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Abstract

We study the realization of flavor structures in the Standard Model of particle physics from
the string-inspired effective field theories. Firstly, we study magnetized toroidal compactifica-
tions including 7% and T /Zy orbifold models within ten-dimensional A" = 1 super Yang-Mills
theory. Chiral fermion zero-mode wavefunctions and their degeneracies are explicitly analyzed.
Conditions needed to realize three-generation models are clarified. We use modular transfor-
mation to count the number of zero-modes systematically. Secondly, we study the stabilization
of the complex structure modulus 7 of a toroidal extra-dimensional space since its vacuum
expectation value is related to flavor structures in four-dimensional modular flavor symmetric
models. We analyze the one-loop Coleman-Weinberg potential which results from the radia-
tive corrections of matter fields whose mass terms are written by modular forms. We have
discussed the possibility of slightly shifting the modulus vacuum expectation value from the

Zs fixed-point 7 = >™/3

where the tree-level potential is minimized. Indeed, such a small
deviation from the fixed point can naturally explain the hierarchical masses and mixing angles
of quarks and leptons within modular flavor symmetric models. Depending on the choice of
modular forms, the number of species contributing to the radiative corrections, etc., modulus
can slightly deviate from the fixed point. Lastly, we study spontaneous CP violation through
moduli stabilization within four-dimensional N = 1 supergravity model. In a CP invariant
modular flavor model, the only source of CP violation is the vacuum expectation values of
complex structure moduli. We have succeeded in realizing CP-breaking vacua with or without
supersymmetry by the combined effects of Type IIB three-form flux and modular symmetric
couplings between matter fields and the moduli. We have also revealed some useful properties

of CP and modular invariant scalar potential which are model-independent.
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Chapter 1

Introduction

For a long time since Democritus (460-370 B.C.), the most fundamental constituents of mat-
ter have been hypothesized as point particles. Indeed, based on the “particle hypothesis”,
a successful theory, the Standard Model of particle physics was established. The Standard
Model quite accurately explains various experimental data. For instance, its perturbative com-
putation reproduces the experimentally measured electron g-factor to the accuracy O(10712).
Nevertheless, the Standard Model is imperfect and some fundamental problems remain. One
of the most important puzzles lies in the origin of the flavor structures of quarks and leptons.
The reason behind the appearance of three generations, hierarchies in mass ratios, patterns in
mixing angles, and CP violation are left unanswered. Furthermore, the origin of the Standard
Model’s gauge group SU(3)c x SU(2)r x U(1)y is also unclear. Another serious issue is that
the Standard Model is incapable of describing quantum gravity.

To answer these problems, we need to study theories beyond the Standard Model. Super-
string theory is the leading candidate with the potential for a consistent description of quantum
gravity [1-4]. It is defined at the Planck scale M and assumes that strings are the funda-
mental constituents of matter and forces. If string theory were the ultimate unified theory, we
expect that the Standard Model can be derived as its low-energy effective field theory. Thus,
the origins of the aforementioned flavor and gauge structures should be unraveled. However,
it is not straightforward. This is because we need to consider string compactifications. Since
superstring theory requires 10-dimensional (10D) space-time for its theoretical consistency, six-
dimensional (6D) extra space dimensions should be compact. So far, we have no principle to
choose a unique compact space (vacuum). This is because the vacua of superstring theory are
infinitely degenerate at the perturbative level. Non-perturbative effects of superstring theory
would provide a hint but unfortunately are not well-understood. For each string vacuum, we
have a corresponding four-dimensional (4D) effective field theory, hence we are left with enor-
mous collections of models. Nevertheless, we could still ask the following question: “What
kinds of string compactifications can realize the Standard Model as a low-energy 4D effective
field theory? (or is there any?)” To tackle the question, we have two approaches, i.e., top-down
and bottom-up approaches.
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In the top-down approach, we start with the superstring theory or its 10D effective field
theories. By choosing certain compact space Mg and through dimensional reduction, 4D low-
energy effective field theories are obtained. Then, we analyze the 4D models to evaluate how
well they can realize the phenomenological data obtained in the electro-weak scale Mgy .

One of the most important requirements for a realistic 4D model is to be a chiral theory. The
Standard Model is chiral since the left-handed quarks and leptons transform as doublets under
SU(2), whereas the right-handed ones are singlets. Also, U(1)y charges are different between
the left and right. This means that the supersymmetry (SUSY) needs to be reduced down to
either 4D N = 1 or N' = 0. Particularly, compactifications that preserve 4D N = 1 SUSY
are attractive since the absence of tachyonic states is guaranteed. Note that superstring theory
has 10D A = 1,(N = 2) SUSY which is equivalent to 4D N = 4, (N = 8) SUSY. Various
model buildings have been studied based on superstring theories such as Heterotic, Type IIA,
Type IIB, etc [5]. For instance, Calabi-Yau compactifications of heterotic string theories have
captured attention because the SU(3) holonomy naturally leads to 4D N = 1 SUSY [6]. In
the Type IIB or Type I side, it is possible to control the amount of SUSY preserved in the 4D
theories by introducing magnetic fluxes on D-branes [7H12|. This kind of model is known as
the magnetized D-brane model and is quite interesting. Remarkably, 4D chiral theories can be
realized even when we have chosen simpler compact spaces such as 7° in magnetized D-brane
models.

In this paper, we discuss magnetized D-brane models within 10D A = 1 super Yang-Mills
theory, an effective field theory of superstring theory |13]. (See also [14-17].) One of the sim-
plest models is the factorized torus T2 x T? x T? with background 2-form Yang-Mills magnetic
flux. By appropriately choosing the size of magnetic flux on the torus, semi-realistic gauge
groups and three generations of chiral fermions can be obtained. Note that the size of genera-
tions corresponds to the number of degenerated zero-modes in the compact space. Furthermore,
thanks to the simple geometry of two-dimensional (2D) torus 72, we can analytically compute
Yukawa coupling constants by the overlap integral of fermion zero-mode wavefunctions and bo-
son wavefunction in the extra dimension [13]ﬂ In the magnetized T2 model, wavefunctions are
written by the Jacobi-theta function with characteristics |[13]. Owing to the quasi-localized pro-
files of those wavefunctions, non-trivial overlaps lead to hierarchical values of Yukawa coupling
constants. Nevertheless, magnetized 72 x T? x T? models are simple toy models. We generally
find exotic modes such as the open string moduli which are phenomenologically unwanted [19].
We also find only a limited number of realistic three-generation models. More possibilities for
model buildings need to be studied.

Hence, magnetized orbifold 7?/Zy, (N = 2,3,4,6) models have gathered attention [19-27].
T?/Zy orbifolds are defined by imposing Zy twist identification on T?. This allows greater
possibilities for realistic model buildings since there are more varieties of three-generation mod-
els and unwanted exotic modes can be projected out. The size of generations depends on the
magnitude of magnetic flux, Zy eigenvalue associated with the Zy twist, and the constant

'Higher order coupling constants can also be analytically computed [18].
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gauge field, i.e., Scherk-Schwarz phases. The zero-mode number have been analyzed using var-
ious methods. One of the most efficient ways for zero-mode counting is to apply the modular
transformation as in Ref. [28], where conditions for three-generation models are explicitly iden-
tified | Phenomenological aspects of the orbifold models have been studied intensively [19-24]
and flavor structures of quarks and leptons were realized quite successfully.

Another interesting aspect of magnetized toroidal compactification is the modular symmetry
SL(2,7Z) associated with the arbitrariness in choosing the basis vectors defining the shape of
the torus. Under the modular transformation, matter wavefunctions and Yukawa coupling
constants transform non-trivially like modular forms [30-38]. Then, we can identify modular
symmetry as a flavor symmetry. Their corresponding modular weights and representations
depend on the size of magnetic fluxes, Zy eigenvalues, and Scherk-Schwarz phases. Indeed,
phenomenologically attractive non-Abelian discrete flavor symmetries can emerge from the
modular group.

It is intriguing to extend the analyses to T%" and T?"/Zy,(n = 2,3) with background
magnetic fluxes including “oblique components” |13}14,42]. This is because there is no reason
to assume that the 6D extra dimension is factorized into 2D spaces, e.g. T2 x T? x T?, other
than it will make the analyses simple. Another motivation for the generalization is that it will
open up new possibilities for obtaining realistic three-generation models. Moreover, modular
symmetries such as Sp(2n,Z) larger than SL(2,7Z) can appear under such compactifications
and they may become important to understand the origin of flavor structures of the Standard
Model. In the case of magnetized T?", zero-mode wavefunctions are written by Riemann-theta
functions [13}|14].

In this paper, we will explicitly analyze the zero-mode wavefunctions and degeneracy on
magnetized T4 and T /Zy models along Refs. [43H45] since this is the first step towards realistic
model buildings. We assume that the 6D compact space is of the form T% x My or T*/Zx x M.
Here, My denotes an unspecified 2D compact space on which there is only a single zero-
mode. Hence, the zero-mode number is solely determined by the 7% or T*/Zy parts. We show
the explicit form of zero-mode wavefunctions with non-vanishing Scherk-Schwarz phases. We
discuss some details about the negative chirality wavefunctions since we succeed in generalizing
the result presented in Ref. [14]. For systematic zero-mode countings in T*/Zy, (N > 2), we
apply the Sp(4,7Z) modular transformation of zero-mode wavefunctions. Conditions needed to
realize three-generation models will be clarified P| By the overlap integral of these wavefunctions,
Yukawa couplings can be computed [14,/17], although, comprehensive model building is still
under development.

In the bottom-up approach, extensions of the Standard Model are studied by imposing
non-Abelian discrete flavor symmetries which could have resulted from the modular symmetry,
e.g. SL(2,Z) of the extra dimension such as the torus. The bottom-up model buildings have
revealed an interesting relationship between the shapes of compact spaces and flavor structures

2Zero-mode counting by index theorem is also studied [29}/39,40].
3Zero-mode counting by index theorem is also studied [41].
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providing hints for phenomenologically preferred string compactifications. Recently, modular
flavor symmetric models have been attracting great attention. Finite modular symmetries I"y
including I'y ~ S5,'5 ~ Ay, 'y ~ 54, and ['s ~ Aj are identified as the flavor symmetry [46].
Under the modular transformation, Yukawa coupling constants and matter fields transform non-
trivially, while the Lagrangian is invariant. Yukawa coupling constants are modular forms which
is a holomorphic function of the complex structure modulus 7 € C, (Im7 > 0) parametrizing
the shape of the compact space. Three generations of quarks and leptons are (reducible or
irreducible) three-dimensional representations of the finite modular group and may carry non-
vanishing modular weights. Model buildings with S3 [47], Ay [48], Sy [49], and A5 [50,51]
symmetries have been performed. Furthermore, generalizations to higher levels and covering
groups have been studied [36],52-56]. See Refs. [57,/58] for reviews.

When the modulus 7 acquires its vacuum expectation value (VEV), the Yukawa coupling
constants are fixed. In general, SL(2,Z) modular symmetry is completely broken by the VEV.
However, at the fixed points 7 = i,w = €2>™/3 and ioco, modular S, ST and T symmetries are
preserved and we have Z,, Zs, and Zy residual symmetries, respectively [59]. Here, N denotes
the level of the finite modular group, I'y. It has been shown that the values of modular forms
can become hierarchical near the fixed points depending on their charges under the residual
symmetries. Modular forms behave like Y (7) ~ " where |¢| < 1 denotes the deviation from
the fixed points and n € {0,1,---} is related to the residual charge of Y(7). This behavior
is useful to realize the hierarchical masses and mixing angles of quarks and leptons without
fine-tuning. In Refs. [60,/61], lepton flavor structures have been studied without severe fine-
tuning. Similarly, quark flavors have been studied with modular forms of A, [62,63], S} [64],
S x.S3[65], T'g =~ S3x Ay [66], and Agx Ay x Ay [67]. (See also [68].) Furthermore, simultaneous
realizations of both quark and lepton flavors have been studied in Refs. [69-71].

CP violation is another important flavor structure of quarks and leptons. In CP invariant
modular flavor models where CP symmetry is implemented as an outer automorphism of the
modular group, the only source of CP violation is the VEV of the complex structure modulus
7 [72]. In Ref. [72], it was also shown that CP is broken by the modulus VEV, if 7 and
7(€P) .= _7 cannot be related by any of the elements of the modular group, i.e., —7 #
v7, (Vy € SL(2,Z))[] Recently, it has been pointed out that the simultaneous realization
of both quark hierarchical structures and sizable CP violation is quite difficult with single
modulus 7 [62,/63,67). Nevertheless, such difficulty can be lifted by considering multi-moduli
VEVs [62,/63}67,74].

In short, bottom-up approaches have revealed phenomenologically preferred shapes of (toroidal)
compact spaces. That is, VEVs of the complex structure moduli lie in the vicinity of the fixed
points, and CP is violated by at least one of the moduli. We emphasize that in most modular
flavor symmetric models, those moduli VEVs are chosen by hand as free parameters to real-
ize the flavor structures. Hence, we are led to ask, “What are the dynamic or actual string
compactifications that lead to the phenomenologically desirable moduli VEVs?”

4Generalizations to CP invariant Sp(2n,Z) Siegel modular flavor models have been studied in [73].
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There have been numerous studies on this topic, i.e., moduli stabilization (see for review [5]).
In general, moduli refer to massless scalar fields which parametrize string vacua. Note that
moduli stabilization is not only important to fix the values of coupling constants but also
for providing masses to the scalars so that any new contributions to gravitational interaction,
i.e., “fifth force” are avoided. In the type IIB orientifold compactification, complex structure
moduli, and axio-dilaton can be stabilized by the three-form flux-induced potential known as the
Gukov-Vafa-Witten superpotential |[75]. In Ref. [76], type IIB three-form flux compactifications
on isotropic T%/Zy and T°/(Zy x Z}) are studied. The results show that stabilization to the
Zs fixed point 7 = w is most statistically favored under the tadpole cancellation conditions.
There are also other mechanisms leading to the stabilization of 7 at an exact fixed point
T =w [77,78]. Now, we recall that a slight deviation of the modulus VEV is needed to explain
mass hierarchies of quarks and leptons in modular flavor models without fine-tunings. Hence,
it is phenomenologically important to study mechanisms that would generate a slight deviation
of the modulus VEV from the exact fixed point.

In this paper, we study the possibilities of obtaining such deviations by the radiative correc-
tions due to couplings between matter fields and complex structure modulus 7 [79]. We evaluate
the possible shift of the VEV from the fixed points by analyzing the Coleman-Weinberg poten-
tial at the 1-loop level [80]. Illustrating examples with A4 modular symmetry are presented,
based on which we study the conditions needed to generate the slight shifts. Indeed, various
scenarios can successfully stabilize the modulus VEV near the fixed points 7 = 4, w,ic0 are
known [81-85].

In contrast, realization of CP violation through moduli stabilization has not been so straight-
forward. We stress here that CP should be broken spontaneously. This is because 4D CP can
be embedded into the 10D proper Lorentz symmetry and a gauge symmetry of superstring
theory [86,[87]. In Ref. [88], the possibility of spontaneous CP violation was studied based on
three-form flux compactification with 7¢/Zy and T°/(Zy x Z) orientifolds. The background
three-form fluxes were constrained by CP symmetry. Then, it was found that vacuum solu-
tions are CP-conserving or include flat directions where CP-conserving and violating vacua are
degenerate. This implies that spontaneous CP violation is hardly realized solely by the flux
on the toroidal compact spaceE] Other approaches to moduli stabilization were also discussed.
For instance, gaugino condensation in the hidden sector was studied within modular invariant
supergravity models [90,91]. However, the obtained VEVs of 7 do not break CP. Another
interesting approach starts with a general form of modular and CP invariant supergravity La-
grangian Refs. [78,82,83]. (See Refs. [92-94] for early works on moduli stabilization by modular
invariant superpotential and Refs. [95H98] for CP violations.) In most cases, spontaneous CP
violation hardly occurs, although an exception was discovered in Ref. [82] where CP-breaking
VEV of 7 is found near the fixed point 7 = w. However, the obtained vacuum is anti-de Sitter,
hence the effect of uplifting may or may not change the occurrence of CP violation.

Such analysis was extended to Calabi-Yau manifolds [89]. The result is essentially the same, although one
exceptional example of spontaneous CP violation was found.
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In this paper, we study the realization of spontaneous CP violation through the combined
effects of CP symmetric Type IIB flux compactifications [88] and modular symmetric matter-
moduli couplings [84,/99]. For illustration, we consider factorized T°/Z, orbifold with three
complex structure moduli 7;, (i = 1,2, 3). Our discussion is based on Ref. [100]. We also clarify
some general properties of CP and modular invariant scalar potential V. This allows us to
understand why the local minimum of V' is typically CP-conserving. We will see that partial
breakings or modifications of modular symmetries can favor spontaneous CP violation.

This paper is organized as follows. In chapter [2] we study magnetized torus and orbifold
models from the top-down. After briefly reviewing compactification with background magnetic
fluxes of 10D N = 1 super Yang-Mills theory in section 2.1 we review magnetized T2 and
T?/Zy orbifold models in sections and . We develop the discussions to magnetized T
and T" /Zy orbifold models in sections , , and In chapter , we discuss the stabilization
of the complex structure modulus 7. To emphasize the significance of the modulus VEV in
modular flavor symmetric models, we review Ay x Ay x Ay symmetric quark flavor model in
section [3.1] In section [3.2] we study radiative corrections on the modulus stabilization of 7 to
realize phenomenologically preferred modulus VEV. In section [3.3] we illustrate our A4 model
and analyze the 1-loop effective potential numerically and analytically. In chapter {4 we study
spontaneous CP violation through moduli stabilization. In sections and we review CP
transformation in higher dimensional theories and 4D modular flavor models, respectively. In
section 4.3, we study the general properties of CP and modular symmetric scalar potential. In
sections [4.4] and [4.6] we study CP invariant moduli stabilization and discuss how to realize
spontaneous CP violation. Chapter [5]is devoted to our summary. In Appendix [A] we explain
more details about magnetized T and T*/Zy models, including negative chirality zero-mode
wavefunctions, Sp(4, Z) transformation of zero-modes, and the quantization of Scherk-Schwarz
phases on magnetized T*/Zs. In Appendix B we mainly review the A4 group and its modular
forms. In Appendix [C] we study another model that can generate spontaneous CP violation
through moduli stabilization.



Chapter 2

Magenetized torus and orbifold models

In this chapter, we discuss magnetized torus and orbifold models motivated by superstring
theory. We introduce background 2-form Yang-Mills magnetic field on the toroidal compact
space. This opens up the possibilities for building realistic 4D effective field theories from the
top down in the sense that both flavor and gauge structures of the Standard Model may be
realized. One of the most important criteria for realistic models is the three-generation of quarks
and leptons. Hence, we explicitly analyze the conditions to produce three-generation models
under the magnetized torus and orbifold compactifications. Moreover, we present analytical
forms of zero-mode wavefunctions on the magnetized compact spaces which are crucial for
computations of Yukawa coupling constants.

2.1 Compactification with magnetic fluxes

In section 2.1 we review the dimensional reduction of 10D A/ = 1 super Yang-Mills theory [13][]

2.1.1 10D N =1 super Yang-Mills with background magnetic flux

10D N = 1 super Yang-Mills theory is an effective field theory of superstring theory. The
action is given by

510 = /dlow(£B+£F), (21)

where w denotes 10D spacetime real coordinates. Lz and L stand for the bosonic and fermionic
parts of the Lagrangian, respectively. They are given by

1 i _
Lg= —4—92Tr {FMYFun}, L= 2—92Tr {ALY Dy A} (2.2)

The trace is taken over the adjoint representation of gauge group GG. For the concreteness of our
discussion, we consider G = U(N )E] 10D spacetime indices are labelled by M, N € {0,---9}

1See also [154[16].
2When a stack of N D-branes coincide, U(NN) gauge symmetry can be realized in string theory.

15
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and I'M are the gamma matrices. Note that the gauge coupling constant ¢ has mass dimension
(mass) ™% in 10D. The gauge field strength is defined as

FMN = 8MAN — 8NAM — Z[AM, AN], (23)

where Aj; is the gauge field of U(N) in the adjoint representation. The covariant derivative
acting on gaugino A is defined as

DA = Oy X — i[Ang, ], (2.4)

where we take vanishing spin connection because we will focus on flat space such as toroidal
compact space. Note that the gaugino A is a 10D Majorana-Weyl spinor. The action is invariant
under the U(N) gauge transformation

Ay — UAU ™ —i(0yU) U, (2.5)
A= UL,

where U denotes a coordinate-dependent transformation matrix in the adjoint representation.
To proceed, we take the Lie algebra basis of U(N) as (U,)ij = 04i0aj, (€ab)ij = 0aidp; Where
a,b € {1,--- ,N}. These basis satisfy the following commutation relations:

[Uaa Ub] = 07 [Uaa 6bc] = (5ab - 5ac)6bca [eaba 6cd] = 5bc€ad - 5adecb~ (27)

One can see that U,’s construct the Cartan subalgebra. Both the gauge field and gaugino are
expanded as

Ap = By + Wy = B3, Uy + Wikey, (2.8)
AN=E4 U = 00U, + Uy,

Since the Lie algebra of U(N) is hermitian, we have A}, = Ay, and AT = X. This imposes both
By and € to be real and W = (Wh)* W = (¥b@)* By substituting the expansions into the
fermionic part of the Lagrangian eq. (2.2]) we obtain

Lrp =LY + L+ L), (2.10)

where
£ = #Tr{mrMaMxy — iUTM By, ]}, (2.11)
y = QLQQTI“{\PFM[WM, v}, (2.12)

L= #Tr{g‘rMaMg — &M Wy, W) — i WTM W)y, €]} ). (2.13)
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Similarly, the bosonic part of the Lagrangian can be expanded as

1
Lp= —2—g2Tr{DMWNDMWN — Dy Wy DNWM — G (WM W} -+ (2.14)

where the ellipsis corresponds to irrelevant terms. Gy and Dy Wy are defined as

GMN :8MBN—8NBM, (2.15)
DuWa = O Wy — i[Bar, Wal. (2.16)

Our purpose is to realize realistic 4D low-energy effective theories that can reproduce the
Standard Model. As we will see later, introducing background 2-form Yang-Mills magnetic
flux is one of the effective ways to achieve this. Let us decompose the spacetime indices
into € {0,---,3} of RM and i € {4,---,9} of the compact space M. Gauge fields with
polarizations along the extra-dimensional space can have non-vanishing vacuum expectation
values without breaking the 4D Poincare invariance. Hence, we consider

Bi(w) = (B)(y) + Ci'(w), (2.17)
Wit (w) = (W) (y) + @ (w), (2.18)

)

where y = (y*, - - - y?) denotes the coordinate of compact space M. In what follows, we assume
(W) = 0, namely we restrict to Abelian magnetic flux. Then, the gauge group is broken to
U(N) — I[; U(n,) while preserving the rank, i.e., > n, = N. Eq. (2.11) can be rewritten as

?

@) _

VDU 4 T D, (2.19)
g

where

D0 = 9,0% — i(B* — B)Ww. (2.20)

Similarly, eq. (2.12)) can be rewritten as

1 - ) _ )
‘C/Y _ 53 (q,abl—\zq)i)dlpda . \I;abl—w,cpzqa\pbc)
. (2.21)
T, ab bdq,da T, ab caqyrbe
+2—g2(qf [HPIIpde — GO ) |
The first line is the three-point couplings between two fermions and a 4D scalar, hence relevant

for Yukawa couplings. The second line corresponds to the couplings between fermions and a
4D vector. One can also check that (2.14]) can be expanded as

i a 2,a j,ba ,ab 1 1,ba 1
Lp= i (G§; — GY) (@HPIP — prabghie) — 2

+ (Dot Diaier) -2 (Dwrpra) — (D@l Diae) | 4.

| (D@l Dot
(2.22)
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To derive the action of 4D effective field theory, we expand the 10D fields by the Kaluza-Klein
decomposition:

W) = 3 & k) (2.23)
D (w Z i < (), (2.24)

where z = (2°, 2!, 22, 2%) denotes the real coordinates of R*! and n = {0,1,2,-- -} denotes the
Kaluza-Klein excitation number. The wavefunctions 1% (y) and ¢ (y) are eigenstates of the
Dirac operator and Klein-Gordon operator defined on the magnetized compact space, i.e.,

iDeti (y) = 'P“)ij?-w“"( ) = matn(y), (2.25)
Aol (y) = =D D765, (v) = M, 6 (), (2.26)

where I'® := iTT'T?I". Noting that the 10D Dirac equation of motion for ¥ (w) is given by

iTM Dy U (w) = 0, (2.27)

the 4D fermionic fields y2° satisfy
iTOTHD, X () = —mux?(z). (2.28)
For the definiteness of our notation, we set my = 0 < |my| < |mg| < ---. Hence, & is

identified as 4D massless fermion. Through a similar discussion, one finds that the 4D bosonic
fields apfl;l satisty

Ay () = M2, (x) — 2i(G, — GY )t (), (2.29)

under the gauge fixing condition D'®® = 0.

In the energy scale sufficiently lower than the Kaluza-Klein scale, only light modes are
relevant. The massless 4D fields include the gauge fields A7}, gaugino A,, scalar Cf* in the
adjoint representation of the unbroken gauge group U(n,), and bifundamental fermions yg.
Note that x2 are candidates to be identified as quarks and leptons in the Standard Model. Tt
is also important to notice that three generations of quarks and leptons can be realized if there
are three degeneracies in the zero-modes of the internal Dirac operator i[)g. On the other hand,
the lightest bifundamental scalar modes goff(’) can be massive, massless, or tachyonic depending
on the choices of string vacua, e.g. size of the background magnetic flux and the geometry of
the extra dimensions. 90;{% is a candidate to be identified as Higgs boson in the Standard Model.
If the compactification preserves 4D AN > 1 supersymmetry, the bifundamental scalar modes
are massless and are the superpartners of x2. We will discuss more details in the next section.

The 3-point couplings among the lightest modes of bifundamental fermions Y2’ and the
bifundamental scalars p2® are identified as the Yukawa couplings in the Standard Model. From
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egs. (2.21), (2.23)) and (2.24]), we obtain the Yukawa coupling terms:

1 —a o ab i .da
Sy :2—92 Z {/d4$ le‘pfb](,iiXCIl( / d°y ¥ qul»)fflir s
ILJK Ms

(2.30)
- / d'x X / dy w?”%szriwﬁs},
Mes

where I, .J, and K label the degeneracy of the lightest modes. We have omitted the sub-index
n = 0. Eq. (2.30]) shows that overlap integrals of lightest wavefunctions over the compact space
M give Yukawa coupling constants in 4D effective field theory,

1 a ) a
Y(l) de ¢I“¢f}fﬁf %1(’ YI%)K _
6

e = == dy YTl (2.31)
29 M 6

2¢* J
In this paper, we consider Mg to be a torus or its orbifolds. This simplification allows one to
analytically compute the wavefunctions and Yukawa coupling constants [13].

2.2 Magnetized 7° model

In this section, we assume that the 6D compact space is a direct product of three magnetized
2D tori, i.e., Mg = T? x T? x T?. Under this setup, we can focus on only one 7?2 for the
following reasons. Since three magnetized tori are “factorized”, we can solve the zero-mode
Dirac equation on each T2 independently. As a result, wavefunctions including bifundamental
zero-modes 93 are simply written by the products of zero-mode wavefunctions on three tori as

ab ab ab
P =9 @yd" @y, (2.32)

where @D(()r)ab, (r = 1,2,3) denotes a zero-mode on the r-th torus. We require three degeneracies
of zero-mode fermions in the extra dimension to realize three generations of quarks and leptons.
There must be three degeneracies only in one of the 2D torus because 3 is a prime number.
This implies that the flavor structure primarily originates from only one 72 and the remaining
two tori would only affect the overall factor of the Yukawa coupling constant independent
of the flavor (generation) indices, {I,J, K}. Therefore, we will next review magnetized T
compactifications following Ref. [13].

2.2.1 Definition of T2

The 2D flat torus 72 is defined as a quotient of complex plane C by a lattice A defined by two
independent basis e, ey € C,

A= {n161 -+ ngeg\nl,ng € Z} (233)



20 CHAPTER 2. MAGENETIZED TORUS AND ORBIFOLD MODELS

This means that two independent translations on the complex plane are identified u ~ u +
e;, (i = 1,2) where u is a complex coordinate of C. Hence, it is often expressed as T? ~ C/A.
We introduce a complex coordinate of T? by z = u/e;. Then, we have identifications on z
coordinate as

z~z+1 2~z (2.34)

where we defined 7 := ey/e;. This complex parameter 7 is known as the complex structure
modulus of 72. We can set Im7 > 0 without loss of generalityﬂ Since the metric of C is given
by ds? = dudiu, that of T? is written as

ds* = 2h,,d2"dz", (2.35)
where

(0 12

h = e (1/2 uE (2.36)

Background magnetic flux
We introduce the abelian background 2-form Yang-Mills magnetic flux:

i M1n,«N,
F=F;dzNdz = — My1n, <N, dz A dz, (2.37)
ImT
M. 1N, «n.

where 1y, «n, denotes (N, x N,) identity matrix. M;, (i = a,b, c) is a real constant which will
be quantized as we will see. The magnetic flux background in eq. (2.37) corresponds to the
vector potential, A = A.dz + AsdZ where

7.(_2 M(Z(Z + C_a)]'NaXNa _
A, =~ My(Z + () 1w, xn, ;
2ImT M.( + 5 1
Cc z Cc c c
Nexh (2.38)
Ti Mll(z + C(l)lNaXNa
As = olmr Mb<Z + Cb)]‘NbXNb
Mc(z + gc)]-NCXNC

Cap.c are complex constants known as Wilson lines. In what follows, we consider vanishing
Wilson lines because one can always absorb these constant degrees of freedom into Scherk-
Schwarz phases which will be defined shortly [26]. Let us denote the gauge field in the adjoint
of U(N,) by A%. One can easily check the following boundary conditions:

A% (2 41) = A% (2) + di(2),

(2.39)
A% (z+71) = A"(2) + dx2(2),

3If Im7 < 0, one can just exchange e; and ey to get positive imaginary part. If Im7 = 0, T? is reduced to a
one-dimensional sphere S', hence we do not consider it.
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where x{ and x¢ are defined as

“ wM, M,
Xi(z) = T e, Xi(z) =

“Im(7z). (2.40)

Im7

Similarly, we can write the boundary conditions of A” and Ac.

Spinors on magnetized 7%

Here, we consider the spinor fields on 72 with background magnetic flux. To simplify our
discussion, we concentrate on the U(N,) x U(N,) block in the gauge space. We have the
two-component spinor on T2,

‘If(zi):(:ifzg) thy = (; ?,;:) (2.41)

where 1, and ¢_ denote the positive and negative chirality components. 1¢* transforms as the
adjoint representation of U(N,), whereas ¢4 transforms as the bifundamental representation
of U(N,) x U(Ny). Representations of 9% and 1% are similarly understood. Eq. implies
that boundary conditions of ¥(z, z) under the lattice shifts are given by

U(z+1) = Uy 0(2)U7,

2.42
U(z+7) = UV(2)U], (242)
where Uy, U, are unitary matrices defined as
eixf(z)+27ria“ 0
Ur= ( 0 ez’xf{(zmm’ab) )
(2.43)

U eixi(z)+27ri6“ 0
T 0 eiXs(z)+2mip® |

with real constants of, 3% € R, (k = a,b) known as the Scherk-Schwarz phases. Hence, spinors
in each gauge sector will satisfy the following boundary conditions:

L (e +T) = 9(2),

L VP (24 T) = X Oy ),
L (24 T) = e *Wbawi (2),
, Y4 T) =

2.44
2.45

2.46
2.47

WP(z+1) =

Ui (2
ib(z + 1) _ elxlb(z)+2ﬂlaab¢ib(z
ba(}Z + 1) _ eix?”(z)—l—Qwiabawia(

g (

1 z

o~ o~ o~ o~
~— — ~— —

)
)
)
Bz +1) = 9(2)

where we have defined

Im(72), (2.48)
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with
Mab = Ma - Mb7
a® = a® — a?, (2.49)
ﬂab = Ba . Bb'
We observe that the bifundamental fermions %, 1% experience the difference in the flux quanta
between U(N,) and U(N,) sectors. By requiring the uniqueness of the wavefunctions under a
contractible loop in 72, the magnetic flux gets quantized as

My, € Z. (2.50)

This is referred to as Dirac’s charge quantization. On the other hand, the gauginos 1%, 4% of
the unbroken gauge groups do not feel any flux.
Next, let us write down the Dirac equation. We adopt gamma matrices of the following

1 . 1
o L1002y 100y (2.51)
€1 0 0 €1 20

satisfying {T'%, %} = 2h**1, = (4/|e;1]?)12. We define the covariant derivative operators as

form,

V,=0,—1A,,

o (2.52)
Vg = 32 — ZAg.

Then, the Dirac operator is given by

) 0 200, —iA, (0 —Dt
ilﬁ—iFZVZ+iFZVZ—i<2(8_Z,A) a OZ )> —:Z(D 0 ) (2.53)

Since fermion zero-modes are most relevant in low-energy effective theories, we focus on the
massless Dirac equation, i.e., i[)¥(z, z) = 0. This leads to

Dy, (z,7) =0, (2.54)
Diy_(z,7) = 0. (2.55)

Writing ([2.54) more explicitly, we find

D, (z,7) = e%(éﬂm —i[Az,4])

§ M\ e 2.56
_ E ) 85 aa (82 + _2{\1’4:7— Z) +b 0 ( )
i\o-gmager  dwe )70
2 0 (0. — Srez)
T [ 2ImT —
DY (z,7) = - <((92 N Zf‘ﬁ;’:i) e i 0. (2.57)
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Since any (anti-)holomorphic functions which satisfy the periodic boundary conditions ([2.44)
and ([2.47)), diagonal components are constants:

77/}1“ = const., leg:b = const. (258)

On the other hand, bifundamental zero-mode wavefunctions satisfying the boundary condi-
tions (2.45]) or are non-trivial. If M, > 0, ¢¥%* and ¢** have M,, genenerated zero-modes.
They are given by

b (j+a®,B),M, ! i Mgz 102 i
VooodT T ) = e etinn 9 | M | (M2, MaoT),
- (2.59)
¢ia . ¢£j+aba75ba)aMba (Z, 7_) = ( $+aab7ﬁab)7Mab (Z7 7—)>* 7
where the j = 0,1,---,|My| — 1 labels the degeneracy of the zero-modes. ¢ denotes the
Jacobi-theta function with characteristic:
W, {Z] (v,7) := Z erita)r2milta)vth) g p e R peC, 7€M, (2.60)

lEZ

where H represents the upper-half plane, i.e., Im7 > 0. The area of T? is denoted by A :=
le1|*(ImT). Note that ¢4 and ¢ correspond to particles and anti-particles with each other in
the 4D field theory. Remarkably, one can check that the other components of bi-fundamental
zero-modes must be vanishing, i.e., wi“ = )% = (. This property is crucial for the realization
of chiral 4D effective field theories.

If My, <0, 9% and ¢ have |M,,| degenerated zero-modes. Corresponding wavefunctions
are given by flipping the gauge indices a <+ b in eq. . The remaining components are
vanishing, i.e., 3”:’ =P = 0.

Lastly, the zero-mode wavefunctions satisfy the following normalization conditionﬁ

/ dzdfx/|deth|¢g+a%b’agb)’M“b(z,7')( f”?‘b’“?‘-b)’Mab(z,T)) = (2Im7)"Y%5;,.  (2.61)
T2

One can check that this normalization condition is modular invariant.

2.2.2 Bosonic modes on magnetized 7T°

Here, we briefly review the bosonic fields. For the sake of concreteness, let us consider the case
Mg, > 0. Then, wavefunctions in ([2.59) are eigenfunctions of the Laplacian on magnetized T

4We have adopted a normalization condition following [32] which slightly differs from the convention along
[13]. Note also that our Kronecker delta is defined as

_J1 (j=Fk mod My),
P70 (£ k mod Myy).
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as follows. First, Laplacian on the magnetized T? is given by
2
lex?

_ 1
Aps ==V ,V*+ V.,V = ——-{V, V.} = 5{DT,D}. (2.62)

Second, we notice that the square of the Dirac operator on magnetized T? can be written as

) 1 1 [DT D] 0 1 Fs. 0
2= (D' DY+ = ’ = Ap—— 7 . 2.63
Py =P D+ ("0 _ipipy) Tt aEl 0 R (263)
Then, one obtains
+a® a 2 Ma itaQ a
AT2w$+ °.8 b)vMab<Z77_) _ WA b _(g-i- b8 b):Mab<Z77_). (2.64)

Hence, wavefunctions of the Laplacian Ar2 are given by the eigenstates of the Dirac operator
on magnetized T2. Note that appropriate boundary conditions are also satisfied. It can also be
checked that % is in fact the lowest eigenvalue of Ape.

To compute the mass spectrum of the bosonic modes in 4D, we need to consider three
magnetized tori, 77 x T3 x T3. From eq. (2.29), one can show that scalar modes polarized
along the first torus 1%, i.e., p?(z), p2(x) acquire squared masses given by

2rM,) | 2n|My)| | 2m| M|
A A A;

(2.65)

respectively. Here, Még) (r = 1,2,3) denotes the background magnetic flux on the r-th 2D
torus. Similarly, A, stands for the area of the r-th torus. This shows that the bosonic modes
can be tachyonic, massless, or massive depending on the relative sizes of magnetic fluxes and
areas of three tori. One can generalize the mass spectrum for vector fields polarized along the
r-th torus. Particularly, the lowest squared mass is given by

M(S) M(T)
Ml%)west =27 (Z ‘ filb ‘ - ’ jb | 5 (266)
s s T

for general integer-valued magnetic fluxes M CE;) €Z,(s=1,2,3). The 4D N =1 supersymme-
try (SUSY) in the ab-sector is preserved under the magnetized torus compactification only if
there exists a bosonic mode with M2 = 0f]

2.2.3 Phenomenological remarks

Here, we comment on the phenomenological aspects of toroidal compactifications with back-
ground magnetic fluxes. First, one of the most important effects of the magnetic flux is that

°If we allow certain field charged under a U(1) gauge symmetry to develop its VEV, it contributes to the
D-term as a Fayet-Iliopoulos term. Then, the SUSY-preserving condition can be relaxed. See Ref. [101] where
sneutrino develops its VEV in a semi-realistic model building based on magnetized T?/Zy compactification.
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it allows us to obtain chiral 4D theories. This is because depending on the sign of the mag-
netic flux My, only positive or negative chirality zero-modes on 72 can exist. Let us briefly
explain. For simplicity, we consider a 6D spacetime RY3 x T2, Since the gaugino in the 6D
super-Yang Mills field satisfies the Weyl condition, its total chirality is fixed to positive (or
negative). Hence, we have the following expansion,

U (2, z) = ZW” ) @y (2) +Z¢ z) @ Y™ (), (2.67)

where W denotes the gaugino in 6D which transforms as a bi-fundamental representation
under U(N,) x U(Ny). Fields w(La(% (x) are corresponding 4D fermionic modes with left (right)

chirality. The index j denotes the degeneracy of the zero-modes wia D) (2) on magnetized T?. We
have omitted Kaluza-Klein modes since they are irrelevant to our discussion. As an example, let

us choose M,, < 0. Then, we have non-trivial solution for @D@b)j @b(f”)j

whereas = 0. Hence, in
4D, only the left-handed fermion @/Jéab)j can exist, hence chiral. We can generalize the discussion
to 10D with magnetized T2 x T? x T? compactifications. To realize 4D chiral theories, 4D N = 4
SUSY needs to be reduced to N/ = 1 or 0. This can be achieved by turning on non-vanishing
background magnetic fluxes to each torus. Second, it is remarkable that the generation of
fermions is realized, ¢f. comment under (2.29). Particularly, if |M, C(L;) | =3, |M é§)| =M éz’)| =1,
three-generation models which are chiral can be obtained. 4D chiral fermions corresponding
to the degenerated zero-modes in the extra dimension carry identical charges under gauge
transformations, while their masses can be different. This is because Yukawa couplings depend
on the profiles of degenerated zero-mode wavefunctions. Lastly, the introduction of magnetic
fluxes allows us to break the U(N) gauge symmetries into semi-realistic ones.

On the other hand, there remain some challenges in magnetized 7% x T2 x T? compacti-
fication. For example, there have been attempts to realize the flavor structure of quarks and
leptons along Pati-Salam models [19]. If we require three-generation models possessing at least
4D N = 1 SUSY and full-rank Yukawa coupling constants, unwanted massless exotic modes
generally appear. These modes include vector-like matters and diagonal adjoint fields known

as open-string moduli, which are severely constrained by various experiments in low-energies.

2.2.4 SL(2,Z) modular symmetry

Toroidal spaces are endowed with discrete geometrical symmetries, called modular symmetries.
It has great applications in toroidal compactifications.

Modular transformation

Here, we briefly review the modular symmetry of 7% ~ C/A. (See e.g. [102,/103].) Modular
symmetry originates from the arbitrariness in choosing the basis vectors defining the lattice A
in eq. (2.33). Without changing A, we can transform the basis vectors from e; to e}, (i = 1,2)
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(2= (2)-C ) o

if a,b,c,d € Z and ad — bc = 1 are satisfied. The set of these transformations forms a group

as

known as the modular group:

= SL2,Z) = {’y = (Z Z)

There are two generators of SL(2,7) which are usually chosen as

S = (_01 (1)) CoT= (é D . (2.70)

The generators S and T satisfy the following relations:

a,b,c,d € Z, ad—bc:l}. (2.69)

S? =1, S*=(ST)°=1, (2.71)

where I denotes the identity. Actions of v € I" on the complex coordinate z and the complex
structure modulus 7 of T2 are given by

L8 v
AT ey er+d
2, e, ar+b (2.72)
T = = T == =
7 e ey  cer+d
respectively. In particular, the actions of S and 7" are as follows:
z 1
S:(z,1)— (——, ——) ., T:(z,7) = (2,7 +1). (2.73)
T T

Modular transformation of zero-mode wavefunctions

We review modular transformations of zero-mode wavefunctions in the bi-fundamental repre-

sentation. In what follows, we will omit the gauge indices and express Mgy, ap, 3% as M, v, 3,

respectively to simplify our notations. The modular transformation of zero-mode wavefuctions

have been studied in Refs. |28}31,[32] when the Scherk-Schwarz phases are vanishing. General-

izations to include the Scherk-Schwarz phases or Wilson lines are studied in Refs. [33}|34].
Under the T transformation, positive chirality zero-modes transform as

g-i-a,ﬂ),M(Z? S 1) _ e’rﬁi(j—i-a)(j—a—i-x)w_(g-&-a,ﬁ—a+m/2),M(27 7_)7 (274)

where

xTr =

{0 it M=0 (mod 2), (2.75)

1 f M=1 (mod 2).
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Under the S transformation, they transform as

M-—1 i

; 1 4 T . —
(o (_37__) AN 6]‘*\462;4<<y+1>k+<1—a>6> (481-0M (. (9.76)
k=0

T T

where we choose the branch such that the real part of (—7)'/2 becomes positive. We can see
that the zero-mode wavefunctions on 7% behave like modular forms of weight 1/2]

2.3 Magnetized T?%/Zy

In this section, we review magnetized T?/Zy orbifold models [25,[26,28,[29]. Motivations to
study orbifolds are as follows. Firstly, if we consider orbifolds, there are more varieties in three-
generation models, offering a wider range of semi-realistic model buildings. We have seen that
three-generation can be realized only when the magnetic flux M satisfies | M| = 3, whereas on
orbifolds, |M| can take various integers. In this section, we will review the conditions to realize
three-generation models in the orbifold compactifications. Another motivation is that most of
the exotic modes that appear in magnetized T2 compactification can be projected out owing
to the boundary conditions of fields on orbifolds.

2.3.1 Setup of T?/Zy models
Introducing orbifolds

T?/Zy orbifolds are defined as quotient of complex plane C by imposing the following identi-
fications:

z~z41, z~zAT, 2~ pz, (2.77)
where p is the Zy twist:
p = e, (2.78)

It is known that there exist only four kinds of orbifolds of T2 i.e., T?/Zy, (N = 2,3, 4, 6)[| For
the shift and twist identifications to be consistent, the complex structure modulus 7 of T2 /Zy
orbifold is fixed, except for T?/Zs.

T?/Zy: 7 € C, Im(1) > 0,
T?)Zs3: T = 23 = ),
1?7y : T =1,

1?76 : T = w.

(2.79)

6Modular symmetries of holomorphic Yukawa couplings are also studied in [36}37] and emerging non-Abelian
finite discrete flavor groups are investigated.

"This can be understood by the analysis of crystallography [104]. Using a more elementary method, chapter 3
of Ref. [105] gives an alternative proof.
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Note that the fixed values of the modulus 7 = ¢ and 7 = w are S and ST invariant points,
respectively.

Let us comment on the metric of T%/Zy. In the bulk of the orbifolds, we have the flat metric
same as T2, given by ds* = |ei|*dzdz. We can see that the orbifold twist z — pz does not
change the form of the metric, namely it is an isometry. There are singular points on orbifolds
where the curvature is localized and the metric is not well-defined. In this paper, we do not
discuss such localized effects. [l

Boundary conditions

We consider the boundary conditions of fields on magnetized T?/Zy orbifolds. First, fermionic
zero-modes 4 72,7, on T?/Zy satisfy the following boundary conditions:

wﬂ;ZN (Z + 1) =U (Z)w:l:,ZN (Z) (280)

Vizy (2 +7) = Ur(2)he 2, (2) (2.81)

¢+7ZN (pZ) 77¢+ ZN( ) (282)

w*,ZN (pZ) = Pﬁwf,ZN (Z)7 (283>

where n = p! = >™/N (1 =0,---,N — 1) stands for the Zy eigenvalues. The 1-form vector
potential A on T?/Zy is still given by (2.38). Hence, it satisfies

A, (pz) = pA.(2), As(pz) = pAs(z), (2.84)

under the Zy twist, i.e., 2 — pz. In fact, we can write down the Zy eigenstate v, 7, explicitly,

=

-1

UM () o N7 gt M (), (2.85)
0

W

where we have assumed M > 0. Although we can construct the Zy eigenstates as in eq. (2.85)),
evaluating the number of independent modes with Zy charge n is not always straightforward.

This is because not all of wf;i’fj’M(z), (j=0,---,M—1) are linearly independent, in general.

Scherk-Schwarz phases on magnetized T?/Zy

On magnetized T?/Zy orbifolds, Scherk-Schwarz phases become quantized [26] as shown in
Table 2.1} Note that in 72/Z3 and T?/Zg orbifolds, allowed values of Scherk-Schwarz phases
depend on the even-odd of the background magnetic flux M. On the other hand, the allowed
values of Scherk-Schwarz phases do not depend on the magnetic flux in 7% /Zy and T?/Z,.

8Studies on localized effects can be found at [106].
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‘ Orbifold ‘ M ‘ Scherk-Schwarz phases (o, ) (mod 1) ‘

T2/ZZ - (0 0) (l 0)7 (07%)’ (%7%)
) even (0,0), (% %), (%,%)
T/ oad G0, (1), (2
T2/Z4 - (070)7 (%75)
) even (0,0)
T/ Toad 3D

Table 2.1: The list of allowed Scherk-Schwarz phases on T?%/Zy with magnetic flux [26].

2.3.2 T2/Z,

Here, we analyze the zero-mode number on magnetized T?/Z,. We focus on the case with
positive magnetic flux M > 0. Hence, only the positive chirality modes are non-zero. We have

Z eigenstates with eigenvalues either +1 or —1. We call those states as Zs even- or odd-modes,
respectively. These eigenstates are constructed by the linear combinations of @/)(TJ;;O‘”B »M (j =

0,---M—1) as

Pt (2) o pf DM () £ TN (), (2.86)
where wjf;;%i 1, (2) satisfy
i+a,8),M a,
Y (—2) = 2O (2). (2.87)

To count the number of Z, eigenstates, following relation is useful,

j+a,8),M M—(j+a),—B),M —4mi(j+o M—(j+a),8),M
PRt (—z) = QUM ) = emtmUrEEOON ), (2.88)

which holds under (o, ) = (0,0),(1/2,0),(0,1/2),(1/2,1/2) (mod 1) |26]. For instance, let us
consider the case with vanishing Scherk-Schwarz phases, i.e., (o, ) = (0,0) (mod 1). Then,
(2.88) is reduced to

GOM(—z) = Q0N (), (2:89)

We find that when the magnetic flux is even M = 0 (mod 2), zero-modes ¢T2 L M with labels
j = 0,M/2 (mod M) are invariant under the Z, twist, hence they are Z, even modes by
themselves. Remaining (M — 2) modes @D%’?’M with labels j # 0,M/2 (mod M) are not Zs
eigenstates by themselves. Hence, they must be paired up as shown in (2.86)). This produces
additional (M — 2)/2 independent Zs even-modes and (M — 2)/2 independent Zy odd-modes.
Thus, the total zero-mode number of Z, even sector is given by

M-2 M

ny =2+ 5 :?+1, (2.90)
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and that of Zs-odd sector is given by
M

n_.=——1
2
On the other hand, when the magnetic flux is odd M =1 (mod 2), only 7 =0 (mod M) is Zy

invariant mode among w%’(ﬁ’M (j=0,--- M —1). Hence, the numbers of zero-modes in Zy-even

(2.91)

and odd sector are given by

M-1 M+1 M -1
2 2 0 T g

respectively. One can extend the same method to other choices of Scherk-Schwarz phases. That

ny =1+ (2.92)

is, we first identify Z, eigenstate(s) among ﬂ)ﬁfmﬁ )M and then pair up the remaining modes as
in ([2.86]). The result is summarized in Table 2.2]

[ R B T
even | M/2+1 M/2 -1
(0,0)
odd | (M +1)/2 | (M —1)/2
even M/2 M/2
(3:0)
odd | (M +1)/2 | (M —1)/2
even M/2 M/2
(0,3)
odd | (M +1)/2 | (M —1)/2
even M/2 M/2
(3:3)
odd | (M —1)/2 | (M +1)/2

Table 2.2: Number of positive chirality zero-modes in magnetized T?/Z, model [26]. We have
assumed M > 0 for concreteness.

2.3.3 T2/Z,

Here, we analyze the zero-mode number on magnetized T?/Z4 by using modular transformations
following the method in Refs. [28,29]. For concreteness, we focus on the case with positive
magnetic flux M > 0.
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First, it is important to notice that the Z, twist can be realized by the modular S transfor-
mation. Since the modulus 7 is fixed to the S-invariant point 7 = ¢, the S transformation acts
as

S (z,7=1) = (iz,7 =1), (2.93)

which is indeed the Z, twist. We may see this as an implication of the algebraic relation, S* = 1.
Second, we note that any Z, eigenstates can be written by linear combinations of zero-modes
on magnetized T2 as,

M-1
wgfzif%M ak k+a7ﬁ (’27 2)7 ai € C, (294)
k=0

because v j;jf) (z,4) must also satisfy both the Dirac equation (2.54) and the boundary

conditions on T? (2.43). Let us denote the representation matrix of S transformation on

Sf+a’6) by p(S), namely

T

P PM izi) = o) (2,0), (2.95)

B
I
o

Then, the constant coefficients a; need to form an eigenvector of p(S)T with an eigenvalue 7
for (2.94) to behave as

(j+067/3)7M(
+

<

12,1)

M-1
+ 76 >
¢+]Z4a,77 (iz,i) = Z a;
j=0

k=0 (2.96)
1

This shows that the zero-mode counting of Z, eigenstates is equivalent to counting the multi-
plicity of eigenvalues 1 in p(S).

Now, let us denote the number of zero-modes with Z, eigenvalues n = £1, &i by n(41), (44,
respectively. They satisfy the following conditions:

N(41) T+ N(44) T N(=1) T N(—) = M, (2.97)
N1y + in(H) —N(-1) — in(,i) = trp(S). (298)
If both quantities M and trp(S) are given, egs. (2.97)) and (2.98)) constrain three real degrees of

freedom. To determine 741y, n(+;), one more independent condition is needed. That is provided
by the number of zero-modes in magnetized T?/Z, shown in Table . Since two consecutive
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Z4 twists are equivalent to the Zs twist, the sum of the number of Z, zero-modes corresponding
to Z4 charge +1 is equal to the number of Zy even zero-modes,

N(4+1) F N(—1) = Ny (2.99)

In what follows, we demonstrate explicit zero-mode counting on magnetized T?/Z;.

T?/7Z, with vanishing Scherk-Schwarz phases («a, 3) = (0,0)

Here, we evaluate the number of zero-modes on magnetized T?/Z, with vanishing Scherk-
Schwarz phases. From eq. (2.76]), positive chirality zero-modes on magnetized T2 transform

as
M-

PIOM (i 4) 2’”]%“ (2,4), (2.100)

k=0

>—‘

under S transformation where we have fixed to 7 = i. We compute the trace of p(S) given by

trp(S) = T 2.101
J_ Z (2.101)

For explicit computation, the generalized Landsberg-Schaar relation is useful.ﬂ It is given by

C

S(a,b,e) = /| [exp {% (Sgn(ac) _ b—g)} S(=c, b, a), (2.102)

ac

which holds under the conditions a,b,c € Z with a and ¢ positive, and ac + b = 0 (mod 2).
Here, S(a,b,c) is defined as

= mi(an® + bn)
S(a,b,c) Z exp (—) , a,b,c€Z. (2.103)

C
n=0

We also note that sgn denotes the sign function, i.e., sgn(x) = +1 when x = 0, respectively.
Then, trp(S) can be evaluated for arbitrary M as follows,
trp(S) = S(2,0, M)

e% S(~M,0,2) (2.104)

S5

miM

(I+e 2).

@
&. N

9See, for example, [107] and references therein.
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The generalized Landsberg-Schaar relation is applied in the second equality of (2.104)). We find
that the value of trp(S) depends on M modulo 4,

14i M =0 (mod4),

trp(S) = 1 M =1 (mod4), (2.105)
0 M =2 (mod4),
i M =3 (mod4)

From eqs. (2.97)-(2.99), (2.105) and Table 2.2 one obtains the zero-mode number in each Z,
sector. Results are summarized in Table 2.3

M n(+1) n-1) M(+i) (i)
M=0 (mod4) | M/4+1 M /4 M /4 MJ4—1
M=1 (mod4) || (M+3)/4| (M—1)/4| (M—1)/4| (M—1)/4
M=2 (mod 4) | (M+2)/4 | (M+2)/4| (M—2)/4| (M—2)/4
M=3 (mod4) || (M+1)/4| (M+1)/a| (M+1)/4| (M—3)/4

Table 2.3: Number of positive chirality zero-modes on magnetized T2 /Z4 with vanishing Scherk-
Schwarz phases («, 5) = (0,0).

T?/Z4 with Scherk-Schwarz phases (a, 3) = (1/2,1/2)

Here, we evaluate the number of zero-modes on magnetized T?/Z, with non-vanishing Scherk-
Schwarz phases, i.e., (a,5) = (1/2,1/2). From eq. (2.76]), positive chirality zero-modes on
magnetized T? transform as

M-
1 7\'1
¢$+1/2 1/2), M M o TG+ k:+1/4)¢$€70)7M(Z’ i), (2.106)

)_n

k=0
under S transformation where we have fixed 7 = 7. In this case, trp(S) is evaluated as
M-

1 2mi (1.2
tr @2M eM (k*+F)
p(8) = = kz

1 )
= e2M S(2,2, M)
1M (2.107)
= —eTS(—M,—2,2)

\/_
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where we have used the generalized Landsberg-Schaar relation in the third equality. We find
that the value of trp(S) depends on M modulo 4,

0 M =0 (mod4),

t2p(S) = i M=1 (mod4), (2.108)
1+i M =2 (mod4),
1 M =3 (mod 4)

From eqs. (2.97)-(2.99), (2.108) and Table 2.2, one obtains the zero-mode number in each Z,
sector. Results are summarized in Table [2.4]

M +1) n-1) M+i) i)
M=0 ( ) Mya M4 M4 M/4
M=1( Y (M-=1)/4| (M+3)/4|(M—-1)/4| (M~—-1)/4
M =2 (mod 4) || (M +2)/4 | (M —2)/4| (M+2)/4| (M —2)/4
M=3( )| (M +1)/a ] (M =3)/a| (M +1)/4 | (M +1)/4

Table 2.4: Number of positive chirality zero-modes on magnetized T?/Z, with non-vanishing
Scherk-Schwarz phases («, 8) = (1/2,1/2).

2.3.4 T?%/7Z3

Here, we analyze the zero-mode number on magnetized T?/Zs. It is important to notice that
the Zs twist can be realized by the modular ST transformation. Since the modulus 7 is fixed
to the ST-invariant point 7 = w, ST transformation acts as

ST : (2,7 =w) = (wz, T =w), (2.109)

which is indeed the Zs twist. We can see this as an implication of the algebraic relation,
(ST)? = 1. We note that Zs eigenstates can be written by linear combinations of zero-modes
(kFeB) M, ) on magnetized T2 where 7 is fixed to w. Hence, the zero-mode counting of
Zs eigenstates is equivalent to counting the multiplicity of eigenvalues n = 1,w,w? in the
representation matrix of ST transformation which we denote by p(ST), i.e.,
M-1
P IM (w2 w0) = 3 p(ST) M (2, w). (2.110)

k=0
Let us denote the number of zero-modes with Zsz eigenvalues 1, w, w? by T(1)5 T(w)s Th(w?), TESPEC-
tively. They satisfy the following conditions:
Ny + Nwy + N2y = M, (2.111)
ney + wne) +w’ngey = trp(ST). (2.112)



2.3. MAGNETIZED T?/Zy 35

If both quantities M and trp(ST) are given, egs. (2.111)) and (2.112)) constrain three real degrees
of freedom, hence we can determine n;), n(,) and n,). For simplicity, we assume vanishing
Scherk-Schwarz phases, i.e., (a, 8) = (0, O)H Then, the magnetic flux M is constrained to even
integers, c.f., Table

M=2M', M €Z. (2.113)
From eqs. (2.74) and ([2.76)), positive chirality zero-modes on magnetized T? transform as
-5 M-l
GOLM (o ) = e T Ik edrk? pBOM (4 ) (2.114)
+ \/M kz% +
under ST transformation where we have fixed to 7 = w. We can evaluate the trace trp(ST) as
follows
_mi M-—1 _mi i
e 12 3mik2 e 12 €6
trp(ST) = e M =—=5(3,00M)=—=5(—M,0,3). (2.115)

In the third equality, we have used the generalized Landsberg-Schaar relation. We find that
the value of trp(ST') depends on M modulo 6,

24w M=0 (mod6),
trp(ST) =< —w M =2 (mod 6), (2.116)
w M =4 (mod 6).

From eqs. (2.111)), (2.112) and (2.116]), one obtains the zero-mode number in each Zj sector.
Results are summarized in Table 2.5

M =2M' n() N(w) N(w2)
M =0 (mod 3) || M/3+1 M/3 M/3—1
M =1 (mod3) | (M+1)/3| (M—2)/3|(M+1)/3
M =2 (mod3) || (M—-1)/3] (M+2)/3](M-1)/3

Table 2.5: Number of positive chirality zero-modes on magnetized T2 /Zz with vanishing Scherk-
Schwarz phases.

2.3.5 T1?/Z

Here, we present the zero-mode number on magnetized T?/Zg. It is important to notice that
the Zg twist can be realized by the modular 771 S transformation. Since the modulus 7 is fixed
to the T~ S-invariant point 7 = w, T~1S transformation acts as

T7'S: (2,7 =w) = (k2,7 = w), (2.117)

0For the analyses with non-vanishing Scherk-Schwarz phases, see for example [29].
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which is indeed a Zg twist because k := e™/3. We can see this as an implication of the

algebraic relation, (T71S)% = I. We note that any Zg eigenstates can be written by linear

(k+a,B), M<

combinations of zero-modes @Z) z,w) on magnetized T? where 7 is fixed to w. Hence,

the zero-mode counting of Zg eigenstates is equivalent to counting the multiplicity of eigenvalues

n=xk"(r=0,1,---,5) in the representation matrix of 7715 transformation which we denote
by p(T15),
M—1
(reB) M e W) Z p(T78) g FHPM (2 ). (2.118)
k=0
Let us denote the number of zero-modes with Zg eigenvalues n = " (r = 0,1,---,5) by ngr).

They satisfy the following conditions:
N1y + Nk) + Nk2) + N(w3) T Nd) + N5y = M, (2.119)
n(y + KN + K2 N2y + K3 N3y + k: Nty + K® N(w5) = trp(T19). (2.120)

For simplicity, we assume vanishing Scherk-Schwarz phases, i.e., (a,3) = (0,0). Then, the
magnetic flux M is constrained to even integers, c.f., Table [2.1]

M=2M', M €Z. (2.121)
From eq. egs. (2.74) and (2.76)), we obtain trp(T~1S). This can be evaluated as

mi M-—1

tep(T-18) = 22 Z o Hk? _ \/_ S(1,0, M) = e™35(1,0, M) = &, (2.122)

where we have used the generalized Landsberg-Schaar relation in the third equality. Even when
M and trp(T~1S) are given, egs. and can constrain only three real degrees of
freedom. Hence we need more constraints to fully determine n.-y (r = 0,1,---,5). They are
provided by the number of zero-modes in magnetized T?/Zy and T?/Zs which we have already
analyzed in previous subsections. Since three consecutive Zg twists are equivalent to the Z,
twist, we find

M
N1y + Nk2) + Nga)y = 7 + 1. (2123)
Since two consecutive Zg twists are equivalent to the Zsz twist, we find

(%—1—1, ifM=0 (mod6),
n(l) + n(,(u:s) = M, tM=2 (mod 6),

ML ifM =4 (mod 6),
(2.124)
if M =0 (mod 6),

2 M=2 (mod6),
M2 if M =4 (mod 6).

N(r) T N(xt) =
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From eqs. (2.119)-(2.124]), one obtains the zero-mode number in each Zg sector. Results are
summarized in Table 2.6

M =2M' n(l) n(,{) n(,{2) TL(H3) n(,{4) TL(HS)

M' =0 (mod 3) || M/6+1 M/6 M/6 M/6 M/6 M/6—1

M =1 (mod 3) || (M+4)/6 | (M—2)/6| (M+4)/6| (M—2)/6| (M—2)/6| (M—2)/6

M =2 (mod 3) || (M +2)/6 | (M+2)/6 | (M+2)/6| (M—4)/6| (M~+2)/6| (M—4)/6

Table 2.6: Number of positive chirality zero-modes on magnetized T2 /Zg with vanishing Scherk-
Schwarz phases.

2.4 Magnetized T¢ model

In this section, we discuss magnetized T models [13}]14,/17,43,|44]. One of our motivations is
that there will be greater possibilities of obtaining realistic models. Since we have no guarantee
that the 6D compact space is factorized into three two-dimensional spaces such as T2 x T2 x T2,
magnetized T# is a good starting point for generalizations. Moreover, background magnetic
fluxes generally contain ‘oblique’ flux components which were not taken into account in the
previous sections. This also motivates us to abandon the factorized structure.

2.4.1 Geometry of T*

We extend the analyses to a 4-dimensional flat torus 7* which is defined as the quotient of two
complex planes C? by a 4-dimensional lattice A, i.e., T* ~ C?*/A. Let us denote the complex
coordinates of the covering space C? by @ = (u',u?)T. We consider a lattice A which is spanned
by the following four basis vectors whose components in the « coordinate system are given by

. 1 . RO . 0 . RO
U =21 R, (O) . Uy =27 (R;Q;> , U3 =2mRy (1) , Uy =27 (R;QZ) ) (2.125)

Here, €2;; denotes the (ij)-component of a 2x2 complex matrix €2 such that ImQ # 0. Ry, Ry > 0
correspond to scale factors. This means that four independent translations in C? are identified
as @ ~ @+ 10, (i =1,2,3,4), ie., T* ~ C?/A. We introduce complex coordinates of T* by
7 = (¥, U2)"'i. Then, we have the identifications:

T IE, P70, (j=1,2), (2.126)

7 = ((1)) &= ((1)) . (2.127)
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Since the metric of C? is given by ds* = 3., , du/d@’, induced metric of T* in the Z coordinate
is
ds* = 2h;;dz'dZ, (2.128)

where

1
hi; = 5(%&)"’@;. (2.129)

2.4.2 Background magnetic flux on 7%

We introduce the background magnetic flux on 7*:
1 ‘ 1 , . : .
F = o Paizi dz' A dx? + Py dy' N dy’ + pyigida’ A dy’, (2.130)

where 2',y' (i = 1,2) are real coordinates defined by z* = z'+Q;;47. The coefficients pyi.i, pyiyi,
and p,i,; take real values. If we transform the coordinate to the Z system, we find

1 . | . . . .
F= éinzj dz' Ndz) + Enggjdzl NdZ 4 Fliz(idz' N\ dZ7), (2.131)

wherd ]
Fus = (@ = Q)7 (@7 P + pyy + 9,0 = Q) (- )7

1j
Fay = @—QYJQHWQ+myw@Q—W@@@—quﬁ (2.132)

Faz = [i(2 = Q)77 (Qpea + pyy + 95,2 — QTpy) (- )7

zj'
One of the necessary conditions to conserve N’ = 1 supersymmetry in the 4D space-time field
theory is that F' is constrained to a (1, 1)-form, i.e., F,i,; = FLiz = O.H This is satisfied if

Q" Pea + pyy + Py 2 — QT gy = 0. (2.133)

We demand (2.133)) which leads to

F = —% [(p2af2 — pmy)(ImQ)_le (idz" A dZ7). (2.134)

Following [14,42-44], we will simplify our discussions by assuming

Pz = Pyy = 0. (2135)

As a result, the background magnetic flux ([2.134)) is reduced to

F=x [NY(ImQ)™] . (idz" A dZ7), (2.136)

ij

HOverall sign of F,iz; in (2.132) differs from [13], while consistent with [17].
12This can be understood as vanishing F-term in the superfield description of 10D Super Yang-Mills theory
with magnetized extra dimensions [10§].
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where we have defined a 2 x 2 real matrix N by

1
N = %p;fy. (2.137)
Similar to the Dirac quantization in the magnetized T2 model, c.f. (2.50), N is quantized to
integer matrices. The Fiy ) = F{g2) = 0 condition ([2.133) is rewritten as

(NOQ)T = NQ. (2.138)
Vector potential which corresponds to the magnetic flux (2.136)) is given by

A(Z,Z) = 7lm {[N(§+ C:)]T(ImQ)*ldz}

—

= T ING+ O )} e +

= Azzdzz + Agid2i7

—

{[N(:Z+ c)]T(ImQ)—l} a7 (2.139)

)
2

7

where 5 is a 2-dimensional complex constant vector. These constants in vector potentials are
called Wilson lines. The boundary conditions of A(Z, Z) are given by

A(Z+éep) = A(Z) + dxe, (2), (2.140)
A(Z+ Qé;) = A(Z) + dxag, (2),
where
Xz, (2) == 7[NT(ImQ) M"Mm(Z+ Ole,  xae (2) == 7Im[NQ(ImQ) (2 + ). (2.141)

Hereafter, we set 5 = ( because one can always absorb it into Scherk-Schwarz phases following
the method in Ref. |26].

2.4.3 Dirac equation on magnetized 7"

Here, we write down the zero-mode Dirac equation on magnetized T¢. We adopt the following
representation of the gamma matrices,

0 2 20
1 0 0 2 0 2
2R = 3 = 2T R = 1. =
(2w Ry) 0L R0 0 2| (27 Ry) 2 ® oy 0 0 ;
0 0 00 211
0 0 0 0 '
21_ 3 2 0 22_ - 0 O
Q2rR)I* =0_®0° = 0 ol CrR)I* =L ®o_ = 5 0 :
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where 0%, (a = 1,2, 3) denote the Pauli matrices and o := ¢! £ i0? and I, represents a 2 x 2
unit matrix. We can check {I’*', ¥’} = 2h%. The chirality matrix I’ is given by

1
5 3 3 —1
%= ®o® = . . (2.143)
1
The Dirac operator on T* is given by
0 pll)z1 p2Dz2 0
. g gl = | p1Dx 0 0 p2D.2
=" D,; +1I*" Dy =2 _ 2.144
ip =iT" Dy +1 “| oD 0 0  —pDu (2.144)
0 p2Dz2 —p1 Dz 0
where we defined p; := 1/(27R;), (j = 1,2). The covariant derivatives are written as
Dy =8, — i,y = 0 — - (INZT(Im) ™),
_ _ _ 727 (2.145)
Dz =0z — 1Az = 0z + 5([N5]T(Im9)_l)j'
Fermion zero-modes satisfy the Dirac equation,
iPV(Z,Z) =0, (2.146)
where U denotes the 4-component spinor on 74,
1
+
¢2
V(7 2) = w; (2.147)
2
+

We have two positive and negative chirality components denoted by % and ", (r = 1,2),
respectively. Then, one can rewrite (2.146)) as

p1Datl + paD.2p? =0,
p2 Dz} — p1Dap? =0,
p1D.a1p? + paD2pt =0,
/02D22¢3 - PlDzﬂ/Jl_ =0

Recalling the boundary conditions of the gauge background A in eq. (2.140)), bi-fundamental

matter field ¥ should transform as
U(Z+ &) = e?meixa, 2y (2),
f f) Y ( 2 (2.152)
\If(z + Qek) — e mﬁkerng(z)\I;(Z),

under the lattice shifts. Here, ay, Br € R denote the Scherk-Schwarz phases.
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2.4.4 Solving zero-mode Dirac equation

Let us solve the zero-mode Dirac equation. For this purpose, the following commutation rela-
tions are useful,

[D.i,D.;] = Faiy =0,
[D:i, D] = Frizy =0, (2.153)

[Dzi, ng] == ingj.

We define Laplace operator on the magnetized 7% aﬂ

Api=-2) " p{D..,Dy}. (2.154)
i=1,2
From eqs. (2.148)) and ([2.149)), one obtains
Aripl = 2(piFz + paFoaz )i, (2.155)
Apap? = =2(pi Forz + psFoaz )07, (2.156)

by use of the commutation relations (2.153). In what follows, we restrict to the case
pr=p2=:p, (Ri=Ry=:R), (2.157)

for simplicity. Note that eigenvalues of the Laplace operator on a compact space are non-
negative[l] Hence, if
Foaz + Fop = tr(NT(ImQ) ™) > 0, (2.158)

the second positive chirality mode is vanishing, wi = 0. Then, (2.148]) and (2.149) are reduced
to
Dyl =0, (j=1,2). (2.159)

On the other hand, if F,i;1 + F,2;2 = tr(NT(ImQ) ™) < 0, we find ¢} = 0 and
Dy: =0, (j=12). (2.160)
Let us focus on solving for ¢} under the boundary conditions . In fact,
P(Z) 1= e NN N g ) (2.161)
satisfies the boundary conditions if # behaves as

0(Z+ &) = 0(2),

2.162
9<g+ ng) — e—me?kT-Re(NQ)é’ke—QWiég-Re(NZ)g(g)' ( )

13This definition is consistent with Ag = —D7D; in eq. (2.26).
14See for example [109).
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Since 0 is periodic along €}, we can Fourier expand as
0(&.5) = > calif) ™7, (2.163)
neZ?

where c;() denote y-dependent coefficients. Due to the pseudo-periodicity of § along Qeé},, we

find
calfi+ ) = crpnrg, (F)e ™% (NI G20, (2.164)
To determine cz(y), we need to solve the equation of motion. By substituting eq. (2.161]) to

the Dirac equation ([2.159)), we obtain

Oca(y)
Oy

%—(QWIHﬂPqéqk-— 2wind§%k)cﬁ(gj:= 0, (k 221,2). (2.165)
The solution is given by
ci(§) = Knexp [—ny " - Im(NQ) - 7 + 2miii" - Qg] (2.166)

where Kj’s are unspecified constants. From eq. (2.166)), we obtain

- (7 K- .
C&;:’fe%) = ”}*{Tk -exp [2mi€, - (ReNQ) - 7+ 7é, - (ImNQ) -7 — 2miii " - Q&) . (2.167)

From eqs. (2.164)) and (2.167)), we find the following relation,

Ky - e mNT) TN (N ) —mi(N i+ 8) T NQ (N T 746 (2.168)

= Kﬁ+NT€k - € .

This shows that K and K Ntz are dependent, hence we have only |detN| independent zero-
modes. Let us introduce f(7) defined by

F() i= K- e AT NAN ) (2.169)
One can check that f(77) is periodic,
f(@+N%,) = f(#), (k=1,2). (2.170)
As a result, we obtain explicit forms of fermion zero-mode wavefunctions:

W = omiINZ T (ImQ) " Im# | Z f(ﬁ)em(NflTﬁ)T.Ng.(N*ITﬁ)ezmﬁTz
nEZ?
_ milNAT(ImQ) " Imz Z Z f(NTT—,» + j) em'[N*1T(NTF+f)]T-NQ.[N*T(NTFJJ)] €2m’(NTF+f)T2'

TEZ? JeAn
FTN—1
_ mi[NZT(ImQ) " ImZ | 7.9 J I:I Nz, NQ
: > g0 | vz,
JeEAN

(2.171)
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where J € Z? denote integer points which lie inside the cell An spanned by
NTé,, (k=1,2). (2.172)

¥ is the Riemann theta-function defined as

>T . . . . -
9 [%T (17’ Q) _ Z 671'z(l—i-a)T.Q.(l—i—a)627rz(l—&-g,)T.(u—&—b)7 67 be R2, 7 c C2, QT _ 97 ImQ > 0.
lez?
(2.173)
Let us summarize the result we obtained. The first positive chirality zero-modes ¢} are
written as
1 JN i[NZ|T-(ImQ) ! Im# JTN!

¢+ : ¢ , (5»7 Q) :Nj 67r2[ 2]t -(ImQ)~ 1 ImZ . 19 (_), (NE, NQ), (2174)

where N/ 7 denotes the normalization constant which will be determined soon. It should be
noted that (2.177)) is normalizable only if Im(INS?) is positive deﬁniteﬁ

Im(NQ) > 0. (2.175)

If Im(NQ) is negative definite, i.e., Im(NQ) < 0, the second positive chirality component )%
becomes non-vanishing, while ¢} = 0. Its explicit form is given by

- _ . _ - FTN—1 o
2 xIN(E Q) = N e INTAm@) T mE [‘] lﬁ\I ] (NZ,NQ). (2.176)

When the matrix Im(NSQ) is indefinite, negative chirality components ', 12 become non-
trivial. We explain details about the negative chirality zero-modes in Appendix [A.T], where we
have generalized the results in Ref. [14] to the case when Re) # 0.

Scherk-Schwarz phases

We can extend the analyses under the presence of Scherk-Schwarz phases, @ = (g, )7, 5 =
(B1, B2)T. For later convenience, we will use the following basis for fermion zero-mode wave-
functions:

w(j—‘r@ﬂ),N(g, Q) — Af(j_;,_@:ﬁ) X eTri[Nz“]T{ImQ)*LImE .9

7= TN-L
(J+a) ] (NZNQ),  (2.177)

where J € Z2 denote integer points inside the cell defined by eq. (2.172)). The degeneracy of
the zero-modes is |detN].

15Positive definiteness of Im(NQ) > 0 leads to (2.158)). If we multiply (ImQ)*lT from the left and (Im2)~1
from the right of Im(INQ2), we obtain (ImQ)_lTN > 0. Since the transpose of a positive definite matrix is still
positive definite, we obtain NT(ImQ)~! > 0. This immediately gives us (2.158)).
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Three-generation models in magnetized 7"

In magnetized T% model, three-generation is realized when |detN| = 3. Although we have
infinite number of integer matrices N with |detN| = 3, the zero-mode label J TN~! can be
classified into 4 types [42,/43].

2.4.5 Normalization

Here, we show that the wavefunctions in (2.177)) satisfy the following orthonormalization con-
dition:

/ 22?5/ [deth] pU+EON @(m&ﬁw)* — |det(2ImQ)[~Y/25 ; -, (2.178)
T4 '

if we choose
N a5 = [Vol(TH)] 7| detN| '/, (2.179)

where Vol(T?) := (2rR)*|det(ImS?)| denotes the volume of T%. For the proof, we begin with
re-expressing ([2.177) in terms of Rez and Im?Z as,
w(f-&-&’,g),N( 7.Q) = Mj+~g) omiN-(ReZ+iIlm2)] T (Im©2) = ImZ

2mill T+ (J+@) TN (NRez+iNImz— ) (2.180)

) Z ewi[fT+(f+&)TN—1}~(NQ)-[f+N—1T(f+07)] )
lez?
Hence, we obtain

J+a,f)N  (R+d,f) Ny« _ rr ) - 2rImE T N(ImQ) ! Im#
¢( : (¢( : ) _MJ+&,5) (MK+&,ﬁ)> € )
. Z ewi[fr—i-(f—i-&)TN*l]~(NQ)~[f+N*1T(f+&)] .e—m[fsz-i-(ff-i-&)TN*l]~(NQ)~[1T1+N*1T(I_{‘+&')]

Imez?
'627ri[{fT+(f+&)TN—1}—{mT+(R+&)TN—1}]~(NReZ—§)e—2w[{fT+(f+&)TN_1}+{rﬁT+(l?+&)TN—1}]-NIm§

(2.181)

We denote the integrating region, i.e., the fundamental region of 7% generated by four lattice
vectors as Dr4. This can be written as

1 0 RGQH R6912
0 0 III]QH Ileg
Dy : t t t t 0<t<1), 2.182
T4 " + 12 1 + 13 Reyy + 14 ReQy, | 0<t; <1) ( )
0 0 IQO IHngQ

where we express components in the (Rez!,Imz!, Rez?, Im2?)T real 4 dimensional coordinate

system. By noticing that the integrand in (2.178) is periodic under the translations z° —
Z+¢€;, (1 = 1,2), we can shift Dy« by f1€] and fo€y where f1, fo € R without changing the result
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of integration. Since the periodicity 2 — Z'+ €, (¢ = 1,2) holds for any values of Z3,%,, both f,
and fo can be arbitrary smooth functions of ¢3,t4,. Hence, we may evaluate the integral over

the following region:

1 0 0 0

T Uy 0 + U 0 + us fméh, + Uy Tméd;; , (0<u; <1), (2.183)
0 1 0 0
0 0 Im§221 ImQQQ

which is simpler than Drs. By integrating Eq.(2.181]) with respect to Rez", (n = 1,2), we get

/ d*zd*z+/ |deth| ¢(j+&75)7N(¢(I?+&,5),N)*

D,

:Mf+&5) (MI?+&E)> (QWR)4/dQImz e~ 2mTmZ T-N(ImQ) = ITm?

: Z 07 N-17 N 11-("€ﬂi[rT+(fT+&T)N_l}'(NQ)'[f+N_1T(f+O7Hefﬂi[mT+(I?+&)TN_1}-(NQ)-[ﬁL+N—1T([?+§)}
+N-1Jm+N~—

Imez?

) 6—2m‘[(fT+fTN*1)—(mT+I?TN*1)}EG—ZW[TTHﬂ&)TN*l+mT+(ﬁ+a)TNfl}NImz

(2.184)

Notice that 5f+N,1Tjﬁ+N,1TK = 557% . 6f,l?‘|ﬂ Then, we obtain

/ d2zd2z/|deth]| T TEBN () (K +a.5) Ny
T4

—27Imz7T. mQ) "1 Imz
=05z Wirapl2rR)* / d*Tmz e~ 2rimz NI (2.185)
. Z 6—2w[fT+(f+&)TN—1}~(NImQ)-[f+N—1T(f+&)} ) e—4w[fT+(f+d)TN_1]NIm2'
lez?

This shows the orthogonality of the zero-mode wavefunctions. Our remaining task is deter-

mining the normalization constant satisfying Eq. (2.178). By setting J =K in (2.185)), we
obtain

|/\/'(j+~g)|2(27rR)4/d21mzZ e—?ﬂ[ﬂ'T+fT+(f+&)TN*1]~N(ImQ)'[?7+f+N*1T(f+&)] _ ]det(21mQ)|_1/2,
lez?
(2.186)
where we defined 7 := (ImQ)~'Tmz. Note that

dlmz*dIlmz* = |det(ImQ)|dy*dy?, (2.187)

16Here, we have used the fact that J and K are integer vectors inside the cell An spanned by (2.172)).
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and the range of the integral over ", (n = 1,2) is 0 — 1. Hence, we find
1 7 7, = — o — 7 o=
VO g3 [y 0TI N ) ot 2,
lez?

(2.188)
where Vol(T*) := (2rR)*|det(ImS2)|. We can rewrite this as

VOU(THIN 7105 / il d T TN N (me) [N (@) |det(2Im€)| /2,

—00

(2.189)

where we defined « := ¢/ + [. The remaining computation is straightforward as it is a Gaussian
integral. We have verified eq. (2.179)).

2.5 Magnetized T"/Z,

In this section, we study magnetized T*/Z, models [42,43]. We define T*/Z, orbifold from T*
by imposing the twist identification given by

7% (2.190)

As in the case of T?/Z, model, the zero-mode wave functions are either Zy even 1)z, ; or odd
Yz, — satisfying

Yz, £(—2, Q) = £, (2, Q). (2.191)
For concreteness, we focus on the case when only the positive chirality mode ) is non-zero,
namely, we consider the case . The Z, eigenstates 1z, + are written by linear combina-
tions of the zero-modes wavefunctions on 7% with the same magnetic flux. This is because Zs
eigenstates also need to satisfy the Dirac equation and the shift boundary conditions
(2.152)).

7., eigenstates

The Z, twist boundary condition (2.191]) can be satisfied if we take the following linear combi-
nations,

E TN E Q) o gl EIN(2,Q) 4 pTHEIN (2, ), (2.192)
YN, 0) oc pHFEIN(Z Q) - yUHEIN (-2, ). (2.193)

We require wéﬁf’ﬁ)’N(Z’, Q) to satisfy the boundary conditions under the shifts (2.152)). Hence,

PUHEAN(_Z ) must satisfy

w(f-&-&,@,N(_(Z _)k)yQ) _ 6—27riozk . eixgk(/?) . ¢(f+62,§),N(_27 )

I

(2.194)

+ Q
w(f+&,§)7N(_<g+ 06,), Q) = e~ 2miBk | gixag, (%) ,w( +&ﬁ)7N(_—” Q).
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This requires e~ 2™ = 2™ and e~278 = ¢2™Bk  Thus, the Scherk-Schwarz phases have the

following 16 patterns [43]:

(Oor1/2, 0or1/2), mod 1,

O_Z:
By (2.195)
f=(0orl1/2, 0or1/2), mod .

2.5.1 Zero-mode counting on magnetized T%/Z,

Here, we study the number of degenerated Z, even and odd zero-modes on magnetized T*/Z,.
As in (2.192)), Z, eigenstates can be written by the linear combinations of two wavefunctions
on T*. Tt should be noted however that for some particular zero-modes on T* with label J, we
have

YUTEDN(z Q) = pHEAN(_z ). (2.196)
In such cases, Zy even mode vz, 4 is given by a single wavefunction w(‘f +3@A.N We denote the
independent number of such invariant mode ¢/*%#N by C . Similarly, for some particular
zero-modes on T* with label J, we have

¢(f+&,ﬁ),N(g’ Q) = _¢(f+o7,6),N(_g, Q). (2.197)

This shows that the corresponding Z, odd mode vz, _ is written by a single wavefunction
BN We denote the number of such odd modes by C_. Remaining {|detN| - (C. +C_)}
zero-modes on T* are paired up to form Z, eigenstates. Hence, the number of the zero-modes
of Zs even and odd sectors are given by the following formulae respectively,

Neven = |detN’ - (20+ * O_) + CJr = |de;N’ + %(C+ - Cf)u
detN| — (C + C.) detN| 1 (2.198)
Nodd: 9 a — +CL:T—§(C+—C,)

This motivates us to determine C'; and C'_. The following relation is useful for the analysis,

- =,

PNz ) — w(NTe”fj;o?,fg),N(Z’ Q) = 674m(f+a)T~N*1-3¢(NT€fff&ﬁ)7N(g’ Q), (2.199)

where € := k€] + kqo€s, ki, ko € Z.E In the second equality of eq. (2.199)), we have used the
fact that Scherk-Schwarz phases are given by ([2.195)).
Firstly, let us study the simplest setup where the Scherk-Schwarz phases are vanishing

(a = ﬁ: 6) Then, eq. (2.199)) is reduced to
PTON(_z Q) = pNTETON (7 ) (2.200)
From this, we find C_ = 0. It also shows that zero-modes with labels J € 72 satisfying

2J = NT (k18 4 kofs), ky, ko € Z, (2.201)

o o . . . . . 1\ . 0
17¢, and & are 2-dimensional standard unit vectors, i.e., €1 = <O> , €5 = <1>
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are invariant under the Z, twist and contribute to Cy. To determine C', we first note that
there are at most 4 independent solutions to (2.201f) which are

g — g 1 . n11/2
J=0 J=-N'¢ =
) 9 €1 (n12/2) )

- 1 S Nao1/2 > lor (P11 + n91)/2
J=-NT¢, = J=-N = .
SN <n22/2) , SN (@ + &) (s + 1122) /2

(2.202)

We recall that only when these labels are integer-valued, Je 72, they correspond to the zero-
mode states and contribute to C'y. Obviously, J=0is always a zero-mode state. On the other
hand, the remaining 3 labels in are integer-valued only when N has a certain structure.
J= %N@l is integer-valued only if n1; = 0,112 = 0 (mod2). J= %Ne} is integer-valued only if
nge = 0,191 = 0 (mod2). J = %NT(«% + é,) is integer-valued only if nyy + ngy = 0,199 + nog =
0 (mod2). In this way, C'; depends on the mod 2 structure of N. We have classified 16 different
patterns of the mod 2 structure. We find C'y = 4, only if all matrix elements of N are even

numbers,

C,=4: N= ("“ ”12) = (0 0) (mod 2). (2.203)

No1 Noo 00

We find C'; = 2 only if the mod 2 structure of the flux matrix N is as follows:

Ch=2:
N = (8 é) , ((1) 8) : ((1) (1)) (mod 2); J =0, %NT(?Q, (2.204)
N = <8 (D , ((1] 8) : ((1) (1)) (mod 2); J =0, %NTa, (2.205)
N = (8 D : G 8) : G D (mod 2); J =0, %NT(a + &), (2.206)

where we have also shown the corresponding Z, invariant modes among eq. (2.202). The
remaining 6 patterns in the mod 2 structure of N correspond to the case C'y = 1 where the
Zo-invariant mode is J = 0:

N I I R N T

Secondly, let us consider non-vanishing 5, while we still set @ = 0. For instance, under the
choice @ = 0, = (0, %), eq. (2.199)) is reduced to

C+:1:

w(f, :(0,%)),N<_Z’ Q) = efQWierflé‘Qw(é‘*f:42(07%))71\1(5’, Q), (2.208)
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where € = k1€, + ks&, (k1,ks € Z). This shows that modes with label J = INT& and J =
1NT(61 + 62) are now Zy-odd modes if J € Z2, because 2J TN~'@, = 1 (mod 2) On the other
hand, J = 0 and .J = INT& are still Zy-even modes if J € Z2, because 2JTN"1&, =0 (mod 2).
Hence, there are only simple modlﬁcatlons from the previous results egs. (|2.2()3]) (2.207). For
example, the mod 2 structure of N in eq. now corresponds to C';, = C_ = 2. We also find
that 3 patterns of the mod 2 structure in now correspond to €, = C_ = 1. Similarly,
we can analyze other choices of B , l.e., B ( , ) and 5 (2, 5) Results are summarized in

Tabld2. 7]

mod 2 structure = - - o
(n11, M2, a1, Na2) F=00.0) | 5=(0,5) | F=(5.0) | F=(53)
C—|— =4 C+ =2
(0,0,0,0) o o
0,0,0,1
50010; C, =2 C, =1 C, =1
(0,0,1,1) C- = C-= C- =
(0,1,0,0)  etiles: [an
(17()’070) C+_2 C._ = C_ = C_ =
(171a070) C_=0 T T -
1,0,1

(0,1,0,1 Cy = Cy = Cy =
(1,0,1,0) C - o — o
(1,1,1,1) - - -
(0,1,1,0)
(1,0,0,1)
(0,1,1,1) C,=1
(1707 17 1) C, —=
(1,1,0,1)
(1,1,1,0)

Table 2.7: Values of C. classified by the mod 2 structure of N when & = (0,0).
Lastly, we determine C'; and C'_ when the Scherk-Schwarz phase @ is non-vanishing. For
instance, under the choice @ = (0, 2) B = (0,0), eq. (2.199) is reduced to
¢(j+€2/270)7N(_ ) 77Z)(e J—&2/2,0),N (Z Q) (2.209)

where € = ki€ + ko€, (K1, ke € Z). We immediately find C_ = 0. Eq. (2.209) also shows that
zero-mode with labels J € Z2 satisfying

2j+ 52 = NT(klgl —+ k2€2>, ]{71, ko € 7. (2210)

are invariant under the Z, twist and contribute to Cy. When k; = ky = 0 (mod 2), we obtain

-

J = 261, however it is not integer-valued. When k1 = 1,k = 0 (mod 2), we obtain J =
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1
2

(mod 2), we obtain J = %(nghngg — 1)T which is integer-valued only if ny = 0,n9 = 1
(mod 2). When k; = ky = 1 (mod 2), we obtain J = %(nll + Ma1, N1 + ngy — 1)T which is

integer-valued only if ny; + ng; = 0,n12 + ngg = 1 (mod 2). Let us summarize the results. We

(n11,n12 — 1)T which is integer-valued only if n1; = 0,m15 = 1 (mod 2). When k; = 0,ky = 1

have Cy = 2 only if the mod 2 structure of the flux matrix N is as follows:

C+ =2:
0 0 - 1 1
N = (0 1) (mod 2); J = §(n11,n12 — 1T, 5(7111 + Moty Mg + 1 — 1)T,
0 1 = 1 T 1 .
N = (mod 2), J = —(7121,7122 — ].) , _(nll + Noa1, Nig + Nog — ]_) ’
0 1 = 1 1
N = (0 1) (mOd 2)7 J = 5(”11777’12 - ]-)T, 5(77/2177’1,22 —_ ]_)T7

(2.211)

where we have also shown the corresponding Z, invariant modes. We have C'y = 1 only if the
mod 2 structure of the flux matrix is as follows:

C+:1:

10 11 - 1
N = (0 1) s (O 1> s (HlOd 2), J = 5(7111,7112 — 1)T

01 0 1 - 1 (2.212)
N = (1 O) s (1 1> (mod 2), J = 5(7121,7122 — 1)T,

1 0 11 S 1
NE(1 1),<1 O>7 (mod 2), J:5(7111—|—7121,7”b12—|—7122_1)T7

where we have also shown the corresponding Z, invariant modes. The remaining 7 patterns of
the mod 2 structure correspond to the C'; = 0 case.

In the same way, we can determine C'; and C_ under other choices of the Scherk-Schwarz
phases. Results are summarized in Table [2.§]

2.5.2 Three generation models of T"/Z,

Here, we study the conditions to realize three generations. To obtain 3 degenerated zero-modes
in the Z, even sector, |[detN| needs to satisty,

|detN| =6 — (Cy —C_) =: D,. (2.213)
To obtain 3 degenerated zero-modes in the Zy odd sector, |detN| needs to satisfy

|detN| = 6+ (C, — C_) = D_. (2.214)
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mod 2 structure (nqiy, n12, No1, N2g)

d=(0,3) | @d=(50 | @d=(353)
(0,0,0,1) | (0,0,1,0) | (0,0,1,1) Oy = Oy = Oy =
oo C_ = C_ = C_ =

(0,1,0,0) | (1,0,0,0) | (1,1,0,0) C+: Co=1 | Cy= O =
9 -y VY y Yy Yy 3 9 VY - C_: C_: C_:

0101 | (L0.10) | (LLLY Sl Il e

(1,0,1,1) | (0,1,1,1) | (0,1,1,0) C,=0 | C,=0 | C,=1

(1,1,1,0) | (1,1,0,1) | (1,0,0,1) C_ = C_ = C_ =

(1,0,0,1) | (0,1,1,0) | (1,0,1,1) o C,=0 | Cy=1 | C.=0

(1,1,0,1) | (1,1,1,0) | (0,1,1,1) C* 0 C_ = C_ = C_ =

(0,1,1,0) (1,0,0,1) (1,1,1,0) T C, =1 C, =0 C,=0

(0,1,1,1) | (1,0,1,1) | (1,1,0,1) C_ = C_ = C_ =

(0,0,0,0) | (0,0,0,0) | (0,0,0,0)

(0,0,1,0) | (0,0,0,1) | (0,0,1,0)

(1,0,0,0) | (0,1,0,0) | (1,0,0,0) o

(1,0,1,0) | (0,1,0,1) | (1,0,1,0) C* - 0

(0,0,1,1) (0,0,1,1) (0,0,0,1) T

(1,1,0,0) | (1,1,0,0) | (0,1,0,0)

(1,1,1,1) | (1,1,1,1) | (0,1,0,1)
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We have denoted the required values of |detN| for the realization of three-generation in Zy even
and odd sectors by Dy, D_, respectively. Table shows the required assignments of mod 2
structure in N, determinant |detN|, Z, parity, and 3 under the choice @ = (0,0)T.

For non-vanishing choices of @, Table shows the conditions. From these tables, we
find that three degenerated zero-modes can be produced when |detN| = 4,5,6,7,8 in the first
positive chirality component ¢1+ of magnetized T*/Zy model. We also note that when the mod
2 structure of the flux N is (0,0,0,0), we cannot obtain three degenerated zero-modes. This
comes from the fact that |detIN| is always 0 modulo 4.

mod 2 structure - - - o
= (0,0 = (0,2 =10 — 1’1
(11, N2, M21, No2) F=00)) 8= 2) b (2 )| B (2 2)
0,0,0,0 no solution
( )
0,0,0,1
(a??) D+:4 D+:6 D+:6
(0,0,1,0 D_.=8 | D=6 | D_=
(0,0,1,1) - - -
0,1,0,0
( ) . D+:6 D+:4 D+:
(1,0,0,0) D, =14 D -6 D s b
(1,1,0,0) D_ = - - -
0,1,0,1
) b ) D_: D_: D_:
(1,1,1,1) 0 6 8
(0,1,1,0)
(1,0,0,1)
(Oa 17 17 1) D+ - 5
(1,0,1,1) D_ =7
(1,1,0,1)
(1,1,1,0)

Table 2.9: Required values of |detN| to produce three degenerated zero-modes in magnetized
T*/Zy under @ = (0,0).

2.6 Magnetized T*/Zy

In this section, we further extend the analysis of zero-mode counting to magnetized T*/Zy, (N =
3,4,5,6,etc.) orbifolds |44}/45]. We assume that the Scherk-Schwarz phases are vanishing, i.e.,
a= 5 — 0. As it is explicitly presented in the following sections, complex structure moduli €
of T*/Zy, (N = 3,4,5,6,etc.) are frozen to specific values. This means that the lattice shape is
fixed. In particular, we focus on orbifolds whose lattice shapes correspond to the simply-laced
root lattice of Lie groups. We will see that € corresponding to such orbifolds can be chosen
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mod 2 structure (n11,n12,n21, N - - = =g

7=(0,3) &=<(%,153 Ta- f;)%) F=00 | F=04|F=%0) | F=G1D

(0,0,0,1) | (0,0,1,0) | (0,0,1,1) g*:i g*:ﬁ g*:g
D, =4 - - -

(0,1,0,0) | (1,0,0,0) | (1,1,0,0) | D_ = g*ig g*ig g+f6

(0,1,0,1) | (1,0,1,0) | (1,1,1,1) g*ig g*fG g+f4

(1,0,1,1) | (0,1,1,1) | (0,1,1,0) D.=7 | Dy=7 | Dy=5

(1,1,1,0) | (1,1,0,1) | (1,0,0,1) D_=5 | D_= D=7

(1.0.0.1) | (0.1,10) [ (LoLY) || 5 o [ D=7 | Di=5 [ D=7

(1L,1,01) | (L1100 | (111 | " D_=5 | D_= D_=

(0,1,1,0) | (1,0,0,1) | (1,1,1,0) - D=5 | Dy= D, =T

(0,1,1,1) | (1,0,1,1) | (1,1,0,1) D=7 | D_= D_=

(0,0,0,0) (0,0,0,0) (0,0,0,0) no solution

(0,0,1,0) | (0,0,0,1) | (0,0,1,0)

(1,0,0,0) | (0,1,0,0) | (1,0,0,0)

(1,0,1,0) | (0,1,0,1) | (1,0,1,0) Dy =6

(0,0,1,1) | (0,0,1,1) | (0,0,0,1) D_=6

(1,1,0,0) | (1,1,0,0) | (0,1,0,0)

(1,1,1,1) | (1,1,1,1) | (0,1,0,1)

Table 2.10: Required values of |detN| to produce three degenerated zero-modes in magnetized
T4/Zy under @ = (0, 1), (3,0), (%, ).

12/ \2 22
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to be symmetric QT = Q with positive definite imaginary part, i.e., ImQ > 0. Hence, we
parametrize () as

0= (Tl 73) : (2.215)

T3 T2

where 7; € C, (i = 1,2,3) satisfying Im{2 > 0. The set of such symmetric complex 2 x 2
matrices €2 with positive definite imaginary part is called Siegel upper-half-space of genus 2
denoted by Ho [103].

As we saw in the magnetized T?/Zy models, modular transformation is a powerful tool for
systematic analyses of zero-mode number. Hence, we will first review the Siegel modular group
Sp(4,7Z) which is an extension of SL(2,7Z) as we consider higher dimensional torus T*.

2.6.1 Sp(4,Z) modular symmetry

The Siegel modular group Sp(4,Z) is composed of 4 x 4 integer matrices

y= (é g) , (2.216)

satisfying the symplectic condition yT.Jy = J (see for instance [103]). Here, A, B,C, D are
2 x 2 integer matrices and J is defined as

J = <_0[2 gz) . (2.217)

There are 4 generators of Sp(4,7Z),

0 I I, B; .
= T, = =1,2 2.21
s=(5 %) n=(0 ) =12, (2218)

where 5 denotes the 2 x 2 identity matrix and B;, (i = 1,2,3) are symmetric integer matrices

10 0 0 0 1
B, = B, = Bs = . 2.21
! (0 0)’ ? (0 1)’ ’ (1 0) (2.219)

Under v € Sp(4,7Z), the complex coordinates and the complex structure 2 € H, are transformed

given by

as

(£,Q) = (CQ+ D)2, (AQ + B)(CQ + D) ™). (2.220)

This can be understood by checking the transformation of lattice vectors defining 7. This can
be done in the same way as we have derived eq. (2.72) in 7% models.
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Algebraic relations

Let us present algebraic relations satisfied by the generators of Sp(4,Z). One can check the
following:

(
(ST\T3)® = Ly, (SToTs)° = I, (2.221)
(ST3)® = I, (STWTy M) =1, (ThTy)*S)° = 14,
(ST\Ty ' Ty ® = 14,

(ST = L, (ST»)" = 1.
These algebraic relations will be useful when analyzing the zero-mode number on 7% /Zy orb-
ifolds.

2.6.2 Sp(4,Z) transformation of background magnetic flux

Here, we study the transformation properties of the magnetic flux components under Sp(4, Z).
In general, the flux components puy, Pzs, Pyy behave non-trivially under the modular transfor-
mationm To determine the behavior, it suffices to consider the generators of Sp(4,7Z), namely
S and 7T} transformations.

S transformation

Under the S transformation, the complex coordinates and the complex structure moduli are
transformed as
- S o N
7= Zigy = =0 7,
L (2.222)
Q= Q(S) =-Qh

The complex coordinates and the complex structure moduli after the S transformation are
denoted by Zis) and (1), respectively. Eq. (2.222)) can be translated to the real coordinates
Z,y along the lattice vectors, i.e., 2= Z + Q. The results are

Z(s) = —1,
&= (2.223)
Ysy = T,
where we have defined Z(g) and ¥s) by Zis) =: ZT(s) + Qs)¥s)- Then, components of the
background 2-form magnetic flux are given by
1 i j 1 i ' i '
F= §(Pi§))ijd17(5) A dwigy + §<pg(;§))ijdy(5) N dyls) + (p8)isdx(s) A dyls, (2220
1 ; -1 '
— §(p§§3))ijdy A dy’ + 2(pyy )de A dx? + (pxy )”dx A dy?,

18This is in contrast to T? models where the flux component M is always invariant under SL(2,7Z).
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where pg(cf,), pf{?, p?si) denote flux quanta in the S transformed coordinate system. We find the

transformation properties of the flux components as

(5)

p:cx = pyya
Py = Pras (2.225)

pgj) = (pmy)T‘
This shows that the flux matrix N defined in (2.137)) gets transposed,

N 2 N =NT. (2.226)

We also notice that the condition p,, = p,, = 0 in eq. (2.135) is preserved under the S-

transformation. Moreover, the SUSY condition is also preserved,

(NsyQs)) " = N5yQs).- (2.227)

T; transformations

Under the T; transformation, the complex coordinates and the complex structure moduli are
transformed as

7

2T (T = 7,

Q £> Q(Ti) =Q+ B;.

(2.228)

The complex coordinates and the complex structure moduli after the 7} transformation are
denoted by Z(1,) and €(7,), respectively. Notice that we can easily generalize to compositions
of T; transformations. We will call such transformations as 7' transformation. If we consider
T transformation T := TP 13215, (p1, pa, ps € Z), transformation properties are obtained by
replacing B; with B := Z?:1 p; B; in .

Eq. can be translated to the real coordinates ¥,y along the lattice vectors, i.e.,
Z =1+ Qy. The results are

(2.229)

We have defined () and ¥y by Zr) = Z(1) + Q¥1) where Q) = Q + B. Then, real
components of the background 2-form magnetic flux are given by

1 : A 1 ) ' i '
= 5(29;?)1']' iy A dxiT) + é(pg(/?)ijdy(T) A dy{T) + (pg))ijda:(T) A dyfT)
1 ; 1 i '
= 5 W)y’ Ade? + S[(0G)) + (Bl B) = (Bpy) + (Bpl)) ey’ A dy? (2.230)

+ () — WD B)]yda’ A dy,

YSince T;, (i = 1,2,3) are commutative, ordering of Tj is irrelevant.
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where pg), pg), pg) denote flux quanta in the T transformed coordinate system. We find the

transformation properties of the flux components as

p:(l‘z) = Dza,

PSy = Dy + (Bpez B) + (Bpay) — (Bpay)™, (2.231)
P = Pay + (PauB).

We can see that the condition p,, = p,, = 0 is no longer maintained unless Bp,, is symmetric,
(Bpuy)™ = Bpay. (2.232)
Under the condition , the magnetic flux N is invariant,
N 5 Ny = N. (2.233)
At last, we check the SUSY condition eq. under T'. One obtains
(NyQn)" = NeyQry, (2.234)

using (NQ)T = NQ. This shows that the SUSY condition is consistent with the 7" transforma-

tion under eq. (2.232)).

2.6.3 Sp(4,Z) transformation of zero-mode wavefunctions

Here, we study the Sp(4,Z) transformation of the positive chirality zero-mode wavefunctions
of magnetized 7% models.

S transformation of zero-modes

The positive chirality zero-mode wavefunctions in ([2.174)) transform as

PIN(=QT1Z -0 = Vet (NTIQ/i) Y TN RGNz q), (2.235)

I?GAN

under the S transformation, if NT = N. We have assumed that the Scherk-Schwarz phases are
vanishing. We give a proof of in appendix .

Let us comment on the metric. In general, metric components generally transform
non-trivially under S transformation. We recall that the flat metric was assumed when solving
the Dirac equation. Hence, one might wonder whether the zero-mode wavefunctions in the Z(g
coordinates system are still given by 1/1“7 ’N(z_"(g), Q(s))- Nevertheless, we do not need to worry
about it for our purpose, i.e., zero-mode counting on magnetized T*/Zy, (N > 3) orbifolds.
This is because the complex structure moduli corresponding to those orbifolds are fixed to

specific values which make the metric components invariant under S.
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T; transformations of zero-modes

Here, we study T' = T7' 132 TV, (p1,pe2, p3 € Z) transformation of the zero-mode wavefunctions
on magnetized 7% under the condition (2.232)), which can be rewritten as

(NB)T = NB. (2.236)
Then, the zero-mode wavefunctions in eq. (2.177) transform as,
YIN(E Q+ B) = 2Ny IN (7 ), (2.237)

if all of the diagonal matrix elements of NB are even. We give a proof of eq.(2.237)) in Appendix
A22

2.6.4 T%/7,

We explicitly analyze the zero-mode number on magnetized T*/Z,. We still assume that the
Scherk-Schwarz phases are vanishing. We begin with the algebraic relation,

St =1,. (2.238)

This implies that S transformation can be regarded as the Z, twist defining a T%/Z, orbifold.
Since the orientations of the lattice vectors defining 7 should be invariant under the Z, twist,
let us determine the S-invariant complex structure moduli €2 € H,. Such €2 must satisfy

2, 2

o G N I (2.239)
(T +7T) Ty 4T

By comparing the off-diagonal elements we obtain 73 = 0 or 77 = —73. Let us take 73 = 0

because we require 2 € H,. Then, from the diagonal elements, the moduli parameters are

fixed as, 7¥ = —1, 77 = —1. Hence, the relevant solution is given by

i 0
Q<s>=(0 ) (2.240)

]

where €)(g) stands for the S-invariant moduli. When €2 is fixed to {1(s), the complex coordinate
of T* is transformed under S as

73 iz (2.241)
This is nothing but a Z, twist. Hence, we can define T*/Z, orbifold by imposing the identifi-
cation:

7~z (2.242)
on T* whose moduli are given by Q = Q). Note that the twist Z — iZ does not change
the form of the flat metric (2.129)), namely an isometry. The fixed moduli correspond to the
following orientations of lattice vectors:

e = 27R ((1)) ey = 2R (é) es = 27R ((1)) ey =27R <?> , (2.243)
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where the components are of the coordinate system z. One can check that the Z4 twist (S
transformation) rotates the lattice vectors as follows:

es” 0 0 1 0\ (e
()
ey 0 0 01 €4

= 2.244
el -1 0 00]|e (2.244)
e 0 -1 0 0/ \es

This is identified as the generalized Coxeter element of SO(4)? with Z, outer automorphism
exchanging e; <> e; and ez > ¢4 [110,111). Here, e((ls), (a =1,2,3,4) denote the lattice vectors
after the S transformation.

Magnetic flux N on 7%/7Z,

On T*/Z, where the moduli values are fixed to sy, the SUSY condition (2.138)) is satisfied if
and only if N is symmetric,

N = (”1 m) . n,ne,m € Z. (2.245)
m N9

Then, N is S-invariant, cf. (2.226)). This ensures that N ([2.245)) is consistent with the Z,
symmetry that defines the orbifold. For concreteness, we focus on the case when the positive
definite condition ([2.175)) is satisfied. This corresponds to

detN >0, trN > 0. (2.246)

Then, only the first positive chirality component ! is non-zero.

Zero-mode counting on magnetized T%/7Z,

We can compute the degeneracy of zero-modes in magnetized T*/Z4 model by using S trans-

formation. The method is essentially the same as T?/Z, model reviewed in subsection m
Zero-mode counting of Z, eigenstates is equivalent to counting the multiplicity of eigenvalues

n = +£1, i in the representation matrix p(S). Here, p(S) is the (detIN x detIN) matrix which

is given by setting 2 = (g in eq. (2.235)), i.e.,

1 i NR
e2mi TNTLE, (2.247)

Pk = TN

Now, let us denote the number of zero-modes with Z, eigenvalues n = £1, i by D41y, D44,
respectively. They satisfy the following conditions:

D1y + Dty + Di-1y + D) = detN, (2.248)

D41y + 1D iy — D(-1) — iD ) = trp(S). (2.249)
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Eqgs. (2.248) and ([2.249)) constrain three real degrees of freedom. One more independent con-
straint is needed to determine D41y, D(+;. That is provided by the number of zero-modes in
magnetized T%/Z,. Since two consecutive Z, twists are equivalent to Z, twist, the sum of the
number of Z, zero-modes with Z, charge +1,(+i) is equal to the number of Z, even (odd)
zero-modes. Thus, we obtain

Neven — Noda = C — C_ = D41y — Diyiy + D1y — Dy
1: if detN = 1(mod2),
=4q2: if detN =0(mod2) and gcd(n;,m)= 1(mod2) fori=1 or 2,
4: if ged(n;,m) =0 (mod2) for both i =1 and 2,
(2.250)

where Neyen and Nygq denote the number of Zy even and odd zero-modes, respectively, cf.
(2.198). The values of C'; and C_ are summarized in Table [2.7]

Evaluating trp(S)

For the zero-mode counting, we need to compute trp(S):

1 i T -1 7
rlp(S)] = o 30 IR
K

_ 1 e 2T (na K2 +4n1 K2—2mK1 K>)

VdetN Fenn
Even when we fix the vallue of detIN, there exist infinitely many N of the form sat-
isfying In addition, the lattice AN characterizing the region of summation over K
in eq.(2.251)) is dependent on individual N. Hence, it is a non-trivial task to systematically
evaluate the trace trp(S) for all the possibilities of N.
One of the effective computational methods is to use the Krazer formula 1] Let us denote

EAN

(2.251)

a non-singular symmetric integer (r X r) matrix by A and let a,b be positive integers. Then,
the Krazer formula tells us that the following relation

b—’f'/2 eﬂ'l’iafTAf = e 7"1'54(’4) T/QSI/Q T (& ﬂ;bgTA_lg (2 252)
E a E , .
FE(Z/bZ)" Ge(Z)saZ)"

holds under the conditions ab = 0 (mod 2) or A; =0 (mod 2) for Vi = 1,--- ,r. Here, 0(A) is
the signature of A (i.e., the difference between the numbers of positive and negative eigenvalues

20Consider a 2 x 2 symmetric integer matrix N with sgn(trN) = +1. Let us define N’ := PTNP where
P € GL(2,Z). Clearly, N’ is an integer matrix of the form . Moreover, we find that both the determinant
and the sign of the trace are conserved, i.e., detN’ = detN, sgn(trN’) = +1. Since GL(2,7Z) is an infinite group,
we obtain infinite variations of N’. This means one has an infinite number of N satisfying even when
we fix the value of the determinant.

21For instance, see Refs. [112,[113] and references therein.
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of A) and s := |detA|. We can check

_mibgT g1 _ _mibgT g1y
5 e e VAT = g1 e W VAT, (2.253)

Here, A,4 denotes integer points which lie inside the cell spanned by aAéy, (K = 1,--- ,r)

where €}, denotes the standard unit vectors, i.e., (€x); = di. Hence, by setting A" := aA, we
find
Trza(A )
RN e A D et (2.254)
z€(Z/VZ)" \% |detA’ yEA 4/

which holds under the conditions b =0 (mod 2) or A}, =0 (mod 2) .

Now, let us apply the formula (2.254]) to compute trp(S). By setting b =2, A’ =N, r = 2
and by taking complex conjugation of (2.254]), we obtain

mio(N)
1 omiKTN-1K _ € 4 ~T[TNL
—— e = e 2 . 2.255
’]detN\ _’Z 2 . Z ( )
KeAn LG(Z/2Z)2
Thus, we can evaluate trp(S) as
trp(S) = % (1 Fe T f e T 4 e*%i(m*"?“m)) : (2.256)

where we have taken o(IN) = 2 because of (2.246)). Eq. (2.256|) shows that trp(S) depends on
n; (i = 1,2) modulo 4 and m modulo 2. Using this formula, we have analyzed the number of
zero-modes on magnetized T4 /Z,. The results are summarized in Table
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’ detN ‘ conditions H D(—H) ‘ D(_l) ‘ D(-H) D(_Z)
1 1 0 0 0
2 1 1 0 0

ny =ng =2 (mod 4) 1 1 0 1

3 otherwise 1 1 1 0
4 n; =1 (mod 4), (i=1or?2) 2 1 1 0
n; =2 (mod 4), (i=1or?2) 2 2 0 0

5 n; =1 (mod 4), (i=1or2) 2 1 1 1
n; =3 (mod 4), (i=1or?2) 1 2 1 1

6 2 2 1 1
7 2 2 2 1
n; =1 (mod 4), (i=1or2) 3 2 2 1

8 n; =3 (mod 4), (i=1or?2) 2 3 2 1
n; =2 (mod 4), (i=1or?2) 3 3 1 1

g, | m=1(mod4), (i=lor2) 3 2 2 2
n; =3 (mod 4), (i=1or2) 2 3 2 2

10 3 3 2 2
11 n1 =ng =2 (mod 4) 3 3 2 3
otherwise 3 3 3 2

n; =1 (mod 4), (i=1or?2) 4 3 3 2

n; =3 (mod 4), (i=1or2) 3 4 3 2

12 n; =2 (mod 4), (i=1or?2) 4 4 2 2
ny =ng =0 (mod 4) 4 4 3 1

13 n; =1 (mod 4), (i=1or?2) 4 3 3 3
n; =3 (mod 4), (i=1or?2) 3 4 3 3

14 4 4 3 3
15 4 4 4 3
n; =1 (mod 4), (i=1or?2) 5 4 4 3

16 n; =2 (mod 4), (i=1or?2) 5 5 3 3
ni =ne =0 (mod 4) 5 5 4 2

17 n; =1 (mod 4), (i=1or2) 5 4 4 4
n; =3 (mod 4), (i=1or?2) 4 5 4 4

18 D 5 4 4
19 ny =ng =2 (mod 4) 5 5 4 5
otherwise 5 5 bt 4

Table 2.11: Number of positive chirality zero-modes in magnetized T*/Z, models. We have
only shown the range (1 < detN < 19) because three-generation models do not appear for
larger values of detIN.
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Derivation

In what follows, we derive our results in Table[2.11l We will separately consider 4 cases classified
by the value of detN modulo 4.

detN =1 (mod 4):

Let us evaluate trp(S) when detN =1 (mod 4). As is clear from ([2.256)), we need to consider
values of n;, (i = 1,2) modulo 4 and m modulo 2. We find that the value of n;ns modulo 4

can only take
ifm=0

1 (mod 4),
2 (mod 4),

(mod 2),

(mod 2). (2:257)

n1n251+m25
ifm=1

For example, when nyny =1 (mod 4) with m = 0 (mod 2), possible values are (ny,ns) = (1,1)
or (3,3) (mod 4). Then, gives us trp(S) = +1 and —1, respectively. Similarly, we
can evaluate trp(S) when nyny = 2 (mod 4). Table shows the values of trp(S) under the
possible choices of n; and ny modulo 4. Note that nyny = 0,3 (mod 4) is impossible, hence we
have added cross signs to the corresponding places. Since the value of trp(S) is invariant under
the permutation n; <> ng, we leave a blank in the lower triangle of Table 2.12]

na
0 1 2 3
0] x X X X
1 +1 +1 X
Mg x -1
3 —1

Table 2.12: trp(S) under the possible choices of nq, ny modulo 4 when detN =1 (mod 4). Cross
signs denote the inconsistent choices of ny, ny. Since trp(S) is symmetric under the permutation
ny <> N9, we leave a blank in the lower triangle.

As in Table if n; =1 (mod 4), (i = lor2), we obtain trp(S) = +1. As a result, we
find

detN + 3

Dy =—71—

(-1) = Dy = Dy =

detN — 1

2.2
— (2258)

from eqgs. (2.248), (2.249) and (2.250). On the other hand, if n; =3 (mod 4), (i = lor2), we

obtain trp(S) = —1. As a result, we find

B detN + 3

D) YR

D41y = Dy = D=y =

B detN — 1

; (2.259)



64 CHAPTER 2. MAGENETIZED TORUS AND ORBIFOLD MODELS

detN = 3 (mod 4):

Let us evaluate trp(S) when detN = 3 (mod 4). We find that the value of ny;ny modulo 4 can
only take
3 (mod4), ifm=0 (mod?2),

(2.260)
0 (mod4), ifm=1 (mod?2).

nng =3 +m? =

It is impossible to have nyny = 1,2 (mod 4). Hence, we have added cross signs to the corre-
sponding places in Table [2.13]

N2
o 1 2 3
O +t 4+t +i 2
1 X X  +i
Mg i X
3 X

Table 2.13: trp(S) under the possible choices of ny, ny modulo 4 when detN = 3 (mod 4). Cross
signs denote the inconsistent choices of ny, ny. Since trp(S) is symmetric under the permutation
ny <> N9, we leave a blank in the lower triangle.

As summarized in the Table [2.13] if ny = ny = 2 (mod 4), we obtain trp(S) = —i. This
gives us

detN — 3 detN + 1
D(-H) = T, D(+1) — D(—l) — D(_l) — T, (2261)
Otherwise, we obtain trp(S) = +i, yielding
detN — 3 detN + 1
Dy=—71— Dwy=Dey=Duy=—71— (2.262)
One last comment. When detN = 7 (mod 8), we cannot obtain trp(S) = —i. This is

simply because there is no 2 x 2 symmetric integer matrix IN satisfying ny = ny = 2 (mod 4)
if detN = 7 (mod 8). It can be proven using proof by contradiction. Suppose that we have
an integer matrix N, where ny = ny = 2 (mod 4) and detN = 7 (mod 8). Then, the relation
detN = 7 (mod 8) can be rewritten as m*> = 5 (mod 8). This is a contradiction because 5 is
not a quadratic residue modulo 8. Hence, we have presented only the case trp(S) = +i for
detN = 7,15 in Table

detN =2 (mod 4):

Let us evaluate trp(S) when detN = 2 (mod 4). We find that the value of nyns modulo 4 can
only take
2 (mod4), ifm=0 (mod2),

(2.263)
3 (mod4), ifm=1 (mod?2).

n1n252+m25{
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Since having niny = 1,2 (mod 4) is impossible, we have added cross signs to the corresponding
places in Table|2.14] We have found that trp(S) is always zero when detN = 2 (mod 4). Hence,
we obtain

detN + 2 detN — 2
Dy = D1y = — 1 Dy = Dy = — (2.264)
from eqs. (2.248), (2.249) and ([2.250)).
N2

1 2 3

0|l x x x X

1 x 0 0
n

"o x 0

3 X

Table 2.14: trp(S) under the possible choices of 11, no modulo 4 when detN = 2 (mod 4). Cross
signs denote the inconsistent choices of 1y, ny. Since trp(S) is symmetric under the permutation
ny1 <> no, we leave a blank in the lower triangle.

detN =0 (mod 4):
Let us evaluate trp(S) when detN = 0 (mod 4). We find that the value of nyns modulo 4 can
only take

(2.265)

) 0 (mod4), ifm=0 (mod?2),
nine =m° =
o 1 (mod4), ifm=1 (mod?2).

Values of trp(S) under the possible choices of ny, ny modulo 4 are summarized in Table [2.15]
Since having nyns = 2,3 (mod 4) is impossible, we put cross signs to the corresponding places.

N2
0 1 2 3
O +2¢ 142 0 —1+42
1 1+7 x X
Mg 0 x
3 -1+

Table 2.15: trp(S) under the possible choices of nq, ny modulo 4 when detN = 0 (mod 4). Cross
signs denote the inconsistent choices of ny, ny. Since trp(S) is symmetric under the permutation
ny <> ng, we leave a blank in the lower triangle.

If nyor no =1 (mod 4), we obtain trp(S) = 1+ i, leading to

detN + 4 detIN detN — 4
1 D1y =Dy = 1 Dy = 1

D41y =
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If nyor ny = 3 (mod 4), we obtain trp(S) = —1 + i, leading to

detN + 4 detN detN — 4
—  Pev=DPay=—— Dey=—71—:

Dy = (2.267)

In case of ny =ny =0 (mod 2), the flux matrix N can be always written as

/ !/
N = ("1 m) =2 (”1, m,) — 2N/, (2.268)

m  ng m' n,

where n’,n,, m’ € Z. When n/ or n, =1 (mod 2), we obtain trp(S) = 0, which leads to

detN + 4 detN — 4
Dsny = Dy = —— = Doy = Dy = —— (2.269)
When n} =n), =0 (mod 2), we obtain trp(S) = 2i, which leads to
detIN 4 4 detN — 4 detN — 8
D(+1) = D(_l) =, (i) = ——— D(_i) = (2270)
4 4 4

Note that trp(S) = 2i is possible only if detN = 0 or 12 (mod 16). This comes from

detN’ = n/nf, — (m')* = —(m)*> =0o0r 3 (mod 4), (2.271)

where we have used the fact that quadratic residues of 4 are 0 and 1 (mod 4).

One last comment. In Table one might wonder why we do not list the case trp(S) =
—1+1 for detN = 4,16. This is simply because there is no symmetric positive definite integer
matrix N such that n; = 3 (mod 4) or ny = 3 (mod 4) if detN = 4,16. We give a detailed

proof in Appendix [A.4]

Three generation in 7*/Z,

From table we find that three-generation can be realized when 8 < detIN < 16. One would
question whether or not three-generation models can appear for larger detN. The following
analysis shows that there are no such cases. For a given value of detN > 0, our previous
analyses show that the minimum number of Z, eigenstates is given by

 detN -8

Dy , (2.272)
4
in eq. (2.270]). Then, the necessary condition to obtain three-generation is
detN — 8
© ; <3, (2.273)

which gives us detIN < 20. Recalling that eq. (2.270)) is possible only if detN = 0,12 (mod 16),
we cannot obtain three-generation when detN = 20. Hence, table captures all three-
generation models.
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2.6.5 T* / L3
We analyze the zero-mode number on magnetized T*/Z;3. We begin with the algebraic relation,
(ST Ty)? = 1. (2.274)

This implies that ST, T5 transformation can be related to the Zs twist defining a T*/Zs orbifold.
The complex structure moduli behave under ST,T5 as,

Q% 0+B Q4B +B S —(Q+ L) (2.275)
We can straightforwardly find ST775 invariant €2 € Hy as,
w 0 2mi
Q(ST1T2) e (O w) , w=e€e 3 . (2276)

When € is fixed to Q(sp1,), the complex coordinate is transformed under STi7T5 as

— ST1T2 —
Z— WZ.

(2.277)

This is nothing but a Zs twist. Hence, we can define T*/Zs orbifold by imposing the identifi-

cation:
7~ wz, (2.278)

on T* whose moduli are fixed to Q = Qsr,1,). Note that the twist 2 — wZ does not change
the form of the flat metric (2.129)), namely an isometry. The fixed moduli correspond to the
following orientations of lattice vectors:

1 0 0
e1 =21R (O) , 69 =2TR ((E)}) , e3=271R (1> , e4=21R <w) , (2.279)

which can be identified as the root lattice of SU(3) x SU(3) Lie group. Fig. shows the
corresponding Dynkin diagram.

€1 €2 €3 €4

Figure 2.1: Lattice vectors of T*/Zs expressed as a Dynkin diagram.

Under the Z3 twist realized by the ST)7T5 transformation, the lattice vectors transform as

ey’ 11 0 0 1 0\ [e
T, o 0 0 1| e (2.280)
T L1 0 1 0 | e | '
eéSTlTQ) o -1 0 -1 es3

This Z; twist is the Coxeter element of SU(3) [110,111]. Here, e SNT2) (a =1,2,3,4) denote

the lattice vectors after the ST)7, transformation.
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Magnetic flux N on 7%/7Z;

On T*/Z;3 where the moduli values are fixed to Q(s7,7,), the SUSY condition is satisfied if
and only if N is symmetric. Then, we note 175, transformation is consistent with the condition
Pzz = Pyy = 0, cf. eq. . The 11T, transformation of the wavefunctions in eq. (2.237)) is
valid only when all diagonal elements of N are even@ Hence, we restrict ourselves to

/
N = ("1 m) - (2”1 m) ., nh,meZ. (2.281)

m ng m 2n

Note that N in is ST Ty-invariant. This ensures that IN is consistent with the Zs
symmetry that defines the orbifold. We also note that detN = —m? = 0,1 (mod 4). For
concreteness, we focus on the case when the positive definite condition is satisfied.
Then, N is positive definite.

Zero-mode counting method

We can compute the degeneracy of zero-modes in magnetized T*/Zs model by using ST,T5
transformation. Zero-mode counting of Z3 eigenstates is equivalent to counting the multiplicity
of eigenvalues = 1,w, w? in the representation matrix p(ST17T%). One can check that p(STyT3)
is given by

us}

e 6 o =
p(STlTQ)J-'K. = \/ﬁBSFZJT'N 1'K, (2282)

by using eqs. (2.235)) and (2.237)) under the choice 2 = Qg7,7,).

Now, let us denote the number of zero-modes with Z; eigenvalues n = 1, w, w? by D41y, D(wy, D2y,
respectively. They satisfy the following conditions:

D(+1) + D(w) + D(w2) = detN, (2.283)
D41y + wD() +w?Digey = trp(STA Th). (2.284)

Evaluating trp(ST)15)

For the zero-mode counting, we need to compute trp(ST173):

T

€ 6 2T N1 R
tr[p(STiTy)] = D IENTE (2.285)
detN Fenn

22More rigoros understanding is as follows. From the consistency of shifts and twist boundary conditions in
our T*/Z3 model, magnetic flux is constrained to ny = ny =0 (mod 2) if we require vanishing Scherk-Schwarz
phases, i.e., @ = § = 0. We present the proof in Appendix
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By use of the Krazer formula, one obtains

= 2 2 |
tr[p(SThT)] = % SN e mbd i), (2.286)
L1=0 L2=0

This shows that trp(ST17s) depends on nf,n, and m modulo 3. Using eq. (2.286)), we have
analyzed the number of zero-modes on magnetized T*/Zs. The results are summarized in

table 2.16]

’ detN ‘ conditions H D(_;,_l) ‘ D(w) ‘ D(wz) ‘
3 - 2 0 1
4 - 1 1 2
7 - 2 2 3
8 - 3 3 2
11 - 4 4 3
19 ni;=1 (mod 3), (i=1or2) 5 3 4

n;=2 (mod 3), (i=1or2) 3 5 4

15 n;=1 (mod 3), (i=1or2) 6 4 5
n;=2 (mod 3), (i=1or 2) 4 6 5

16 - ) 5 6
19 - 6 6 7
20 - 7 7 6
23 - 8 8 7
o4 ni=1 (mod 3), (i=1or 2) 9 7 8
n;=2 (mod 3), (i=1or2) 7 9 8

o7 n;=1 (mod 3), (i=1or2) 10 8 9
nj=n, =0 (mod 3) 10 10 7

28 - 9 9 10
31 - 10 10 11
32 - 11 11 10
35 - 12 12 11

Table 2.16: Number of positive chirality zero-modes in magnetized T*/Zs; models. We have
only shown the range (detIN < 35) because three-generation models do not appear for larger

values of detIN.

Derivation

In what follows, we derive our results in Table[2.16] We will separately consider 3 cases classified

by the value of detN modulo 3.
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detN =1 (mod 3):

Let us evaluate trp(ST173) when detN =1 (mod 3). We find that the value of n}n, modulo 3
can only take

1 (mod3), ifm=0 (mod3),

(2.287)
2 (mod 3), ifm==+1 (mod 3).

n’ln’251+m25{

Table shows the values of trp(ST;T») under the possible choices of n} and nj modulo 3/
Note that nfn} =0 (mod 3) is impossible, hence we have added cross signs to the corresponding
places. Since trp(ST1T3) is invariant under the permutation n} <+ nj, we leave a blank in the
lower triangle of Table [2.12]

Ty
1 2
X X X
L1 w? w?
n 2
2 w

Table 2.17: trp(ST)T5;) under the possible choices of n/, n}, modulo 3 when detN =1 (mod 3).
Cross signs denote the inconsistent choices of n},nj. Since trp(ST1T5) is symmetric under the
permutation n <> n), we leave a blank in the lower triangle.

As in Table we obtain trp(STTs) = w?. Then, we find

Diyry = Dy (2.288)

detN =2 (mod 3):

Let us evaluate trp(ST17T2) when detN = 2 (mod 3). We find that the value of njn}, modulo 3
can only take

2 (mod 3), ifm=0 (mod3),

(2.289)
0 (mod3), ifm=+£1 (mod 3).

n’ln'QEQ—i-mQE{

Table shows the values of trp(ST1T,) under the possible choices of n} and n), modulo 3.

2 Although trp(STyTy) is dependent on m (mod 3), we have found that both m = 1 and m = —1 lead to the
same value of the trace when nin5 =2 (mod 3).
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/

U
0 1 2
Oll14+w 14w 14w
, 11 X I+w
n
Lo x

Table 2.18: trp(ST,Ts) under the possible choices of n/, n}, modulo 3 when detN = 2 (mod 3).
Cross signs denote the inconsistent choices of nf,n5. Since trp(ST175) is symmetric under the
permutation n} <> nb, we leave a blank in the lower triangle.

As in Table we obtain trp(ST1T3) = 1 +w. Then, we find

B detN + 1 detN — 2

D = Dy, )
(+1) (w) 3 3

D2y = (2.290)

detN =0 (mod 3):

Let us evaluate trp(ST773) when detN =0 (mod 3). We find that the value of nn} modulo 3
can only take

ning = m- = (2.291)
1 (mod 3), ifm==+1 (mod 3).

Table shows the values of trp(ST17,) under the possible choices of n} and n} modulo 3.

;o 2_{0 (mod 3), ifm=0 (mod 3),

ng
0 1 2
314w) 24+ w? 2w+ w?
o 1 2+ w? X
12 2w + w?

Table 2.19: trp(ST1T,) under the possible choices of n},n} modulo 3 when detN =0 (mod 3).
Cross signs denote the inconsistent choices of n/,n5. Since trp(ST175) is symmetric under the
permutation n) <> n),, we leave a blank in the lower triangle.

If njor ny =1 (mod 3), we obtain trp(STTy) = 2 + w?, which leads to

detN + 3 detN — 3 detN
Dy = —5— D= —5— Diy=—— (2.292)
If nj or njy =2 (mod 3), we obtain trp(ST1T3) = 2w + w?, which leads to
detN — 3 detN + 3 detN
D(+1) = T, D(w) = T, (W2) = 3 (2.293)

In Table one might wonder why we do not list the case trp(ST\Ty) = 2w + w? when
detN = 3, 27. This is simply because there is no symmetric positive definite integer matrix
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N such that n] =2 (mod 3) or n}, = 2 (mod 3) if detN is 3 or 27. We give detailed proof in

Appendix [A4]
If nf =nl, =0 (mod 3), we obtain trp(ST1T5) = 3(1 + w), which leads to

detN — 3 _ detN +3

detN
;D , = :
3 3

D) = —3

Dyyy = (2.294)

Note that detN must be a multiple of 9 in this case.

2.6.6 T%/Zs

We analyze the zero-mode number on magnetized T%/Zs. We begin with the algebraic relation,
(ST T3)° = 1. (2.295)

This implies that ST T3 transformation can be related to the Zs twist defining a T*/Zs orbifold.
The complex structure moduli behave under ST173 as,

QO O+ By 5 Q4 B+ By 5 —(Q+ By + B;) L. (2.296)

We have found ST)T3 invariant (2 € Hy as,

1, i /542V5 1, i /5425 /545
R R Gl in i (2.297)

0 — _
2 2 \/ 5 \/ 10 \/ 10

Since Q?STng) = I, this is nothing but a Zs twist. Hence, we can define T%/Zs orbifold by

[\
ot |9

imposing the identification:
ZN Q(STng)ga (2298)

on T* whose moduli are fixed to Q = Qstimy)- Note that the twist 27 — Qgr,7,)Z does not
change the form of the flat metric (2.129), namely an isometry. The fixed moduli correspond
to the following orientations of lattice vectors:

e; = 21R (é) , 69 =2TR

14 5+2v6 ;. [/ 5+VB
2 T2 5 10 (2.299)
0 _Llgi [aens 5+v5
e3 =21R , €4 =2TR 202 > 10
1 i 545

which can be identified as the root lattice of SU(5) Lie group. Fig. ﬂ shows the corresponding
Dynkin diagram.
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Figure 2.2: Lattice vectors of T*/Zs expressed as a Dynkin diagram.

Under the Z5 twist realized by the ST7T5 transformation, the lattice vectors transform as

ey’ i) 0 0 1 0\ [e
GELSTlTS) . 0 0 0 1 €4 (2 300)
ST -1 0 -1 <1 e | '
el Ts) 0 -1 -1 0/ \es
This Z5 twist is the Coxeter element of SU(5) root lattice. Here, egSTng’), (a=1,2,3,4) denote

the lattice vectors after the ST75 transformation.

Magnetic flux N on T*/Zs

When the complex structure moduli are fixed to Qsr7), the SUSY condition eq. (2.138])
restricts N to

N = ( e e ”2) , ny,ng € Z. (2.301)

ny —na U

Then, we note that 7173 transformation is consistent with the the condition p,, = p,, = 0, cf.
eq.(2.236]). The 1173 transformation of the wavefunctions in eq. (2.237)) is valid only when all

diagonal elements of N are even. Hence, we restrict ourselves to

/ —

N:2( moom

n/2 / /

, Ny, Ny € 7. 2.302
iy ) (2302
Note that N in (2.302)) is ST)Ts-invariant. This ensures that N is consistent with the Zj
symmetry that defines the orbifold. For concreteness, we focus on the case when the positive
definite condition ([2.175)) is satisfied. Then, N is positive definite.

Zero-mode counting method

We can compute the degeneracy of zero-modes in magnetized T%/Zs model by using ST,T3
transformation. Zero-mode counting of Z5 eigenstates is equivalent to counting the multiplicity
27

of eigenvalues = ¢*,(k = 0,1,--- ,4) in the representation matrix p(ST;T3) where ¢ :=e¢75 .
Let us denote the number of degeneracy in zero-modes by Dy, (k= 0,1,2,3,4). They satisfy
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the following conditions:

4
> Diery = detN, (2.303)
k=0
4
> (EDry = trp(STVTs). (2.304)
k=0

By using egs. (2.235)) and (2.237)) under the choice 2 = Qs7,1), trp(STiT5) is written as

6_10 i TN —1 i T -1 >
tlp(STT)] = <= 3, ¥ N et N B IE, (2.305)

REAN

If the value of trp(STiT3) is given, eq. (2.304)) determines Dry up to Dy = Dy = -+ =
Dy = 1.@ This arbitrariness can be eliminated once we fixed detN. Therefore, egs.(2.303])
and ([2.304) provide sufficient information to determine D cxy.

Evaluating trp(ST175)

For the zero-mode counting, we need to compute trp(S7T;73) in eq. (2.305) which can be rewrit-
ten as

e 1o /=1
trp(ST\T)] = Vi Z SRINTIR, (2.306)

N’ is defined as
2 -1 ny+ny  2n) — 3n}
N’ := N=2 ! 2 ! 2). 2.307
(—1 3 ) (Qn’l —3ny  4nh —n] ( )
At first sight, we cannot apply the Krazer formula ([2.254]) to evaluate (2.306). The problem is
that N’ in the exponential is different from N which defines Ax where K is summed over. To
resolve the difficulty, we consider changing the summation region from An to Ans. To make
things consistent, one needs to multiply 1/5 as a correction factor. This is because Ans is 5
times larger than An and €5 "™N"'K i invariant under the shift K — K + Né&,. Then, we
obtain

7% S TN/ — L i
tr STT 57rzK N K
N/
A Zexp[ FRE ()RS A+ R R

=0 Ko=

(2.308)

24Suppose ag + a1 + aa¢? + as¢® + a4¢* = 0 where a,’s are non-negative integers. Then we find that
ag = a1 = -+ = a4 needs to be satisfied. The arbitrariness is due to Zi:o Ck =0.
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where the Krazer formula is applied in the second equality. This shows that trp(ST;T3) depends
on nf,ny modulo 5. Using , we have analyzed the number of zero-modes on magnetized
T*/Zs. The results are summarized in Table We find that three generation models appear
when detN = 16,20. It is obvious that when we adopt the algebraic relation (STyT3)° = I,
instead of eq., we obtain essentially the same result. This is because those are simply
related by the interchange of two complex coordinates z; and z,.

| detN || Dyy) | Doy | Die2) | Diesy | Deoy |
4 1 0 1 1 1
16 3 4 3 3 3
20 5 4 5 3 3
36 7 8 7 7 7

Table 2.20: Number of positive chirality zero-modes in magnetized T*/Zs model. We have only
shown the range (detN < 36) because three-generation models do not appear for larger values
of detN.

Derivation

In what follows, we derive our results in Table[2.20, We will separately consider 5 cases classified
by the value of detN modulo 5.

detN =1 (mod 5):

Let us evaluate trp(S7773) when detN =1 (mod 5). We find that the value of nn}, modulo 5
can only take

4 (modb5), ifn)—nL=0 (mod}5),
niny = —1+ (n] —nh)> =40 (mod5), ifn)—nh=+1 (mod5), (2.309)
3 (modb), ifnf—ni=42 (mod?5).

Table shows the values of trp(ST1T3) under the possible choices of n} and n, modulo 5.
Cross signs denote inconsistent choices of n} and n), under the condition detN = 1 (mod 5).
Since trp(ST)T3) is invariant under the permutation n} <> nj, we leave a blank in the lower

triangle of Table [2.21]
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)

0o 1 2 3 4

0 x ¢ x x (

1 X x (¢ X

ny |2 ¢ x (
3 ¢ X

4 X

Table 2.21: trp(ST1T3) under the possible choices of n), n), modulo 5 when detN =1 (mod 5).
Cross signs denote the inconsistent choices of n/,n,. Since trp(ST1T3) is symmetric under the
permutation n <> n), we leave a blank in the lower triangle.

As in Table we obtain trp(ST175) = ¢, which leads to

B detN + 4 detN — 1

Dy = D2y = Digzy = Digyy = —— (2.310)

detN =2 (mod 5):

There is no flux matrix N of the form eq. (2.302) when detN = 2 (mod 5). Let us briefly
explain. We notice that the possible value of n}nf, modulo 5 is narrowed down to the following
three cases:

3 (modb5), ifn]—nfH=0 (mod}5),
niny =3+ (n] —ny)* =<4 (mod5), ifn|—n)=+1 (mod5), (2.311)
2 (modb), ifn]—n,=+2 (mod}5).

One notices the inconsistency between njnjy = 3 (mod 5) and n} — ny, = 0 (mod 5). Hence,
nin!, can never be 3 modulo 5. Similarly, one can check n}n), cannot take 2 or 4 modulo 5. In
short, there is no N satisfying detN = 2 (mod 5).
detN =3 (mod 5):

There is no flux matrix N of the form eq. (2.302)) when detN =3 (mod 5).

detN =4 (mod 5):

Let us evaluate trp(ST773) when detN =4 (mod 5). We find that the value of nn}, modulo 5
can only take

(mod 5), ifn] —nH=0 (mod 5),

1
iy =1+ (n) —ny)? =<2 (mod5), ifn,—nj==+1 (mod5), (2.312)
0 (modb), ifn]—nj=+2 (mod?5).
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Table shows the values of trp(ST1T3) under the possible choices of n} and n, modulo 5.
Cross signs denote inconsistent choices of n} and n}, under the condition detN = 4 (mod 5).
Since trp(ST)T3) is invariant under the permutation n} <> nj, we leave a blank in the lower

triangle of Table [2.22]

o
0 1 2 3 4
0l x x —C —¢ X
1 —( —(¢ X X
ny | 2 X X X
3 x —C
4 —

Table 2.22: trp(ST;T3) under the possible choices of n), n, modulo 5 when detN =4 (mod 5).
Cross signs denote the inconsistent choices of n, nj. Since trp(ST1T53) is symmetric under the
permutation n) <> nl,, we leave a blank in the lower triangle.

As in Table we obtain trp(ST1T3) = —(, which leads to

~ detN —4 detN + 1

Dy = D2y = Dz = Digyy = —— (2.313)

detN =0 (mod 5):

Let us evaluate trp(S7T773) when detN =0 (mod 5). We find that the value of nn}, modulo 5
can only take

0 (modb), ifn]—nH=0 (mod}5),
niny = (ny —ny)> =<1 (mod5), ifn,—n\=+1 (mod5), (2.314)
4 (mod b), ifn] —n{H=+2 (mod}5).

Table shows the values of trp(ST1T3) under the possible choices of n} and n, modulo 5.
Cross signs denote inconsistent choices of n} and n), under the condition detN = 0 (mod 5).
Since trp(ST)T3) is invariant under the permutation n} <> nj, we leave a blank in the lower

triangle of Table [2.23]
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ng
0 1 2 3 4
0 24+¢+22 x x x X
1 X X X 2+C+2¢
ny |2 X X X
3 X X
4 X

Table 2.23: trp(ST1T3) under the possible choices of n), n), modulo 5 when detN =0 (mod 5).
Cross signs denote the inconsistent choices of n/,n,. Since trp(ST1T3) is symmetric under the
permutation n <> n), we leave a blank in the lower triangle.

As in Table we obtain trp(STiT3) = 2 + ¢ + 2¢?, which leads to

detN + 5 detN detN —5

—— Do= : —
5 ) 5

2.6.7 T*/Zg
We analyze the zero-mode number on magnetized T%/Zg. We begin with the algebraic relation,
(TyTy)'9)° = I,. (2.316)

This implies that (777%)'S transformation can be related to the Zg twist defining a T%/Zg
orbifold. We have found (7,T5)~1S invariant 2 € H, as

0 w

which is identical to Q77 in eq. (2.276). When ) is fixed to Q(p1,)-15), the complex
coordinate is transformed under ((717%)71S5) as

w 0 2mi
Qi) -1s) = ( ) L w=eF, (2.317)

-1 s}

PRGN KZ, K:=¢€3. (2.318)
This is nothing but a Zg twist. Hence, we can define T*/Zg orbifold by imposing the identifi-
cation:

7~ KZ, (2.319)
on T* whose moduli are fixed to Q = Q(,1,)-15). Note that the twist 2 — xZ does not change
the form of the flat metric (2.129)), namely an isometry. The lattice vectors corresponding to
Q(ry15)-15) are given by (2.279). Under the Zg twist realized by (717%)~'S transformation, the
lattice vectors transform as

6g(Tsz)*S) 1 0 10 ()

-1
651(T1T2) S) 1o 1 01 €4 (2.320)
6g(Tsz)*S) =1 0 00 er |’ |
MTIT2)7LS) 0 -1 00 €3
3
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where efz(TlTQ)flS), (a =1,2,3,4) denote the lattice vectors after the (T173)~1S transformation.
One can check that two consecutive Zg twists are identical to the Zs twist (2.279)). Moreover,
three consecutive Zg twists are equivalent to the Z, twist, 27— —Z.

Magnetic flux N on 7% /Zg

Magnetic flux matrix N consistent with the Zg twist is given by eq. (2.281)) in the T /Z3 models.
This is because the complex structure moduli Q7 1,)-15) of our T*/Z¢ orbifold are identical to
that of T%/Zs.

Zero-mode counting on magnetized T?/Z;

We can compute the degeneracy of zero-modes in magnetized T*/Zg model by using (T1T5)~1S
transformation. Zero-mode counting of Zg eigenstates is equivalent to counting the multiplicity
of eigenvalues ) = k¥, (k = 0,1, ,5) in the representation matrix p((7173)"*S) where k = €5 .
Let us denote the number of degeneracy in zero-modes by D), (k =0,1,---,5). They satisfy
the following conditions:

5

> " Dy = detN, (2.321)
k=0
5
> KDy = trp(T1T2)7S). (2.322)
k=0

Eqgs. and are not sufficient to determine Dy, hence we need additional con-
straints. We recall that three Zg twists are equivalent to the Z, twist. From this fact, we
obtain

D(+1) + D(H2) + D(K4) = Neven, (2.323)

where Neyen denotes the number of Zs even zero-modes, cf. (2.198)). Similarly, by recalling that
two consecutive Zg twists are equivalent to the Zs twist, one obtains

D41y + D3y = Dazg (1),

(2.324)
D(x) + Ds1y = Dz, (w)-

Here, D, (.+) denotes the number of zero-modes with Z3 charges wk on the T*/Zs orbifold, cf.

table 2.16]

Evaluating trp((T171,)719)

To analyze the number of zero-modes, we evaluate the trace of p((T172)~'S):

tr[p((T1T2)19)] mRTNTLR, (2.325)

\/ det Z

KEAN
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By use of the Krazer formula, one can confirm
tr[p((TyTy) ~1S)] = e*™/3, (2.326)

for all N in (2.281]). Using this result, we have analyzed the number of zero-modes on magne-
tized T*/Zg as summarized in Table [2.24] We find that three generation models appear when
12 < detN < 27.

[\

’ detN ‘ conditions H +1 ‘ K ‘ K ‘ K3 ‘ K ‘ KP ‘
3 - 1 ]0[1 1|10
4 - 1702010
7 - 112111
8 - 2 (112111210
11 - 212121221
19 nj=1 (mod 3), (i=1lor2)| 3 |13 |2 |2]1

n;=2 (mod 3), (i=1lor2)| 2 2|3 | 1] 3|1
15 nj=1 (mod 3), (i=1lor2)|| 3 |23 |3 |2]2

n;=2 (mod 3), (i=1lor2)| 2 (3|3 |2 ]| 3|2
16 - 3121412312
19 - 3131413313
20 - 4 131413 1] 4] 2
23 - 4 141414143
04 n;=1 (mod 3), (i=1or2)| 5 3|5 |4 |43

n;=2 (mod 3), (i=1or2)|| 4 |45 |3 |53
27 | ni=1 (mod3), (i=1lor2)| 5 |45 |5 | 4|4
27 nj=nf, =0 (mod 3) 5 (5145|553
28 - o |46 4|54
31 - 5 |56 5|5 |5
32 - 6 |56 | 5] 6|4
35 - 6 6] 6|6 6|5

Table 2.24: Number of positive chirality zero-modes in magnetized T*/Zs models. We have
only shown the range (detIN < 35) because three-generation models do not appear for larger
values of detN.

2.6.8 T%/Zs

We study the magnetized T*/Zg model. We begin with the algebraic relation,

(STVTy ' Ty e = 1. (2.327)
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This implies that STyT, 'T; ! transformation can be related to the Zg twist defining a T*/Zg
orbifold. We have found STlTQ_lT 3_1 invariant () € H, as

1 )

— = + —_

Vsrryirty = ( 2LV A L) : (2.328)
2 2 V2

N =

When € is fixed to Q gy, 11,1, the complex coordinate is transformed under STVTy ' Tyt as

L STy Tt .
This is nothing but a Zg twist. Note that the twist Zg twist does not change the form of the
flat metric ([2.129)), namely an isometry. Hence, we can define T*/Zg orbifold by imposing the
identification:

7~ Q(STlTQ—ng—l)Z, (2.330)

on T* whose moduli are fixed to Q = Q(STlT;Tgl). Let us understand the orientations of
the lattice vectors defining the geometry of the orbifold. For later convenience, we consider
T, 'Ty " transformation to Qsryry 171y Then, the complex structure moduli are transformed

under T, 'T5 ! as

1
_§_|_

4

_1
Q/ = Q(ST1T2_1T3_1) — BQ — Bg = ( 2 ) . (2331)

1 1
_§+7§

N |—=

It is important to note that the lattice points are kept invariant under 7, 'T; ', hence we are
still with the same lattice points defined by Q( sTTy Ty Lattice vectors which correspond to
' are given by

| EER 0 !
ey =27R , ea = 2TR V2], es=27R ,eq=2mR{ ¢ %, ], (2332
0 ~3 1 —2t 5
which can be identified as the root lattice of SO(8) Lie group as shown in Figure

—(e;+ey+e3+ey)
€2
€3

Figure 2.3: Lattice vectors of T*/Zg expressed as a Dynkin diagram.

We note that the Zg twist in eq. (2.329) is identified as the generalized Coxeter element of
SO(8) including the Zs outer automorphism [110,[111].
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Magnetic flux N on 7% /Zg

When the complex structure moduli are fixed to Q( STT T the SUSY condition eq. (2.138))
restricts N to

N = ( " 2 ) . m,ns € Z, (2.333)

na2—mni
2 na

where n; = ny (mod 2). The TyT, 'T; ! transformation of the wavefunctions in eq. (2.237) is
valid only when all diagonal matrix elements of N(B; — By — B3) are even. Hence, we require
ni+ny =0 (mod 4). (2.334)

Note that our flux N is ST)7, Ty " invariant. This ensures that N is consistent with the Zg
symmetry that defines the orbifold.

Zero-mode counting

Number of zero-mode eigenstates D(¢oy, .., Diery (§ = e™/*) can be analyzed as before if we
focus on the case when the positive definite condition (2.175|) is satisfied. That is, IN is positive
definite. Note that two and four consecutive Zg twists are Z4 and Z, twists, respectively. Such
zero-mode counting has been performed in Ref. [45] and three-generation models are obtained.

2.6.9 T%/7
We study the zero-mode number on magnetized T*/Z;5. We begin with the algebraic relation,
(ST = 1. (2.335)

This implies that ST; transformation can be regarded as the Zi, twist defining a T*/Zi,
orbifold. We can straightforwardly find ST} invariant 2 € H, as,

w 0 2mi
Q(STl) = (O ’L> , w=e¢e3. (2336)

When (2 is fixed to €(s7), the complex coordinate is transformed under ST; as

(Zl) ST, (“,’Zl) , (2.337)
Z9 129

which is clearly a Z15(= Zs x Z4) twist. Hence, we can define 7% /Z,, orbifold by imposing the
identification:

21~ W2, 2~ 2. (2.338)
on T* whose moduli are fixed to Q@ = Q(gr,). The fixed moduli correspond to the following
orientations of lattice vectors:

e1 = 27R ((1)) , e =27R (c(;)) , e3=27R <(1)> , eq =27R (0) , (2.339)
i

which can be identified as the root lattice of SU(3) x SU(2) x SU(2).
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Magnetic flux N on 7%/7Z,,

On the T"/Z, orbifold , background magnetic flux can be consistently introduced if N is of
the form,
2ny 0
N — ( " nZ) Cnlmy el (2.340)
The SUSY condition (2.138]) is satisfied only if N is diagonal. Then, the flux is ST} invari-
ant. The (1, 1)-component of N needs to be even for the 77 transformation of zero-modes as

eq. (2.237) to be valid |

Discussion

We have seen that both the complex structure moduli €2 and flux N are diagonal, cf. egs.
and (2.340). This means that the T*/Z, is factorized into magnetized T?%/Zs x T?/Z, whose
size of flux quanta are M; = 2n} and My = ns, respectively. Zero-modes on these geometries
are studied in Ref. [28] and we have reviewed them in section 2.3 Thus, zero-mode numbers
can be determined straightforwardly by noting that zero-mode wavefunctions on magnetized
T?/Zs x T?/Z4 are given by the product of those on each orbifold.

It is obvious that when we adopt the algebraic relation (ST3)? = I, instead of eq., we
obtain essentially the same result. This is because those are simply related by the interchange
of two complex coordinates z; and z,.

25The flux needs to be even integer owing to the boundary conditions of 72 /Z3 orbifold Ref. [26].
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Chapter 3

Radiative modulus stabilization in
modular flavor models

In this chapter, we study the radiative correction to the stabilization of complex structure
modulus 7. We briefly review 4D modular flavor symmetric models to show there is a phe-
nomenologically preferred value of 7 for the realization of hierarchical flavor structures in the
Standard Model. After that, we analyze the 1-loop corrected effective potential which may
realize the desired vacuum expectation value of 7 along Ref. [79).

3.1 Modular flavor models

Here, we review the general setup of 4D N = 1 supersymmetric modular flavor models. To begin
with, we introduce the following infinite group, known as the principal congruence subgroup:

T(N) = {(‘CL Z) € SL(2,7), (Z Z) = ((1] (1)) (mod N)}, (3.1)

where N denotes a positive integei} Since the actions of v and —y on 7 are identical, we define
the quotient, I'(N) = I'(N)/{I, —I}. Note that I'(N > 2) = I'(N) because —I ¢ TI'(N > 2).
Conventionally, T'(1) is often denoted as I' = PSL(2,Z). Next, we define the finite modular
subgroups I'y by the quotient I'y = T'/T(N). When N < 5, we have the following presentations,

Ty =(S,T|S*=1,(ST)> =1, TN =1). (3.2)

It is worth noting that 'y is isomorphic to the non-Abelian discrete symmetry groups S3, Ay, Sy, As
for N = 2,3,4,5 respectively [46]. We identify these finite non-Abelian groups as flavor sym-
metries. [

For more details, see, for example Ref. [102].
2For model building with these non-Abelian discrete flavor symmetries, see Refs. [114H122].
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In I'y modular flavor models, 4D matter chiral superfields ®; transform as “weighted”
multiplets with modular weight —k; as [48]|123]124],

(@0 r Py, o= (1)) €T, (33

where p;(y) denotes a unitary representation of I'y. The modulus superfield 7 transforms as

ar +b

L. 4
cr+d’ TE (3.4)

T —

Having reviewed modular symmetry, let us consider modular symmetric 4D N = 1 global SUSY
Lagrangian. In superfield formalism, it can be expressed as

L= /d20d25 K(7,7,®;,®;) + [/ d*0 W(r,®;)+h.c.|, (3.5)

where K and W denote the Kihler potential and superpotential, respectively. 6 and @ are Grass-
mann variables. Since we are interested in the flavor structure of matter fields, we omit gauge
sectors. By requiring the invariance of our Lagrangian under the transformations egs. and
, Kahler potential must be invariant up to Kéahler transformation,

K(r,7,®;,0;) 5 K(1,7,®;,®;) + fx(1,®;) + f(7,®;), v€T, (3.6)

where fr (7, ®) and fx (7, ®;) are chiral superfield and anti-chiral superfield, respectively. We
consider the following simple Kahler potential:

— ) 2
K(1,7,®;,®;) = —AjIn (—i(t — 7) +Z | I| (3.7)

where A is a mass parameter. The superpotential must be invariant under the modular trans-
formation,

W(r, ®;) 5 W(r,®;), vyeT. (3.8)

This implies that superpotential W is constructed by extracting 'y trivial singlet 1 terms out
of the products of holomorphic functions Y7, 7, (7) and matter chiral superfields, i.e.,

Wre) =Y > V(). ),. (3.9)

m {Il 77777 Im}

.....

form of level N with appropriate modular weight ky . The modular forms of weight ky and
level N are holomorphic functions of 7 which transform under T'(N) as follows:

Vivoanlo) = (er + 0 Y0, (%) €T, (3.10)
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where ky is a non-negative even integer. Then, the modular forms Y7, ;  transform under
v E I as

Wit (7)) = e+ Wi, (4] €T, (3.11)

where p(7) denotes a unitary representation matrix of v € I'y. Eq. requires that the
modular weight of superpotential must be vanishing, hence Y7,..; needs to carry modular
weight ky = kj,+...+ky,,. Furthermore, the tensor products of the representations of superfields
and modular forms must contain a trivial singlet 1 to obtain a non-vanishing superpotential.

3.1.1 Hierarchies in quark masses and mixing angles without fine-
tuning

Here, we show the effectiveness of the modular flavor models by presenting A4 x A4 x A4 model
which can realize hierarchies in quark masses and mixing angles without fine-tuning [67]. For
simplicity, we assume that superfields carry the same modular weights under all A4’s. We
denote the matter chiral superfields and their modular weights as follows.

e quark doublets Q = (Q', Q% Q?) are three-dimensional representation (reducible or irre-
ducible) of A, with modular weight —kq.

e up sector quark singlets ug = (uk, u%, u%) are three-dimensional representation (reducible

or irreducible) of A4 with modular weight —k,.

e down sector quark singlets dr = (dk, d%,d3) are three-dimensional representation (re-
ducible or irreducible) of A, with weight —k,.

e both up and down sector Higgs fields H, 4 are one-dimensional representations of A4 with

modular weight —kg, .

Note that these matter fields can belong to different representations under each A4. The super
potential for the up-type quark sector is given by

11 12 13
( ) ( ( arlrgrg arlrgrg arlrgrg uR
_ ky; ky, )v (kyy,) 3 21 22 23 2
W, = E Y, Y ey e (Q Q*Q ) Oirors Odirors Oerors uy | Ho| , (3.12)
31 32 33
T1,72,r3 O'/rlrgr;,» rirars rirers UpR 1

where Y, (1), (n = 1,2,3) represent a modular form of level 3 with modular weight ky,
which transform non-trivially, ¢f. (3.11)), as an irreducible representation r,, of n-th A,. Note
that the modular invariance requires ky, = kg + ky + kp,. Coefficients o/ .. are constants.
Similarly, one can write down the superpotential for the down-type quark sector,

11 12 13 dl
(ky )< . (k (k rirars rirars rirars
_ E Yq Ya) Ya) 1 H2 "3 21 22 23 2
Wd - le'1 Y Y (Q Q Q ) rirars riraors rirars dR Hd ) (313>
ri,ro,r3 31 32 33 d3

rirors riraors rirars R 1
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where 3%

as well as the scalar component of 7 acquire their vacuum expectation values (H,), (Hy), and

are constant coefficients and we require ky, = kg + kq+kpn,. After the Higgs fields

rirars

(1), we obtain mass matrices of up-type quarks M,,

UR
1 M2 N3 2
U
11 12 13 1
3 OdI'1I‘21‘3 arlrgrg arlrgrg uR
_ Z y (kv 1 N2 N3 21 22 23 2
- H v Q Q Q ) aru‘grg arlrgrg al‘ll‘gl‘g Ug <HU> ’
1 31 32 33 3
T1.r2,rs | n rirors rirors rirors up 1
(3.14)
and down-type quarks My,
1
dp
1 M2 N3 2
(Q° Q° Q")Mq | df
3
dp
11 12 13 dl
(k rirsrs rirors rirars R
_ E : Yd 1 "2 3 21 22 23 2
- HY} Q Q Q) rirors rirors rirers dR <Hd>
rirars | nel 31 32 33 d3
e rirors rirors rirors R 1
(3.15)
For the realization of quark masses and mixing angles, we do not allow fine-tuning of coupling
constants o . . and 7, . . To emphasize this point, we restrict the constant coefficients to
+1 or —1,
— ij —
Wlrgrs = £L, Bilegr, = 1. (3.16)

Then, the source of hierarchies should emerge from the values of the modular forms. In fact,
when the complex structure modulus 7 takes its VEV close to modular fixed points, 7 = i, w,
and 700, the values of modular forms can become hierarchical [61,/69]. This is due to the residual
symmetries at the fixed points. When 7 acquires its VEV, A, symmetry is generally broken,
whereas there remain Zs symmetry at 7 = w, 100 and Z, symmetry at 7 = 1.
Here, we focus on the case when 7 is at nearby w and explain how hierarchies in the values
of modular forms emerge. First, we note that 7 = w is invariant under the ST transformation,
1
r=wbwtr1 S o— = (3.17)
w+1
Hence, ST generates the Z3 residual symmetry. Let us consider singlet modular forms of Ay.
There are three singlets, 1,1” and 1” in A,;. Representation matrices of the generators S and
T are given by

(S =p(D) =1, pu(S) =1 pu(D)=w, pu(S)=1, pu(T)=u?  (3.18)
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Under the ST transformation, the singlet modular forms with modular weight ky behave as

Y 50(r) ZL Y (<1/(r + 1)) = (=1 = 1) o, (ST)Y(7), (3.19)
where r € {1,1’,1”}. One obtains p;(ST) = 1, p1/(ST) = w and py+(ST) = w? from eq. (3.18)).
For convenience, let us define j, := w™"¥ p, and a complex variable

T—WwW

which parametrizes the deviation of 7 from w [61]. Then, (3.19) can be rewritten as

1— w2\ ™
v = () asTv ), (3.21)
—u
by noting u 5 w?u. If we define V" by
L) ) = (1= ) Y07, (322)
one immediately obtains
Y (W) = pe(ST)Y, ) (u), (3.23)

Taylor expansion with respect to u, (Ju| < 1) leads to

B dlffr(kY) U
(w? — pr(ST))T() =0, (1=0,1,2,---). (3.24)
u=0

This shows that when w? — 5.(ST) # 0, the [-th derivative of ﬁ(kY)(u) with respect to u
vanishes at u = 0, (7 = w). In other words, the relation implies that the modular forms behave
as Y~ y) o O(|u|') in the vicinity of 7 = w if I(= 0,1,2) satisfies w? — p.(ST) = 0.
It is known that the ky = 8 is the lowest weight at which all three singlet A; modular forms
exist. Hence, let us closely look at weight 8 singlet A4 modular forms which we denote by

¥, vP@), v, (3.25)

where they are explicitly defined in Appendix [B.2] When the modular weight is lower than 8,
some of the singlet representations are lacking. By noting the following relationship between
the derivatives of Yr(kY)(T) and those of Yr(kY)(u),

Yr(kY) 1 — )k +2 Y/}(kY) -
v T(r) _ A =w A T Ry g | (3.26)
dr V3i du I-u
oy ) ky+4 [ 20 (ky) y (k) 2
eV () (= EE 4 1an +ky+kyi;;(ky) : (3.27)
dr? 3 du? 1—u du (1—u)?
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we obtain the Taylor expansions of the singlet modular forms (3.25)):

2y )y, .
Y1(8)<7_) _ _%d };1u2( ) _0(7_ _ w)2 + O((T _ w)d)’ (328)
(3) 1,
Y®(r) = _\;gicnfldl—u() (@) O((r - w)?), (3.29)
v (8)
y® ) = 700 - O o —w)). (3.30)

V/3i
We have summarized the behaviors of A4 singlet modular forms weight ky = 8 near 7 = w in
Table We can see that their values are hierarchical depending on p,.(ST), i.e., “ST-charge”.

singlet modular form Yl(S) Yl(,8) Yl(,sf)
pe(ST) 1 w  W?

order € € 1

Table 3.1: Behaviors of A, singlet modular forms with weight ky = 8 in the vicinity of 7 = w.
We have defined the small parameter € by ¢ : =7 — w.

Through the analogous discussion, the values of modular forms can become hierarchical
when 7 ~ ioco and 7 ~ i [61].

Concrete model

Having understood that modular forms become hierarchical in the vicinity of the fixed point, let
us present one of the best-fit models of A, x A4 x Ay modular flavor models studied in Ref. [67]
which successfully reproduces quark mass ratios and mixing angles without fine-tuning. The
setup of the best-fit model is as follows. Modular weights of modular forms and chiral superfields

are assigned as,
ky, =ky,=8, kg=ky=ka=4, ku,=ku, =0. (3.31)

Higgs fields H, and H,; have vanishing modular weights and are assumed to be trivial singlet
1 under Ay x Ay x Ay. Hence, the VEV of 7 is the only source of modular symmetry breaking.
We choose the VEV of 7 in the vicinity of w as

7T =w+ 0.0514. (3.32)
The Ay x Ay x A4 representations of the chiral superfields are assigned as

(Q@,Q* Q) =1191,0151;, 01,0131 01" 1";), (3.33)
(u}%7 u%’ u%) — (1//1 ® ]_//2 ® 1//37 1//1 ® 12 ® 1//37 1//1 ® 1//2 ® 1//3), (334)
(dy, d%,d3) = (1" ®1",®15,1", 1,015,170 1", ® 1"3), (3.35)
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where r,, (n = 1,2,3) denotes the representation r € {1,1’,1”} under the n-th A;. The
corresponding mass matrices of the best-fit model are as follows

YOYOY®  yOyOy®  yOyeye
M, = | YOYOY® yOyOye  _yeyeye ||
YOYEOYE —vPyvPy® vy Py

1//

(3.36)
yOYOy® yOy®y®  yeyeye
M, = Yl(/g) Yl( f) Yl(g) Y. 1( /8) Yl(/g) Yl(f) Yl(/g) Yl( 5‘) Yl(/g) ,
VIOvEy® —yOyvIv® vy By Py
where we have chosen the constant coefficients o and 3% as
all @12 &13 1 1 1 611 612 513 1 1 1
a?t a?? Bl =11 1 -1], g B2 Bl =11 -1 1 ]. (3.37)
W3l 432 o 1 -1 -1 g3t gs2 gss 1 -1 —1

At 7 = w + 0.051¢, the hierarchical structures of the mass matrices in (3.36)) are numerically
evaluated as

1.04 x 107 4.76 x 10™* 1.04 x 107°
|M,/MP| = [218x 1072 3.22x 107% 2.18 x 1072 (3.38)
1.00 1.48 x 1071 1.00
O(°) O(h) O
~ 1O 0Ed) 0EY |, (3.39)
O(1) 0f) 0()
476 x 107* 3.22x 1073 1.04 x 107°
|My/M3| = [3.22x1073 218 x 1072 2.18 x 1072 (3.40)
1.48 x 1071 3.22 x 1073 1.00
O(e') OE) O
~ [OE}) OE?) 0E?) |, (3.41)
Os) O3 O1)

where M323 M3 denote the (3,3)-element of M, and Mj, respectively. Here, we show the
orders in €. One can compute quark mass ratios and Cabbibo-Kobayashi-Maskawa (CKM)
mixing matrix elements from these mass matrices. Results are summarized in Table We
can see that A4 x A4 x A4 model successfully reproduces the hierarchical structures in the quark
sector without fine-tuning o and 3%.
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mes 105 Zex10° 2o 100 e x 102 [Vl Vel [V
obtained values 10.3 4.52 13.29 2.27 0.202  0.0420  0.00319
GUT scale values | 5.39 2.80 9.21 1.82 0.225  0.0400  0.00353
1o errors +1.68  £0.12  £1.02  £0.10  £0.0007 =£0.0008 =0.00013

Table 3.2: The mass ratios of the quarks and the absolute values of the CKM matrix elements at
the benchmark point 7 = w+0.051i. GUT scale values at 2 x 10'® GeV with tan 8 = 5 [125]/126]
and lo errors are shown.

3.1.2 The vacuum expectation value of 7

We have seen that the vacuum expectation value of complex structure modulus 7 is important
in modular flavor models. Particularly, slight deviation of 7 from the fixed points such as
T = w plays a crucial role in reproducing the hierarchical flavor structures. In most modular
flavor models including our A4 x A4 x A4 model, the vacuum expectation value of 7 is chosen
by hand. However, in UV theory, we expect that some dynamics govern the determination
of the modulus VEV, i.e., modulus stabilization. In the next section, we discuss modulus
stabilization to answer the question, “How can the modulus 7 stabilize in the vicinity of the
fixed point 7 = w?”

3.2 Radiative modulus stabilization

In this section, we study modulus stabilization of 7 due to 1-loop radiative corrections resulting
from couplings between 7 and matter fields following Ref. [79]. We consider the following
superpotential within 4D A = 1 global SUSY,

W (r, ®;) = =(¢)Y,¥) (7 Z P2, (3.42)

where (¢) is a constant with mass dimension 1E] ®; denotes matter chiral superfields with an
integral modular weight —k;. For simplicity, we assume that ®; belongs to a singlet represen-
tation of I'y. Note that if we require I' modular invariance of W, the modular weight of the
matter field is constrained to 2k; = ky. In general, (¢) may carry non-trivial modular weight
as a spurion. In such cases, modular symmetry is broken and we have 2k; # ky. We consider

3Superpotential of the form (3.42) can be generated by D-brane instanton effect. In such a case, (¢) corre-
sponds to ~ e~ % M, where S. and M., denote the classical action of the D-brane instanton and compact-
ification scale, respectively [5]. We may also consider (¢) as the VEV of a GUT Higgs superfield.
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the following Kahler potential:

- D[

K(T,?, (D],CD]) = _AO In (—Z(T —?» + £ m

(3.43)

One can check that the above Lagrangian does not yield a tree-level scalar potential of 7
because it is identically vanishing under (®;) = 0. However, we obtain non-vanishing scalar
potential by taking into account radiative corrections. Of course, unless SUSY is broken,
radiative corrections are exactly canceled between the superpartners. Whereas in a realistic
setup, SUSY should be broken at some energy scale, hence we expect non-trivial radiative
corrections to the effective potential. Here, we simply introduce soft SUSY-breaking terms and
do not consider the details of the breaking mechanism. Let us denote the one-loop correction to
the scalar potential by V;. Since there are n-species of matter flavors ®@; the effective potential
is written as

Ver = Vo +nVi, (3.44)

where Vj denotes a tree-level potential that could have been induced through scenarios such
as the three-form flux compactification in superstring theory. In fact, three-form flux com-
pactification of toroidal orientifold statistically favors the point 7 = w [76]. In addition, some
other mechanisms can also lead to the stabilization 7 = w [77]. Hence, let us approximate the
tree-level potential as

Vo = milr — wl?, (3.45)

where m, is a mass parameter. As long as the deviation of 7 from w is sufficiently small, our
approximation of the tree-level potential would not change our conclusion.

3.2.1 Coleman-Weinberg potential

By computing the one-loop radiative correction, one obtains the following Coleman-Weinberg

potential:
1 2 oyay (M2 A mE iy (M
‘/1 = 327T2 [(M + mo) ln (W — M ln \/EAQ ], (346)

where
M2 = (2Imr)? ()2 [y (3.47)

We have adopted the cut-off regularizationﬁ The cut-off scale is denoted by A. For concreteness,
we identify the cut-off scale to be the compactification scale. Note that we have introduced the
soft SUSY-breaking mass myq to the scalar component of ®; by hand. In this paper, we assume

4Terms that vanish in the limit A%> — oo are neglected [80]. Hence, we require M? + m3 < A? to trust the
expression in eq. (3.46) as a good approximation. In particular, we demand max(M? m3)/A? < 0.01 to ensure
the validity of our expression.
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my is a constant independent of 7'.E| Note also that our Coleman-Weinberg potential is
invariant under the modular transformation eq. if 2k; = ky is satisfied.

For later convenience, let us analytically perform differentiation of the Coleman-Weinberg
potential with respect to the modulus. The first derivatives of V; by = := Rer and y := Im7
are given by

ov; 1 OM?
or 3272 oz C(M?,mg), (3.48)
Vi 1 oM '
ay - 327T2 ay ( 7m0>7
where 2
C(M?,m3) = 2(M? + mo*) In f+ ATO) —2M?In ( N A2) Fmet (3.49)

The second derivatives are given by

2V 1 [o2m? OM2\? [ M?+m2\]
022~ 3272 | 0a? C(M2,m§)+2( 8m) 1n< M? 0) ’

82V, GEIVE OM2\2 [ M2+ m2\ |
A | P c<M2,mg>+z< ay) In <TO> , (3.50)

PV 1 [PME L, OM2\ [OM> M? 4 m2
Ordy 3272 | 0z0y ¢ ,m0)+2( oz ) ( oy )hl( M? >]’

where
2
O o 6)2(29)™ Re{(0,Y)Y").
ox
iy (3.51)
Sy = 221 (¢) 2y [—2y Im{(8, Y)Y} + 2k |V [*]
)
and
92 M?
o 2(¢)(2y)*1 [Re{(O2Y)Y"} + (0. Y],
0*M? 2kr /N2, 2k —2 2 2 * 2 * 2
o 27 ()y [—207(Re{(92Y)Y*} — |0, Y ) — 8kylm{ (0, Y )Y *} + 2k;(2k; — 1)|Y]?]
92 M?
T2y = 22Rr L () 2y?R =L 2k Re{ (9, Y)Y} — yIm{(92Y)Y™}] .

(3.52)

(ky)

Note that the singlet modular form Y™’ is simply written as Y in eqs. (3.51)) and (3.52).

®We have assumed a scenario where the dominant source of SUSY breaking is mediated by a field that does
not couple to 7, and its modular weight should be zero. The modular symmetry of soft SUSY breaking terms
is discussed in Ref. [127].
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Canonical basis of the modulus

Here, we comment on using a non-canonical field 7 when analyzing the effective potential. From
the Kahler potential in eq. , we obtain the following kinetic term of the modulus 7,
2 2
—(211;1—07_)2@#7']2 = —(2[\70)2 [(8“x)2 + (8#y)2} , (3.53)
where z = Ret and y = Im7 which are clearly non-canonical.

To evaluate the stability of the vacua, one would expect a conversion to canonically normal-
ized fields and potential should be differentiated with respect to them. However, we will see
that the signs of the second derivatives of the potential evaluated at its stationary points are
unaffected under the conversion. Hence, a local minimum (maximum) of a potential V' plotted
as a function of z and y corresponds to a local minimum (maximum) of V' in the canonical
basis.

This can be explicitly checked as follows. Suppose a stationary point of a potential V' (z,y)
is at 7, = x, + ty,. Then, we can expand the kinetic term around 7, as

2 1 ) )2 2
A2 [ R +O(Ay)} (0, 02)* + (9, 49)7] , (3.54)

where Az := x — x, and Ay := y — y. denote small deviations. On the other hand, if we
introduce x, ¥ as canonical fields, we have

1
me=—§ﬁmxf+«@¢fy (3.55)
Comparison between eq. (3.54) and eq. (3.55) gives us
X(Az, Ay) = A2° Az +O(A?),
Y (3.56)

(A, Ay) = ¢A§y Ay + O(2?),

where O(A?) denotes second or higher order terms of small deviations Az and Ay. Then, the
second derivatives of V about canonical and the non-canonical basis are related as

v _apev
8X2 T=Tu a A% Ox? TZT*,
92V 22 2V
M vl 390
PV op v
OXOp |, A3 Oxdy|._.

at the stationary point 7 = 7,. This shows that the second derivatives of potential around the
minimum/maximum are the same up to a positive overall constant. Thus, one can discuss the
stability using non-canonical fields.
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3.3 Vacuum structure with A; modular forms

In this section, we discuss concrete models by specifying the singlet modular forms in the
superpotential eq. . Following Ref. [79], we assume A4 singlet modular forms with weight
ky = 8. Since there are three possible singlet representations r = 1,1’,1” cf. , we analyze
the 1-loop Coleman-Weinberg potential V; for each singlet representation, particularly around
the fixed point 7 = w . We also discuss the possibility of obtaining stable vacua close to w
under the effective potential Vog = Vo + nVj.

3.3.1 A, trivial singlet 1

We study the radiative corrections under the choice of A4 modular form Y1(8) (7) in the trivial
singlet r = 1 with weight ky = 8. By substituting the Taylor expansion of the modular form
around 7 = w (3.28]) into the squared mass (3.47)), one obtains

3 (¢)”
36

2

dQY/(S)
L Wi (3.58)

M? =
du?

u=0
where the ellipsis denotes higher-order correction terms which are negligible for our analyses.

Then, one notices from egs. (3.48)), (3.50) that both first and second derivatives of V; with
respect to z,y vanish at 7 = w,

v ol _,
O T=w ay T=w 7

ol ewl en| (3.59)
x| _ Oy C Oxdy| _,

1

while the value of 1-loop potential is Vi(w) = 55~ =emg In (\g—j%\?) In Fig. , we present a

numerical illustration of V; in the vicinity of 7 = w under the choices of parameter values
explicitly shown in the caption. The result clearly shows that 7 = w is an unstable point of V;.
In fact, the fixed point 7 = w is a local maximum of V} independent of the values of kj, (¢) and
mg. This can be understood by expanding V; in terms of —22 which is sufficiently small since

M? — 0 as 7 — w. Then, the bosonic contribution domlnates the potential V; and leads to

4 2 2 2
my mg 2M mg
o () 200 (1)) oo

which is a good approximation if 7 is sufficiently close to w. The second term of eq. (3.60) is

important because the first term is just a constant. Then, one notices that V; generally behaves
as an inverted quartic potential maximized at 7 = w by noting In(m3/A?) < 0 and the Taylor
expansion of M? in eq. (3.58).

Thus, taking into account the tree-level potential Vy = ml|T — w|?, the effective potential
Veg = Vo + nVq has a local minimum at 7 = w. The one-loop potential nV; would hardly
generate the desired small deviation from the fixed point 7 = w.
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Figure 3.1: The one-loop potential V} with r = 1 and ky = 8 in the vicinity of 7 = w. The
parameters are chosen as k; = 4, (¢) = 1072, mg = 107! under /eA? = 1. The red line shows
the arc |7] = 1.

Let us briefly comment on the one-loop potential far away from the fixed point 7 = w.
According to eq. , there would also be potential minima at the values of 7 satisfying
C(M?* m32) = 0. However, such points are generally unphysical since they conflict with our
effective field theory description which is valid under M? < A2.

3.3.2 A, non-trivial singlet 1’

We study the radiative corrections under the choice of A4 modular form Yl(,g) (7) in the singlet
r = 1’ with weight ky = 8. By substituting the Taylor expansion of the modular form around

T =w (3.29) into the squared mass (3.47)), one obtains

2 _ —3kl|D?|)2<¢>2 T — w|? {1 + 0y <4—j§ - 6\/5) +O(|7 - w|2)} , (3.61)

() (0,
where D := dyll;u( )‘u:O ~ —10.6 + 18.3i and dy := y — ‘/7§ From eq. (3.48), we find that the

M

first derivative of V; with respect to x,y vanish at 7 = w,
% - %_‘; =0 (3.62)
whereas the second derivatives are non-vanishing,
% = %va; = Sia3 D (¢)m3 n (%f) (3.63)
g;g; = 0. (3.64)
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We find that the fixed point 7 = w is a local maximum of V] since we have %2;? ‘T:w < 0 and
8;;? ’T:w < 0 independent of the values of kr, (¢) and m? ﬁ In Fig. we present a numerical
illustration of V; in the vicinity of 7 = w under the choices of parameters k; = 4, (¢) =

1072, mp = 1072

Figure 3.2: The one-loop effective potential V; in the vicinity of 7 = w for r = 1’ with the
weight ky = 8. The parameters are chosen as kr = 4, (¢) = 1072, mg = 107! under /eA? = 1.
The red line shows the arc |7| = 1.

Since the second derivatives of V] at 7 = w are non-zero and negative, there is a possibility
to obtain a local minimum of the effective potential Vg = Vi + nV; slightly deviated from
the fixed point. Nevertheless, the 1-loop correction is small in general, and one of the ways to
generate the deviation is to consider a sufficiently large number of species contributing to the
1-loop correction. One can estimate the number of species n required for the 1-loop correction
nV) to generate slight deviations as

—487%m?
> Ne = = , 3.65
" "= SR n (A7) 309
where n. is defined by
0? 0?
—(Vo+nV1)=0, — (Vo +nV1) =0, (at 7=uw). (3.66)

0x? oy?

We can see from eq. (3.65) that n, becomes larger as the soft mass mg and the mass parameter
(¢) become smaller. This is because, when my is reduced, SUSY-breaking effects are suppressed,
and the radiative correction per unit species gets smaller. Hence, more species are needed for

6Note that we have m3 < A?.
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the deviations. Similarly, when (¢) is reduced, the couplings between the modulus 7 and matter
species become smaller leading to a smaller radiative correction per unit species.

We emphasize that our perturbative approach is still valid even though the “tree-level
potential” and the one-loop potential become comparable. This is because the origin of tree-
level potential V; we assume has nothing to do with that of the one-loop contribution. Possible
origins of the “tree-level potential” include three-form flux or non-perturbative effects such as
gaugino condensation. On the other hand, the origin of the Coleman-Weinberg potential is
the loops of matter fields coupled with 7 through their “Yukawa couplings”. We further note
that the coupling is small |Y(7)| < O(0.1)] if the modulus is in the vicinity of 7 = w. Thus,
the one-loop corrections can be comparable with the “tree-level potential” without problems of
strong couplings.

Nevertheless, perturbativity of gravitational interactions sets a bound on the number of
species, known as the “species bound” [128]. Although we expect that the one-loop correction
to the Newton constant is relaxed thanks to SUSY, a naive application of the species bound
requires

A< %, (3.67)
where M, denotes the Planck scale. For instance, if we assume M, ~ 10GeV and the cut-off
A close to the compactification scale Mo, =~ 1017GeV, “species bound” is satisfied for n < 10%.
We will see in numerical examples that our model is consistent with the “species bound” if m.,
is reasonably small.

Note that our effective potential Vg is invariant under dx — —dx. This can be checked by
noticing that our one loop correction V; is symmetric under both CP transformation 7 — —7
and modular 7" transformation. Spontaneous CP violation is a phenomenologically important
aspect of the flavor structure of quarks and leptonsﬁ However, as will be shown in eq. ,
such a violation would not occur in our model near 7 = w. Physically relevant potential minima
are found on the line x = —%. Thus, we primarily focus on the behavior of the effective potential
along the line z = —3.

Let us present some numerical illustrations of V,g. First, we choose (kz, (¢), mg) = (4,1072,1071).
Under this choice of parameters, the critical species number n, is estimated as n./m? ~ 3180
in the unit satisfying \/eA? = 1. Hence, we have shown Vg along z = —% for n/m? = 3300
(Fig. and n/m? = 3400 (Fig. . The deviation 0y, = y. — ‘/75 is numerically obtained as
|0y.| ~ 0.0273 and |dy.| ~ 0.0362, respectively. For clarity, we show explicit values of the criti-
cal species number with e'/*A = 10'7GeV. When m, is 1017GeV, 0.5 x 10'7GeV, 0.2 x 10'7GeV,
the corresponding critical species number is given by n. ~ 3180, 200, 5, respectively. The species

bound ([3.67) is satisfied in these examples.

"The convergence of the perturbative expansion is further improved by the loop factor.
8CP-violation is caused by the VEV of 7 if it lies neither on the lines 2z = 0 (mod 1) nor the arc |7| = 1.
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Figure 3.3: n/m? = 3300 Figure 3.4: n/m? = 3400

To confirm the stability of the vacuum, let us check the (x,y) dependence of V.. In Fig. m,
we have shown the numerical illustration of Vg around the fixed point 7 = w where we have
used the same parameters as in Fig. We can see that the local minimum is on the “CP
invariant” line dx = 0. The shape of 1-loop corrected effective potential generally takes the
“tilted wine-bottle” shape as the one presented in Fig. |3.5|

|
-0.00495/
|

// s"‘
4 i A A /
Verr[me |/ o
. T / |
-o.oosoL&,_ J J.r"/

Figure 3.5: Three-dimensional plot of Vg/m2 in the vicinity of 7 = w. The chosen parameters
are identical to those in Fig. namely k; = 4,(¢) = 1072, mg = 107!, n/m? = 3400 in the
unit /eA? = 1. The red line shows the arc |7| = 1.

Let us also consider a different parameter set, (kr, (¢), mg) = (4,1072,1073). Under this
choice of parameters, the critical species number n, is estimated as n./m? ~ 9.8 x 10° in the
unit satisfying /eA? = 1. Hence, we have shown Vg for n/m? = 2.2 x 107 (Fig. [3.6) or
n/mi = 2.5 x 107 (Fig. [3.7). The deviation is numerically obtained as [dy.| ~ 0.0244 and
|0y.| ~ 0.0356, respectively.
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Figure 3.6: n/m? = 2.2 x 107 Figure 3.7: n/m? = 2.5 x 107

For clarity, we note that the critical species numbers are n, ~ 9.8 x 105,980, 61 for m, =
107GeV, 10"GeV, 0.5 x 10'6GeV, respectively, where we have taken e!/*A = 10'7GeV. Con-
cerning the consistency with , we have shown the relation between m, and n. with the
“species bound” in Fig. [3.8] The blue line plots the relation n./m? = 9.8 x 10° while the
orange line denotes the upper bound of the species number n < (A?/M;)? ~ 10*. When m, is
reasonably small (e.g. m, 5 1.5 x 10'°GeV), our models are compatible with the bound.

e
15000 | /
10000 |- A

5000 -

m, (GeV)

50x10"  10x10"® 15x10'® 20x10"®

Figure 3.8: The relation between n. and m,. We have shown n./(m,)* = 9.8 x 10° (blue curve)
and also the upper bound on the species number (A?/M,;)? ~ 10* (orange line). We have used
e'/* A = 10"GeV.

As another example, we have considered the parameter set (kr, (@), mo) = (4,1073,1071).
In this case, we have n./m? ~ 3.2 x 10° in the unit satisfying \/eA? = 1. For clarity, we note
that when m., is 107GeV, 0.5 x 10'7GeV, 10'%GeV, the corresponding critical species number
is given by n. ~ 3.2 x 10°,2.0 x 10%, 32, respectively where we have taken e'/4A = 107 GeV.
We have shown numerical illustration of Vg for n/m? = 3.3 x 10° in Fig. We find a new
vacuum 7 = T, apart from the original vacuum 7 = w. Numerically, we have found the shift
to be |07, = |7 —w| ~ 0.2 which is phenomenologically unattractive for realizing hierarchical
flavor structures. Although we have changed the species number n, we could hardly control the
position of the vacuum. Hence, we could not realize a small deviation from the fixed point 7 = w
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for this parameter region. Later, we will analytically clarify such a behavior. For completeness,
we have numerically found one of the local minima at 7, ~ —0.44 4 0.67¢ in Fig. 3.9, This is a
CP-violating point, however, it is out of the validity of our approximation. Hence, we cannot
regard this as a physically relevant vacuum.

Figure 3.9: Three-dimensional plot of Vig/m2. The parameters are chosen as k; = 4, {(¢) =
1073, mo = 1071, n/m? = 3.3 x 10° under y/eA? = 1. The red line shows the arc || = 1.

Approximation

Here, we analytically discuss Vg near the fixed point 7 = w to confirm the behavior numerically
observed in Figs.|3.4 For this purpose, we expand the one-loop potential V; in terms of

0T = 7 — w. By substituting the expansion (3.61)) into (3.46)), one finds

32721,
&o7[* +mj

. 2 2 2
g(§2|57‘2 + mg) [(52‘57‘2 + mg) In (W) + 2§2|57‘25y (41{1718) In (W)}

9l 1212 2ot |? 4k — 18 20T |?
— (&%]07]%) [ln( NGE > + 20y (T) ln( Az )],

where €2 = w (see Appendix [B.3| for its derivation). For k; < 9/2, we find that the
value of V; increases as we increase oy while keeping |d7| fixed. This confirms the “tilted
wine-bottle”” shape of Vg = Vy +nV; in Fig. [3.5

Next, let us analytically confirm the deviations d7 from the fixed point 7 = w which we

(3.68)

have numerically evaluated before. In particular, we consider two different parametric regimes
M? > m? and M? < m3.
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For M? > m? corresponding to ones in Figs.[3.6] and 3.7} assuming (¢)? > m2, V; can be
further simplified as

2 5 2
Vi z=—1/2 167’(’2 062( )2 (5 E\Qy) )7 (369)

where we have fixed © = —1/2. By substituting (3.69)) into the extremum condition d,(V, +
nV1) = 0, the local minimum is obtained at

3A2 2 24m2mi
03] ~ <3kfe|D|2<¢>2) P (‘3kr|D|2nma<¢>2)’ (3.70)

where 0y, = y. — \/73 Let us estimate the deviation dy, from this analytical expression and com-
pare it with the previous numerical examples in Figs. and Substituting (k;, (¢), mg) =
(4,1072,107%) with n/m? = 2.2 x 107 (Figs.[3.6]) or n/m? = 2.5 x 107 (Figs.[3.7) into (3.70),
we find

|6y | ~ 0.022, (n/m?=2.2x107),

3.71
|6y.| ~ 0.031, (n/m*=2.5x10"). (3.71)

in the unit satisfying v/eA? = 1. On the other hand, numerically we have found |§y.| ~ 0.0273
and |0y.| ~ 0.0362, respectively. Hence, our analytical estimates confirm the numerical results.
To further confirm the consistencies, we check the value of AVyg = |Veg(w) — Veg(w + i0ys)|.
The linear order approximation gives us

_A‘/eff =~ 53/* : g

7% . 3.72
0y “sw.sm=0.2) (3.72)
Using the approximation eq. (3.70), we obtain
In4 487 m3
AVyg ~ A*nm? — R . 3.73
o~ g o (oot ) &7

In our numerical illustrations of Figs. and , we numerically obtain AV.g ~ 9.6 x 107°
and ~ 2.3 x 107, respectively. On the other hand, our analytical approximation yields AV.g ~
1.1 x 107* and ~ 2.6 x 107*, respectively. Hence, our analytical approximation again confirms
the numerical results.

Next, let us focus on the regime M? < mZ corresponding to the case shown in Fig. [3.9
Then, we can approximate the effective potential V g as

veﬂ:?)” miIn <IA2) (1—n—c> 67]% — o (ff_f 6\/_> 67120y, (3.74)
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This shows the approximate behavior of Fig. at [67] < O(1). By solving the extremum
condition 0.(Vy +nVi) = 0, one finds

Yy 2(ne —n) . (when 0z, = 0),
3n (% — 6\/§>
(3.75)
(ne —n)

,  (when dx, # 0).

Then, we have dy, > 0 under n > n, and k; < 9/2. Hence, the solutions (3.75|) correspond
to unstable vacua as shown in Fig. 3.9] Since we do not find a solution with dy, < 0, one can
hardly produce a local minimum near 7 = w in the parameter regime M? < m3.

3.3.3 A, non-trivial singlet 1”

We study the radiative corrections under the choice of A4 modular form Yl(f) (7) in the singlet
r = 1” with weight ky = 8. By substituting the Taylor expansion of the modular form around

7 = w (3.30)) into the squared mass (3.47)), one obtains
4k — 16
V3

where F := Yl(f) (w) ~ —2.05 — 3.55i. From eq. (3.48)), we find that the first derivative of V; by
x = Rer vanishes at 7 = w, while the derivative by y = Im7 is non-vanishing unless k; = 4,

2
M? = 3k |E?(¢)? [1 + Sy — 2(5@2 + §(4k% — 34k; +68)(dy)* +--- |,  (3.76)

ml o,
0% | (3.77)
vy kr—4_ 5 5 o '
—_— = —\M M —w

oy | 8\/§7T2[ C(M*,mg) 7=

The second derivatives of V; at 7 = w are given by

0*V; 1

S|~ —gmECOr m)

0*Vi 1 2 2 2 2 27 74 mg

7 =13 (4ky — 34k 4+ 68) M=C(M*=, mg) + 8(k; —4)"M" In 1—|—W )
Vi = 0.
0x0y | __,

(3.78)

Note that if k; = 4, the 1-loop potential V; is symmetric under the modular transformation

eq. (3.4 ﬂ In this case, one finds %2221 ’T:w = 6;;? ‘T:w = — 5 [M?C(M?,m§)];— > 0, hence

9To be more precise, kr # 4 means that (¢) carries a non-vanishing weight under the modular transformation.
Then, modular symmetry is spontaneously broken by the VEV (¢). On the other hand, if k; = 4, modular
symmetry is preserved until 7 acquires its VEV.
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T = w is a local minimum of V;. The positivity of the second derivatives can be checked easily.
If we differentiate C'(M?, m?) with respect to m3 we find

oC (M?* m2) B e(M? +m3)

which is negative, because M? +m2 < A%. Reminding ourselves C'(M?,0) = 0 from eq. ,
we find C'(M?,m2) < 0 which confirms the positivity.

In Figs.[3.10] and [3.11] we show the numerical illustrations of V; where we have chosen
kr = 2 and k; = 4, respectively. We confirm 7 = w is a stable point of V] when k; = 4, whereas
unstable for k; = 2. We will further discuss the case k; # 4 in the next sub-subsection.

22 L7 AT
6 ¢ LT AT
V. -1.49x1076 ~_ AL
1—1.495x10‘5\. (L
~15x1078 %
-1.505%108

Vi

Figure 3.10: The one-loop effective poten- Figure 3.11: The one-loop effective poten-
tial V4 in the vicinity of 7 = w for r = 1” tial V] in the vicinity of 7 = w for r = 1”
with the weight ky = 8. The parameters with the weight ky = 8. The parameters
are chosen as (kz, (¢), mg) = (2,1073,1071). are chosen as (kr, (¢), mg) = (4,1073,1071).
The red line shows the arc |7]| = 1. The red line shows the arc |7| = 1.

Deviation from 7 = w

The case k; # 4 is phenomenologically interesting because the fixed point 7 = w is not a local
minimum of V] and the stable vacuum of V.g would slightly deviate. This is a consequence of
the spontaneous breaking of the modular symmetry by the VEV (¢) carrying non-vanishing
modular weight. In what follows, we evaluate the resulting deviations of the vacuum from
7 = w. The stationary condition on the total potential V; + nV; reads

0

B,
5, (Vo + V1) =0, a—y(VoJrnVl) =0. (3.80)

From egs. (3.77) and (3.78)), the one-loop potential V;(7) is approximated as

2 2

Vi(r) ~ Vi(w) + 5ya%vl(¢)|w v ((593)2% + (5y)288—y2) V() ew + O(57),  (3.81)
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where dz 1= x + 1/2, §y := y — /3/2. By substituting eq. (3.81)) into eq. (3.80), we obtain
following solutions:

oxr, =0,
Vi, = (3.82)
Y = — y O(|o7]?).
0= gy i 00T
This shows that the shifted vacuum is still on the CP-conserving line x = —%. We have

numerically illustrated the deviation dy, as a function of (¢) and mg where we have chosen
kr = 2 and n/m2 = 3 x 10°. It can be seen that sufficiently large (¢) and mg realize a
phenomenologically favored deviation size |dy.| ~ 0.03.

(®)

0.0005

0.0000

0.00 mo

Figure 3.12: The deviation dy, as a function of (¢) and my. The parameters are chosen as
kr =2 and n/m? = 3 x 10°.



Chapter 4

Spontaneous CP violation through
moduli stabilization

In this chapter, we study spontaneous CP violation through moduli stabilization. In modular
flavor models, VEVs of complex structure moduli are the sources of CP-violating phases in
mixing matrices of quarks and leptons. Hence, we are motivated to understand the dynamics
that can generate such CP-violating VEVs. This chapter is organized as follows. First, we
review the idea that CP is a discrete gauge symmetry. This clarifies why CP needs to be broken
spontaneously. Secondly, we review CP transformation in the framework of 4D modular flavor
symmetric models. We identify the CP-breaking region in the moduli space. Thirdly, we show
some useful properties of CP and modular invariant scalar potential in a model-independent
way. Finally, we show spontaneous CP violation can be realized by the combined effects of
three-form fluxes and matter-moduli couplings controlled by modular symmetries. We also
discuss Kahler modulus stabilization.

4.1 CP transformation in extra-dimensional theories

This section reviews the 4D CP transformation from the perspective of extra-dimensional theo-
ries, providing motivations to study spontaneous CP violation. After discussing how to embed
4D CP in a 10D field theory, we explain that CP is a discrete gauge symmetry. Hence, it is
natural to consider that CP is broken spontaneously.

4.1.1 4D CP from 10D perspective

Firstly, we discuss how 4D CP is embedded in underlying 10D theories following Refs. [4,129-
131]. As a typical example, we focus on 10D A = 1 super Yang-Mills theory which can naturally
emerge in the low energy effective field theory limit of Type I, Type IIB, and heterotic string
theories.

107
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In 10D super Yang-Mills theory, we have a 16-component Majorana-Weyl spinor, W. Cor-

responding gamma matrices %(\}0), (M =0,...,9) are given by,

)

0 1

Yy ® 4 for M(=pn)=0,...,3,
1, O

0 —o
N = @'14®< (?) for M(=i+3)=4,..,6, 1)
o2}

0 B
o) dr Mo =70
\ Bi 0

where v, and <5 denote the gamma matrices in the 4D Minkowski space-time and the 4D
chirality matrix, respectively. For the 6D part, a;, 5; denote 4 x 4 matrices satisfying {a;, o} =
—205, |a, 0] = —2¢€;05, and [0y, B;] = O.[| We have adopted the chiral basis where the 10D
chirality matrix is diagonal,

e () 42
We can define a charge conjugation matrix C*?) satisfying 0(10)1%(\}0)0(10) = —(7](\}0))T as
0 1
00 — 0w (14 04> : (4.3)
where C' := 7972 is the usual charge conjugation matrix in 4D theories.
Thus, a natural definition of charge conjugation in the 10D theory is
CU ¥ v = CUOPT = (O @ 1) (4.4)

We notice that 4D charge conjugation is embedded into the 10D charge conjugation. This is
because the action of C19 is trivial 15 for the extra-dimensional part whereas the ordinary 4D
charge conjugation acts on the RY? part.

On the other hand, one must be more careful when defining a parity transformation in
10D field theories. A naive generalization, ¥ — 7(()10)\1/ does not work. This is because the
10D chirality of the spinor is flipped, making the theory incompatible with the Majorana-Weyl

condition.ﬂ A consistent parity transformation is defined by

PO (4 @ 15)T =: [\, (4.5)
where the usual 4D chirality operator is embedded consistently. Since [['y, 7&2)] = 0, the 10D
chirality of U is preserved under P1%. To understand the action of P1% on the space-time
coordinates, let us study the transformation property of the following 10D vector,

Xy =0 0w. (4.6)

LOur basis are also along Ref. [132].

2Note that 7610) satisfies {’y&?, 'yélo)} =0.
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One can straightforwardly check

Xy for M =456,

(4.7)
~ Xy for M =17,8,9,

PO X — {
and 4D space-time directions are transformed as usual. Results in eq. (4.7]) show that the 6D
extra-space complex coordinates, Z, := Xgiq + 1 X314, (a = 1,2,3) are complex conjugated

Pz, — 7, (4.8)

under the parity. We notice that P1% is embedded into the 10D proper Lorentz transformation.

(10) simultaneously

This is because the orientation of the 10D space-time is preserved since P
reverses the orientations of both 4D space-time and 6D compact space. Note that there is
arbitrariness in the 10D parity up to SO(6) rotation in the compact dimension. In the following

discussion, we adopt (4.8)) for the parity transformation.

4.1.2 4D CP as a discrete gauge symmetry

Here, we review the idea that 4D CP is a discrete gauge symmetry and therefore cannot be
broken explicitly both perturbatively and non-perturbatively [86,87].

Discrete gauge symmetry is the discrete symmetry that emerges when a continuous lo-
cal symmetry is spontaneously broken. For instance, a theory with SO(3) gauge symmetry
spontaneously breaks down to O(2) when an adjoint field acquires a VEV proportional to
diag(1,1,—2). This O(2) group contains a local continuous symmetry SO(2), and a discrete

part
1 0 0
A=10 -1 0 ], (4.9)
0 0 -1
which reverses the SO(2). This A corresponds to the discrete gauge symmetry, embedded in
SO(3).

Now, we explain how 4D CP can be identified as a discrete gauge symmetry. Firstly, to
embed charge conjugation into a gauge symmetry G, all 4D fields need to be in the same
irreducible representations as their complex conjugated ones. If an inner automorphism of
G exchanges each element of the representation with its complex conjugated one, that is a
realization of charge conjugation as a discrete gauge symmetry. It is known that such an
embedding is possible only when the gauge symmetry G is Eg, Fr, SO(2n+1), SO(4n), Sp(2n),
G, F}, or their product since only these Lie groups admit inner automorphism which flips the
sign of all Cartan subalgebra [133]. We note that these Lie groups appear in superstring theories.
Secondly, parity transformation P11 in eq. is also a discrete gauge transformation. This

is because P(10)

is embedded into the 10D proper Lorentz transformation and local coordinate
transformation with positive Jacobian. Since both charge conjugation and parity are discrete

gauge transformations, CP is as well. Thus, CP should be violated spontaneously, not explicitly.
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4.2 CP in 4D modular flavor symmetric models

We briefly review CP symmetry in 4D modular flavor models along Ref. [72]. For concreteness,
we focus on the genus g = 1 case, namely I' = PSL(2,7Z) symmetric model. For a consistent
implementation of CP transformation with modular symmetry, there must exist v/ € ' for
Vv € T, such that

CPloyoCP =+ :=u(y), (4.10)

is satisfied. Here, CP~! o v o C'P denotes the chain of transformations, CP — v — CPL.
Using the consistency condition (4.10]), it was shown that CP acts on the complex structure
modulus 7 as

cP. _

T — —T, (4.11)
within 4D modular flavor models [72] ] (See also Refs. [134,[135].) Note that this is consistent
with the earlier result (4.8)). One can explicitly check that the action of CP on 7 (4.11)) is an
outer automorphism of I' as follows. Recalling the action of v € " on 7:

b _
N w

c d
we find

. 4.1
—cT+d —cT +d (4.13)

Hence, the map u(vy) corresponds to

u(y) = (“ _db> eT. (4.14)

—C

This is homomorphic because for 71,7, € T' we can verify u(yoy1) = u(y2)u(y1). It is also
bijective since u(y1) = u(72) is satisfied if and only if 73 = ~,. Hence, u(7y) is an automorphism.
We can also check that there are no elements h € T such that u(y) = h~'yh, hence CP is
indeed an outer automorphism.

Consequently, modular group I is generalized to extended modular group I'*:

F*:<Ti>—1/T,Tl>T+1,T£>—7'>, (4.15)

which is mathematically understood as a semi-direct product I'* ~ T' x ZS™ [72,[134}{137].

CP-conserving values of 7

In modular flavor symmetric models, CP is conserved when the VEV of 7 is invariant under
CP up to a modular transformation, i.e.,

—F = 4T, (4.16)

37 denotes the complex conjugate of 7.
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for some v € I' [72]] One can find all CP-conserving points as follows. We note that it is
sufficient to consider VEVs in the fundamental domain D of T' which is roughly given by

D= {T € C: Im(r) >0, |[Re(n)| < =, |7| > 1}. (4.17)

N | —

This is because points outside D are physically equivalent to those inside of D as they are
related by modular transformation. When the real part of 7 vanishes, i.e., Re(7) = 0, CP is
conserved because eq. is satisfied for v = 1. Next, let us focus on the case v # 1. We
notice that 7 only on the boundary of D has the possibility of satisfying for v # 1. This
is because if we act a modular transformation v # 1 on 7 in the interior of D, it is mapped
to the exterior of D. We can check that the boundary of D is CP-conserving as follows. First,
points on the arc |7| = 1 satisfy when v = S, cf. . Secondly, points on the line
Re(7) = 1/2 satisty when v = T'. Finally, for Re(t) = —1/2, we choose v = T~'. To
summarize, CP-conserving values of 7 within D are the imaginary axis and the boundaries of
the fundamental domain D.

4.3 Properties of CP, modular invariant scalar potentials

This section studies some general properties of CP and /or modular invariant scalar potential V.
We assume that V' is a function of single complex structure modulus 7, (Im(7) > 0) of a toroidal
space. We will see that CP-conserving vacua are typically obtained when V' is symmetric under
the extended modular group. This implies that realizing spontaneous CP violation through
moduli stabilization is a non-trivial task.

4.3.1 CP invariance

Here, we study the general property of a CP invariant scalar potential V. CP invariance implies

V(=s,t) = V(s,1), (4.18)
where we have defined s,t € R as
T = s+it. (4.19)
From eq. , one obtains
AN (420)

Hence, one finds a local minimum or maximum of V' on the CP-invariant line Re(7) = 0.

4Extensions to CP in Siegel modular flavor models are discussed in |73].
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4.3.2 CP and I invariance

Here, we study the general properties of a scalar potential that is invariant under the extended
modular group, I'* ~ T’ x ZST. We will see that on the boundaries of the fundamental domain
D, the first directional derivatives of V' normal to the boundaries vanish. This implies that one
typically finds a local minimum of V" on the CP-conserving curves, i.e., boundaries of D and/or
the imaginary axis Re(7) = 0.

CP and T invariance

Owing to the CP and T invariance of V', we have
Vs, t)=V(s+1,t) =V(—s—1,t). (4.21)

Hence, its first derivative satisfies

oV av

hlld - 4.22

L (50) =~ (s',1) (1.22)
where we have defined s’ := —s — 1. At s = —1/2, we find

oV

—(s=-1/2,t) = 0. 4.2

(5= -1/2.1)=0 (4.23)
Since V' is invariant under the shift s — s + 1, we obtain

%—‘:(s,t) =0, s=0 (mod 1/2). (4.24)

CP and S invariance

Owing to the CP and S invariance of V', we have
V(r,0) =V(1/r,—0+m)=V(1/r0), (4.25)

where 7 =: ¢, (r > 0, 0 < § < 7). Hence, its first derivative satisfies

ov 10V
or (r,0) = 2 0u (. 6) (4:26)
where u :=1/r. At r =1, we find
V10 =0 (4.27)
or T '

This shows that the first derivative of V' along the radial direction r vanishes on the CP-
conserving arc |7| = 1. Furthermore, if we recall the periodicity of V' under the shift 7 — 741,

one can generalize the result as
ov

ory
where |7 — n| =: e (r, >0, 0< 0, <m,ne€Z).

(rn=1,0,) =0, (4.28)
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4.3.3 Comments

Our analyses show that the local minima of the scalar potential tend to stabilize on the imagi-
nary axis Re(7) = 0 and /or the boundaries of the fundamental domain D where CP is preserved.
This means that the realization of spontaneous CP violation is not so straightforward. For in-
stance, CP invariant Type IIB three-form flux compactification is studied in Ref. [8§], and
the corresponding CP symmetric scalar potential has been analyzed. The obtained VEVs of
complex structure moduli are often CP-conserving as is implied by eq. . In other cases,
flat directions are generated where CP-conserving and CP-breaking vacua are degenerate, still
spontaneous CP violation is not realized. There are various studies of moduli stabilization in
the presence of modular symmetries [78,(79}82-84190,91,138]. Although moduli VEVs leading
to the hierarchical flavor structures of quarks and leptons are obtained, spontaneous CP vio-
lation is hardly realized as is implied by egs. and . An exceptional case is shown
in [82] where spontaneous CP violation is generated by engineering the modular invariant func-
tion constituting the scalar potential. In any case, it is intriguing to build a model that can
spontaneously realize a sizable CP violation.

4.4 Type IIB flux compactification

In this section, we review CP symmetric flux compactification [88,89]. Here and hereafter, we
adopt the reduced Planck mass unit Mp; = 1.

4.4.1 Flux compactification with 7°/Z, toroidal orientifold

We assume a simple set-up, Type IIB flux compactification on the factorizable T°/Zy = (T x
T2 x T3)/Zy orientifold [139]. As its low-energy effective field theory, we study the 4D N =1
supergravity (SUGRA) action. We consider the following Kéhler potential K oqui:

Kmoduli =—In [-Z(S — S)] —1In [i(Tl — 77'1)(7'2 — 77'2)(7'3 — 77'3)] —2In V, (429)

where S, 7;, (i = 1,2,3), and V denote axio-dilaton, complex structure moduli, and volume
(Kéhler) modulus, respectively. When the background three-form flux Gj is introduced over
the compact space, the following superpotential is induced:

1
Wﬁux == l_2 / Gg A Q, (430)

s

known as the Gukov-Vafa-Witten superpotential [75]. Note that I, = 27v/a/ denotes the string
length. The holomorphic three-form is given by

Q= le A dZQ A ng, (431)
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where z;, (i = 1,2,3) denote the complex coordinates on T°/Z,. Note that moduli dependence
comes into Whayy as dz; = da' + 7;dy’, (1 = 1,2, 3) where z*, y* denote the real coordinates. The
three-form flux G5 is written as

Gg = F3 - SHg, (432)

where F3 and Hj denote the three-form field strength in the Ramond-Ramond sector (R-R)
and the Neveu-Schwarz sector (NS-NS), respectively. They can be expanded in terms of the
basis oy, 7 in H*(T®, 7Z) satistying [ ar A 57 = 0] as

1 . 4
l_2F3 = CLOOéo + CLZCW + blﬁz -+ bgﬁo,
1 0 () [ 0
l—2H3:COé0+COéi+diﬁ +d05,

(4.33)

where a°, a, by, b;, &°, ¢, dy, d; are integer-valued flux quanta owing to the quantization condition:

1
- F3€Z,

2
ls 33

H; e Z, (434)
1 /s,
for any 3-cycle ¥3. The flux quanta take even and /or odd integers depending on the existence of
exotic O3'-planes which may be introduced when discrete RR and/or NS are turned on [140,141].
The basis oy, 37 are explicitly given by

ap = dxt A dx? A da?, ar = dy' A da? A da?,
ay = dy?* A daz® A dat, ag = dy® A dzt A da?,
Bo = dy* A dy* A dy?, = —da' Ady® A dy?,

(4.35)
B
By = —dz? A dy® A dyt, B3 = —dz3 A dy* A dy?,

where 2, y* correspond to real coordinates, i.e., z; = 2' + Ty, (i = 1,2,3).
The tadpole cancellation condition constrains the values of flux quanta. Firstly, we note
that the background flux induces the D3 brane charge given by

Nux = 75
Z o

H3 VAN F3 = Cob() — doao + Z(Clbz — d,a’) (436)
The tadpole cancellation condition requires

1
Enﬂux + Qlocal =0, (437)

where Qoca denotes the sum of D3-brane charge contributions from the local sources, i.e., D3-
branes and O3-planes. Each D3-brane contributes +1 charge and each O3-plane contributes
—1/4. There are 64 O3-planes on T%/Z¢ orientifold, hence they contribute —16 to Qjoca. Since

each exotic O3'-plane has a charge contribution +1/4. Thus, Qoca is given by
nos

Qlocal = Np3 — 16 + Ta (438)
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where npz and noy denote the number of D3- and exotic O3'-planes, respectively. Here, we
do not consider anti-D3-branes to preserve SUSY in the system. As a result, we obtain a
constraint on flux quanta,

s = by — doa” + > (c'b; — dya’) = 32 — 2npg — noy /2 < 32. (4.39)

Furthermore, ng, is non-negative ng,, > 0. This follows from the imaginary self-duality
condition of the background three-form flux, i.e., x¢G3 = 1G5, where x4 is the Hodge dual in
the 6D extra dimension.

4.4.2 CP invariant flux compactifications

We construct a CP-invariant flux-induced potential following Refs. [88/)89]. For this purpose, we
first summarize the transformation rules of various quantities under the CP. We recall from (4.8))
that CP transformation acts on the complex coordinates of T%/Zy as z; — —z;, (i = 1,2,3).
Hence, the holomorphic three-form is transformed as

CP

Q — —Q. (4.40)

Similarly, the complex structure moduli and axio-dilaton are also transformed as

Ti C—P> —77'1‘7 S C—P> —S, (441)

under the CP. The inversion z; — —Z; corresponds to z; — —z; and y; — y; in real coordinates.
Thus, the basis of H3(T°,Z) are transformed as

CP CP CP ;i CP i
g — —Qp, 60 — 50, o — Oy, 5Z — —Bl. (442)

To ensure CP invariance in our SUGRA model, the Kéhler invariant function Gg. :=
Kodui + In |[Wau|? needs to be CP invariant. We notice that Kéhler potential eq. (4.29) is
manifestly CP invariant. On the other hand, superpotential (4.30)) is required to behave as

Wane —2 €7 Wi, (4.43)

where v € R. In fact, v is restricted v = 0 or 7 (mod 27) as follows. Under the CP, orientation

of the orientifold cover T is inverted as T® —2» T(GCP). This is manifest in the sign difference

between fTG ar A B7 = =7 and fT6 ar A B7 = §/. By taking the sign flip into account,
Cp

(cP)
egs. (4.40) and (4.43) lead to
Gy s Gy, (4.44)

Eq. (4.44)) is equivalent to demand
F. 3 C—P> Gi’yF 3,

| (4.45)
Hy <5 e Hy.
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Since F3 and Hj are real-valued three-form flux, we obtain v =0, or 7 (mod 27).
If we choose v = 7 (mod 27), one finds that eq. (4.45) restricts the three-form flux to the
following form:

1 )
—F3 = (IOOéO + biﬁl, (446)

3

—Hy = cda; + dyf°, (4.47)
by noting eq. (4.42). Then, substitution of eqs. (4.46|) and (4.47) into (4.30]) gives us

3
Wi = a°i7om3 + 2 STom3 + ST + ST — Z b1 + doS. (4.48)
i=1
Since the superpotential is an odd polynomial of moduli fields, we can directly confirm
the CP transformation, Wy S —Wiux. In this paper, we understand that all of the flux
quanta a°, b;, ¢!, dy should be invariant under CP otherwise they explicitly break CP symmetry
as spurions. As an example, let us explicitly check the CP invariance of the flux quantum a® =
Jre F5 A\ Bo. By acting the CP transformation, we find fT(%P) (—F3)A\fBy = —a’ foCP) a’ABy = a’
as we have expected.
On the other hand, if we choose v =0 (mod 27), three-form fluxes are restricted to

1 i
EFg =ao; + boﬁo, (449)
1 i
EH:), = COOéo + dlﬁ . (450)
As a result, we obtain
3
WﬁuX = —COSTlTQTg — CL1T2T3 — CL2T1T3 — CL3T1T2 -+ Z dZSTl — bo. (451)

=1

Since the superpotential (4.51)) is an even polynomial of moduli fields, we can directly confirm

the CP transformation, Wy, SN Wiwx. We note that flux quanta in eq. (4.51)) are also CP
invariant.

Flat directions

Potential minimum corresponding to the CP invariant superpotentials in eqs. (4.48)) and (4.51])
have been analyzed in Ref. [88]. The results show that flat directions can generally appear where

CP-conserving and violating vacua are degenerate. Here, we show an illustrating example of
eq. (4.48]) by further restricting the flux quanta to

C1 = 62 = O, bl = 172 = O, C3 = —fao, do = fbg, (452)
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following Refs. [142/|143]. We note that f is a rational number. As a result, the CP preserving
superpotential eq. is simplified to
Whax = (13 — f5) [aoTsz — b3:| . (4.53)
The equations for SUSY Minkowski vacua are given by
O Whux =0, OsWhaux =0, Waux = 0. (4.54)

One can easily find the solution,

T3 =[5, (4.55)

T1Ty = 3
172 — —5>
a®

where CP conserving and violating vacua are degenerate. Hence, spontaneous CP violation is
not realized in this example. Note that the D3-brane charge induced by the three-from fluxes
is given by,

Naux = —2fa’bs. (4.56)

Hence, the flux quanta are constrained by the tadpole cancellation condition (4.39)) and the
imaginary self-duality condition as
0 < —fa’bs < 16. (4.57)
In addition, we have
sen(f) = +1. (4.58)

from (4.55)) since we require Im7; > 0 and ImS > 0 in our convention. Then, we automatically
have sgn(a’bs) = —1.

Moduli masses

Let us evaluate the moduli masses at the supersymmetric vacuum eq. (4.55) to clarify the
appearance of massive and massless flat directions. The squared masses can be evaluated by
computing the second derivatives of the following SUGRA scalar potential:

V = efmont KAB D Wi D Wi, (4.59)

where A, B € {7;,S}. Here, KAB denotes the inverse of the Kihler metric K 5 := 0405 K nodulis
i.e., K'BKop = 04. The covariant derivative of the superpotential is defined as

DAWﬂux = aAVVﬂux + (aAKmoduli)Wﬂux- (460)

Since we have assumed the no-scale type Kahler potential —21In), the supergravity effect
—3|Wau|? is canceled. At the SUSY Minkowski vacuum, i.e., 94Wauy = Wauw = 0, Hessian
matrix of the scalar potential is given by

3,45];[/ 04085V K , onKCDmDB 0
H = A - — moduli _ 4.61
(8A83v 8A83V> <e > < 0 mA@KCDmDB ’ ( )
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where the supersymmetric mass m4p is defined as
map = 0a0pWiaux. (4.62)

When the superpotential is chosen as (4.53), non-vanishing components of the supersymmetric
mass are explicitly given by

Mryry = Mayyry = a0<7‘2>,

mq s =mMsr = _fa0<7—2>7

Maryry = Mygry = a0<71>,

(4.63)

Mryg = Mgy = _fa0<7—1>7

where (71) and (72) denote possible VEVs of 7 and 7, satisfying (4.55). Then, the top-left 4 x 4
block of the Hessian matrix (4.61]) can be written as

H7-17—-1 H7'1f2 HT1’F3 HﬁS‘ |<7_2>|2C <77_1><T2>C 0 0
HTQﬁ HTzi'z H‘Fz‘?:s Hrg§ :<€Kmoduli> <7_1><72>C |<Tl>|2C 0 0
HT37'1 H‘f's‘rz HT37‘3 H73§ 0 0 (a0)277 _f<a0)277 ,
HSTl HSTQ HS?S HSS 0 0 _f(a0>277 (fa0)277
(4.64)
where
= (a°)?[2Im 2+ (fa)?[2Im(S))?,
¢ = (@P2Im{r)? + (o) 21m(S) .

n = [2Im(7)]*[{2)[* + [2Im(r2) ]| (1) |

We notice that the bottom-right 4 x 4 block of the Hessian matrix (4.61)) is complex conjugate

to (4.64]). Diagonalization of (4.64) yields

e Ao R S
Kmoduli 0 0 0 0
I 0 o g o (.69
0 0 0 0

This shows that only half of the moduli fields become massive. Zero eigenvalues in (4.66|)
correspond to the massless flat directions.

4.5 Modular invariant matter contribution

In order to resolve the degeneracy of CP-conserving and violating vacua in flux compactifica-
tions, we introduce additional contributions. As one of the possibilities, we consider couplings
between matter superfield X and a complex structure modulus 7 in such a way as to respect
the extended modular symmetry I'*. For the sake of simplicity, we will first focus only on the
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matter contribution with a single complex structure modulus 7 within 4D N = 1 SUGRA
model following Refs. [84,099]. For clear illustration, A4 modular invariant models will be pre-
sented. We will see that spontaneous CP violation can hardly be realized solely by the matter
contributions due to the control of the modular symmetry as reviewed in section [4.3] We will
extend our model to multi-moduli cases in the next section where we study the combined effects
of three-form flux and matter on moduli stabilization.

4D N =1 SUGRA Lagrangian

Here, we present 4D A = 1 SUGRA Lagrangian corresponding to the matter contributions.
We consider the following Kéahler potential:

K=—In[-i(t = 7))+ Z| X -=2InV, Z = (—it —i7)", (4.67)

where X denotes a matter chiral superfield and V is the volume of a compact space. We assume
that it belongs to a trivial singlet representation 1 with modular weight k& € Z under T,

X = (er+d)fX, y= (CCL Z) erl. (4.68)

We consider the following superpotential
Winatter = A?Y (1) X, (4.69)
where Y (7) denotes a trivial singlet 1 modular form with modular weight ky € Z,
Y(7) = (et +d)™Y(r), ~eTl. (4.70)

In eq. , A denotes a constant mass parameter characterizing the coupling between the
modulus and the matter X [84, 99]E] We note that for the I' invariance of the Kihler invariant
function Guatter = € ‘WmatterP; superpotential Wiater 1S required to carry modular weight
—1. Hence, the following relation on modular weights needs to be satisfied

—1=k+ ky. (4.71)

Next, let us comment on the CP invariance. As studied in Ref. [72], modulus, matter field, and
modular form within modular flavor models transform under CP as

rEF X BX v D v, (4.72)

where ¢ € R is a phase factor that depends on the normalization of the modular form Y (7).

Then, the superpotential behaves as Wi atter SN €"Wnatter €nsuring the CP invariance of the
Kahler invariant function Gaiter. To summarize, the matter contribution we have introduced

respects extended modular invariance T'* if (4.71]) is satisfied.

>Qur superpotential Wyatter can be generated as follows. Suppose a superpotential of the form Y (7)QQX
where @ and @Q are hidden-sector matter fields. Then, we have assumed the condensation (QQ) = A2.
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Supersymmetric vacua

The equations for SUSY Minkowski vacua are given by
O- Whatter = Ox Watter = Wnatter = 0. (4.73)
One can straightforwardly find the solution:
(X)=0, (Y(r))=0, (4.74)

when (0;Y) # 0. The complex structure modulus is stabilized at a zero-point of Y (7).

SUGRA scalar potential

Let us compute the SUGRA scalar potential under the choice of no scale type Kéhler potential
eq. (4.67) and the superpotential eq. (4.69) to confirm the stability and masses of fields at

(4.74). Tt is given by .
V = QKKIJDIWmatterDJWmattera (475>

where the indices are I, J € {r, X}. In the regime where | X| < 1, we can Taylor expand V in
terms of X and X as:

v =& Rty (o

+ %[QIm(T)]l [3]Y(T)\2 + |kyY (1) + 2iIm(T)8TY(T)|2} | X|* + (9(|X\4)
— Vo + my| X2+ O(X]").

(4.76)

We notice that both matter field X and modulus 7 are massive at the SUSY preserving vacuum
(4.74) only if (0,Y (7)) # 0. We also notice that the leading term V4 and the mass term X are
separately invariant under I'*.

Examples with A, modular forms

As an illustrating example, we choose
Y(r) =YY (), (4.77)

where Y1(4) (1) denotes a trivial singlet A; modular form carrying modular weight ky = 4. We
show its definition in Appendix Fig. 4.1{ shows a contour plot of log,,(VoV?/A* + 1) where
Vo := V|x=o. The red curves in the figure correspond to the CP conserving points. Consistent
with the discussions in section [4.3], we observe that the equipotential lines are perpendicular to
the CP-conserving curves. We find a minimum of the potential exactly at the Zj fixed-point
T = w. At 7 = w, one can check that the modular form is exactly zero and its first derivative
is non-vanishing,

Yw) =0, a9,V _ ~—6.04i. (4.78)

T=w
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Therefore, the matter field is stabilized at (X) = 0 and we obtain a CP-conserving SUSY
Minkowski vacuum.
As another illustration, let us choose

Y (1) = Y,9(), (4.79)

where YI(G) (1) denotes the trivial singlet A; modular form carrying modular weight ky = 6.
We show its definition in Appendix B.2} Fig. shows a similar contour plot of the scalar
potential when Yl(ﬁ) (7) is chosen. We find a minimum of the potential exactly at the Z, fixed-
point 7 = 4. At 7 = i, one can check that the modular form is exactly zero and its first
derivative is non-vanishing,

YU =0, Y9 _ ~ —6.66i. (4.80)
Therefore, the matter field is stabilized at (X) = 0 and we obtain a CP-conserving SUSY
Minkowski vacuum.

18F T T T T = 20

L log,g(FV? A +1) &
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A4

on 7-plane when A, trivial singlet modular on 7-plane when A, trivial singlet modular
form Y () = YV with weight ky = 4 is form V() = V{9 with weight ky = 6 is
chosen. The red curves correspond to the chosen. The definition of this figure is simi-
CP-conserving region, i.e., Re(7) = 0,£1/2, lar to that of Fig. The scalar potential
and |r| = 1. The scalar potential V; = 1 = V|x—o has its minimum at 7 = ¢
V| x=o has its minimum at 7 = w.

Figure 4.1: Contour plot of log;, (KA\%Q + 1) Figure 4.2: Contour plot of log,, (Vo_V2 + 1)

The results imply that spontaneous CP violation hardly occurs when we start with La-
grangian respecting the extended modular symmetry I'*. Hence, we expect that some mech-
anisms that modify or break the modular symmetry will increase the possibility of obtaining
CP violation.
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4.6 Flux and matter effects for spontaneous CP violation

This section studies the combined effects of three-form fluxes and matter contributions on
spontaneous CP violation through moduli stabilization. Within 4D N = 1 SUGRA, we consider
the following Kéahler potential

K = Kuoduli T Kmatters (4.81)

and superpotential
W = Wﬂux + Wmattera (482)

where we still use Kyoqui and Waue shown in egs. (4.29) and (4.53)), respectively. Kpatter and
Winatter Will be specified later when we study concrete models. We assume the invariance of the
matter contributions under the extended modular symmetries,

(@I, ®Ts) xZ5", (4.83)

as a generalization of the previous section. Here, I';, and ['s denote the PSL(2,Z) symmetry
associated with the complex structure moduli 7; and axio-dilaton S, respectivelyﬁ. We require
the following CP transformation of Wi atter,

Wnatter —> —Winatter- (4.84)

Then, the full superpotential behaves as
w s —w, (4.85)
because Wy in eq. (4.53)) is transformed as Wi, SN —Wiux. Thus, Kéhler invariant function

G = K +1In|W|*is CP invariant.

4.6.1 Model I

Here, we introduce single matter chiral super field X. We assume that X belongs to a trivial
singlet representation and carries modular weights k € Z under I';, and —1 under T',,, T, ['s.
The corresponding Kéahler potential is given by

Kmatter = Z|X|2; (486)

where
7 = (—im + 7)) " (—imy + %) T (—iTs + i73) "H(—iS +iS5) 7L (4.87)

The matter superpotential is given by

Wmatter = A2Y(7—1>X7 (488)

SFor duality group, see for example Ref. [144] and references therein.
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where Y (71) is a trivial singlet modular form carrying modular weight ky under I';,. To ensure
the modular invariance of the matter sector, we require

ky = —(1+ k). (4.89)

In addition, we choose a normalization of the modular form Y'(71) to realize the following
behavior under CP,
Y(n) S v (#). (4.90)

This corresponds to the choice ¢ = m (mod 27) in eq. (4.72)). Hence, CP transformation of the
matter superpotential follows eq. (4.84]).
We solve the SUSY preserving Minkowski conditions:

0. W =0, 0sW =0, 9xW =0, W =0. (4.91)

One can straightforwardly obtain the solution,

bs

al’

=fS, Y(rn)=0, X=0(f0,Y #0). (4.92)

T1T2 =

This shows that 7 is fixed at a zero-point of the modular form Y (7). This leads to the
stabilization of T, via the relation 7,75 = b3/a’. On the other hand, there remain unfixed
moduli corresponding to the flat direction 73 = fS. In what follows, we show concrete models
by choosing A, modular forms for Y'(7).

Weight 4 trivial singlet:

First, we choose
Y(r) =1 Y1(4)(7'1)7 (4.93)

where Y1(4) (1) is a Ay trivial singlet modular form carrying modular weight ky = 4. Eq.
in Appendix shows the definition of Y;* (11) whose normalization corresponds to ¢ = 0

(mod 27) in eq. (4.72)). Hence, we have added an overall factor i in (4.93) for making Y (7;)
to behave as (4.90) under CP. According to eq. (4.92), the complex structure modulus 7y is
stabilized at a zero point of Y1(4) (11), that is 71 = w. Then, 75 is fixed at

bs 1
Ty =

(4.94)

adw
Certain choices of flux quanta lead to spontaneous CP violation by the VEV of 5. For
instance, let us consider the following set of flux quanta

a® =2, by=-3 f=1, (4.95)

where the tadpole cancellation condition is satisfied, ng.,, = 12 < 32. Then, 7 acquires a
CP-breaking VEV at

T= = S 2 (4.96)
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As another example, let us choose the following set of flux quanta
a® =3, b3=-4, f=1, (4.97)

where the tadpole cancellation condition is satisfied, ng., = 24 < 32. Then, 7 acquires a
CP-breaking VEV at

4 2 2
=——=-4 —. 4.98
"3 T3 (4.98)
Weight 6 trivial singlet:
Next, we set
Y(m) =i Y1(6)(7'1), (4.99)

where Y1(6)(7'1 is a A4 trivial singlet modular form carrying modular weight ky = 6. Eq.
in Appendix shows the definition of ¥;”(r;) whose normalization corresponds to ¢ = 0
(mod 27) in eq. (4.72)). Hence, we have added an overall factor i in for making Y () to
behave as under CP.

Since Y,% () has a zero-point at 7, = i, stabilization to 7, = i can occur. In this case, we
obtain Re(7y) = 0 regardless of the assignments of flux quanta, hence CP is always conserved.
In contrast, if 7y is stabilized at a different zero-point of Yl(ﬁ)(ﬁ) such as 73 = 141, spontaneous
CP violation can be realized. For instance, let us choose the following set of flux quanta

a® =2, by=-5 f=1, (4.100)

where the tadpole cancellation condition is satisfied, ng., = 20 < 32. Then, 75 acquires a

CP-breaking VEV at
-5 5
= ——— = —(—1+1). 4.101
T 20+ 1) 4( + 1) (4.101)

To summarize, CP violation can be obtained depending on the VEV of 7 and the flux quanta.

Discrete symmetry in the scalar potential

We discuss the relation between the spontaneous CP breaking and the discrete symmetry of
the scalar potential. We explain how modification or partial breaking of the modular symmetry
favor the CP violation. The scalar potential is given by

V =eXK'""D,WD,W, (4.102)

where the indices denote I,J € {7;, S, X}. Restricting to (X) = 0, cf. (4.92)), the potential is
reduced to
A4

Voo = 3 m(m)] Y™ (m) +

2‘7’3 - fS|2 |CLO7_'17'2 - 63‘2 + 2|T3 — fS’2 |(IOT1T2 — b3|2
V2[2Im(7)][2Im(72)][2Im(73)][2Im(.S)] ’
(4.103)
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where the first term corresponds to the matter contributions. The remaining terms are flux-
induced contributions. By further restricting to the flat directions eq. (4.55)) generated by the
three-form flux, we are left with

4

A
V = Vinatter = W[21m<n>]’w|Y1<’“Y><71>|2. (4.104)

Since this Viatter 1S invariant under the extended modular symmetry f‘jl, the VEV of 71 tends
to preserve CP as discussed in section [4.3]
Now, if we express Viatter in terms of 7, by the relation 7, = b3/(a’7), we obtain

A* T (k )(|a°| >
YU —T
[ ! [bs]

ky
Vinatter = —5 | 7 2Im(:
atte VQ |b3| ( 2):|
where we have used the invariance of Ve under 7 — —1/71 = (|a°|/|bs]) 7, ie., S € Ty,
transformation. We notice that eq. (4.105)) is generally not symmetric under I, unless |a®/bs| =
1. One can check that Viaiter 18 invariant under the following set of transformations

76{(2 Z) 65“2’@)‘@ Z>E(o moa il |bg/a0|))}’ (4.106)

acting on 75 in the usual way

2

: (4.105)

~ aty+b

L CTo + d

In eq. , the asterisk % denotes an unspecified integer. We notice that is identical
to SL(2,7Z),, when |a®/bs| = 1. In case of [a”/bs| # 1, the set of matrices in form a
discrete group which is isomorphic to SL(2,Z),,. This can be checked as follows. Consider a

p— [ VIal/]bs| 0 (4.108)
0 Il/a)

where we have det P = 1. Then, the following transformation maps an element v in eq. (4.106))

to an element in SL(2,7Z).,,

(4.107)

matrix

v — PyP~' € SL(2,Z),,. (4.109)

It can be straightforwardly checked that eq. (4.109)) is indeed an isomorphism. The discrete
group contains the following two matrices which resemble 7" and S transformations in SL(2,Z),

R I T ] A0

Then, one can show that any scalar potential invariant under the T and S transformations
satisfy the following properties,

a‘/man;ter
0s

(5,6) =0, s=0 (mod |bs/(2a")]), (4.111)



126CHAPTER 4. SPONTANEOUS CP VIOLATION THROUGH MODULI STABILIZATION

where 75 = s 4 1t, and
a‘/vmatter
or

where 7, = re®”. We notice that CP-breaking VEVs of 7, in the A4 model given by eqs. (4.96]),

(4.98)), and (4.101)) are on the line Re(y) = 4|b3/(2a°)| as eq. (4.111)) implies. Moreover, (|4.96))
and (4.98) are also on the arc |m5| = |b3|/]a’| as eq. (4.112)) implies. In fact, (4.96) and (4.98)
{.101)

(r,0) =0, r=_—4 (4.112)

correspond to TS invariant fixed point. Similarly, corresponds to STS (ST)*l invariant
fixed point.
We observed that there is a preferred condition on the values of flux quanta to obtain

CP-breaking vacua. The condition is given by

bsta” and a®{bs, (4.113)
where b3  a® denotes a° is not divisible by bs. This can be understood as follows. Recalling
eq. (4.111]), 7 tends to stabilize on the lines Re(3) = 0 (mod |b3/(2a°)|). These do not coincide
with the CP-conserving lines Re(72) = 0 (mod 1/2) if is satisfied. All the CP-violating
examples in model I satisfy (4.113).

On the other hand, if |b3/a’| = n € Z, eq. implies that CP is hardly violated.
This is because 72 tends to stabilize on the line Re(mz) = 0 (mod n/2) which is a subset of
the CP-conserving region. Similarly, the case |b3/a’] = 1/n, (n € Z) tends to conserve CP.
Recalling eqs. (4.111)) and (4.112), 7 would stabilize at the intersecting points of Re(mz) = 0
(mod |1/(2n)]) and the arc || = 1/n. Such intersections are 7 € {i/n,w/n,—w?/n}. In
modular flavor symmetric models, 7, is equivalent to 75> := —1/75 € {ni, —nw?, nw} which are
CP-conserving [’

We have found that introducing odd-valued flux quanta is needed to meet the condition
eq. (4.113]) without violating the tadpole cancellation condition (4.57). We give a proof in
Appendix [C.3] This implies the existence of exotic O3’ planes favors the spontaneous CP
violation in model I. If the tadpole cancellation condition is relaxed, all the flux quanta a°, b3, ¢
and dy can be even integers. For example, the condition can be satisfied if we choose
(a® b3, ®, dy) = (4,—6,—4, —6) with f = 1, although we have ng,, = 48.

4.6.2 Model I1

Here, we study the extension of the model I to stabilize all complex structure moduli 7;, (i =
1,2,3) and axio-dilaton S. For this purpose, we introduce one more matter chiral superfield x
which belongs to the trivial singlet representation of the modular group (4.83)). We assume it

"We note that is a preferred condition, namely not a necessary condition for CP violation. By making
a very special set-up, CP violation can be realized without . For instance, choosing |b3/a’| = 1/7 and
71 = ST?% = —0.4 + 0.23, we obtain 75 ~ 0.286 4+ 0.143i. One can check that this cannot be mapped to a
CP-conserving point by I',, modular transformation.
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carries modular weights [ € Z under I';, and —1 under I';,,T,,,['s. Then, the Kihler potential
for the matter sector is given by

Kmatter = Z|X[* + z]a|?, (4.114)
and the matter superpotential is given by
Wiatter = A2(Y (1) X + a y(13)2), o €R, (4.115)
where we have defined
Z = (—im + i) (—imy + i) " (—ims +i73) " (—iS + i?)_l, (4.116)
2= (=i +i7) =iy + i) "N (—imy + i) (—iS +iS) 7.

By requiring the discrete symmetry to our model, both modular forms Y (1) and y(73)
need to be trivial singlets. Furthermore, modular weight of Y (7q) is constrained to ky = —(1+k)
under [';, and that of y(73) is constrained to k, = —(1 + 1) under I',,. We have required the
dimensionless parameter a in Wi .iter to be real for CP invariance [72]E|

We solve the SUSY preserving Minkowski conditions:

0. W =0, 0W=0, oxW=0, 9,W=0 W=0. (4.117)
The solution is given by

T3 = fS> Y<T1) = Oa y(T3) = Oa
X =0(@Gf 0,Y #0), z=0 (if ad,y #0),

(4.118)

showing that 7 and 73 are fixed at zero-points of Y (1) and y(73), respectively. As a result, the
vacua degeneracy is resolved, stabilizing 7 and S. Matter fields are stabilized at (X) = (x) =0
and become massive provided (0,,Y) # 0 and a(0-,y) # 0.

Spontaneous CP violation in the weak gauge coupling regime
Let us study concrete examples using A, modular forms. We choose
Y(r) =i Y — i v 4.119
() =i Yy (m), y(ms) =i Yy (73), (4.119)

where Y1(4) and YI(G) are Ay trivial singlet modular forms carrying weight ky = 4 and k, = 6,
respectively. We have introduced an overall factor i in for making Y (7;) and y(73) to
behave like under CP. We can realize spontaneous CP violation in the weak coupling
regime, i.e., Im(S) > 1, under certain flux quanta. For instance, we choose

1
=4, by=-6, =-2, dy=-3, (f = 5) , (4.120)

8We note that the results are unchanged even for « € C since the o appear in the scalar potential as |a|?.
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where the tadpole cancellation condition is satisfied, ng,x = 24 < 32. As a result, all complex
structure moduli and axio-dilaton are fixed at

3 3Vv3

=W, Ty=o At iz =i, S=2. (4.121)

4 4
This is a CP-breaking SUSY Minkowski vacuum. The source of CP violation is the VEV
of /5. We have Im(S) = 2, hence weak coupling is simultaneously realized. This value is
phenomenologically interesting as we will discuss in subsection If we relax the tadpole
cancellation condition, we can reproduce identical VEVs as eq. (4.121]) with only even integer-
valued flux quanta. For instance, the following set of flux quanta

(a®, b3, dy) = (8, —12, —4, —6), (4.122)

leads to the same VEVs as although we have ng., = 96.

So far, we have based our discussion on the flux-induced superpotential in the odd poly-
nomial form eq. . We emphasize that the even polynomial version of the superpotential
eq. (4.51)) could have been chosen. Analogous analyses can be performed simply by replacing
eq. i%l} with Y (1) = Y;¥(r,) and y(73) = Y% (73). Then, both the flux-induced superpo-
tential Wy, and matter superpotential Wiaiter are transformed under CP as Wy — Wiaux and
Winatter — Wanatter- Hence, the total superpotential W = Waux + Wnatter behaves as W — W
ensuring the CP invariance of the Kahler invariant function.

Moduli masses

We evaluate moduli masses corresponding to the SUSY Minkowski vacuum in eq. (4.118]).
Non-vanishing components of the supersymmetric mass mag = d40gW are given by

Mayyry = Mayyry = a0<7_2>’
msqs =MmMsr, = —fCL0<’7'2>,

Mmrx = Mxn = A2<871Y<7_1)>7

4.123
Mryry = Mpgry = a0<7_1>’ ( )
Mrys = MGy = —fCL0<’7'1>,
Mirgz = Myry = a?A? (0r,y(73)).
One finds the determinant of mag, (A, B € {7, S, X, z}) as
det (map) = —(a°)? f2a*A¥(11)*(0, Y (11))*(0r,y(73))?, (4.124)

which is generally non-vanishing unless & = 0. This shows that all complex structure moduli,
axio-dilaton, and matter fields become massive. As we have seen in eq. (4.66)), only half of the
moduli acquired masses of order O(Mp;) owing to the three-form fluxes. Eq. (4.124]) implies
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that remaining moduli and matter fields have acquired masses of order O(A?/Mp)) due to
matter-moduli couplings if contributions from dimensionless constants are O(1).

At last, we note that Kéhler (volume) modulus is still unfixed. We will show that Ké&hler
modulus can be fixed without disturbing our result, i.e., spontaneous CP violation in the weak
coupling regime.

4.6.3 Kaher modulus stabilization

Here, we extend model II to stabilize Kahler modulus 7" which is related to the volume V by
V =~ [2Im(T)]*/2. For this purpose, we add contributions from non-perturbative effects as

W = Whaux + Whatter + Wnp7 (4125)

where

Wip = Y _ CpeltmTHioms, (4.126)

Here, C,, (m = 1,2, ...) have mass dimension three and we assume they are constants to simplify
our discussion. One of the possible origins of the superpotential is the D-brane instanton
with a,,, b, = 2m. Another origin is the gaugino condensation in a non-Abelian gauge theory
on D7 branes. Along Ref. [81], we study the following simple form

Wnp = Cl ewT + CQ eibs, (4127)

in the following discussion. Note that Wy, and Wiaer are given by and ,
respectively.

Supposing that the masses of the complex structure moduli, axio-dilaton, and matter fields
are sufficiently larger than that of Kahler modulus, we can consider low energy regime where
the Kahler modulus is the only dynamical degree of freedom. In this case, 7, S, X,z are set
at their VEVs eq. ([£.118)). Then, we find eq. is reduced to the effective superpotential
given by

Werr = Wi ((S), T). (4.128)

If the VEV of axio-dilaton satisfies Im(S) > 1, one obtains the KKLT-type superpotential [145],
W ~ (A% + CreT, (4.129)

where the first term is an exponentially suppressed constant. Note that A’ denotes a constant
with mass dimension one, A’ := C,. Then, the Kéhler modulus is stabilized by the SUSY
condition

DTWeff = aTVVeff + (aTK)Weff = 0. (4130)
The solution is roughly given by

a Im(T") ~ In (C} /wy), (4.131)
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where |wo| = [(A?e®)| < 1 (= M3)). If we choose |Cy| =1, A’ =1, a = b = 27, and (S) = 2i,
we find Im(7") ~ 2 > 1.

Although we have succeeded in stabilizing the Kéhler modulus, we have used approximation.
First, we have set the VEVs of the complex structure moduli, axio-dilaton, and matter fields
as eq. (4.118)) in model II. Then, we have separately analyzed the Kéhler modulus stabilization
in the low-energy regime. This implies that there will be slight deviations in the VEVs of the
fields if we simultaneously consider the dynamics of all fields taking into account three-form
flux, moduli-matter couplings, and non-perturbative effects at once. Indeed, true vacuum is
obtained by the SUSY condition:

DWW =0, (4.132)

where I € {7;, 5, X,z, T} and W is given by eq. (4.125)). The true vacuum can be written as

T, = (1) + 07,

S =(5)+459,

X = (X) +0X = 6X, (4.133)
r = (x) + 0x = iz,

T =(T)+ T,

where (7;), (S), (X), and (z) denote VEVs in eq. (4.118). Also, (T') denotes the VEV satisfying
eq. (4.130). These values are the reference point for the evaluation of the true vacuum. In what
follows, we estimate the deviations up to linear order approximation based on the method of
Refs. [81}|146}/147].
We begin with rewriting the SUSY condition eq. in terms of the Kahler invariant
function G := K + In|W|? as
Gy =04G =0, (4.134)

where the index A denotes both holomorphic and anti-holomorphic fields,
A={r,8X,x,T,7, 5, X,z,T}. (4.135)
One finds the Taylor expansion of G4 about the reference point as
Ga = Galy +56"Caply + O((59)%), (4.136)

where ¢ denotes the fields in eq. (4.135]). The meaning of |y is to take values at the reference

point, i.e., ¢ = (¢). Assuming a,b > 1, non-vanishing components of G 4p satisfy
G1y,Grr > Gr;,Guy. (4.137)

This implies that the holomorphic and anti-holomorphic parts of G 45 and G4? can be diago-
nalized independently at the leading approximation, where G4? denotes the inverse matrix of
G ap. Hence, we obtain

6" = =G|y G )y + (O(66)?). (4.138)
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Explicit computation leads to

(57’1 = 0(52)7
Weff 2
0Ty = — Gs| +0(e%),
2T W S‘o )
57’3 = 0(82),
58 = — en G| +0O(2),
WTQS 0 (4 139)
Wer (Wrs 2 '
5X - T T1 ’
1o <WTQSG2 a ) ’(>+0(g )
o Weff WT2T3 2
o = WTsx (WTQS GS GT3> ‘() * O(g )’
o7 — st 58S,
Grr )

where € = |Weg|/(A>Mp) < 1. The results show that deviations of all fields are suppressed by
the exponentially small factor Weg.

We note that the obtained VEVs correspond to an anti-de Sitter vacuum since the scalar
potential is negative, V = —3(e®|W[?) < 0. To realize a de Sitter vacuum, we consider
uplifting by SUSY breaking due to non-vanishing F-terms, D-terms and/or anti-branes. Since
the masses of moduli and matter fields are sufficiently larger than that of the uplifting source,
the corrections in the VEVs would be smaller than the above shifts.

In Appendix [C.1], we present another model that can induce spontaneous CP violation and
SUSY breaking. This leads to a de Sitter vacuum.

Implications on gauge coupling unification and strong CP problem

We comment on the phenomenological implications of the VEV, (S) ~ 2i which is realized in
[E121).

Firstly, the value is interesting as it may lead to a realistic value of gauge coupling constant.
Let us suppose that the gauge kinetic function corresponding to the standard gauge group
SU(3)c x SU(2)r x U(1)y in a supersymmetric standard model is given by

frn = —iS. (4.140)

Here, f, is a unified holomorphic gauge coupling function at the UV cut-off scale. If (S) ~ 2i,
we obtain a™! = 87 ~ 25, where « is the fine-structure constant. We notice that this nicely
coincides with the unified gauge coupling constant of the minimal supersymmetric standard
model at the GUT scale, Mgyt ~ 10'¢ GeV.

Secondly, we discuss implications on the strong CP problemﬂ The vanishing real part,
(ReS) = 0 leads to the vanishing QCD phase 6y = 0 at tree level. However, owing to the

9See for example, Ref. [148] for a review.
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correction AW := W,,, the VEV of S can slightly deviate from S = 2¢ as we previously
analyzed. According to eq. (4.139), the shift is approximately given by
AW mg) oie

0S ~ —i ~ — ,
WTQS MPI

(4.141)

where (AW)e~"28 Wrs) = my M2 e, Here, my, is the (real) gravitino mass. Thus, we
obtain

|Re(0.9)| & [sin ¢| Maja, (4.142)
Mp,

This is consistent with the experimental bound on the electric dipole moment of neutron if
mga|sin | /Mp < 10719 Hence, the gravitino mass is bounded as mg/s < 10710 x Mp/|sin p|.
However, there can be other corrections to the strong QCD phase. If their effects are small as
mga|sin | /Mpr, it is still consistent with experimental data. Nonetheless, the true QCD phase
¢ is corrected by quark masses M, as

0 = 0y + arg(detM,). (4.143)

In Refs. [149-151], the mass matrices leading to arg(detM,) = 0 are studiedm Combining
our scenario with such mass matrices would be interesting as a solution for the strong QCD
problem. Nevertheless, depending on other moduli, the gauge kinetic function would generally
receive threshold corrections. The next challenge is understanding how to control corrections
on #, from other moduli.

0For other approaches relevant to the modular symmetry including the axion, see [138}/152H154].



Chapter 5

Summary

We first summarize chapters [2] [3] and [] separately. Then, we present the concluding remarks
of this dissertation as a whole.

5.1 Summary of magnetized torus and orbifold models

In chapter [2, we have discussed the magnetized torus and orbifold models based on 10D N = 1
super Yang-Mills theory which is a low-energy effective field theory of superstring theory.

Firstly, we reviewed the dimensional reduction of the 10D super Yang-Mills theory under
the magnetized extra dimension. 4D chiral theories can be realized due to the background
magnetic fluxes. The generation size of chiral fermions is determined by the degeneracy of
zero-mode wavefunctions in the extra dimension. The overlap integral of fermion zero-modes
and the lightest bosonic modes over the compact space computes Yukawa coupling constants
in the 4D theory. Hence, it is important to determine the degeneracy of zero-modes and their
explicit wavefunctions to study the flavor structures of 4D effective field theory.

Secondly, we have reviewed magnetized T? as well as T%/Zy, (N = 2,3,4,6) orbifold
models. After presenting the explicit forms of zero-mode wavefunctions, we have clarified
the conditions needed to realize three-generation models. For systematic analyses, we utilized
SL(2,7Z) modular transformation properties of zero-mode wavefunctions.

Thirdly, we have studied extensions to the magnetized T* and T* /Z, models. We have shown
the explicit form of zero-mode wavefunctions on magnetized 7% in terms of the Riemann theta
function. We have also taken into account the Scherk-Schwarz phases. The negative chirality
zero-mode wavefunctions are discussed in Appendix [Al Our negative chirality wavefunctions
are reduced to the ones shown in Ref. [14] when the real part of the complex structure €2 is
vanishing. We note that our result also accounts for the case Ref) # 0. We have also found
that there are a large number of three-generation models within both 7% and T*/Z, models.
In magnetized T models, the degeneracy of zero-modes is equal to the determinant of the flux
matrix N. Hence, for the realization of three-generation models, we require |[detN| = 3. In
magnetized T*/Z, models, we have learned that the degeneracy of zero-modes is determined
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by the following four quantities: detN, Scherk-Schwarz phases, Zs eigenvalue, and the mod
2 structure of N. Note that the Scherk-Schwarz phases @, 5 have 16 different patterns on
magnetized T*/Z,. We have shown that three degenerated positive chirality zero-modes are
produced only when 4 < detN < 8.

Finally, we studied magnetized T*/Zy, (N = 3,4,5,6,8,12) models. Zero-mode wavefunc-
tions on these magnetized orbifolds are written by linear combinations of those on magnetized
T* models. We performed systematic analyses of zero-mode numbers under vanishing Scherk-
Schwarz phases by use of Sp(4,Z) modular transformation. This is because Zy twists defining
the orbifolds can be described by modular transformations. Our results explicitly show the
conditions on the magnetic fluxes needed to realize three generations of fermions in each Zy
twist sector. A large number of three-generation models can be produced in all of the T*/Zy
models we have investigated. We comment that some of our T%/Zy models (e.g. T°/Zs) may
include tachyonic modes in the closed string sector when we consider embedding into super-
string theory. This implies instability. Some moduli may develop their VEVs, but the topology
of the space may be unchanged. If the manifold is stable, our results on 7% /Zs could be realized,
since the zero-mode number is determined by topological quantities. Such a study regarding
the embedding into string theory is beyond the scope of this paper.

Future work

One of the most intriguing future works is to build concrete models based on the magnetized
T*/Zy, T/ Zy orbifold compactifications and to realize the quark and lepton masses and mixing
angles similar to analyses on T?/Z, orbifold model [19-23]. For this purpose, we need to
compute Yukawa coupling constants by the overlap integrals of zero-mode wavefunctions of
various chiralities and Higgs modes over the compact space. We expect that generalization to
the non-factorized tori and background flux will provide new insights into the flavor puzzle.

Another future work is the comprehensive analyses of the quantization of the Scherk-Schwarz
phases on magnetized T*/Zy,T®/Zy orbifolds. Furthermore, we can study the inclusion of
the flux components py., pyy, c.f. . Under such a generalized setup, we would like to
derive the explicit form of zero-mode wavefunctions as well as zero-mode numbers. Recently,
a powerful way of zero-mode counting using the Atiyah-Segal-Singer fixed-point index theorem
has been studied [41]. Nevertheless, studying the explicit form of zero-mode wavefunctions is
necessary for the computation of mass ratios, mixing angles, and CP violation of quarks and
leptons.

5.2 Summary of radiative modulus stabilization

In chapter [3, we have studied the modulus stabilization of the complex structure modulus 7 by
considering the 1-loop radiative correction. In modular flavor symmetric models, the VEV of 7
is crucial in explaining the hierarchical flavor structures such as mass ratios and mixing angles
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of quarks and leptons. As an illustrating example, we have reviewed the A4 x A4 X A4 modular
flavor model with A/ = 1 global SUSY where Yukawa coupling constants are written by modular
forms of A4’s. We have confirmed that quark mass hierarchies and absolute values of CKM
mixing matrix elements are successfully realized without fine-tuning constant parameters. The
only continuous free parameter of the model is the VEV of the modulus 7. For the model,
the VEV is chosen by hand close to the fixed point 7 = w where Z3 residual symmetry exists.
The slight deviation from the fixed point, i.e., 7 =w + ¢, (Je|] < 1) is essential for the natural
realization of hierarchies. This comes from the fact that the values of modular forms Y ) (7)
become hierarchical as Y ") (w +¢) ~ ¢!, (I = 0,1, 2) depending on their Zs charges.

Thus, we need to understand the dynamics that can stabilize the modulus in the vicinity
of 7 = w. We have focused particularly on whether the 1-loop correction can lead to a small
deviation from the fixed point by assuming the “tree level” potential V| of a simple form (3.45)).
The possible origins of the “tree level” potential include three-form flux-induced potential in
the Type IIB superstring theory or non-perturbative effects such as gaugino condensation.

In particular, we have studied the 1-loop effective potential within A4, modular flavor sym-
metric global SUSY models. The 1-loop potential V; originates from the couplings between
the modulus 7 and matter supermultiplets ®;, (I = 1,2,--- ,n). For concrete discussions, we
have focused on the models in which A; modular forms have ky = 8 and belong to one of the
singlet representations r = 1,1’,1”. The coupling we have introduced is modular symmetric if
the modular weight of ®; is —4, i.e., k; = 4. In our analyses, the detailed scenario of SUSY
breaking is not specified for the generality. We have introduced soft SUSY-breaking scalar mass
mg which is assumed to be independent of 7 for simplicity.

We have found that the resulting 1-loop effective potential shows different behaviors de-
pending on the choice of the representation r = 1,1’,1” of the A4 modular forms. In case
trivial singlet r = 1 is chosen, we have found that the 1-loop correction V; is flat near the
fixed point 7 = w. Hence, the local minimum of the effective potential Vog = Vi + nV; does
not deviate from 7 = w. On the other hand, in the case of r = 1’,1”, we have found the
possibilities to generate the phenomenologically preferred (small) deviation 7. When r = 1’ is
chosen, the number of flavors n contributing to the effective potential needs to be quite large
for the 1-loop radiative correction to compete with the “tree level” potential Vj if the modulus
mass m, is as large as the compactification scale[] We have evaluated the required species
number n to generate the deviations. Then, we have confirmed numerically that the desired
slight deviations (e.g. [07] ~ 0.03) can be realized. Note that our perturbative analyses are still
valid even when the “tree level” potential and 1-loop contribution become comparable. This is
because the “tree-level” potential we assumed has nothing to do with the “Yukawa couplings”
of ®;. Nevertheless, one needs to be wary of the introduction of too large number of species
as it can conflict with the perturbative description of (quantum) gravity. When the modulus
mass is less than the compactification scale, a small number of species is sufficient.

When r = 1” is chosen, we have found that the (spontaneous) breaking of modular sym-

LA large number of massless modes appear at the compactification scale in generic string compactification [5].
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metry, i.e., k; # 4 makes V; to be non-stationary at 7 = w, which leads to a slight shift of the
minimum from 7 = w. On the other hand, modular symmetric choice k; = 4 cannot realize a
small deviation of the minimum because the local minimum of V] is found at 7 = w.

Future work

One possible future direction is to go beyond the SL(2,Z) modular symmetry. For instance,
generalization to radiative stabilization in the presence of Siegel modular symmetry can be
studied by introducing multi-moduli. Such extension is important because the 4D modular
flavor models with Siegel modular symmetry have been actively studied recently where the
moduli VEVs are crucial for the flavor structures. Furthermore, the radiative multi-moduli
stabilization may be phenomenologically interesting since it may explain various hierarchies,
not only masses of quarks and leptons but also the strong QCD phase, cosmological constant,
etc. Recently, the possibility of radiative modulus stabilization as a solution to the strong QCD
problem has been studied [85,/138].

While we have succeeded in generating a slight deviation of 7 responsible for the hierarchical
flavor structures, spontaneous CP violation was not induced. Hence, it is important to study
the possibility of obtaining CP-breaking VEVs of moduli through radiative corrections although
such extension was recently studied [85].

5.3 Summary of spontaneous CP violation through mod-
uli stabilization

In chapter ] we have studied spontaneous CP violation through moduli stabilization in the
presence of symmetries under modular (sub)groups. To realize spontaneous CP violation, we
have considered CP-invariant Type IIB three-form flux and modular invariant moduli-matter
couplings.

Our study is motivated by the following background. Firstly, CP should be broken sponta-
neously because it is a discrete gauge symmetry as we reviewed in section [4.1} The 4D parity
and charge conjugation are embedded in 10D proper Lorentz transformation and gauge trans-
formation of the underlying theory, respectively. Secondly, in CP symmetric modular flavor
models of quarks and leptons, the only source of CP violation is the VEV of complex structure
modulus 7. As we reviewed in section , within SL(2,7Z) modular flavor models, CP is vio-
lated when 7 is fixed at a point satisfying —7 # 7 for any element v € SL(2,7Z). Hence, it is
important to study the dynamics that lead to such CP-breaking vacua.

We have taken two steps to realize spontaneous CP violation. As a first step, we have
considered CP symmetric flux-induced potential within Type IIB string theory on T°/Z, ori-
entifold. There are three complex structure moduli 7, (i = 1,2, 3), axio-dilaton S, and Ké&hler
modulus V. In general, flat directions can appear where CP-conserving and CP-breaking vacua
are degenerate. Hence, we need additional contributions to resolve the degeneracy and possibly
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to obtain CP violation. As a second step, we have introduced matter contributions. We have
assumed that the couplings between the moduli and matter fields respect the CP and modular
symmetries following Refs. [84,99]. Such couplings are written using modular forms. We have
chosen A, trivial singlet modular forms as illustrating examples.

By combining the flux and matter contributions, we have found that the degeneracy of the
vacua can be resolved. Furthermore, CP can be spontaneously broken under certain choices of
flux quanta. In the model I, we introduced one matter field X coupled to ;. Then, CP-breaking
SUSY Minkowski vacua induced by the VEV of 7. We have observed that if the flux quanta
satisfy the condition such as , CP-breaking VEV is obtained quite easily. We studied the
underlying reason by focusing on the discrete symmetry of the scalar potential. In fact, certain
breakings or modifications of modular symmetries caused by the three-form fluxes favor the
spontaneous CP violation. As explained in section 4.3} when the scalar potential V" of a modulus
T respects the extended modular symmetry SL(2,Z) x chp), its local minimum tends to appear
on the imaginary axis Re(7) = 0 and/or the boundaries of the fundamental domain D where
CP is preserved. On the other hand, when the three-form flux quanta are introduced, such
modular symmetries of V' can be partially broken. When eq. is satisfied, the residual
discrete symmetry of V' favors the spontaneous CP violation. As an extension, we studied
model IT where two matter fields coupled to moduli are introduced. Then, we have succeeded in
realizing spontaneous CP violation in the weak coupling regime, i.e., Im(S) > 1. In particular,
we have obtained (S) = 2i which nicely corresponds to the unified gauge coupling constant of
the minimal supersymmetric standard model at the GUT scale when the simple gauge kinetic
function eq. is assumed. The obtained VEVs correspond to SUSY preserving Minkowski
vacua. However, the Kahler modulus V is still unfixed. Therefore, we have considered non-
perturbative effects which would lead to Kahler modulus stabilization through a KKLT-like
scenario. We have confirmed that spontaneous CP violation can be still realized even when
such non-perturbative effects and up-lifting are included. One of the interesting outcomes is
that the VEV of axio-dilaton can slightly shift from (S) = 2i and the tiny value of Re(S) may
lead to the solution of the strong QCD problem.

Future work

We have learned that spontaneous CP violation can be readily generated by the VEVs of
complex structure moduli when the modular symmetries of the scalar potential are partially
broken. Hence, it may be interesting to consider scenarios where modular symmetries become
anomalous [

2Modular symmetry anomalies within magnetized D-brane models are studied in Refs. [155,/156].
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5.4 Concluding remarks

In this dissertation, we have studied the realization of flavor structures of quarks and lep-
tons from effective field theories of superstring theory. The conditions needed to realize
three-generation models based on magnetized toroidal orbifold compactifications were clarified.
Through radiative moduli stabilization, we have learned the possibilities of reproducing moduli
VEVs such that the 4D modular flavor symmetric models can naturally explain hierarchical
mass ratios and mixing angles. By introducing couplings between matter fields and moduli,
flat directions of the flux-induced CP symmetric scalar potential were lifted and spontaneous
CP violation was realized.

However, we have not succeeded in the simultaneous realization of all of the flavor struc-
tures mentioned above. It is important to build a model that can derive all the flavor structures
within a single concrete set-up for compactification. That is left for future work. For example,
by computing Yukawa coupling constants based on magnetized T%"/Zy, (n = 2,3) compactifi-
cation, we hope to reproduce mass ratios and mixing matrices of quarks and leptons. This will
allow us to identify phenomenologically preferred VEVs of moduli and/or Higgs fields. Then,
our next task would be to derive those desirable VEVs through dynamics within 72" /Zy com-
pactification.



Appendix A

More about magnetized 7% and T%/Zy
models

A.1 Negative chirality zero-mode wavefunctions

In this section, we present negative chirality zero-mode wavefunctions i.e., ¥, ¥? on magne-
tized T*. For the sake of simplicity, we assume vanishing Scherk-Schwarz phases. The negative
chirality components satisfy the following Dirac equation:

Dav? + Doapl =0, (A.1)
Dt — Dayt =0. (A.2)
As it is clarified in Ref. [14], both ¢! and 12 are non-vanishing when oblique fluxes are present,
i.e., F,iz» # 0. Let us briefly explain. Suppose that only ¥? is non-zero. Then, we have
Dyp? = D212 = 0, which immediately leads to [D,1, Dy2]|i)? = 0. From eq. (2.153)), we find
F.1:2¢? = 0. Hence, under the presence of non-vanishing oblique fluxes F.iz;; # 0, we only

find trivial solutions 2 = 0. This suggests that the negative chirality components need to be
excited simultaneously to obtain non-trivial zero-mode wavefunctions,

where «, f € C. Then egs. (A.1) and (A.2)) reduce to
(ﬂDzl + OzDZ2)1/) =0,

(8Dz2¢) — aDzi ) = 0. (A4
To obtain non-trivial solution v # 0, the coefficients o and § need to satisfy,
—aBF;1 —&*Faq + B*Faz2 +aBF..: =0. (A.5)
This can be understood as follows. From eq. , one obtains
(BDatb — aD) (8D + aD.a)d = (BDor + aD)(BDatb — aDp),  (AS6)
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which can be rewritten as
(BZ[DZI, Dgz] — Oéﬁ[Di, Dgl] + af[D.z, DEQ] — (XZ[DZQ, Dgl]) ¥ = 0. (A.7)

Using eq. (2.153)), we find that eq. (A.5) is required for ¢ to be non-trivial. Hence, we are led

to solve eqs. (A.4), (A.5) simultaneously under the boundary conditions eq. (2.152]).
For later convenience, let us rewrite eq. (A.4) as

_szlgi - FZ221 + qQlezé _'_ qFZQZQ - 07 (A-8>

where we have defined g := /. Since this is a quadratic equation for ¢, we generally find two
solutions. In the next subsection, we show that only one of the solutions is valid by considering
the Laplace equation.

A.1.1 Laplace equation of negative chirality modes

The negative chirality zero-modes v satisfy the following Laplace equation:

ﬁ _ 2 _Fz121 + Fz222 —2F2122 ﬁ
Aoy <a SRR\ 2P Fau— Fawn) \a) (A.9)

where Ars is defined in eq. (2.154)). Note that the Laplace operator is positive-semi definite on
a compact space.

Choice of ¢ = f/a

To make our discussion simple, let us write the flux as

r =z

F = 7[NT(ImQ) 1) (idz" ANdz7) == (
<Y

) (idz" A dZ). (A.10)

where we assume zy — 22 < 0. This is because if 2y — 2% > 0, negative chirality wavefunctions
are not normalizable as we will see later, instead we obtain non-vanishing positive chirality
zero-mode wavefunctions. There are two solutions ¢ of eq.(A.8)):

-y (r—y)?+422
T = 2z '

(A.11)

By the positive semi-definiteness of the Laplace operator in eq. (A.9)), one realizes ¢_ is the

right choice as follows. The Laplace operator acts on (3, )" as

2 —r+y -2z
§ ey — : Al
At & (27 R)? < -2z x —y) (A.12)
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Its eigenvalues &; and corresponding eigenvectors x; are given by

—z 4y —\/2? — 2zy + y? + 422
_ 2_9 2 1 4.2 _
6~ IR, = (T
2 —z 4y + /2% — 2y + y? + 422
_ 2_9 2 1 4.2 _ .
& (27 R)? Vi Wy, ( -2z

We should take & because it is non-negative. Then, the corresponding value of ¢ is

_ (1st component of &z)  x—y—/(x —y)? + 422
7= (2nd component of x;) 2z .

A.1.2 Negative chirality zero-mode solution

Having determined ¢ € R, we define le o, F22ceRas

B ~ R _ 2
lezl lez2 _ lezl 1 q + szzz2 q q ‘
F2251 Fz252 —q q q 1

One can verify that flux in (A.10) can be always written in the form eq. (A.16]).
For convenience let us mtroduce 2 x 2 real matrices N and N by

AN (1m0) ) = Fa ( : ‘q) ,
AINT(1mQ) ] = Fra (qq j) |

Then we can write
F = [N (ImQ) ™ (idz" A d77) + 7[NT(ImQ) ), (id2* A dZ7).
Corresponding gauge potentials are given by

A = _ﬂ {[NZ]T(Im0) "'}, = —%i { (IN2]" + [NE]T)(IHIQ)”},,

(2

Az =ﬂ{Nz] (@)=}, = 2 (N + (N2 ()}

The solution of eq. (A.4]) under the boundary conditions eq. (2.152)) is given by
Y = Ny- f(2.2) - O(Z,2),
f(z, 5) _ em‘([Né‘]T(ImQ)*1Im2—[N§]T(ImQ)*1Im§),
@( z 5) _ Z em[(mN—le)T(lemg)(m+N—1Tf)] 6m’[(ﬁ1+N_1Tf)T(NReQ)(m+N_1Tf)]
MEZ?

) eQwi(erN—le)T[NZ] eQwi(erN—le)T[NE]
Y
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(A.13)

(A.14)

(A.15)

(A.16)

(A.17)

(A.18)

(A.19)

(A.20)

(A.21)
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where M := N — N. Here, J denotes integer points which lie inside the cell Ax spanned by
NTé, (k=1,2). (A.22)
The normalization constant is denoted by A7. By noting
o = od, (A.23)

we find that the degeneracy of the zero-mode is |[detN|. Our wavefunction agrees with
that presented in Ref. [14] when Re€2 = 0. We have generalized the result to the case ReQ # 0.

We note that the negative chirality zero-mode wavefunction is normalizable only if
M(ImS?) is positive definite, i.e., M(Im€2) > 0 which is equivalent to

M*(ImQ)~! > 0. (A.24)
Hence, we find
det (7[M"(ImQ) ")) = —det (x[N"(Im)7']) = —(zy — %) > 0, (A.25)

which shows that Im(N(2) is an indefinite matrix.

Is Dirac equation satisfied?

We confirm that eq. (A.21)) indeed satisfies the Dirac equation. Firstly, let us check eq.(A.2)).
One finds

Dikwlzl,M = Nj[(agkf)é + (fégké)] — Z’AgkwizLM, (A-26)
where

9 f(Z,5) = £(2.5) - mida <[NZ]T-(ImQ)_1-ImZ— INZ]T - (ImQ)~ Im?)

:—wif(?,?)(z%([NZ]T.(ImQ)l) 21 INZ]T - (ImQ)~ )k+[NT(ImQ)1Im§]k),

(A.27)
and
ézké(;; 7) = Z emil(AANTIE )T (MEImQ) (7N~ J)] i (74N~ J) T (NRe@) (4N~ )
MEL
D ( 2mi(m+ N1 TN 2mi(t N1 [Na>
_ Z ewi[(ﬁi+N*1Tf)T(MiImQ)(rﬁJrN*le)] eﬂ-i[(rﬁJrN*le)T(NReQ)(m+N*1Tf)]
meL (A.28)

e27rz(m+N 1T HTINZ 27Tz(m+N 1T J) [Ng]ak (27?2(m+N 1T N‘])

= 273 Z (m + N’ITf)iNikeﬂ[(erN‘ITJ)T(MiImQ)(mN—lTJ)]
mezZ?
eﬂ'i[(ﬁ'LJrN—le)T(NReQ)(néL+N—1Tj‘)] %Z(erN 1T f TN 2m(m+N 1T [NE]
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Now, one can check

ﬁggQQ - Oégglé
= 2mi 3 (7 + N7 (BN — Ny e O N )

meZ?

em[(ﬁi—f—N*le)T(NReQ)(n‘i—i—N*le)} ) ezm(mN*le)T[Ng} ezm(m+N*1Tf)T[Na

=2mi Yy (1 + N7 ,(Im0) i (BINT (ImQ) s, — a[NT(ImQ)™];,) (A.29)
meZ?
) em‘[(ﬁz—l—N*1Tf)T(MiImQ)(7ﬁ+N*1Tf)]em’[(n‘i-{—N*1Tf)T(NReQ)(n‘i+N*1Tf)]

) eZwi(r‘ﬁ+N—1Tf)T[N2‘] e27ri(n'i+N—1Tf)T[Nﬂ

=0,
where we have used eq. ((A.5). Then, we obtain

5522¢§,M - OéDélwl{T,M
= 5Nj(522f)é) — BiAEngI,M - O‘Nj(éélﬁé + aiAElwI{I,M
= N7O[0f — adaf] — i(BAz — ala )i u
= T [BLONET (m2) ), + (N2 (1m2) ), + 20N () I3}
— a{([NﬂT(ImQ)_l)l + ([N?]T(Imﬁ)_l)l + 2i[NT(ImQ)_IImﬂ1}] —i(BAz — ozAgl)wl‘ZLM.
(A.30)
By noticing S[NT(ImQ)~'ImZ], — a[N7(ImQ)~'Imz]; = 0, one finds
5[722%{;,1\/1 - _OéDzlmzr,M
= T [N (1)), + (N (1)) — o (N (1)), + (N () ), )]
70 e [N (1)), (N (1) 1)) — o (N () ™), + (N (1m2) )]
— — SR | BN () )z — a(IN T (1mQ) )
+ 5w | BN (1m) ™), — a((NZ" (1m€) ),
= — 2t |5 (BINT(ImQ) ]z — alN"(1mQ) ;1) + 2 (BINT (Im®) ]2 — o[N" (m@) 1)
=0.

(A.31)

The last equality holds as both the first and the second terms become zero. Thus, we have
verified eq.(A.2)). Similarly, one can also check eq.(A.1)).
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Are boundary conditions satisfied?

Here, let’s check that our solution (A.21)) satisfies the boundary conditions eq. (2.152)). First,
we focus on the translation zZ — Z' + €. We find

F(Z+ @, 2+ &) = em (Ve T () M imZ-[NG T (1m@) = m3) £ 2)
= miNe] T (Im@) "Mz g2 2 (A.32)
= eixe-kf<57 ’?)

We can also check,

O(Z+ €, %+ &)
_ Z em[(m+N—1Tj)T(Mumn)(m+N—1Tf)} em’[(erN—le)T(NReQ)(m+N—1Tf)]
meZ?
) e27ri(r?1+N_1Tf)T[N(Z+€k)] e2m(m+N—1Tf)T[N(§+gk)]

Z em‘[(ﬁz—&-N*lTf)T(MiImQ)(ﬁz-i—N*le)] em’[(ﬁz-i-N*1Tf)T(NReQ)(rﬁ+N*1Tf)] 627ri(ﬁz+N*1Tf)T[N21

MEZ?
) 62m(rﬁ+N*1Tf)T[sz 62m(m+N*1Tf)T[Nék]
= é)('g)? E)’
(A.33)
where we have used (1 + N~'"J)T[N¢é,] € Z. Finally, we obtain
VEm(Z+ @ F+ &) = X m(Z, ), (A.34)
and the boundary condition is satisfied.
Next, we focus on the translation 27— Z + €eé},. We find
f(Z+ Qe Z + Qé)
_ em'([NZ]Té‘kJr[NQé‘k]T(ImQ)_llm(5+Qé‘k))em'([N?]Té‘kJr[NQé'k]T(ImQ)_IIm(,?JrQé'k))f(g’ z:> (A.35)

_ mi(NATE+[NATE) mi(INQE ] +[NQE]) T (ImQ) ~ Im(F+Q8) f(z,2).
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We can also check

O(Z + Q& Z + Q&)

_ Z em[(vﬁ—&-N*lTf)T(MiImQ)(ﬁz+N*1Tf)] 67ri[(r?z+N*1Tf)T(NReQ)(ﬁ‘L+N*1Tf)]
meZ?

o E2mi(m+ N~ 1T HTIN(24Q8))) p2mi(+ N~ 1T HTIN(Z+Q8)]

_ Z em’[(r’ﬁ+N*1TJ)T(MiImQ)(r’r‘LJrN*lTJ)} eﬂ-i[(erN*lTJ)T(NReQ)(n’i+N*1Tf)]

meZ?
% eQﬂ'z(erN 1T 7) JHTINZ 27m(m+N 1T 7 YT NZ) 27m(m+N 1T 7 J)T (MzImQ)ek€2m(m+N 1TJ)T(NReQ)e;C

_ Z em‘[(vﬁ+N*1TJ+é‘k)T(MiImQ)(rﬁJrN*l J+€k)}em‘[(ﬁHN*lTJ+€k)T(NReQ)(ﬁL+N*1 J+é)]
mez?
% eQwi(ﬁz—f—N*le—&-Ek)T[Né] omi(m+N—1T J4é;,) TINZ) o (MImQ)éy, ,—mie)! (NReQ)&), ,—2mie)] [NZ] ,—2mie)] [NZ]
— 671'61C (MImQ)e;C —mig,l (NReQ)& 72meT[NZ} 72meT[Nﬂ @( ")
(A.36)
Then, we find
(f ©)(Z + Qék, 2+ Q&)
_ m([Nz]T w+H[NZTe, ﬂi([NQék}+[NQ€k])T(ImQ)_llm(5+Q€k)
. 67rek (MImQ)eke—mek (NReQ)ek‘2 27rzeT[N2] —2migl [NZ] | (f é)(g’ E’)
_ m([NZ]T v+ [NZITey) 6m(eENReQ+ X MiImQ) (ImQ) ~! (Im#4+-ImQey,)
i 67rek (MImQ)eke—mek (NReQ)eke 27rzeT[NZ] —2miel NZ] f é Z E’)
_ ni([NE‘]Té’k+[N§] &) i@ & NReQ+¢," MiImQ) (ImQ) "1 Imz 6-2m’ek NZ] —2meT[N£] f é)(a;)
_ e*ﬂz([NZ]T e+ INZITeEy) ﬂi(é’ENReQ+€EMiImQ)(ImQ “m? | f @ Z 2’)
_ e—wi([NReZ]Té'keﬂi(é'ENReQ)(ImQ)*IImE . (f (:)) Z, 5)
em‘é}?(—NReE—&—N(ReQ)(ImQ)*lImE) (f é) (g’ 5)
= o (f O)(7,2).
(A.37)

Finally, we obtain . )
¢§,M(2+ ng, §+ Qé’k) - eiXQ€k @ZJKI,M(E)? §>, (A38)

and the boundary condition is satisfied.

A.2 Modular transformation of zero-modes

We derive the modular transformation of the zero-mode wavefunctions on magnetized T* fol-
lowing Ref. [44]. For the derivation following properties of the Riemann theta function are
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useful. For o/, Ve Q?, we have

at |, atl . .,
79 <g+ Z—)»/) T (Z, Q) = 19 gT (Z + b s Q), <A39>
> T: . O ~>T .
0@ Ef 7 (2.0) = emid "adamid @) [%T (74 Qd, Q). (A.40)
For k,l € Z2, we have
a+k)T| .
7.9 (<g+ l—'))T (Z, Q) = 62 T . 'l9 [gT] (Z, Q) (A41)

A.2.1 S transformation

Here, we derive eq.(2.235]). The flux N is assumed to be a symmetric positive definite integer
matrix. The starting point is the following property of the Riemann theta function [103],

H—Q017, -1 = /det(Qd) - 752 9(Z,Q). (A.42)

The branch of the square root is chosen to give a positive value when €2 is purely imaginary.
First, we shift the complex coordinates as Z — 7+ N~1J. Using egs. (A.39) and (A.40), we
obtain

9 [j N (2,0). (A.43)

0 ] (=717, =Y = /det(Q/i) - ™y [_,

Second, we replace the complex structure moduli as Q — N1, This gives us

JTN! “InN 7 _O-1 10/ . riFT(NTI) "Ly 0 > N1
v (—Q7'NZ,—Q7'N) = /det(N—1Q/i) - e - FTN-1 (Z,N7Q).

0
(A.44)
We can rewrite the Riemann theta function on the right-hand side of eq. (A.44) as
0 e CPTNALOT 9T (N T
9 [jTN—1] (Z,N IQ> _ Ze TN 9162 Wt (Z+N~1J)
lez?
_ 2miKTN-LJ mi(Ns+K)T-N"1Q(N3+K) _ 2mi(Ns+R)T-7
o Z € Z € € <A45)
KeAn 572
[, KTN-!
_ Z p2mi] TN 1K.19[ 0 ] (NZ,NQ).
REAN
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In the second equality, we modified the summation variables by [ =N+ K , where K’s are
integer points inside the lattice AN spanned by Ne,,. Hence, we obtain

T TAT—1
ﬁ[J N
0

] (N(=Q712),N(-Q™))
(A.46)

. TN -1
= AR (NI - DT N IR [K A ](NZ,NQ).

I?EAN

Thirdly, we consider the S transformation of the z-dependent exponential factor in the zero-
mode wavefunction, c.f. eq. (2.174]). It is given by

em'[NZ]T(ImQ)_IImE i em‘[—NQ_12‘]T(Im(—Q_1))_IIm(—Q_15)' (A.47)

Let us multiply ™" (N"'97'7 which appear in the right-hand side of eq. (A.46)). We can simplify
the product of the exponential factors as

em’[fNQ_lij(Im(fﬂ_1))_1Im(fﬂ_12) . eTriiT(N_lﬂ)_IZ

_ e—m’[NZ]TQ’l(Im(—Q’l))’IIm(—Q’IE)em’[NE]Tﬁflz"
(A.48)

_ omiINATO T = (Im(—Q7 ) " m(~0 1 2)+]

_ ewi[NE‘]T(ImQ)_IImE

Consequently, one straightforwardly obtains the S transformation of the zero-mode wavefunc-

YIN(—QZ -0 = et (NT1Q/i) Y 2N TR RNz ) (A.49)

I?GAN

tions,

Here, we used the fact that the normalization constant eq. (2.179) is invariant under the S
transformation.

A.2.2 T transformation

Here, we derive eq. (2.237)). It can be checked that the Riemann theta function satisfies the
following relation if all diagonal matrix elements of NB; are even integers [103],

Y(NZ,N(Q + B;)) = 9(NZ, Q). (A.50)
By shifting the complex coordinates as Z — 7+ (24 B;)N""".J and using eq.(A.40), we obtain

JTN-!

0

T TAT—1
19[J N
0

] (NZ,N(Q+ Bz)) — e—wifTNleijﬁ

] (NZ+ B;J,NQ). (A.51)
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Next, by use of egs. (A.39)), (A.41)), one finds

) [jTN—l TN

irp | (NZNO)

. ] (NZN(Q+ B;)) = e ™/ 'N'BT g

o (A.52)
= M INTBT Ly [J (1)\1 ](NZ,NQ).

The Z-dependent exponential factor ¢™NZ"-(m2)~HImZ ig inyariant under the 7} transformation.

Note also that the normalization constant eq. (2.179) is also unchanged. Hence, we obtain

Wl (Z,Q+ B;) = ™ "NTBIT T (2 Q). (A.53)

A.3 Scherk-Schwarz phases on magnetized T"/Zy

On the magnetized T*/Zy models, the Scherk-Schwarz phases become quantized. As an illus-
trating example, we explicitly study the quantization of Scherk-Schwarz phases on the magne-
tized T*/7Zs orbifold model analyzed in subsection . We will see that only certain values
of Scherk-Schwarz phases are allowed depending on the even/odd of the matrix elements of
the flux N. This will clarify that the vanishing Scherk-Schwarz phases are allowed only if the
diagonal elements of N are even integers, cf. in the T*/Z3 model. Our method for the
analyses is along Ref. [26] where Scherk-Schwarz phases in magnetized T?/Zy, (N = 2,3,4,6)
models are studied.

A.3.1 Boundary conditions of wavefunctions on T*/Zy

We begin with a general discussion on the magnetized T*/Zy whose complex coordinates Z are
identified as Z ~ Z+ &, Z ~ 7+ Q&, and 7 ~ Q7. We use () to denote the twist matrix which
can be in general different from the complex structure moduli €2, cf. and (2.318). We
define the transformation function Uy, e;4n,06,(Z) acting on the 4-component spinor ¥(Z) by
the relation:

\I/(g—i- mye + nkﬂék) = Umk€k+nkﬂ€k (5)@(5), (A54)
where my€j, := mi€1 + Mmoés, nipQe), = n1Qe; + nofdéy, and my, ny, € Z. In particular, we have

+ &) = Us (2)T(2), (A.55)
0E,) = Une, (2)0(3). (A.56)

Under the Zx twist, we have

U(QZ) = SV(2)U(2), (A.57)
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where S denotes the spinor representation corresponding to the Zy twist, i.e., STI[*S =
Q';I%. V(Z) is the transformation function given by

V(Z) =¥ NeR, (A.58)

which corresponds to the Zy charge of W(2). Then, the following relation must be satisfied,

A

where [ € Z. This can be verified as follows. We begin with

Q)W (Q2), (A.60)

oY)
my€r+ngQe) (

The left-hand side of (A.60) can be rewritten as

Lh.s. = SV(Q7(Z+ mpée + nuQ8)) - SV(Q2(Z + mpéy, + neér)) (A61)
- SV(QUZ + myl + 1k Q6x)) - Uy pny 0 (2) U (2), '

by using eqgs. (A.54) and (A.57). On the other hand, the right-hand side of (A.60) can be

rewritten as

rh.s. = Uy (Q'2) - SV(Q12).. - SV(Q2)T(2). (A.62)

(mper+niQey)

Noting that V(2) is given by (A.58]), we obtain (A.59).

A.3.2 Scherk-Schwarz phases in magnetized T%/Z;

In the 7" /Z3 orbifold model, the complex structure moduli €2 and the twist matrix Q) are fixed
to
Q=0 =uwl,, (A.63)

where w := e?™/3. From eq. (A.59), the following four relations can be obtained,

U, (2) = Up, (Q2), (A.64)
U, (2) = Ugey (02), (A.65)
Unz (2) = U, (7). (A.66)
Une, (2) = Ugqg, (27). (A.67)
According to (2.152)), the transformation functions are explicitly given by
Ug, (7) = e?moea®, (A.68)

Ung (5) = €2ﬂi5keiXQe—k(g), (A69>
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where oy, Bk, (k= 1,2) denote the Scherk-Schwarz phases. Note that xz and xqz, are written

as
(2) = [N (Im€) " Hm (2] = m— (A F i (A.70)
Xep\Z) = b V3 \mlmz; + nylmz, k7 '
B _ L 2 _ [z +m2zo
o (2) = 7lm[NQ(Im®) ™ ()] = 71 ’ ATl
Xag, (2) = mlm] (Im€2)™(Z)]x 7T\/g . {W (mzl + 71222)] k ( )

where the integer flux matrix N is parametrized as

N = (”1 m) . (A.72)

m  nNno

From egs. ((A.64) and (A.65), one obtains

p2mion _ 62”11317 (A.73)
€2m'a2 _ e2m’52_ (A74)
Hence, we find . = f (mod 1) for k = 1,2. From eqs. (A:60) and (&GF), one finds
g2mion — pmini p=2mi(an+51) (A.75)
p2mics eﬂin26*2ﬂi(a2+52)‘ (A.76)

Consequently, the Scherk-Schwarz phases are quantized depending on the even/odd of the
diagonal elements of the flux N. When n; = 0 (mod 2), the allowed Scherk-Schwarz phases
are given by

(o, Br) = (0,0), (1/3,1/3), (2/3,2/3), mod 1. (A.77)

When np =1 (mod 2), the allowed Scherk-Schwarz phases are given by

(a, B) = (1/6,1/6), (1/2,1/2), (5/6,5/6),  mod 1. (A.78)

—

Hence, vanishing Scherk-Schwarz phases, i.e., @ = 8 = 0 are possible only when ny =ny =0
(mod 2). Similarly, one can analyze the Scherk-Schwarz phases in other magnetized T*/Zy
orbifolds.

A.4 Details on the existence of N

For the discussion about the existence of the flux matrix N, we use Kronecker symbol which is
defined as follows [158}/159]. We denote arbitrary non-zero integer by n, with prime factoriza-
tion,

n=u-2°p- - pr, (A.79)
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where v is a unit (1), and p; (i = 1, ...,7) denotes odd primes. Let a be an integer. Then the
Kronecker symbol (%) 18 defined as

(), =G, (450

i=1 L

Let us explain the meaning of eq. (A.80)). The factor (%)L denotes the Legendre symbol which

is defined for an odd prime p and an integer a as,

+1: if a is a quadratic residue modulo p and a Z0 (mod p),
a
<1_7> =< —1: if a is not a quadratic residue modulo p, (A.81)
t 0:ff a=0 (mod p).

The factor (%) is equal to 1 when v = 1. When u = —1, we define it by

—1: ifa<0
<i> - as (A.82)
—1 +1: ifa>0.
Finally, (%) is defined as
0: if a is even,
a a2—1
(§> =(-1) % =q+1: ifa=41 (mod 8), (A.83)

—1: ifa=43 (mod 8).

It is worth noting that the Kronecker symbol has the following property [159]. For a # 3

(mod 4), a # 0,
-0 o

4lal: ifa=2 (mod 4),
m=n mod (A.85)
la| : otherwise.

holds whenever

When n is a positive odd integer, the Kronecker symbol is identical to the Jacobi symbol:

el €2 er
(4) = (g> <g) . <£> _ (A.86)
nsJ b1 L b2 L Dr L
One of the important facts about the Jacobi symbol is that

o If (%) ;= —1, a is not a quadratic residue modulo n.
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A4l TY7Z,

Here, we show that there is no symmetric positive definite 2 x 2 integer matrix N such that
n; =3 (mod 4), (1 = 1,o0r, 2) when detN = 4, 16.

First, we consider the case detN = 4. Suppose that there is a symmetric positive definite
integer matrix N given by

ny m
N = leZ A87
(m 3+ 4z) e (A.87)
where we imposed ny =3 (mod 4). Then, we obtain
4 = detN = n; (3 + 41) — m?, (A.88)
which immediately gives us
m*=—4 (mod (3 +41)). (A.89)

There is no integer solution to eq. (A.89)) by the following logic. We find

(2,2,

where (A.84]) is applied in the first equality. Since (—1 + 4l) is a positive odd integer, the
Kronecker symbol is reduced to the Jacobi symbol,

(ﬁ)} - 1. (A.91)

This shows that —4 is not a quadratic residue modulo 3 + 4. Hence, is never satisfied.
We reached a contradiction. Thus, there is no positive definite flux matrix N such that n; = 3
(mod 4), (¢ = lor2) when detN = 4. Although we have explicitly discussed only the case
ny = 3 (mod 4), same argument can be applied to the case ny =3 (mod 4).

By the same method, one can show there is no positive definite flux matrix N such that

n; =3 (mod 4), (i = 1, or, 2) when detN = 16.

A.4.2 TYZ;

Here, we show that there is no symmetric positive definite 2 x 2 integer matrix NN such that
n; =2 (mod 3), (1 = 1,o0r, 2) when detN = 3, 27.

First, we consider the case detN = 3. Suppose that there is a symmetric positive definite
integer matrix N given by

~(2n} m
N_(m 2(3l+2))’ leZ, (A.92)

where we imposed n, = 2 (mod 3). Then, we obtain

3 = detN = 40/ (31 + 2) — m?, A.93
1
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which immediately gives us
m*= -3 (mod (121 + 8)). (A.94)

There is no integer solution to eq. (A.94)) by the following logic. We consider the prime factor-
ization of 12] + 8,
120 4+ 8 = 2051 - o, (A.95)

where p;, (i = 1,...,7) denotes odd primes. We notice ey must be 2 otherwise we have a
contradictionﬂ On the other hand, by applying eq. (A.84)) we find

<Pf_—3);< N <3l_—f2>K - (?)K =-1 (A.96)

Since (31 + 2) = p{*---pS is a positive odd integer, the Kronecker symbol is reduced to the

Jacobi symbol,
-3
(—) S (A.97)
pl o e gr J

When the Jacobi symbol is —1, we must have at least one p;', (1 <1 < r) such that —3 is its

(;;)J = 1. (A.98)

Now, we note the following basic fact about quadratic residue. Consider two integers a € Z
and n € Z*. Suppose that n is divisible by p* where p is a prime number and k € Z*. Then,

non-quadratic residue, i.e.,

we can check the following property: E|

e ais a quadratic residue modulo n <+ a is a quadratic residue modulo p*, i.e., every prime
power dividing n.

Then, we can see that eq. (A.94]) is never satisfied. Thus, we reached a contradiction. To
conclude there is no positive definite flux matrix N of the form (A.92)) when detN = 3E| By

the same method, one can show there is no positive definite flux matrix N of the form (A.92))
when detN = 27.

!Note that —3 =5 (mod 8) is not a quadratic residue modulo 8.

(=) :m? —a=mns=pp{* - pSs for some s € Z. Here, p;, (i =0, --) denotes prime numbers including
2. By taking modulo p?j, (0<j<r1<a;<e;), we obtain us m? = a (mod p?j).
(+): We have m? = a (mod p?), (0 <j <7). Then, m?> —a = sjp;j, sj € Z for every j(=0,...,r). If i # j,
gcd(pfﬂp;’-"') =1 holds. Thus, m? —a = p;° - - - p s for some s € Z.

3 Although we have explicitly discussed only the case ny, =2 (mod 3), same argument can be applied to the
case n] =2 (mod 3).
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Appendix B

A, group and more about radiative
modulus stabilization

Here, we review the non-Abelian discrete group A4 and its modular forms. We also show the

derivation of eq. (3.68).

B.1 Group theoretical aspects of A,

The A, group is generated by two generators S and T which satisfy the following algebraic
relations:

S? = (ST =T°=1. (B.1)

There are four irreducible representations in A4. They are are three singlets 1, 1’ and 1”7 and
one triplet 3. Representation matrices of the generators in each representation are given by

1 p(S)=1, p(T) =1,

1 p(8) =1, p(T) =w,

1" p(8) =1, p(T) = w?
1 2 2

where we have chosen the T-diagonal basis and w = €>/3. One can consider tensor products
of these representations and they can be decomposed into irreducible ones as shown in Table

[B.1] Further details can be found at [115,[116].

155
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Tensor product

Clebsch-Gordan decomposition

1// ® 1// — 1/
1/ ® 1/ — 1// (albl) albl
1// ® 1/ — 1
. CLI 3
1"©3=3 (a't) (2)
alb?

1’®3=3 (a'd))

alb?
albd
alb!

33=10101"0303
(a'b’)

(a'br+a?b3+a3b?)
D (a'b?+a?b! +a3b3)
P (a'b®+a?b?+a3bl)
2a1b! —a2p3 —a3p?
( —a'b?—a?b' +2a30° )

—alb3+2a2b% —a3b!

1 a2b3 —(Z3b2
@ 5 al b2 _a2 bl
—a'b3+a3b!

S

Wl

Table B.1: Clebsch-Gordan decomposition for tensor products of A, irreducible representations.

B.2 Modular forms of A,

Here we briefly review the modular forms of A5. We can construct them from the Dedekind

eta function and its first derivative:

o0

n(r)=¢">J1—q"),

n=1

d

n(7):= EU(T%

2miT

q=e""7, (B.3)

(B.4)

where 7 € C with positive imaginary part, Im(7) > 0. A, triplet 3 modular forms of weight 2

is explicitly given in Ref. [48] as

vi(r)
Y3 (1) = | Ya(r) | (B.5)
Ya(r)
where
L3 (D) (23 21 Gn)
W”‘%(nw@+n<<f+1>/3> T 2/3) 067 ) (B.6)
=i (E8) | (/) | (£ 2)/3)
Ya(7) = — (n(f/?)) n((t +1)/3) 77((7+2)/3))’ (B.7)
i (/) w0/l +2)3)
Bl == (77(7/3) TSR n<<7+2>/3>>' (B.8)
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From the tensor products of Y;(7), higher-weight modular forms of A, can be constructed.
Weight 4 singlet modular forms are given by

V() =2 +2vYs, V) =Y242viYs, Y = Y2 +2ViY; = 0. (B.9)
Weight 6 singlet modular form is given by
ViV (r) = Y7 4+ Y 4+ Y - 3YivaYs, (B.10)
respectively. The g-expansions of trivial singlets are given by [84]

V(1) = 1+ 240¢ + 21604 + 6720¢° + O ("), (B.11)
V() =1 = 504q — 16632¢> — 122976¢° + O(¢*). (B.12)

Singlet modular forms of weight 8 can also be constructed as

1Y = (1 + M%),
VI = (V2 4 215Y3)(Y2 + 211 Y5), (B.13)
YV = (V2 +2v1Yy)%

B.3 Approximation

Here, we show the derivation of the approximated form of V; in eq. (3.68)). From eq. (3.61f), we
can expand as

<Mﬂw@%4ﬁ&ﬁwﬁﬂ@wﬁ+mw+%wﬂ@(ﬁfGJj} o), (B.14)

where € ~ |d7|. Similarly, we obtain

A (216712 + m3) + €078y (%2 — 6v/3) + O(e!)
() - e

2052 2 16726y (L — 64/3) + O(€*
ST +me 14 o7 ( ) (<) (B.15)
VeA? 21072 + md

(€l iy Sl (3043
‘“( N )* e2lor|2 +m3

+ O(é%).



158APPENDIX B. Ay GROUP AND MORE ABOUT RADIATIVE MODULUS STABILIZATION

where we assume €? := max (£2|67|%,m3)/A? < 0.01. Thus, we find
M? +m}
2 212 0

= (€407 + m}) [@%F +m2) + 26|67 ? {ay (ﬁ - wﬁ) n ow)H In {M]

V3 Veh?
Ak
(157 + mR)e 575y (ﬁ - wé) +O()
~ (§2|57’|2 + mg) (§2|57'|2 + mg) In <—€2|5\T/|;; m%) + 2§2|5T|25y (—4kl\/_§ 18) In (—§2|57—K2+ m%) )
(B.16)

This leads to eq. (3.68)).
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More about spontaneous CP violation

C.1 Model 111

In this section, we study another model that can lead to spontaneous CP violation and SUSY
breaking. We introduce two matter chiral superfields X; and X5 which transform as trivial
singlets under modular transformation. We assume X; carries modular weights k; € Z under
fn and —1 under f‘m 1_“73, ['s. Similarly, X, carries modular weights ks € Z under 1_“72 and —1
under I';,, T, T's. For the matter sector, Kihler potential is given by

Kmatter = 21| X1 + Zo| Xo|*. (C.1)
and super potential is given by
Whnatter = A2 (Y1(11) X1 + aYa(19) X2), a €R, (C.2)
where we have defined Z; and Z, as

7y = (—im + i7" (—ity + i%) T (—ims + i73) T (—iS +4S) 7, ©3)
Zy = (=it +i7) " H(—imp + %) 2 (—imy + i) " (—iS +iS5) 7L '

By requiring the discrete symmetry to the matter contributions, both modular forms
Yi(m) and Ys(72) need to be trivial singlets. Furthermore, modular weight of Y;(7) is con-
strained to ky; = —(1 + k) under I';, and that of Y5(7;) is constrained to kyy, = —(1 + ky)
under I',,.

C.1.1 Potential minimum

Let us consider the SUSY condition:
oW =0, 0sW =0, Ox,W=0, Ox,W=0, W=0, (C4)

159
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where W = Whux + Whatter and Whyy is given by eq. (4.53)). In general, we have no solution to
eq. (C.4). One finds that 0,,W = 0 leads to

bs
T1To = E (CE))
Meanwhile, Ox, W = 0 and 0x,W = 0 lead to
}/1(7'1> = O, }/2(7'2) = 0 (CG)

Clearly, (C.5)) and (C.6)) are not generally compatible. This shows that SUSY is spontaneously
broken. This leads us to evaluate the SUGRA scalar potential directly.

Scalar potential

We analyze the SUGRA scalar potential of the no-scale type. In the regime | X[, | X2| < 1, the
scalar potential can be expanded as

V= Z Z Z Z Vv(p17p2\q1,q2)Xlef1X§2X2qg' (C7>

p1=0 q1=0 p2=0 g2=0
The leading order term is explicitly written as

A4
Voo = 353 ([2Tm(7)]™ Y1 (1) 2 + @[20m(7) ]2 [ Ya (7))

2|7'3 — fS|2 ’CLO7_'1T2 — b3|2 + 2|7'3 — fg|2 |CLOT1T2 — b3|2
V2[2Im(7y)]|[2Im(72)][2Im(73)][2Im(.S)] ’

(C.8)

where the first line corresponds to the matter contributions, while the second line is due to the
three-form fluxes.

In what follows, we focus on the case A < 1(= Mp;) to continue explicit analyses. In this
case, the effects of three-form fluxes dominate the potential. Then, even the matter effects
would only cause negligibly small deviations from the flat directions:

bs

a®’

T3 =[5, (C.9)

T1T2 =

generated by the flux. Hence, Vg p,0) is essentially given by
A k 2 2 k 2
Vinatter = » ([QIm(Tl)] 1Y (m)|* 4+ o [2Im(72)]™ 2| Ya(72)| ) , (C.10)
with constraints (C.9). If we express Vipagter in terms of 71, 71, we obtain

A |a| Frz
Vmatter = ﬁ [21m(7‘1)]k“ |Yi(7'1)|2 -+ (12 {mﬂm(ﬁ)}
3
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This is not invariant under SL(2,Z), in general. Indeed, Viatter iS symmetric under the

(Ccl 2) = (0 <m§d i) ’ (mfd 63))}, (C.12)

where * denotes unspecified integers and a°, by € Z+ are defined as

following discrete group:

To(@®) N TO(by) = {(‘C’ Z) € SL(2,2Z)

U Ui N S L] - (C.13)

ged([a®],[bs])” 7 ged(Ja®, [bs])” '
We explain how the discrete group is obtained. We notice the second term on the right-
hand side of eq. is symmetric under the scale transformed modular group in eq. .
On the other hand, the first term on the right-hand side of eq. is SL(2,Z),, invariant.
Therefore, symmetry of Viaiter is the intersection of and SL(2,7Z),,. Suppose that +'
is an element that belongs to the intersection. We note that arbitrary element ' of the group

(4.106) can be written as
a Y (bs /a0
7= (c’( ( ii{ )) ) (C.14)

a° /bs)
where o/, U/, ¢, d' € Z satistying a’d’ — b/ = 1. By the requirement 7 € SL(2,7Z),,, all matrix
elements of 7' need to be integers. Hence, V', ¢ can be written as ' = a°B, ¢ = b3C where
B,C € Z. Then, we find

, d b3B _ ~
v = (aoc ‘Z’l, ) € To(a®) NT(bs). (C.15)

On the other hand, one can also check that arbitrary element of ((C.12)) belongs to the intersec-
tion of (4.106)) and SL(2,7Z),,. Thus, we understand that the symmetry of Viager is identified

as (C.12).

C.1.2 Examples with A; modular forms

Let us study concrete examples using A, modular forms. We choose
Yi(r) =i v Ya(rs) =i Y% C.16
1(7-1) v ¥y (Tl>7 2(7-2) LIy (TZ>7 ( : )

where Y1(4) and Y1(6) are Ay trivial singlet modular forms carrying weight ky; = 4 and kyo = 6,
respectively. We have introduced an overall factor i in for making Y1(m) and Y5(72) to
behave like (4.90) under CP. By assigning flux quanta, we have numerically analyzed potential
minima. We have observed that spontaneous CP violation can be induced by the VEVs of both
7, and 7y quite easily when the flux quanta satisfy b3t a® and a® { bs.
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Example (CP violation)
As an illustrating example, we choose the following flux quanta:
a® =2, by=-3 f=1, (C.17)

where the tadpole cancellation condition is satisfied, ng., = 12 < 32. Then, the scalar potential

v® @ﬁ) 2) . (C.18)

This is invariant under T'g(2)NTY(3) acting on 7;. We note that the first term on the right-hand
side of (C.18) has a zero point at 7 = w, while the second term is zero at 7, = 3i/2. In Fig.[C.1]
we have shown a contour plot of log;, (vmatterw / A4) on the 7i-plane when a = 0.1. We have

Vinatter 18 explicitly written as

4

A 4lm(ry)]°
o Hmi\T)

3

vmatter =

<[21m<ﬁ)]4lY1(4) (r)f +o* [

numerically found a local minimum at
(1) ~ —0.529 + 0.8674, (C.19)

where CP is violated. This is a de-Siter vacuum since (Viasier V2)/A* ~ 2.82. In a modular
flavor symmetric model with SL(2,Z) symmetry, VEVs which are related by v € SL(2,Z) are
physically equivalent. Noting this fact, let us consider T!S-transformation which maps ()
to

T7'S(r) ~ —0.487 + 0.8414, (C.20)

which is inside the fundamental domain D. We notice that the mapped value is close to the Z3
fixed point 71 = w. The deviation from 7 = w is given by

At =T7'S(r) — w ~ 0.0286e 9% (C.21)
Due to the constraint eq. (C.9)), 75 is simultaneously fixed at

<7_2> = _2<7_1>

where CP is violated. We can map (73) to the interior of the fundamental domain D by 7!
transformation as,

~ 0.770 + 1.26i, (C.22)

T~ {7y) ~ —0.230 + 1.261. (C.23)

The obtained VEVs are phenomenologically attractive in modular flavor symmetric models.
Firstly, hierarchical mass ratios and mixing angles would be realized without fine-tuning. That
is possible when a complex structure modulus 7 is stabilized in the vicinity of a fixed point
[60-68,70,(71}74] as in the A4 x Ay x A4 model in section The preferred size of the deviation
is typically (1) —7.| ~ O(0.01 —0.1) where 7, denotes a finite fixed point. We have successfully
reproduced such a slight shift by the VEV of 7. Secondly, sizable CP violation would be
simultaneously realized. This is because the VEV of another modulus 7, breaks CP. Note that
modular flavor models with single-modulus can hardly reproduce both sufficient CP violation
and hierarchical flavor structures as discussed in Refs. [62-68,/70,71,{74]. Such difficulty can be
lifted by introducing multi-moduli and we have stabilized them at preferable VEVs.
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B |0g10(Vmatter "2/A4)

Im1y

20 -15 -1.0 -05 0.0

Re 14

Figure C.1: Contour plot of log;y (Vinatter V2/A*) on the 71-plane where we have chosen a =
0.1. The matter scalar potential V.iter is shown in eq. . The red curves denote the
CP-conserving region in the moduli space. Spontaneous CP violation is realized because the
potential minimum is not on the curves.

Example (No CP violation)

As another example, we choose the following flux quanta:
=2, by=-4, f=1, (C.24)

satisfying the tadpole cancellation condition ng., = 16 < 32. In this case, the scalar potential

Viatter Can be written as
1 2
o <§T1> ) : (C.25)

which is invariant under I'°(2) acting on 7;. We note that the first term on the right-hand side
of has a zero point at 7, = w, while the second term is zero at m, = 2:. In Fig. m,
we have shown a contour plot of log;o (Vinatter V2 /A?) on the 7y-plane when a = 0.1. We have
numerically found a local minimum at

A4
Viatier = 355 ([mm(nw{‘*’ (n)? + a? [tm(n)]°

(1) ~ —0.591 + 0.9124, (C.26)

which is CP-preserving. This is because the VEV (C.26) is exactly on the CP-conserving arc,
|71 + 1| = 1 due to the residual symmetry I'°(2) whose details are explained in Appendix [C.2]
Due to the constraint eq. (C.9)), 7 is fixed at

(ry) = _% ~ 1.00 + 1.54i, (C.27)
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which is CP-conserving. When 7, is exactly on the CP-conserving arc, i.e., 71 = —1 + ¢, (0 <
0 < ), we find Re(my) = —Re(2/7) = 1 for any value of . This implies that CP is hardly
broken even when the value of a is modified.

B Ion( Vinatter " //\4)

-20 -15 -10 -05 00

Re 14

Figure C.2: Contour plot of log;y (Vinatter V2 /A*) on the 7i-plane where we have chosen o = 0.1
and b3/a® = —2. The red curves denote the CP-conserving region in the moduli space. CP is
conserved because the potential minima are precisely lie on the curves.

In our model, we have assumed A < Mp) so that deviations from the flat directions are
negligibly small. However, in the regime where A becomes comparable to Mp, such deviations
are no longer negligible and need to be treated carefully. A comprehensive study in that
direction is beyond the scope of this paper.

C.2 Properties of CP and I'o(N),['Y(N) invariant scalar

potential

We extend the discussion in section to cases when the scalar potential is invariant under
the CP and the congruence subgroups such as I'o(N) and T°(N) where N € Z*. Here, ['o(N)
and T'°(V) are defined as

To(N) = {(‘CL Z) € SL(2,7) (‘C” 2) = (0 (m’;dN) :)} (C.28)

TO(N) = {(Z Z) € SL(2,7) (‘CL Z) = C 0 (m*OdN))}, (C.29)

respectively. We use the asterisk * to denote unspecified integers.

and
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C.2.1 CP and I'y(N) invariance

We show some general properties of CP and I'g(/N) invariant scalar potential V. Let us consider
the following two elements in I'g(N),

T:(éi) UN:(;[(1)>. (C.30)

From the CP and T invariance, we immediately find

v
a—(s,t) =0, s=0 (mod1/2), (C.31)
S
where 7 =: s + it. Next, we note that U" transformation maps 7 as
uN o, T
— 7 = . C.32
i T Nt +1 ( )
Consecutive actions of UY and CP on 7 is given by
ov 1 1 e ¢p 11 e\ 1 1€
— - = —-|l=-= =——=+—=— C.33
TN TN <N N2 7 NT TN (C-33)

where 7,0 are defined by |7 — 1/N| =: 7e??. Owing to the symmetry of V, we find
1

Then, the first derivative of V' with respect to r satisfies

ov (1
2 (L) -0 e

L+ is CP-conserving in SL(2,Z) modular flavor

at r = 1/N. Note that the arc [T + +| = +
symmetric models. This is because —7 = ~7 holds under the choice v = ST-VS.

Thus, the scalar potential is stationary at the intersecting points of the CP-conserving arc,
ie,|T—+| =+ and Re(r) =0 (mod 1/2). As we will see later, these points include the fixed

points of To(N). In what follows, we discuss concrete examples, [y(2) and To(3)[]]

CP and I'y(2) invariance

We choose the following two generators for I'g(2) [161]:

T = ((1) D . U= (; 2) . (C.36)

From the previous discussion, 7, = %(1 +1) is a stationary point of V. In fact, this corresponds
to the fixed point of U?T~! transformation. Since the order of U?*T~!is 4, i.e., (U?*T1)? = —1,
the fixed point 7, preserves the Z, residual symmetry.

'Such a modular subgroup can emerge in the low-energy effective field theory of superstring theory as recently
pointed out in Refs. [157}[160].
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CP and I'y(3) invariance

We choose the following two generators for I'g(3) [161]:

T = (é D . U3 = (:; _01) . (C.37)

From the previous discussion, 7, = % + 2\% is a stationary point of V. In fact, this corresponds
to the fixed point of —U3T~! transformation. Since the order of —U3T ! is 6, i.e., (—U3T~1)? =

—1, the fixed point 7, preserves the Zg residual symmetry.

C.2.2 CP and I'’(N) invariance

Similarly, we can analyze the general properties of CP and I'°(N) invariant scalar potential V.
Let us consider the following two elements in T?(V),

U:(i?) TN:(é]I[). (C.38)

From the CP and U invariance of V', one finds

oV
—(r=1,0)=0 C.39
- (r=1,0)=0, (.39
where we have defined |7 — 1| =: re®. From the CP and TV invariance of V, one finds
oV
g(s,t) =0, s=0 (mod N/2), (C.40)

where 7 =: 5 + it.

C.3 Condition eq. (4.113) and odd-valued flux quanta

Here, we prove at least one odd integer-valued flux quantum needs to be assumed to satisfy
the condition under the tadpole cancellation condition . Let us consider proof by
contradiction. Suppose that there exist integers m,n defined by |a’| = 2n, |bs] = 2m which
simultaneously satisfy the following three conditions:

1. m{nand n{tm. (cf. (4.113))
2. fmn < 4. (Tadpole cancellation condition, cf. (4.57))

3. nf €Z, mf eZ. (All flux quanta are even integers, cf. (4.52)))
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From the first condition, we obtain
mn > 6. (C.A41)

Taking into account the second condition, we find

f<s3 (C.42)

[GVRI

Next, from the first and third conditions there exist positive integers p,q € Z% such that
nf =p, mf = q with requirements p 1 ¢ and ¢ 1 p. Thus, we find

8
pq:nmf2§4f§§:2.66---, (C.43)
where we have applied (C.42). This shows that pq is either 1 or 2. Hence, possible choices are
given by
(p,q) = (1,1),(1,2),(2,1). (C.44)
This is in contradiction to the requirement, i.e., p { ¢ and ¢ 1 p. Therefore, we conclude that con-
dition (4.113)) and the tadpole cancellation condition (4.57) cannot be satisfied simultaneously

if we only allow even integer-valued flux quanta.
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