 

However, the introduction of autonomous driving technologies brings changes to travelers’ behaviors 

and link capacity due to the shorter reaction times of autonomous vehicles. Traditional NDPs usually 
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assume that the study targets are human driving vehicles and may not handle the problem caused by 

autonomous vehicles. Therefore, it becomes crucial to develop NDPs that account for changes in link 

capacity and the impact on travelers’ behaviors resulting from the implementation of autonomous vehicles. 

Thereby, NDPs have to be developed in the face of changes in traveler’s behaviors due to the 

development of autonomous driving technologies and increasing demand. This thesis proposes efficient 

solution algorithms for NDPs.   

 

 

  



 

4 

 

 

1.2 Objectives 

 

This thesis focuses on computationally efficient solution algorithms for NDPs in large-scale networks. 

The inclusion of UE constraints ensures that the solutions account for travelers’ behavior in response to 

network changes, e.g., changes in origin-destination (O-D) demand, toll level, and so on, making the NDPs 

closer to real-world scenarios. However, the incorporation of UE constraints makes NDPs computationally 

intensive to solve, as each network adjustment requires reevaluation of the equilibrium state. This thesis 

proposes the method of sensitivity analysis to approximate UE link (or path) flows so that reduce the 

computational burden associated with solving large-scale NDPs while maintaining solution accuracy. 

The objective of this thesis is to develop efficient sensitivity analysis-based solution algorithms for 

NDPs. The network parameters of network design problems include O-D demand and link cost-related 

parameters. The traffic state estimation problem with respect to the network parameter of O-D demand by 

using the incomplete floating car data is addressed in Chapter 3.  

In the multimodal networks, changes in service frequencies will influence the link cost and then 

change the user equilibrium flows, the calculation of user equilibrium flows is needed if there is a change 

in service frequencies. Therefore, we develop an efficient sensitivity analysis-based algorithm for solving 

the network design problem of optimizing the bus route network and service frequencies in Chapter 4. 

The sensitivity analysis-based efficient algorithms proposed in this study solve the network design 

problems mentioned above and can be basically applied to any network design problems. 
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1.3 Organization of this paper 

 

This thesis is organized into 5 chapters as shown in Fig.1.2. Chapter 1 describes the background and 

purpose of this thesis. Chapter 2 describes the existing research and basic models used in this study. 

Chapter 3 proposes a computationally efficient algorithm based on the sensitivity analysis of UE for 

solving a traffic state estimation problem by using floating car data. The traffic states in the Asahikawa 

network in Hokkaido, Japan estimated by the algorithm are also presented. 

Chapter 4 proposes a bi-level programming model to solve a bus network design problem in which 

both bus routes and the corresponding service frequencies are optimized. Connected and Autonomous 

Buses are introduced as a public transport system to solve the problem. An algorithm based on the 

sensitivity analysis method is developed for solving the bi-level model. Numerical examples and results 

are shown. Finally, the conclusions are presented in Chapter 5. 

 

 

Fig.1.2 Contents of this study 
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2. Literature review and basic models 

 

Traditional traffic demand forecasting, based on the four-stage model, assumes distinct stages of trip 

generation, trip distribution, modal choice, and traffic assignment, with demand being forecasted 

sequentially through these stages. The equilibrium assignment model was initially introduced to the traffic 

assignment stage in demand forecasting. It is important to note that much of the information outlined in 

Chapter 2.1 is derived from the Japan Society of Civil Engineers (JSCE, 1998). This foundational approach 

has served as a cornerstone in transportation planning, providing a structured framework for understanding 

and predicting traffic patterns within urban environments.  

 

2.1 UE traffic assignment model 

 

With the growing population the need for transportation facilities is increasing day by day, proper 

transportation planning is needed so that limited resources can be efficiently distributed. However, the 

core of transportation planning is the prediction of future travel demands. For this reason, the four-step 

model is frequently used. The trip assignment is the fourth and last step of the four-step model, which 

predicts the route choice of drivers for the given origin and destination. Among many trip assignment 

techniques (Ben-Akiva and Lerman, 1985; Meyer and Miller, 2001), the UE method is the most widely 

used in the practical field. 

The UE assignment is based on Wardrop’s first principle proposed by Wardrop (1952), which states 

that: 

No driver can unilaterally reduce his/her travel costs by shifting to another route. 

Assumptions in UE assignment  

1. The drivers have perfect knowledge of the path cost. 

2. Travel time on a given link is a function of the flow on that link. 

3. Travel time is positive and increasing.  

Now a mathematics model was used to express the UE assignment. A transportation network can be 

abstracted and represented as a graph. A traffic network consists of a set of nodes 𝑁 and a set of directed 

links 𝐴 connecting them, denoted by 𝐺(𝑁, 𝐴). A path between two origin-destination points (O-D pair) 

can be represented by a set of consecutive links between the origin and destination nodes. In the following, 

the set of O-D pairs is represented as 𝐼 and the set of paths between O-D pairs 𝑖 ∈ 𝐼 is represented as 

𝑗 ∈ 𝐽𝑖 . The amount of flow between an O-D pair is allocated to the paths available between the O-D pairs 

without excess or deficiency, and the link flow is expressed as the sum of all path flows passing through 
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the link (traffic flow conservation law). Traffic demands on O-D pairs, paths, and links are non-negative 

(non-negative traffic flow conditions). These conditions can be expressed as follows, 

∑𝑓𝑖,𝑗
𝑗∈𝐽𝑖

= 𝑞𝑖 (2.1) 

∑∑ 

𝑗∈𝐽𝑖𝑖∈𝐼

𝑓𝑖,𝑗 ⋅ 𝛿𝑎,𝑗 = 𝑣𝑎  ∀𝑎 ∈ 𝐴 (2.2) 

𝑓𝑖,𝑗 ≥ 0 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (2.3) 

where, 𝑞𝑖 is demand between O-D pair 𝑖 ∈ 𝐼, 𝑓𝑖,𝑗 means traffic flow on path 𝑗 between O-D pair 𝑖 ∈

𝐼, 𝑣𝑎 is traffic flow on the link 𝑎 and 𝛿𝑎,𝑗 is the variable that equals 1 if path 𝑗 uses link 𝑎 and 0 

otherwise. 

The travel time on link 𝑎 is assumed to be a function of the link flow 𝑡𝑎(𝑣𝑎). For simplicity, we 

assume that the link travel time is determined only by the amount of traffic flow over the link and that the 

travel time is monotonically increasing with respect to the amount of traffic flow. The path travel time is 

expressed as the sum of the link travel times as follows: 

𝜋𝑖,𝑗 =∑𝛿𝑎,𝑗 ∙ 𝑡𝑎(𝑣𝑎)

𝑗∈𝐽𝑖

  ∀𝑖 ∈ 𝐼, ∀𝑎 ∈ 𝐴 (2.4) 

Typically, in a static assignment model, the Bureau of Public Roads (BPR) function (Bureau of Public 

Roads, 1964) is used to calculate a link travel time. 

𝑡𝑎(𝑣𝑎) = 𝑡𝑎
0 ⋅ (1 + 𝛼 ⋅ (

𝑣𝑎
𝑐𝑎
)
𝛽

) ∀𝑎 ∈ 𝐴 (2.5) 

where the 𝑡𝑎
0 means the free flow travel time, 𝑣𝑎 and 𝑐𝑎 represent the link flow and capacity on link 𝑎, 

𝛼 and 𝛽 are the parameters of BPR function, respectively. 

The equilibrium condition based on Wardrop's first principle is formulated as follows: 

𝑓𝑖,𝑗 > 0, 𝜋𝑖,𝑗 = 𝜇𝑖   ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (2.6) 

𝑓𝑖,𝑗 = 0, 𝜋𝑖,𝑗 ≥ 𝜇𝑖   ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (2.7) 

where 𝜇𝑖 is minimum path cost between O-D pair 𝑖 ∈ 𝐼. The equilibrium condition for UE assignment 

for a given O-D pair shows that the travel time on used paths is equal, and less than or equal to that of the 

travel time on the unused paths.  

 A problem that seeks a solution to achieve UE is called an equilibrium problem. Equilibrium problems 

can primarily be categorized into mathematical optimization problems (OP), nonlinear complementarity 

problems (NCP), variational inequality problems (VIP), and fixed-point problems (FPP). It is known that 

OP, NCP, VIP, and FPP have equivalent solutions under certain conditions. Furthermore, the mathematical 

properties of equilibrium problems, such as the uniqueness and existence of solutions, vary depending on 

the problem formulation. 
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 Hereafter, the UE problem will be formulated as NCP, OP, and VIP, and the conditions under which 

they are equivalent will be demonstrated. Additionally, after presenting the formulations, the mathematical 

properties of each problem will be clarified. 

 First, the UE problem is formulated using the NCP. Generally, when a mapping 𝐙:𝑅+
𝑛 → 𝑅+

𝑛 (𝑅+
𝑛 

represents an 𝑛 -dimensional space of nonnegative real numbers) is given, the NCP is defined as the 

following problem. 

Find 𝒚∗ ∈ 𝑅+
𝑛 such that 𝒚∗ ∙ 𝐙(𝒚∗) = 0, 𝒚∗ ≥ 0, 𝐙(𝒚∗) ≥ 0 (2.8) 

 The equilibrium conditions in (2.6) and (2.7) can also be expressed as the following complementary 

conditions: 

𝑓𝑖,𝑗 ⋅ (𝜋𝑖,𝑗 − 𝜇𝑖) = 0 (2.9) 

𝜋𝑖,𝑗 − 𝜇𝑖 ≥ 0, 𝑓𝑖,𝑗 ≥ 0 (2.10) 

 From Equations (2.3) and (2.10), when Equation (2.9) is satisfied, Equations (2.6)–(2.7) are also 

satisfied. Therefore, these formulations are equivalent. Up to this point, the formulations have been 

described using only path flows and path travel times. Here, it is assumed that link travel times can be 

expressed as functions of the traffic flow on all links within the network based on Equation (2.5). At this 

time, the travel time on link 𝑎 is represented as follows:  

𝑡𝑎 = 𝑡𝑎(𝐯) (2.11) 

 Where 𝐯 is the vector of link flows. As defined in equations (2.2) and (2.4), link flows are expressed 

as the sum of the flows on the paths passing through the links, and path travel times are expressed as the 

sum of the travel times of the links composing the path. Therefore, using the vector of 𝐟 which represents 

the path flows, the path travel time can be expressed as 

𝜋𝑖,𝑗 = 𝜋𝑖,𝑗(𝐟) (2.12) 

However, it is important to note that the minimum travel time between O-D pairs 𝜇𝑖 remains constant. 

Since Equations (2.9) and (2.10) are defined for all O-D pairs and paths, the minimum travel time between 

O-D pairs and the path travel time can be expressed using the respective vectors 𝛑(𝐟) and 𝛍 as follows: 

𝐟 ∙ (𝛑(𝐟) − 𝛍) = 0 (2.13) 

𝛑(𝐟) − 𝛍 ≥ 0 (2.14) 

For simplicity, 𝛑(𝐟) − 𝛍 is represents as: 

𝐗(𝐟) = 𝛑(𝐟) − 𝛍 (2.15) 

Summarizing the above, the UE problem can be defined as the following NCP to find the optimal 

solution 𝐟∗. 
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[UE-NCP]: 

Find 𝐟∗ ∈ Ω such that 𝐟∗ ∙ 𝐗(𝐟) = 0, 𝐗(𝐟) ≥ 0 (2.16) 

 

Unlike the general NCP shown in Equation (2.8), the non-negativity condition for 𝐟 is not explicitly 

imposed. However, this condition is incorporated through the definition domain Ω  of 𝐟 and Ω  is a 

convex set. 

 Next, the formulation of VIP is presented. Generally, when a convex set Γ and a mapping 𝐙: Γ → Γ 

are given, the VIP is defined as the following problem: 

Find 𝒚∗ ∈ Γ such that (𝒚 − 𝒚∗) ∙ 𝐙(𝒚∗) ≥ 0   ∀𝐲 ∈ Γ (2.17) 

Thus, the VIP can be described as the problem of finding the point where the vector field 𝐙 intersects 

the convex set Γ. More precisely, since the endpoints of the convex set Γ are also included, it is the 

problem of finding a point 𝒚∗ such that the vector −𝐙(𝒚), as shown in Fig.2.1, is contained within the 

normal cone. 

 

 

Fig.2.1 VIP and normal cone 

 

From Equations (2.8) and (2.17), while the VIP is defined on a convex set, the NCP is defined on the 

nonnegative real number space. Therefore, it can be said that the VIP encompasses the NCP as a special 

case. Consequently, since Ω  is a convex set, the NCP shown in equation (2.16) is equivalent to the 

following VIP: 

 

[UE-VIP, path-based]: 

Find 𝐟∗ ∈ Ω such that (𝐟 − 𝐟∗) ∙ 𝐗(𝐟∗) ≥ 0, 𝐗(𝐟∗) ≥ 0 ∀𝐟 ∈ Ω (2.18) 

 

This formulation is defined by path flow but can also be expressed in terms of link flow. (𝐟 − 𝐟∗) ∙

𝐗(𝐟∗) ≥ 0 in Equation (2.18) can be expressed by following equation: 
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∑∑ (𝜋𝑖,𝑗(𝐟) − 𝜇𝑖) ⋅ (𝑓𝑖,𝑗 − 𝑓𝑖,𝑗
∗)

𝑗∈𝐽𝑖

≥ 0

𝑖∈𝐼

   ∀𝐟 ∈ Ω (2.19) 

The minimum path travel time 𝜇𝑖 between O-D pair 𝑖 is constant, and since the sum of the path 

flows between O-D pair 𝑖 included in the convex set Ω equals the O-D demand 𝑞𝑖 shown in Equation 

(2.1), the following relationship holds: 

∑∑ 𝜇𝑖 ⋅ (𝑓𝑖,𝑗 − 𝑓𝑖,𝑗
∗)

𝑗∈𝐽𝑖

=∑𝜇𝑖 ⋅ (𝑞𝑖 − 𝑞𝑖)

𝑖∈𝐼

= 0

𝑖∈𝐼

   ∀𝐟 ∈ Ω (2.20) 

Furthermore, as defined in Equations (2.2) and (2.4), link flows are represented as the sum of the path 

flows passing through the respective links, and path travel times are represented as the sum of the travel 

times of the links constituting the respective paths. Utilizing these definitions, the following relationship 

holds: 

∑∑ 𝜋𝑖,𝑗(𝐟) ⋅ 𝑓𝑖,𝑗
𝑗∈𝐽𝑖

=∑∑ 

𝑗∈𝐽𝑖

(∑𝑡𝑎(𝐯) ⋅

𝑎∈𝐴

𝛿𝑎,𝑗)

𝑖∈𝐼𝑖∈𝐼

⋅ 𝑓𝑖,𝑗 

=∑𝑡𝑎(𝐯) ⋅ 𝑣𝑎
𝑎∈𝐴

   ∀𝐟 ∈ Ω (2.21) 

substituting equations (2.20) and (2.21) into Equation (2.19), the following inequality equivalent to 

Equation (2.19) is derived 

∑(𝑣𝑎 − 𝑣𝑎
∗)

𝑎∈𝐴

⋅ 𝑡𝑎(𝐯
∗) ≥ 0   ∀𝐯 ∈ Ω (2.22) 

Therefore, since the path and link flows are included in the convex set Ω, we can say that the VIP 

shown in Equation (2.18) is equivalent to the VIP that finds the optimal link flow vector 𝐯∗ shown below: 

 

[UE-VIP, link-based]: 

Find 𝐯∗ ∈ Ω such that (𝐯 − 𝐯∗) ∙ 𝐭(𝐯∗) ≥ 0, 𝐭(𝐯∗) ≥ 0 ∀𝐯 ∈ Ω (2.23) 

 

 Here 𝐭(𝐯) is a vector containing the link travel times 𝑡𝑎(𝐯). Since the link flow 𝐯 and the link 

travel times 𝐭(𝐯) are defined within the nonnegative real space, it is evident that they are equivalent to 

the NCP in equation (2.23).  

Next, the formulation using FPP is presented. The formulation of FPP is necessary to prove the 

existence of a solution to the VIP. Generally, when a convex set Γ and a mapping 𝐙: Γ → Γ are given, 

FPP is defined as the following problem. 

Find 𝒚∗ ∈ Γ such that    𝒚∗ = ProjΓ,S(𝒚
∗ − 𝐒−1 ∙ 𝐙(𝒚∗)) (2.24) 

where 
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ProjΓ,S(𝐰̂) = argmin
w

{(𝐰 − 𝐰̂) ∙ 𝐒 ∙ (𝐰 − 𝐰̂)T} (2.25) 

here, 𝐒  is an appropriate positive-definite matrix (for example, when it is a symmetric matrix with 

positive elements, it represents a scaling transformation of variables). ProjΓ,S(𝐰̂) is called the projection 

operator and geometrically represents the projection of the point 𝐰̂ onto the set Γ. The superscript T 

represents a transpose operation. Thus, the geometric meaning of FPP can be interpreted as shown in Fig. 

2.2. By comparing Fig.2.1 and Fig.2.2, it is clear that their optimal solutions are identical. 

 

 

Fig.2.2 Illustration of FPP 

 

 In the UE problem, the variable (𝐟 or 𝐯) is defined within the convex set Ω in the nonnegative real 

number space. In this case, the projection ProjΓ,S(𝒚
∗ − 𝐒−1 ∙ 𝐙(𝒚∗)) onto Γ is expressed as follows: 

ProjΓ,S(𝒚
∗ − 𝐒−1 ∙ 𝐙(𝒚∗)) = [𝒚∗ − 𝐒−1 ∙ 𝐙(𝒚∗)]+ (2.26) 

where, [𝒚∗ − 𝐒−1 ∙ 𝐙(𝒚∗)]+ is an operator that applies max[(𝒚∗ − S−1 ∙ 𝐙(𝒚∗)), 0] to each component 

of the vector (𝒚∗ − 𝐒−1 ∙ 𝐙(𝒚∗)). Thus, the UE problem can be expressed as the following FPP. 

 

[UE-FPP, link-based]: 

Find 𝐯∗ ∈ Ω such that (𝐯 − 𝐯∗) ∙ 𝐭(𝐯∗) ≥ 0, 𝐭(𝐯∗) ≥ 0 ∀𝐯 ∈ Ω (2.27) 

 

The equivalence between FPP and VIP holds when path flows are used as variables. 

 Next, the formulation using OP is presented. The relationship between VIP and OP is derived. As is 

well known from the existence conditions for potentials in physics, for the mapping 𝐙 with respect to 𝐲, 

which is included in a bounded convex set Γ, to be integrable, it is sufficient that its Jacobian ∇𝐙(𝐲) is 

symmetric, that is: 

𝜕𝑍𝑖
𝜕𝑦𝑗

=
𝜕𝑍𝑗

𝜕𝑦𝑖
   ∀𝑖, 𝑗 (2.28) 
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 When this condition is satisfied, the mapping 𝐙 has the following potential function z(𝐲), which 

satisfies the equation below: 

z(𝐲) = ∮𝐙(𝐲) ⋅ 𝐝𝐲   ∀𝐲 ∈ Γ (2.29) 

When a potential function z(𝐲)as described above exists, the following lemma holds regarding the 

relationship between VIP and OP. 

 

Lemma on the relationship between VIP and OP: 

For the following VIP with respect to the mapping 𝐙 for 𝐲 included in a bounded convex set Γ: 

Find 𝒚∗ ∈ Γ such that (𝒚 − 𝒚∗) ∙ 𝐙(𝒚∗) ≥ 0   ∀𝐲 ∈ Γ (2.30) 

  The solution 𝒚∗ is equivalent to the solution of the following OP if the mapping 𝐙 has a potential 

function z(𝐲): 

min z(𝐲)     s. t.  𝐲 ∈ Γ (2.31)  

 

 By using the graphical representation of the conditions for the solution of VIP and OP, it becomes 

almost evident that the above lemma holds. Now, the constraint 𝐲 ∈ Γ of the OP expressed by Equation 

(2.26) is represented as  

𝐰(𝐲) ≥ 0 (2.32) 

where, 𝐰(𝐲) is a vector with ℳ components 𝑤𝓂(𝑦)(𝓂 ∈ ℳ). The optimal conditions for such an OP 

are called the Karush-Kuhn-Tucker (KKT) conditions and are expressed as follows: 

∇z(𝒚∗) = ∑ 𝓅𝓂 ⋅ ∇

𝓂∈ℳ

𝑤𝓂(𝒚
∗) (2.33) 

 

𝓅𝓂 ⋅ 𝑤𝓂(𝒚
∗) = 0,𝓅𝓂 ≥ 0,𝑤𝓂(𝒚

∗) ≥ 0 (2.34) 

where, ∇z(𝒚∗) and ∇𝑤𝓂(𝒚
∗) represent the gradients of the objective function z(𝒚) and the constraint 

condition 𝑤𝓂(𝒚), respectively. According to equation (2.34), 𝓅𝓂 is nonnegative when 𝑤𝓂(𝒚
∗) = 0, 

and it takes the value 0 when 𝑤𝓂(𝒚
∗) > 0. Thus, the solution of the OP satisfying the KKT conditions is 

shown in Fig 2.3. Here, the first and second constraint conditions are active. 
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Fig.2.3 Illustration of KKT 

 

By comparing Figures 2.1 and 2.3, it is clear that VIP and OP have the same solution.  

The relationship between a general VIP and OP demonstrated can be replaced with equation (2.27), 

and the condition under which the link travel time 𝐭(𝐯) has a potential function is expressed as follows: 

𝜕𝑡𝑎
𝜕𝑡𝑏

=
𝜕𝑡𝑏
𝜕𝑡𝑎

   ∀𝑎, 𝑏 ∈ 𝐴 (2.35) 

 Since the vector 𝐯 is included in the convex set Ω, the VIP expressed in equation (2.27) satisfies the 

equivalent OP and is defined as: 

 

[UE-OP, link-based]: 

min∮ 𝐭(𝐯) ⋅ 𝐝𝐯    s. t   𝐯 ∈ Ω (2.36) 

 

 If path travel times cannot be expressed as the sum of the travel times of the links that constitute a 

path (a case not considered here), then the formulation [UE-VIP, Link-based] cannot be used. In such cases, 

the simplest case is often used in the UE problem, where link travel times depend only on the flow of the 

respective link: 

𝜕𝑡𝑎
𝜕𝑣𝑏

= 0    ∀𝑎 ∈ 𝐴, ∀𝑏 ∈ 𝐴 − 𝑎 (2.37) 

In this case, the UE problem is defined by the following OP: 

 

[UE-OP, link-independent]: 

min∑∫ 𝑡𝑎(𝑥)
𝑣𝑎

0𝑎∈𝐴

⋅ 𝑑𝑥 (2.38) 

 

In summary, the UE problem shown above is equivalent among OP, NCP, VIP, and FPP, and when 
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the Jacobian of the link travel time mapping is symmetric, it can be shown to be equivalent to [UE-VIP, 

Link-based] OP.  
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2.2 Sensitivity Analysis 

 

Sensitivity analysis of network traffic equilibrium has received ample attention thanks to its wide 

potential applicability to problems on transportation networks. Hall (1978) and Dafermos and Nagumey 

(1993) examined the continuity property of deterministic equilibrium link flows. Tobin and Friesz (1988), 

Yang (1997), and Cho et al. (2000) developed the gradient-based sensitivity analysis formulas of 

deterministic traffic equilibria, which have been applied to solve bi-level network optimization problems 

(Friesz et al., 1990, Yang and Bell, 1997); Leurent (1998) attempted to calculate the derivatives of the link 

flows in a bicriteria or cost versus time traffic equilibrium. Furthermore, Davis (1994), Yang et al. (2001), 

Yin and Miyagi (2001), Clark and Watling (2000, 2002) and Ceylan and Bell (2004) conducted sensitivity 

analysis of link flows in stochastic UE, with applications to network design, Origin-Destination (O-D) 

matrix estimation, pricing and network reliability analysis, Ying (2005) and Ying and Yang (2005) studied 

the sensitivity properties of a bimodal traffic network equilibrium with applications to inter-modal pricing 

problems. The reader may further refer to Qui and Magnanti (1989) and Patriksson (2003, 2004) for the 

development of sensitivity analysis by directional derivatives. These various sensitivity analysis methods 

are in general developed in line with the fundamental sensitivity analysis theory for nonlinear 

programming problems (Fiacco, 1983) or variational inequalities (Kyparisis, 1988; 1990). Amongst a wide 

variety of works mentioned above, Tobin and Friesz (1988) brought the classic nonlinear programming 

subject of sensitivity analysis to transportation research for the first time. They introduce the classical 

implicit function theorem to show the differentiability of equilibrium link flow solutions and develop 

explicit formulas for the calculation of link flow gradient in perturbation. It is well known that, due to its 

special structure, the formulation of traffic equilibrium problems usually includes path flow variables. 

However, the fact that the path flow pattern is usually not unique at equilibrium prohibits the direct 

application of a conventional sensitivity analysis approach to the traffic equilibrium problem. To overcome 

this difficulty of the non-uniqueness of equilibrium path flows, Tobin and Friesz (1988) developed an 

equivalent restriction approach that selects a non-degenerate extreme point in the feasible region of 

equilibrium path flows. The restricted UE problem has the desired unique properties required by the 

standard sensitivity analysis method for nonlinear programming problems. The approach is easily 

accessible by the rather intuitive implicit function theorem and is received as a useful tool for producing 

gradient information needed particularly in bi-level transportation network optimization problems. 

However, the gradient formula may provide a result that does not necessarily contain the information 

sought when the implicit function theorem is not applicable and may not provide a result when the 

equilibrium link flow solution is differentiable. 
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For the problem mentioned above, Yang (1997) shows that under the conditions that the link cost 

function vector is strongly monotone and once differentiable and there exists a set of strictly positive flows 

on the minimum cost or equilibrated paths, the classical implicit function theorem can always be applied 

to any set of a maximum number of linearly independent and equilibrated paths. As a result, the 

equilibrium link flows are differentiable under these milder conditions and their derivatives can always be 

obtained with the formula developed from the implicit function theorem, without dependence on network 

topology. Yang (1997) also pointed out that the strict complementarity conditions at equilibrium are not 

well defined in the literature due to the non-uniqueness of equilibrium path flows. The method proposed 

by Yang (1997) will be discussed next. 

Considering a general situation that perturbation parameters exist in the link travel cost functions 

𝐭(𝐯, 𝛆)  and O-D demand vector 𝐪(𝛆) , where 𝛆  is a vector of all perturbations. In this case, the 

counterpart of the path based VI problem can be written respectively below according to Equation (2.18). 

Find 𝐟∗(𝛆) ∈ Ω𝐟(𝛆) such that 

𝛑(𝐟∗(𝛆), 𝛆)T ⋅ (𝐟 − 𝐟∗(𝛆)) ≥ 0  ∀𝐟 ∈ Ω𝐟(𝛆) (2.38) 

 Now look at the general necessary conditions for the perturbed network equilibrium problem at 𝛆 =

𝟎 shown by Equation (2.38). The existence of equilibrium implies that there exists a solution 𝐟∗ which 

is the full path flow vector to the following system equations (the first-order Karush-Kuhn-Tucker (KKT)): 

𝛑(𝐟∗, 𝟎) − 𝛠 − 𝚲T ∙ 𝛍 = 𝟎 (2.39) 

𝛠T ∙ 𝐟∗ = 𝟎 (2.40) 

𝚲 ∙ 𝐟∗ − 𝐪(𝟎) = 𝟎 (2.41) 

𝛠 ≥ 𝟎 (2.42) 

𝐟∗ ≥ 𝟎 (2.43) 

 where 𝛑 is the vector of path costs; 𝐟∗ is the vector of equilibrium path flows; 𝐪 is the vector of 

O-D demands; 𝛠 and 𝛍 are the vectors of corresponding Lagrange multipliers respectively. 

  These system equations yield the derivative information of the UE problem. Yet, the aforementioned 

necessary condition is not fulfilled. As previously noted, the UE problem represents an asymmetric 

equilibrium assignment issue. While the solution to the UE problem concerning link flows is unique when 

the Jacobian matrix of the cost function is positive definite, the solutions related to path flows lack 

uniqueness. This non-uniqueness becomes an obstacle in derivative computation due to the description of 

the equation system in terms of path flows. Hence, when the derivative is computed unique solutions for 

path flows must be obtained. In this context, we employ the restricted network equilibrium approach that 

has been proposed by Tobin and Friesz (1988) and later enhanced by Yang and Bell (2007), to derive the 

expressions for the derivatives. Consequently, the equation system simplifies to: 
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𝛑0(𝐟∗, 𝟎) − 𝚲0T ∙ 𝛍 = 𝟎 (2.44) 

𝚲0 ∙ 𝐟0∗ − 𝐪(𝟎) = 𝟎 (2.45) 

where the superscript 0 represents the corresponding reduced vectors and matrix. 

Differentiating both sides of Equations (2.44) and (2.45) with respect to the perturbations 𝛆 (𝛆 = 𝟎) 

results in the following:  

[
∇𝐟𝛑

0(𝐟∗, 𝟎) −𝚲0T

𝚲0 𝟎
] ∙ [

∇𝛆𝐟
0

∇𝛆𝛍
] = [

−∇𝛆𝛑
0(𝐟∗, 𝟎)

∇𝛆𝐪(𝟎)
] (2.46) 

So, the Jacobian matrix of Equations (2.44) and (2.45) with respect to (𝐟0, 𝛍) evaluated at 𝛆 = 𝟎 is 

shown as: 

𝑴𝐟𝟎,𝛍(𝟎) = [
∇𝐟𝛑

0(𝐟∗, 𝟎) −𝚲0T

𝚲0 𝟎
] (2.47) 

 Suppose: 

𝑴𝐟𝟎,𝛍(𝟎)
−1 = [

𝐁11 𝐁12
𝐁21 𝐁22

] (2.48) 

Referring to Yang and Bell (2007), the following Equations can be derived: 

𝐁22 = [𝚲
0 ∙ ∇𝐟𝛑

0(𝐟∗, 𝟎)−1 ∙ 𝚲0T]−1 (2.49) 

𝐁12 = ∇𝐟𝛑
0(𝐟∗, 𝟎)−1 ∙ 𝚲0T ∙ 𝐁22 (2.50) 

𝐁21 = −𝐁22 ∙ 𝚲
0 ∙ ∇𝐟𝛑

0(𝐟∗, 𝟎)−1 (2.51) 

𝐁11 = ∇𝐟𝛑
0(𝐟∗, 𝟎)−1 ∙ [𝐈 + 𝚲0T ∙ 𝐁21] (2.52) 

where 

∇𝐟𝛑
0(𝐟∗, 𝟎) = 𝚫0T ∙ ∇𝐯𝐭

0(𝐯∗, 𝟎) ∙ 𝚫0 (2.53) 

𝐭0(𝐯∗, 𝟎) is the vector of link costs and 𝐈 represents the identity matrix of appropriate dimension. 

Finally, the derivative of path flows with respect to 𝐟 at 𝛆 = 𝟎 holds: 

∇𝛆𝐟
0 = −𝐁11 ∙ ∇𝛆𝛑

0(𝐟∗, 𝟎) + 𝐁22 ∙ ∇𝛆𝐪(𝟎) (2.54) 

where 

∇𝛆𝛑
0(𝐟∗, 𝟎) = 𝚫0T ∙ ∇𝛆𝐭

0(𝐯∗, 𝟎) (2.55) 

Since 𝐯 = 𝚫 ∙ 𝐟, the following relationship can be obtained: 

∇𝛆𝐯
0 = 𝚫0 ∙ ∇𝛆𝐟

0 (2.56) 

We propose an efficient method to solve the NDPs based on the sensitivity analysis method 

mentioned above. Which can establish the local linear approximation of the UE link flows to reduce the 

computation time when faced with large-scale networks. 
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3. Development of a sensitivity analysis-based algorithm for a traffic state estimation problem 

 

This chapter proposes a computationally efficient algorithm for traffic estimation problems by using 

floating car data. The traffic states in a road network are obtained by solving a full information maximum 

likelihood estimation (FIMLE) problem under UE constraints. Solving the FIMLE problem under 

equilibrium constraints requires much computation time. Therefore, a solution algorithm based on the 

sensitivity analysis for the UE is proposed in this chapter. We estimate the traffic states in the Asahikawa 

network in Hokkaido, Japan by applying the algorithm proposed in this chapter. 

 

3.1 Introduction  

 

The field of traffic planning has been significantly impacted by the progress of information and 

communication technology. For instance, traffic data gathering was once performed manually, but the 

development of traffic data collection technology enables us to collect comprehensively road traffic states. 

To estimate road traffic states, it is important to develop a precise system that can address big traffic data.  

Indicators representing the state of traffic can be the number of cars, the queue length, and the speed 

of cars. Travel time (delay time) is an important indicator for both drivers and road administrators. 

For travel time estimation, floating car data has been used in recent studies. It has been used for 

arterial travel time estimation in some studies. Liu and Ma (2009) proposed a method for the arterial travel 

time estimation based on the probe car model. Zheng and Van Zuylen (2013) proposed a VISSIM 

simulation model to estimate each link travel time using partial link data. Jenelius and Koutsopoulos (2013) 

estimated the travel time of a portion of the arterial route in a city by using sparse floating car data. 

However, the methods used in these studies cannot apply to network-level travel time estimation.  

Several studies have been conducted to estimate traffic states in networks. Hara et al. (2018) estimated 

link speeds that follow a multivariate normal distribution from accumulated and observed floating car data 

and developed a method to add the speeds on road links where floating car data is not available. In their 

study, no traffic flows, e.g., O-D flows, path flows and link flows in a road network, were addressed. 

Uchida and Kato (2017) adopted a normal distribution for each O-D demand in a road network. Taylor 

series expansion was performed to calculate approximately both the mean travel time and the travel time 

variance of a link that has link flow following the normal distribution. The approximation method based 

on the Taylor series expansion greatly increases the computation burden. To reduce the calculation burden, 

Tani and Uchida (2018) adopted a lognormal distribution for each O-D demand and assumed that the 

corresponding link flow follows the lognormal distribution approximately. When link flow follows the 
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lognormal distribution, the corresponding link travel time follows a shifted lognormal distribution. 

However, the link flow does not follow the lognormal distribution analytically because it was calculated 

as the summation of the path flows that follow the lognormal distribution. Therefore, Tani et al. (2021) 

adopted the lognormal distribution for total O-D demands so that stochastic link delay times in the network 

follow a multivariate lognormal distribution. However, due to this assumption, mutually and statistically 

correlated O-D demands which may not be realistic were generated in the network. Still, the assumption 

employed by Tani and Uchida (2021) brings about an advantage in estimating correctly network 

parameters, e.g., each O-D demand in the network, over the methods proposed in the literature. In this 

study, following Tani et al. (2021), the assumption that total O-D demands follow the lognormal 

distribution is employed to express the link delay times that follow the multivariate lognormal distribution. 

A method proposed in this study utilizes the mathematical property that the natural logarithm of link delay 

times follows a multivariate normal distribution. Thus, network parameters in this study can be estimated 

by using a FIMLE based on the multivariate normal distribution. When solving the FIMLE in this study, 

UE constraints need to be addressed.  

 

Fig. 3.1 Trends in ETC and ETC 2.0 usage in Japan. 

(Source: Ministry of Land, Infrastructure, Transport and Tourism, Japan) 

 

To estimate traffic states in a road network, floating car data is collected from vehicles equipped with 

probe devices. The floating car data provides us with various traffic data such as the speed, position, and 

direction of each vehicle. Now in Japan, floating car data can be collected and available, but there are still 

some problems. The market penetration rate of cars from which floating car data can be collected is still 

low, and therefore it is impossible to collect data for each link in the network. Fig.3.1 highlights the trends 

in ETC and ETC 2.0 usage in Japan. The ETC usage rate has reached 95%, with about 852 million vehicles 

using ETC daily. However, ETC is limited to the toll road networks, it cannot capture traffic data on non-
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toll roads. Compared to ETC, ETC2.0 can gather data from all roads by using advanced technologies, but 

the penetration rate of ETC2.0 remains low, which is only 35.4%. Therefore, there are many links in the 

road network where no floating data is collected. To cope with such road networks, the traffic state 

estimation is formulated as a FIMLE problem under UE constraints in this study. An efficient algorithm 

for solving the FIMLE problem based on the sensitivity analysis for UE is also presented. 

The rest of this paper is as follows. Chapter 3.2 formulates a network model including the definition 

of traffic flows, travel times, and a UE traffic assignment problem. Chapter 3.3 introduces the FIMLE 

problem UE constraints. Chapter 3.4 proposes an efficient solution algorithm based on sensitivity analysis 

for UE, and demonstrates and verifies the proposed algorithm in a test network and real network. Finally, 

the concluding remarks and future directions are shown in Chapter 3.5. 

 

 

3.2 UE under stochastic demand 

 

3.2.1 Notations 

 

The notations below are adopted in this study. Random variables are expressed in capital letters, and 

lowercase letters are used to denote the expected values of the corresponding random variables. 

Notation Representation  

𝐺(𝑁, 𝐴) The network comprised of set of nodes 𝑁 and set of links 𝐴  

𝐼 Set of O-D pairs 

𝐽𝑖 Set of paths for O-D pair 𝑖 

𝑄 Stochastic total O-D demands 

𝑄𝑖 Stochastic demand between O-D pair 𝑖 

𝑇𝑎 Stochastic travel time on the link 𝑎 

𝑇𝑎
′ Stochastic delay time on the link 𝑎 

𝐶𝑎 Stochastic traffic capacity on the link 𝑎 

𝑝𝑖 The ratio of demand for O-D pair 𝑖 to the total O-D demands 

𝑝𝑖𝑗 Probability of selecting path 𝑗 in O-D pair 𝑖 

Ξ𝑖𝑗 Stochastic travel time on path 𝑗 between O-D pair 𝑖 

𝐹𝑖𝑗 Stochastic traffic flow on path 𝑗 between O-D pair 𝑖 

𝑉𝑎 Stochastic traffic flow on the link 𝑎 

𝑡𝑎
0 Free flow travel time on the link 𝑎 
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𝑐𝑖𝑗 Mean travel time on path 𝑗 between O-D pair 𝑖 

𝛿𝑎𝑗 The variable that equals 1 if path 𝑗 uses link 𝑎 and 0 otherwise 

𝜇𝑖 Minimum mean path travel time between O-D pair 𝑖 

∆ Link/path incidence matrix 

𝐐 (or 𝐪) Vector of stochastic (or mean) O-D demands 

𝐅 (or 𝐟) Vector of stochastic (or mean) path flows 

𝝁 Vector of minimum mean path travel times 

𝚵 Vector of stochastic path travel times 

𝛑 Vector of mean path travel times 

  

 

3.2.2 Traffic flow 

 

Consider a road network 𝐺(𝑁, 𝐴) with a set of nodes 𝑁 and a set of links 𝐴. The total demand 𝑄 

in this network that follows a log-normal distribution is 

𝑄~𝐿𝑁(𝜇, 𝜎2) (3.1) 

where 𝜇 and 𝜎2 are the parameters of the log-normal distribution. The demand 𝑄𝑖 for O-D pair 𝑖 ∈ 𝐼 

is expressed as 

𝑄𝑖 = 𝑝𝑖 ⋅ 𝑄 ∀𝑖 ∈ 𝐼 (3.2) 

where the ratio 𝑝𝑖 for O-D pair 𝑖 holds ∑ 𝑝𝑖𝑖∈𝐼 = 1. O-D demand 𝑄𝑖 follows the following log-normal 

distribution. 

𝑄𝑖~𝐿𝑁(𝜇𝑄𝑖 , 𝜎𝑄𝑖
2 ) ∀𝑖 ∈ 𝐼 (3.3) 

Its parameters are:  

𝜇𝑄𝑖 = 𝜇 + ln(𝑝𝑖) ∀𝑖 ∈ 𝐼 (3.4) 

𝜎𝑄𝑖
2 = 𝜎2  ∀𝑖 ∈ 𝐼 (3.5) 

and vector of mean O-D demand is defined as follows: 

𝛍𝑄 = [𝜇𝑄1 …𝜇𝑄𝑖 … , 𝜇𝑄|𝐼|]
T

(3.6) 

the path flow 𝐹𝑖𝑗 is calculated as the product of the O-D demand 𝑄𝑖 and 𝑝𝑖𝑗 which is the probability 

that drivers who travel between O-D pair 𝑖 select route 𝑗.  

 
𝐹𝑖,𝑗 = 𝑝𝑖,𝑗 ⋅ 𝑄𝑖 = 𝑝𝑖,𝑗 ⋅ 𝑝𝑖 ⋅ 𝑄  ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.7) 

the path flows follow the following log-normal distribution: 
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𝐹𝑖,𝑗~𝐿𝑁 (𝜇𝐹𝑖,𝑗 , 𝜎𝐹𝑖,𝑗
2 ) ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.8) 

where 

𝜇𝐹𝑖,𝑗 = 𝜇 + ln(𝑝𝑖,𝑗 ⋅ 𝑝𝑖) ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.9) 

𝜎𝐹𝑖,𝑗
2 = 𝜎2 ∀ 𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.10) 

The link flow is expressed as the sum of path flows that passes through the link: 

𝑉𝑎 =∑∑𝐹𝑖,𝑗
𝑗∈𝐽𝑖

⋅ 𝛿𝑎,𝑗
𝑖∈𝐼

=∑∑𝑝𝑖,𝑗 ⋅ 𝑝𝑖 ⋅ 𝑄

𝑗∈𝐽

⋅ 𝛿𝑎𝑗
𝑖∈𝐼

= 𝑝̂𝑎 ⋅ 𝑄 ∀𝑎 ∈ 𝐴 (3.11) 

where 

𝑝̂𝑎 =∑∑𝛿𝑎,𝑗 ∙ 𝑝𝑖,𝑗 ∙

𝑗∈𝐽𝑖𝑖∈𝐼

𝑝𝑖  ∀𝑎 ∈ A (3.12) 

Its parameters are given as follows: 

𝑉𝑎~𝐿𝑁(𝜇𝑉𝑎 , 𝜎𝑉𝑎
2 ) ∀𝑎 ∈ 𝐴 (3.13) 

𝜇𝑉𝑎 = 𝜇 + ln(𝑝̂𝑎) ∀𝑎 ∈ 𝐴 (3.14) 

𝜎𝑉𝑎
2 = 𝜎2 ∀𝑎 ∈ 𝐴 (3.15) 

 

 

3.2.3 Travel time 

 

In this study, the link travel time is defined by the following BPR function below: 

 

𝑇𝑎(𝑉𝑎 , 𝐶𝑎) = 𝑡𝑎
0 ⋅ (1 + 𝛼 ⋅ (

𝑉𝑎
𝐶𝑎
)
𝛽

) ∀𝑎 ∈ 𝐴 (3.16) 

using the previously defined link flow and the link capacities 𝐶𝑎~𝐿𝑁(𝜇𝐶𝑎 , 𝜎𝐶𝑎
2 ) (∀𝑎 ∈ 𝐴), the link travel 

time is calculated as the following shifted log-normal distribution. 

 

𝑇𝑎(𝑉𝑎 , 𝐶𝑎) = 𝑡𝑎
0 +

𝑡𝑎
0 ⋅ 𝛼𝑎

𝐶𝑎
𝛽𝑎

⋅ (𝑉𝑎)
𝛽𝑎 = 𝑡𝑎

0 + 𝛾𝑎 ⋅ (
𝑉𝑎
𝐶𝑎
)
𝛽𝑎

∀𝑎 ∈ 𝐴 (3.17) 

𝛾𝑎 = 𝑡𝑎
0 ⋅ 𝛼𝑎  ∀𝑎 ∈ 𝐴 (3.18) 

The link travel time shown above can be divided into a deterministic term (free flow travel time) and 

a random term (link delay time).  

The random term is affected by changes in link flow and link capacity. Since the link flow and link 

capacity follow mutually independent log-normal distributions, the link delay time also follows a log-

normal distribution (Tani and Uchida, 2018). 
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𝑇𝑎
′ = 𝛾𝑎 ⋅ (

𝑉𝑎
𝐶𝑎
)
𝛽𝑎

~𝐿𝑁(𝜇𝑇𝑎′ , 𝜎𝑇𝑎′
2 ) ∀𝑎 ∈ 𝐴 (3.19) 

where 

𝜇𝑇𝑎′ = ln(𝛾𝑎) + 𝛽𝑎 ⋅ ln(𝑝̂𝑎) + 𝛽𝑎 ⋅ (𝜇 − 𝜇𝐶𝑎) ∀𝑎 ∈ 𝐴 (3.20) 

𝜎𝑇𝑎′
2 = (𝛽𝑎)

2 ⋅ (𝜎2 + 𝜎𝐶𝑎
2 ) ∀𝑎 ∈ 𝐴 (3.21) 

The link travel time follows a shifted log-normal distribution shown below 

𝑇𝑎 = 𝑡𝑎
0 + 𝑇𝑎

′  ∀𝑎 ∈ 𝐴 (3.22) 

Then, the mean of link travel time is given by: 

𝐸[𝑇𝑎] = 𝑡𝑎
0 + E(𝑇𝑎

′) = 𝑡𝑎
0 + exp(𝜇𝑇𝑎′ +

1

2
𝜎𝑇𝑎′
2 )∀𝑎 ∈ 𝐴 (3.23) 

The stochastic path travel time is expressed as the sum of the link travel times as follows: 

Ξ𝑖,𝑗 =∑𝑇𝑎 ⋅

𝑎∈𝐴

𝛿𝑎,𝑗∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.24) 

where 𝛿𝑎,𝑗  is the variable that equals 1 if path 𝑗  uses the link and 0 otherwise. Path travel time is 

calculated as: 

E[Ξ𝑖,𝑗] = ∑E[𝑇𝑎] ⋅

𝑎∈𝐴

𝛿𝑎,𝑗  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.25) 

The vector of path travel times is expressed as follows: 

𝚵 = [Ξ1,1  … Ξ𝑖,𝑗  …Ξ|𝐼|,|𝐽𝑖|]
T
 (3.26) 

 

 

3.2.4 UE assignment model 

 

The mean path travel time is calculated as the sum of the mean of link travel times as follows: 

𝜋𝑖,𝑗 =∑E[𝑇𝑎] ⋅ 𝛿𝑎,𝑗   ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖
𝑎∈𝐴

(3.27) 

𝛑 = [𝜋1,1, … , 𝜋𝑖,𝑗 , … , 𝜋|𝐼|,|𝐽𝑖|]
T
 (3.28) 

the vectors of path flows, O-D demands, and the mean vectors of path traffic flows and O-D demands are 

respectively represented by 

𝐅 = [𝐹1,1, … 𝐹𝑖,𝑗  …𝐹|𝐼|,|𝐽𝑖|]
T
 (3.29) 

𝐟 = [𝑓1,1  … 𝑓𝑖,𝑗 , … 𝑓|𝐼|,|𝐽𝑖|]
T
 (3.30) 
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𝐐 = [𝑄1, …𝑄𝑖  …𝑄|𝐼|]
T
 (3.31) 

𝐪 = [𝑞1, … 𝑞𝑖  … 𝑞|𝐼|]
T

(3.32) 

When the vector of mean path flows is 𝐟 ≥ 𝟎, the minimum path travel cost between O-D pair 𝑖 is 

expressed as follows: 

𝜇𝑖 = 𝑚𝑖𝑛{𝜋𝑖,𝑗 , ∀𝑗 ∈ 𝐽𝑖} ∀𝑖 ∈ 𝐼 (3.33) 

Here, the vector of minimum path travel costs is shown below: 

𝛍 = [𝜇1… 𝜇𝑖  … 𝜇|𝐼|]
T

(3.34) 

For each path 𝑗 ∈ 𝐽𝑖 between O-D pair 𝑖 ∈ 𝐼, if the mean vector of path flows 𝐟 is in Wardropian 

equilibrium (UE) the following conditions hold: 

𝑓𝑖,𝑗 > 0 → 𝜋𝑖,𝑗 = 𝜇𝑖  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.35) 

𝑓𝑖,𝑗 = 0 → 𝜋𝑖,𝑗 ≥ 𝜇𝑖  ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.36) 

The equilibrium conditions for a given O-D pair show that generalized costs of used routes are all 

equal and are smaller than or equal to the costs of unused routes.  

The above UE conditions can be formulated as the following VI problem in terms of path flow 

variables (Smith, 1979): 

∑∑ 𝑐𝑖,𝑗 ⋅ (𝑓𝑖,𝑗 − 𝑓𝑖,𝑗
∗)

𝑗∈𝐽𝑖

≥ 0

𝑖∈𝐼

(3.37) 

∑∑ 

𝑗∈𝐽𝑖𝑖∈𝐼

𝑓𝑖,𝑗 = 𝑞𝑖 (3.38) 

𝑓𝑖,𝑗 ≥ 0 ∀𝑖 ∈ 𝐼, ∀𝑗 ∈ 𝐽𝑖 (3.39) 

where 𝑓𝑖,𝑗
∗
 is the path flow in the UE state. 

In addition, Equations (3.37)-(3.39) can be expressed as follows: 

𝛑(𝐟∗)T ∙ (𝐟 − 𝐟∗) ≥ 0 
𝐟 ≥ 0 (3.40)

 

where 𝐟∗ is the vector of path flow at UE state. 

     

 

3.3 Definitions of FIMLE problem 

 

The preceding chapters showed the definition of the network flow models, and a UE assignment 

model, which forms equilibrium constraints for the objective function. FIMLE can deal with missing data 

by using all available information, making it robust in scenarios where traditional Maximum Likelihood 
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Estimation (MLE) cannot handle the missing data. Therefore, the FIMLE is introduced in this chapter, 

referring to Tani and Uchida (2021). 

Vector of link delay times is: 

𝐓′ = [𝑇1
′…𝑇𝑎

′…𝑇|𝐴|
′ ]

T
  (3.41) 

that follows the following multivariate log-normal distribution. 

𝐓′~MVLN(𝛍Ta′ , 𝚺Ta′ ) (3.42) 

where 

𝛍𝑇𝑎′ = [𝜇𝑇1′  𝜇𝑇2′… 𝜇𝑇|𝐴|
′ ]

T
(3.43) 

𝚺𝑇′ = [

𝜎𝑇1′
2 ⋯  𝜎𝑇1′,𝑇|𝐴|

′

⋮ ⋱ ⋮
 𝜎𝑇|𝐴|

′ ,𝑇1
′ ⋯ 𝜎

𝑇|𝐴|
′
2

] (3.44) 

𝜎𝑇𝑎′,𝑇𝑏′ = 𝛽𝑎 ⋅ 𝛽𝑏 ⋅ 𝜎
2 (3.45) 

A method for estimating traffic conditions in this study is based on the method proposed by Tani and 

Uchida (2020).  

Given 𝐺 days of traffic observation data, define the observed state vector 𝐦𝑔 and the observed 

value vector 𝐝̂𝑔  for the observation on day 𝑔 ∈ {1,… , 𝐺} . 𝐝̂𝑔  is a vector representing the traffic 

conditions observed across the road network on day 𝑔 ∈ {1,… , 𝐺}, defined as: 

𝐝̂𝑔 = [𝑡̂1…  𝑡̂𝑎… 𝑡̂|𝐴|]
T
 ∀ 𝑔 ∈ {1,… , 𝐺} (3.46) 

where  𝑡̂𝑎 is the logarithm of the observed delay time of link 𝑎. For instance, the link delays observed on 

day 𝑔 ∈ {1,… , 𝐺} in a simple network which is comprised of three links are 10 [min] at link1 and 5 [min] 

at link 2 and no observed data at link 3, then the 𝐝̂𝑔 is expressed as follows: 

𝐝̂𝑔 = [ln(10)  ln(5) − ∞]
T (3.47) 

If there is no observed value or the observed value is less than or equal to zero, the corresponding 

value is assumed to be −∞. Since the link delay time is defined as the increase in travel time relative to 

free flow travel time. The link delay time cannot be defined if the link travel time is less than or equal to 

the free flow travel time.  

The observed state vector 𝐦𝑔 shown by (3.48) reflects the traffic state on links, and its entry 𝑚𝑎,𝑔 

equals 1 if the link delay time is observed on link 𝑎 and 0 otherwise. 

𝐦𝑔 = [𝑚𝑎,𝑔 , ∀𝑎 ∈ 𝐴]
T

(3.48) 

where 
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𝑚𝑎,𝑔 = {
1, 𝑖𝑓  𝑡̂𝑎 ≠ −∞
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

(3.49) 

The 𝐦𝑔 corresponding to Equation (3.49) is: 

𝐦𝑔 = [1 1 0]T (3.50) 

𝐌𝑔 is defined as the diagonal matrix of 𝒎𝑔 from which each row containing only zero entries is removed. 

This indicates that only data from observed links are used to calculate the likelihood. For example, 𝐦𝑔 =

[1 1 0]T, as shown in Equation (3.50), 𝐌𝑔 can be expressed as: 

𝐌𝑔 = [
1 0 0
0 1 0

] (3.51) 

the number of data observed on day 𝑔 ∈ {1,… , 𝐺} is 𝑛(𝑔). 

Link delay for the entire road network follows a multivariate Log-normal distribution, as mentioned 

before, it is denoted as 𝐓′~MVLN(𝛍Ta′ , 𝚺Ta′ ) , and the natural logarithm of link delays follows a 

multivariate normal distribution, denoted as ln (𝐓′)~MVN(𝛍Ta′ , 𝚺Ta′ ). Here, the parameters are the same 

for both. Therefore, the estimates obtained by FIMLE using link delay time that follow a multivariate log-

normal distribution as likelihoods are the same as those obtained by FIMLE of a multivariate normal 

distribution. The method used in this study takes advantage of this property to estimate the parameters by 

using FIMLE of a multivariate normal distribution. 

The FIMLE problem in this study is defined as: 

max   𝐿(𝜇, 𝜎2|𝐝̂𝑔∀𝑔 ∈ {1,… , 𝐺}) =

∏
exp (−

1
2 (𝐝̂𝑔 − 𝛍𝑔

(𝜇))
T
𝚺𝑔
−1(𝜎2) (𝐝̂𝑔 − 𝛍𝑔(𝜇)))

2𝜋
𝑛(𝑔)
2 |𝚺𝑔(𝜎2)|

1
2𝑔∈{1,…,𝐺} 

(3.52)
 

s.t. (3.37)-(3.39), where 

𝚺𝑔(𝜎
2) = 𝐌𝑔𝚺𝑇𝑎′(𝜎

2)𝐌𝑔
T ∀𝑔 ∈ {1,… , 𝐺} (3.53) 

𝛍𝑔(𝜇) = 𝐌𝑔𝛍𝑇𝑎′(𝜇) ∀𝑔 ∈ {1,… , 𝐺} (3.54) 

𝐝̂𝑔 = 𝐌𝑔𝐝̂𝑔 ∀𝑔 ∈ {1,… , 𝐺} (3.55) 

 

 

3.4 Solution algorithm based on sensitivity analysis for UE flows  

 

When solving the likelihood maximization problem mentioned in Chapter 3.3 to estimate the traffic 

state, it is difficult to find the gradient of the objective function with equilibrium constraints. 

Therefore, this chapter introduces the sensitivity analysis proposed by Yang and Bell (2009) to the 

FIMLE problem for converting the equilibrium constraints to linear constraints. The perturbation 
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parameter for O-D demands will be denoted by 𝛆 . The perturbated O-D demand vector 𝐪(𝛆)  is 

represented by: 

𝐪(𝛆) = 𝐪 + 𝛆 (3.56) 

The path flow calculated at 𝐪(𝛆) can be approximated by 

𝐟(𝐪(𝛆)) = 𝐟∗(𝐪) + 𝛁𝛆𝐟
0 ⋅ 𝛆 (3.57) 

where the superscript 0 represents the corresponding reduced vectors and matrix. 𝛁𝛆𝐟
0 can be calculated 

by ∇𝛆𝐟
0 = −𝐁11 ∙ ∇𝛆𝐜

0(𝐟∗, 𝟎) + 𝐁22 ∙ ∇𝛆𝐪(𝟎)  in Equation (2.28). However, 𝛆  is denoted as 

perturbation parameter for O-D demands in this chapter, therefore, ∇𝛆𝐜
0(𝐟∗, 𝟎) = 𝟎, then 𝛁𝛆𝐟

0 = 𝐁22 ∙

∇𝛆𝐪(𝟎). The corresponding link flow vector is defined as:  

𝐯(𝛆) = ∆ ⋅ 𝐟(𝐪(𝛆)) (3.58) 

It is complex to solve the likelihood function with equilibrium constraints directly. Solving this 

problem requires a large amount of computation time. However, the method of sensitivity analysis converts 

the equilibrium constraints to linear constraints and makes the problem easier to solve. The FIMLE 

problem based on sensitivity analysis can be written as follows. 

max𝐿(𝜇, 𝜎2, 𝛆|𝐝̂𝑔∀𝑔 ∈ {1,… , 𝐺}) =

∏

exp(−
1
2 (𝐝̂𝑔 − 𝛍𝑔

(𝛆, 𝜇))
T
𝚺𝑔
−1(𝜎2)(𝐝̂𝑔 − 𝛍𝑔(𝛆, 𝜇)))

2𝜋
𝑛(𝑔)
2 |𝚺𝑔(𝜎

2)|
1
2𝑔∈{1,…,𝐺}

(3.59)
 

s.t. 

∑𝑞𝑖(𝛆)

𝑖∈𝐼

= exp(𝜇 +
𝜎2

2
) (3.60) 

 

The solution algorithm for estimating 𝜇, , 𝜎2 and 𝛆 is summarized as follows.  

Step 0 

Initialization 

Set 𝑛 = 1, the initial parameters 𝜇 and 𝜎2, and initial O-D shares 𝑝𝑖, 

i.e., 𝑞 = exp(𝜇 +
𝜎2

2
) and 𝑞𝑖 = 𝑝𝑖 ∙ 𝑞. 

Step 1 

UE assignment 

UE traffic assignment is performed to obtain equilibrium traffic flows. 

Step 2 

Sensitivity analysis 

Calculate the 𝛁𝛆𝐟
0 in Equation (3.57) by the sensitivity analysis based on 

the equilibrium traffic flows. 

Step 3 

FIMLE 

 

Solve the FILME problem defined in this study. Optimal parameters 𝜇∗, 

𝜎2∗ and 𝛆∗ are then obtained. Update mean total O-D demands and each 
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O-D demand as 𝑞 = exp(𝜇∗ +
𝜎2∗

2
) and 𝑞𝑖 = 𝑞𝑖 + 𝜀𝑖

∗, respectively. 

Step 4 

Convergence 

If convergence is achieved, the calculation is terminated. If not, set  𝑛 =

𝑛 + 1 and return to Step 1 

 

 

3.5 Numerical calculation for test network 

 

3.5.1 Definition of test network  

 

 

 

The first numerical calculation was conducted in the test network shown in Fig. 3.1. The test network 

is composed of 4 O-D pairs, 10 paths and 19 directed links as shown in Table 3.1. The test network is used 

to illustrate the FIMLE problem with equilibrium constraints. The link cost function below is used. 

𝑡𝑎(𝑉𝑎, 𝐶𝑎) = 𝑡𝑎
0 ⋅ (1 + 1 ⋅ (

𝑉𝑎
𝐶𝑎
)
2

) (3.61) 

The free flow travel time and link capacity for all links are 3 [min] and 1000 [pcu/h], and the 

coefficient of variation for each link capacity is 𝑐𝑣 = 0.1, where “pcu” represents the passenger car unit.  

The link delays presented in Table 3.2 are assumed as observation data, where ‘-’ indicates there is 

no observation data. The initial values of 𝜇 and 𝜎2 are 5 and 1, respectively. Thus, the initial mean total 

demand is calculated as 244.6919. We set 𝑝𝑖 = 0.25 for each O-D pair, therefore each mean O-D demand 

is 61.1730.  

 

 

 

Fig. 3.2 Test network. 

Table 3.1. Paths in test network. 
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Table 3.2. Delay time [sec] for test network. 

 

 

 

3.5.2 Results of test network 

 

The convergence process of 𝜇  and 𝜎2  is shown in Fig. 3.3. The estimation results of them are 

7.1133 and 1.8 × 10−8, respectively. 

 

 

 

Fig. 3.3 Convergence process of 𝜇 (a) and 𝜎2 (b) for the test network. 

 

link number day 1 day 2 link number day 1 day 2

1 18 16 11 20 17

2 15 20 12 - 18

3 - 14 13 17 15

4 17 15 14 18 20

5 18 - 15 15 14

6 15 18 16 15 15

7 15 20 17 18 16

8 18 - 18 20 18

9 20 16 19 15 18

10 - 18

(a) (b) 
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Fig. 3.4 Results of mean link travel time (a), and mean demand for each O-D pair (b). 

 

The estimation results of mean travel time for each link are depicted in Fig. 3.4 (a). It is shown that 

the estimation results are in relative agreement with the observation data. As can be seen from Fig. 3.4 (a), 

it is not possible to estimate exactly the same travel times as the observed values for all links. This is due 

to the equilibrium constraints in which path flows are calculated considering O-D pair settings and drivers’ 

route choice behavior. Fig. 3.4 (b) depicts the mean demand for each O-D pair calculated by the estimated 

O-D demand shares: 𝐩 = [0.2205 0.3653 0.1881 0.2261]T. 

 

 

3.6 Application to a large network (Asahikawa network) 

 

3.6.1 Network information 

 

The road network in Asahikawa, Japan, shown in Fig. 3.5, is used for the second numerical calculation. 

The network has 340 directed links, 135 nodes, and 182 O-D pairs. The nodes in red in Fig. 3.5 show 

centroid nodes from/to which O-D demand is generated/absorbed. 

 

(a) (b) 
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Fig. 3.5 Asahikawa network. 

 

 

3.6.2 Observation data preparation (ETC2.0) 

 

Electronic Toll Collection 2.0 (ETC2.0) is an advanced technology used for electronic toll collection 

on highways and toll roads. ETC2.0 builds upon the original ETC system and incorporates additional 

features and capabilities, such as facilitating the collection of comprehensive road traffic data. By 

integrating sensors and detectors into the ETC2.0 infrastructure, it can capture real-time traffic information 

such as vehicle volume, speed, and link travel time. This data can be used for traffic management, 

congestion monitoring, and transportation planning purposes. 

The link delay times collected by ETC2.0 in October 2021 were used in the calculation. The data was 

collected for 31 days from 9:00 am to 10:00 am from October 1st to 31st including weekend days. Only 

the links with more than 25 observed link delay times are chosen. 

Table 3.3 shows an example of observation data where ‘-’ indicates no observation data is available.  
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Table 3.3. Observed link delay times for the Asahikawa network.  

  

 

It is obvious from Table 3.3 that there are some outliers, such as a delay time of 6808.4 [sec], for 

which data cleansing is required before the estimation of traffic states. 

In this study, an outlier is defined as a value greater than three times the median absolute deviation 

(MAD). When the number of observations is 𝑛, a set of observed values is B that is defined as: 

B = {𝑏1 ⋯ 𝑏𝑛} (3.62) 

where 𝑏𝑖 is the 𝑖th observed value and some of them may be −∞ (unobserved). Let B∗ denote the 

subset of B comprised of 𝑏𝑖 > −∞ denoted by 𝑏𝑖
∗. The MAD is defined as 

𝑀𝐴𝐷 = 𝑚𝑒𝑑𝑖𝑎𝑛(|𝑏𝑖
∗ −𝑚𝑒𝑑𝑖𝑎𝑛(B∗)| ∀𝑏𝑖

∗ ∈ B∗) (3.63) 

Outliers can be identified by using the above procedure and incorporated into subsequent numerical 

calculations after being set to zero. 

 

 

3.6.3 Results of Asahikawa Network 

 

The estimated 𝜇 and 𝜎2 for the Asahikawa network are 10.31446 and 0.0684 and their convergence 

process is illustrated in Fig. 3.6. 

 

104 112 113 114 115 116 117 118

10 714.4 126.4 - - - 76.4 130.4 -

11 1576.4 105.4 718.4 239.4 82.4 68.4 164.4 23.4

12 743.4 129.4 - 255.4 180.4 112.4 9.4

13 1152.4 128.4 - 221.4 92.4 82.4 216.4 72.4

14 744.4 122.4 - - - 57.4 127.4 0.4

15 1661.4 144.4 - 179.4 65.4 65.4 211.4 35.4

16 821.4 102.4 950.4 156.4 0.0 72.4 101.4 12.4

17 6808.4 184.4 - - 92.4 72.4 88.4 -

18 924.4 119.4 728.4 224.4 96.4 74.4 155.4 14.4

19 1363.4 131.4 - - - 68.4 237.4 7.4

Link No.

Day
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      (a)                                   (b) 

Fig. 3.6 Convergence process of 𝜇 (a) and 𝜎2 (b) for the Asahikawa network. 

 

 

Fig. 3.7 Stochastic demand for each O-D pair for the Asahikawa network. 
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Fig. 3.8 Estimated mean link flow. 

  

Fig. 3.7 shows the estimated mean demand for each O-D pair (there are a total of 182 O-D pairs). 

The total mean O-D demand estimated is  3.2119 × 104[pcu/h]. The estimated mean O-D demands for 

O-D pairs 130-88, 130-61, 130-5, 106-61, 58-15 and 84-28 are significantly larger than those for other O-

D pairs. The reason for this is that centroid node 84 is located near a primary school, centroid nodes 48 

and 28 are located near residential areas, and centroid node 58 is close to a high school. There are major 

routes from the outskirts to the center of Asahikawa City in the vicinity of centroid nodes 106 and 130. 

In this study, a road section in the network is comprised of opposing two directed links. Flows of 

opposing two directed links are almost the same. Since the number of such links is large, we choose one 

of two opposing links for a road section in the network. Fig. 3.8 shows the estimated mean link flow in 

the same direction selected. The mean link flow in the central part is from 600 [pcu/h] to 1,200 [pcu/h], 

and the links with red color have link flows between 2,400 [pcu/h] and 3,000 [pcu/h]. The reason for this 

is that the links are located near the centroid nodes.   
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Fig. 3.9 Histogram of link delay times and estimated PDF of log-normal distribution. 

 

Fig. 3.9 shows the relationship between observed link delay times shown by the histogram and the 

probability density function (PDF) of the estimated lognormal distribution of a link in the network (all 

results are summarized in Chapter 3.9). The histograms represent observed link delay times. The estimated 

link delay times are reasonably close to observed link delay times such as subplots (c) and (d). However, 

a few results are notably different from the observation data such as subplots (a) and (b) due to the locations 

of centroids predefined before the calculation. 

 

 

3.7 KL divergence  

 

The Kullback-Leibler (KL) divergence is used for quantifying how much the estimated distribution 

differs from the true distribution of observed delay time as shown in Fig.3.9.  
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Fig. 3.10 Probability distribution with different KL values. 

 

The blue curve represents the true distribution, while the red dashed curves represent estimated 

distributions with varying KL values in Fig.3.10. Small KL values (e.g., KL=0.1) indicate a closer match 

between the estimated and true distributions, while large KL values (e.g., KL=3) show significant 

deviations.  

The KL divergence in this study is calculated as: 

𝐾𝐿(𝑓(𝑥)‖𝑔(𝑥)) = ∫ 𝑓(𝑥) ∙ 𝑙𝑛
𝑓(𝑥)

𝑔(𝑥)

𝑛(∞)

𝑙𝑛(−∞)

𝑑𝑥 (3.64) 

where 𝑓(𝑥)  and 𝑔(𝑥)  are the probability density function of the link delay time estimated by the 

proposed model, and that obtained by fitting a lognormal distribution to the observed link delay times, 

respectively. 

The link delay times collected by ETC2.0 in October 2021 for the period of 31 days were used in the 

calculation. Fig. 3.11 shows the corresponding KL divergence results. 
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Fig. 3.11 Results of KL divergence. 

 

From Fig.3.11, it is shown that 68% of the KL divergence values fall within the range of 0 and 1, and 

all of the KL divergence values fall within the range of 0 and 5. The results of the KL divergence analysis 

show the estimated link delay times by the proposed method are reasonably close to the real observed link 

delay times in the Asahikawa network. 

 

 

3.8 Conclusions of Chapter 3 

 

In this chapter, a traffic state estimation problem is formulated as a FIMLE problem under UE 

constraints. In addition, a solution algorithm, which is based on the sensitivity analysis for UE, for the 

traffic state estimation problem is developed. Since the market penetration rate of cars from which floating 

car data can be obtained is still low in Japan, therefore complete observation of network-level data is 

impossible. The problem formulated in this study can address such incomplete traffic data. 

Numerical calculations were carried out in a test network and the real Asahikawa network using real 

observed link delay times. Especially, the algorithm developed in this study estimated relatively reasonable 

link delay times in the Asahikawa network. The results of KL divergence show that the proposed method 

performs well in accurately estimating the link delay times for large networks. However, the accuracy of 

the estimated link delay times can heavily depend on the locations of the centroids and the number of 

predefined O-D pairs. We will address such issues in future studies. 
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3.9 Appendix 3  

 

All of the results of the relationship between observed link delay times and PDF of log-normal 

distribution for each link estimated by the method proposed in this study are summarized here. 
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4. Development of sensitivity analysis-based algorithm for a bus network design problem  

 

4.1 Introduction 

 

With the advancement of CABs technology and the increasing urban transportation demand, 

designing efficient transit networks and optimizing service frequencies have become particularly crucial. 

However, research addressing both optimal bus route network design and service frequencies is lacking. 

This paper proposes a bi-level programming model (BIPM) to simultaneously optimize bus route network 

and service frequencies, considering two travel modes: CABs and Human Driving Vehicles (HDVs). The 

upper-level problem aims to minimize the total network cost, including travel and operational costs. This 

problem is known as a discrete optimization problem. A continuous relaxation approach is employed for 

this discrete problem, allowing the application of a solution algorithm for nonlinear optimization to solve 

the relaxed problem. Furthermore, this optimization problem must be solved under an equilibrium 

constraint, formulated as a UE traffic assignment problem at the lower-level. To solve the bi-level problem, 

a sensitivity analysis-based algorithm is developed. Numerical experiments are used to validate the 

efficacy of the proposed method. The results demonstrate the capability of the model and algorithm to 

concurrently optimize both bus route networks and service frequencies, providing a valuable reference for 

future bus network design. 

CABs are poised to play a critical role in the future of urban mobility, offering significant potential 

for public transportation systems globally. Additionally, CABs offer multiple advantages over Human 

Driving Buses (HDBs), which are increasingly recognized in the field of transportation. Compared to 

HDBs, computer-controlled CABs can significantly reduce operational costs by eliminating the need for 

drivers. Furthermore, CABs can enhance operational efficiency by gathering information about the 

surrounding vehicles and environment. Moreover, when humans drive vehicles, variations in their 

perception of danger lead to different reaction times and, consequently, different headways, thereby 

affecting the efficiency of road capacity usage. In contrast, CABs exhibit significantly shorter reaction 

times and shorter headways, thereby optimizing road capacity utilization. 

Although CABs present considerable advantages over HDVs, fully realizing the potential of CABs 

to optimize the efficiency of transportation networks necessitates targeted optimizations that consider the 

interdependence among various components of the network. Factors influencing the effectiveness of CABs 

within a transportation network include: (a) route design, (b) frequency setting, (c) timetabling, (d) vehicle 

scheduling, and (e) crew scheduling and rostering. Among these, route design and frequency setting are 

especially critical. Route design refers to the process of determining the specific paths or lines that CABs 
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will follow within a network. This process directly affects the accessibility and coverage of the transit 

system, which in turn influences the efficiency of the network by determining how well the service meets 

demand and how effectively it reduces travel times and congestion. Similarly, frequency setting involves 

determining how often CABs will serve each route. This factor directly impacts the level of service, 

influencing passenger waiting times, vehicle load factors, and the overall reliability and attractiveness of 

the transit system, thereby affecting the overall operational efficiency of the network. More importantly, 

the interaction between route design and frequency setting significantly influences the overall performance 

of the network. Therefore, optimizing only one of these factors is usually insufficient to fully harness the 

potential of CABs. By jointly optimizing both route design and frequency setting, considering their 

interaction, it is possible to significantly improve the operational efficiency of transportation networks 

employing CABs. This, in turn, will enable CABs to better fulfill their potential and contribute to the 

enhancement of the transportation networks in which they are deployed. 

 

1) Optimization research on bus networks involving HDBs and CABs 

Current research directions can be broadly categorized into bus route design, frequency setting, and 

timetabling. In the literature, Chen et al. (2018) optimized the bus network by integrating the local route 

service and the short-turn approach respectively. Pternea et al. (2015) tackled a sustainability-focused 

variant of the bus route network design problem, incorporating environmental costs. Jiang (2022) 

addressed the concept of direct traveler density and extended it to the bus network design problem by 

incorporating demand density, which relates to both direct demand and transfers, as well as route lengths. 

Zhang et al. (2019) proposed a method for the bus network design problem, which was to build the CABs 

dedicated line to improve the overall system performance.  

Conversely, Ceder (1984) examined and analyzed various data collection methods for bus operators 

to efficiently determine bus frequencies and headways. Afanasiev and Liberman (1983) designed a 

network of urban bus rapid transit services in multiple medium-sized cities to address commuter demand. 

With the development of autonomous driving technology. Sadrani et al. (2022) optimized service 

frequencies and vehicle size for autonomous bus systems, considering both user and operator costs. Tian 

et al. (2022) discuss that the “one-off” replacement of all service lines with autonomous buses is not 

available because of the low acceptance of autonomous buses. Hatzenbühler et al. (2022) examined how 

network design and frequency setting might change when Autonomous Vehicle (AV) systems are 

implemented on fixed-route networks, compared to conventional public transportation systems.  

Furthermore, some researchers aimed to solve the problem of timetabling. Gkiotsalitis and Alesiani 

(2019) improved the bus timetable incorporating travel time and passenger demand. Chu et al. (2019) 
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simultaneously optimized the bus timetables and passenger travel path choices.  

This is even though there are many current research directions and each of them is well established. 

For the study of optimal bus route network design and service frequencies, however, most of the research 

mentioned above primarily focused on route design and optimal frequency setting as separate issues. 

However, integrating bus route network design with frequency setting ensures that routes are strategically 

designed to cover key demand areas and are complemented by frequencies that align with the varying 

demand levels across the network.  

 

2) Mathematical models for bus network design problems 

Transit network designs have traditionally functioned as a decision support tool for policymakers, 

enabling them to evaluate the potential benefits and effects of various transportation projects. Up to now, 

some researchers and policymakers have solved transit network design problems using a single-level 

model. Ceder (1984) derived bus frequency using a single-level model. Ceder and Wilson (1986) proposed 

an algorithm for designing new bus routes that consider both passenger needs and operator interests. Bi-

Level Programming Model (BIPM), in contrast, offers a more sophisticated approach by explicitly 

modeling these interactions, allowing for a more comprehensive understanding of transit network 

dynamics. Many researchers have recognized the potential of BIPM in addressing the complexities of 

transit network design. For instance, Jiang (2022) developed a multi-objective BIPM in which the lower-

level model focuses on reliability-based transit assignment, while the upper-level model aims to determine 

optimal bus frequencies to simultaneously minimize the total travel cost of the entire network and 

maximize network fairness. Similarly, Uchida et al. (2005, 2007) and Gao et al. (2004) utilized BIPM to 

optimize service frequencies, the total cost of the entire network including travel cost and operation cost 

in the objective function of the upper-level model and the equilibrium constraint is used in the lower-level 

model. Yang and Bell (1997) developed a BIPM to determine the optimal toll charges. 

In contrast to the BIPMs discussed earlier, which focused on optimizing the frequencies or bus routes 

separately, this paper addresses an upper-level model that emphasizes reducing the total travel cost of the 

entire network. Since the total travel cost is influenced by both bus routes and frequency settings, these 

two aspects are considered simultaneously. The problem addressed in this paper focuses on the 

optimization of both bus routes and service frequencies and this is known as a mixed integer nonlinear 

problem. The problem is then relaxed into continuous form and a nonlinear optimization algorithm is 

applied to solve this relaxed problem. 

 

3) Optimal routes and frequencies problem 
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Addressing the optimal routes and frequencies problem for buses is crucial for transportation systems. 

By optimizing bus routes and service frequencies, cities can improve accessibility, reduce operational costs, 

and better match supply with passenger demand. For instance, Ruano-Daza et al. (2018) provide an 

effective way to handle the complexity of bus rapid transit systems design, including route selection and 

frequency optimization, under various constraints. Szeto and Wu (2011) adopt a bi-level optimization 

framework and highlight the significance of balancing operational performance with passenger 

convenience, particularly in suburban contexts where transit demands can vary largely. Moghaddam et al. 

(2019) present a robust approach utilizing a weighted multi-objective genetic algorithm (GA) to address 

the problem of simultaneous optimization of bus route network design and frequency setting. While earlier 

papers considered UE within traditional transit contexts, this study emphasizes how service frequency 

adjustments in a multimodal network (including HDVs and CABs) influence both modal and route choices. 

The model proposed in this study captures more realistic travel behavior under evolving technological and 

operational conditions. One of the innovations of this study is the integration of CABs into bus network 

design and the dynamic treatment of link capacities in a mixed flow of CABs and HDVs. 

 

 

4.2 Objectives 

 

Travelers’ behavior in a multimodal network, including modal choice and route choice, is influenced 

by the service frequencies assigned to each bus route within the bus network. Changes in service 

frequencies can directly affect the attractiveness and utility of different routes, thereby influencing overall 

traffic patterns. This study introduces a comprehensive optimization problem that simultaneously 

addresses: 1) the bus route network design problem and 2) determining optimal frequencies.  

The main contributions of this study are as follows: 

 

1. A BIPM is formulated for the optimization of bus route networks and service frequencies. CABs are 

introduced to BIPM as a public transportation system. The BIPM offers advantages in addressing the 

bus network design problem. The upper-level problem typically focuses on optimizing network 

design, which includes route design and service frequencies. While the lower-level problem captures 

the user behavior and traffic flow dynamics, modeled through a UE traffic assignment. 

2. This paper considers mixed flows of CABs and HDVs, therefore traffic capacity of each link in a 

road network is represented by a function of the penetration rate of CABs on the link.  

3. The upper-level model is known as a discrete optimization problem, which is formulated as a 
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continuous form in the BIPM. A nonlinear optimization algorithm is applied to solve the BIPM. This 

optimization problem needs to be solved subject to equilibrium constraints, represented as a UE 

traffic assignment problem at the lower-level problem. A sensitivity-based algorithm is developed for 

solving BIPM. 

 

 

4.3 Network representation 

Consider a general bus network as shown in Fig. 4.1(a), which shows a simple example of the 

primitive network taken from De Cea and Fernández (1993). There are five lines in this network (𝑙1-𝑙5). A 

line (or transit line) is a group of buses or trains that runs back and forth between two transit stops on a 

transit network. The primitive network is transformed into a modified network shown in Fig. 4.1(b), i.e., 

𝐺(𝑁, 𝑆) with node set 𝑁 representing bus stops and link set 𝑆 representing route sections. The route 

section is a portion of a route between two consecutive transfer nodes. In Fig. 4.1(a), there are six paths 

between one O-D pair. There are three combined paths between the same O-D pair in Fig. 4.1(b): 𝑠1, 𝑠2-

𝑠5 and 𝑠3-𝑠4-𝑠5. 

 

(a) Primitive network and its itinerary 
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(b) Bus network represented by route section 

Fig. 4.1 Network representation for the bus network 

 

The bus lines selected by bus passengers on route section 𝑠 are called “attractive lines” for them 

instead of all lines on route section 𝑠. It is necessary to identify the set of attractive lines for bus passengers 

in bus planning. The set of attractive lines on route section 𝑠, i.e., 𝜓(𝑠), can be determined by solving 

the following problem (De Cea and Fernández, 1993): 

min
{𝑥𝑠
𝑙}
𝑍𝑠 =

𝛼 + ∑ 𝑡̂𝑠
𝑙 ∙ 𝑓𝑙 ∙𝑙∈𝜓(𝑠) 𝑥𝑠

𝑙

𝑓𝑠
(4.1) 

s.t. 

𝑥𝑠
𝑙 = {0,1} ∀𝑙 ∈ 𝜓(𝑠), 𝑓𝑠 = ∑ 𝑓𝑙 ∙ 𝑥𝑠

𝑙

𝑙∈𝜓(𝑠)

(4.2) 

where, 𝜓(𝑠), 𝑓𝑙 and 𝑡̂𝑠
𝑙  denote a set of all bus lines passing through link, the frequency of bus line 𝑙 

and the constant in-vehicle travel time of route section 𝑠 using bus line 𝑙, respectively. The objective 

function defined by Equation (4.1) expresses the expected total travel time. 

The multi-modal network in this study is expressed as a hyper-network, i.e., the road network 

including the walking network plus the modified network representing the bus network as described above. 

 

 

4.4 Disutility of link 

 

In this paper, we assume that travelers evaluate the inconvenience or disutility of traveling on a link 

based on four main factors: travel time, in-vehicle congestion effects, expected waiting time, and fares. As 

we will discuss in the next chapter, the in-vehicle congestion effect and travel time can be merged into a 

single measure called perceived travel time. Thus, in general, the total disutility of using link 𝑠 can be 



 

53 

 

defined as: 

𝑑𝑠 = 𝜋𝑡 ∙ 𝑡̂𝑠 + 𝜌𝑤 ∙ 𝑤𝑠 + 𝜏𝑝 ∙ 𝑝𝑠 (4.3) 

where 𝜋𝑡, 𝜌𝑤 and 𝜏𝑝 denote coefficients on the perceived travel time (𝑡̂𝑠), waiting time (𝑤𝑠) and fare 

(𝑝𝑠), respectively. 

Then, the utility function of a route can be defined as the sum of the associated link utilities, plus 

mode-specific constant(s). 

𝜋𝑖,𝑗 = ∑ 𝜆𝑚 ∙ 𝜉𝑖,𝑗,𝑚
𝑚∈{𝑊,𝐻,𝐵}

+∑𝑑𝑠 ∙ 𝛿𝑖,𝑗,𝑠
𝑠∈𝑆

(4.4) 

where 𝜆𝑚 denotes the MSC for mode 𝑚. For the 𝑗th intermodal route between O-D pair, 𝜉𝑖,𝑗,𝑚 = 1 if 

the route includes at least one link with transport mode is 𝑚 and 𝛿𝑖,𝑗,𝑠 = 1 if it is associated with link 

𝑠 . Otherwise, 𝜉𝑖,𝑗,𝑚  and 𝛿𝑖,𝑗,𝑠  equal zero. The monetary costs of HDVs derive mainly from car 

ownership expenses, fuel costs, and tolls. The cost associated with vehicle ownership is represented in the 

MSC for HDVs. 

 

 

4.4.1 Notations 

 

The notation adopted in this paper is shown below: 

Notation Representation 

𝑆 Set of links comprising the multi-modal network 

𝑀 = {𝑊,𝐻,𝐵} Set of transport modes where 𝑊,𝐻 and 𝐵 

represent walking, passenger car and bus, 

respectively 

𝑆𝑚 Set of links for transport mode 𝑚 ∈ 𝑀, i.e., 𝑆 =

⋃ 𝑆𝑚𝑚∈𝑀  

𝐼 Set of origin-destination (O-D) pairs 

𝐽𝑖 Set of paths serving between O-D pair 𝑖 ∈ 𝐼 

𝐿𝑖 Set of bus lines serving between O-D pair 𝑖 ∈ 𝐼 

𝐿 Set of bus lines in the multi-modal network, i.e., 

𝐿 = ⋃ 𝐿𝑖𝑖∈𝐼  

𝑓𝑖,𝑙 (𝑓𝑙) Service frequency of bus line 𝑙 ∈ 𝐿𝑖  serving 

between O-D pair 𝑖 ∈ 𝐼  (Service frequency of 

bus line 𝑙 ∈ 𝐿) 
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𝜓(𝑠) Set of bus lines that travel on link 𝑠 ∈ 𝑆𝐻 

𝜒𝑠 Traffic capacity of link 𝑠 ∈ 𝑆𝐻 

𝑣𝑠 Flow on link 𝑠 ∈ 𝑆  

𝑣𝑠
𝑙 Flow on link 𝑠 ∈ 𝑆 using line 𝑙 ∈ 𝐿 

𝜎 Free-flow speed 

𝓌 Backwards wave speed 

𝜋𝑡 Coefficient for travel time  

𝜌𝑤 Coefficient for waiting time  

𝜏𝑝 1/(value of time) which is used to covert the 

money to time 

𝒾 Cell 𝒾 ∈ ℐ 

ℐ Set of cells 

𝒩 Maximum number of vehicles that can fit in cell  

𝒾 ∈ ℐ 

𝒬𝒾(𝓉) Maximum flow in cell 𝒾 ∈ ℐ at time 𝓉 

𝓀𝑚(𝓍, 𝓉) The density of vehicles of class 𝑚 =

{HDVs, CABs} at space-time point (𝓍, 𝓉) 

𝓀 jam Jam density  

𝐸𝑏 Passenger car equivalent for bus 

𝛼𝑠, 𝛽𝑠 Calibration parameters of link s 

𝑡𝑠 Free flow travel time on the link 𝑠 

ϑ𝑚 Vehicle length of transport mode 𝑚 ∈ {𝐻, 𝐵} 

𝜃 Coefficient converting fare caused by frequency 

setting 

𝐯 Vector of link flows 

𝐯∗ Vector of equilibrium link flows 

𝐟 Vector of frequencies 

𝐡 Vector of path flows 

𝐪 Vector of O-D demands 

Ω𝐯 A feasible set of link flows 

Ω𝐡 A feasible set of path flows 

𝚫,𝚲 Link/path, O-D pair/path incidence matrix 
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4.4.2 Link capacity 

 

Autonomous driving technology is rapidly advancing, with testing on public roads becoming 

increasingly common. As autonomous vehicles become available to the public, the precision of their 

onboard computers and advanced communication systems may enable new traffic management strategies 

that could significantly improve network capacity. For example, Dresner and Stone (2004) introduced the 

Tile-Based Reservation (TBR) intersection policy, which has been shown to reduce delays beyond what 

can be achieved with optimized traffic signal systems (Fajardo et al., 2011). This policy exemplifies how 

autonomous vehicles can create more efficient intersection behaviors. Additionally, autonomous vehicles 

have the potential to increase link capacity by reducing reaction times, which in turn allows for shorter 

following distances. Furthermore, autonomous vehicles are likely to be less susceptible to certain adverse 

road conditions compared to HDVs, thereby improving road performance under challenging conditions. 

However, these capacity improvements are not straightforward because, for many years to come, 

autonomous vehicles will have to share the road with HDVs due to the slow adoption process and limited 

affordability of autonomous technology for all travelers. This mixed-flow environment adds complexity 

to understanding how capacity improvements can be achieved. Importantly, the TBR policy is designed to 

function effectively even on shared roads, as demonstrated by Dresner and Stone (2007). Similarly, 

capacity improvements at the link level can also be safely implemented in a mixed-traffic setting. 

Nevertheless, developing robust models that accurately capture these link and intersection capacity 

improvements under shared-road conditions remains an open research challenge. 

At present, most existing models that simulate autonomous vehicle behavior rely on micro-simulation 

techniques. While these models provide detailed insights, they are computationally expensive and thus 

impractical for large-scale traffic assignment problems, which are commonly used to model route choice 

and network-wide traffic flows. Recognizing this limitation, Levin and Boyles (2015a) adopted static link 

performance functions to predict capacity improvements as a function of the proportion of autonomous 

vehicles on a given link. Their approach was based on Greenshields’ (1935) capacity model, which 

provides a fundamental relationship between traffic flow, density, and speed. However, in reality, the 

proportion of AVs on each link varies over time due to changing traffic patterns and vehicle distributions. 

Dynamic traffic assignment (DTA) models offer a more accurate representation of traffic flow and 

can account for time-varying changes in link capacities. Unlike static models, DTA allows for the 

integration of temporal effects, which are particularly important when modeling capacity changes, 

influenced by varying proportions of AVs. For instance, Kesting et al. (2010) predicted theoretical link 
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capacities for adaptive cruise control systems and extrapolated these findings using linear regression to 

estimate the effects of different proportions of connected vehicles (CVs) and non-connected vehicles (non-

CVs). 

Levin and Boyles (2016) developed a multiclass cell transmission model (CTM) that admits 

variations in capacity and backward wave speed in response to class proportions within each cell. The 

CTM model is shown to be consistent with hydrodynamic theory. And then they developed a car following 

model incorporating driver reaction time to predict capacity and backward wave speed for mixed flow 

conditions.  

If there is mixed flow on the link, the capacity is not fixed. Levin and Boyles (2016) devised a method 

to calculate the link capacity under the mixed flow of two different types of vehicles with the same vehicle 

length. Firstly, the multiclass extension of CTM is introduced. Here are some assumptions based on Levin 

and Boyles (2016). 

1. All vehicles are assumed to travel at the same speed. While actual vehicle speeds vary in real-

world scenarios, DTA models commonly adopt the assumption that all vehicles exhibit identical 

speed behavior. This simplification is considered reasonable even when multiple vehicle classes 

are present, as CABs may adjust their speeds to match surrounding traffic, potentially even 

exceeding the speed limit if necessary (Miller, 2014). Although Tuerprasert and Aswakul (2010) 

incorporated differing vehicle speeds in their CTM, the focus in this chapter on HDVs and CABs 

assumes that most speed variations arise from differences in HDVs behavior, which are typically 

not accounted for in standard DTA models 

2. The density of each vehicle class within a cell is assumed to be uniformly distributed. In single-

class CTM, it is generally assumed that the density within a cell is uniform. We extend this 

assumption to include class-specific densities for multiple vehicle classes.  

3. An arbitrary number of vehicle classes is considered. Different types of CABs may be certified 

with varying reaction times, leading to differences in their car-following behavior. 

4. The backward wave speed is assumed to be less than or equal to the free-flow speed. This 

assumption is essential for determining the cell length based on the free flow speed. 

 

Let 𝓀𝑚(𝓍, 𝓉) be the density of vehicles of class 𝑚 at space-time point (𝓍, 𝓉) with total density 

denoted by: 

𝓀(𝓍, 𝓉) = ∑ 𝓀𝑚(𝓍, 𝓉)

𝑚∈𝑀

(4.5) 

Similarly, let  
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𝓆𝑚(𝓍, 𝓉) = 𝓊 (
𝓀1
𝓀
,… ,

𝓀|𝑀|

𝓀
) ∙ 𝓀𝑚(𝓍, 𝓉) (4.6) 

be the class-specific flow, with the total flow given by  

𝓆(𝓍, 𝓉) = ∑ 𝜒𝑚(𝓍, 𝓉)

𝑚∈𝑀

(4.7) 

and let the function 𝓊(
𝓀1

𝓀
, … ,

𝓀|𝑀|

𝓀
) denote the possible speed with class proportions of 

𝓀1

𝓀
, … ,

𝓀|𝑀|

𝓀
. 

 Speed is limited by free-flow speed, capacity, and backward wave propagation: 

𝓊(𝓀1, … , 𝓀|𝑀|) = min{𝜎,
𝓆max (

𝓀1
𝓀
,… ,

𝓀|𝑀|
𝓀
)

𝓀
,𝓌 (

𝓀1
𝓀
,… ,

𝓀|𝑀|

𝓀
) ∙
𝓀 jam − 𝓀

𝓀
} (4.8) 

where 𝜎  is free-flow speed, 𝓌(
𝓀1

𝓀
, … ,

𝓀|𝑀|

𝓀
)  is the backwards wave speed, 

𝓆max(
𝓀1
𝓀
,…,

𝓀|𝑀|

𝓀
)

𝓀
 is the 

capacity when the proportions of density in each class are (
𝓀1

𝓀
, … ,

𝓀|𝑀|

𝓀
), and 𝓀 jam is jam density. For 

consistency, conservation of flow must be satisfied, i.e. 
𝜕𝓆𝑚(𝓍,𝓉)

𝜕𝓍
=

𝜕𝓀𝑚(𝓍,𝓉)

𝜕𝓉
 for all 𝑚 ∈ 𝑀. 

 As with Daganzo (1994), to form the CTM, time is discretized into timesteps of 𝑑𝓉. Links are then 

discretized into cells labeled by 𝒾 = 1,… , ℐ such that vehicles traveling at free-flow speed will travel 

exactly the distance of one cell per timestep. Let 𝓃𝒾
𝑚(𝓉) be vehicles of class 𝑚 in cell 𝒾 at time 𝓉, 

where 

𝓃𝒾(𝓉) = ∑ 𝓃𝒾
𝑚(𝓉)

𝑚∈𝑀

(4.9) 

Let 𝓎𝒾
𝑚(𝓉) be vehicle of class 𝑚 entering cell 𝒾 from cell 𝒾 − 1 at time 𝓉. Then cell occupancy is 

defined by: 

𝓃𝒾
𝑚(𝓉 + 1) = 𝓃𝒾

𝑚(𝓉) + 𝓎𝒾
𝑚(𝓉) − 𝓎𝒾+1

𝑚 (𝓉) (4.10) 

with total transition flows given by: 

𝓎𝒾(𝓉) = ∑ 𝓎𝒾
𝑚(𝓉)

𝑚∈𝑀

 

= min {∑ 𝓃𝒾−1
𝑚 (𝓉), 𝒬𝒾(𝓉),

𝓌𝒾(𝓉)

𝜎
(𝒩 − ∑ 𝓃𝒾

𝑚(𝓉)

𝑚∈𝑀

) 

𝑚∈𝑀

} (4.11) 

where 𝒩 is the maximum number of vehicles that can fit in cell 𝒾 and 𝒬𝒾(𝓉) is the maximum flow. 

 Equation (4.11) defines the total transition flows, which will now be defined specific to vehicle class. 

To avoid dividing by zero, assume 

𝓃𝒾−1(𝓉) > 0 (4.12) 
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if 𝓃𝒾−1(𝓉) = 0, there is no flow to propagate. As stated in Assumption 2, class-specific density is assumed 

to be uniformly distributed throughout the cell. Then class-specific transition flows are proportional to 

𝓃𝒾−1
𝑚 (𝓉)

𝓃𝒾−1(𝓉)
. 

𝓎𝒾
𝑚(𝓉) =

𝓃𝒾−1
𝑚 (𝓉)

𝓃𝒾−1(𝓉)
∙ min {∑ 𝓃𝒾−1

𝑚 (𝓉), 𝒬𝒾(𝓉),
𝓌𝒾(𝓉)

𝜎
∙ (𝒩 − ∑ 𝓃𝒾

𝑚(𝓉)

𝑚∈𝑀

) 

𝑚∈𝑀

} (4.13) 

 Equation (4.13) may be simplified to  

𝓎𝒾
𝑚(𝓉) = min {𝓃𝒾−1

𝑚 (𝓉),
𝓃𝒾−1
𝑚 (𝓉)

𝓃𝒾−1(𝓉)
∙ 𝒬𝒾(𝓉),

𝓃𝒾−1
𝑚 (𝓉)

𝓃𝒾−1(𝓉)
∙
𝓌𝒾(𝓉)

𝜎
∙ (𝒩 − ∑ 𝓃𝒾

𝑚(𝓉)

𝑚∈𝑀

)} (4.14) 

which shows that the flow of class 𝑚 is restricted by three factors: 

1) Class-specific cell occupancy. 

2) Proportional share of the capacity. 

3) Proportional share of congested flow. 

Assume class-specific flow is proportional to density, i.e. 
𝓀𝑚

𝓀
 and all classes travel at the same speed. 

Also assume that 𝓀 > 0, because if 𝓀 = 0 then flow is also 0. Then: 

𝓆𝑚(𝓍, 𝓉) =
𝓀𝑚
𝓀
∙ min {𝜎 ∙ 𝓀, 𝓆max (

𝓀1
𝓀
,… ,

𝓀|𝑀|

𝓀
) ,𝓌 (

𝓀1
𝓀
,… ,

𝓀|𝑀|

𝓀
) ∙ (𝓀 jam − 𝓀)} (4.15) 

 Let 𝑑𝓉 be the timestep and choose cell length such that 𝜎 ∙ 𝑑𝓉 = 1. Then cell length is 1, 𝜎 = 1, 

𝓍 = 𝒾 , 𝓀 jam = 𝒩 , 𝓆max(𝓉) = 𝒬𝒾(𝓉) , and 𝓀(𝓍, 𝓉) = 𝓃𝒾(𝓉) . Cell length is chosen so that flow may 

traverse at most one cell per timestep to satisfy the Courant–Friedrichs–Lewy condition (Courant et al., 

1928). Then: 

𝓆𝑚(𝓍, 𝓉) =
𝓃𝒾
𝑚(𝓉)

𝓃𝒾(𝓉)
∙ min {𝓃𝒾(𝓉), 𝓆𝒾

max(𝓉),
𝓌𝒾(𝓉)

𝜎
∙ (𝓀 jam − 𝓀)} = 𝓎𝒾+1

𝑚 (𝓉) (4.16) 

except for the subindex of 𝓃  the last term, which should be 𝒾 + 1 . As with Daganzo (1994) this 

difference is disregarded. (See Daganzo, 1995b for more discussion on this issue.) Therefore 

𝜕𝓆𝑚(𝓍, 𝓉)

𝜕𝑥
= 𝓎𝒾+1

𝑚 (𝓉) − 𝓎𝒾
𝑚(𝓉) (4.17) 

Since 

𝜕𝓀𝑚(𝓍, 𝓉)

𝜕𝓉
= 𝓃𝒾

𝑚(𝓉 + 1) − 𝓃𝒾
𝑚(𝓉) (4.18) 

is the rate of change in cell occupancy with respect to time, the conservation of flow equation: 

𝜕𝓆𝑚(𝓍, 𝓉)

𝜕𝑥
= −

𝜕𝓀𝑚(𝓍, 𝓉)

𝜕𝓉
(4.19) 
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is satisfied by the cell propagation function of Equation (4.10). 

Levin and Boyles (2016) presented a car-following model based on kinematics to predict the speed-

density relationship as a function of the reaction times of multiple classes. Car following models can be 

divided into several types as described by Brackstone and McDonald (1999) and Gartner et al. (2005). For 

instance, some predict fluctuations in the acceleration behavior of an individual driver in response to the 

vehicle ahead. However, for DTA a simpler model is more appropriate to predict the speed of traffic at a 

macroscopic level. Newell (2002) greatly simplified car following to be consistent with the hydrodynamic 

theory, but the model does not include the effects of reaction time. Instead, the car following model used 

here builds from the collision avoidance theory of Kometani and Sasaki (1959) to predict the allowed 

headway for a given speed, which varies with driver reaction time. The inverse relationship predicts speed 

as a function of the headway, which is determined by density. This car-following model results in the 

triangular fundamental diagram used by Newell (1993) and Yperman et al. (2005).  

Although this car-following model is useful in predicting the effects of a heterogeneous vehicle 

composition on capacity and wave speed, other effects such as roadway conditions are not included. 

Furthermore, CTM assumes a trapezoidal fundamental diagram that admits a lower restriction on capacity. 

Therefore, the effect of reaction times on capacity and backward wave speed are used to appropriately 

scale link characteristics for realistic city network models. 

Suppose that vehicle 2 follows vehicle 1 at speed 𝓊 with vehicle lengths ϑ. Vehicle 1 decelerates at 

𝑎 to a full stop starting at time 𝓉 = 0, and vehicle 2 follows suit after a reaction time of 𝜔. The safe 

following distance, ℒ, is determined by kinematics. 

The position of vehicle 1 is given by: 

𝑥1(𝓉) = {
𝓊 ∙ 𝓉 −

1

2
∙ 𝑎 ∙ 𝓉2, 𝓉 ≤

𝓊

𝑎
𝓊2

2 ∙ 𝑎
, 𝓉 >

𝓊

𝑎

(4.20) 

where 
𝓊

𝑎
 is the time required to reach a full stop. For 𝓉 >

𝓊

𝑎
, the position of vehicle 1 is constant after its 

full stop. The position of vehicle 2, including the following distance of ℒ, is: 

𝑥2(𝓉) = {
𝓊 ∙ 𝓉 − ℒ, 𝓉 ≤ 𝜔

𝓊 ∙ 𝓉 −
1

2
∙ 𝑎 ∙ (𝓉 − 𝜔)2, 𝓉 > 𝜔

(4.21) 

The difference is  
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𝑥1(𝓉) − 𝑥2(𝓉) =

{
 
 

 
 𝓊 ∙ 𝓉 −

1

2
∙ 𝑎 ∙ 𝓉2 + ℒ, 𝓉 ≤ 𝜔

−𝑎 ∙ 𝓉 ∙ 𝜔 +
1

2
∙ 𝑎 ∙ (𝓉 − 𝜔)2 + ℒ, 𝜔 < 𝓉 ≤

𝓊

𝑎
𝓊2

2 ∙ 𝑎
− 𝓊 ∙ 𝓉 +

1

2
∙ 𝑎 ∙ (𝓉 − 𝜔)2 + ℒ, 𝓉 >

𝓊

𝑎

(4.22) 

and the minimum distance occurs when both vehicles are stopped, at 
𝓊

𝑎
+𝜔. To avoid a collision, 

ℒ ≥ −
𝓊2

2 ∙ 𝑎
+ 𝓊 ∙ (

𝓊

𝑎
+𝜔) −

1

2
∙ 𝑎 ∙ (

𝓊

𝑎
)
2

+ ϑ = 𝓊 ∙ 𝜔 + ϑ (4.23) 

 Equivalently, Equation (4.23) may be expressed as: 

𝓊 ≤
ℒ − ϑ

𝜔
(4.24) 

which restricts speed based on following distance (from density). Flow may be determined from the 

relationship: 

𝓆 = (
ℒ − ϑ

𝜔
) ∙ 𝓀 (4.25) 

with ℒ =
1

𝓀
, which is linear with respect to density. 

 The maximum density at which a speed of 𝓊  is possible is 
1

𝓊∙𝜔+ϑ
  from Equation (4.24), and 

therefore capacity for free-flow speed of 𝜎 is: 

𝓆max = 𝜎 ∙
1

𝜎 ∙ 𝜔 + ϑ
(4.26) 

Backwards wave speed is: 

𝓌 = −

𝜎
𝜎 ∙ 𝜔 + ϑ
1

𝜎 ∙ 𝜔 + ϑ −
1
ϑ

=
ϑ

𝜔
(4.27) 

which increases as reaction time decreases. Note that if 𝜔 <
ϑ

𝜎
 , which may be possible for computer 

reaction times, then backward wave speed exceeds free-flow speed. If 𝓌 > 𝜎 for CTM, then the cell 

lengths would need to be derived from the backward wave speed, not the forward. That would complicate 

the cell transition flows. To avoid this issue, assume that 𝓌 ≤ 𝜎. 

The car following model is designed to estimate the capacity and backward wave speed when the 

reaction time varies but is uniform across all vehicles. This section expands the model for heterogeneous 

flow with different vehicles having different reaction times. Let the density be disaggregated into 𝓀𝑚 for 

each vehicle class 𝑚. Consider the case where speed is limited by density. Assuming that all vehicles 

travel at the same speed, for all vehicle classes: 
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𝓊 =
ℒ𝑚 − ϑ

𝜔𝑚
(4.28) 

where ℒ𝑚  is the headway allotted and 𝜔𝑚  is the reaction time for vehicles of class 𝑚 . Also, with 

appropriate units, 

∑ 𝓀𝑚 ∙ ℒ𝑚 = 1

𝑚∈𝑀

(4.29) 

is the total distance occupied by the vehicles. Thus 

∑ 𝓀𝑚 ∙ (ℒ𝑚 − ϑ) = 1 − 𝓀 ∙ ϑ

𝑚∈𝑀

(4.30) 

By Equation (4.28) 

∑ 𝓀𝑚 ∙ 𝓊 ∙ 𝜔𝑚 = 1 − 𝓀 ∙ ϑ

𝑚∈𝑀

(4.31) 

and 

𝓊 =
1 − 𝓀 ∙ ϑ

∑ 𝓀𝑚 ∙ 𝜔𝑚𝑚∈𝑀

(4.32) 

Equation (4.32) may be rewritten as  

𝓊 ∙ ∑ 𝓀𝑚 ∙ 𝜔𝑚
𝑚∈𝑀

= 1 − 𝓀 ∙ ϑ (4.33) 

Dividing both sides by 𝓀 yields 

𝓊 ∙ ∑
𝓀𝑚
𝓀
∙ 𝜔𝑚 + ϑ =

1

𝓀
𝑚∈𝑀

(4.34) 

Assuming that vehicle class proportions 
𝓀𝑚

𝓀
 remain constant because all vehicles travel at the same 

speed, the maximum density for which a speed of 𝜎 is possible is 

𝓀 =
1

𝜎 ∙ ∑
𝓀𝑚
𝓀
∙ 𝜔𝑚 + ϑ𝑚∈𝑀

(4.35) 

which follows by taking the reciprocal of Equation (4.34). Capacity is 

𝜒max = 𝜎 ∙
1

𝜎 ∙ ∑
𝓀𝑚
𝓀
∙ 𝜔𝑚 + ϑ𝑚∈𝑀

(4.36) 

The vehicle lengths of CABs and HDVs are different in this study. Therefore, by expanding the 

method proposed by Levin and Boyles (2016), the capacity in this study is calculated by assuming two 

different vehicle lengths. The capacity under the mixed flows is calculated as: 

𝜒𝑠(𝑣𝑠, 𝐟) =
𝜎

𝜎 ∙ (
𝑣𝑠

𝑣𝑠 + 𝑣𝑠𝐵
∙ 𝜔𝐻 +

𝑣𝑠𝐵
𝑣𝑠 + 𝑣𝑠𝐵

∙ 𝜔𝐵) + (
𝑣𝑠

𝑣𝑠 + 𝑣𝑠𝐵
∙ ϑ𝐻 +

𝑣𝑠
𝑣𝑠 + 𝑣𝑠𝐵

∙ ϑ𝐵)
    ∀𝑠 ∈ 𝑆𝐻 (4.37) 
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where 

𝑣𝑠𝐵 = ∑ 𝑓𝑙 ∙ 𝐸𝑏
𝑙∈𝜓(𝑠)

(4.38) 

𝜔𝑚 =
1

𝜒𝑚
−
ϑ𝑚
𝜎
 ∀ 𝑚 ∈ {𝐻, 𝐵} (4.39) 

𝜎 is the free-flow speed of vehicles. 𝜒𝑚 is the capacity when both the reaction time and the vehicle 

length are same among vehicles with the same transport mode of 𝑚 ∈ {𝐻, 𝐵}. 𝜔𝑚 is the reaction time of 

vehicle of which transport mode is 𝑚 ∈ {𝐻, 𝐵} (Wang et al., 2019). 𝜔𝑠 ≜ (
𝑣𝑠

𝑣𝑠+𝑣𝑠𝐵
∙ 𝜔𝐻 +

𝑣𝑠𝐵

𝑣𝑠+𝑣𝑠𝐵
∙ 𝜔𝐵) in 

Equation (4.37) is the average reaction time of the mixed flow on 𝑠. ϑ𝑠 ≜ (
𝑣𝑠

𝑣𝑠+𝑣𝑠𝐵
∙ ϑ𝐻 +

𝑣𝑠

𝑣𝑠+𝑣𝑠𝐵
∙ ϑ𝐵) is 

the average vehicle length of the mixed flow on 𝑠. From Equation (4.39), the critical headway time of the 

mixed flow, which is the reciprocal of the corresponding capacity, is calculated as: 

1

𝜒𝑠
= 𝜔𝑠 +

ϑ𝑠
𝜎
    ∀𝑠 ∈ 𝑆𝐻 (4.40) 

Computer-controlled CABs have shorter reaction times than both HDVs and HDBs, which leads to 

differences in road capacity. 

For the road network and associated bus services, the actual travel time is presumed to adhere to a 

standard bureau of public roads (BPR) function, incorporating an interaction term between CABs and 

HDVs flow. Thus, the actual travel time, 𝑡𝑠̅, for link 𝑠 ∈ 𝑆𝐻 within the network can be expressed as: 

𝑡𝑠̅(𝑣𝑠, 𝐟) = 𝑡𝑠 ∙ (1 + 𝛼𝑠 ∙ (
𝑣𝑠 + 𝑣𝑠𝐵
𝜒𝑠

)
𝛽𝑠

)    ∀ 𝑠 ∈ 𝑆𝐻 (4.41) 

Since this study assumes that each HDV carries one person, the passenger flow 𝑣𝑠 represents the 

flow of HDVs on link 𝑠 ∈ 𝑆𝐻. 

 

 

4.4.3 Cost functions 

 

A volume-delay function can be used to characterize the link congestion caused by flow on it. The 

perceived in-vehicle travel time depends on the two terms: (i) the passenger flow 𝑣̃𝑠 on the competing 

route sections and (ii) the passenger flow 𝑣𝑠 to board on route section 𝑠. 

i. The passenger flow 𝑣̃𝑠 on competing route sections. 

It is computed by 𝑣̃𝑠 = ∑ 𝑣𝑠
𝑙

𝑠∈𝑆𝑛(𝑠)
𝑙+ +∑ 𝑣𝑠

𝑙
𝑠∈𝑆𝑛(𝑠)

𝑙− , where 𝑛(𝑠) indicates that 𝑛 is the origin node of 

route section 𝑠 and 𝑆𝑛(𝑠)
𝑙+  represents the set of the route sections that originate from node 𝑛(𝑠), 
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excluding route section 𝑠, contains line 𝑙 ∈ 𝜓(𝑠) as an attractive line, meanwhile, 𝑆𝑛(𝑠)
𝑙−  refers to 

the set of route sections containing line 𝑙 ∈ 𝜓(𝑠) as an attractive line, with the node preceding 𝑛(𝑠) 

and the node after 𝑛(𝑠).  

ii. The passenger flow 𝑣𝑠 to board on route section 𝑠. 

Referring to Uchida et al. (2005, 2007), the perceived in-vehicle travel time on line 𝑙 over road link 

𝑠 can be modeled using an in-vehicle discomfort function of BPR function type: 

𝑡̂𝑠(𝐯, 𝐟) =
∑ 𝑓𝑙 ∙ 𝑡̂𝑠

𝑙
𝑙∈𝜓(𝑠)

∑ 𝑓𝑙𝑙∈𝜓(𝑠)
    ∀ 𝑠 ∈ 𝑆𝐵 (4.42) 

where 

𝑡̂𝑠
𝑙 = 𝑡̃𝑠 ∙ (1 + 𝛽1 ∙ (

𝑣𝑠 + 𝑣̃𝑠
𝑓𝑙 ∙ 𝑘𝑙

)
𝛾1

)   ∀ 𝑠 ∈ 𝑆𝐵 (4.43) 

𝑡̃𝑠 represents the same travel time as that of a link on which bus line 𝑙 over road link 𝑠 travels, and 𝑘𝑙 

means practical capacity of line 𝑙 ∈ 𝜓(𝑠). Then, 𝑡̃𝑠 can be written as follows, 

𝑡̃𝑠 = ∑ 𝑡𝑠̅
𝑠∈𝜅(𝑠,𝑙)

(4.44) 

where 𝜅(𝑠, 𝑙) denotes a set of direct links with respect to line 𝑙 that are included in the set of attractive 

lines 𝑙 ∈ 𝜓(𝑠) over link 𝑠. 

The calculations for the waiting times for CABs are based on the notion of in-vehicle perceived travel 

time, which considers both the number of passengers already on board and those waiting to board at link 

𝑠. The waiting time for passengers at link 𝑠 is influenced by the number of passengers boarding before 

link 𝑠 and those remaining in the vehicle after link 𝑠, as well as the passengers waiting to board at link 

𝑠 itself. The first term is 𝑣̃𝑠 and the second term is simply 𝑣𝑠 as defined earlier. 

𝑤𝑠(𝐯, 𝐟) =
𝛼

∑ 𝑓𝑙𝑙∈𝜓(𝑠)
+ 𝛽2 ∙ (

𝑣𝑠 + 𝑣̃𝑠
∑ 𝑓𝑙 ∙ 𝑘𝑙𝑙∈𝜓(𝑠)

)

𝛾2

    ∀ 𝑠 ∈ 𝑆𝐵 (4.45) 

where 𝛽2 and 𝛾2 indicate calibration parameters and 𝛼 is assumed to be 1 in this study, i.e., arrival 

headway time of CABs/HDBs follows an exponential distribution. 

Giving the example for calculating the link cost for CABs based on Fig. 4.1, for the link 𝑠2 between 

node 𝑛1 and 𝑛2, the following relationship holds:  

𝜓(𝑠2) = {𝑙1, 𝑙2} 

𝑣𝑠2 = 𝑣𝑠2
𝑙1 + 𝑣𝑠2

𝑙2 

𝑣̃𝑠2
𝑙1 = 𝑣𝑠1  𝑎𝑛𝑑 𝑣̃𝑠2

𝑙2 = 0 

𝑣̃𝑠2 = 𝑣𝑠1 

Then it is assumed that there is a road link 𝑠 ∈ 𝑆𝐻 between node 𝑁1 and 𝑁2, the actual travel time 



 

64 

 

for link 𝑠 based on Equation (4.41) is given by: 

𝑡𝑠̅ = 𝑡𝑠 ∙ (1 + 𝛼𝑠 ∙ (
𝑣𝑠 + 𝑣𝑠𝐵
𝜒𝑠

)
𝛽𝑠

) 

Therefore, according to Equation (4.44), 𝑡̃𝑠2 is: 

𝑡̃𝑠2 = 𝑡𝑠̅ 

In-vehicle discomfort 𝑡̂𝑠2 for link 𝑠2 based on Equation (4.42) is: 

𝑡̂𝑠2 =
𝑓𝑙1 ∙ 𝑡̂𝑠2

𝑙1 + 𝑓𝑙2 ∙ 𝑡̂𝑠2
𝑙2

𝑓𝑙1 + 𝑓𝑙2
 

where  

𝑡̂𝑠2
𝑙1 = 𝑡̃𝑠2 ∙ (1 + 𝛽1 ∙ (

𝑣𝑠2
𝑙1 + 𝑣𝑠1
𝑓𝑙1 ∙ 𝑘𝑙1

)

𝛾1

) 

Similarly, 

𝑡̂𝑠2
𝑙2 = 𝑡̃𝑠2 ∙ (1 + 𝛽1 ∙ (

𝑣𝑠2
𝑙2

𝑓𝑙2 ∙ 𝑘𝑙2
)

𝛾1

) 

The waiting time 𝑤𝑠2 of link 𝑠2 based on Equation (4.45) can be calculated as 

𝑤𝑠2 =
𝛼

𝑓𝑙1 + 𝑓𝑙2
+ 𝛽2 ∙ (

𝑣𝑠2 + 𝑣̃𝑠2
𝑓𝑙1 ∙ 𝑘𝑙1 + 𝑓𝑙2 ∙ 𝑘𝑙2

)

𝛾2

 

=
𝛼

𝑓𝑙1 + 𝑓𝑙2
+ 𝛽2 ∙ (

𝑣𝑠2 + 𝑣𝑠1
𝑓𝑙1 ∙ 𝑘𝑙1 + 𝑓𝑙2 ∙ 𝑘𝑙2

)

𝛾2

 

 

 

4.5 Formulation of UE assignment and sensitivity analysis for multiclass UE assignment 

 

4.5.1 Single-class and multi-class UE assignment 

 

According to Equation (4.3), the disutility of the link  𝑠 ∈ 𝑆𝐵 for CABs is: 

𝑑𝑠 = 𝜋𝑡 ∙ 𝑡̂𝑠 + 𝜌𝑠 ∙ 𝑤𝑠 + 𝜏𝑝 ∙ 𝑝𝑠  ∀ 𝑠 ∈ 𝑆𝐵 (4.46)  

since the travelers who use HDVs experience no waiting time, disutility of road link 𝑠 ∈ 𝑆𝐻 ∪ 𝑆𝑊 are: 

𝑑𝑠 = 𝜋𝑡 ∙ 𝑡𝑠̅   ∀ 𝑠 ∈ 𝑆𝐻 ∪ 𝑆𝑊 (4.47) 

then the general path cost function between O-D pair 𝑖 ∈ 𝐼 based on Equation (4.4) is given by: 

𝜋𝑖,𝑗 = ∑ 𝜆𝑚 ∙ 𝜉𝑖,𝑗,𝑚
𝑚∈𝑀

+∑𝑑𝑠 ∙ 𝛿𝑖,𝑗,𝑠
𝑠∈𝑆

 ∀ 𝑖 ∈ 𝐼, ∀ 𝑗 ∈ 𝐽𝑖 (4.48) 

Let ℎ𝑖,𝑗 denote the passenger flow on path 𝑗 between O-D pair 𝑖 ∈ 𝐼, and 𝑞𝑖 is the travel demand 
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between O-D pair 𝑖 ∈ 𝐼. Then we have: 

∑ℎ𝑖,𝑗 = 𝑞𝑖
𝑗∈𝐽𝑖

    ∀𝑖 ∈ 𝐼 (4.49) 

𝑣𝑠 =∑∑ℎ𝑖,𝑗
𝑗∈𝐽𝑖

∙ 𝛿𝑖,𝑗,𝑠   ∀𝑠 ∈ 𝑆

𝑖∈𝐼

(4.50) 

Equation (4.49) is the flow conservation condition and Equation (4.50) defines the relationship 

between link flow and path flows. 

Each link flow in the network is calculated by the Wardrop’s first principle. In other words, travelers 

using the same O-D pair, cannot reduce their travel costs by individually altering their paths within their 

available set of choices. 

All paths used by travelers in the network for an O-D pair 𝑖 ∈ 𝐼 have equal and minimal travel times. 

When ℎ𝑖,𝑗 satisfies the Wardropian first principle, the following condition hold: 

𝜋𝑖,𝑗 = {
= 𝜇𝑖 , ℎ𝑖,𝑗 ≥ 0   

≥ 𝜇𝑖 , ℎ𝑖,𝑗 = 0    
∀𝑖 ∈ 𝐼, ∀ 𝑗 ∈ 𝐽𝑖 (4.51) 

Equation (4.51) says that paths with travel costs greater than the equilibrium cost carry no traffic flow. 

The path-based single-class UE (SCUE) has been demonstrated to be equivalent to identifying a solution 

𝐡∗ for the following variational inequality (VI) problem: 

𝛑(𝐡∗)T ∙ (𝐡 − 𝐡∗) ≥ 0 𝐡 ∈ Ω𝐡 (4.52) 

Ω𝐡 = {𝐡|𝚲 ∙ 𝐡 = 𝐪, 𝐡 ≥ 𝟎} (4.53) 

For the proof of the VI formulation mentioned above, one can see Florian and Spiess (1983) and De 

Cea and Fernández (1993). 

When we address a problem under the fixed flow of HDV and CABs/HDBs shown by Equation 

(4.49𝑎), the VI problem shown by Equation (4.52) needs to be modified so that it can address a multi-

class UE (MCUE) as discussed below. 

∑ ℎ𝑖,𝑗,𝑡 = 𝑞𝑖,𝑡
𝑗∈𝐽𝑖,𝑡

    ∀𝑖 ∈ 𝐼, ∀𝑡 ∈ {𝑝, 𝑏} (4.49𝑎) 

𝑞𝑖,𝑡  is the O-D demand traveling between O-D pair 𝑖 ∈ 𝐼  using HDVs when 𝑡 = 𝑝  and that using 

HDBs/CABs when 𝑡 = 𝑏. The corresponding path flows are denoted by ℎ𝑖,𝑗,𝑡. The set of paths for HDVs 

users between O-D pair ∀𝑖 ∈ 𝐼 is 𝐽𝑖,𝑝, and that for CABs/HDBs users is 𝐽𝑖,𝑏. It is assumed 𝐽𝑖 = 𝐽𝑖,𝑝 ∪ 𝐽𝑖,𝑏. 

Every traveler in the multi-modal network is either HDVs user or CABs/HDBs user, and travels on the 

real road network since HDVs and CAVs/CABs share the same road space. However, the path utility of 

HDVs users is different from CABs/HDBs users even though they travel on the same road links as shown 

by Equation (4.48). Path disutilities of two classes of users, i.e., HDVs users and CABs/HDBs users, are 

as follows: 
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𝜋𝑖,𝑗,𝑝 = 𝜆𝐻 + 𝜆𝑊 +∑𝑑𝑠 ∙ 𝛿𝑖,𝑗,𝑠
𝑠∈𝑆

 ∀ 𝑖 ∈ 𝐼, ∀ 𝑗 ∈ 𝐽𝑖,𝑝 (4.48𝑎) 

𝜋𝑖,𝑗,𝑏 = 𝜆𝑊 + 𝜆𝐵 +∑𝑑𝑠 ∙ 𝛿𝑖,𝑗,𝑠
𝑠∈𝑆

 ∀ 𝑖 ∈ 𝐼, ∀ 𝑗 ∈ 𝐽𝑖,𝑏 (4.48𝑏) 

where 𝜋𝑖,𝑗,𝑝  and 𝜋𝑖,𝑗,𝑏  are disutilities of paths  𝑗 ∈ 𝐽𝑖,𝑝  and 𝑗 ∈ 𝐽𝑖,𝑏 , respectively. The corresponding 

path flows are denoted by ℎ𝑖,𝑗,𝑝 and ℎ𝑖,𝑗,𝑏, respectively. The MCUE conditions are the following: 

𝜋𝑖,𝑗,𝑡 = {
= 𝜇𝑖,𝑡, ℎ𝑖,𝑗,𝑡 ≥ 0    

≥ 𝜇𝑖,𝑡, ℎ𝑖,𝑗,𝑡 = 0    
∀𝑖 ∈ 𝐼, ∀ 𝑗 ∈ 𝐽𝑖,𝑡, ∀𝑡 ∈ {𝑝, 𝑏} (4.51𝑎) 

vector of 𝜋𝑖,𝑗,𝑝 or 𝜋𝑖,𝑗,𝑏 is denoted as 𝛑𝑝 or 𝛑𝑏. Similarly, vector of ℎ𝑖,𝑗,𝑝 or ℎ𝑖,𝑗,𝑏 is denoted as 𝐡𝑝 

or 𝐡𝑏. The VI problem equivalent to Equation (4.19𝑎) is shown below: 

𝛑𝑝(𝐡𝑝
∗ )
T
∙ (𝐡𝑝 − 𝐡𝑝

∗ ) + 𝛑𝑏(𝐡𝑏
∗ )T ∙ (𝐡𝑏 − 𝐡𝑏

∗ ) ≥ 0  𝐡𝑝 ∈ Ω𝐡𝑝 , 𝐡𝑏 ∈ Ω𝐡𝑏 (4.52𝑎)   

where Ω𝐡𝑝 and Ω𝐡𝑏 are feasible set of path flows for HDVs and that for CABs/HDBs, respectively. Ω𝐡𝑝 

and Ω𝐡𝑏  are respectively defined as Ω𝐡𝑝 = {𝐡𝑝|𝚲𝑝 ∙ 𝐡𝑝 = 𝐪𝑝, 𝐡𝑝 ≥ 𝟎}  and Ω𝐡𝑏 =

{𝐡𝑏|𝚲𝑏 ∙ 𝐡𝑏 = 𝐪𝑏 , 𝐡𝑏 ≥ 𝟎}, where 𝚲𝑡 is O-D pair/path incidence matrix and 𝐪𝑡 is vector of O-D flows, 

for 𝑡 ∈ {𝑝, 𝑏}.  

Nagurney (2000) established conditions under which a solution exists for a VI problem with the same 

structure as Equation (4.52). Specifically, it was demonstrated that when the path disutility 𝜋𝑖,𝑗  is a 

continuous function defined in a closed and convex feasible region 𝐡 ∈ Ω𝐡, there exists at least one 

solution to Equation (4.52). This result is supported by the properties described in Equations (4.49), (4.50), 

and (4.53). In more straightforward cases where the link disutility is separable with respect to flow on the 

link, the proof of solution uniqueness typically hinges on the strict monotonicity of the link disutility 

function. However, the link disutility in this study is non-separable. As a result, the uniqueness of solutions 

to Equation (4.52) cannot be assured under the given conditions. 

 

 

4.5.2 Sensitivity analysis for multi-class UE assignment 

 

This chapter presents the calculation of the local linear approximation of UE link flow for both CABs 

and HDVs with respect to the perturbed parameters 𝛆 in the MCUE problem shown in Equation (4.52𝑎). 

The local approximation of UE link flow will be used to develop an algorithm for solving the bus network 

design problem to be formulated in Chapter 4.6. Let 𝐡∗∗ = [𝐡𝑏
∗∗ 𝐡𝑝

∗∗] represent equilibrium path flow 

solution to the VI problem in Equation (4.52𝑎) at 𝛆 = 𝟎. The KKT conditions at 𝐡∗∗ are: 
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[
𝛑𝑏(𝐡

∗∗, 𝟎)

𝛑𝑝(𝐡
∗∗, 𝟎)

] − [
𝛠𝑏
𝛠𝑝
] − [

𝚲𝑏
T ∙ 𝛍𝑏
𝚲𝑝
T ∙ 𝛍𝑝

] = 𝟎 (4.54) 

[𝛠𝑏
T 𝛠𝑝

T] ∙ [
𝐡𝑏
∗∗

𝐡𝑝
∗∗] = 𝟎 (4.55) 

[
𝚲𝑏 𝟎
𝟎 𝚲ℎ

] [
𝐡𝑏
∗∗

𝐡𝑝
∗∗] − [

𝐪𝑏
𝐪𝑝
] = 𝟎 (4.56) 

[
𝛠𝑏
𝛠𝑝
] ≥ 𝟎   (4.57) 

  [
𝐡𝑏
∗∗

𝐡𝑝
∗∗] ≥ 𝟎 (4.58) 

where 𝛑𝑡 is the vector of path disutilities, 𝐡𝑡
∗∗ is the vector of equilibrium path flows, 𝐪𝑡 is the vector 

of O-D flows and 𝛍𝑡 and 𝛠𝑡 are vectors of Lagrange multipliers, respectively, for 𝑡 ∈ {𝑏, 𝑝}. 

Referring to Tobin and Friesz (1988), the Equations (4.54)-(4.58) can be simplified as: 

[
𝛑𝑏
0(𝐡∗∗, 𝟎)

𝛑𝑝
0(𝐡∗∗, 𝟎)

] − [
𝚲𝑏
0T ∙ 𝛍𝑏
𝚲𝑝
0T ∙ 𝛍𝑝

] = 𝟎 (4.59) 

[
𝚲𝑏
0 𝟎

𝟎 𝚲𝑝
0 ] [

𝐡𝑏
0

𝐡𝑝
0] − [

𝐪𝑏
𝐪𝑝
] = 𝟎 (4.60) 

where the superscript 0 represents the corresponding reduced vectors and matrixes. 

Then, differentiating both sides of Equations (4.59) and (4.60) with respect to the perturbations 𝛆 

(𝛆 = 𝟎) yields: 

[
 
 
 
 
∇𝛆𝐡𝑏

0

∇𝛆𝐡𝑝
0

∇𝛆𝛍𝑏
∇𝛆𝛍𝑝]

 
 
 
 

= 𝑱𝐡∗∗(𝟎)
−1

[
 
 
 
−∇𝛆𝛑𝑏

0(𝐡∗∗, 𝟎)

−∇𝛆𝛑𝑝
0(𝐡∗∗, 𝟎)

𝟎
𝟎 ]

 
 
 

(4.61)
 

where 

𝑱𝐡∗∗(𝟎) =

[
 
 
 
 
∇𝐡𝑏𝛑𝑏

0(𝐡∗∗, 𝟎) ∇𝐡𝑝𝛑𝑏
0(𝐡∗∗, 𝟎) −𝚲𝑏

0T 𝟎

∇𝐡𝑏𝛑𝑝
0(𝐡∗∗, 𝟎) ∇𝐡𝑝𝛑𝑝

0(𝐡∗∗, 𝟎) 𝟎 −𝚲𝑝
0T

𝚲𝑏
0 𝟎 𝟎 𝟎

𝟎 𝚲𝑝
0 𝟎 𝟎 ]

 
 
 
 

(4.62)

 

For the calculation of the inverse matrix 𝑱𝐡∗∗(𝟎)
−1  of Equation (4.62), the reader is referred to 

calculation methods shown in Yang and Bell (2007). Thereby, the first derivative of path flows [
∇𝛆𝐡𝑏

0

∇𝛆𝐡𝑝
0] 

with respect to 𝐟 at 𝛆 = 𝟎 can be calculated by (4.61), and the following relationship holds: 

[
∇𝛆𝐯𝑏

0

∇𝛆𝐯𝑝
0] = [𝚫𝑏

0T 𝚫𝑝
0T] ∙ [

∇𝛆𝐡𝑏
0

∇𝛆𝐡𝑝
0] (4.63) 

considering an initial solution 𝐟∗ and the corresponding equilibrium link flow 𝐯𝑡
∗(𝐟∗) (𝑡 ∈ {𝑏, 𝑝}), then, 
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[
𝐯̃𝑏
∗(𝐟 + 𝛆)

𝐯̃𝑝
∗(𝐟 + 𝛆)

] ≈ [
𝐯𝑏
∗(𝐟∗) + ∇𝛆𝐯𝑏

0 ∙ 𝛆

𝐯𝑝
∗(𝐟∗)+∇𝛆𝐯𝑝

0 ∙ 𝛆
] (4.64) 

the local linear approximation of UE link flows for SCUE is: 

𝐯̃∗(𝐟 + 𝛆) ≈ 𝐯∗(𝐟) + ∇𝛆𝐯
0 ∙ 𝛆 (4.65) 

the detailed calculation process can be found in Tobin and Friesz (1988), and Gao et al. (2004). 

 

 

4.6 Bus route network and service frequencies problem 

 

The travel behavior of travelers within a multi-modal network where bus service is available, 

including their choices of transport mode and path, is influenced by the service frequencies assigned to 

each bus route (or bus line). Changes in service frequency can directly affect the attractiveness and utility 

of different paths, thereby influencing overall travel patterns. 

This study introduces an optimization problem that simultaneously addresses: 1) bus route network 

design problem and 2) optimal frequencies for bus routes. The bus route network design problem addressed 

in this study is to choose one from several bus route candidates which are predefined for each bus route 

O-D pair in a road network. Furthermore, the frequency of each bus route selected needs to be optimized. 

The bus network design problem in this study chooses one from several bus route candidates and 

determines its service frequency simultaneously, so that the total disutility (or the total cost) across the 

network is minimized. 

The example network is used to explain the optimization problem of bus route network design and 

service frequencies of each selected bus route. The example network has 4 O-D pairs, and for O-D pair of 

O1-D1 which is served by bus route candidates 𝑙1,1 and 𝑙1,2. Table.4.1 shows the information on bus 

lines and stop nodes for each bus line. 

 

 

Fig.4.2 Example network  
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Table.4.1 Bus lines and stop nodes 

 

 

The nonlinear complementary conditions equivalent to the conditions for choosing one from three 

bus line candidates are shown below: 

𝑓1,1 ∙ 𝑓1,2 = 0 (4.66) 

𝜁 ≤ 𝑓1,1, 𝑓1,2 ≤ 𝑓𝑚𝑎𝑥 (4.67) 

where 𝜁 > 0  is a predetermined, positive and small value, and 𝑓𝑚𝑎𝑥  represents the maximum bus 

service frequency. 

 The possible combinations are: 

{

𝑓1,1
𝑓1,2

both are not chosen

(4.68) 

 

Consider a road network with 𝓀  O-D pairs, where each O-D pair is served by 𝒷  bus route 

candidates. The maximum number of combinations to choose at most one from 𝒷 bus route candidates 

in the network is (𝒷 + 1)𝓀 , and that increases exponentially as the number of O-D pairs increases. 

Furthermore, the frequency of each bus route selected needs to be optimized. 
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Fig.4.3 Process of solving the bus network work design problem 

 

The nonlinear complementary conditions shown in Equations (4.66) and (4.67) imply that no more 

than one bus route is chosen per O-D pair 𝑖 ∈ 𝐼. These conditions can be expressed as:  

∑ (−(𝑓𝑖,𝑙1 + 𝑓𝑖,𝑙2) + √𝑓𝑖,𝑙1
2 + 𝑓𝑖,𝑙2

2)

2

𝑙1,𝑙2(≠𝑙1)∈𝐿𝑖

< 𝜙 (4.69) 

where 𝜙 > 0 is a small constant number. 

Therefore, the bus network design problem in this study is formulated as follows: 

min
𝐟
𝑍(𝐯∗(𝐟), 𝐟) = 𝐝(𝐯∗(𝐟), 𝐟)𝑇 ∙ 𝐯∗(𝐟) + 𝜃 ∙ 𝐅𝑇 ∙ 𝐟 (4.70) 

s.t. 

𝛇 ≤ 𝐟 ≤ 𝐟𝑚𝑎𝑥 (4.71) 

∑ ∑ (−(𝑓𝑖,𝑙1 + 𝑓𝑖,𝑙2) + √𝑓𝑖,𝑙1
2 + 𝑓𝑖,𝑙2

2)

2

𝑙1,𝑙2(≠𝑙1)∈𝐿𝑖𝑖∈𝐼

< 𝜙 (4.72)
 

where 𝐯∗(𝐟)  is the vector of equilibrium link flows shown in Equation (4.70). 𝜃  is a coefficient 

converting fare caused by frequency setting to travel cost, 𝛇 > 𝟎 is vector of a predetermined, positive 

and small values, 𝐟𝑚𝑎𝑥 is vector of maximum bus service frequencies and 𝐅 is the vector of operational 

costs per frequency increase on the bus lines. The objective function is total disutility in the multimodal 

network. 
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Depending on O-D demands in the multimodal network, there may be a situation where setting more 

than one bus route for each O-D pair is more efficient for reducing total cost. Such examinations are 

possible to replace the constraint (4.69) with (4. A5) shown in Chapter 4.12. 

 

 

4.7 Sensitivity analysis-based solution algorithm for multimodal NDPs 

 

The objective function shown by Equations (4.70)-(4.72) is a nonlinear optimization problem with 

nonlinear constraints. We first solve the UE problem under predefined service frequencies to obtain new 

equilibrium link flows and then calculate the local linear approximation of the UE link flows 𝐯̃∗(𝐟) using 

the sensitivity analysis. Optimal frequencies and bus routes which minimize Equation (4.70) can be 

obtained. Optimal service frequencies obtained here are inputs to the UE problem. By repeating this 

process, we can iteratively derive new optimal frequency values and corresponding optimal bus routes. 

The solution algorithm developed in this study can be outlined as follows: 

 

Step 0: Set an initial feasible solution 𝐟0 and initialize the outer iteration counter 𝑘 = 0. 

 

Step 1: Calculate the vector of UE link flows 𝐯∗(𝐟𝑘) as the response from passengers to the current 

vector of frequencies 𝐟𝑘. This can be calculated by applying the Method of Successive Averages (MSA; 

Sheffi, 1985). 

 

Step 2: Solve the following sub-problem for the bus network design problem:  

 

min
𝛆
𝑍(𝐯̃∗(𝐟𝑘), 𝐟𝑘) = 𝐝(𝐯̃

∗(𝐟𝑘), 𝐟𝑘)
𝑇
∙ 𝐯̃∗(𝐟𝑘) + 𝜃 ∙ 𝐅

𝑇 ∙ 𝐟𝑘 (4.73) 

s.t. 

𝛇 ≤ 𝐟𝑘 ≤ 𝐟𝑚𝑎𝑥 (4.74) 

∑ ∑ (−(𝑓𝑘,𝑖,𝑙1 + 𝑓𝑘,𝑖,𝑙2) + √𝑓𝑘,𝑖,𝑙1
2
+ 𝑓𝑘,𝑖,𝑙2

2
)

2

𝑙1,𝑙2(≠𝑙1)∈𝐿𝑖𝑖∈𝐼

< 𝜙 (4.75)
 

where 𝑓𝑘,𝑖,𝑙 = 𝑓𝑘,𝑖,𝑙 + 𝜀𝑖,𝑙  and 𝐟𝑘 = 𝐟𝑘 + 𝛆. 𝐯̃∗(𝐟𝑘)  is the vector of linearly approximated equilibrium 

link flows given by Equation (4.65). The solution obtained here is denoted as 𝛆∗.  

 

Step 3: If 𝑚𝑎𝑥|𝛆∗| < 𝜍 then calculation stops, otherwise update 𝐟𝑘+1 = (1 − 1 𝑘⁄ ) ∙ 𝐟𝑘 + (1 𝑘⁄ ) ∙ 𝐟𝑘, set 



 

72 

 

𝑘 = 𝑘 + 1 and return to Step 1, where 𝜍 is a predetermined, positive, small value. 

 

 

4.8. Numerical experiments 

 

4.8.1 Effects of CABs on link capacity 

 

Fig. 4.4 Effect of HDBs or CABs penetration on capacity. 

 

Fig. 4.4 illustrates the relationship between the penetration rate of CABs and capacity, with various 

scenarios based on different reaction times. The initial capacity when only HDVs are present is 1,525 

[pcu/h], which is calculated by using 𝜎 =50 [km/h], ξ𝐻 =5 [m] and 𝜔𝐻 =2.0 [sec], from Equation (4.40). 

As the penetration rate of HDBs increases, the link capacity gradually decreases from the baseline value 

of 1,525 [pcu/h] to 1,323 [pcu/h]. Conversely, the capacity improves across all scenarios where CABs are 

implemented. Even at low penetration rates, CABs with shorter reaction times begin to outperform HDBs 

in terms of capacity. At higher penetration rates, the benefits of CABs become increasingly apparent, the 

capacity reaches 1,621 [pcu/h] when 𝜔𝐵 =1.5 [sec]. While the capacity increases to 2,093 [pcu/h] when 

𝜔𝐵 =1.0 [sec] and reaches nearly double that of HDBs in scenarios where the reaction time of CABs is 

𝜔𝐵 =0.5 [sec]. Fig. 4.4 shows that the implementation of CABs with shorter reaction times can increase 

capacity. A higher penetration rate of CABs and shorter reaction times can increase capacity. 
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Fig. 4.5 Results of (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratios in mixed flow of: (a) HDVs and HDBs, (b) HDVs and CABs 

(𝜔𝐵 =1.5 [sec]), (c) HDVs and CABs (𝜔𝐵 =1.0 [sec]), and (d) HDVs and CABs (𝜔𝐵 =0.5 [sec]). 

 

  Fig. 4.5 depicts the volume-to-capacity ratio (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠  as defined in Equation (4.41), in 

relation to the increasing number of vehicles across different scenarios. Note that the calculations for the 

number of HDBs and CABs must incorporate the passenger car equivalent factor for buses, as shown in 

Equation (4.38). In Fig. 4.5(a), (b), (c) and (d), when the network consists only of HDVs (i.e., with zero 

HDBs or CABs), the changes in the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio do not change. In Fig. 4.5(a), when the network 

is full entirely of HDBs, the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio is higher compared to a scenario with only HDVs. As 

the number of HDBs increases, the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio increases more quickly, indicating that HDBs 

alone can contribute to congestion. When 1,500 HDBs are traveling on the link, the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio 

is 2.26. 

In contrast, in the scenarios where the network is served exclusively by CABs under different reaction 

times, the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio is 1.85, which is lower than in the scenario with only HDBs, as shown in 

Fig. 4.3(b). The ratio decreases to 1.43 when the 𝜔𝐵 = 1.0 [sec]. The (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠  ratio further 

decreases to 1.02 when 𝜔𝐵 = 0.5 [sec], as shown in Fig. 4.5(d).  

  When comparing Fig. 4.5(a), (b), (c), and (d) with each other, particularly focusing on the scenarios 
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with 1500 HDBs (Fig. 4.5(a)) or CABs (Fig. 4.5(b), (c) and (d)) mixed with 1500 HDVs on a link. The 

(𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio peaks at 3.25 with the maximum number of vehicles (both HDBs and HDVs) as 

shown in Fig. 4.5(a). For the other scenarios, which involve the mixed flow of CABs and HDVs under 

different reaction times as shown in Fig. 4.5(b), (c) and (d), the (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠 ratio are 2.83, 2.42 and 

2.00, respectively. 

 

 

4.9 Numerical calculations of small network 

 

4.9.1 Definitions of small network 

 

Fig. 4.6 illustrates the primitive network, and its corresponding hyper-network used in the test 

computation. The primitive network depicted in Fig. 4.6(a) includes 6 bus lines, 8 road links and 4 walking 

links. The hyper-network in Fig. 4.6(b) consists of 10 route sections for buses, 8 road links for HDBs and 

6 walking links. For simplicity, all lines are considered as attractive lines. 

The network includes four O-D movements: from origin O1 to destination D1, O1 to D2, O2 to 

D1 , and O2  to D2 . The passenger demands for O-D pairs O1D1  and O2D2  are set at 2,000 

[passengers/h] [passengers/h], while for O-D pairs O1 − D2  and O2 − D1 , each demand is 5,000 

[passengers/h]. The parameter 𝜃 is set to 0.025[𝑚𝑖𝑛/𝑦𝑒𝑛], and the fare per frequency increase (𝐹𝑙) for 

each bus line 𝑙 is set as 800,000 [yen/unit period]. The vehicle lengths of ϑ𝐻 = 5 [m] and ϑ𝐵 =

10 [m] are assumed to HDVs and CABs, respectively. It is assumed that the reaction time for HDBs, is 

2.0 [sec], the same as that for HDVs (McGehee et al., 2000). For CABs, the reaction time is assumed to 

be 1.5 [sec], considering human intervention (Favarò et al., 2018; Dixit et al., 2016).  

Passengers can choose between both transport modes for any O-D pair. Tables 4.2 and 4.3 provide 

the bus line information and basic link data. The parameters for calculating the link disabilities and line 

disutility coefficients for each transport mode are listed in Tables 4.3 and 4.5. 

It is assumed that passengers choosing CABs need to walk to the bus stop from their origin, and both 

CABs and HDVs users must walk to their final destination. CABs users must walk from the bus stop to 

their destination, while HDVs users need to park their vehicles in the parking lot before walking to their 

destination. 

Passengers choosing CABs can transfer to any bus line available at their stop. For example, if a 

passenger is travelling from O1 to D2, the direct bus line is Line 𝑙2,1. However, passengers can also take 

bus Line 𝑙1,2 or Line 𝑙2,1 first to reach node 3, and then transfer to Line 𝑙4,2 to reach D2. 
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(a)  

 

(b) 

Fig. 4.6 Network representations of test network, (a) primitive network; (b) hyper-network. 

 

Table 4.2 Candidates for bus lines in the test network. 

O-D Line Node sequences 

O1-D1 

𝑙1,1 O1->1->2-> D1 

𝑙1,2 O1->1->3->2-> D1 

O1-D2 𝑙2,1 O1->1->3->5-> D2 

O2-D1 𝑙3,1 O2->4->3->2-> D1 

O2-D2 

𝑙4,1 O2->4->5-> D2 

𝑙4,2 O2->4->3->5-> D2 

 

Table 4.3 Basic link data information of test network. 
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Link number Link type 𝑡𝑠 [min] 𝑝𝑠 [yen] 𝜔𝐻 [sec] 𝜔𝐵  [sec] 𝛼𝑠, 𝛽𝑠 

1 Route section  200    

2 Route section  150    

3 Route section  100    

4 Route section  150    

5 Route section  100    

6 Route section  150    

7 Route section  100    

8 Route section  100    

9 Route section  150    

10 Route section  150    

11 Road link 3  2.0 1.5 2, 3 

12 Road link 3  2.0 1.5 2, 3 

13 Road link 3  2.0 1.5 2, 3 

14 Road link 3  2.0 1.5 2, 3 

15 Road link 3  2.0 1.5 2, 3 

16 Road link 3  2.0 1.5 2, 3 

17 Road link 3  2.0 1.5 2, 3 

18 Road link 3  2.0 1.5 2, 3 

19 Walk link 5     

20 Walk link 5     

21 Walk link 5     

22 Walk link 5     

23 Walk link 5     

24 Walk link 5     

 

Table 4.4 Value of parameters. 

Line Mode 𝑘𝑙 

 [passengers/service] 

(𝜑1, 𝛾1)  (𝜑2, 𝛾2) 

1 CABs/HDBs 50 2, 3 2, 3 

2 HDVs ∞   

3 Walking ∞   
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Table 4.5 Coefficients of disutility. 

Line Mode 𝜆𝑚 𝜋 𝜌 𝜏 

1 CABs/HDBs 30 1 1 0.02 

2 HDVs 50 1 1 0.02 

3 Walking 5 1 1 0.02 

 

 

4.9.2 Results of small network 

Fig. 4.7 shows the results of changes in frequency, and it can be easily seen that the optimal 

computation is done before 35 iterations.  

 

Fig. 4.7 Changes in frequency of test network 
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Fig. 4.8 Value of objective function 

 

When the frequencies of all six bus lines are optimized, the resulting solutions 

are (𝑓1,1, 𝑓1,2, 𝑓2,1, 𝑓3,1, 𝑓4,1, 𝑓4,2) = (20.5, 0.0, 15.1,15.1, 20.5, 0.0) . The optimal bus route network is 

comprised of Lines 𝑙1,1 , 𝑙2,1 , 𝑙3,1  and 𝑙4,1  as shown in Fig. 4.5, with the remaining frequencies 

approaching zero. Furthermore, the objective function value is 6.4892 × 106, as shown in Fig. 4.8. 

 

 

Fig. 4.9 Modal share of CABs for each O-D pair 

 

Fig. 4.9 presents the modal share of CABs for each O-D pair. The modal shares of CABs for the O-

D pairs O1-D1 and O2-D2 are close to 100%, indicating that almost all passengers in these O-D pairs 
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choose CABs. This is due to the direct lines and lack of transfer lines available (e.g., from O1 to D1, 

passengers can take Line 𝑙1,1 directly to the destination without transfer), making CABs a more attractive 

option compared to HDVs. Notably, the capacity of a given link is higher when all vehicles are CABs, as 

opposed to a scenario where all vehicles are HDVs. This is evidenced by Fig. 4.4. This increased capacity 

results in a reduction in travel disutility for CABs relative to HDVs. In contrast, the O-D pairs O1-D2 and 

O2-D1 exhibit significantly lower modal shares for CABs, around 10%, due to the presence of node 3 as 

a transfer point, reflecting the time cost associated with transferring at this node, as shown in Fig. 4.6(a). 

Transfers often result in additional waiting time and potential discomfort, this results in very few users 

willing to choose CABs.   

The higher modal shares for CABs in certain O-D pairs suggest that when the transfers are minimal, 

CABs become a preferred mode of transport. However, if multiple transfers are required, travelers may 

prefer HDVs, resulting in lower CABs modal share. These findings underscore the importance of 

optimizing route design, transfer coordination, and service frequency to enhance the attractiveness of 

CABs in urban transportation networks. 

 

Table 4.6 The results of different initial frequency values. 

Initial values 𝑙1,1 𝑙1,2 𝑙2,1 𝑙3,1 𝑙4,1 𝑙4,2 

(5, 5, 5, 5, 5, 5) 20.5 0.0 15.2 15.2 20.5 0.0 

(6, 7, 8, 9, 4, 3) 20.5 0.0 15.2 15.2 20.5 0.0 

(4, 9, 12, 7, 6, 8) 20.5 0.0 15.2 15.2 20.5 0.0 

 

To assess algorithm convergence, various initial values were employed to solve the bus network 

design problem, as detailed in Table 4.6. The results indicate that different initial values consistently 

converge to the same value, providing evidence of algorithm convergence. This consistent convergence 

across diverse initial values suggests that the obtained solution is likely close to the global optimum. 

 

4.10 Numerical calculations of Sioux-falls network 

 

4.10.1 Definitions of Sioux-falls network 

 

The model formulation and solution algorithm were also applied to a bus network design problem in 

the Sioux-falls network. In our modified Sioux-falls network, 36 paths for HDVs and 18 bus lines are 

created arbitrarily. The link sequences and stop nodes are detailed in Tables 4.7 and 4.8, respectively. In 
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Table 4.8, node numbers in parentheses indicate nodes that the bus line passes through without stopping. 

The initial service frequency for each bus line is assumed to be 5 [services/h]. The O-D demand is set to 

3,000 [passengers/h] for each pair, with a fare per frequency increase (𝐹𝑙 ) for each bus line 𝑙  is 

1,000,000 [yen/unit period] for both HDBs and CABs. Other related settings remain consistent with 

those in the previous calculation example (Tables 4.4 and 4.5). For numerical calculations, 253 hyper-

paths were enumerated using the Yen (1970) method.  

The Sioux-falls network uses the same setup as the test network. This setup includes the hypothetical 

origins where CABs passengers must walk to the bus stop, and both HDVs and CABs users must walk to 

their destinations. 

 

 

Fig. 4.10 Sioux-falls network. 

 

Table 4.7 Road paths in the Sioux-falls network. 
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Table 4.8 Candidates for bus lines in the Sioux-falls network. 

 

 

 

4.10.2 Results of Sioux-falls network under single class UE 

Two scenarios were computed in the Sioux-falls network: 1) a mixed flow of HDBs and HDVs and 

2) a mixed flow of CABs and HDVs. The optimal bus route network for each scenario is comprised of 

Lines 6, 11, and 14, as displayed in Fig. 4.11.  

O-D pair Path Link sequences O-D pair Path Link sequences

1 1-4-16-20 21 6-9-12-16-22-49-53 -59
2 2-6-9-12-16-20 22 6-10-32-30-53-39
3 2-6-9-13-24-20 23 7-37-39-75-64
4 1-4-15-13-24-20 24 7-36-34-42-70-68
5 1-4-16-20-18 25 39-75-64-60-54
6 1-4-16-22-50 26 38-36-32-29-50-54
7 2-7-36-32-29-50 27 38-36-32-26-24-20
8 2-6-9-12-16-22-50 28 39-75-64-61-58-52-47-20
9 1-4-16-22-49-53-59 29 39-75-64-60
10 2-7-36-32-29-49-53-59 30 38-36-32-29-50
11 2-7-37-39-75-64 31 39-75-65-67-43-29-50
12 2-6-10-32-29-49-53-59 32 39-76-71-40-32-29-50
13 6-9-12-16-20 33 39-76-72-69-64
14 6-9-13-24-20 34 39-76-72-68
15 7-36-32-29-50-54 35 39-75-64
16 7-36-32-29-47-20 36 39-76-71-41-46-68
17 6-9-12-16-20-18
18 6-10-32-29-50
19 7-36-32-29-50
20 6-9-13-25-29-50

O-D9 (13-20)

O-D1 (1-7)

O-D2 (1-18)

O-D3 (1-20)

O-D4 (3-7)

O-D5 (3-18)

O-D8 (13-18)

O-D7 (13-7)

O-D6 (3-20)

O-D pair Line O-D pair Line

13-24-23-22-203-(4)-5-(9)-8-78

Stop nodes Stop nodes

3-(4)-(5)-6-(8)-16-17-(19)-20

13-12-(11)-10-(9)-(8)-7

13-12-(11)-10-16-(18)-7

13-12-11-10-(16)-18

13-24-(23)-(14)-11-(10)-(16)-18

13-24-21-20

1-(3)-12-(11)-(10)-16-(17)-(19)-20

3-(4)-5-(6)-(8)-7

3-12-11-(10)-17-(19)-20

14

15

16

17

9

10

11

12

13
O-D7 (13-7)

O-D8 (13-18)

O-D9 (13-20)

1

2

3

4

5

6

7

3-(4)-5-(6)-(8)-7-18

3-(4)-5-(9)-10-(16)-18

18

1-(2)-6-7

1-(2)-6-5-(9)-(8)-7

1-(2)-6-5-(9)-(8)-7-18

1-(3)-(4)-(5)-6-(8)-16-18

1-(2)-(6)-(8)-16-(17)-(19)-20

O-D1 (1-7)

O-D2 (1-18)

O-D3 (1-20)

O-D4 (3-7)

O-D5 (3-18)

O-D6 (3-20)
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Fig. 4.11 Results of optimal bus route of Sioux-falls network. 

 

Passengers can transfer at any node served by these bus lines. For example, passengers traveling from 

origin 1 to destination 7 can take Line 6 to node 12. At node 12, they can transfer to either Line 6 or Line 

14 to reach node 16 and then continue on Line 14 to arrive at destination 7. 

 

Fig. 4.12 Results of difference in link capacity  
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Fig. 4.12 presents a comparative analysis of the differences in link capacity between scenarios where 

CABs are mixed with HDVs and where HDBs are mixed with HDVs. The horizontal axis illustrates the 

improvement in capacity, i.e., capacity with a mixed flow of CABs and HDVs and minus the one of HDBs 

and HDVs. Vertical axis values near zero indicate there is no increase in capacity since the link is 

exclusively occupied by HDVs. As the reaction times of the CABs decrease (from 𝜔𝐵 = 1.5  [sec] to 

𝜔𝐵 = 0.5 [sec]), improvement in capacity on certain links become more pronounced.  

When the buses are HDBs with the reaction time of 𝜔𝐵 = 2.0  [sec], the total network cost is 

calculated as 8.6223 × 106. In contrast, the total cost with CABs is 8.5431 × 106 when 𝜔𝐵 = 1.5 

[sec]. The total cost further decreases to 8.4673 × 106 when 𝜔𝐵 = 1.0 [sec]. For the scenario where 

CABs have the shortest reaction time (𝜔𝐵 = 0.5 [sec]), the total cost is 8.3695 × 106. 

 

 

Fig. 4.13 Changes in frequency of Sioux-falls network 

 

Fig. 4.13 shows the frequencies of three bus lines (Lines 6, 11, and 14) under different scenarios: one 

where HDBs exist in the network and another where replacing HDBs with CABs with different reaction 

times (𝜔𝐵 = 1.5 [sec], 1.0 [sec], 0.5 [sec]). The frequency for Line 6 remains consistently high across all 

scenarios, regardless of whether the network is served by HDBs or CABs with different reaction times. 

Line 11 shows a lower frequency relative to Lines 6 and 14 across all scenarios. This is because passengers 

travelling on O-D pair 3-20 can transfer at node 12 and use Line 6 to reach their final destination directly. 

However, the frequency increases as the reaction time of CABs decreases (𝜔𝐵 decreases from 1.5 [sec] 

to 0.5 [sec]) for all lines. 
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Fig. 4.14 Comparison of modal share for each O-D pair. 

 

  Fig. 4.14 shows modal shares across several O-D pairs for different scenarios. For the O-D pair (1-

7), available bus routes are comprised of two direct lines which are either Line 6 or Line 11. For all O-D 

pairs except for O-D pair (1-7), the results show the increases in the modal share for CABs with shorter 

reaction times. For the O-D pairs (1-18), (3-18), (13-18) and (13-20), the bus was not chosen. Bus routes 

for these O-D pairs do not provide direct routes or time-efficient travel options. These routes involve 

detours, excessive stops, or inefficient connections, leading to increasing travel time. As a result, 

passengers are more likely to choose HDVs for a more direct and quicker travel. This analysis highlights 

the importance of designing bus networks that minimize transfers across most O-D pairs. CABs have a 

slightly higher modal share than HDBs, indicating a preference for CAB.  

 

 

4.10.3 Results of Sioux-falls network under multi-class UE 

   

This chapter presents the numerical analysis of the Sioux-falls network using the MCUE assignment. 

The setup is the same as the one in Chapter 4.5.1, with modifications only to the demand in the Sioux-falls 

network. As shown in Fig. 4.15, the entire demand for the O-D pair 1-7 is set as 3,000 [pcu/h]. Assuming 

that O-D pair 1-7 has been served by CABs only. For the remaining O-D pairs, the demands of CABs and 

HDVs for each are set as 1,500 [pcu/h]. 
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Fig. 4.15 Results of Sioux-falls network by MCUE assignment. 

 

Fig. 4.15 displays the results for the Sioux-falls network calculated by using MCUE assignment. The 

optimal frequencies for the optimal bus route network is comprised of bus lines (𝑓5, 𝑓9, 𝑓11, 𝑓14, 𝑓17), which 

remains consistent across scenarios with varying CABs reaction times (𝜔𝐵 = 1.5 [sec], 1 [sec], 0.5 [sec]). 

Since several O-D pairs lack direct bus lines, passengers need to use bus lines serving other O-D pairs. 

For instance, passengers travelling from O-D pair 1-18 start from origin 1 by taking bus Line 5 to reach 

node 16, transfer to bus Line 11 to reach node 7, and get on bus Line 9 to their final destination which is 

node 18. 

 The total cost with CABs under MCUE is 7.8207 × 106, showing an 8.3% reduction compared to 

the total cost under SCUE at 𝜔𝐵 = 1.5  [sec]. At 𝜔𝐵 = 1.0  [sec], the total cost decreases to 

7.7491 × 106, which is an 8.5% reduction compared to the SCUE. Furthermore, at 𝜔𝐵 = 0.5 [sec], the 

total cost further drops to 7.6649 × 106, indicating an 8.4% reduction compared to the SCUE. 
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(a)                                      (b)     

Fig. 4.16 Changes in frequency under: (a) SCUE assignment; (b) MCUE assignment. 

 

Fig. 4.16 displays results of service frequencies under (a) SCUE assignment and (b) MCUE 

assignment, considering different CABs reaction times. Lines 5, 9, and 17 are selected but Line 6 was not 

selected in the scenarios under MCUE . Compared to the SCUE scenario, Lines 5, 9, and 17 are included 

in the MCUE results, since the MCUE model captures variations in preferences and behaviors across user 

classes and considers the travel patterns of non-driving groups so that determine the optimal bus route 

network which can connect all origin and destination nodes.  

 

Fig. 4.17 The bus route network for O-D pairs 1-7/18/20 

For example, Fig.4.17 shows that the passengers who departure from origin node 1 to destination 

node 7 can take Line 5 to arrive at node 16 and then transfer to Line 14 to arrive at destination node 7, 

furthermore, taking Line 9 at node 7 can reach the destination node 18. Passengers can use Line 5 to travel 

between origin node 1 and destination node 20. 

For Line 5, we assume that the O-D pair 1-7 is served exclusively by CABs, this line is necessary to 

meet the demand. Line 9 provides the possibility for users who travel between O-D pair 3-18 directly.  
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As the reaction times of CABs decrease (with lower 𝜔𝐵), the frequencies increase on all bus lines except 

Line 17.  

 

Fig. 4.18 Line 17 serves O-D pair 13-20 

This is because Line 17, which serves the O-D pair 13-20, can be effectively replaced by Lines 5 and 

14 as shown in Fig.4.18. Consequently, the frequency of Line 17 decreases as the reaction time decreases. 

 

Fig. 4.19 Lines 5 and 14 serve O-D pair 1-7 

In the MCUE scenario, the frequencies of bus Line 14 are higher than Lines 5, 9, 11 and 17 with 

different reaction times. Firstly, O-D pair 1-7 has been served by CABs only, and passengers must use 

Line 17 to arrive at destination node 7. 

 

 

4.10.4 Calculation of circular bus routes for Sioux-falls network 

 

A circular bus route, often referred to as a loop or circular route, forms a closed loop, beginning and 

ending at the same location. The bus runs along circular or elliptical routes, typically serving a sequence 

of stops without backtracking. Circular bus routes are typically designed to connect key points within a 

specific area, such as a downtown district or a suburban neighborhood, enabling passengers to travel 

between these points without requiring transfers. The spanning tree method, as employed in Kim et al. 

(2017) to address the bus route network design problem, ensures network connectivity while explicitly 

avoiding the formation of cycles. This feature of the spanning tree method inherently limits its applicability 

to the design of circular bus routes. In contrast, the method proposed in this study is specifically designed 
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to directly address the circular bus route network problem if necessary, providing a more suitable solution 

for scenarios requiring circular bus routes. 

Next, we will examine the potential of the proposed method to generate circular bus routes. One O-

D demand is added to the Sioux-falls network, as shown in Table 4.9. O-D demand for O-D pair 7-13 is 

set to 5,000 [passengers/h], while the demands for the remaining O-D pairs are set at 3,000 [passengers/h]. 

The fare per frequency increase (𝐹𝑙) for each bus line 𝑙 is 2,000,000 [yen/unit period]. The method 

proposed by Yen (1970) enumerates 4,088 hyper-paths.  

 

Table 4.9 Road routes and candidates for bus lines added to Sioux-falls network. 

 

As shown in Fig. 4.20, the calculation results for circular bus routes indicate that the optimal bus 

routes consist of Lines 4, 5, 9, 11, 14, 18 and 19. Each of these bus lines is strategically designed to cover 

key demand corridors, crucial for ensuring efficient passenger travel with minimal transfers. Lines 14 and 

19, which connect the O-D pair 7-13, form a circular route that significantly enhances overall network 

connectivity.  

The selection of Line 19 rather than Line 20 is thanks to the ability of Line 19 to balance passenger 

demand across the network, particularly as node 20 serves as both a crucial destination and a major transfer 

node. Line 19 provides a direct connection between nodes 7 and 20, transforming node 7 into both an 

origin and destination point and an essential transfer node as well. This allows passengers traveling to 

node 20 to transfer at node 7. Circular routes are especially effective in urban bus systems because they 

offer continuous service in densely populated areas, minimizing the need for backtracking and reducing 

travel times for passengers. 

O-D pair path Link sequences O-D pair Line

37 18-56-62-66-74
38 18-55-48-27-33-37
39 18-55-48-28-46-69-66-74
40 18-55-49-53-59-62-66-74

Stop nodes

O-D10 (7-13) O-D10(7-13)
19 7-(18)-20-(21)-(24)-13

20 7-(16)-(10)-(11)-12-13
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Fig. 4.20 Result of circular bus routes. 

 

  The optimal frequencies for the optimal bus route network is comprised of bus lines are 

(𝑓4, 𝑓5, 𝑓9, 𝑓11, 𝑓14, 𝑓18, 𝑓19) = (24.6, 39.7, 39.0, 29.5,58.3,20.1,27.9), with a total cost of 1.6528 × 107. 

 

 

4.11 Conclusions of Chapter 4 

 

This study presents a BIPM designed to simultaneously optimize bus route network and service 

frequencies, accounting for the mixed flow environments of CABs and HDVs. The upper-level problem 

aims to minimize the total cost of the entire network, encompassing total travel time and bus operation 

costs, while the lower-level problem addresses the UE problem. The results derived from the proposed 

model can provide policymakers with guidance for determining the optimal bus routes and their 

corresponding service frequencies.  

Firstly, the impact of penetration rate and reaction times of CABs on capacity is analyzed. A higher 

penetration rate of CABs with shorter reaction times can increase capacity. Secondly, when there are only 

HDBs in network, the volume-to-capacity ratio (𝑣𝑠 + 𝑣𝑠𝐵)/𝜒𝑠  reaches 2.26, indicating severe 

congestion. In contrast, replacing HDBs with CABs, the ratio decreases to 1.85, 1.43, and 1.02 as reaction 

times decreases from 𝜔𝐵 = 1.5 [sec] to 𝜔𝐵 = 0.5 [sec]. The numerical analysis confirms that replacing 

CABs with HDBs can increase capacity and reduce total network costs. For instance, when reaction times 



 

90 

 

decrease from 𝜔𝐵 = 2.0 [sec] for HDBs to 𝜔𝐵 = 0.5  [sec] for CABs, the total cost decreases from 

8.6223 × 106 to 8.3695 × 106. 

Our findings also underscore the essential role of transfer coordination in maximizing CABs 

utilization. In cases where bus routes involve multiple transfers, passengers may choose alternative modes, 

resulting in lower CABs use. These results not only underscore the advantages of CABs but also offer 

valuable insights for both policymakers and urban planners in designing efficient and user-friendly bus 

networks. 

Future research will focus on developing strategies to minimize passenger transfers and further 

examine the influence of disutility function coefficients on the uniqueness and stability of solutions. These 

efforts aim to refine our current model and algorithm, ensuring the established model can support the 

design of bus networks in the future. 
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4.12 Appendix 

   

In the computational case presented in this paper, we provide results based on a maximum of one bus 

line per O-D pair as shown in Equation (4.69). However, in large cities, a single bus line may be insufficient 

to accommodate the increasing traffic demand. This limitation highlights that having only one bus line per 

O-D pair may not be adequate to meet the actual demand. Therefore, we extend the method employed in 

this study to identify up to 𝑘 bus lines for each O-D pair, ensuring better coverage and capacity to meet 

the growing demand in key urban areas. 

Let 𝐿𝑖,𝑘 denote a subset of 𝐿𝑖 (𝐿𝑖,𝑘 ⊂ 𝐿𝑖) with the number of elements of |𝐿𝑖,𝑘| = 𝑘 where we 

assume |𝐿𝑖| > |𝐿𝑖,𝑘|. Then we define the following two variables 

𝑓𝐿𝑖,𝑘 = ∑ 𝑓𝑙
𝑙∈𝐿𝑖,𝑘

(4. A1) 

𝜔(𝑓𝐿𝑖,𝑘 , 𝑓𝑙) = (−(𝑓𝐿𝑖,𝑘 + 𝑓𝑙) + √(𝑓𝐿𝑖,𝑘)
2
+ 𝑓𝑙

2)

2

∀𝑙 ∈ 𝐿𝑖 ∖ 𝐿𝑖,𝑘 (4. A2) 

We developed a condition that ensures that at most two bus lines can be selected from four candidates 

available between O-D pair 𝑖 ∈ 𝐼, i.e., 𝐿𝑖 = {1,2,3,4} and 𝐿𝑖,2. This condition is written as: 

∏ ∑ 𝜔(𝑓𝐿𝑖,2 , 𝑓𝑙)

𝑙∈𝐿𝑖∖𝐿𝑖,2𝐿𝑖,2⊂𝐿𝑖

< 𝜙 (4. A3) 

Proof: 

Left-hand side of above equation is 

∏ ∑ 𝜔(𝑓𝐿𝑖,2 , 𝑓𝑙)

𝑙∈𝐿𝑖∖𝐿𝑖,2𝐿𝑖,2⊂𝐿𝑖

= (𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) + 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,4)) ∙ (𝜔(𝑓𝑖,{1,3}, 𝑓𝑖,2) + 𝜔(𝑓𝑖,{1,3}, 𝑓𝑖,4)) ∙ 

(𝜔(𝑓𝑖,{1,4}, 𝑓𝑖,2) + 𝜔(𝑓𝑖,{1,4}, 𝑓𝑖,3)) ∙ (𝜔(𝑓𝑖,{2,3}, 𝑓𝑖,1) + 𝜔(𝑓𝑖,{2,3}, 𝑓𝑖,4)) ∙ 

(𝜔(𝑓𝑖,{2,4}, 𝑓𝑖,1) + 𝜔(𝑓𝑖,{2,4}, 𝑓𝑖,3)) ∙ (𝜔(𝑓𝑖,{3,4}, 𝑓𝑖,1) + 𝜔(𝑓𝑖,{3,4}, 𝑓𝑖,2)) < 𝜙 (4. A4) 

When 𝑓𝑙 = 0 (𝑙 = 1,… ,4) , (4.A4) equals zero. When 𝑓1 > 0  and 𝑓𝑙 = 0 (𝑙 = 2,… ,4) , (4.A4) equals 

zero since 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) = 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,4) = 0 ⇔ 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) + 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,4) = 0 . When 𝑓𝑙 >

0 (𝑙 = 1,2)  and 𝑓𝑘 > 0 (𝑘 = 3,4) , (4.A4) equals zero since 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) = 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,4) = 0 ⇔

𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) + 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,4) = 0. When 𝑓𝑙 > 0 (𝑙 = 1,… ,3) and 𝑓4 = 0, (4.A4) is greater than zero 

since 𝜔(𝑓𝑖,{1,2}, 𝑓𝑖,3) > 0 , 𝜔(𝑓𝑖,{1,3}, 𝑓𝑖,2) > 0 , 𝜔(𝑓𝑖,{1,4}, 𝑓𝑖,𝑛) > 0 (𝑛 = 2,3) , 𝜔(𝑓𝑖,{2,3}, 𝑓𝑖,1) > 0 , 

𝜔(𝑓𝑖,{2,4}, 𝑓𝑖,𝑛) > 0  (𝑛 = 1,3), and 𝜔(𝑓𝑖,{3,4}, 𝑓𝑖,𝑛) > 0  (𝑛 = 1,2). In a similar way, it is shown that when 

𝑓𝑙 > 0 (𝑙 = 1,2,4) and 𝑓3 = 0, (4.A4) are greater than zero. It is shown that when more than two elements 

in 𝐿𝑖 take positive values, (4.A4) is always greater than zero. This completes the proof. 

This constraint can be generalized so that it ensures at most 𝑘 bus lines can be selected for each O-D 
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pair as 

∑ ∏ ∑ 𝜔(𝑓𝐿𝑖,𝑘 , 𝑓𝑙)

𝑙∈𝐿𝑖∖𝐿𝑖,𝑘𝐿𝑖,𝑘⊂𝐿𝑖𝑖∈𝐼

< 𝜙 (4. A5) 
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5. Conclusions 

 

The inclusion of UE constraints in NDPs reflects the real-world dynamics of travelers’ behavior in 

transport networks, where travelers adjust their path choices in response to changes in path cost in the 

network, seeking to minimize their travel costs. The incorporation of UE constraints makes NDPs 

computationally intensive to solve, as each network adjustment requires reevaluation of the equilibrium 

state. The NDPs addressed in this thesis focus on two key aspects: traffic state estimation and optimization 

of both bus route network design and service frequencies. This thesis proposes sensitivity analysis-based 

algorithms for solving large-scale NDPs while maintaining solution accuracy, since sensitivity analysis 

can approximate the UE link (or path) flows so that reduce the computational burden. 

The first method of this thesis is to develop an efficient algorithm based on the sensitivity analysis 

for UE flows to solve the traffic states estimation problem by using floating car data. Since the market 

penetration rate of cars from which floating car data can be obtained is still low in Japan, therefore 

complete observation data of the entire network is impossible. FIMLE can deal with incomplete data by 

using all available information, making it robust in scenarios where traditional MLE cannot handle it. 

Therefore, the traffic states in a road network are obtained by solving a FIMLE problem under UE 

constraints.  

Using the sensitivity analysis-based algorithm to estimate traffic states in the large-scale Asahikawa 

network in Hokkaido, Japan, the results show that the method proposed in this study estimated relatively 

reasonable link delay times in the Asahikawa network as summarized in Chapter 3.6. The results of KL 

divergence show that the proposed algorithm performs well in accurately estimating the link delay times 

for large-scale networks. However, the accuracy of the estimated link delay times can heavily depend on 

the locations of the centroids and the number of predefined O-D pairs. We will address such issues in 

future studies. 

The second method is to propose a BIPM to solve an optimization problem of bus route network 

design and service frequencies, and CABs are introduced as a public transport system. The upper-level 

problem typically focuses on minimizing the total cost (or disutility), while the lower-level problem 

captures the user behavior and traffic flow dynamics, modeled through a UE traffic assignment. This 

optimization problem is subject to UE constraints. An algorithm based on the sensitivity analysis method 

is developed for solving the optimization problem. This thesis considers mixed flows of CABs and HDVs, 

therefore traffic capacity of each link in a road network is represented by a function of the penetration rate 

of CABs on the link. 

We analysis the impact of penetration rate of CABs with different reaction times on capacity firstly. 
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A higher penetration rate of CABs with shorter reaction times can increase capacity as discussed. Secondly, 

replacing CABs with HDBs can reduce total network costs. For instance, when reaction times decrease 

from 𝜔𝐵 = 2.0  [sec] for HDBs to 𝜔𝐵 = 0.5  [sec] for CABs, the total cost decreases from 

8.6223 × 106 to 8.3695 × 106. The proposed method is specifically designed to directly address the 

circular bus route network problem if necessary, providing a more suitable solution for scenarios requiring 

circular bus routes, which can be seen Chapter 4.10.4. Our findings also underscore the essential role of 

transfer coordination in maximizing CABs utilization. In cases where bus routes involve multiple transfers, 

passengers may choose alternative modes, resulting in lower CABs use. Future research will focus on 

developing strategies to minimize passenger transfers and further examine the influence of disutility 

function coefficients on the uniqueness and stability of solutions. These efforts aim to refine our current 

model and algorithm, ensuring the established model can support the design of bus networks in future. 

As discussed above, this thesis develops efficient solution algorithms based on sensitivity analysis 

for NDPs with UE constraints. Numerical experiments are conducted on large-scale networks including 

real-world network (Asahikawa network in Japan) to validate the proposed algorithms. The results confirm 

the feasibility and effectiveness of the proposed sensitivity analysis-based algorithms in efficiently solving 

large-scale NDPs under UE constraints. 
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