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Widely-sweeping magnetic field-temperature phase
diagrams for skyrmion-hosting centrosymmetric
tetragonal magnets
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1 Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan
2 Department of Applied Physics, the University of Tokyo, Tokyo 113-8656, Japan

Abstract

We numerically investigate the stabilization mechanisms of skyrmion crystals
under thermal fluctuations and external magnetic field in itinerant centrosym-
metric tetragonal magnets. By adopting an efficient steepest descent method
with a small computational cost, we systematically construct the magnetic field—
temperature phase diagrams of the effective spin model derived from the itin-
erant electron model on a two-dimensional square lattice. As a result, we find
that a square-type skyrmion crystal is stabilized by either or both of the high-
harmonic wave-vector interaction and the biquadratic interaction under an ex-
ternal magnetic field. Especially, we discover that the former high-harmonic
wave-vector interaction can stabilize the skyrmion crystal only at finite temper-
atures when its magnitude is small. In addition to the skyrmion crystal, we also
find other stable multiple-(Q states in the phase diagram. Lastly, we discuss the
correspondence of the phase diagrams between the effective spin model and the
skyrmion-hosting material GdRu3Sis. The present results suggest a variety of
multiple-@ states could be driven by thermal fluctuations and external magnetic
fields in centrosymmetric itinerant magnets.

Keywords: skyrmion crystal, centrosymmetric magnets, square lattice,
biquadratic interaction, high-harmonic wave-vector interaction

1. Introduction

Fermi surface instability in itinerant electron systems gives rise to abundant
quantum states of matter in various fields of condensed matter physics, such
as superconductivity and magnetism. For example, the nesting property of the
Fermi surface has been identified as the origin of charge and/or spin density
waves in metallic alloys, organic conductors, and other itinerant magnets [}
2]. As such a Fermi surface nesting can ubiquitously occur for various lattice
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geometry depending on the electronic band structure, itinerant electron systems
are an optimal platform to realize further exotic electronic ordered states.

In particular, when the Fermi surfaces are nested by multiple different wave
vectors, there is a chance of inducing the multiple-@) states accompanied with
noncollinear and noncoplanar spin configurations [3]. The most well-known ex-
amples are the triple-QQ noncoplanar (double-Q coplanar) states found in the
triangular and pyrochlore (checkerboard) lattice systems, where the perfect
nesting of the Fermi surface occurs at a particular electron filling [4] [5] [6]. Sub-
sequently, similar multiple-@) states have been revealed under various lattice
structures when (d — 2)-dimensional portions of the Fermi surfaces are con-
nected by the multiple-Q) wave vectors in the extended Brillouin zone (d is the
spatial dimension): triangular [7, [8) [9] [11], square [12] 111, cubic [14],
kagome [16], honeycomb [17}, (18], and Shastry-Sutherland lattices [19]. More
recently, the concept of the multiple-Q states induced by the Fermi surface in-
stability has been extended to long-period magnetic structures, such as the non-
coplanar double-@Q) stripe state with a topologically trivial spin texture [20], 21]
and the triple-Q skyrmion crystal (SkX) with a topologically nontrivial spin
texture 24 26].

The emergence of the multiple-@ states in itinerant electron systems is intu-
itively understood from the competition between the negative bilinear exchange
interaction and the positive biquadratic interaction in momentum space: The
former originates from the Ruderman-Kittel-Kasuya-Yosida (RKKY) interac-
tion to induce the single-Q spiral instability and the latter origi-
nates from the higher-order RKKY interaction to lead to the multiple-@ insta-
bility [9], B0], both of which are characterized by effective long-range spin inter-
actions in real space. Especially, an effective spin model incorporating the effect
of the above interactions describes a similar multiple-Q instability to that in the
original itinerant electron model. As the computational cost for the effective spin
model is much cheaper compared to that for the itinerant electron model, it can
be used to investigate the multiple-@ instabilities in various situations with dif-
ferent lattice structures and magnetic anisotropy. In fact, it was clarified that
manifold multiple-Q states appear as the ground state by analyzing the effective
spin model, such as the SkX in the hexagonal |31 32 [33] [34] 35, B6], tetrag-
onal [40], trigonal [41], 42], and orthorhombic [43] lattice systems,
the hedgehog crystal in the cubic lattice system 149], and the
meron—antimeron crystal in the hexagonal lattice system [50]. These systematic
investigations might be useful to understand the origin of the SkXs in the hexag-
onal compounds GdPdSis (52,53} 54 551 56] and GdzRuy Al [57, 58] 591 [60]
and the tetragonal compounds GdRusSis and EuAly [64] [67],
the hedgehog crystal in the cubic compounds MnSi;_,Ge, [70,
and SrFeO3 [78], the vortex crystal in the hexagonal compound
Y3CosSny [79], and the bubble state in the tetragonal compound CeAuSby []0]
811, 182, [83].

On the other hand, the studies on the multiple-Q instability against thermal
fluctuations have still been limited compared to those in the ground state. As it
was demonstrated that thermal fluctuations tend to enhance the stability of the
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multiple-Q) states in the localized spin model [84) [85] [86] 87, [88], [89] and they
induce the finite-temperature phase transitions between the multiple-() states in
the itinerant electron model [90, 91}, [92] 03], the appearance of further intriguing
multiple-@Q states is also expected based on the effective spin model [94]. In
addition, it is important to construct the magnetic phase diagram against not
only the magnetic field at low temperatures but also at higher temperatures in
order to further clarify the validity of the effective spin model for real materials.

In the present study, we examine the magnetic field-temperature phase di-
agram of the effective spin model consisting of the momentum-resolved inter-
actions with a particular emphasis on the stabilization of the square-lattice
SkX in centrosymmetric itinerant magnets. To this end, we perform numerical
calculations based on the steepest descent method, which enables us to effi-
ciently find the optimal spin configurations in the thermodynamic limit [94].
We focus on two mechanisms of the square-lattice SkX: One is the positive
biquadratic interaction [40] and the other is the high-harmonic wave-vector in-
teraction [95] [06]. By carrying out the calculations in a wide range of the two
interaction parameters, we find their similarity and difference in their magnetic
field and temperature dependence. The mechanism based on the high-harmonic
wave-vector interaction tends to favor both the single-Q) and double-Q) states
depending on the field, while that based on the biquadratic interaction tends
to favor the double-Q states irrespective of the magnetic field. Furthermore, we
show that the former mechanism can induce the SkX only at finite temperatures
by tuning the interaction. We also discuss the relevance to the skyrmion-hosting
material GdRuySiz. The results of our systematic investigation will be a refer-
ence to understanding the microscopic mechanism of the SkX-hosting tetragonal
magnets in the wide range of the temperatures, such as GdRuySiy [61] [62] 63],
EuAly [64] 65] 66, [67]. EuGay [97, [67], EuGasAly [98], Mny_,Zn,Sb [99], and
MnPtGa [100].

The rest of this paper is organized as follows. In Sec. 2] we introduce the
effective spin model of the itinerant electron model on a square lattice, which
has anisotropic bilinear and biquadratic interactions in momentum space. We
describe two mechanisms to stabilize the SkX: the high-harmonic wave-vector in-
teraction and the biquadratic interaction. We also outline the numerical method
based on the steepest descent method [94]. Then, we present the magnetic field—
temperature phase diagram while changing the high-harmonic wave-vector in-
teraction and the biquadratic interaction under the out-of-plane field in Sec.
and the in-plane field in Sec. [4l Finally, we compare the phase diagrams in the
effective spin model with that in GdRusSis in Sec. 5} We conclude this paper in

Sec. @ In Appendix we present the magnetic field—temperature
phase diagram under the [110] field. In Appendix we present the
numerical values of magnetic moments at several harmonics in the double-Q
states under the out-of-plane field.
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Figure 1: Momentum-resolved interactions I'g, at Q1 = (Q,0), Q2 = (0,Q), Q3 = (Q,Q),
and Q4 = (—Q,Q) with Q = w/3. The circle symbols at £Q; and +Q2 represent the
dominant interaction channels, while the square symbols at £Q3 and Q4 represent the sub-
dominant ones.

2. Model and method

2.1. Model

The square SkX in centrosymmetric magnets can emerge when considering
the multi-spin interaction [40l [I01] and the high-harmonic wave-vector inter-
action [95] 96, 102, [103] in the effective spin model that originates from the
itinerant electron model or considering the bond-dependent anisotropy [104],
dipolar interaction [105], and the staggered DM interaction [106] as well as the
frustrated exchange interaction in the localized spin model. Among them, we
focus on the stabilization of the square SkX in the former situation based on
the effective spin model.

Specifically, we consider the effective spin model on a two-dimensional square
lattice under the point group Dy, in the following:

_ aB ga B

v,onf3
2
K
aB ga B
w2 [ 2oTa.88,5%, | D H-S (1)
v a,B J
where S, is characterized by the wave vector £Q1,+Q2, -+, £Q N, and the

spin component «, 8 = x,y, z, which corresponds to the Fourier transformation
of the classical localized spin S; with |S;| = 1:

1 .
Sq=—=> 89", 2
Q \/N - 5 € ()
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where N represents the total number of sites and r; = (r;”?r?) denotes the

position vector at site j. We set the lattice constant as unity, and r} and r;’
are integers. The first and second terms in Eq. represent the bilinear and
biquadratic spin interactions in momentum space, respectively; ng represents
the anisotropic form factor depending on the wave vector @, and spin compo-
nent «, 3. The third term represents the Zeeman coupling under an external
magnetic field H; we consider the z-directional field H = (0,0, H) in Sec. and
the x-directional field H = (H,0,0) in Sec. |4l We also discuss the case in the
[110] direction H = (H, H,0) in Appendix We do not consider
the dipolar interaction for simplicity.

The effective spin model in Eq. is derived from the perturbation theory
for the Kondo lattice model in the weak-coupling regime [30, [107]. The coupling
constants in the first and second terms, J > 0 and K > 0, correspond to the
lowest- and second-lowest-order contributions in terms of the Kondo coupling
Jk, respectively; for example, J (K) is proportional to the second (fourth)
order of Jx. We set J = 1 as the energy unit of the model and treat K as
a phenomenological parameter to satisfy J > K. It is noted that we neglect
the other four-spin interactions, e.g., (Sgqu V)(Sg;,Sf/ ) for v # 1V, for
simplicity [9, 20, [30]. The anisotropic form factor F%[i is determined by the
spin—orbit coupling and the lattice symmetry in addition to the electronic band
structure.

For the dominant interaction channel at @Q,, we consider the interactions at
fourfold-symmetric wave vectors {+Q; = +(Q,0),+Q2 = +(0,Q)} with Q =
7/3 by supposing that the nesting at Q1 and Q5 is important; Q; and Q- are
related to the fourfold rotational symmetry of the tetragonal lattice structure. In
other words, we consider the situation where the fourfold anisotropy that arises
from the square symmetry is strong and the characteristic ordering vectors are
fixed at Q1 and Q2; we neglect the instability toward the triangular-type SkX,
which tends to appear in the weak fourfold anisotropy [104) [108]. Then, FQQB
is given as follows: T'q, = T'gY = (', I'y,I',) and T'q, = (I'y,I';,I'.), where
ng =0for a # B; (I',IT'y,I';) can take from 0 to 1 depending on the electronic
band structure [107]. We set I';, = 0.855, 'y = 0.95, and I, = 1 unless otherwise
stated [63]; T, > I';,T', means the easy-axis anisotropic interaction, which
tends to favor the SkX and I'y, > I'; means the bond-dependent anisotropic
interaction, which fixes the spiral plane onto the yz (xz) plane for Q; (Q2).
As the interaction is anisotropic in spin space, the finite-temperature phase
transitions are allowed.

Moreover, we consider the contribution from the high-harmonic wave vectors,
ie, £Q3 = £(Q1 + Q2) and +Q4 = £(—Q1 + Q2), since it can lower the
energy to form the multiple-@Q state compared to the single-Q) state within the
RKKY level [102]. Depending on the electronic band structure, I is ranged
as 0 < TV < 1. As we suppose that the interactions at Q3 and Q4 are smaller
than those at Q; and Q2, we set the isotropic form factor for simplicity; I'q, =
Ig, = (I",T",T"). In the end, we investigate the instability toward the SkX
while changing K and I. The wave vectors Q1—Q4 and their interactions are
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presented in Fig.

2.2. Method

We investigate the optimal spin configurations of the effective spin model in
Eq. at finite temperatures based on the steepest descent method with a set
of self-consistent equations, which has been recently formulated [94]. In general,
the effect of thermal fluctuations, i.e., the entropic effect, leads to the shrinking
of the localized spin moment. As such fluctuations are brought about by the
spatial correlation between the spins with a distance by the magnetic period in
the classical spin model, we define an averaged spin for each sublattice in an
L x L periodic array of the magnetic unit cell consisting of A x A-site square
cluster [109] as

- 1
Sn = ﬁ Z Sl,na (3)
l

where the site index (j) is redefined by a pair of numbers (I,7); [ and n denote
the indices of the magnetic unit cell and the sublattice site within the magnetic
cell, respectively. With this setup, the linear dimension of the entire system is
LA, and the total number of sites is N = (LA)?; the position vector 7, = (r, r¥)

of sublattice 7 is restricted within a magnetic unit cell: r7, ry € [0,A —1]. In

this paper, we consider the case of @ = 7/3 that corresponds to A = 6.
Then, the partition function is calculated by [94]

Z = / [11,dS,p(S,)] e /T, (4)

where [ dS,, means an integral over the unit ball (|S,| < 1), p(S,) is the density
of states for S, and T is the temperature (the Boltzmann constant is set to be
unity). By taking the thermodynamic limit of L — oo and using the steepest
descent method, the resultant partition function is given by [94]

7 em;(@})’ (5)
G({Sa}) = —%H+ZV,, (6)
n

with

4 sinh v (|S,])
vo(ISy])

where {ST(;‘} represents the saddle point that gives the maximum of G({Sg'}) and

directly corresponds to the expectation value of each spin in the thermodynamic
limit. In Eq. , vo(|S]) is determined by

v~ | - w(is,is| )

1 _
w(a) o ®)

Once the saddle-point solution is obtained, the free energy is calculated via
—TInZ. When several stable solutions are obtained for different initial spin
configurations, we adopt the state with the lowest free energy.

cothvg(|S]) —
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Figure 2:

Magnetic field (H)-temperature (T') phase diagrams of the model in Eq.

for H || 2 with changing the biquadratic interaction K and the high-harmonic wave-vector
interaction IV with changing K by AK = 0.1 and IV by AI” = 0.1. The schematic spin
configurations appearing in the phase diagrams are presented in the bottom panel; the arrows
represent the direction of the spin moments and their color shows the z-spin component. 1Q
and 2@ represent the single-Q and double-Q states, respectively. PS, C, S, CS, and SkX mean
proper-screw, conical, sinusoidal, chiral stripe, and skyrmion crystal, respectively.

3. Phase diagram under out-of-plane field
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In this section, we discuss the case when applying the magnetic field along
the z direction, i.e., H = (0,0, H). Figure [2 shows a collection of the magnetic
field—temperature phase diagrams of the model in Eq. with changing K by
AK = 0.1 and T by AT = 0.1. In the wide range of parameters in terms of
K and I, we obtain seven magnetic phases in addition to the paramagnetic
(PM) state at high temperatures. We present the real-space spin configurations
in each phase in the bottom panel of Fig. [2| where the arrows represent the
direction of the spin moments and their color shows the z-spin component. We
also list nonzero scalar chirality x*¢ and nonzero @,, components of the magnetic
moments mg, in each phase in Table|l} which are given by

sc 1 Q Q Q
XO= a2 D 008y (Syisr X Syrary), (©)
n §,0/==%1
1 o 0
MG, = 1z, [2 Sy Sqe @), (10)
n,n’

where & () represents a shift by lattice constant in the z (y) direction. In
addition, we list the numerical values of mg at Q1-Q4 and their harmonics

for the double-@ states obtained in Fig. [2]in Appendix

Table 1: Scalar chirality x°¢ and momentum-resolved magnetic moments mq, for v =1-4,
in each magnetic phase for H || 2. The subscript for @ represents the index for the ordering
vector. In the 2Q S II phase, the spin configuration with m“”Q2 and sz1 also gives the same
energy.

Phase X% mo,, MY, Mg Moi. Mg, M
1Q PS - - 1Q 1Q - -
1QS - - - 1Q - -
1Q C - 1Q 1Q - - -
20CST  — 1Q, 1@ 1Q 2Q - -
2081  — 1Q, 1Qy - - -
2081 — - 1Q:7  1Q- - -

SkX voo1Q, 101 2Q 2Q 2Q 2Q

When K = 0 and I'" = 0, the SkX does not appear in the phase diagram, as
shown in the upper-left panel of Fig. 2l Meanwhile, there are several double-Q
states in addition to the single-Q) states. By looking at the low-temperature
region, the single-Q) proper-screw spiral (1Q PS) state appears for low H, whose
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spiral plane lies on the plane perpendicular to Q,. For example, this state has
nonzero components of m%l and mg, or mg, and mg,. With increasing H,
the 1Q PS state continuously turns into the double-@ chiral stripe I (2Q) CS 1)
state with the additional sinusoidal modulation at Q2 (Q1) for the spiral state
with @1 (Q2). Thus, this state is characterized by nonzero mle, mg, , and mg,
or mg,, my,, and mzél. In addition, this 2QQ CS I state has small but nonzero
amplitudes of mg,  and mg, due to a superposition of the spin density waves at
Q. and Q2. Reflecting a noncoplanar spin texture, this state accompanies the
density wave in terms of the scalar chirality, although its uniform component
becomes zero. The 2Q) CS I state changes into the single-Q) conical (1Q C)
state with a jump of m%u, whose spiral plane lies on the zy plane, i.e., m“él =+
mg, # 0 or mg, # mG, # 0. With further increasing H, the 1Q C state
is replaced by the double-@Q sinusoidal I (2Q) S I) state with a jump of mg ,
whose spin configuration consists of the two sinusoidal waves of the y-spin (z-
spin) component along the Q1 (Q2) direction with the same amplitude; mle =
mg,- Meanwhile, there is no @, component in the z spin. The 2¢Q) S I state
continuously turns into the fully-polarized state denoted by the PM in the phase
diagram in Fig. ]

When considering the effect of finite temperatures, two characteristic points
are found. One is that the 1Q) C state is rapidly destabilized compared to the
other three states, 1Q PS, 2Q CS I, and 2Q) S I states. Especially, one finds
that the region of the 1Q) C state is replaced by that of the 2Q) S I state with
increasing T, which implies that the entropic effect tends to favor the sinusoidal
superposition rather than the single spiral. The other is the appearance of the
single-@ sinusoidal (1Q S) state in the low-field and high-temperature region.
This is attributed to the easy-axis exchange interaction in the model, i.e., I', >
I';,I'y. It is noted that these two points have been also found in the frustrated
spin model with the dipolar interaction [105], which suggests that these are
feasible features irrespective of the short-range and long-range interactions.

The appearance of various magnetic phases in the phase diagram is due to the
presence of the easy-axis and bond-dependent anisotropic exchange interactions
at Q1 and Q. Indeed, only the 1Q) C state appears in the phase diagram when
setting I'y =I'y =I',. However, only the anisotropic exchange interactions are
not enough to stabilize the SkX, at least, in the present parameters; I';, = 0.855,
I'y =095, and I', = 1. In the following, we show that the SkX emerges by
additionally taking into account IV and K in Secs. and respectively. We
also discuss the magnetic field-temperature phase diagram under both IV and

K in Sec. B.3

3.1. Case of high-harmonic wave-vector interaction

The phase diagrams at K = 0 for IV = 0.1-0.5 are shown in the top panel of
Fig. 2l When introducing I/, the SkX appears in the vicinity region among the
2Q CS 1, 1Q C, and 2Q S I, whose stability region extends with increasing I".
The SkX is characterized by a double-@Q) superposition of two spiral waves along
the Q1 and Q5 directions, as shown in the bottom panel of Fig. Although
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the in-plane spin configuration is similar to that in the 2Q) S I, the SkX exhibits
the additional z-spin modulation, which results in a nonzero uniform scalar
chirality x°¢ causing the topological Hall effect [110] [I11], 112} 113} [114]. In
addition, the SkX has the intensities in both in-plane and z spin components at
high-harmonic wave vectors Qs and Q4.

We emphasize that the instability of the SkX is found at finite temperatures
rather than zero temperature even in centrosymmetric itinerant magnets similar
to noncentrosymmetric DM-based magnets. Especially, the SkX only appears
at finite temperatures for small TV = 0.1 and I = 0.2. This indicates that
thermal fluctuations tend to favor the SkX in the effective spin model with
the momentum-resolved interactions [94], similar to that in the frustrated spin
model with the real-space competing interactions [85] 115 [116]. On the other
hand, the present SkX phase is replaced by the other phases before entering the
paramagnetic phase when increasing 7', which is in contrast to the frustrated
spin model, where the SkX region touches the paramagnetic region. This result
suggests that the entropy in the SkX phase is larger than that of the 2Q CS I
phase, while it is smaller than that of the 2Q) S I state.

We present the T' dependence of the magnetization M?, the scalar chirality
x*¢, and the z, y, and z components of magnetic moments at Q1-Q4, mg , at
K=0,1"=0.2, and H = 0.7 in Fig. (a), and K =0,V =0.3, and H = 0.75
in Fig. b). The SkX only appears at finite temperatures in Fig. (a), while
it is stabilized from zero to finite temperatures in Fig. b). In both figures,
there is a clear jump in each quantity between the SkX and 2QQ CS T (or 2Q S
I), which clearly indicates the first-order phase transition.

The emergence of the SkX is attributed to the interplay between I”, the
easy-axis anisotropy I'; > I'; ,,, and the bond-dependent anisotropy I'y # I'y,.
To demonstrate that, we show the H-T phase diagrams at fixed K = 0 and
I = 0.3 but different I', = 0.868, 0.88, and 0.9 in Fig. a). With increasing
I, the region in the 1Q) C phase is extended, while those in the SkX and 2Q) S
I phases are shrunk. This is because the isotropic Heisenberg interaction tends
to favor the 1Q) C state without the intensities at higher-harmonic wave vectors
due to me, = mzzl or mg, = mY ,- Furthermore, one finds that the SkX in the
ground state is rapidly replaced by the 1Q) C state with increasing I';, which
also indicates that the instability toward the SkX is larger at finite temperatures
than at zero temperature.

From the energetic viewpoint, the stabilization of the SkX by I" is rea-
sonable. This is understood from the spin configuration of the SkX, which is
approximately given by

cosQq-rj +cosQa-T;
S; cosQy -1 —cosQa-T; , (11)
a.(sinQq -r; +sin Q2 -r;) + M.

where a, and M, are the variational parameters depending on the model pa-

rameters, such as the magnetic anisotropy and the magnetic field. Owing to
the normalization constraint in terms of the spin length, i.e., |S;| = 1, there

10
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Figure 3: T dependence of (first row) the magnetization M?, (second row) the scalar chirality
X°¢, (third row) the in-plane magnetic moments at Q1,2, mz??l’ . (fourth row) the out-of-plane

magnetic moments at Q1,2, mal . (fifth row) the in-plane magnetic moments at Q3 4, mgg K
and (sixth row) the out-of-plane magnetic moments at Q3 4, mZQ3 L, at (a) K=0,T"=0.2,

and H = 0.7, (b) K =0,V = 0.3, and H = 0.75, and (c) K = 0.3, [V =0, and H = 0.6. The
vertical dashed lines represent the phase boundaries. The blue, red, yellow, and white regions
represent the 2Q CS I, SkX, 2Q S I, and PM states, respectively.

are intensities not only at Q1 and Q2 but also at high-harmonic wave vectors
at Q3 and Q4. This means that the interactions in the Q3 and Q4 chan-
nels tend to favor the SkX. In addition, it is noteworthy that the contribution
from such high-harmonic wave vectors is coupled to that from @ and Qs like
(So-S_q,)(Sq, -Sq,) and (So-S_qg,)(S_q, - Sq,) in the presence of the mag-
netic field in the free energy due to Q1+ Q2 — Q3 =0and —Q1+ Q2 — Q4 = 0.
From the orientations of mg, in Figs. [3[a) and [3|(b), we conclude that the cou-
plings in the form of S§5% 5 (Sq, - Sq,) +c.c. and S§5% o, (S-q, - Sq,) +c.c.,
for example, are important for the stabilization. Despite the importance of the
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Figure 4: H-T phase diagram for several values of I'; and T'y at (a) K = 0 and IV = 0.3,
and (b) K = 0.3 and IV = 0. In each phase diagram, the SkX phase is present between the
2Q CS T and 2Q S I states.

high-harmonic channels, we refer to the SkX as the double-@) state rather than
the four-@) state, since the this phase is continuously connected by that for
nonzero K without TV [Fig. , as discussed in the subsequent section.

8.2. Case of biquadratic interaction

For IV = 0, the H-T phase diagrams for different K = 0.1-0.4 are shown in
the leftmost panel of Fig.|2} For nonzero K, the SkX appears in the intermediate-
field region similar to nonzero IV, while two single-Q states (1Q C and 1Q PS)
tend to be destabilized for K > 0; the 1Q C state vanishes for K 2> 0.1 and
the 1Q PS state vanishes for K 2 0.3. Especially, the zero-field phase at low
temperatures becomes the 2Q) CS I state instead of the 1Q) PS state for K > 0,
which indicates that the double-Q instability at zero field means the importance
of the biquadratic interaction K. In addition, a double-@) state denoted as 2Q)
S II appears only at finite T for K 2 0.3, whose region is sandwiched by the 2Q
CS I and 1Q) S states. The spin configuration of the 2Q) S II state is described
by a linear combination of the sinusoidal waves with @1 and Q>, whose spin
components are given by y (z) and z (z) components, respectively.

The obtained SkX for K > 0 exhibits similar spin and scalar chirality tex-
tures to that for IV > 0. For example the T dependence of the magnetic moments
and the spin scalar chirality at K = 0.3, IV = 0, and H = 0.6 in Fig. c) are
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similar to those in Fig. b). Nevertheless, there are two different points in
their H-T phase diagrams. One is that the instability toward the SkX occurs
at finite temperatures for nonzero IV, while such a clear feature is not found for
nonzero K. Except for the H-T phase diagram for K = 0.1 and IV = 0, where
the SkX only appears in the narrow field region, the region of the SkX becomes
smaller with increasing 7. Such a tendency is also found when changing the
anisotropic exchange interactions I';, and I'y; the high-temperature region of the
SkX becomes narrower for larger I'; and I';, while keeping the ground-state SkX,
as shown in Fig. b). The other is the enhancement of the SkX phase when
increasing K and I. Compared to I, the K dependence of the SkX region
against H is small. Such a difference is accounted for by the different origins
of the SkX. In the case of K, all the double-Q states at low temperatures, 2Q)
CS I, SkX, and 2Q) S I, have an energy gain by K, since K brings about the
energy loss to form the single-Q spin configuration [30]. Meanwhile, in the case
of TV, only the 2QQ CS T and the SkX show an energy gain by I by reflecting
their nonzero amplitudes of mq, ,. In other words, there is no energy gain by
IV in the 2Q) S I state. In fact, one finds that the SkX region is extended to
the high-field region with increasing I''. One also notices that the amplitudes of
mgq, , tend to be larger for nonzero I' in Fig. (b) than those for nonzero K in
Fig.|3(c). This suggests that the effective coupling like S§5% 5. (Sq, - Sq,) +c.c.
and 5§57 5, (S-q@, " Sq,) +c.c. plays an important role in stabilizing the SkX in
the presence of K as same as the case of IV described in Sec. It is noted that
the contributions from other higher-harmonic wave vectors like 2Q; and 3Q;
are less important in the present tetragonal model, since there is no effective
coupling between Q1 and Q9 within the four-spin product.

3.8. Case of both interactions

When taking into account both interactions, the SkX tends to be more stable
compared to the individual case, as shown in Fig. Thus, both interactions
play a role in stabilizing the SkX in an additive way. The overall behavior in
each phase is common to that in Secs. and With increasing I, the
phase boundary between the SkX and 2Q S I phases moves to the high-field
region so as to make the SkX phase more robust, while there is almost no I
dependence in the other phase boundaries. On the other hand, the single-Q
states are replaced by the double-Q) states with increasing K due to energy
gain discussed in the previous section. In addition, the SkX region is slightly
extended for larger K.

4. Phase diagram under in-plane field

We present the H-T phase diagrams when applying the magnetic field along
the z direction, i.e., H = (H,0,0). We show the same plots as Fig. under the
in-plane field in Fig. In the H-T phase diagrams produced for AK = 0.1
and AT = 0.1, eight magnetic phases emerge with decreasing the temperature
from the paramagnetic state at high temperatures. The nonzero components
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Figure 5: H-T phase diagrams of the model in Eq. for H || & corresponding to Fig.
The schematic spin configurations of each phase in the phase diagrams are presented in the
bottom panel; the arrows represent the direction of the spin moments and their color shows
the z-spin component. TC represents transverse conical.

of the magnetic moments at Q1—Q, in each phase are summarized in Table
Besides, the real-space spin configuration in each phase is shown in the bottom
panel of Fig. 5l In contrast to the out-of-plane field in Sec. [3] the instability
toward the SkX denoted as SkX’ occurs only at K = 0.4 and IV = 0.4. Here
and hereafter, the prime symbol means the magnetic phase under the in-plane
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Table 2: Scalar chirality x°¢ and momentum-resolved magnetic moments mq, for v =1-4,
in each magnetic phase for H || &. The subscript for Q represents the indices for the ordering
vector. The prime symbol for @) represents the different magnitudes at Q1 and Q2.

Phase X my,, mh, my, mh, mh,, my,,
1Q TC - - 1Q1 1@, - - -
Q9 - - - 1Q - - -
2Q CS' I - 1Q 1Q1 1@y - 20Q 2Q
20CS'II — 1Qy 1Q1  1Q. - 20Q -
2Q CS' I - - 1Q4 2Q’ 2Q - -
2Q S’ 1 - - 1Q;  10Q, . - -
2Q ' 11 - - - 20Q 2Q - -
SkX’ vo2Q 1Q,  1Q 2Q 20Q 2Q

field. Thus, larger biquadratic and high-harmonic wave-vector interactions are
required to stabilize the topological spin textures under the in-plane field.

At TV = K = 0, there are only two magnetic phases in the phase diagram:
One is the single-@Q transverse conical (1Q TC’) state and the other is the
single-@) sinusoidal (1Q S’) state. The 1Q TC’ state is characterized by the
spiral wave along the @i direction, whose spiral plane lies on the yz plane.
With increasing H and T, the y-spin modulation becomes zero while remaining
the z-spin modulation, which means the appearance of the 1Q S’ state. In the
end, there is no double-@ instability under the in-plane field, which is different
from the out-of-plane field. Qualitatively the same phase diagrams are obtained
even for finite IV at least up to IV = 0.4 as shown in the top panel of Fig.

When considering K but I'" = 0, the double-Q chiral stripe (2Q CS’ I) state
appears in the low-field region for K 2 0.1 as shown in the leftmost panel of
Fig. 5l Similar to the 2Q CS I under the out-of-plane field, the 2Q CS’ I state
has double-Q) modulations consisting of the spiral wave along the Q; direction
and the sinusoidal wave along the Qs direction. With further increasing K,
the 1Q TC’ phase in the intermediate-to-high field regions is replaced by the
double-Q sinusoidal IT (2Q) S’ I) state for K > 0.3. The spin configuration in
this state consists of the two sinusoidal waves with m%l and mg,,. In addition,
in the low-field region at low temperatures, the 2Q) CS’ I state is replaced by
the 2Q) CS’ 1 state, where the sinusoidal modulation changes from Q2 to Q.
At K = 0.4, the 2Q CS’ I is completely replaced by the 2Q) CS’ II state.
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For both nonzero I'' and K, the overall H—T phase diagrams are qualitatively
similar with changing IV for fixed K when K is small. At K = 0.3, the 2Q CS’
1T state is replaced by the 2QQ CS’ I state when I" is increased. At IV = 0.4
and K = 0.4, in addition to the SkX’, two double-Q states denoted as 2Q CS’
IIT and 2@ S’ IT appear in the high-field region, which are characterized by
different double-QQ superpositions as summarized in Table Among all the
obtained phases, only the SkX’ exhibits a nonzero scalar chirality.

5. Comparison with skyrmion-hosting materials

Finally, let us compare the H—T phase diagrams of the effective spin model
in the wide range of the model parameters with that observed in the SkX-
hosting tetragonal material GdRugSiy [61), [62] [63]. In experiments, there are
three magnetic phases denoted as Phase I, Phase II, and Phase III in the out-
of-plane field direction, while there are four magnetic phases denoted as Phase
I, Phase IV, Phase III’, and Phase V in the in-plane field direction [63]. Based
on the resonant x-ray scattering and spectroscopic-imaging scanning tunneling
microscopy measurements, each phase was identified as follows [61], 62} [63]: 2Q
CS I (and 2@ CS’ 1) for Phase I, the SkX for Phase II, 2Q) S T for Phase 111, 1Q
TC’ for Phase IV, 2Q S’ I for Phase IIT’, and 1@ S’ for Phase V.

First, let us consider the case under the out-of-plane field. As the zero-field
state at low temperatures corresponds to the 2Q) CS I state, the biquadratic
interaction should be nonzero in this compound. Indeed, for nonzero K, the
emergence of three phases with changing H at low temperatures is consistent
with the experimental observations. Moreover, the fragility of the SkX against
thermal fluctuations compared to the 2Q CS I and 2Q) S I states is well repro-
duced in the effective spin model. It is noted that a large value of K is not
necessary to realize such a phase sequence by taking into account I'V. For ex-
ample, the stability region of the SkX phase at K = 0.3 and IV = 0 is similar
to that at K =0.1 and IV = 0.1.

In addition, by focusing on the high-temperature region for nonzero K, ad-
ditional phases denoted as the 1Q S and 2@ S II appear depending on K in the
effective spin model, as discussed above. Notably, the magnetization measure-
ment and the resonant x-ray scattering measurement implied the emergence of
the 2@Q) S II phase [61] [63]. Although the appearance of the 1¢) S phase has not
been clarified, our results based on the effective spin model indicate that the
1@ S phase might additionally appear in the higher-temperature region next to
the 2@Q) S II phase.

Next, let us compare the case under the in-plane field. As shown in the
phase diagrams in Fig. 5| we obtain the instabilities toward the magnetic states
observed in GdRusSis, i.e., 2Q CS’ I, 1Q TC’, 2Q S’ I, and 1Q S’ with chang-
ing K and I'V. Thus, the effective spin model roughly reproduces the H-T
phase diagram in GdRusSis. Meanwhile, the phase sequence from the 1Q TC’
to the 2Q S’ T at low temperatures [63] was not reproduced, which indicates
that additional interactions, anisotropy, higher order interactions, or magnetic
incommensurability might be important for the stability of these phases.
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6. Summary

To summarize, we have investigated the magnetic field-temperature phase
diagram of the effective spin model in itinerant centrosymmetric tetragonal
magnets. By focusing on the two mechanisms to induce the SkX, the higher-
harmonic wave-vector interaction and the biquadratic interaction, we construct
the phase diagrams in a wide range of model parameters based on the efficient
steepest descent method. As a result, we show the stability tendency of the
SkX against these interactions as well as the magnetic field and temperature.
Especially, we find that the instability toward the SkX under the out-of-plane
magnetic field occurs at finite temperatures by the higher-harmonic wave-vector
interaction, while that occurs in the ground state by the biquadratic interac-
tion. Furthermore, we reveal the tendency of the other single-Q) and double-Q)
phases in both in-plane and out-of-plane magnetic fields, which provides in-
formation about the microscopic important interactions. We also discuss the
relevance of our results to the experimental phase diagram in GdRu,Si,. Based
on the obtained phase diagram in the effective spin model, we conclude that
the biquadratic interaction plays an important role and propose the additional
phase at high temperatures. Our systematic investigation of the magnetic field—
temperature phase diagrams would be a useful reference to construct the ef-
fective spin model for the materials hosting the multiple-Q states in the cen-
trosymmetric tetragonal magnets, such as EuAly [64] [65] [66] 67]. EuGa, [97,67],
EuGagAls [98], Mng_,Zn,Sb [99], and MnPtGa [100]. In particular, the present
method would become a powerful tool to investigate the structural transition
in the SkX reported in EuAl, [66, 117, [118] and other systems even with the
DM interaction [119, 120, 121], [122] when different wave-vector interactions are
additionally incorporated in the present model. In addition, the present scheme
can be applied to other materials with different lattice structures, such as the
skyrmion-hosting hexagonal magnets, Gd,PdSis [51l 52, 53, 54, (5, [56] and
GdsRuy Al [57, 58] [59] [60].

S.H. thanks S. Seki for fruitful discussions. S.H. acknowledges Y. Motome
for enlightening discussions in the early stage of this study. This research was
supported by JSPS KAKENHI Grants Numbers JP21H01037, JP22H(04468,
JP22H00101, JP22H01183, JP22K03509, and by JST PRESTO (JPMJPR20LS).
Parts of the numerical calculations were performed in the supercomputing sys-
tems in ISSP, the University of Tokyo.

Appendix A. Phase diagram under [110] field

In this Appendix, we show the magnetic field-temperature phase diagram
under the [110] field. Figure[A.6|shows the phase diagrams at (upper-left panel)
K =0 and IV = 0.3 and (upper-right panel) K = 0.3 and IV = 0, where the
real-space spin configurations with the double-Q modulations are shown in the
lower panel. We also show the nonzero components of the magnetic moments
at Q1—Q4 in each phase in Table The double prime symbol means the
magnetic phase under the [110] field.
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Figure A.6: H-T phase diagrams of the model in Eq. for H || [110]. The phase diagram
in the upper-left (upper-right) panel is calculated for X = 0 and IV = 0.3 (K = 0.3 and
IV = 0). The lower panels show the double-Q spin structures appearing in the phase diagram.

The qualitative features in both phase diagrams in Fig. are similar to
those under the [100] field in Fig. 5} For K = 0 and I'" = 0.3, only the single-Q
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Table A.3: Momentum-resolved magnetic moments mgq,, for v =1-4, in each magnetic phase
for H || [110]. The subscript for @ represents the indices for the ordering vector. The prime
symbol for @ represents the different magnitudes at Q1 and Q2. In all the phases, the spin
configuration obtained by the 7/2 rotation around the z axis also gives the same energy.

Phase m"ém mme mégm me, , m%“ mZQs,4
1Q TC” 1 - 11 1Q1 - - -
1Q TC"1II  1¢Q 1Q, 11 - - -
1Q S” - - 1Q - - -

20081 1Q, 1Q7 1Q1 2Q  2Q  2Q
20081 1Q,  2Q° 1Q1 2Q  2Q  2Q
20CS" T 20 2Q° 1Q7 2Q  2Q  2Q
20CS" IV 2Q 1Q; 1@ 2Q  2Q  2Q
2Q 87 1Q: 1@ 1Q, - - 2Q

states denoted as 1Q TC” I, II, and 1Q S” appear in the phase diagram. The
difference from the result under the [100] field is the appearance of the 1Q TC”
IT states, where the spiral plane with the ordering vector @Q; is slightly tilted
from the yz plane to the xz plane in order to gain the Zeeman energy under the
[110] field.

For K = 0.3 and IV = 0, not only the single-Q state (1Q S”) but also
double-@ states denoted as 2Q CS” I-IV and 2@) S” emerge in the phase diagram.
As shown in the real-space spin configurations in Fig. the 2Q CS” I-IV
states are similar to the 2¢) CS’ I, II in Fig. |5 their difference is found in the
small additional amplitudes of mg, and/or mg, in Table which reflects
the lower-symmetric [110] field direction compared to the [100] direction.

Appendix B. Numerical values of magnetic moments in the double-Q
states under out-of-plane field

For reference, Table [B:4] Table and Table show the numerical val-
ues of magnetic moments at Q1—Q4 and their higher harmonics in the double-@
states for H || 2 in Fig. Reflecting different superpositions of spin density
waves at @1 and Qs, each phase exhibits different intensity distributions at
higher harmonic wave vectors. Although |maq,| and |m2q,| are also compara-
ble to |mgq,| and |mg,| in the SkX, the interactions of Q3 and Q4 are more
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Table B.4: Numerical values of magnetic moments at Q1—Q4 and their higher harmonics in
the double-Q states for H || 2.

Phase (T,H) imaq, | Imq,| Imq, | imq,|  Imeg,|  [maq.]

2Q CST (0.01,0.4) 0.524358 0.429414 0.038969 0.038969 0.056960 0.005324

2Q ST  (0.01,0.8) 0.410666 0.410666 0 0 0.047077  0.047077

2Q S 11 (0.6, 0.1) 0.049018 0.189655 0.000570 0.000570 0.000059 0.003123

SkX (0.01,0.6) 0.450699 0.450699 0.059439 0.059439 0.039662 0.039662
Table B.5: Numerical values of magnetic moments at different higher harmonics from Ta-

ble[B.4]in the double-Q states for H || 2.

Phase (T, H)  [mq,+2q.]  ImqQ,—2q.]  [M20.1+qQ.]  [M2,-q.|
2Q CST (0.01,0.4) 0.048417 0.048417 0.003790 0.003790
2QSI  (0.01,0.8) 0.031451  0.031451  0.031451  0.031451
2Q SII  (0.6,01) 0.001071  0.001071  0.000263  0.000263
SkX (0.01,0.6) 0.035711 0.035711 0.035711 0.035711
Table B.6: Numerical values of magnetic moments at different higher harmonics from Ta-

bles and in the double-Q states for H || 2.

Phase (T, H) Imaqs|  Imeq.|  Imsq.|  Imsq.|

2Q CST (0.01,0.4) 0.013877 0.013877 0.009890 0.093591
20 S1 (0.01,0.8) 0.010090 0.010090 0.080062 0.080062
2Q S 11 (0.6, 0.1) 0.000012 0.000012 0.000143 0.008438
SkX (0.01,0.6) 0.009751 0.009751 0.083472 0.083472

important than those of 2Q; and 2Q)s for the stability of the SkX. We numer-
ically confirmed that the SkX does not appear in the phase diagram, at least,
up to the interaction amplitude of 0.4 at 2Q; and 2Q3 for K = IV = 0 (not

460 shown) .
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