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Model Reduction and Control of Boolean Networks
Using Binary Decision Diagrams∗

Fuma Motoyama

Abstract

A BN is well known as a discrete model for analysis and control of complex networks
such as gene regulatory networks. In the last decade, there has been much attention on
analysis and control of BNs. There, the semi-tensor product (STP) method is widely used
for calculations on BN. However, STP has a weakness in that it cannot represent large
BNs. Since complex networks are large-scale in general, it is important to consider the
model reduction. In this thesis, a model reduction method and control method of BNs
using a BDD (binary decision diagram) is proposed. A BDD is a data structure used to
represent Boolean functions. Logical operations of Boolean functions using a BDD are
more efficient than using the STP method. The organization of this thesis is as follows.

In Chapter 1, we illustrate this study’s background and the motivation.
In Chapter 2, we explain BNs, BDDs, and the existing BN reduction method in prepa-

ration for the main topics in Chapters 2 to 4. We explain interaction graphs, transition
graphs, and fixed points as important elements of BNs. In explaining the existing BN
reduction method, we provide examples of calculations using semi-tensors and show that
this method cannot be applied to large-scale BNs.

In Chapter 3, we consider implementing the existing reduction method using BDDs.
Since the calculations of the existing method cannot be simply replicated using BDDs,
it is necessary to redevelop the procedures that assume the use of BDDs. In order to
use BDDs efficiently, we consider utilizing the interaction graph expressing interactions
between elements of the state. We show that this method is effective in large-scale BNs
where STP method is not applicable.

The reduction method in Chapter 3 does not pursue minimality. In Chapter 4, we
consider reduction method to further reduce the reduced model obtained in Chapter 3.
We construct a reduction policy that is different from the existing reduction method that
is used as the basis in Chapter 3. Like the method in Chapter 3, this method makes it
possible to perform calculations using BDDs by utilizing interaction graphs. We show that
this method is effective for BNs that cannot be further reduced by the method in Chapter
3.

In Chapter 5, we consider the finite-time control problem of BNs. The finite-time
control problem is to find all sequences of initial states and control input sequences that
can reach the target state at a given final time. This problem has been proven to be
NP-hard.In this chapter, we present a method for solving finite-time control problems
using BDDs. Although BDDs have worse computational complexity in the worst case,
they provide efficient solutions in many cases. In addition, We consider the problem of

∗Doctoral Dissertation, Course of Systems Science and Informatics, Graduate School of Infor-
mation Science and Technology, Hokkaido University, SSI-DT46225023, December 5, 2024.
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applying some control specifications to a typical finite-time control problem. We show an
example of calculation to find all solutions for a large-scale BN, and an example to extract
solutions that satisfy the control specification from that solutions.

In Chapter 6, this thesis is concluded with a summary of the obtained results and some
perspectives on the open problems.

Keywords: Boolean network (BN), binary decision diagram (BDD), model reduction,
finit-time control, systems biology.
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Chapter 1

Introduction

1.1 Background

A gene regulatory network is a network that represents the interactions between molecules
involved in gene expression. In recent years, improvements in gene expression measure-
ment techniques, such as microarrays, have made it easier to obtain comprehensive ex-
pression data than before, and as a next step, research is being conducted to understand
the dynamics.In order to understand the dynamics of molecular interactions, it is effective
to introduce engineering knowledge about complex networks. Gene regulatory network
models are broadly divided into continuous models and discrete models. In the continu-
ous model, ordinary differential equation is used to describe the asymptotic behavior of
molecules (see, e.g., [1, 2, 3]). The discrete model represents a continuous model in a
simple form. So far, modeling using Boolean networks[4, 5], Bayesian networks[6], Petri
nets[7, 8], etc. have been proposed. Although discrete models have lower expressive per-
formance than continuous models, they are useful for understanding the general laws of a
system.

A BN plays an important role in various applications of gene regulatory networks
[9, 10], fault diagnosis [11, 12], and many other areas [13, 14]. In a BN, the state and
the control input take a binary value, and time evolution of the state is represented by a
Boolean functions. There is a weakness that a BN is too simple, but a BN is widely used
as the first step of developing control theory of complex networks. Many fundamental
results have been obtained, such as stability [15, 16, 17, 18], stabilization [19, 20, 21],
controllability [22, 23, 24], observability [22, 25, 26], and optimal control [27, 28, 29, 30].
To model more complex behavior, a probabilistic Boolean network (PBN) [31, 32] and
context-sensitive PBN [33] have been proposed as an extended model of BNs. For also
these extended models, fundamental results [34, 35, 36, 37] have been obtained.

A control problem of BNs aims to obtain an intervention strategy to steer the target
network to a desired state. This technology could be used for developing systematic drug
discovery and cancer treatment[38, 39]. In the last decade, the semi-tensor product (STP)
method has been widely used in analysis and control of BNs (see, e.g., [22] and [40]). Using
the STP method, a given BN is equivalently transformed into a linear algebraic represen-
tation. Hence, analysis/control problems can be solved in an algebraic way. However, the
STP method has a weakness. For a BN with n nodes and m control inputs, matrices of
the size 2n × 2n+m must be handled. From this fact, BNs such that the STP method can
be applied are limited. Since gene networks are generally large, it is highly important to
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develop control methods for large-scale BNs.
In analysis and control of large-scale complex networks, it is important to appropriately

simplify a mathematical model. Several model reduction methods for complex networks
have been obtained (see, e.g., [41, 42, 43]). For BNs, some results have been obtained
[44, 45, 46, 47, 48]. In [44], the model reduction method using l1-gain analysis has been
proposed. In [45, 46, 47, 48], the model reduction methods that the information on
singleton attractors (fixed points) is preserved have been proposed. In the model reduction
of BNs, an implementation method has not been studied. Using the STP method, we can
implement the model reduction method. [44, 48] use the STP method, but this makes the
method inapplicable to large networks. Thus, despite the model reduction is one of the
fundamental problems in systems and control theory, a computationally efficient method
for the model reduction of BNs has not been proposed.

A BDD (binary decision diagram) and SAT (satisfiability)/SMT (satisfiability modulo
theories) solvers are well known as efficient tool for handling Boolean functions. A BDD
is a data structure used to represent Boolean functions [49]. An efficient algorithm for
performing logical operations (AND, OR, XOR, and so on) on BDDs has been proposed. A
BDD efficiently works analysis of BNs, such as attractor detection [50, 51]. The problem
of finding attractors using computational tools has been widely studied. For example,
in [52], a solution method using integer programming has been proposed. SAT/SMT
solvers determine whether a given Boolean function is satisfiable or not. The Yices SMT
solver (https://yices.csl.sri.com/), the Z3 Theorem Prover (https://github.com/
Z3Prover) and so on have been developed. See also the review paper [53]. SAT/SMT
solvers have been used for attractor detection [54] and design of BN based on attractors
[55]. To the best of our knowledge, BDDs and SAT/SMT solvers have not been applied
to the reduction and control problems of BNs.

1.2 Contributions and Organization of This Thesis

In this thesis, we utilize BDD to enable the reduction and control of large-scale BNs. The
main contributions of this thesis are:

1. To implement the reduction method of [45, 47] using BDD.

2. To propose a reduction method using BDD to further reduce the reduced BN ob-
tained by method of [45, 47].

3. To propose a finite-time control method for BN using BDD.

The organization of this thesis is as follows.
In Chapter 2, we explain BNs, BDDs, and the existing BN reduction method in prepa-

ration for the main topics in Chapters 2 to 4. In explaining the existing BN reduction
method, we provide examples of calculations using semi-tensors and show that this method
cannot be applied to large-scale BNs.

In Chapter 3, we consider implementing the existing reduction method [45, 47] using
BDDs. Since the calculations of this method cannot be directly replaced by BDDs, it is
necessary to redevelop the procedures that assume the use of BDDs.

The reduction method in Chapter 3 does not pursue minimality. In Chapter 4, we
consider reduction method to further reduce the reduced model obtained in Chapter 3.

— 2 —
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Chapter 1. Introduction 1.2 Contributions and Organization of This Thesis

Although this method is inefficient in terms of reduction performance and the amount of
calculation, it is effective when combined with the reduction method in Chapter 3.

In Chapter 5, we consider the finite-time control problem of BNs. The finite-time
control problem is to find all sequences of initial states and control input sequences that
can reach the target state at a given final time. This problem has been proven to be NP-
hard in [56]. In this chapter, we present a method for solving finite-time control problems
using BDDs. Although BDDs have worse computational complexity in the worst case, they
provide efficient solutions in many cases. In addition, We consider the problem of applying
some control specifications to a typical finite-time control problem. In this chapter, we
show a calculation example to extract a solution that satisfies this control specification
from the solutions obtained by this method.

In Chapter 6, this thesis is concluded with a summary of the obtained results and some
perspectives on the open problems.

— 3 —





Chapter 2

Preliminaries

2.1 Notation
Let {0, 1}n denote the set of n-dimensional vectors, which consists of elements 0 and 1.
For the numbers x1, x2, . . . , xn and the index set I = {i1, i2, . . . , im} ⊆ {1, 2, . . . , n}, define
[xi]i∈I := [xi1 , xi2 , . . . , xim ]⊤.

2.2 Boolean Networks
Consider the following BN: 

x1(t + 1) = f1([xj(t)]j∈N1),
x2(t + 1) = f2([xj(t)]j∈N2),
...
xn(t + 1) = fn([xj(t)]j∈Nn),

(2.1)

where x = [x1, x2, . . . , xn]⊤ ∈ {0, 1}n is the state (e.g., expression level of the gene), and
t = 0, 1, 2, . . . is the discrete time. The function fi : {0, 1}|Ni| → {0, 1} is a given Boolean
function using logical operators such as logical AND (∧), logical OR (∨), and logical NOT
(¬). The index set Ni is the set of states used in the function fi. If the index set Ni is an
empty set, xi(t + 1) is uniquely determined to be 0 or 1.

Example 1. Consider the following BN model for a simplified apoptotic network [57]:
x1(t + 1) = x1(t),
x2(t + 1) = x1(t) ∧ ¬x3(t),
x3(t + 1) = ¬x2(t) ∧ x4(t),
x4(t + 1) = x1(t) ∨ x3(t),

(2.2)

where

• x1 is the concentration level (high or low) of the tumor necrosis factor (TNF, a
stimulus),

• x2 is the concentration level of the inhibitor of apoptosis proteins (IAP),

• x3 is the concentration level of the active caspase 3 (C3a),

5
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1

2

4

3

Figure 2.1: Interaction graph in Example 1.

• x4 is the concentration level of the active caspase 8 (C8a).

See, e.g., [58] for more complicated models of an apoptosis network. In this BN model,
N1 = {1}, N2 = {1, 3}, N3 = {2, 4}, and N4 = {1, 3} hold.

□

The interaction between states in the BN can be represented by an interaction graph
defined as follows.

Definition 2. The interaction graph is given by the directed graph G = (V, E), where
V = {1, 2, . . . , n} is the set of vertices and E = {(j, i) ∈ V × V | j ∈ Ni} is the set of arcs.

Each vertex of the interaction graph corresponds to each state of the BN. When the
state xj affects the value of the function fi, the directed edge is connected from the vertex
xj to the vertex xi. The interaction graph of the BN in Example 1 is shown in Fig. 2.1.
The sets V and E in this interaction graph are given by

V = {1, 2, 3, 4},

E = {(1, 1), (1, 2), (1, 4), (2, 3), (3, 2), (3, 4), (4, 3)},

respectively.
The state transition in the BN can be represented by a transition graph. Each vertex

of the transition graph corresponds to a possible state of the BN.. When the state xA

transition to xB, the directed edge is connected from the vertex xA to the vertex xB. One
important property of a transition diagram is that a vertex has exactly one outgoing edge.
The transition graph of the BN in Example 1 is shown in Fig. 2.2.

Next, we define a fixed point and a periodic attractor as follows.

Definition 3. The state x(t) is called a fixed point if x(t + 1) = x(t) holds. A set of
states {x(t), x(t + 1), . . . , x(t + p − 1)} (p ≥ 2) is called a periodic attractor with period p
if x(t) = x(t + p − 1) and x(t) ̸= x(t + q), q = 1, 2, . . . , p − 2 hold.

A fixed point is also called a singleton attractor. In this thesis, we focus on a fixed
point as one of the properties in the steady state.

— 6 —



Chapter 2. Preliminaries 2.3 Boolean Networks with control inputs

1111
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Figure 2.2: Transition graph in Example 1.

2.3 Boolean Networks with control inputs

Consider the following BN that is added the control input to the BN (2.1):


x1(t + 1) = f1(x(t), u(t)),
x2(t + 1) = f2(x(t), u(t)),
...
xn(t + 1) = fn(x(t), u(t)),

(2.3)

where u = [u1, u2, . . . , um] ∈ {0, 1}m is the control input and fi is a given Boolean function.
We assume that for each element of the control input, any binary value can be set at each
discrete time.

Example 4. Consider the following BN model for Th-lymphocyte differentiation [59]:

— 7 —
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Figure 2.3: Interaction graph in Example 4.



x1(t + 1) = x9(t) ∨ x11(t)
x2(t + 1) = ¬x7(t) ∧ ¬x12(t),
x3(t + 1) = 0,
x4(t + 1) = x1(t) ∧ ¬x10(t)
x5(t + 1) = x2(t) ∧ ¬x10(t)
x6(t + 1) = x3(t) ∧ ¬x8(t)
x7(t + 1) = x4(t)
x8(t + 1) = x5(t)
x9(t + 1) = x6(t) ∧ ¬x12(t)
x10(t + 1) = x7(t) ∨ x11(t)
x11(t + 1) = {x7(t) ∧ ¬x12(t) ∨ x11(t) ∧ ¬x12(t)} ⊕ u1(t)
x12(t + 1) = {x8(t) ∧ ¬x11(t)} ⊕ u2(t)

(2.4)

where

• x1, x2, x3 are the concentration level of the lymphokines (IFN-γ, IL-4R, IL-12),

• x4, x5, x6 are the concentration level of the receptors (IFN-γR, IL-4R, IL-12R),

• x7, x8, x9, x10 are the concentration level of the signaling transduction factors
(STAT1, STAT6, STAT4, SOCS1),

• x11, x12 are the concentration level of the transcription regulatory factors (T-bet,
GATA-3).

Here, x11, x12 are configured to receive control input u1, u2. These control inputs have
the effect of inverting the state, with a 0 resulting in no change and a 1 resulting in
an inversion. The interaction graph and transition graph of the BN in Example 4 when
control input 0 is always applied is shown in Fig. 2.3, Fig. 2.4.

This network has 3 fixed points and 4 periodic attractors:

— 8 —



Chapter 2. Preliminaries 2.4 Binary Decision Diagrams

[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0], [1, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0], [0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1],
{[0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1], [0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0]}, {[0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1],

[0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0], [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1], [0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0]},

{[0, 0, 0, 0, 1, 0, 0, 1, 0, 0, 0, 1], [0, 1, 0, 0, 0, 0, 0, 1, 0, 0, 0, 1], [0, 1, 0, 0, 1, 0, 0, 0, 0, 0, 0, 1],
[0, 1, 0, 0, 1, 0, 0, 1, 0, 0, 0, 0]}, {[0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1], [0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0],

[0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0], [0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0]}.

Here, we consider a control problem in which the fixed point [1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1, 1, 0]
is the target state and all initial states must converge to the target state in a finite time.
This network converges when u is given by the following feedback controller. Only this
time, we omit the logical AND operator.

u1(t + 1) = g1(t) =¬x12(t)¬x11(t)¬x1(t)¬x9(t)¬x8(t)¬x7(t)¬x6(t)¬x5(t)¬x4(t)¬x3(t)¬x2(t)∨
x2(t)x8(t)¬x12(t)¬x11(t)¬x10(t)¬x9(t)¬x7(t)¬x6(t)¬x5(t)¬x4(t)¬x1(t)∨
x10(t)¬x12(t)¬x11(t)¬x9(t)¬x8(t)¬x7(t)¬x6(t)¬x5(t)¬x4(t)¬x3(t)∨
x5(t)x8(t)¬x12(t)¬x11(t)¬x2(t)¬x9(t)¬x7(t)¬x6(t)¬x4(t)¬x1(t)∨
x2(t)x5(t)x8(t)x12(t)¬x11(t)¬x10(t)¬x9(t)¬x7(t)¬x4(t)¬x1(t)∨
x5(t)x8(t)x10(t)¬x12(t)¬x11(t)¬x9(t)¬x7(t)¬x6(t)¬x4(t),

u2(t + 1) = g2(t) =x2(t)x5(t)x8(t)x12(t)¬x11(t)¬x10(t)¬x9(t)¬x7(t)¬x4(t)¬x1(t)∨
x8(t)¬x12(t)¬x11(t)¬x9(t)¬x7(t)¬x6(t)¬x5(t)¬x4(t)¬x1(t)∨
x8(t)x10(t)¬x12(t)¬x11(t)¬x9(t)¬x7(t)¬x6(t)¬x5(t)¬x4(t).

(2.5)

The transition graph of the BN in Example 4 that applied controller 2.5 is shown in
Fig. 2.5.

2.4 Binary Decision Diagrams
A BDD is a data structure that efficiently represents a Boolean function. A BDD consists
of two terminal nodes labeled with 0 and 1, and nodes labeled with variable names. Each
node except for the terminal nodes has two child nodes, and one child node is chosen
according to the value of the (parent) node. When the terminal node is reached by
continuing to choose child nodes according to each value of node, the value of terminal
node is the output of the function. It is known that a BDD is uniquely determined from
a Boolean function when the order of variables on the graph is fixed. The data size of
a BDD is highly sensitive to the order of variables. The problem of finding the optimal
order of variables is known to be NP-complete[60]. Approximation algorithms of finding
it have been studied (see, e.g., [61, 62, 63]).

The Apply operation has been proposed as a useful algorithm for handling logical
equations on BDDs [49]. Apply operations can perform logical operators (AND, OR,
XOR, etc.) between BDDs. The computation time of the Apply operation is roughly
proportional to the total amount of input and output data. Fig.2.6 shows the procedure
to generate the logical expression a ∧ b ∨ ¬c by Apply operation.
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Figure 2.4: Transition graph in Example 2.4.
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Figure 2.5: Transition graph in Example 2.4 that applied controller 2.5.
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Figure 2.6: The procedure to generate the logical expression a∧b∨¬c by Apply operation.

2.5 FVS-Based Model Reduction of Boolean Networks

2.5.1 Overview

In this section, we explain the model reduction method of BNs in which a fixed point
is focused on. See [45, 47] for further details. In this method, we regard some of the
state equations of a given BN as an algebraic equation. The state xi(t) is eliminated by
substituting fi(·) into xi(t). As a result, the number of states can be reduced.

First, we introduce the concept of a feedback vertex set (FVS). An FVS and a minimum
FVS are defined as follows (see, e.g., [64, 65]).

Definition 5. A set of vertices of an interaction graph is called an FVS if removal of
vertices results an acyclic graph. In particular, a feedback vertex set is called a minimum
FVS if the number of its elements is minimum.

The computational complexity of finding a minimum FVS is NP-complete [65]. An
approximate algorithm of finding it has been studied (see, e.g., [64]). When we utilize the
model reduction method in [45], the number of states in the reduced BN is characterized
by the number of vertices in the minimum FVS of the interaction graph. In addition, each
fixed point in the reduced BN is a one-to-one correspondence with that in the original
BN. To reduce a given BN, we need to eliminate states corresponding to vertices which
are not included in the minimum FVS of the interaction graph.

Hereafter, the function fi and the variable xi corresponding to the minimum FVS of
the interaction graph are denoted as f̂i and x̂i, respectively. Under the above preparation,
the procedure of the reduction method is given as follows.
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Procedure of model reduction of a given BN:

Step 1: Find a minimum FVS VF ⊆ V of the interaction graph G = (V, E).

Step 2: For xj(t + 1) = fj(·), j ∈ V \ VF , replace xj(t + 1) with xj(t).

Step 3: Substitute fj(·) into the variable xj(t) of the function f̂i(·), i ∈ VF . This operation
is repeated until xj(t) is no longer in f̂i(·).

Step 4: Simplify f̂i(·).

In the case where finding a minimum FVS is difficult, we may replace it with an FVS
with as few vertices as possible.

We present a simple biological example to explain this procedure.

Example 6. Consider the following BN model for the gene WNT5A[66]:

x1(t + 1) = ¬x6(t),
x2(t + 1) = {¬x2(t) ∧ x4(t) ∧ x6(t)}

∨ {x2(t) ∧ x4(t)} ∨ {x2(t) ∧ x6(t)},

x3(t + 1) = ¬x7(t),
x4(t + 1) = x4(t),
x5(t + 1) = x2(t) ∨ ¬x7(t),
x6(t + 1) = x3(t) ∨ x4(t),
x7(t + 1) = ¬x2(t) ∨ x7(t).

where

• x1 is the concentration level of the gene WNT5A,

• x2 is the concentration level of the gene pirin,

• x3 is the concentration level of the gene S100P,

• x4 is the concentration level of the gene RET1,

• x5 is the concentration level of the gene MART1,

• x6 is the concentration level of the gene HADHB,

• x7 is the concentration level of the gene STC2.

The interaction graph of this BN is shown in Fig. 2.7.
In Step 1, the minimum FVS of this BN is given by

VF = {2, 4, 7}.

In Step 2, xj(t + 1), j ∈ V \ VF = {1, 3, 5, 6} is replaced with xj(t). In the beginning of
Step 3, xi and fi(·), i ∈ VF are replaced with x̂i and f̂i(·), respectively. Then, we can

— 13 —
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Figure 2.7: Interaction graph in Example 6, where the highlighted vertices belong to the
minimum FVS.

obtain 

x1(t) = ¬x6(t),
x̂2(t + 1) = {¬x̂2(t) ∧ x̂4(t) ∧ x6(t)} ∨ {x̂2(t) ∧ x̂4(t)} ∨ {x̂2(t) ∧ x6(t)},

x3(t) = ¬x̂7(t),
x̂4(t + 1) = x̂4(t),
x5(t) = x̂2(t) ∨ ¬x̂7(t),
x6(t) = x3(t) ∨ x̂4(t),
x̂7(t + 1) = ¬x̂2(t) ∨ x̂7(t),

In Step 3, the obtained algebraic equations are substituted into the state equations of x̂2.
Then, we can obtain

x̂2(t + 1) ={¬x̂2(t) ∧ x̂4(t) ∧ x6(t)} ∨ {x̂2(t) ∧ x̂4(t)} ∨ {x̂2(t) ∧ x6(t)}
={¬x̂2(t) ∧ x̂4(t) ∧ (x3(t) ∨ x̂4(t))}∨

{x̂2(t) ∧ x̂4(t)} ∨ {x̂2(t) ∧ (x3(t) ∨ x̂4(t))}
={¬x̂2(t) ∧ x̂4(t) ∧ (¬x̂7(t) ∨ x̂4(t))}∨

{x̂2(t) ∧ x̂4(t)} ∨ {x̂2(t) ∧ (¬x̂7(t) ∨ x̂4(t))}

In Step 4, by simplifying the above state equation, we obtain the following reduced BN:
x̂2(t + 1)={x̂2(t) ∧ ¬x̂7(t)} ∨ x̂4(t),
x̂4(t + 1)=x̂4(t),
x̂7(t + 1)=¬x̂2(t) ∨ x̂7(t).

We discuss fixed points. The original BN has four fixed points ([0, 1, 0, 1, 1, 1, 1]⊤,
[0, 1, 1, 0, 1, 1, 0]⊤, [0, 1, 1, 1, 1, 1, 0]⊤, [1, 0, 0, 0, 0, 0, 1]⊤). The reduced BN has also four
fixed points ([1, 1, 1]⊤, [1, 0, 0]⊤, [1, 1, 0]⊤, [0, 0, 1]⊤). From these fixed points, we see that
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each fixed point in the original BN is a one-to-one correspondence with that in the reduced
BN. In this example, fixed points can be distinguishable by using three states.

Finally, we present one example of the control methods using the reduced BN. Consider
the following problem:
Problem 1. Assume that one state except for x2 can be replaced with a constant control
input, which can be arbitrarily set to 0 or 1. Find a constant control input such that x2
converges to 0.

Such input selection problem is important in control of BNs [67, 68, 45]. The solution
for this problem is that x4 is replaced with a constant control input, and x4(t) = 1 for any
k. This can be obtained from the reduced BN, because if x̂4(t) = 1 holds, then x̂2(t+1) = 1.
Of course, this solution can be obtained from also the original BN. However, since x6 is
eliminated from the reduced BN, it is easy to find the solution. Thus, the reduced BN can
be used to the control problem focusing on the fixed point. □

In the model reduction method considered here, only fixed points are preserved. The
dynamical behavior is changed, and is not preserved (in other words, the dynamical be-
havior is ignored). Applications of a reduced BN are limited. On the other hand, the
state of any BN necessarily converges to either fixed points or periodic attractors (there
is no notion of divergence). Hence, even if only information on fixed points is preserved,
then there is a possibility that the reduced BN can be applied to several control prob-
lems focusing on fixed points. The above example of the control problems is one of the
applications of the reduced BN.

2.5.2 Model Reduction Using the Semi-Tensor Product Method

Using a simple example, we briefly explain model reduction of BNs using the STP method.
Here, we consider the model reduction method in [45].

Consider the BN model in Example 1, where the minimum FVS is given by VF = {1, 3}.
Using the procedure of model reduction in Section 2.5, we can obtain the reduced BN model
as follows: {

x̂1(t + 1) = x̂1(t),
x̂3(t + 1) = x̂3(t).

(2.6)

Next, some notations related to the STP method are defined. For two matrices A ∈
Rm×n and B ∈ Rp×q, the STP of A and B is defined by A ⋉ B = (A ⊗ Ic/n)(B ⊗ Ic/p),
where ⊗ is the Kronecker product, and c is the least common multiple of n and p. Let
δi

n denote the i-th column of In. Let ∆n = {δi
n, i = 1, 2, . . . , n} denote the set of δi

n.
The matrix A ∈ {0, 1}m×n is called a logical matrix if each column of A is given by some
element of ∆m. The matrix [δi1

n , δi2
n , . . . , δis

n ] is simply denoted by δn[i1, i2, . . . , is]. Finally,
for any x ∈ {0, 1}, we define x := [x, 1 − x]⊤. See, e.g., [40] for further details.

Using the STP method, the BN model (2.2) can be expressed by
x1(t + 1) = x1(t),
x2(t + 1) = L2 ⋉ x1(t) ⋉ x3(t),
x3(t + 1) = L3 ⋉ x2(t) ⋉ x4(t),
x4(t + 1) = L4 ⋉ x1(t) ⋉ x3(t),

where L2 = δ2[2, 1, 2, 2], L3 = δ2[2, 2, 1, 2], and L4 = δ2[1, 1, 1, 2]. According to the
procedure of model reduction, we can obtain

x̂3(t + 1) = L3 ⋉ (L2 ⋉ x̂1(t) ⋉ x̂3(t)) ⋉ (L4 ⋉ x̂1(t) ⋉ x̂3(t)).
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From the property of the STP, this equation can be rewritten as

x̂3(t + 1) = L3 ⋉ (L2 ⊗ L4)
⋉ ((x̂1(t) ⋉ x̂3(t)) ⋉ (x̂1(t) ⋉ x̂3(t))).

Furthermore, the following relation holds:

(x̂1(t) ⋉ x̂3(t)) ⋉ (x̂1(t) ⋉ x̂3(t))
= δ16[1, 6, 11, 16] ⋉ (x̂1(t) ⋉ x̂3(t)).

Using this relation, we can obtain

x̂3(t + 1) = L3 ⋉ (L2 ⊗ L4) ⋉ δ16[1, 6, 11, 16] ⋉ (x̂1(t) ⋉ x̂3(t))
= δ2[1, 2, 1, 2] ⋉ (x̂1(t) ⋉ x̂3(t))
= x̂3(t).

Hence, we can obtain the reduced BN model as follows:{
x̂1(t + 1) = x̂1(t),
x̂3(t + 1) = x̂3(t),

which is equivalent to (2.6). Thus, the STP method can be utilized in model reduction.
However, the size of matrices grows explosively. In this simple example, the size of L2 ⊗L4
is 4 × 16, which depends on |Ni|. We conclude that the implementation with the STP
method is not appropriate for large-scale BNs.
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Chapter 3

BDD-Based Implementation of
Model Reduction

3.1 Introduction

We consider implementing the model reduction method that the information on singleton
attractors is preserved [45]. In gene regulatory networks, singleton attractors represent
cell types or states of cells [69], and are important to decide characteristics of cells. The
dynamical behavior of the original BN is not preserved. However, the reduced model
obtained by the method in [45] can be used in design of constant control inputs (see
Example 6 of Section 2.5). In control of gene regulatory networks, constant control inputs
are frequently used (see, e.g., [70, 58]). Hence, the model reduction method that the
singleton attractors are preserved is important. In the method of [45], some Boolean
functions are substituted into other one. By performing substitutions repeatedly, the
number of states is reduced to the number of vertices in a feedback vertex set (FVS) in
the interaction graph in which interactions between states are represented (see Definition
5 for the definition of FVSs). Then, the calculation order on BDDs must be characterized.
In this chapter, we propose a method for deriving it based on the interaction graph.
Using the obtained calculation order, the reduced model can be derived by only the apply
operations on BDDs

Furthermore, to show the effectiveness of the proposed method, numerical examples of
large-scale BNs that the STP method cannot be used are presented. Through numerical
examples, we show that for such large-scale BNs, the reduced model can be obtained fast
by using the proposed method.

This chapter is organized as follow. In Section 3.2, an implementation method using
BDDs is proposed. In Section 3.3, numerical examples of large-scale BNs are presented.
In Section 3.4, we conclude this chapter.

3.2 BDD-Based Implementation Method

Consider implementing the model reduction method in the previous section. In the last
decade, the STP method has been widely used in analysis and control of BNs (see, e.g.,
[22, 40]). In the STP method, the Boolean function fi in (2.1) is represented by the matrix
with the size of 2×2|Ni|. When we substitute some Boolean functions into a certain Boolean
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function, matrices with a larger size must be manipulated (see Section 2.5.2 for further
details). Hence, it is not appropriate to use the STP method for large-scale BNs.

In this chapter, using a BDD, we propose a new method for implementing the model
reduction of BNs. In the proposed method, the reduced BN is automatically generated
from Boolean functions, an interaction graph, and its minimum FVS. First, we explain the
outline of BDDs and their technical issue in the model reduction method of BNs. Next,
we propose a new implementation method of model reduction using BDDs.

3.2.1 Technical Issue of BDDs in Model Reduction

A BDD is a data structure used to represent Boolean functions (see Section 3.2 . The
biggest advantage of using BDDs as a representation of Boolean functions is that the
Apply operations can be executed in a calculation time that is almost proportional to the
total amount of input/output data.

However, the Apply operations cannot be directly used to the model reduction method
of BNs. The Apply operations are not suitable for substituting some Boolean function
into some variable (state) of the other Boolean function. Because in order to perform
substitutions, the BDD must be generally transformed into a Boolean function.

3.2.2 Proposed Method

We consider overcoming the above technical issue by deriving an appropriate calculation
order of the Apply operations. We present a very simple example on the operation of
substitution.

Example 7. Consider substituting b = c∧¬d into a∧b∨¬c, where a, b, c ∈ {0, 1}. Let B(f)
denote the BDD of the Boolean function f . Substituting B(b) = B(c∧¬d) into B(a∧b∨¬c)
cannot be directly performed. According to the key idea of the proposed method, first, we
derive B(c ∧ ¬d). Using it, we can derive B(a ∧ (c ∧ ¬d) ∨ ¬c) = B(a) ∧ B(c ∧ ¬d) ∨ B(¬c).
Thus, the operation of substitution can be performed by using the appropriate calculation
order. □

For a simple Boolean function, the calculation order is obvious. However, in more
complicated cases, such as Example 6, finding the calculation order is not easy. Because
there exist multiple Boolean functions that must be used in substitutions. In the proposed
method, the calculation order is derived based on the interaction graph and its minimum
FVS. Boolean functions of a given BN are not required. Using the appropriate calculation
order, we can implement the model reduction method with only BDDs.

Consider one Boolean function f̂i(·), i ∈ VF , where no assumption is made for f̂i(·)
(in other words, the proposed method can be applicable to any BN). Suppose that the
minimum FVS VF is obtained from the interaction graph G. We may use an FVS with as
few vertices as possible. Let Mi denote the vertex set obtained by deleting the searched
vertices from Ni. In the initial step, Mi is set as Mi := Ni. Let co denote the vector
representing the calculation order in ascending order. Let st denote the vector representing
the vertices that the parent vertices must be searched. In the proposed procedure, the
dimensions of co and st are changed. The case where co and st are scalars is also allowed.
The vector st implies a stack. In the initial step, co and st are empty vectors. The proposed
procedure is presented as follows.
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Procedure to reduce the Boolean function f̂i(·):

Step 1: Set st := i, and go to Step 2.

Step 2: If st is empty, then go to Step 5, otherwise go to Step 3.

Step 3: Let j denote the last element in st. If Mj = ∅ holds, then delete j from st,
set co := [co, j], and go to Step 2. Otherwise (i.e., Mj ̸= ∅ holds), choose arbitrarily the
vertex k from Mj , and go to Step 4.

Step 4: Delete the vertex k from Mj . If k ̸∈ VF holds and k is not included in elements
of co, then set st := [st, k]. Go to Step 3.

Step 5: Perform the Apply operation to f̂i(·) according to the calculation order give by
co.

See also the flowchart shown in Fig. 3.1. In the above procedure, st := i means that
st is updated to i. In addition, st := [st, k] means that st is updated to [st, k], that is, the
dimension of st increases.

To explain this procedure, we present a simple example.

Example 8. Consider finding the calculation order to reduce f̂2(·) in Example 6. The
minimum FVS is given by VF = {2, 4, 7}. Here, the loop between Step 2 and Step 4 is
simply called the loop. The values of the variables after each loop are shown in Table 3.1.

In Step 1, st is set as st = 2.
1st loop: In Step 2, since st is not empty, go to Step 3. In Step 3, j is set as j = 2.

Since M2 = N2 = {2, 4, 6} ̸= ∅ holds, k is chosen as k = 6 and go to Step 4. In Step 4,
M2 = {2, 4, 6} is updated to M2 = {2, 4}. Since k = 6 ̸∈ VF and k is not included in
elements of co, the vector st is updated to st = [2, 6]. Go to Step 3.

2nd loop: In Step 3, j is set as j = 6. Since M6 = N6 = {3, 4} ≠ ∅ holds, k is
chosen as k = 3 and go to Step 4. In Step 4, M6 = {3, 4} is updated to M6 = {4}. Since
k = 3 ̸∈ VF and k is not included in elements of co, the vector st is updated to st = [2, 6, 3].
Go to Step 3.

3rd loop: In Step 3, j is set as j = 3. Since M3 = {7} ≠ ∅ holds, k is chosen as k = 7
and go to Step 4. In Step 4, M3 = {7} is updated to M3 = ∅. Since k = 7 ∈ VF holds,
the vector st is not updated. Go to Step 3.

4th loop: In Step 3, j is set as j = 3 again. Since M3 = ∅ holds, the vector st is
updated to st = [2, 6]. The vector co is also updated to co = 3. Go to Step 2.

5th loop: In Step 2, since st is not empty, go to Step 3. In Step 3, j is set as j = 6.
Since M6 = {4} ≠ ∅ holds, k is chosen as k = 4 and go to Step 4. In Step 4, M6 = {4} is
updated to M6 = ∅. Since k = 4 ∈ VF holds, the vector st is not updated. Go to Step 3.

6th loop: In Step 3, j is set as j = 6 again. Since M6 = ∅ holds, the vector st is
updated to st = 2. The vector co is also updated to co = [3, 6]. Go to Step 2.

7th loop: In Step 2, since st is not empty, go to Step 3. In Step 3, j is set as j = 2.
Since M2 = {2, 4} ≠ ∅ holds, k is chosen as k = 2 and go to Step 4. In Step 4, M2 = {2, 4}
is updated to M2 = {4}. Since k = 2 ∈ VF holds, the vector st is not updated. Go to
Step 3.

8th loop: In Step 3, j is set as j = 2 again. Since M2 = {4} ≠ ∅ holds, k is chosen
as k = 4 and go to Step 4. In Step 4, M2 = {4} is updated to M2 = ∅. Since k = 4 ∈ VF

holds, the vector st is not updated. Go to Step 3.
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Figure 3.1: Flowchart of the proposed procedure.
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Table 3.1: Value of the variable after each loop

loop c0 st Mi

0 ∅ 2 M2 = {2, 4, 6}
1 ∅ 2, 6 M2 = {2, 4}, M6 := {3, 4}
2 ∅ 2, 6, 3 M2 = {2, 4}, M6 := {4}, M3 := {7}
3 ∅ 2, 6, 3 M2 = {2, 4}, M6 := {4}, M3 := ∅
4 3 2, 6 M2 = {2, 4}, M6 := {4}
5 3 2, 6 M2 = {2, 4}, M6 := ∅
6 3, 6 2 M2 = {2, 4}
7 3, 6 2 M2 = {4}
8 3, 6 2 M2 = ∅
9 3, 6, 2 ∅

2

2

3 6

44

7

Figure 3.2: Parent vertices connected to the vertices in co = [3, 6, 2], where the vertex set
{2, 4, 7} is the minimum FVS of the interaction graph.

9th loop: In Step 3, j is set as j = 2 again. Since M2 = ∅ holds, st is updated to an
empty vector. The vector co is also updated to co = [3, 6, 2]. Go to Step 2.

Finally, in Step 2, since st is empty, go to Step 5. In Step 5, we reduce f̂2(·) according
to co = [3, 6, 2] (see also Fig. 3.2 and Fig. 3.3). First, f3 = ¬x̂7(t) is substituted into f6.
Next, the obtained f6 = x̂7(t) ∨ x̂4(t) is substituted into f̂2. Thus, we can obtain

f̂2(·) = {x̂2(t) ∧ ¬x̂7(t)} ∨ x̂4(t).

□

Finally, we consider the termination of the proposed procedure. For the interaction
graph and some vertex i ∈ VF , some notations are defined. Let α denote the length of the
longest path among the paths from i to vertices included in VF \ {i}. Let β denote the
number of the paths from i to vertices included in VF \ {i}. Let γj denote the length of
the path from i to j ∈ VF \ {i}. We define γ :=

∑
j(γj − 1).

As an example, consider the interaction graph shown in Fig. 2.7. We set i = 2. We
can enumerate the following four paths: 2 → 2, 2 → 4, 2 → 6 → 3 → 7, and 2 → 6 → 4.
The parameters α, β, and γ can be derived as α = 3, β = 4, and γ = 2, respectively.
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Figure 3.3: Reduction of f̂2(·) based on Fig. 3.2, where ·̂ is omitted.

The parameter γ represents the number of the vertices not included in VF in these paths
(duplicated vertices are not eliminated).

We can obtain the following result on the termination of the proposed procedure.

Theorem 9. In the procedure to reduce the Boolean function f̂i(·), the number of times
that the loop between Step 2 and Step 4 is iterated is at most 2α + β + γ − 1, that is, this
procedure is terminated.

Proof. In the loop between Step 2 and Step 4, the cases where the loop occurs are the
following four cases (see Fig. 3.1): (i) Mj = ∅, (ii) k ∈ VF , (iii) k is included in co, and
(iv) st := [st, k]. First, the length of st is given by α. This is because the length of st is not
changed in the case of k ∈ VF . Hence, the number of times that Case (i) occurs is given by
α. Next, the number of times that Case (ii) occurs is given by β. Third, the elements of co

except for the last element are given by the labels of vertices not included in VF . Hence,
the number of times that Case (iii) occurs is given by at most γ. Finally, since st is set as
st := i in Step 1, the number of times that Case (iv) occurs is given by α − 1. Thus, the
number of times that the loop is iterated is at most α+β +γ +(α−1) = 2α+β +γ −1.

In Example 8, the number of times that Case (iii) occurs is zero. Hence, the number
of times that the loop is iterated is given by 2α + β − 1 = 9.
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3.3 Numerical Examples
In this section, we present numerical examples of large-scale BNs to validate the proposed
method.

Example 10. Consider the BN with 60 states, where the interaction graph is randomly
generated such that the scale-free property is satisfied for the in-degrees of the vertices,
and logical operations are randomly assigned. The interaction graph is shown in Fig. 3.4.
One of the FVSs for this interaction graph can be obtained as

VF = {3, 11, 15, 17, 18, 22, 24, 26, 31, 34, 37, 41, 43, 51, 53, 57, 58, 60}.

This FVS is calculated by a heuristic method, and its minimality is not guaranteed. Here,
we focus on the Boolean function f17 given by

f17 = x16(t) ∨ x19(t) ∨ x21(t) ∨ x27(t) ∨ x45(t) ∨ x47(t) ∨ x55(t) ∨ ¬x43(t) ∨ ¬x59(t)
∨ {x6(t) ∧ x58(t)} ∨ {x14(t) ∧ x53(t)} ∨ {x26(t) ∧ x51(t)} ∨ {x10(t) ∧ ¬x15(t)}
∨ {x12(t) ∧ x23(t) ∧ ¬x54(t)} ∨ {x11(t) ∧ ¬x37(t) ∧ ¬x39(t) ∧ ¬x44(t)}
∨ {x3(t) ∧ x20(t) ∧ ¬x29(t) ∧ x32(t) ∧ x36(t)}
∨ {x4(t) ∧ x9(t) ∧ x13(t) ∧ x17(t) ∧ x35(t) ∧ x41(t) ∧ x46(t) ∧ x50(t)},

where f17 has 37 states (variables). When we consider the model reduction using the
STP method (see 2.5.2), we must need to manipulate the matrix with the size 2 × 237.
However, this matrix cannot be constructed by using the standard environment of Python
and MATLAB. For such large-scale BN, we can utilize the proposed procedure.

Using the proposed procedure, we can obtain the calculation order co as follows:

co = [55, 4, 46, 19, 25, 10, 39, 44, 52, 20, 45, 21, 6, 9, 29, 42, 50, 14, 30, 47, 35,

1, 32, 27, 13, 36, 56, 33, 49, 7, 28, 23, 12, 16, 59, 54, 17].

According to the obtained co, the operation of substitution is performed. Fig. 3.5 shows
the parent vertices connected to the vertices in co. Based on co, we can obtain the reduced
Boolean function f̂17 as follows:

f̂17 = x̂3 ∨ x̂11 ∨ ¬x̂15 ∨ ¬x̂18 ∨ ¬x̂26 ∨ x̂37 ∨ x̂41 ∨ ¬x̂43 ∨ x̂51 ∨ ¬x̂60.

Applying the proposed procedure to the vertices included in VF , we can obtain the inter-
action graph shown in Fig. 3.6, which corresponds to the reduced BN.

Example 11. We present the computation time of the proposed procedure. Consider 50
Boolean networks with 100 states, which are randomly generated such that the scale-free
property is satisfied for the in-degrees of the vertices, and logical operations are randomly
assigned.

We present the computation result using the proposed procedure. In 50 reduced BNs,
the number of the states is derived as follows:

• The average number: 23.4,

• The maximum number: 29,

• The minimum number: 14.
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Figure 3.4: Interaction graph in Example 10.

From these values, we see that the number of the states can be widely reduced using the
proposed procedure.

For 50 cases, the computation time of the proposed procedure is derived as follows:

• The average computation time: 2.76 sec,

• The worst computation time: 10.99 sec,

• The best computation time: 0.37 sec,

where we use Python 3.8.5 on the computer (CPU: Intel Core i7-4770K 3.50GHz, Memory:
8GB, OS: Windows 10). From these values, we see that the proposed procedure can be
fast performed for large-scale BNs.
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3.4 Conclusion
In this chapter, we proposed a model reduction method of BNs using BDDs. In order to
utilize BDDs efficiently, a method for deriving the calculation order was proposed based
on the interaction graph of a given BN. The effectiveness of the proposed method was
presented by numerical examples on large-scale BNs that the STP method cannot be
applied.

In the proposed method, a given BN is reduced to a BN with the number of elements
of an FVS as the number of states. However, the minimality of the number of states is
not discussed. The number of elements of an FVS is generally not minimal [71]. It is one
of the future efforts to develop a method for deriving a further reduced model. In this
chapter, we focus on fixed points. It is also one of the future efforts to extend the proposed
method to the case of periodic attractors (see Definition 3 for the definition of periodic
attractors). Furthermore, it is important to develop a method for evaluating the gap
between the original BN and the reduced BN and a model reduction method considering
the dynamical behavior based on the gap. In Example 6 of Section 2.5, we presented a
simple example of control methods using the reduced BN model. Further development of
control methods using the reduced BN model is also important.
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Figure 3.5: Parent vertices connected to the vertices in co, where the dotted line implies
that the vertex is not added to st in Step 4 of the procedure.
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Figure 3.6: Interaction graph for the reduced BN in Example 10.
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Chapter 4

Model Reduction Based on
Complement and Absorption Laws

4.1 Introduction

In Chapter 3, the model reduction methods based on [45, 47] that the information on fixed
points (singleton attractors) is preserved have been proposed. In [45, 50, 47], a feedback
vertex set (FVS), which is a subset of the vertex set of the graph expressing interactions
between elements of the state, plays an important role (see Section 2.5 for details of an
FVS). This method can reduce the dimension of the state of a given BN to the number of
vertices of an FVS. However, the number of vertices of an FVS is in general not a minimal
dimension of the state of the reduced model (see, e.g., [71]). The reduced BN obtained by
using the methods in [45, 47] may be possible to be further reduced.

In this chapter, a new method for model reduction of BNs is proposed. In the proposed
method, the interaction graph obtained from a given BN is used. The interaction graph
represents interactions between elements of the state in a given BN (logical operations are
ignored). The reduced BN obtained by using the methods in [45, 47] may be reduced by
substitution operations through paths in the interaction graph. In the proposed method,
using the interaction graph, we find substitution operations such that complement and
absorption laws of Boolean functions can be applied to a Boolean function. As a result,
reduction of states is achieved.

This chapter is organized as follows. In Section 4.2, a model reduction method using
the interaction graph is proposed. In Section 4.3, a numerical example is presented to
demonstrate the proposed method. In Section 4.4, we conclude this chapter.

4.2 Proposed Method

Using the FVS-based model reduction method, the dimension of the state is reduced to
the number of vertices in the FVS of a given interaction graph. In general, the number
of vertices in the minimum FVS is not a minimal number of the reduced states that fixed
points are distinguishable. In this section, we propose a method for further reducing states
based on a given interaction graph.

Hereafter, for simplicity of notations, ·̂ is omitted in f̂i and x̂i.
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4.2.1 Motivating Example

We present a motivating example.

Example 12. Consider the following BN with the three-dimensional state:
f1 = x1,

f2 = ¬x1 ∧ x2,

f3 = x1 ∧ x2 ∧ x3.

All vertices of the interaction graph of this BN have a self-loop. Then, a minimum FVS
is given by {1, 2, 3}. That is, the dimension of the state cannot be reduced by the FVS-
based model reduction method. Here, we focus on the Boolean function f3. Consider
substituting x2 = f2 into f3. We can obtain

f ′
3 = f3|x2=f2

= x1 ∧ x2 ∧ x3|x2=f2

= x1 ∧ (¬x1 ∧ x2) ∧ x3

= (x1 ∧ ¬x1) ∧ x2 ∧ x3

= 0 ∧ x2 ∧ x3

= 0.

Hence, we can obtain x3(t + 1) = 0, which implies that x3 can be reduced. Finally, we
discuss fixed points. The original BN has three fixed points ([0, 0, 0], [0, 1, 0], [1, 0, 0]). The
reduced BN has also three fixed points ([0, 0], [0, 1], [1, 0]). Even if the above substitution
operation is performed, each fixed point in the original BN is a one-to-one correspondence
with that in the reduced BN. □

From this example, we see that there is a possibility that further reduction can be
achieved by substitution operations. Since substitution operations are only continued
ignoring the information about FVSs, in a similar to the FVS-based method, each fixed
point in the original BN is a one-to-one correspondence with that in the reduced BN.
In the proposed method, we focus on the following complement and absorption laws for
Boolean functions:

A ∧ Ā = 0, A ∨ Ā = 1, (4.1)
A ∨ (A ∧ B) = A, A ∧ (A ∨ B) = A, (4.2)

where A, B ∈ {0, 1}. We also focus on the property that the i-th element xi of the
state satisfying either xi(t + 1) = 0 or xi(t + 1) = 1 can be reduced. Moreover, the
FVS-based model reduction method may be applied to the BN obtained by performing
further substitution operations and deleting constant Boolean functions. This is because
the interaction graph is changed by these operations.

4.2.2 Proposed Model Reduction Method

First, we define a walk and a path for a directed graph. A walk is defined as a sequence of
vertices [v0, . . . , vT ] that the directed edges (vi, vi+1), 0 ≤ i ≤ T − 1 exist in the directed
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graph. A path is defined as a walk where all vertices are different. If there exists a path
[v0, v1, . . . , vT −1, vT ] on the interaction graph, we can perform the following substitution
calculation:

f ′
v1 = fv1 ,

f ′
v2 = fv2 |xv1 =f ′

v1
,

f ′
v2 = fv2 |xv1 =f ′

v1 , xv2 =f ′
v2

,

...
f ′

vT
= fvT |xv1 =f ′

v1 , xv2 =f ′
v2 ,..., xvT −1 =f ′

vT −1
.

(4.3)

We remark that f ′
vT

has the variable xv0 .
In the proposed method, we consider performing (4.1) or (4.2) by substituting xl =

fl(·), l ∈ Ni into the function fi(·). A necessary condition for performing (4.1) or (4.2) is
that fi(·) and fl(·) have at least one common variable (i.e., there exists j ∈ Ni ∩ Nl). This
variable corresponds to A in (4.1) and (4.2). In the case where there exists no j ∈ Ni ∩Nl,
if there exists a path [j, v0, v1, . . . , vK−1, vK , i], and j ∈ Ni holds, then it may be possible
to perform (4.1) or (4.2) by the following substitution operations:

f ′
v0 = fv0 ,

f ′
v1 = fv1 |xv0 =f ′

v0
,

...
f ′

vK
= fvK |xv0 =f ′

v0 ,..., xvK−1 =f ′
vK−1

,

f ′
i = fi|xv0 =f ′

v0 ,..., xvK−1 =f ′
vK−1 , xvK

=f ′
vK

.

In summary, if there exists a path p = [v0, . . . , vT ] that contains the start point in the
parent vertices of the end point (v0 ∈ NvT ), it may be possible to reduce fT by the
substitution calculation along the path.

Next, we propose a procedure of model reduction using the absorption and complement
laws. In the proposed procedure, for each nodes i on the interaction graph, the paths
satisfying [j, . . . , i], j ∈ Ni are listed in order from the shortest, and the path that reduce
the function fi can be found from these paths. Let F denote the set of indexed Boolean
functions. Let IF denote the index set of F .

Procedure of model reduction using the absorption and complement laws:

Step 1: Apply the FVS-based model reduction method to each Boolean function. Sub-
stitute constant functions into other Boolean functions. Set F = ∅ (i.e., IF = ∅).

Step 2: Enumerate paths of length 1 in the interaction graph (self-loops are excluded).
The set of enumerated paths is defined by P := {pi | i ∈ A ⊂ {1, 2, . . . }}.

Step 3: For each pi = [vi0, . . . , viT ], find the path set {[vj , vi0, . . . , viT ] | ∀j ∈ Nvi0}.
Update the path set P := ∪i∈A{[vj , vi0, . . . , viT ] | ∀j ∈ Nvi0}, which is denoted by P =
{pi | i ∈ A}.

Step 4: For each pi = [vi0, . . . , viT ] ∈ P, if vi0 ∈ NviT and IF ∩ {vi0, . . . , viT } = ∅ are
satisfied, obtain f ′

viT
by performing the substitution operations according to pi such as
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(4.3). If the number of states in f ′
viT

is smaller than that in the original fviT , then update
F as F := F ∪ {f ′

viT
}.

Step 5: For each i of P = {pi | i ∈ A}, delete all pi that satisfy IF ∩ {vi0, . . . , viT } ̸= ∅
from the set P.

Step 6: Follow the following conditional branch.
• Case 1: If P ≠ ∅, then go to Step 3.
• Case 2: If P = ∅ and F ̸= ∅, then update fi, i ∈ IF in a given BN as fi := f ′

i ∈ F . Go
to Step 1.
• Case 3: If P = ∅ and F = ∅, then terminate the procedure.

We explain each step.
In Step 1, the FVS-based model reduction method is applied to a given BN. Substitution

operations with constant functions are also performed.
In Step 2, paths of length 1 are enumerated for each vertex.
In Step 3, the length of each path is extended by one.
In Step 4, substitution operations using each path are performed. A Boolean function

may be simplified by the complement law (4.1) and the absorption law (4.2), because
substitution operations such that these laws occur are included. When a Boolean function
is simplified by substitution operations, this Boolean function is added to the set F .

In Step 5, paths related to paths used in simplification of Boolean functions are deleted.
In Case 1 of Step 6, the length of each path is extended by one. Because substitution

operations using paths of a longer length are required. In Case 2 of Step 6, a given BN
is reduced. Since the graph structure is changed, we perform Step 1 again. In Case 3 of
Step 6, the procedure is terminated.

We present a simple example to demonstrate the proposed procedure.

Example 13. Consider the following 5-node BN:

f1 = x1 ∨ ¬x4,

f2 = (x1 ∧ ¬x5) ∨ x2 ∨ (¬x3 ∧ ¬x4),
f3 = x3 ∨ x4,

f4 = x1 ∨ x2 ∨ x4 ∨ x5,

f5 = x4 ∨ x5.

(4.4)

The interaction graph of this BN is shown in the Fig. 4.1. Since all vertices have a self-
loop, that is, a minimum FVS is given by all vertices, this BN cannot be reduced by the
FVS-based model reduction method.

In Step 1 of the proposed procedure, only the action F := ∅ is required.
In Step 2, we enumerate all the paths of length 1 in the interaction graph as follows:

P = { [4, 1], [1, 2], [3, 2], [4, 2], [5, 2], [4, 3], [1, 4], [2, 4], [5, 4], [4, 5] }

(i.e., A = {1, 2, . . . , 10}).
In Step 3, we extend the paths by one on the start point side. Then, we can obtain the

following set P:

P ={ [2, 4, 1], [5, 4, 1], [4, 1, 2], [4, 3, 2], [1, 4, 2], [5, 4, 2], [4, 5, 2],
[1, 4, 3], [2, 4, 3], [5, 4, 3], [1, 2, 4], [3, 2, 4], [5, 2, 4], [1, 4, 5], [2, 4, 5] }.
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1

4

2

3

5

Figure 4.1: Interaction graph of the BN (4.4).

In Step 4, the paths whose parent vertices of the end point contain the start point are
given as follows:

[4, 1, 2], [4, 3, 2], [1, 4, 2], [5, 4, 2], [4, 5, 2], [1, 2, 4], [5, 2, 4].

Substitution calculations according to these paths are performed, but there are no Boolean
functions that can be reduced.

In Step 5, since F = ∅ holds, any path is not deleted.
In Step 6, since the condition of Case 1 holds, go to Step 3.
In Step 3, we extend the paths by one on the start point side again.

P ={ [3, 2, 4, 1], [5, 2, 4, 1], [5, 4, 1, 2], [1, 4, 3, 2], [5, 4, 3, 2],
[1, 4, 5, 2], [1, 2, 4, 3], [5, 2, 4, 3], [1, 2, 4, 5], [3, 2, 4, 5] }

In Step 4, the paths whose parent vertices of the end point contains the start point are
given as follows:

[5, 4, 1, 2], [1, 4, 3, 2], [5, 4, 3, 2], [1, 4, 5, 2].

We perform substitution calculations according to these paths. Then, by substitution
operations using the [5, 4, 1, 2], the Boolean function f2 with five states can be reduced to
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f ′
2 with four states as follows.

f ′
4 = x1 ∨ x2 ∨ x4 ∨ x5,

f ′
1 = x1 ∨ ¬x4|x4=f ′

4

= x1 ∨ ¬(x1 ∨ x2 ∨ x4 ∨ x5)
= x1 ∨ (¬x2 ∧ ¬x4 ∧ ¬x5),

f ′
2 = (x1 ∧ ¬x5) ∨ x2 ∨ (¬x3 ∧ ¬x4)|x1=f ′

1, x4=f ′
4

= ((x1 ∨ (¬x2 ∧ ¬x4 ∧ ¬x5)) ∧ ¬x5) ∨ x2 ∨ (¬x3 ∧ ¬(x1 ∨ x2 ∨ x4 ∨ x5))
= x2 ∨ (x1 ∧ ¬x5) ∨ ((¬x2 ∧ ¬x4 ∧ ¬x5) ∨ ((¬x2 ∧ ¬x4 ∧ ¬x5) ∧ (¬x1 ∧ ¬x3)))
= x2 ∨ (x1 ∧ ¬x5) ∨ (¬x2 ∧ ¬x4 ∧ ¬x5)
= x2 ∨ (x1 ∧ ¬x5) ∨ (¬x4 ∧ ¬x5),

where the absorption law (4.2) is used in calculation of f ′
2. The obtained Boolean function

f ′
2 is added to the F .

In Step 5, we delete the paths through the vertex of the function of F = {f ′
2} from the

set P, and we obtain P = ∅.
In Step 6, since the condition of Case 2 holds, f2 in a given BN (4.4) is replaced with

f ′
2 ∈ F as follows:



f1 = x1 ∨ ¬x4,

f2 = x2 ∨ (x1 ∧ ¬x5) ∨ (¬x4 ∧ ¬x5),
f3 = x3 ∨ x4,

f4 = x1 ∨ x2 ∨ x4 ∨ x5,

f5 = x4 ∨ x5.

(4.5)

In Step 1, since all the nodes of the interaction graph of the modified BN (4.5) have a
self-loop, only the action F := ∅ is required.

In Step 2, we enumerate all the paths of length 1 in the interaction graph as follows:

P = { [4, 1], [1, 2], [4, 2], [5, 2], [4, 3], [1, 4], [2, 4], [5, 4], [4, 5] }.

In Step 3, we extend the path of P by one on the start point side as follows:

P = { [2, 4, 1], [5, 4, 1], [4, 1, 2], [1, 4, 2], [5, 4, 2], [4, 5, 2], [1, 4, 3],
[2, 4, 3], [5, 4, 3], [1, 2, 4], [5, 2, 4], [1, 4, 5], [2, 4, 5] }.

In Step 4, the paths whose parent vertices of the end point contains the start point are
given by

[4, 1, 2], [1, 4, 2], [5, 4, 2], [4, 5, 2], [1, 2, 4], [5, 2, 4].

We perform substitution calculations according to these paths. Then, by substitution
operations using two paths [4, 5, 2] and [5, 2, 4], the Boolean functions f2 and f4 can be
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reduced as follows:

f ′
5 = x4 ∨ x5,

f ′
2 = x2 ∨ (x1 ∧ ¬x5) ∨ (¬x4 ∧ ¬x5)|x5=f ′

5

= x2 ∨ (x1 ∧ ¬(x4 ∨ x5)) ∨ (¬x4 ∧ ¬(x4 ∨ x5))
= x2 ∨ (¬x4 ∧ ¬x5) ∨ ((¬x4 ∧ ¬x5) ∧ x1)
= x2 ∨ (¬x4 ∧ ¬x5)

(the absorption law (4.2) is used) and

f ′
2 = x2 ∨ (x1 ∧ ¬x5) ∨ (¬x4 ∧ ¬x5),

f ′
4 = x1 ∨ x2 ∨ x4 ∨ x5|x2=f ′

2

= x1 ∨ (x2 ∨ (x1 ∧ ¬x5) ∨ (¬x4 ∧ ¬x5)) ∨ x4 ∨ x5

= x1 ∨ x2 ∨ (x1 ∧ ¬x5) ∨ ¬(x4 ∨ x5) ∨ (x4 ∨ x5)
= 1

(the complement law (4.1) is used). Two Boolean functions f ′
2 and f ′

4 are added to the set
F .

In Step 5, we delete the paths through the vertex of the function of F = {f ′
2, f ′

4} from
P, and we obtain P = ∅.

In Step 6, since the condition of Case 2 holds, f2 and f4 in the modified BN (4.5) are
replaced with f ′

2 and f ′
4 as follows:



f1 = x1 ∨ ¬x4,

f2 = x2 ∨ (¬x4 ∧ ¬x5),
f3 = x3 ∨ x4,

f4 = 1,

f5 = x4 ∨ x5,

and return to Step 1.
In Step 1, we substitute the constant function x4 = f4 = 1. As a result, we can obtain{

f1 = x1,

f2 = x2.
(4.6)

The interaction graph is shown in Fig. 4.2. In Step 2, any path cannot be generated (i.e.,
P = ∅). Then, in Step 6, the condition of Case 3 holds, and the procedure is terminated.
Therefore, we can obtain (4.6) as a reduced BN.

Finally, the original BN has four fixed points ([0, 0, 1, 1, 1], [0, 1, 1, 1, 1], [1, 0, 1, 1, 1],
[1, 1, 1, 1, 1]). The reduced BN has also four fixed points ([0, 0], [0, 1], [1, 0], [1, 1]). Thus,
fixed points are distinguishable by x1 and x2. □

From this example, we see that a given BN can be reduced while the interaction graph
is changed.
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1

2

Figure 4.2: Interaction graph of the BN (4.6).

4.3 Numerical Example

In this section, we present a numerical example to validate the proposed method.
Consider 100 BNs with 20 states. Interaction graphs are randomly generated such that

the scale-free property is satisfied for the in-degrees of the vertices. If there is a vertex
that has no self-loop, then a self-loop is added. Logical operations are randomly assigned.
In implementation, we use BDDs (binary decision diagrams). When the FVS-based model
reduction method is applied to these BNs, the dimension of the state cannot be reduced.
This is because the vertex sets of the interaction graphs for these BNs are an FVS.

We present the computation result using the proposed procedure. In 100 reduced BNs,
the dimension of the states is derived as follows:

• The mean dimension: 18.35,

• The maximum dimension: 20,

• The minimum dimension: 7.

From these values, we see that the dimension of the state can be reduced using the proposed
procedure. In addition, we present the information about |Ni| (the in-degree, that is, the
number of elements of the state used in the Boolean function fi). In 100 BNs, the max
and mean of the maximum in-degree are as follows:

• Max: 18 (original), 11 (reduced),

• Mean: 3.13 (original), 1.99 (reduced).

From these values, we see that Boolean functions are simplified using the proposed pro-
cedure. In some methods of analysis and control of BNs, the computational complexity
exponentially grows with the dimension of the state in each Boolean function (see, e.g.
[40]). Hence, simplification of Boolean functions is important.

Finally, we comment on the computation time of the proposed procedure. For 100
BNs, the computation time of the proposed procedure is derived as follows:

• The mean computation time: 205 sec,
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• The worst computation time: 11445 sec,

where we use Python 3.8.5 on the computer (CPU: Intel Core i7-4770K 3.50GHz, Memory:
8GB, OS: Windows 10). In 75 BNs of 100 BNs, the proposed method can be solved within
10 sec. In only a part of BNs, the long computation time is required. To derive the
reduced model faster, it is future work to improve the proposed procedure.

4.4 Conclusion
In this chapter, we proposed a new method for model reduction of BNs. Focusing on
the complement and absorption laws of Boolean functions, the dimension of the state is
reduced based on the structure of the interaction graph of a given BN. The proposed
method was demonstrated by a numerical example.

In future work, it is important to discuss the minimality of the reduced BN. In general,
the dimension of the state in the reduced BN obtained by the proposed method is not
minimal. Hence, it is important to find the structure of the interaction graph such that
the reduced BN obtained by the proposed method is minimal. In the proposed method,
the FVS-based model reduction method is utilized. It is also future work to develop a
simpler procedure that the FVS-based model reduction method is not utilized.

— 37 —





Chapter 5

BDD-Based Control of Boolean
Networks

5.1 Introduction

In this chapter, using BDDs, we propose a solution method for the finite-time control
problem of BNs. The finite-time control problem is to find a control input sequence such
that the state at a given final time is equal to the target value under a given initial
state. This problem is one of the typical control problems in BNs [56]. Using the STP
method, this problem has been studied as also the controllability problem. However, the
STP method has difficulties for the same reasons explained in Section 2.5.2. Furthermore,
in [56], it has been proven that the finite-time control problem for a general BN is NP-
hard. In such cases, it is important to utilize efficient computation tools such as BDDs and
SAT/SMT solvers. Since Boolean functions are simplified by using BDDs, it is appropriate
to use BDDs for this problem. Although the data size of a BDD grows exponentially in
the worst case, it provides a practically efficient solution in many cases.

In this chapter, using BDDs, we consider finding all combinations of the initial state
and the control input sequence such that a certain control specification is satisfied (i.e.,
the initial state is not given in advance). Hence, the problem studied in this chapter is a
more general problem including the problem in [56] as a special case.

This chapter is organized as follows. In Section 5.2, the problem studied here is formu-
lated. In Section 5.3, a solution method using BDDs is proposed. A simple example is also
presented to demonstrate the proposed method. In Section 5.4, the proposed method is
applied to a 67-node BN. The STP method cannot be applied to such BNs. We compare
the computation time using BDDs with that using the Z3 Theorem Prover. In Section
5.5, a problem is considered for extracting a solution that satisfies certain control speci-
fications from the set of solutions obtained by the method in Section 5.3. In Section 5.6,
we conclude this chapter, and address future efforts.

5.2 Problem Formulation

Consider the following finite-time control problem for the BN (2.3).

Problem 2. Suppose that for the BN (2.3), the target state x∗ ∈ {0, 1}n and the final time
T are given.
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i) Find all initial states such that x(T ) = x∗ = [x∗
1, x∗

2, . . . , x∗
n] holds. Let X0 ⊆ {0, 1}n

denote the obtained initial state set.

ii) For each x0 ∈ X0, find a control input sequence U = [u(0), u(1), . . . , u(T − 1)].

In the case where the initial state is given, this problem is one of the typical control
problems for BNs, and has been studied in [56].

5.3 Proposed Solution Method

In this section, we propose a solution method for Problem 2. First, details of the proposed
solution method is explained. Next, the proposed solution method is demonstrated by a
simple example.

5.3.1 Solution Method Using BDDs

Consider solving Problem 2 using BDDs.
First, defining f := [f1, f2, . . . , fn], the final state x(T ) can be represented by

x(T ) = f(f(· · · f(f(x(0), u(0)), u(1)), . . . ), u(T − 1))
=: f (T )(x(0), U),

where the Boolean function f (T ) : {0, 1}n ×{0, 1}T m can be calculated from f . In addition,
f (T ) is represented as f (T ) = [f (T )

1 , f
(T )
2 , . . . , f

(T )
n ]. Then, Problem 2 can be rewritten as

the following problem.
Problem 3. Find all combinations of the pair of the initial state x(0) and the control input
sequence U such that the following logical formula F (x(0), U) is equal to 1 (true):

F (x(0), U) := (f (T )
1 (x(0), U) ↔ x∗

1) ∧ (f (T )
2 (x(0), U) ↔ x∗

2)
∧ · · · ∧ (f (T )

n (x(0), U) ↔ x∗
n), (5.1)

where “↔” represents the logical equivalence operator.

To solve this problem, F (x(0), U) is represented by a single BDD. Then, a solution to
this problem can be easily derived from the obtained BDD.

Finally, we summarize the proposed procedure for solving Problem 3, which can be
implemented on BDDs.

Procedure of solving Problem 3:
Step 1: Derive a BDD representing the Boolean function f

(T )
i (x(0), U), i = 1, 2, . . . , n

by recursively substituting Boolean functions into other one. Step 2: Derive a BDD

representing F (x(0), U) of (5.1). Step 3: Find all combinations of x(0) and U such that

F (x(0), U) = 1.

Since Problem 3 is called an AllSAT (all solutions satisfiability) problem, it may be
solved using a SAT/SMT (Satisfiability Modulo Theories) solver. However, using BDD,
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we can obtain a compact representation, which will be useful in analysis and control of
BNs1.

5.3.2 Example

We present a simple example to explain the proposed procedure for solving Problem 3.
Although the proposed procedure can be implemented on BDDs, we explain here the
procedure using logical formulas.

Consider the following BN with three nodes and a single control input:
x1(t + 1) = (x1(t) ∧ x3(t) ∧ u1(t)) ∨ x2(t),
x2(t + 1) = x3(t) ∨ u1(t),
x3(t + 1) = ¬x1(t).

(5.2)

Suppose that the target state x∗ and the final time T are given by x∗ = [1, 1, 0] and
T = 2, respectively. Consider finding all combinations of the initial states and the control
sequences such that x(2) = [1, 1, 0] holds.

In Step 1, the Boolean function f
(2)
i can be derived as follows. From x1(2) = (x1(1) ∧

x3(1) ∧ u1(1)) ∨ x2(1) and (5.2), we can obtain

f
(2)
1 = (¬x1(0) ∧ x2(0) ∧ u1(1)) ∨ x3(0) ∨ u1(0).

In a similar way, from x2(2) = x3(1) ∨ u1(1), x3(2) = ¬x1(1), and (5.2), the Boolean
functions f

(2)
2 and f

(2)
3 can be obtained as

f
(2)
2 = ¬x1(0) ∨ u1(1),

f
(2)
3 = ¬(x1(0) ∧ x3(0) ∧ u1(0)) ∧ ¬x2(0),

respectively.
In Step 2, the Boolean function F (x(0), U) is obtained as follows:

F (x(0), U) = (f (2)
1 ↔ x∗

1) ∧ (f (2)
2 ↔ x∗

2) ∧ (f (2)
3 ↔ x∗

3)
= {(¬x1(0) ∧ x2(0) ∧ u1(1)) ∨ x3(0) ∨ u1(0)} ∧ (¬x1(0) ∨ u1(1))

∧ ¬{¬(x1(0) ∧ x3(0) ∧ u1(0)) ∧ ¬x2(0)}
= (x1(0) ∧ x3(0) ∧ u1(0) ∧ u1(1)) ∨ (¬x1(0) ∧ x2(0) ∧ x3(0))

∨ (¬x1(0) ∧ x2(0) ∧ u1(0)) ∨ (¬x1(0) ∧ x2(0) ∧ u1(1))
∨ (x2(0) ∧ x3(0) ∧ u1(1)) ∨ (x2(0) ∧ u1(0) ∧ u1(1)).

The BDD representing F (x(0), U) is shown in Fig. 5.1.
In Step 3, all combinations of the initial state and the control sequence that satisfy

F (x(0), U) = 1 are found from Fig. 5.1. In this graph, the combinations of nodes that
reach the terminal node 1 satisfies F (x(0), U) = 1. From observation of this graph, the
combinations are obtained as

[x1(0), x2(0), x3(0), u1(0), u1(1)] =[0, 1, 0, 0, 1], [0, 1, 0, 1, ∗], [0, 1, 1, ∗, ∗],
[1, 0, 1, 1, 1], [1, 1, 0, 1, 1], [1, 1, 1, ∗, 1],

1A BDD-based SMT solver has been developed (see, e.g., [72]). In this chapter, we consider using only
BDD techniques.
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Figure 5.1: BDD of F (x(0), U) in the example in Section 5.3.2. The nodes x_1(0), x_2(0),
and x_3(0) correspond to x1(0), x2(0), and x3(0), respectively. The nodes u_1(0) and
u_1(1) correspond to u1(0) and u1(1), respectively.

where “∗” means that the value can be given by any binary value. For example, [0, 1, 1, ∗, ∗]
means that when x0 = [0, 1, 1], the control input sequence can be taken any binary value
(i.e., [0, 0], [0, 1], [1, 0], [1, 1]). Therefore, we see that there are 11 combinations. Thus, we
can derive the solution of Problem 2.

5.4 Numerical Example

In this section, to demonstrate the proposed method, we present a numerical example of
a BN such that the STP method cannot be applied.

Consider a 67-node, 5-input BN model of an apoptotic network [70]. The interactions
between nodes are shown in Fig. 5.2, where input nodes correspond to elements of the
control input. Suppose that the target state x∗ ∈ {0, 1}67 is given as the following binary
vector:

x∗ = [016, 1, 016, 1, 03, 110, 0, 1, 07, 13, 07, 1] .

We consider the cases of T = 1, 2, . . . , 15. We remark here that the STP method, which
is frequently used in analysis and control of BNs, cannot be applied to such BNs. This
is because in the STP method, matrices with 267 × 267+5 must be generally handled, and
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Table 5.1: The computation result and the computation time for each T .
T The number of combinations Computation time of Computation time of

of x(0) and U that reach x∗ the proposed method (sec.) the SMT solver (sec.)
1 49152 0.00 0.09
2 27525120 0.00 0.15
3 812646400 0.02 1.39
4 26817331200 0.04 4.41
5 236165529600 0.20 31.08
6 920466227200 0.32 74.45
7 2460580577280 1.43 315.85
8 11803998289920 3.74 503.08
9 60487995752448 10.86 5792.54

10 229649820942336 23.16 10000 <
11 1089591461281792 49.62 10000 <
12 4360614260506624 83.34 10000 <
13 16290233280626688 120.56 10000 <
14 48994655819268096 167.57 10000 <
15 147099776955973632 227.29 10000 <

handling such matrices is hard on a conventional computer. See, e.g., [22] and [40] for
details of the STP method. In this numerical example, we compare the computation time
of the proposed procedure with that of the SMT solver.

We present the computation result. Table 5.1 shows the number of combinations of
x(0) and U , the computation time of the proposed procedure, and that of the SMT solver,
where we use Python 3.9.7 on the computer (CPU: AMD Ryzen 5 5600X 6-Core Processor
3.70 GHz, Memory: 32.0 GB, OS: Windows 11). We also use z3-solver 4.12.2.0 as the SMT
solver. We set the timeout to 10000 sec. From Table 5.1, we see that the computation
time of the proposed procedure is faster than that of the SMT solver.

We present one sample of combinations in the case of T = 10. As one of combinations,
we can obtain the following initial state and control input sequence:

x(0) = [05, 1, 010, 1, 03, 1, 012, 1, 03, 13, 0, 1, 02, 12,

03, 13, 03, 15, 02, 1, 03, 1] , (5.3)
u(0) = [1, 0, 0, 0, 1] ,

u(1) = u(2) = [1, 0, 0, 0, 0] ,

u(3) = [0, 0, 0, 0, 0] ,

u(4) = [0, 0, 0, 0, 1] ,

u(5) = [0, 0, 0, 0, 0] ,

u(6) = [1, 0, 0, 0, 0] ,

u(7) = [0, 0, 0, 0, 0] ,

u(8) = [1, 0, 0, 0, 0] ,

u(9) = [0, 0, 0, 0, 0] ,

Instead of time response of the state, we present the Hamming distance defined by∑67
i=1 |xi(k) − x∗

i (k)|. Fig. 5.3 shows the Hamming distance at each time. From this
figure, we see that x(T ) = x∗ holds.
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Figure 5.2: Interaction graph in the example in Section 5.4, where input nodes correspond
to elements of the control input.

Finally, we further discuss the case where the initial state is given by (5.3). In this
case, there are other control input sequences such that x(T ) = x∗ holds. All control input
sequences such that x(T ) = x∗ holds can be characterized as follows:

u(0) = [∗, 0, 0, 0, 1] ,

u(1) = [∗, 0, 0, 0, ∗] .

u(2) = [0, 0, 0, 0, 0] ,

u(3) = [∗, 0, 0, 0, ∗] ,

u(4) = [∗, 0, 0, 0, 1] ,

u(5) = u(6) = [∗, 0, 0, 0, 0] ,

u(7) = [∗, 0, 0, 0, ∗] ,

u(8) = u(9) = [∗, 0, 0, 0, 0] .

Hence, there are many patterns of the control input sequence such that x(T ) = x∗ holds.
For example, when it is desirable that the control input is zero as well as possible, we may
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Figure 5.3: Time response of the Hamming distance.

set that u5(0) and u5(4) are equal to 1, and other inputs are zero. Thus, by the proposed
method, we can obtain useful information.

5.5 Control problem that satisfies control specifications

Using the method presented in Section 5.3, a BDD that represents the solution of the
finite-time control problem is obtained. The next step is to extract from this solutions
those that satisfy certain specifications. This section provides an example.

5.5.1 Problem Formulation

In controlling gene regulatory networks, it is desirable to change the values of the control
inputs as little as possible. Consider the following control problem.

Problem 4. A BN with n nodes and m control inputs, the target state x∗ ∈ {0, 1}n, and
the final time T are given. For this BN, suppose that a BDD representing F (x(0), U) (the
solution to Problem 3) has already been obtained using the method in Section 5.3. The
BDD of F (x(0), U) denotes the initial state set that can reach the target state. One initial
state x0 included in the initial state set is given. Under the above conditions, among the
control input sequences U = [u(0), u(1), . . . , u(T − 1)] that reach the target state x∗ from
the initial state x0 in time T , find the one that maximizes the number of control inputs
ui, i ∈ {1, 2, . . . , m} whose values do not change during time T .

— 45 —



Model Reduction and Control of BN Using BDD Fuma Motoyama

5.5.2 Solution

First, we substitute the initial state x(0) = x0 into F (x(0), U) to obtain F (U). This
computation is performed on the BDD. This BDD represents the set of control input
sequences that achieve stabilization under this initial state. We need to find a path on
this BDD that reaches the terminal node 1 and that is a solution to Problem 4. A simple
solution is to enumerate and search all possible paths, but since the total number of paths
in a BDD is generally huge, a more efficient method is needed.

In this method, we attempt to efficiently obtain a solution to Problem 4 by expressing
the path in a compressed form. Let P = [p1, p2, . . . , pm] denote the vector assigned to the
nodes of the BDD of F (U). P for a node represents multiple paths from the root node
to that node. pi, i ∈ {1, 2, . . . , m} has four possible states, which are expressed as follows
and have the following meanings:

0 : The value of ui is 0 for all paths in P .

1 : The value of ui is 1 for all paths in P .

- : The value of ui is not fixed to either 0 or 1 for any path in P .

∗ : The value of ui can be either 0 or 1 for all paths in P .

Here is an example of how to read P . Suppose the number of control inputs is m = 2,
the final time is T = 2, and the terminal node 1 of the BDD of F (U) has

P = [1, ∗].

This P represents the following four paths:

[u1(0), u2(0), u1(1), u2(1)] =[1, 0, 1, 0], [1, 0, 1, 1],
[1, 1, 1, 0], [1, 1, 1, 1]

(5.4)

where the value of u1 is fixed at 1, and u2 can take any value at each time. In this way,
when P has states such as "-" or "∗", P represents multiple paths.

When terminal node 1 has P , the maximum number of control inputs whose values do
not change in the control sequence represented by P is as follows:

m − |{p ∈ P | p = -}| (5.5)

For example, for P in the example (5.4), the maximum number of control inputs whose
values do not change is calculated to be 2 − 0 = 2. The paths are [1, 0, 1, 0] where
u1 = 1, u2 = 0, and [1, 1, 1, 1] where u1 = 1, u2 = 1. From the above, we can see that a
single P can represent multiple routes, and that the solution to Problem 4 can be easily
found from the set of P held by terminal node 1. This allows for a more efficient solution
than enumerating all the paths.

We explain the solution to Problem 4. In this method, the BDD of F (U) is searched
from the root node using breadth-first search, and all paths that can reach each node are
found sequentially, and finally all paths that can reach the terminal node 1 are obtained.
In breadth-first search, we start from the root node and search downwards, preferentially
searching nodes of the same depth. In BDD, the order of variable names is fixed, and
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nodes at the same depth have the same variable names. Therefore, in a breadth-first
search of a BDD, we assign values to each variable in the order defined by the BDD.

Assign labels e1, e2, . . . to each node of the BDD of F (U). Let the label of the root
node be e1, and the label of terminal node 1 be et1. Let A(e) be the set of P that node
e has. Initially, all of them are empty. Let o = [v1, v2, . . .] ⊆ {ui(t) | i = 1, . . . , m, t =
0, . . . , T − 1} denote the vector representing the order of variable name defined in the
BDD. The proposed procedure is presented as follows.

Procedure of solving Problem 4:
Step 1: Place P = [∗, . . . , ∗] at the root node of BDD of F (U) (A(e1) := {[∗, ∗, . . . , ∗]}).

Step 2: Follow the following conditional branch.

• If o ̸= ∅, Let the variable name at the beginning of o be called v, and delete v from
o.

• If o = ∅, then go to Step 4.

Step 3: For each node ek with variable name v, let the child nodes in the 0-direction and
1-direction be ek0 and ek1, respectively. Let A0(ek) and A1(ek) be as copies of A(ek). For
all P ∈ A0(ek), follow the following conditional branching.

• If pv(ek) = ∗, then set pv(ek) := 0.

• If pv(ek) = 1, then set pv(ek) := -.

• If pv(ek) = 0 or -, do nothing.

For all P ∈ A1(ek), follow the following conditional branching.

• If pv(ek) = ∗, then set pv(ek) := 1.

• If pv(ek) = 0, then set pv(ek) := -.

• If pv(ek) = 1 or -, do nothing.

Update the path set A(ek0) := A(ek0) ∪ A0(ek), A(ek1) := A(ek1) ∪ A1(ek). Go to Step
3.

Step 4: For P ∈ A(et1), choose the state with the smallest number of "-". This is the
solution to Problem 4.

We explain each step.
In Step 1, the vector P is assigned to the root node. At this point, P represents all

possible paths, and the candidates are narrowed down in Steps 2 and 3.
In Step 2, we determine the variable names of the nodes to be searched in Step 3. This

is equivalent to performing a breadth-first search on the BDD. If all variable names have
been searched, go to Step 4.

In Step 3, the nodes having the variable name determined in Step 2 pass its own P to
its child node. The branch selection at this time is reflected in P . Then return to Step 2.
By repeating steps 2 and 3, P is propagated from the root node to terminal node 1.

In Step 4, the solution to Problem 4 is found from P of the terminal node 1.

— 47 —



Model Reduction and Control of BN Using BDD Fuma Motoyama

Figure 5.4: BDD of F (U) in the example in Section 5.5.3.

5.5.3 Example

We present a simple example to explain this procedure.
Let m = 2, T = 2. Suppose that F (U) is obtained by substituting some initial state

for the given F (x(0), U). The BDD of F (U) is shown in Fig. 5.4. The ordering of the
variable names in this BDD is o = [u1(0), u2(0), u1(1), u2(1)].

First, in Step 1, we assign P = {[∗, ∗]} to the root node e1.

A(e1) := {[∗, ∗]}

In Step 2, extract the variable name from the beginning of o and call it v.

v := u1(0), o := [u2(0), u1(1), u2(1)]

In Step 3, search for child nodes from node e1 with variable name v = u1(0). Let
A0(e1) and A1(e1) be as copies of A(e1). A0(e1) reflects u1(0) = 0, and A1(e1) reflects
u1(0) = 1.

A0(e1) := {[0, ∗]}, A0(e1) := {[1, ∗]}

Then, A0(e1) and A1(e1) are assigned to the child nodes e3, e2 of e1, respectively. Then,
go to Step 2.

A(e3) :=A(e3) ∪ A0(e1)
={[0, ∗]},

A(e2) :=A(e2) ∪ A1(e1)
={[1, ∗]}

In Step 2, extract the variable name from the beginning of o and call it v.

v := u2(0), o := [u1(1), u2(1)]
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In Step 3, search for child nodes from node e2 with variable name v = u2(0). Let
A0(e2) and A1(e2) be as copies of A(e2). A0(e2) reflects u2(0) = 0, and A1(e2) reflects
u2(0) = 1.

A0(e2) := {[1, 0]}, A0(e2) := {[1, 1]}

Then, A0(e2) and A1(e2) are assigned to the child nodes e3, et1 of e2, respectively. Then,
go to Step 2.

A(e3) :=A(e3) ∪ A0(e2)
={[0, ∗], [1, 0]},

A(et1) :=A(et1) ∪ A1(e2)
={[1, 1]}

In Step 2, extract the variable name from the beginning of o and call it v.

v := u1(1), o := [u2(1)]

In Step 3, search for child nodes from node e3 with variable name v = u1(1). Let
A0(e3) and A1(e3) be as copies of A(e3). A0(e3) reflects u1(1) = 0, and A1(e3) reflects
u1(1) = 1.

A0(e3) := {[0, ∗], [-, 0]}, A1(e3) := {[-, ∗], [1, 0]}

Then, A0(e3) and A1(e3) are assigned to the child nodes et1, e4 of e3, respectively. Then,
go to Step 2.

A(et1) :=A(et1) ∪ A0(e3)
={[1, 1], [0, ∗], [-, 0]},

A(e4) :=A(e4) ∪ A1(e3)
={[-, ∗], [1, 0]}

In Step 2, extract the variable name from the beginning of o and call it v.

v := u2(1), o := ∅

In Step 3, search for child nodes from node e4 with variable name v = u2(1). Let
A0(e4) and A1(e4) be as copies of A(e4). A0(e4) reflects u2(1) = 0, and A1(e4) reflects
u2(1) = 1.

A0(e4) := {[-, 0], [1, 0]}, A1(e4) := {[-, 1], [1, -]}

Then, A0(e4) is assigned to the child nodes et1 of e3 (there is no need to consider assigning
it to the terminal node 0). Then, go to Step 2.

A(et1) :=A(et1) ∪ A0(e4)
={[1, 1], [0, ∗], [-, 0], [1, 0]}

In Step 2, since o = ∅, go to Step 4.
In Step 4, we search for a path from A(et1) that is a solution to Problem 4. Note that

there are five paths to the terminal node 1 on the BDD, and they can be represented by
four P . P that maximize equation (5.4) are

[1, 1], [0, ∗], [1, 0].

From this, we obtain the following solution to Problem 4:

[u1(0), u2(0), u1(1), u2(1)] =[0, 0, 0, 0], [0, 1, 0, 1],
[1, 0, 1, 0], [1, 1, 1, 1].
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5.6 Conclusion
In this chapter, based on BDDs, we proposed a solution method for the finite-time control
problem of BNs. Using the proposed method, we can obtain all combinations of the initial
state and the control input sequence such that the state at the final time reaches the target
state. The effectiveness of the proposed method was presented by a BN with 67-node and
5-input.

In future work, using the BDD obtained by the proposed method, we will consider
developing a method for deriving both the initial state and the control input sequence such
that an other control specification is satisfied. Moreover, as an extension of the proposed
method, it is also significant to develop a solution method for the optimal control problem
using BDDs.
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Chapter 6

Conclusions

This thesis has presented reduction methods and a control method of BN using BDD.
Since BNs generally have a huge number of states, efficient methods are required for their
control and analysis. In these studies, states are expressed in a compressed form, BDDs,
which allows some traditional methods to be applied to large BNs. Summarize the findings
from each chapter.

In Chapter 3, a model reduction method of BNs using BDDs has been proposed. It is
based on the existing method [45, 47], but this method cannot be simply replicated using
BDDs. By using the interaction graph expressing interactions between elements of the
state, all other required computations can be performed on the BDD. By this method, a
given BN is reduced to a BN with the number of elements of the FVS. The effectiveness of
the method is presented by numerical examples on large-scale BNs that the STP method
cannot be applied.

In Chapter 4, a reduction method to further reduce the reduced model proposed in
Chapter 3 has been proposed. As a reduction approach different from existing methods
[45, 47], we focus on the complement and absorption laws of Boolean functions. It is shown
that patterns of relationships between the elements that lead to the computation of these
laws can be found in interaction graphs. Although this method is inefficient in terms of
reduction performance and the amount of calculation, it is sufficient as a method to apply
to the reduced model obtained in Chapter 3. In the calculation examples, it is showed
that this method is effective for BNs that cannot be further reduced by the method in
Chapter 3. However, this reduced model is also not a minimal model, so it is a future
study to consider how to obtain a minimal model.

In Chapter 5, a finite-time control method for BNs using BDDs has been proposed.
The finite-time control problem is to find all sequences of initial states and control input
sequences that can reach the target state at a given final time. Although the number
of solutions becomes enormous, we have succeeded in efficiently representing them using
BDDs. In the calculation examples, the effectiveness of this method was demonstrated by
comparison with an SMT solver. In addition, we consider the problem of extracting a solu-
tion that satisfies a control specification from the set of solutions obtained by this method.
It is shown that it is possible to efficiently find a solution from solutions expressed in BDD
while taking advantage of its compression capability. Future work includes considering
the application of various other control specifications.
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