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Abstract

We determine all homogeneous Riemannian structures and homogeneous space representa-
tions on S? x R, H? x R and 3-dimensional Riemannian Lie groups. This work together
with previous results yields a complete classification of all homogeneous Riemannian struc-
tures and homogeneous space representations on 3-dimensional homogeneous Riemannian
manifolds: R3 H?, S?, S? x R, H? x R and the 3-dimensional Riemannian Lie groups.



Introduction

A Riemannian manifold (M, g) is said to be homogeneous if there exists a Lie group
G which acts transitively and isometrically on M. If (M, g) is homogeneous, then we can
calculate a geometrical quantity at any point by calculating at one point and using the action
of the Lie group G. Moreover, a homogeneous Riemannian manifold (M, g) can be realized
as a coset manifold G/H, which is called a homogeneous space representation, where
H is the isotropy subgroup at some point in M. Note that, for a homogeneous Riemannian
manifold (M, g), a homogeneous space representation is not uniquely determined. Indeed,
the 3-sphere S? with the standard metric has the homogeneous space representations S =
SO(4)/SO(3) and S* = SU(2)/{Id}, where Id is the unit element of SU(2). Hereafter the
unit element of a Lie group is denoted by Id.

Generally, it is difficult to determine whether a given Riemannian manifold (M, g) is homo-
geneous or not. In 1958 Ambrose and Singer obtained a characterization of homogeneity
of Riemannian manifolds in [2]. They proved that a Riemannian manifold (M, g) is locally
homogeneous if and only if there exists a tensor field S of type (1,2) on M such that

Vg=0, VR=0, VS=0, (0.0.1)

where V is an affine connection on M defined by V = V + 5, V is a Levi-Civita connection
of the metric g, and R is the curvature tensor field of V. The tensor field S has been called
a homogeneous Riemannian structure [22].

We recall that typical examples of homogeneous Riemannian manifolds are Riemannian sym-
metric spaces. It is known that locally symmetric Riemannian manifolds are characterized
by E. Cartan as Riemannian manifolds whose curvature is constant along under parallel
translation with respect to the Levi-Civita connection, that is, VR = 0. Note that, from the
equations (0.0.1), a Riemannian symmetric space has a homogeneous Riemannian structure
tensor S = 0.

Other examples of homogeneous Riemannian manifolds are Riemannian Lie groups, which
are given by a pair (G, g) of a Lie group G and a left invariant metric g of G. A Riemannian
Lie group (G, g) is obviously homogeneous with a coset representation G /{Id}. In this case,
the corresponding homogeneous Riemannian structure S is given by S = V(=) — V, where
V() is Cartan-Schouten’s (—)-connection. Here the Cartan-Schouten’s (—)-connection of G

is defined by
vy =0, X,veg,



where g is the Lie algebra of the Lie group G.

To understand homogeneous Riemannian structures, we closely look at the proof of the
theorem of Ambeose and Singer [2]. As a matter of fact the proof was constructive. The
authors gave an explicit construction of a homogeneous Riemannian structure S from a Lie
group G acting transitively and isometrically on M, and conversely they found a Lie group
(G acting transitively and isometrically on M from a homogeneous Riemannian structure .S.

More precisely, any homogeneous Riemannian structure S corresponds to a reductive de-
composition of the Lie algebra g of a Lie group GG. The reductive decomposition is the direct
decomposition g = h @ m such that m is Ad(H )-invariant, where b is the Lie algebra of the
isotropy subgroup H. A homogeneous manifold M = G/H is called reductive if there exists
a reductive decomposition g = h & m. It is well-known that every homogeneous Rieman-
nian manifold (M, g) is reductive (Proposition 2.2.4). If we have a reductive decomposition
g = h & m of a homogeneous Riemannian space (M, g), we can define a metric connection \Y4
called the cannonical connection. Then the difference tensor S = V —V is a homogeneous
Riemannian structure. Conversely, let S be a homogeneous Riemannian structure on (M, g),
and let m be a tangent space T,M at the origin o € M and b the holonomy algebra of the
connection V = S+ V. Then we can define the Lie algebra g = b & m such that V coincides
with the cannonical connection defined from the reductive decomposition g = b & m.

In [2] Ambrose and Singer suggested the possibility of determining all homogeneous space
representations by using homogeneous Riemannian structures. However, as pointed out by
Tricerri and Vanhecke in [22], this suggestion gave rise to a difficult problem. For instance,
the Euclidean plane R? is represented by SE(2)/SO(2), that is, the coset space representation
of the special Euclidean motion group SE(2) and the special orthogonal group SO(2), as a
Riemannian symmetric space with a homogeneous Riemannian structure S = 0. On the
other hand, the homogeneous Riemannian space R? = R?/{0} also has a trivial homogenous
Riemannian structure S = 0. That is, there exists homogeneous space representations
which cannot be obtained from the construction of the theorem of Ambrose and Singer.
Therefore in general it is difficult to determine all homogeneous space representations by
using homogeneous Riemannian structures. Here in order to determine all homogeneous
space representations of a given homogeneous Riemannian manifold (M, g), it is useful to
devide the problem into two sub-problems as follows:

(1) To determine all homogeneous Riemannian structures on (M, g).

(2) To determine all homogeneous space representations by using homogeneous Rieman-
nian structures or other ways.

In this thesis we will discuss and solve the above problems about the 3-dimensional connected,
simply connected and complete homogeneous Riemannian manifolds. First, in [21], Sekigawa
showed that any 3-dimensional connected, simply connected and complete homogeneous
Riemannian manifold is isometric to either a Riemannian symmetric space: S?, H?, R3,
S? x R, H? x R, or a Riemannian group, i.e., Lie group with left-invariant metric. Hereafter
S™ H"™ and R™ denote n-dimensional sphere, hyperbolic space and Euclidean space with
canonical metrics, respectively.
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The previous studies can be summerized as follows. Abe [1] determined all homogeneous
Riemannian structures on three-dimensional space forms S*, H? and R3. For Riemannian
Lie groups, all homogeneous Riemannian structure tensors on the Heisenberg group and the
Berger sphere were determined in [22] and [9], respectively. Recently, homogeneous Rieman-
nian structures on non-symmetric three-dimensional Riemannian Lie groups were studied in
[6]. From the results in [1] we can see that there exist the homogeneous space representa-
tions which cannot be obtained from homogeneous structures by the theorem of Ambrose
and Singer on R® or H? (see section 4.2). Moreover it was not explicitly stated, but in
6] they classified homogeneous Riemannian structures on non-symmetric three dimensional
Riemannian Lie groups under the assumption that homogeneous Riemannian structures are
left invariant with respect to the Lie group structure, and the complete classifications of
homogeneous Riemannian structures were not obtained.

The main results of this thesis are as follows:

(1) We determined all homogeneous Riemannian structures on S* x R and H? x R (see
Theorems 4.2.10, 4.2.11 or [18]).

(2) We determined all homogeneous Riemannian structures on 3-dimensional Riemannian
Lie groups without the assumption of left invariance (see Theorems 4.4.1, 4.4.2, 4.4.4,
4.4.5 or [13]). In particular, we find two Riemannian Lie groups that they are isometric
but not isomorphic, see below for details.

(3) We determined all homogeneous space representations of 3-dimensional connected, sim-
ply connected and complete homogeneous Riemannian manifolds.

These results allow us to fully determine the homogeneous Riemannian structures and the
homogeneous space representations of three-dimensional homogeneous Riemannian mani-
folds, providing a complete solution to the problem posed by Ambrose and Singer. Here we
outline the proof of each result. First, it is straightforward to determine all isometry groups
and their isotropies of S? x R and H? x R. Then we obtain all reductive decompositions
corresponding to these homogeneous space representations, and we obtain the homogeneous
Riemannian structures from these reductive decompositions.

Second, in order to determine all homogeneous Riemannian structures on 3-dimensional
Riemannian Lie groups without the assumption of left invariance, we take a basis {e1, €2, e3}
of its Lie algebra and let {#' 62 63} be its dual basis. From the condition Vg = 0, the
homogeneous Riemannian structure S is represented by

S,=pR ("N + 02 (* NP+ 72 (0°A0Y),

where p,o and 7 are 1-forms. Hereafter we denote S,(X,Y, Z) = ¢g(SxY, Z) for a homoge-
neous Riemannian structure S. From the condition VR = 0 we can determine some of p, o
and 7. Here, for example, suppose that ¢ and 7 are determined and p is not determined
from VR = 0. We define the functions py, p» and ps by p = p10* + p202 + p363, and then the
condition V.S = 0 is differential equations with respect to the functions pi, p» and ps and we
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solve it. Note that the assumption of left invariance means that p;, p» and ps are considered
as constants.

In particular, we find that there exsit a non-trivial a homogeneous Riemannian structure
and homogeneous space representation of the universal covering group SL(2,R) of the 3-
dimensional special linear group SL(2,R). It should be noted that this homogeneous Rie-
mannian structure S was not obtained in [5]. The corresponding homogeneous space rep-
resentation is G = L'/{Id}. Here L' is a 3-dimensional non-unimodular Lie group whose
Lie algebra is isomorphic to the Lie algebra ga(1l) @& R, where ga(1) is the Lie algebra of
the orientation preserving affine transformation group GA™(1) = GL*(1,R) x R of the real
line. The homogeneous Riemannian structure S is expressed as S = V{7 — V, where V)
is a Cartan-Schouten’s (—)-connection for L'. It is important to note that SL(2,R) and
GA™(1) x R are not isomorphic as Lie groups, but are isometric as Riemannian manifolds.

Finally recalling that the theorem of Sekigawa [21], any three-dimensional connected, simply
connected and complete homogeneous Riemannian manifold is isometric to either a Rieman-
nian symmetric space; S?, H3, R3, S x R, H? x R, or a Riemannian group. Then we can
determine all isometry groups acting simply transitively on these spaces. Note that there
exist the homogeneous space representations of H? and R? which cannot be obtained from
the homogeneous Riemannian structures of these spaces. In particular, the homogeneous
Riemannian structures which are determined from these homogeneous space representations
coincide with homogeneous Riemannian structures given by other homogeneous space rep-
resentations.

This thesis is organized as follows. In chapter 1, we provide the necessary background and
present some general facts on homogeneous spaces and Riemannian symmetric spaces. In
chapter 2, we introduce notion of homogeneous Riemannian manifolds. In particular, we will
be concerned with reductive decomposition. In chapter 3, we give a brief exposition of the
theorem of Ambrose and Singer ([2]), and will look more closely at homogeneous Rieman-
nian structures. Chapter 4 is devoted to the study of homogeneous Riemannian structures
and homogeneous space representations of 3-dimensional manifolds. We will classify all ho-
mogeneous Riemannian structures and homogeneous space representations on 3-dimensional
manifolds.
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Chapter 1

Preliminaries

In this chapter, we explain the basic concepts of this thesis, homogeneous spaces, affine
connections, curvature tensors and symmetric spaces.

1.1 Homogeneous spaces

Let M be a C*°-manifold and G a Lie group. We give the definition of a smooth action on
M by G.

Definition 1.1.1. An action of a Lie group GG on a manifold M is a smooth map pu: Gx M —
M which satisfies the following two conditions:

(1) p(ld,x) =z for any x € M, where Id is a unit element of G.
(2) wlgr, (g2, 7)) = (g1 - g2, x) for any g1, 92 € G and v € M.

Hereafter, for simplicity, we will denote u(g,z) by g - .
Definition 1.1.2. An action of a Lie group G on a manifold M is called transitive if for any
x,y € M there exists g € G such that g -z =y.

Definition 1.1.3. A manifold M is called a homogeneous space if there exists a Lie group
which acts transitively on M.

Let M be a homogeneous space of G. Then we define the isotropy subgroup H at a point
p € M by

H={g9eG|g-p=p}
Let m: G — G/H be the natural projection and define a map ¢: G x (G/H) — G/H by
¢(g,hH) = ghH. Since H is a closed subgroup of G, then there exists a differential structure
on a the coset space G/H such that = and ¢ are smooth maps.

Theorem 1.1.4 ([10], p.124 Proposition 4.3). Let M be a homogeneous space of a Lie group
G and H the isotropy subgroup at some point p. Moreover we define a function a: G/H — M
by a(gH) = g - p. Then the function « is a diffeomorphism.
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From this theorem, we obtain a diffeomorphism M = G/H, and we call the coset repre-
sentation of a homogeneous space M.

Definition 1.1.5. An action of a Lie group G on a manifold M is called free if for any = € M,
it follows that g - = h - x if and only if ¢ = h where g, h € G. An action is called simply
transitive if it is transitive and free.

If a Lie group G acts on a manifold M simply transitively, the isotropy algebra at p € M
is H = {Id}. Then we can identify G and M by the function a: G/{Id} — M in Theorem
1.1.4.

Definition 1.1.6. An action of a Lie group G on a manifold M is called effective if for any
g, h € G such that g # h there exists x € M such that g -z # h - x.

1.2 Affine connections

We denote the set of all vector fields on M by X'(M) and the set of all differentiable functions
on M by F(M).

Definition 1.2.1. An affine connection
V:XM)x X(M)— X(M); (X,Y)— VxY

is a map satisfying the following four conditions;

1) VisxY =V, Y +Vy,Y,

(1)
(2) VyxY = ¢VxY,
(3) Vx(Y1+Ys) =VxY; + VYo,
(4)

4) Vx(oY) = (X9)Y + ¢VxY.

Here XY, X1, X0, Y1,Ys € X(M) and ¢ € F(M).

For an affine connection V., we can define covariant derivatives of tensor fields. Here, if K
is an (1, s)-type tensor field, then V x K is also an (r, s)-type tensor field. In this paper, the
following two types of tensor fields will be used;

(1) If K is a (0, s)-type tensor field, Vx K is defined by
(VxE) (X1, X)) = X(K(Xy,..., X,)) = > K(Xi,...,VxX,;,..., X)) (12.1)
i=1

for any vector fields X, Xy,... X, € X(M).



(2) If K is a (1,s)-type tensor field, Vx K is defined by
(VxE)(X1,..., X)) = Vx(K(X1,...,X.) = Y K(X1,...,VxX;,..., X,) (1.2.2)
i=1

for any vector fields X, Xi,... X, € X(M).

Hereafter, a tensor field K is said to be parallel if Vx K = 0 for any X € X (M).

1.3 Levi-Civita connections

Let (M,g) be a Riemannian manifold. Here, ¢ is a positive definite symmetric (0, 2)-type
tensor field on M.

Definition 1.3.1. An affine connection V on (M, g) is called metrical if Vg = 0, that is,
Xg(Y,Z) = g(VxY,Z) + g(Y.VxZ), X,Y,Z € X(M). (1.3.1)

Definition 1.3.2. The torsion tensor field 7" of an affine connection V is a (1, 2)-type tensor
field defined by

T(X,)Y)=VxY -VyX —[X,Y], X,)YeX(M). (1.3.2)
An affine connection is called torsion-free if 7" = 0 identically holds.

On a Riemannian manifold, there exists a unique metrical torsion-free affine connection V ,
which is called the Levi-Civita connection.

In fact, if there exists a metrical torsion-free connection on (M, g), from (1.3.1) and (1.3.2),
it follows that

29(VxY,2) =Xg(Y, 2) +Yg(X, Z) — Zg(X,Y)

+9([X,Y],2) + 9([Z, X],Y) — g([Y, Z], X), (1.3.3)

and then a Levi-Civita connection is unique if it exists. Hereafter, the equation (1.3.3) is
called Koszul formula.

Conversely define a connection V by the equation (1.3.3), and then one can check V is
metrical and torsion-free, i.e., V is the Levi-Civita connection.

For simplicity, we denote the Levi-Civita connection on (M, g) by V in the chapters 2, 3,
and 4.

1.4 Curvatures

Definition 1.4.1. The curvature tensor field R of an affine connection V is a (1, 3)-type
tensor field defined by

R(X,Y)Z =Vx(VyZ) = Vy(VxZ) — Vixy 1 Z. (1.4.1)

3



For a Riemannian manifold (M, g), the curvature tensor field R of the Levi-Civita connection
is called the Riemannian curvature.

The following theorem is well-known.
Theorem 1.4.2 ([19], p.75 Propositions 3.36 and 3.37). The following identities hold:

(1) RIX,Y)Z+R(Y,Z)X + R(Z,X)Y =0 (1st Bianchi identity),
(2) (VxR)(Y,Z)+ (VyR)(Z,X)+ (VzR)(X,Y) =0 (2nd Bianchi identity).

Proof. (1): With a direct computation, we can check
R(X,)Y)Z+R(Y,2)X + R(Z,X)Y =VyVxZ - VxVyZ +Vixy|Z
+VzVy X = VyVzX + Vy 2 X + VxVzY =V VXY +Viz xY
=Vy[ X, Z]+ VY, X]+ Vx[Z,Y] = Vyx)Z = VizyiX — Vix 7Y
=YX 2+ 2, [V, X+ [X,[Z, Y]] = 0,

(2): Since the objects involved are all tensors, it suffices to prove the equality at a point
p € M. Let take a geodesic frame {ey,...,e,} around p € M, that is, (V,e;), = 0 for any
indices ¢, 7. Then we can compute
(VeiR)(eja ek) + (VEJ'R) (6k7 ei) + (vekR) (ei’ ej)

= Ve,(R(ej,ex)) + Ve, (R(ex, €)) + Ve, (R(ei €5))

= _veiv[ej,ek] - vejv[ek,ei} - vekv[ei,ej]

= ~Vieileserl] ~ Vieplewed] ~ Viewleies]

= 0.

O

Definition 1.4.3. The Ricci curvature tensor field Ric of an affine connection V on a
Riemannian manifold (M, g) is a (0, 2)-type tensor field defined by

Ric(X,Y) = tr,{Z — R(Z,Y)X}. (1.4.2)

If V is the Levi-Civita connection, its Ricci curvature tensor field Ric is symmetric. However,
for an affine connection V, Ric is not always symmetric.

Definition 1.4.4. A Riemannian manifold (M, g) is called an Einstein space if there exists
a constant k € R such that
Ric = kg.

Definition 1.4.5. The scalar curvature 7 of a Riemannian manifold (M, g) is a function
defined by

T = try Ric = Z Ric(e;, €;), (1.4.3)
i=1
where {ey,...,e,} is an orthonormal frame field on (M, ¢g) and Ric is a Ricci curvature tensor

field of the Levi-Civita connection.



Definition 1.4.6. Let A be a (0,2)-type tensor field. The divergence of A is a (0,1)-type
tensor defined by

div A(X) = tr,{(Y, Z) —~ (VyA)(Z, X)}

= Z(Vez‘A)(eiv X)a

where {ey,...,e,} is an orthonormal frame field on (M, g) and V is the Levi-Civita connec-
tion of a metric g.

Proposition 1.4.7 ([19], p.88 Corollary 3.54). Let T be the scalar curvature of (M, g). Then
dr = 2div Ric.

Proof. Let take a geodesic frame {ey, ..., e,}. For any X € X (M), we compute

=X (Z Ric(e;, ei)>
= Z(VX Ric)(e;, €;)

=1

- Z Zg((VXR)(ej, ei)ei, €5),

i=1 j=1

and

2div Ric(X) = Qi(vei Ric)(e;, X)
= 22 Zg((VBiR)(ej, X)ei, e;)

= D (—9((Ve, R)(es, X)eir ¢5) — 9((Ve, R)(X, €5)es €5)),

i=1 j=1

and then from 2nd Bianchi identity we obtain d7 = 2 div Ric. O]

1.5 Geodesics

Let (M, g) be a Riemannian manifold, and V the Levi-Civita connection.

Definition 1.5.1. A curve c¢: I — M is called a geodesic if for all t €
Vacd =0.
dt

5



Proposition 1.5.2 ([7], p.64 Proposition 2.7). For any p € M, there exists a neighborhood
V of p, a number € > 0 and a smooth map v: (—=2,—2) x U — M, where U = {(q,w) €
TM|qeV,weT,M,|w| <e}, such that t — ~(t) = v(t,q,w) is the unique geodesic of M
and it follows that v(0) = q and v'(0) = w for every ¢ € V and w € T,M with ||w|| < €.

Here we denote ||v|| = y/g4(v,v) for T,M. Here we define the exponential map by using
Proposition 1.5.2 in the following manner. Let ¢ € M and U C T'M an open set given in
Proposition 1.5.2. Then the map exp: U — M given by

exp(q,v) =(1,q,v) (q,v) €U
is called the exponential map. We will denote exp,(v) = exp(q,v).

Proposition 1.5.3. For anyt € (—2,—2) and (q,v) € U, it follows that
exp,(tv) = v(t,q,v). (1.5.1)

Proof. For fix ¢ € R, we define ¢(s) = 7(ts,q,v) for s € R such that ts € (—2,-2).
Then it follows that ¢(0) = 7(0,¢,v) = q and /(0) = t7/(0,¢,v) = tv, and thus we obtain
c(s) = (s, q,tv), that is,

7(t87 q, U) = /7(57 q, tl))
In particular, we can obtain (1.5.1) if s =1 and ¢ € (=2, —2). O

Proposition 1.5.4 ([7], p.65 Proposition 2.9). For any q € M, there ezists an € > 0 such
that exp,: be(q) — M is a diffeomorphism of b.(q) onto an open subset of M. Here we denote
be(q) = {v € TyM | [|v]| < €}

Proof. From Proposition 1.5.3 for v € T, M we compute

d(exp,)o(v) = %(equ(tv))

0

)

=

0

Therefore d(exp,)o is the identity of T; M. Thus from the inverse function theorem it follows
that exp, is a local diffeomorphism on a neighborhood of 0 € T, M. This completes the
proof. n

We define B,(q) C M by

B,(q) = exp,(b-(q)).

Then from Proposition 1.5.4 we can take r > 0 such that B,.(q) is an open neighborhood at
p and exp, induces a diffeomorphism from b,(p) to B,(p). This neighborhood B, (p) is called
a normal neighborhood.



1.6 Riemannian symmetric spaces

Let (M, g) be a Riemannian manifold. At a point p € M, take a normal neighborhood U
and define a diffeomorphism s, of & by

sp = exp, o(—1,) o exp, . (1.6.1)
Here I, is an identity map on 7, M. Then the map s, is called the local geodesic symmetry.

A Riemannian manifold (M, g) is said to be locally symmetric if for any p € M, we can
take a normal neighborhood U such that its local symmetry s, is isometric on Y.

Local symmetry of Riemannian manifolds is characterized by the parallelism of the Rieman-
nian curvature tensor R by E. Cartan.

Theorem 1.6.1 (Cartan, [10], p.201 Theorem 1.3). A Riemannian manifold (M, g) is locally
symmetric if and only if VR = 0, where V is the Levi-Civita connection of g.

A Riemannian manifold is said to be a Riemannian symmetric space if at each point
p € M, there exists a unique isometry s, such that (ds,), = —I, and s,(p) = p. Here
sp coincides with the geodesic symmetry on a normal neighborhood, then a Riemannian
symmetric space is locally symmetric. Conversely the following holds.

Proposition 1.6.2 ([16], p.167 Theorem 2.1). A complete, simply connected locally sym-
metric Riemannian manifold is a Riemannian symmetric space.

Let (M,g) be a Riemannian symmetric space, and G the identity component of the full
isometry group of (M, g). Moreover we define a Lie group automorphism o of G by

o(a) = s.as,, aé€@G,

where s, is a global symmetry at the origin o € M. Then it follows that o is an involution of
G, that is, 0%(a) = a for any a € G. The isotropy subgroup H at o satisfies G2 C H C Gy,
where

G, ={a e G|o(a) =a},

and G¢ denotes its identity component. This fact can be obtain from the uniqueness of
symmetry. Form Gf C H C G, the isotropy subalgebra b satisfies

h={Xeg|do(X)=X}.
Since (do)? = I, do has eigenvalues +1, and we obtain the eigenspace decomposition
g=bom,
where

m={Xeg|do(X)=—X}.



Since ¢ is an automorphism of G, it follows that do([X,Y]) = [do(X),do(Y)] for any
X,Y € g, and then we can obtain

[h,m] Cm, [mm]ChH (1.6.2)

We recall the following notion from O’Neill’s textbook [19, p. 317]:
Definition 1.6.3. A triplet (G/H, 0, (-,-)) is called a symmetric data if

(1) H is a closed subgroup of a connected Lie group G.

(2) o is an involutive Lie group automorphism of G satisfying G2 C H C G,.

(3) (-,-) is an Ad(H )-invariant inner product on the (—1)-eigenspace m of do : g — g.
We obtain a symmetric data from a Riemannian symmetric space M = G/H. In fact, we

have checked the conditions (1) and (2), and the condition (3) can be shown from the fact
that the isotropy subgroup H is compact.

Conversely from a given symmetric data, we can obtain a Riemannian symmetric space
M = G/H. For more details, we refer to [19].



Chapter 2

Homogeneous Riemannian manifolds

In this chapter, we introduce homogeneous Riemannian manifolds. In particular, we will
prove that a homogeneous Riemannian manifold is reductive. Moreover, we will introduce
naturally reductive homogeneous Riemannian manifolds.

2.1 Definitions and examples

Definition 2.1.1. A Riemannian manifold (M, g) is called a homogeneous Riemannian
manifold if there exists a Lie group G of isometries which acts transitively on M. More
generally, a Riemannian manifold (M, g) is called a locally homogeneous Riemannian
manifold if for each p,q € M there exists a local isometry which sends p to q.

If (M,g) is a homogeneous Riemannian manifold, then we obtain M = G/H, where H is
the isotropy group at a point o € M, which will be called the origin of M. We call this
isomorphism a coset space representation of a homogeneous Riemannian manifold.

Here we give two examples of homogeneous Riemannian manifolds.

Example 2.1.2 (Riemannian Lie groups). Let G be a Lie group and ¢ a left invarinat
metric of G. Then G acts on G by itself isometrically and transitively. Therefore (G, g) is a
homogeneous Riemannian manifold. A pair (G, g) is called a Riemannian Lie group. For
a Riemannian Lie group (G, g) we can obtain a canonical coset representation G = G /{Id},
where Id is an unit element of G.

Example 2.1.3 (Riemannian symmetric spaces). If a Riemannian manifold (M,g) is a
Riemannian symmetric space, then (M, g) is a homogeneous Riemannian manifold. In fact,
since a Riemannian symmetric space (M, g) is complete, for arbitrary points z,y € M there
exists a geodesic 7(t) such that 7(0) = z and v(1) = y. Then the symmetry s, at m = ()
sends x to y isometrically, and thus the isometry group acts transitively on M.



2.2 Reductive decompositions

Next we give the definition of a reductive homogeneous space. Let M = G/H be a homoge-
neous manifold, and g and h the Lie algebras of G and H, respectively.

Definition 2.2.1. A homogeneous manifold M = G//H is called reductive if there exists a
linear subspace m of the Lie algebra g such that

(1) g=b®dm,

(2) mis Ad(H)-invariant.
Here g = h @ m is called a reductive decomposition and m a Lie subspace.
Note that if H is connected, then the Ad(H )-invariant condition is equivalent to

[h, m] C m.

Here we can identify the Lie subspace m with the tangent space T,M at the origin o € M.
In fact, for X € g, we define a vector field X* on M by

d
X' =— tX)- 2.2.1
then we can define the isomorphism 7: m — T, M by
T(X)=X, (X em). (2.2.2)

Here exp: g — G is the exponential map of Lie algebra. We show the following propositions.

Proposition 2.2.2. Let M = G/H be a homogeneous manifold and define a diffeomorphism
¢, G/H — G/H by

where g € G. Then for any left invariant vector field X € g and any g € G, we have
(¢9): X™ = (Ady(X))",
where (¢4). denotes the differential of ¢g.

Proof. For any p = hH € G/H, we compute
((09)e X )agm) = (dbg)p(X;)

= L gesp(tx)nH)

t=0

d _
= E(g exp(tX)g 'ghH)

t=0

= %(exp(tAdg(X)) - (ghH))

= (Adg(X))5, )
and we obtain (¢4).X* = (Ady(X))*. O

t=0

10



Proposition 2.2.3. The map X — X* is a Lie algebra anti-homomorphism, that is,
(X" Y] =—-[X,Y]", XY eg. (2.2.3)
Proof. For any p € M, we define a function S,: G — M by
Sp(9) = dg(p) =9-p, g€GC.
Then it follows that
X, = (Sp)«(Xe). (2.2.4)

In fact, a(t) = exptX is a curve in G such that a(0) = e and ’(0) = X,, and we can
compute

(Sp)(X0) = S oa)|
= %(exth) -
- X,

Since Gexprx (p) is a flow of the vector field X*, from Proposition 2.2.2 and the equation
(2.2.4), we compute

[WYﬂﬂmW—WWMJ%
’ Py t

= llm Y;k _ <AdexthY);
t—0 t
Y., — (Adexpix Y )e
= lim(S,).— ( pixY)
t—0 t
Y; - Rex — *Y e
— 11I11<Sp)* (( p( tX)) )
t—0 t
= _<Sp>*[X7 Y]e
= —1X, Y];,

and we obtain the equation (2.2.3). O

For the Riemannian case, the following fact is well-known.

Proposition 2.2.4 ([5], Proposition 1.4.8). Every homogeneous Riemannian manifold (M, g)
is reductive.

To prove this proposition, we introduce a Killing vector field.

Definition 2.2.5. Let (M, g) be a Riemannian manifold. A vector field X on M is called a
Killing vector field if the Lie derivative of the metric vanishes; that is, Lxg = 0.

11



Here, Lxg is (0,2) tensor field defined by

The following are important properties of Killing vector fields.

Proposition 2.2.6 ([19], p.251 Proposition 9.23). A vector field is Killing if and only if the
diffeomorphism ®, induced from the flow ® of X are isometries.

From this proposition, it follows that the vector field X* defined by (2.2.1) is a Killing vector
field. In fact, the flow of the vector field X* is ®;(p) = exp(tX) - p, and P, is isomorphism
by definition of homogeneous Riemannian manifold.

Definition 2.2.7. We define the Kostant operator Ay of a vector field X by
Ay = Ly — Vy. (2.2.6)
Here V is the Levi-Civita connection.
In particular, it follows that
AxY = LxY —VxY = -Vy X, (2.2.7)
since LxY = [X,Y] and V is torsion free.

Proposition 2.2.8. For any vector field X, the following statements are equivalent:

(1) X is a Killing vector field.
(2) Kostant operator Ax is skew symmetric, that is,
G(AXY, Z) + (Y, AxZ) =0, Y,Z € X(M).
Proof. Since the connection V is the Levi-Civita connectionof g, V is a metric connection,
that is,
XgV,Z2)=9(VxY,Z)+g(Y,VxZ), X,Y,ZecX(M). (2.2.8)
Moreover, since the connection V is torsion free, it follows that

VxY =Vy X + [X, Y},
ViZ = VX + (X, Z].

Then from (2.2.8), we obtain

Xg(Y,Z) = g(Vy X +[X,Y],Z) + g(Y, VX + X, Z])
- 9<VYX7 Z) +9(Y7 VZX) +g([X7 Y]7Z) +9(Y7 [X7 ZD,

and we can obtain

Thus Lyg = 0 if and only if Ax is skew symmetric. This completes the proof. O

12



From the following proposition, we see that a Killing vector field X is uniquely determined
over M by the value of X and Ax at any single point p.

Proposition 2.2.9 ([22], p.2 Peoposition 1.2). Let X and Y be two Killing vector fields on
a connected Riemannian manifold (M, g). Suppose that

Xp = va AX|p = AY|p7

for somepe M. Then X =Y.

Proof of Proposition 2.2.4. Let (M, g) be a homogeneous Riemannian manifold, and fix a
point o € M as the origin. Then we have M = G/H, and let g and h denote the Lie algebras
of G and H, respectively. We can suppose that the action of G on M is effective. Moreover,
we define a vector field X* on M by (2.2.1). Note that

—{Xeg|X; =0}

Since X* is Killing vector field, from the Proposition 2.2.8 the Kostant operator Ax- is skew
symmetric, and then Ax«|, € so(T,M). Let B denote the Killing form of so(7,M). Then B
is definite since g is positive definite. We define the symmetric bilinear form ¢ on g by

o)-

Then ¢(X, X) = 0 implies that Ax«|, = 0. Therefore, if X € h and ¢(X, X), we obtain
Xy =0 and Ax«|, = 0, and it follows that X* = 0 from Proposition 2.2.9. Then we can
obtain

$(X,Y) = —B(Ax-

0 AY*

d
7 exp(tX) - p

—0 (2.2.9)

t=s

for any p € M and s € R. In fact, for any s € R we compute

= % op((ut 9)X)

d
—exp(tX) - p o

dt

t=s u=0

= % exp(uX) - (exp(sX) - p)

- X*

exp(sX)-p’

u=0

and from X* = 0 we obtain the equation (2.2.9). Here we put u = t — s. Then it follows
that exp(tX)-p =p for any p € M and t € R, and since G acts on M effectively, we obtain
X = 0. Thus ¢ is definite on h. Then we can take the orthogonal complement m = h* with
respect to ¢, and it follows that g =bh ® m.

It remains to prove that Ad(H)m C m, and it is sufficient to show that ¢ is Ad(H )-invariant.
For any h € H, X, Y € g and any orthonormal basis {ej,es,...,e,} on T,M, from Proposi-

13



tion 2.2.2, we can compute

P(Ady(X), Adh(Y)) —B(
—B(A(p,). x>

o)

)*los A(ady, ()~
o)
=—deu @)X+ (Agy). v+ (€1))

0s A(gg).v+

= Z 9(A(g).x+ (i), Agy).y=(€i))
= > 9(Vel(99):X7), Ve (60).Y)

= i g(Ve, X*, Ve, Y™)
i=1

= o(X,Y),
and thus we obtain
O(Adp(X), Adu(Y)) = ¢(X,Y).
This completes the proof. Il

2.3 Naturally reductive homogeneous spaces

In this section, we introduce the concept of naturally reductive homogeneous spaces,
a significant subclass of reductive homogeneous Riemannian manifolds.

First let (M, g) be a homogeneous Riemannian manifold and m a Lie subspace, and we give
an expression for (Vx+Y™),, where X, Y € m.

Proposition 2.3.1. The Levi-Civita connection V at the origin o is given by:
(Vx-Y*)y = —%([X, YIE)o + U(X, V), (2.3.1)
where X, Y €m and U: m x m — m is a symmetric bilinear form defined by
2U(X,Y),Z) =([Z, X, Y) + (X, [Z,Y]n)- (2.3.2)

Here (-,-) is an inner product on m induced from g.

Proof. Since X*,Y* Z* are Killing vector fields, then by Definition 2.2.5 and (2.2.5), we
obtain



Moreover, by the Koszul formula, it follows that

2V Y*, 7)) =X (Y, Z")) + Y ((X*, Z%)) = Z*({X",Y™))
- <Y*> [X*,Z*D - <X*7 [Y*7Z*]> - <Z*7 [Y*vX*Dv

and we obtain
2(Vx Y™, Z%) = (X, Y™, Z7) + ([ X", Z*],Y™) + (Y, Z*], X7).
Thus, from Proposition 2.2.3, we have
AV Y, 7%y = —([X, Y], Z") — ([ X, Z]", Y") = ([Y, Z]", X*).
Here, by evaluating at o and using the fact that X = (X+),, we obtain
2((Vx=Y")o, Z5) = =(([X, Y]R)o, Z5) = (([X, Z]0)o, Yo) — ((IY, Z]0)0, X5),

and consequently we have
1
(Vx-Y7)o = =5 ([X, Yo + UX, Y,

This completes the proof. Il

Definition 2.3.2 (Naturally reductive homogeneous space). A homogeneous Riemannian man-
ifold (M = G/H, g) is said to be naturally reductive if there exists a Lie subspace m such
that

(X, Y]m, 2) + (Y, [X, Z]lw) =0, X,Y,Z€m, (2.3.3)

that is, U(X,Y) =0 for all X, Y € m, where U is defined by (2.3.2). Here (-,-) is the inner
product of m induced from the metric g, and [-, -], is the projection of [-, -] on m.

A naturally reductive homogeneous Riemannian manifold is characterized by its geodesics.

Proposition 2.3.3 ([22], p.58 Theorem 6.2). A homogeneous Riemannian manifold (M =
G/H,g) is naturally reductive if and only if there exists a Lie subspace m such that every
geodesic through o € M and tangent to X € m = T,M 1is the orbit of the one-parameter
subgroup {exp(tX)}.
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Chapter 3

Ambrose-Singer connections and
homogeneous Riemannian structures

In this chapter, we introduce an infinitesimal characterization of local homogeneity of Rie-
mannian manifolds given by Ambrose and Singer, see [2] and [22] for more details.

3.1 The theorem of Ambrose and Singer

Theorem 3.1.1 ([2], [22, p.16 Theorem 1.11 and Theorem 1.12]). A Riemannian manifold
(M, g) is locally homogeneous if and only if there exists a tensor field S of type (1,2) on M
such that

Vg=0, VR=0, VS=0, (3.1.1)

where V is an affine connection on M defined by V =V + S, V is a Levi-Civita connection
of the metric g, and R is a Riemannian curvature tensor field.

Proof. We give a sketch of the proof. For details see 2] and [22].

Let (M = G/H, g) be a homogeneous Riemannian manifold. From Proposition 2.2.4 there
exists a reductive decomposition g = h & m. Then we define an affine connection V by

(VxY")y = —([X,Y]n)!, X,Y em. (3.1.2)

0

Note that it is sufficient to define V only at the origin o by homogeneity. This connection is
called the canonical connection of a homogeneous Riemannian manifold M = G/H with
respect to m. One can see that the difference tensor field S = V — V satisfies the equations
(3.1.1) and S is a homogeneous Riemannian structure. Thus every homogeneous Riemannian
manifold admits a homogeneous Riemannian structure. Moreover, for u,v,w € T,(M), from
(3.1.2) we have

29(Suv, w)o = g([X, Y], Z2%)0 — g([Y, Z]", X7)o + 9([Z, X]", Y7)o, (3.1.3)
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where we take X,Y, Z € m such that 7(X) = u,7(Y) = v, and 7(2) = w.

Conversely, let S be a homogeneous Riemannain structure on a homogeneous Riemannain
manifold (M, g). Fix a origin 0 € M and set m = T,M. Let us denote by R the curvature
tensor field of the Ambrose-Singer connection V = S + V. Then the holonomy algebra b
of V is the Lie subalgebra of the Lie algebra s0(m, g,) generated by the curvature operators

R(X,Y) with X, Y € m. Now we can define a Lie bracket [-, -] on the direct sum g =h o m
by

U, V] =UV - VU,
U, X]=U(X), (3.1.4)
[X,Y] = —R(X,Y) — SxY + Sy X,

forall X, Y e mand U,V € b.

Now let G be the simply connected Lie group with Lie algebra g. Then M is a coset manifold
G / H, where H is a Lie subgroup of G with Lie algebra . Let I" be the set of all elements
in G which act trivially on M. Then T is a discrete normal subgroup of G and G = G /T
acts transitively and effectively on M as an isometry group. The isotropy subgroup H of
Gatois H=H /T'. Hence (M, g) is a homogeneous Riemannian space with coset space
representation M = G/H. Note that g = h@m is a reductive decomposition since [h, m] C m
from (3.1.4). O

Remark 3.1.2 ([1],[14]). For the homogeneous Riemannian structure S defined from a re-
ductive decomposition g = m @ b, the Lie algebra of the isometry group and its reductive
decomposition defined from S is given by g = m & [m, m].

Proposition 3.1.3 ([14], p.31 Proposition 1.13). Let M be a reductive homogeneous space
and g = bh & m the corresponding reductive decomposition. Then the curvature R of the
canonical connection V satisfies

(R(va)Z)o: —[[X,Y]h,Z] (3'1'5)

for any X,Y,Z € m.

3.2 Homogeneous Riemannian structures

) on. We Wi . .  First w
In this section, we will look more closely at homogeneous Riemannian structures. First we
give two examples of homogeneous Riemannian structures.

Example 3.2.1 (Riemannian Lie groups). Let (G, g) be a Riemannian Lie group, which is
defined in Example 2.1.2. Then (G, g) is homogeneous and we obtain a natural coset space
representation G = G/{Id}. Let g be the Lie algebra of the Lie group G, and then the
isotropy algebra is {0} and the tangent space at the unit element Id is identified with m = g.

17



Then we get the decomposition g = {0} &g, which is obviously reductive. Here the canonical
connection V(™) of G/{Id} is defined by

vilvy =0, X, vegq (3.2.1)

The canonical connection V(=) is called the Cartan-Schouten’s (—)-connection. Then
we obtain a homogeneous Riemannian structure S = V(=) — V.

Example 3.2.2 (Riemannian symmetric spaces). Let (M, g) be a Riemannian symmetric
space, then from Theorem 1.6.1 it follows that VR = 0. Then if we set S =0 and V = V,
then S satisfies the equation (3.1.1). Thus S = 0 is a homogeneous Riemannian structure
and V is an Ambrose-Singer connection. Conversely, if a simply connected Riemannian
manifold (M, ¢g) has a homogeneous Riemannian structure S = 0, then (M, g) is symmetric.

To close this section, we define an isomorphism of homogeneous Riemannian structure ten-
SOTS.

Definition 3.2.3 ([22], p.33 Definition 2.2). Let S be a homogeneous Riemannian structure
tensor on (M, g) and S” be a homogeneous Riemannian structure tensor on (M’, ¢'). Then
S and S’ are said to be isomorphic if there exists an isometry ¢: (M, g) — (M', ¢') such
that

0.(SxY) = S%*X¢*Y
for all X|Y € X(M), where ¢, denotes the differential of ¢.

Theorem 3.2.4 ([22], p.35 Theorem 2.4). Let (M, g) be a homogeneous Riemannian space
and G,G" connected Lie subgroups of the identity component of the full isometry group
Isom,(M, g) acting transitively on M. Assume that the Lie algebras g of G and g’ of G’
has reductive decompositions g = h@m and g’ = §’ Dw’', respectively. Then the homogeneous
Riemannian structures S determined by g = h @ m and S’ determined by g = §’ & m’ are
isomorphic if and only if there exists a Lie algebra isomorphism F: g — g’ such that

F(h)=b, F(m)=w’

and F|y is a linear isometry.

Hereafter, we denote the full isometry group of (M, g) by Isom(M) = Isom(M, g) and the
identity component of Isom(M) by Isom,(M).

3.3 The eight classes of homogeneous Riemannian struc-
tures

For a homogeneous Riemannian structure S on a Riemannian manifold (M, g), we denote
by S, the covariant tensor field metrically equivalent to S, that is,

S(X,Y, Z) = g(SxY, Z)

18



for all X, Y, Z € X(M). The metrical condition Vg = 0 is rewritten as
Sb(X,Y,Z)—l—Sb(X,Z,Y):O (3.3.1)

for all vector fields X, Y and Z.

Tricerri and Vanhecke [22] obtained the following decompositions of all possible types of
homogeneous Riemannian structures into eight classes (Table 3.1):

Classes Defining conditions

Symmetric | S =0

Ti S,(X,Y, Z) = g(X,Y)w(Z) — g(Z, X)w(Y) for some 1-form w

T Xész(X,Y,Z) =0 and ¢12(S,) =0

T3 S,(X,Y, Z)+ S,(Y, X, Z)=0

Ti® Tz X§Z5b(X,Y,Z):O

T oTs S(X,Y, Z) + 5V, X, Z) = 29(X,Y)w(Z) — 9(Z, X)w(Y) = (Y, Z)w(X)
for some 1-form w

To®Ts c12(S,) =0

Ti & T2 @ T3 | no conditions

Table 3.1: The eight classes

Here & S, denotes the cyclic sum of .S, i.e.,
XY,z
& _S(X,Y,2) = S,(X,Y,2) + 5(Y, Z,X) + 5(Z,X,Y),

and c12 denotes the contraction operator in (1,2)-entries:

Cu(Sb)(Z) = Z Sb(@h €, Z),

where {e1, ..., e,} is alocal orthonormal frame field. In [22], Tricerri and Vanhecke character-
ized naturally reductive homogeneous Riemannian manifolds by homogeneous Riemannian
structures as follows:

Theorem 3.3.1 ([22], p.57 Theorem 6.1). Let (M, g) be a naturally reductive homogeneous
Riemannian manifold, m a corresponding Lie subspace and V the affine connection given by
(3.1.2). Then S =V —V is a homogeneous Riemannian structure which satisfies

SxX =0, forany X e X(M), (3.3.2)

that is, S, € T3. Conversely, if a complete and simply connected Riemannain manifold (M, g)
is equipped with a homogeneous Riemannian structure S which satisfies (3.3.2), then (M, g)
15 naturally reductive.
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Proof. First let (M, g) be a naturally reductive homogeneous Riemannian manifold, and \Y
be the affine connection given by (3.1.2). Then there exists a Lie subspace m such that
U(X,Y) =0 for any X,Y € m. Then, from (2.3.1), we obtain

(VX*Y*)O = _%([Xv Y];)oa

and thus the homogeneous Riemannian structure S = V — V is given by
(SX*Y*)O = (ﬁX*Y*)o - (VX*Y*)O
* 1 *
= (YT 5 (X VT

(X YT

Therefore, it follows that Sx X = 0 for any vector field X.

Conversely, we suppose that there exists a homogeneous Riemannian structure S such that
SxX =0 for any X € X(M). It is sufficient to show that U(X,Y) = 0 for any X,V € m.
From (3.1.4) and (3.3.1), we compute

2U(X,Y),2) =([Z, X]n,Y) + (X, [Z,Y]w)
— (=S X + SxZ,Y) + (X, =SzY + Sy Z)
= —(SxY + Sy X, Z),

and since SxY + Sy X = 0, we obtain U(X,Y) = 0. This completes the proof. O

3.4 The 2-dimensional Riemannian manifolds

In this section, we give the classification of homogeneous Riemannian structures on 2-
dimensional Riemannian manifolds according to [22]. Moreover, we also give the classifi-
cation of their homogeneous representations.

Let (M, g) be a connected, simply connected and complete 2-dimensional Riemannian man-
ifold. Moreover, we suppose that (M, g) has a homogeneous Riemannian structure S # 0.
Then S € 7T; since dim M = 2 (see [22], Theorem 3.1), that is, there exists a 1-form w such
that

SH(X,Y, Z) = (X, Y )(Z) — g(Z, X)(Y)

holds for any X,Y,Z € X(M). We now define a vector field & by ¢(§,7) = —w(Z), and it
follows that

SxY = —g(X,Y)E+ g(&, V)X, (3.4.1)

Then the following statement has been proved.
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Theorem 3.4.1 ([22]). Let (M, g) be a connected, simply connected and complete 2-dimensional
Riemannian manifold. Then (M,g) admits a homogeneous Riemannian structure S # 0 if
and only if (M, g) is isometric to the hyperbolic plane H2.

Proof. Let V =5+ V where S is the nonzero homogeneous Riemannian structure given by
(3.4.1). From Vg =0 and (3.4.1), we compute
(VxS)(Y.Z) = Vx(SyZ) — S¢ yvZ — SyVxZ
= Vx(—g(Y,2)¢ + g(£, 2)Y)
+9(VxY, 2)€ = g(&, 2)VxY + g(Y. Vx2)é — g(6,VxZ)Y
= —g(VxY, 2)¢ — g(Y,Vx 2)¢ — g(Y, Z)V ¢
+9(Vx& 2)Y +9(§,VxZ)Y + (€, Z)VxY
+9(VxY, 2)€ = g(&, Z2)VxY + g(Y. Vx 2)é — g(6, VxZ)Y
= —g(Y, Z)Vx&+g(VxE, 2)Y

for any vector field X,Y,Z € X(M), and then VS = 0 is equivalent to V& = 0. Here it
follows that

0 =2g(Vx&, &)
= Xg(&,6)

for any vector field X € X' (M), and then g(&,§) is nonzero constant since S # 0 and we set
g(&,€) = ¢ > 0. Moreover, from the equation (3.4.1) and V& = 0 we compute

0=Vx¢
= Sx§+ Vx¢§
= —Q(X,€)€ +g(£7f)X -+ VX£7

then we obtain

Vx€=g(X,£)€ —g(&,6)X. (3.4.2)

Moreover from the equation (3.4.2) and T'(X,Y) = 0, we compute

R(X,Y)E = Vx(Vy§) = Vy(VxE) — Vixyi€
— VgV, 6)6 — ) — Ty (g(X, )6 — X) — (4([X, V], )¢ — ZIX,V])
= g(VxY = Vy X — [X,Y], )€ = A(VxY = VyX — [X,Y])
+9(Y, V€& — g(X, Vv + g(Y. ) VxE — g(X,§)VyE
= g(Y, Vx&)§& — g(X, VyE)§ + g(YV,§) V€ — (X, §)Vy§
= —Hg(Y, )X — g(X, &Y},

that is, it follows that

R(X, V)¢ = -9V, )X —g(X, )Y} X,Y € X(M), (3.4.3)
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and therefore (M, g) has a constant negative curvature —c?. Then since (M, g) is connected,
simply connected and complete by assumption, (M, g) is isometric to H?.

Conversely, we realize the hyperbolic plane H? as upper plane H? = {(z,y) € R? | y > 0},

with the metric
A(dz? + dy?)

- 2
)
where ¢ is a constant. Then the Levi-Civita connection V of g is given by

9

1 1 1
Vo,0p = =0y, V5,0, =Vp,0, =—-0, Vy,0,=—-0, (3.4.4)
Y ' Y )
where 0, = %, 0y = a%' Here we put
1
g = C_any7

and define a tensor field S by (3.4.1). Then we can check the equation (3.4.2), and hence
VS = 0. In fact, for any vector field X = X;0, + X20,, from (3.4.4) we can compute

1
Vx§ = V(x,0,4+x,0,) (;y%)

1 1
= le(% (g@/(%) +X2V8y (gy(?y)

X X
1yVala —f- 8 + 2yVayay
1
= 75 — E(Xlam + X20,)
X 1
=2 =X
Y c

= g(X, 8§ —g(&, )X

and we obtain the equation (3.4.2). Moreover, VR = 0 is automatically satisfied since H?
has a constant curvature. Thus S is a nonzero homogeneous Riemannian structure on H?.
This completes the proof. Il

We then obtain the following corollary from the equation (3.4.3).
Corollary 3.4.2. The only homogeneous Riemannain structure on the Riemannian sym-

metric spaces R? or S? is given by S = 0.

All homogeneous Riemannian structures on H? is determined in [22] as follows. In order
to determine them, we have to found all solutions & of the equation (3.4.2). We choose an
orthonormal frame {E1, E;} on H? by

B =%0, B,=Y0, (3.4.5)
C C



and let & = 1B} + &2 Fy where €' and €2 are functions. From the equations (3.4.4) we obtain

1 1
VE1E1 - VElEg == O, VE2E1 - —zEQ, VE2E2 - ZEl (346)

Then we compute

Vg &= E(EYE + Vg By + E((2)Ey + €2V, B,
= El(fl)El + El( )E2>

Vg€ = Ey(¢)E + ¢ VE2E1 + E5(§%)Er + £V, By
= By€)E: ~ €2 By + By(€)Bs + €1 B,

and the equation (3.4.2) is equivalent to

Bie) = ~(@P, (&) =£¢, Be)=¢ (51—1>, By(e) = ¢ (1—51).

c c
(3.4.7)
The integrability condition of this differential system is
(XY - YX - [X,Y])¢' =0, (i=1,2), (3.4.8)
for any vector fields X, Y. From the differential system (3.4.7) we can compute
1
(EVEy — BB )€ = —€° ((51)2 + (&)~ flz) ,
1
(BB - BB =€ (€7 + @ - €7)),
on the other hand, from (3.4.5) we obtain
1
(B, Es] = EEQ’ (3.4.9)
and the integrability condition (3.4.8) is equivalent to
1
2 [ (e132 2\2
& (@rrer-3)=o (34.10)
1
1 ()2 2\2 _
§ ((f ) + (&) — 0—2) = 0. (3.4.11)
Then we obtain ¢! = €2 =0 or
1
1y2 2\2
(€Y +(E) -5 =0. (3.4.12)

If & = &2 =0, it follows S = 0. Then we consider the case (&')? + (§)* — & = 0. According
to [22], the solution of the differential system (3.4.7) are

&= % £ =0, (3.4.13)

23



and

é—l_ 1(>\_'I)2_y2

_E(/\—m)QquQ7
1 O (3.4.14)
&= c(\—x)2+y?’

where A is an arbitrary constant. Thus we may conclude that there are an infinite number
of homogeneous Riemannian structures on H?, however, the following theorem holds.

Theorem 3.4.3 ([22]). Up to isomorphism of homogeneous Riemannian structures, there
are only two homogeneous Riemannian structures on the hyperbolic plane H?:

St =0,
SYY = —g(X,Y)n+g(n,Y)X,

where 1 is the vector field given by n = %y9, and X,Y € X(H?).

Proof. We will prove that the homogeneous Riemannian structure defined by (3.4.14) is
isomorphic to the homogeneous Riemannian structure S2.

Let S¢ be the homogeneous Riemannian manifold given by (3.4.1) where £ is non-zero solution
of the equation (3.4.2). Then the homogeneous Riemannian structure S¢ is given by

S B1=—EEy, Sy Ey=8E, Sy B =-¢E, Sy E=¢E,

and the Ambrose-Singer connection V¢ = V + S¢ is given by
ﬁ%lEl = —¢* By, @gElEE = En, @gEQEl = <§1 — %) Es, @%QEQ =— <§1 — %) Eq,
and the curvature tensor R¢ of the Ambrose-Singer connection is computed by
R(Ey, Ey)FEy = — ((51)2 + (€2)? — —) E,. (3.4.15)

Here from the condition (3.4.12) we obtain R = 0. Then the holonomy algebra h% of V¢ is
he = {0}. Let G¢ be the Lie group acting isometrically and transitively on H? corresponding
to the homogeneous Riemannian structure S¢ and its reductive decomposition g¢ = h*dmé =
{0} @ m¢. Here we identify m® with T,H? = (E}, Ey) where o = (0,1). Then {E;, E,} is also
basis of g¢ and from (3.1.4) the Lie bracket [+, -]se of g° is defined by
[Ela Eg]gg = —SglEQ + S§2El - Rg(El, EQ)
= —Ey 4+ ¢ B,

Let us change the orthonormal basis { £y, Fs} to

- 1 ~ 1
E, = E(§1E1 +52E2), Ey = E(—§2E1 + £1E2)7
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and we obtain
. 1 -
[Ela EQ]gf = EE27

that is, g¢ and g¢ are isomorphic for any solutions ¢ and & of (3.4.2). Then from the
Theorem 3.2.4 the homogeneous Riemannian structure S¢ is isomorphic to S2. Note that
S¢=52if ¢ =1 and €2 = 0. This completes the proof. O

The homogeneous Riemannian structure S = 0 corresponds to the coset representation of
H? as a Riemannian symmetric space. The special linear group SL(2,R) acts isometrically
and transitively on H? via the linear fractional action:

a b az+b
cz =
c d cz+d’
where z = x + 4y and (z,y) € H?. The isotropy subgroup at i is the rotation group SO(2).
The natural projection 7 : SL(2,R) — H? is given explicitly by

a b _ (ac+bd) +i
m c d 24
The Iwasawa decomposition of SL(2,R) is carried out as SL(2,R) = NAK, where
1 =
o7

A:{(\(/)g 1/0\/g>’y>0}zso+(1,1),
K:{( cosg sing ) ‘ ¢G]R/27TZ} — 50(2),

—sing cos ¢

x € R} ~ (R, +),

We refer (z,y, ¢) as a coordinate system of SL(2,R). We can take an orthonormal basis

1/ 01 _1/0 1 11 0
="\ 1 0) 97 1 0) 272 o -1

of the Lie algebra s[(2,R). The tangent space T;H? is identified with the linear subspace p
spanned by €; and é;. On the other hand, the Lie algebra £ of the isotropy subgroup SO(2)
is spanned by €. One can see that [¢,p] C p and [p,p] C €. Hence H? = SL(2,R)/SO(2) is
a Riemannian symmetric space. Then the homogeneous space representation corresponding
to St is

H? = SL(2,R)/SO(2). (3.4.16)
The homogeneous Riemannian structure S? corresponds to the homogeneous space repre-

sentation of H? as a solvable Lie group. Here, the upper half plane model H? is identified
with the solvable Lie group

s-wi-{( 1)
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The Lie algebra s of S is spanned by &y, + &; and &;. The tangent space T;H? is identified
with the Lie algebra s under the isomorphism:

—— €g + €1, —> €9.

Q%Z yﬁ_yi

Hence H? is regarded as a solvable Lie group with respect to the multiplication

(z1,91) (22, y2) = (21 + Y122, Y1Y2).

It should be remarked that s[(2,R) is decomposed as s[(2,R) = ¢ + 5. However this decom-
position is not reductive.

The solvable Lie group & is isomorphic to the identity component GA™(1) = GL*(1,R) x R
of the affine transformation group GA(1) = GL(1,R) x R of the real line. Indeed,

()~ ()

gives the Lie group isomorphism from S onto GA™(1). The orthonormal basis {é;, &} of s
corresponds to the orthonormal basis

(0 ¢ [ c O
“=V oo0o) “27\o0o0

of the Lie algebra ga(1). Here, the homogeneous space representation corresponding to S2
is

H? = GA™(1)/{Id}. (3.4.17)

Then there exist two homogeneous representations (3.4.16) and (3.4.17) of H?.

Moreover, there exist two homogeneous representations of R?:

R? = SE(2)/S0(2), (3.4.18)
=~ R%/{0}. (3.4.19)

Here, R? on the right side of the second equation is considered as an abelian Lie group.
There exsits only one homogeneous space representation of S?:

S* 22 50(3)/SO(2). (3.4.20)
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Chapter 4

Homogeneous structures of the
3-dimensional Riemannian manifolds

In this chapter we will give a complete classification of all homogeneous Riemannian structure
tensors on 3-dimensional Riemannian manifolds. Moreover, we will obtain a classification of
homogeneous representations of them.

4.1 The theorem of Sekigawa

As a preparation, we give the following lemma.

Lemma 4.1.1 ([5], p.117). Let (M, g) be a simply connected homogeneous Riemannian n-

manifold, and {eq,es,...,e,} an orthonormal frame fileld, such that
Veie; =Y chex, (4.1.1)
k=1

with cfj constant for all indices i,j and k. Then (M, g) is isometric to a Lie group with left
mvartant metric g.

Sekigawa classified 3-dimensional connected, simply connected, complete homogeneous Rie-
mannian manifolds by the following theorem. First, note that the curvature tensor field R of
a 3-dimensional Riemannian manifold (M, g) is completely determined by its Ricci curvature
tensor field Ric. In fact, if dim M = 3, it follows that

R(X,Y)=R'XAY + X ARY — (g)X/\Y, X,Y € X(M), (4.1.2)
where R! is the endomorphism of X' (M) defined by

g(R'X,Y) =Ric(X,Y), X,Y € X(M), (4.1.3)
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and
(XAY)Z =g(Y,2)X — g(X,2)Y, X,Y,Z e X(M), (4.1.4)
see p.89 of [21]. One can see that (M, g) has constant curvature c if and only if
R(X,Y)Z =c(X NY)Z (4.1.5)

for all vector fields X,Y,Z € X(M). Moreover, (M, g) is an Einstein space if and only if
there exists a constant k such that R'X = kX for any vector field X € X(M). Then if
dim M = 3, from (4.1.2) and (4.1.5), the Riemannian manifold (M, g) is an Einstein space
if and only if (M, g) has constant survature.

Theorem 4.1.2 ([21], p.88 Theorem B). A 3-dimensional connected, simply connected,
complete homogeneous Riemannian manifold (M, g) is isometric to either a symmetric space:
S? H3, R3,S? x R,H? x R or to some 3-dimensional Riemannian Lie group.

Proof. We will prove that if (M, g) is not symmetric, that is, VR # 0, then there exists an
orthonormal frame field {ey, e, e3} such that

i
Ve = CiiChs
k=1
where cfj is constant for any indices 7, j, k € {1, 2, 3}.

First we take an orthonormal frame field {ey, es, e3} such that

Ric(ei, 6]') = 5ij7’l- (416)
for any indices i, j, where ry, 9,73 are constants and ¢;; is the Kronecker delta. Let cfj be a
function such that
Ve = Z cfjek.
k=1
Note that from Vg = 0 we can obtain
and in particular it follows that .
CZJ — O-
Then, (V., Ric)(e;, e) is also constants and we compute
(V. Ric)(e;, ex) = — Ric(V,,ej, ex) — Ric(ej, Ve, ex)
) .
= —CijTk = CyTj
= —cfj(rk —rj). (4.1.7)

We consider separately the following three cases depending on {ry,79,73}.
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1) If ry = ry = r3, then (M, g) is a 3-dimensional Einstein space, and hence a space of
g P
constant curvature S*, R or H3. In particular, (M, g) is symmetric Riemannian space.

(2) If ry, 79,73 are distinct, then from (4.1.7), ¢f; is constant if j # k. Moreover, it follows

that 07 =0, and then c is constant for any 1ndlces 1,7, k.

(3) If ry = ry # 73, then from (4.1.7), ¢}, and ¢, are constants for any index . We will
prove that there exists an orthonormal frame field {ej, €5, e3} such that ¢ is constant
if (M, g) is not symmetric.

First we check c3, = 0. Let 7 be a scalar curvature, that is,

3
T = try Ric = Z Ric(e;, €;).

i=1

Since (M, g) is homogeneous, its scalar curvature 7 is constant. Moreover, from Propo-
sition 1.4.7 it follows that
dr = 2div Ric,

and then

3
0 =dr(e;) Z V., Ric)(e;, e;) (4.1.8)

for i = 1,2,3. Writing (4.1.8) for i = 1,2, 3, from (4.1.7), we obtain
(Ve, Ric)(eq, e3) = (Ve, Ric)(es, e3) = (Ve, Ric)(es, e1) + (Ve, Ric)(es3, e9) = 0,

that is,

31 = C3y = 3+ 53 = 0. (4.1.9)

In particular, since ¢3; = ¢3, = 0, it follows that V.e3 = 0, and the integral curves
of e are geodesics. Therefore, we can choose {ey, s, €3} such that V.,e; = 0, that is,
Then we check ¢?; and 3, are constant. Here, (V,,(V,, Ric))(e;, e;) is also constant
for any indices 1, j, k, [, and we compute

(Vel (Vei RiC))(@ja ek) = _(vvelei RIC) (€j7 ek)
— (Ve, Ric)(Vej, ex) — (Ve, Ric)(ej, Ve,ex)

3
Z i (Ve,, Ric)(e;, ex)

=1

+ Vel. Ric)(em, exr) + i (Ve, Ric) (e, em)).

(4.1.10)

Inserting (7,7, k) = (1,2,3) into the equation (4.1.10), we can check that

¢i1 ((Ve, Ric)(e2, €3) — (Ve, Ric)(ex, e3))
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is constant. Then ¢ is constant if (V,, Ric)(e,e3) — (V, Ric)(er,e3) # 0. Here we
compute

(Ve, Ric)(eg, e3) — (Ve, Ric)(ey, e3) = —032(7“2 —7r3) + ci’l(rl —13),

and since 1o — r3 = 11 —r3 # 0, ¢ is constant if ¢}, # ¢3,. Moreover, inserting
(1,7, k) = (2,2,3) into (4.1.10), we can check that

¢ ((Ve, Ric) (e, e3) + (Ve, Ric) (e, e3))

is constant. Then ¢ is constant if (V,, Ric)(es,e3) + (Ve, Ric)(e1, e3) # 0. Here we
compute

(Ve, Ric)(eq, e3) + (Ve, Ric)(eq,e3) = —0?2(7“2 —r3) — cgl(rl —13),

and since ro —r3 =711 — 13 # 0, ¢} is constant if ¢, # —c3;.

Thus we consider the case ¢}, = ¢3, and 3, = —c3;. From (4.1.9), we obtain ¢}, =

c3y = 0. We put ¢ = c%, ¥ = cb, and a = ¢},. Note that ¢ and v are functions and
a is a constant. Then V Ric is completely determined by the only possibly non zero
components

(Ve, Ric)(ea, e3) = —(Ve, Ric)(e, e3) = a(r; — r3).

If « =0, then VRic = 0 and (M, g) is symmetric, and then we suppose that a # 0.
Consider the differential systems

€11 = ¢7
ean = —1, (4.1.11)
€31 = _%7

where 7 is some function. Then we can check that

[ei, e5ln = ei(e;n) — ej(em),

for all indices 4,j. Hence the differential systems (4.1.11) admits a unique solution
under an initial condition 7y = n(p), where p € M. For the solution n of (4.1.11), we
can construct a new orthonormal frame {€y, €, é3}, defined by

é1 = (cosm)e; — (sinn)es, €3 = (sinn)e; + (cosn)ey, €3 = es, (4.1.12)

and we can check
3 ~
s~ k
Vg€ = g Cii€ks
k=1

is constant for all indices ¢, 7, k. This completes the proof.

k
where ¢

]

Thus, to classify all homogeneous Riemannian structure tensors on 3-dimensional homoge-
neous Riemannian manifolds, we only need to consider two cases: Riemannian symmetric
spaces and Riemannian Lie groups.

30



4.2 Homogeneous structures on 3-dimensional Rieman-
nian symmetric spaces.

4.2.1 Homogeneous structures on S?

First we consider the case (M, g) is a space form. In this case, homogeneous Riemannian
structures on S*, H?, R? are classified by Abe [1].

Theorem 4.2.1 ([1], Theorem 2.1). The 3-dimensional sphere (S* = {(x1, z9, 73, 74) € R* |
Z?:l x? = 1}, g) admits two types of homogeneous Riemannian structures up to isomorphism:

(1) (S)), = AdVes (A >0),
(2) (S3)y = dVes + N @ (2N 6%) (N #£0),

where dVss is the volume form of S* and

91|q = —xodr + 1dTo + T4dT3 — T3dT1Y,
92|q = —x3dr; — x4dre + 11dx3 + TodXy,
93|q = —$4d£I§'1 + xgdfl?Q - I'le'g + [IZ‘1d£L’4,

at q = (r1, 2,73, 74) € S°.

The corresponding coset space representation of Sy is

S*2250(4)/S0(3), (A #1,A>0), (4.2.1)
= SU(2)/{Id}, (A=1),

and the corresponding coset space representation of Sy is

S? 2 (SU(2) x SO(2))/SO(2). (4.2.3)

Proof. The identity component Isom,(S?) of the full isometry group of S* is Isom,(S?) =
SO(4) with Lie algebra so(4). We denote the isotropy group of SO(4) at the origin o =
(1,0,0,0) € S* by H, which is isomorphic to SO(3). We take an basis {wy,...ws} of s0(4)
given by

ws = Fy 4 — Eyo,

we = FE32 — FEa3,
where £ ; is the matrix unit of 4 x 4. Moreover we set

Uj = Wity — Wy,  Vj = Wip3 + W;,

31



for + = 1,2,3. Then we obtain

[uh Ug] :2U3, [u27 U3] = 2u17 [U3, ul] = 2“27

[Uh U?] :2?)37 [UZ7 US] - 21}17 [U3a Ul] == QUQa

and [u;,v;] = 0 for 4,j = 1,2,3. Thus we obtain the direct sum as Lie algebra so(4) =
511(2)1 D 511(2)2 with 511(2)1 = <{U1,U2,U3}> and 511(2)2 = <{U1,U2,U3}>. Note that the Lie
algebra of the isotropy H is h = su(2); = ({v1,ve,v3}). Here, from (2.2.1) and (2.2.2), we
obtain

0 0 0

8_@ 07 T(vg) = 0_x3 07 T(vg) = =—| . (4.2.4)

T(U1> - 61’4

Let G be a connected subgroup of Isom,(S?) = SO(4) acting transitively on S®. Note that
there are no subgroups of dimension 2 in SO(3), since SO(3) is simple. Then it follows that
dim G # 5. In fact, if dim G = 5, the isotropy subgroup of G has dimension 2, which is a
subgroup of SO(3). Then the possible subgroups G are as follows:

(1) dim G = 6,
(2) dimG =4 and dim(G N H) =1,
(3) dimG =3 and dim(G N H) = 0.

Case (1): In this case, G = SO(4) and its Lie algebra is g = so0(4). Let m be a complementary
subspace of h in g. Since h Nsu(2); = {0}, we can denote m = ({v1 + ¢(vy), v2 + P(v2), v3 +
¢(vs3)}), where ¢: su(2); — b is a linear map. If g = h @ m is a reductive decomposition,
then from [h, m] C m we obtain

m=m"= ({v; + (A — Dwg,vs + (A — Dws,v3 + (A — Dwg}), (A €R). (4.2.5)

From (3.1.3) and (4.2.4), the homogeneous Riemannian structure S; defined by the reductive
decomposition g = h @ m* satisfies

(oA o | _ A o | _ o A ) f)
<S )ﬁax 0_07 (Sl>%612 o )\8? o’ (Sl>ﬁal613 o 0z2 lo”
A P ) A o | _ A o | _ .o
(57) 2y 3| = —Aamlor (51) 2,22| =0, (7). 2, 33| = Agatlo
A ol _y.oo ) P A o | _
\ (57 )(%a T, = Az 0’ (Sl)%w == A5 0’ (51 )%axs O—O

Therefore, we obtain
(S1)slo = AdVislo,
where dVgs denotes the volume form of S?. Since S} and dVgs are SO(4)-invariant, we have

(S7)s = AdVis.
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In addition, for an isometry ¢, it follows that ¢*S} = S} if ¢ preserves the orientation, and
¢*S7 = —S7 if ¢ changes the orientation. Therefore, S; and S!' are isomorphic if and only
if A = +p. This gives the homogeneous Riemannian structures of (1).

Case (2): In this case, dim g = 4 and dim(gNbh) = 1. According to Abe [1], for any reductive
decomposition, the corresponding homogeneous Riemannian structure is isomorphic to the
homogeneous Riemannian structure defined from

g = su(2);1 @ ({ws}) = ({v1 + Awg, v2,v3}) © ({wa}), (4.2.6)

where A € R. Here m(\) = ({v1 + Awy, v9,v3}) is the Lie subspace. Then from (3.1.3) and
(4.2.4), the homogeneous Riemannian structure Sj defined by the reductive decomposition
satisfies

(Sg‘)b(X, Y, Z)|o = (dVgs + Adxe @ (dzg A dxy))o(X, Y, Z),
at the origin 0 = (1,0,0,0) € S3. Then since both S5 and dVgs are SU(2)-invariant, we have
(S3)(X,Y, Z)|, = (dVes + Ap*dzs ® (¢*dxs A ¢*dra)),(X, Y, Z),

at any point p € S?, where 0 = ¢(p), ¢ € SU(2) and ¢* is the pull back of ¢. Moreover, it
follows that

¢*d$2‘q = —.%'le'l + 'Tld.fg + 513'4d373 — LC3d.fIZ'4,
¢*d$3|q = —933dl‘1 — $4dl‘2 + l’ldxg + ZBQd{L’4,
¢*d$4|q = —$4dl’1 + Ztgd.%‘g - [L’deg + Ildl’4.

Case (3): In this case, dimg = 3 and dim(g N h) = 1. According to Abe [1], it follows
that g = su(2). Then the reductive decomposition is g = {0} @ su(2). The corresponding
homogeneous Riemannian structure is S = V(7 — V, where V() is the Cartan-Schouten’s
(—)-connection, and we obtain

S =S = dVgs.
This completes the proof.

4.2.2 Homogeneous structures on H?

To classify all homogeneous Riemannian structures on H?, we give definitions and theorems
prooved by Azencott and Wilson.

Theorem 4.2.2 ([3], p.328 Corollary 2.6). Let M be a simply connected homogeneous Rie-
mannian space of non-positive curvature and G a connected Lie subgroup of Isom, (M) acting
transitively on M. Then there exists a solvable Lie subgroup S of G acting simply and tran-
sitively on M.
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Definition 4.2.3 ([4], p.44 Definition 6.2). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2.
Assume that M has no Euclidean factor in its de Rham decomposition. Then a connected
Lie subgroup &’ of Isom, (M) is said to be a modification of S if S’ acts simply transitively
on M and the Lie algebra s’ of S’ is in the normalizer n(s). Here s is the Lie algebra of S.

Here the normalizer n(h) of a Lie subalgebra hCg is defined by
nh) ={Xeg|[X,Y]ehforany Y € h}. (4.2.7)

Definition 4.2.4 ([4], p.45 Definition 6.4). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2. A
solvable Lie subgroup S of Isom, (M) is said to be in standard position if for some point
o€ M,B(V,U)=0forall V € [s,5]* and U € b, where B is the Killing form of iso(M) and
b is the isotropy algebra at o. The linear subspace [s,5]* is the orthogonal complement of
s, 5] in s with respect to the inner product on s induced from the metric g. The Lie algebra
s is also called in standard position.

Theorem 4.2.5 ([4], p.48 Theorem 6.7). Let (M,g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2 and
has no Fuclidean factor in its de Rham decomposition. The for any connected Lie subgroup
S’ of Isom, (M) acting simple transitively on M, there exists a unique modification S of S’
which s in standard position.

Theorem 4.2.6 ([4], p.54 Corollary 6.10). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2 and
has no Fuclidean factor in its de Rham decomposition. The for any connected Lie subgroups
S and 8’ of Isom,(M) acting simple transitively on M and are in standard position. Then
there exits an element a € Isom,(M) such that aSa™' = §'.

Conversely, if S is in standard position, then for any a € Isom,(M), aSa™" is in standard
Position.

Let M be a simply connected homogeneous Riemannian space of non-positive curvature
satisfying the assumption of Theorem 4.2.2 and has no Euclidean factor in its de Rham
decomposition. Take a (solvable) Lie subgroup & C Isom, (M) which is in standard position.
Then for any a € Isom,(M), the Lie algebra of aSa™' is Ad(a)s and isomorphic to s as a
Lie algebra. Moreover s and Ad(a)s are isometric relative to the inner product induced from
(T,M, g,) and (T4.oM, ga.o)- In fact, from Proposition 2.2.2 we can check that

gao((Ad(a) X)", (Ad(a)Y)") = G, (0) ((Da)+ X", (Pa) Y )
= go(X",YT),

since ¢, is isometry of (M, g). Thus the homogeneous Riemannian structures S determined

by § = S/{e} and S’ determined by &’ = (Ad(a)S)/{e} are isomorphic. Furtheremore if s’
is a modification of s, then Ad(a)s’ is a modification of Ad(a)s, since n(Ad(a)s) = Ad(a)n(s).
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Therefore the homogeneous Riemannian structure defined from the Lie algebra of any sub-
group of Isom, (M) acting simply transitively on M is isomorphic to that defined from the
Lie algebra of a subgroup of Isom, (M) which is a modification of a fixed subgroup Sy being
in standard position. In other words, it is sufficient to determine homogeneous Riemannian
structures of a fixed subgroup Sy being in standard position and its modifications.

Theorem 4.2.7 ([1], p.7 Theorem 3.1). The 3-dimensional hyperbolic space (H* = {(z,y, z) €
R3 | 2 > 0}, g) admits two types of homogeneous Riemannian structures up to isomorphisms:

(1) ($))y = AdVis (A >0),
(2) (59)xY = =xg(X, ){g(Y.n)¢ —g(Y.On} —g(X,Y)E+g(&, V)X (A >0),

for XY € X(H?), where dVigs is the volume form of H® and n = 2%, = za%,f =zZ.
The corresponding coset space representation of S} is
H® = SL(2,C)/SU(2), (4.2.8)
and the corresponding coset space representation of Sy is
H? =~ G*/{Id}, (4.2.9)

where G* is a 3-dimensional Lie group

t(1+i)
o { (e ) e_tgfw)) ‘t ER,w e (C} . (4.2.10)

Moreover H? admits three types of homogeneous space representations: (4.2.8), (4.2.9) and
H* = (B*(2,C) - U(1))/U(1), (4.2.11)
where BT(2,C) is a 3-dimentional Lie group defined by

g = { (7 DIV

From the homogeneous representation (4.2.11), the homogeneous Riemannian structure Sj
15 obtained.

x,yER,z>O}.

Proof. First we realize H® as a Hermitian matrix model. Let us denote by Her(2,C) the
space of all Hermitian 2 x 2 matrices. Then Her(2, C) is parametrized explicitly as follows:

B B To + 11 T3 — v — 1w
Her(2,C) = {X = ( r3+v—1lrs  xo— 1 >

We define a basis {eg, €1, €2, e3} of Her(2,C) by

) 0 e () e ()
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Let us introduce a scalar product on Her(2, C) by
(X,X) = —det X.

Then Her(2,C) is identified with Minkowski 4-space E'? with Lorentzian metric —dz3 +
da? + dz2 + da?. The hyperbolic 3-space H? is realized as a hyperquadric

(X € Her(2,C) | det X =1, tr X > 0}.
The special linear group SL(2,C) acts isometrically on Her(2,C) via the action
SL(2,C) x Her(2,C) — Her(2,C); (g9,X) — gXg".

The isotropy subgroup of this action at the identity matrix is SU(2). The isotropy algebra
is spanned by {v/—1le;,v/—1ey,v/—1les}. The tangent space T, H? is identified with the Lie
subspace

my = Her(2, (C) ﬂ5[2C = R@l D R@Q D Reg.

The representation SL(2,C)/SU(2) is a Riemannian symmetric space with Lie subspace my.
In particular, we obtain Isom,(H?) = SL(2, C). Note that the Lie algebra sl,C is represented
by

sLC =m§ =my @ V—1mg, su(2) = v—1mg.

The Iwasawa decomposition of SL(2,C) is given by

SL(2,C) = NA - SU(2),

veah a-{( 1)

The solvable part BT (2,C) = N A is parametrized as

B+(2,@)_{<\/5 (l‘—i—y\/__l)/\/z)

where

)

z>0}.

0 17 :r;,yE]R,z>O}.

The multiplication law is described as

(21,91, 21) (@2, Y2, 22) = (X1 + 2122, Y1 + 21Y2, 21 22).

The Maurer-Cartan form of B*(2,C) is computed as

T(00)r Y0 )T )

Thus the Lie algebra b(2,C) of B*(2,C) is spanned by

(o) (0% )00 )}
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Let us introduce a left invariant metric so that this basis is orthonormal with respect to
it. Then B*(2,C) is isometric to the upper half space model of H?. It should be remarked
that inner product of b(2,C) is different from the one induced from the normalized Killing
metric. Indeed, with respect to the normalized Killing metric,

(B 9)-(hN=((35T)(8 5=
<(162 —?/2)’(1(/)2 _f/2)>=i.

Let G be a connected subgroup of Isom,(H?) = SL(2,C) acting transitively on H®. Since
the isotropy subgroup H = SU(2) is simple, there exist three cases as in S*:

(1) dim G = 6,
(2) dimG =4 and dim(G N H) =1,
(3) dimG =3 and dim(G N H) = 0.

Case (1): In this case, G = SL(2,C) and its Lie algebra is g = s[(2,C). Let m be a Lie
subspace of su(2) in g. As in S?, from [m, su(2)] C m, we can obtain

m =m* = ({e1 + Mv=1D)er, e2 + MV —1)es, e3 + A(V—1)es}),

in other words, m* = (1 4+ A\y/=1)mgy. Then the corresponding homogeneous Riemannian
structure is (S7), = AdVigs.

Case (3): In this case, from Theorem 4.2.2 it follows that the isometry group G is a solvable
subgroup of SL(2, C). Note that dim g = 3 and its isotropy is g Nsu(2) = {0}. Then the Lie
algebra b(2,C) is in standard position. In fact, it follows that

e ({(} )
waasor-({( 1.0 %)

Then it follows that B(U,V) = 0 for any U € [b(2,C),b(2,C)]* and V € su(2).

and then we obtain

Here the normalization n(b(2,C)) is

Z,w € (C} . (4.2.12)
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Let s be a modification of b(2,C). Then since s C n(b(2,C)), dims = 3 and s Nsu(2) = {0},
for some A € R it follows that

s:skz{<t(1+8\/__l) _t<1+w)\\/_—1)>‘teﬂ%,w€@}. (4.2.13)

Note that b(2,C) = 5. Here the corresponding Lie group S* is given by

o { (expt(l 46 A=) exp(—t(ltj— )\\/—_1))) 't cRwe c} ’

and then we obtain the coset representation H?* = §*/{Id}. By a diffeomorphism ®: H? —
S* such that

e(logz)(l-i-)\\/j) T4y /1
CI)(:E’ Y, Z) = 0 e—(logz)(l-}-)\\/j) ’

we can identify H® and S*. Then we take a left invariant orthonormal basis {€;, €3, €3} on
H? defined by

0 0
€1 =2=—, € =zcos(Alogz)=— + zsin(Alogz)—,
0z ox dy
9 (4.2.14)
€3 = —zsin(Alog z)% + z cos(Alog Z)(?—y’
and we can obtain
[€1,6] = € + ez, [€1, 6] = é2+ \é3, [z, 63] = 0. (4.2.15)
The Levi-Civita connection of S* is given by
Veﬁ él - 07 V6~1 év2 - )\6~37 Ve] 6N3 - _/\627
Ve~2€~1 = —€~2, Ve~2€~2 = €~1, ve~2€~3 = 0, (4216)

Ve~36~1 = —673, Ve~36~2 = O, V6~36~3 = €~1.

The corresponding Ambrose-Singer connection is the Cartan-Schouten’s (—)-connection V(-
of 8*, and we obtain the homogeneous Riemannian structure S = V(=) — V. Then from
(4.2.14), (4.2.15) and (4.2.16) we can obtain

(S2)xY = =Ag(X,){g(Y,n)¢ — g(Y,On} — g(X, Y)E+ g(£,YV)X (A >0),

_ _ L0 e _ 0
where n =z, ( = za—y,ﬁ =25

Case (2): Abe proved the following fact.

Proposition 4.2.8 ([1], p.12 Lemma 3.10). Let G be a 4-dimensional connected subgroup of
SL(2,C) acting transitively on H?, then there exists a solvable subgroup S of G and G is the
normalizer N(S) of S. Moreover there exists a € Isom,(H?) such that G = N(aB*(2,C)a™").
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Proof. Let g be the Lie algebra of G. From Theorem 4.2.2 there exists a solvable Lie
subalgebra s C g such that dims = 3 and su(2) Ns = {0}. Moreover, from the discussion in
Case (2), the solvable Lie subalgebra s is represented as s = Ad(a)s*, where a € Isom,(H?)
and s” is the Lie algebra defined by (4.2.13). Then from dim g = 4 and dim(g N su(2)) = 1,
there exists v € su(2) such that g = Ad(a)s* ® ({v}). It follows that Ad(a~t)g = s* @

({Ad(a"1)v}). Let Ad(a v = (IZ _bk) Then for any element (g _wa) € s, we

compute

(£ 26 2] (3 ) esmen-soanen

- —2ac —cw

and there exists (g _Zﬁ) € s and s € R such that

cw  2(ab—kw)\ (B =z kb
(3 20 ) (8 e
If ¢ = 0, it follows that Ad(a"!)v € n(s*) = n(6(2,C)), and we obtain Ad(a~!)g C n(b(2,C)).
Moreover since dim Ad(a™')g = dimn(b(2,C)) = 4, we obtain Ad(a™!)g = n(b(2,C)), that
is, g = n(Ad(a)b(2,C)).
Then we suppose that ¢ # 0. Then from (4.2.17) it follows that —2ac = sc and then
—2a = s.

If A # 0, then «, 5 ¢ R and this contradicts s € R since —2a = s.

If A =0, then a, 8 € R. From (4.2.17) we can obtain cw = f + sk. If we take w = 0 and
s = —2a # 0, then k € R. However, if we take w = ¢y/—1 and s # 0, it follows that k& ¢ R.
This contradicts.

From these it follows that ¢ = 0, and thus g = n(Ad(a)b(2,C)). This completes the proof. []

Let g be the Lie algebra of G. Then from Proposition 4.2.8 it follows that g = Ad(a)n(b(2,C)).
Then the isotropy algebra is Ad(a)n(b(2,C)) Nsu(2). Let m be the Lie subspace, then we
can obtain m = Ad(a)s*. From [m,m] C m and Proposition 3.1.3, the curvature R of the
corresponding Ambrose-Singer connection V is equal to 0. Then the corresponding homo-
geneous Riemannian structure is equal to the homogeneous Riemannian structure defined
from H? = S*/{Id}. Moreover, comparing with [8, p.567], we obtain a homogeneous space
representation H? 2 (BT (2,C) - U(1))/U(1). This completes the proof. O

4.2.3 Homogeneous structures on R?

Theorem 4.2.9 ([1], p.13 Theorem 4.1). The 3-dimensional Euclidean space (R?,g) admits
two types of homogeneous Riemannian structures up to isomorphisms:

(1) (S1)y =AdVas (A >0),
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(2) (S3)xY =Ag (X, 8%) {g (Y, 8%) % -9 (Y, %) 8%} (A>0),

for XY € X(R3), where dVis is the volume form of R3.

The corresponding coset space representation of Sf 18
R? = SE(3)/SO(3),
and the corresponding coset space representation of Sy is
R® = G /{1d},

where G is a 3-dimensional Lie group

1 0 0 T

M 0 cos(Ax) —sin(Az) y
G = 0 sin(Az) cos(\x) =z |7,y 2€R

0 0 0 1

(4.2.18)

(4.2.19)

(4.2.20)

Moreover, R? admits three types of homogeneous space representations: (4.2.18), (4.2.19)

and

R® 2 SE(2) x R/SO(2).

(4.2.21)

From the homogeneous representation (4.2.21), the homogeneous Riemannian structure Sj

18 obtained.

Proof. The identity component Isom,(R?) of the full isometry group of R? is Isom,(R3) =
SE(3) = SO(3) x R?. The isotropy subgroup of SE(3) at the origin o € R? is SO(3). The

Lie algebra se(3) of the Lie group SE(3) is represented by

0O —w v =z

w 0 —u
58(3) - —v U 0 Z

0 0 0 0

We take a basis {u1, ug, us, €1, €, €3} of se(3) by
uy = B3y — Bo3, up = B3 — E31, ug=Fy — E, e =Ey, ey = Ly,
Then we have

[uh uQ] = Us, [u27 U3] = Uz, [u3> ul} = U2,

[ur, ea] = e3, [u1,es] = —es,

[U2,€3] = €1, [U2,€1] = —e€s3,

[us, e1] = ez, [us, e2] = —e,
[ui,ei] =0, [e;,e;] =0,

€3 = E34.

(4.2.22)



and from (2.2.1) we compute

I
or’ 620_8y’ “lo = 52

6’1F|o =

at the origin o = (0,0,0) € R3. Here the isotropy algebra is s0(3) = ({uy, ug, u3}).

Let G be a connected subgroup of Isom,(R3) = SE(3) acting transitively on R3. Since the
isotropy subgroup H = SO(3) is simple, there exist three cases as in S* and H?:

(1) dimG = 6,
(2) dimG =4 and dim(G N H) =1,
(3) dimG =3 and dim(G N H) = 0.

Case (1): In this case, as in the case of S* and H?, from [h, m] C m the Lie subspace is given
by m = m* = ({e1 + Aug, ea + Aug, e3 + Aus}), and the homogeneous Riemannian structures
defined from g = m* @ b is (S}), = AdVis.

Case (3): In this case, as in the case of H?, from Theorem 4.2.2 it follows that the isometry
group G is a solvable subgroup of SE(3), and its Lie algebra g satisfies dimg = 3 and
dimg N se(3) = 0. From g € s¢(3) = s0(3) ® R® and g N so(3) = {0}, we can denote
g=({e1+ fle1),ea+ f(ea), e3+ f(e3)}) where f : R? — s0(3) is a linear map. Since the Lie
algebra g is solvable, it follows that [f(eq), f(e2)] = [f(e2), f(es)] = [f(es), f(e1)] = 0, and
then we have f(es) = sf(e1) and f(e3) = tf(e1). Moreover by linear transformation the Lie
algebra g is expressed as (€] + u, €, €3), where {€1, €, €3} is an orthonormal basis of R* and
u € 50(3). If we choose a basis 11, Uy, U3 such that satisfies the relation (4.2.22), it follows
that g = (A + €1, €, €3), which is isomorphic to the Lie algebra g* = (\u; + ey, e, €3)
Moreover, the corresponding Lie group G’* is given by (4.2.9). According to Abe, it follows
that the corresponding homogeneous Riemannian structure Sy is given by

) o\ 0 2\ 0
NxY = X, = Y, — | ——-g(YV,=— ) =¢.
sy =xa (X o (v ) o (vt ) )

The corresponding Ambrose-Singer connection V. = V — S3 is Cartan-Schouten’s (—)-
connection of G". In fact, we take left invariant orthonormal frame field {€, €, €3} defined
by

.0 . a o . : 0 0
=5, &= cos()\x)a—y + sm()\x)a, €3 = — sm()\x)a—y + cos()\a:)é. (4.2.23)

The Levi-Civita connection of G* is given by

Vea€r =0, Vgeér = Aé3, Vgez = —Neé,
Vo =0, Veaé =0, Ved =0, (4.2.24)
végél = 07 Ve},éQ = 07 V6~3€~3 = 0.
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Moreover we can obtain @g@.éj = V€ — (589)e,€; = 0, the Ambrose-Singer connection V is
the Cartan-Schouten’s (—)-connection of G'*.

Case (2): In this case, from Theorem 4.2.2; the Lie algebra g contains a Lie algebra which
is isomorphic to g*. Then g is expressed as g = (\ij + €1, 6, €3) @ (u). Moreover since
0lso(3) is a subalgebra of s0(3) and there are no subalgebras of dimension 2, it follows that
g = (\iy + €1, €z, 63) @ (11). Conversely from [s0(3),m] C m the Lie subspace is m = m* =
(\iy + €1, 69, ¢3) = g*. Hence [m*, m*] C m?*, the corresponding homogeneous Riemannian
structure is S3. Moreover it follows that g = se¢(2) ®R, and then we obtain the homogeneous
space representation R® = (SE(2) x R)/SO(2). This completes the proof. O

4.2.4 Homogeneous structures on S? x R and H? x R

Next we classify homogeneous Riemannian structures on S? xR and H? xR. First we consider
S? x R. Let us realize the Riemannian product S* x R as a hyperquadric

$? xR ={(z',2%,2%,y) e R*| (2')* + (%) + («°)* = 1}
of the Euclidean 4-space R*. The metric induced from R* coincides with the product metric
9= gs2 + dy*.

Theorem 4.2.10 ([18], Theorem 1). The Riemannian product S* x R admits only one type
of homogeneous Riemannian structure tensors up to isomorphism:

(S = A(dy ® dVs2) (A >0),

where dVgz is the area form of S and y is the coordinate of R. The corresponding coset space
representation of each S* is SO(3) x R/SO(2).

Proof. The identity component Isom,(S?xR) of the full isometry group of S xR is Isomg(S?x
R) = SO(3) x R with Lie algebra so(3) & R. Under the hyperquadric model of S? x R, the
isometry group SO(3) x R is identified with

e )

We denote the isotropy subgroup of SO(3) x R at the origin o = (1,0,0,0) € S* x R by H,
which is isomorphic to SO(2). Since there are no subgroups of dimension 2 in SO(3), the
connected subgroup G of Isom,(S? x R) acting transitively on S* x R is SO(3) x R. We take
an orthonormal basis {u1, ug, us, e} of s0(3) & R given by

a€S0(3),te R} C GL(4,R).

uy = Eo3 — B3p,  up = Fig — Egy, uz = E31 — Fi3, e = Ey, (4.2.25)
where F;; is the matrix unit of 4 x 4 matrix. Then, we have

[ug, us] = us, [ug,us] =wuy, [ug,ur] =wus, [u;e]=0 (i=1,2,3). (4.2.26)
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Here, the Lie algebra of H is h = ({u;}). Moreover, from (2.2.1), (2.2.2) and (4.2.25), we
have

(4.2.27)

Let m be a Lie subspace of h in s0(3)BR, then m is expressed as ({ua+Aouy, us+Asui, e+Auy })
for Ay, A3, A € R. Moreover, from [m, h] C m, it follows that Ay = A3 = 0, and therefore m is
given by

m=m" = ({ug,uz,e +  u}) (A €R).

Then, from (3.1.3), (4.2.26) and (4.2.27), the homogeneous Riemannian structure S* defined
from the reductive decomposition s0(3) ® R = m* @ b satisfies

A 9 _ A 9 _ A0 _
S 3 _9z2 - 07 S 3 _9x3 - 07 S 1) a_y - 07
Eres o Eres ° ox2 o
A o) _ A o) _ A 9 _
5% 2| =0, 5% pa5| =0 S0 5y =0
ax3 o ox3 o ax3 o
A0 | 9 A0 | _0_ A9
Sai ox2| )\81’3 ‘o ’ Si ox3 | )\8:52 o’ Si oy| 0.
\ v 0 %y o %y 0

Therefore, we obtain
(SMs]o = Mdy @ (dz® A dz?))|, = Mdy @ dVs2)),,

where dVs: denotes the area form of S%. Since S* and dy ® dVsz are (SO(3) x R)-invariant,
we have

(S/\)b = Ndy ® dVs2).

In addition, for an isometry ¢, it follows that ¢*S* = S* if ¢ preserves the orientation, and
¢*S* = —S* if ¢ changes the orientation. Therefore, S* and S* are isomorphic if and only
if A = £+p. This completes the proof. O

Next we determine homogeneous Riemannian structures on H? x R. Let us realize the
Riemannian product H? x R as

H?xR={(w=2+yiz) €CxR|y>0}
with the product metric
1

g=gm+d? = /7 (dz® + dy?) + dz*.
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Theorem 4.2.11 ([18], Theorem 2). The Riemannian product H* x R of the upper half
plane model H? of the hyperbolic plane with Poincare metric (dz*+ dy?)/y? and the real line
(R, dz?) admits two types of homogeneous Riemannian structure tensors up to isomorphism:

(SY), = A® @ (0 A 6%) = N6 ® dViz) (A > 0),
S, =0'"® (0" N 0%) = 0' ®@ dVige,
where 0 = df, 0% = d—;, 0% = dz, and dVip is the area form of H2. The corresponding

coset space representations of S* and S are H?> x R = SL(2,R) x R/SO(2) and H? x R =
GA™(1) x R/{Id}, respectively.

Proof. The identity component Isom,(H? x R) of the full isometry group of H? x R is
Isom,(H? x R) = SL(2,R) x R with Lie algebra sl(2,R) ¢ R. The isometric action of
SL(2,R) x R on H? x R is defined by

(¢ ) o= (evs)

Then the isotropy subgroup H of SL(2,R) x R at the origin o = (4,0) is SO(2). Let G be a
connected subgroup of SL(2,R) X R acting transitively on H? x R, and then dim G = 4 or 3.

First, we consider the case dim G = 4. This means that G = SL(2,R) x R. We identify the
Lie group SL(2,R) x R with the linear Lie group

SL(2,R) x R = { (‘g 2)

Moreover, we take an orthonormal basis {v1,vs, v3, e} of s[(2,R) @ R given by

1 1 1
v = §(E21 — E), v= §(E12 + Ey1), vz = §(E22 —Eu), e=Es (4.2.28)

where £;; is the matrix unit of 3 x 3 matrix. Then, we have

A e SL(2,R),t € R} C GL(3,R).

[Uluvﬂ = Us, {U27U3] = —U1, [U37U1] = Vg, [Ui76] =0 (Z = 17273)
Here, the Lie algebra of H is h = ({v1}). From (2.2.1), (2.2.2) and (4.2.28), we have
0 0 0
T(vg) = 7| T(v3) = — By T(e) = 5

o

5 .
] ]

Let m be a Lie subspace of b in s[(2,R) & R. As in the case of S x R, from [h, m] C m, the
Lie subspace m is given by

m=m"= ({vy,v3,¢ + Av1}) (A €ER),

and the homogeneous Riemannian structure tensor S* determined by the reductive decom-
position 5[(2,R) & R = m* @ b satisfies

(S, = AMdz ® dVig2).
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For the same reason as in S? x R, S* and S* are isomorphic if and only if A = 4.

Next, we consider the case dimG = 3. In this case, the coset space representation is
H? x R = G/{e}, and then H? x R is identified with a Lie group G. Thus, G is isomorphic
to the solvable Lie group

y xz 0
H*xR=CGAT()xR=<¢[0 1 0||z,y,2€R,y>0},
0 0 ¢

with the left invariant metric
1
g = —(da® + dy?) + d2*.
Yy

We define a left invariant orthonormal vector field {ey, eq, €3} as

0 0 0
_ _ 2 _9 4.2.9
€1 yﬁxv €2 yay7 €3 aZ ( 9)
Then we have
[61,62] = —€y, [61,63] = [62,63] =0. (4230)

Moreover, from (3.1.3) and (4.2.30), the homogeneous Riemannian structure tensor S deter-
mined by the reductive decomposition g = {0} @ g satisfies

Selel = €3, 56162 = —€1, S61€3 = 07
Se,e1 =0, Se,ea =0, Se,e3 =0, (4.2.31)
Segel = 0, 36362 = 0, 56363 = 0.

Thus, from (4.2.29) and (4.2.31), we obtain
S, =0'® (6' N 6%,

where 0! = ‘Z—x, 0% = d—yy. This completes the proof. O

4.3 The classification of 3-dimensional Lie groups

In this section, we introduce the classification of 3-dimensional Riemannian Lie group given
by Milnor (see [17]).

4.3.1 Unimodularity

Let G be a Lie group with a Lie algebra g and a left invariant Riemannian metric g. We
denote by (-, -) = grq4 the inner product of g induced from g. Then the Levi-Civita connection
V of g is described by the Koszul formula:

2VxY, Z) = (X, [V, Z)) + V. [Z2, X]) + {Z, [X,Y]), X,V Z¢eg
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In particular, choosing an orthonormal basis {ey,...,e,} and setting a;jr = ([e;, €;], ex) it
follows that

n

1
Veiej = E §(Oéijk — Ok + ozkij)ek. (431)
k=1

A Lie group G is said to be unimodular if its left invariant Haar measure is also right
invariant.

Lemma 4.3.1 ([17], Lemma 6.3). A connected Lie group is unimodular if and only if the
linear transformation ad(X) has trace zero for every X € g.

Here ad: g — End(g) is a homomorphism defined by

ad(X)Y = [X,Y].

Milnor gave an infinitesimal reformulation of unimodularity for 3-dimensional Lie groups in

[17]. We recall it briefly here.

Let g be a 3-dimensional oriented Lie algebra with an inner product (-,-). Denote by x the
vector product operation of the oriented inner product space (g, (-,-)). The vector product
operation is a skew-symmetric bilinear map X : g X g — g which is uniquely determined by
the following conditions:

(i) (X, X xY)=(Y,X xY) =0,
(i) (X XV, X x V)= (X, X)(V,Y) — (X,Y)?,

(iii) if X and Y are linearly independent, then det(X,Y, X xY) >0

for all X,Y € g. On the other hand, the Lie-bracket [-,-] : g X g — g is a skew-symmetric
bilinear map. Comparing these two operations, we get a linear endomorphism L; which is
uniquely determined by the formula

[X,Y] = L(X xY), X,Yeg.

Now let G be an oriented 3-dimensional Lie group equipped with a left invariant Riemannian
metric. Then the metric induces an inner product on the Lie algebra g. With respect to the
orientation on g induced from G, the endomorphism field Ly is uniquely determined. The
unimodularity of GG is characterized as follows.

Proposition 4.3.2 ([17], Lemma 4.1). Let G be an oriented 3-dimensional Lie group with a
left invariant Riemannian metric g. Then G is unimodular if and only if the endomorphism
Lg is self-adjoint with respect to the metric.
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Proof. Let g be the Lie algebra of the Lie group G, and {ej, €2, e3} an oriented orthonormal
basis of g. Then we define a linear transformation L: g — g by

L(e1) = [ea,e3], L(ez) = [es,e1], L(es) = [er, ea).
Then it follows that L(e; X e;) = [e;, e;] for all 4, j, hence L(x x y) = [z,y] for all z,y € g.
Let «;; be
3
L(ez) = Zaij€j7
j=1

and we can check that

tr ad(el) = —(Q23 —+ 32,
trad(es) = —ag + aqs,
trad(es) = —a2 + aa;.

Thus g is unimodular if and only if the representation matrix (a;;) is skew symmetric, in
other words, if and only if the linear transformation L is self adjoint. O

4.3.2 3-dimensional unimodular Lie groups

Let G be a 3-dimensional unimodular Lie group with a left invariant metric g. Then there
exists an orthonormal basis {ej, e, €3} of the Lie algebra g such that

le1, ea] = Ases, [ea,e3] = Aier,  [es, e1] = Agen, (4.3.2)

where \; € R. Three-dimensional unimodular Lie groups are classified by Milnor as follows.

Signature of (A1, Ay, A3) Property Simply connected Lie group
(+,+,+) simple, compact SU(2)
(+,+,—) simple, noncompact éf(Q, R)
(+,+,0) solvable §E(2)
(+,—,0) solvable SE(1,1)
(+,0,0) nilpotent Nil(3)
(0,0,0) Abelian R3

Table 4.1: Classification of 3-dimensional unimodular Lie groups

To describe the Levi-Civita connection V of GG, we define numbers ¢y, ¢, c3 by the formula

At A

From (4.3.1) and (4.3.2), we can obtain the following proposition.
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Proposition 4.3.3 ([17], p.319). The Levi-Civita connection ¥V of the left invariant metric

g is given by

velel - 07 v6162 = C1€3, Velei’) = —(C1€2,
Ve,e1 = —ce3, Ve =0, Ve,e3 = o€,
V63€1 = C3€2, Ve3€2 = —C3€q, Ve3€3 = 0.

Theorem 4.3.4 ([17], Theorem 4.3). Let {ey,eq,e3} be the orthonormal basis, chosen as

above, and then the Riemannian curvature R is given by

R(eh 62)61 = (C1C2 - )\303)627 R(eb 62)62 = —(0102 - )\363)617
R(es, e3)es = (cacs — Aici)es, R(eq,e3)es = —(cacs — Micy)es,
R(eq,e3)er = (cser — Aaca)es, Rleq,es)es = —(cscr — Aaca)eq.

The basis {e1, ea,e3} diagonalizes the Ricci curvatures given by

Ric(ey, e1) = 2coc3,  Ric(eg, e2) = 2¢1c3,  Ric(es, e3) = 2¢1¢9.

We define numbers rq, 79, 3 by

r1 = Ric(ey,e1), 19 = Ric(eg, ), 13 = Ric(es,e3).

Note that 71,75 and r3 are the eigenvalues of the endomorphism R! defined by the equation

(4.1.3).

4.3.3 3-dimensional non-unimodular Lie groups

Let G be a non-unimodular Lie group with a left invariant metric. Then the unimodular
kernel u = {z € g | tracead(z) = 0} of the Lie algebra g is 2-dimensional, unimodular and
commutative. On the Lie algebra g, we can take an orthonormal basis {ej, es, e3} such that

(1) (e1,z) =0 for any = € u,

(2) ([e1,e2]; [e1,e3]) = 0.
Then the bracket product can be expressed as

[617 62] = aey + fes, [61, 63] = ey + des, [62, 63] =0,

where o+ 9 # 0 and ay 4+ 50 = 0. We denote by A the 2 x 2 matrix such that

()
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For simplicity, we make a scale change of the metric if necessary so that a + 0 = 2. Then
we set

a=1+¢ B=0+n, y=-(1-¢n, d=1-¢
Then the bracket product is rewritten as
ler,ea] = (14 &)ea + (1 4+ &)nes, [er,e3] = —(1 —E)nea + (1 —E)es, [ea,e3] = 0. (4.3.5)
By changing the sign of e, e5 and ez, we assume that £, 7 > 0.
From (4.3.1) and (4.3.5), we can obtain following proposition.

Proposition 4.3.5. The Levi-Civita connection V of the left invariant metric g is given by

Ve =0, Ve, €2 = nes, Ve €3 = —nes,
V6261 = _(1 + 5)62 - 577637 ve262 - (1 + 5)61, v6263 = 57]617
Veer = —=€nes — (1 —&es, Vezeo = Enex, Veses = (1= §er.

Theorem 4.3.6. The orthonormal basis {e1,e2,e3}, chosen as above, the Riemannian cur-
vature R s given by

(e1,e2)er ={&n° + (1 +€)* + En*(1 + ) Jes,
(er,ea)ea = — {&n° + (1 +&)° + & (1 + &) Yeu,
( Jea ={1 — &2 (1+1?)}es,

R(es, e3)es = — {1 — 1+ 772)}627
(er,es)er = — {€n* — (1 = €)> + &n°(1 — €) Jes,
(e1,e3)es ={&n* — (1 — &)+ &n°(1 — &) }er.

The basis {ey, ea,e3} diagonalizes the Ricci curvatures given by

R

—2{1+ &1+ ")},
—2{1+ &1 +7%)},
—2{1—-¢&(1+ 7))}

r1 = Ric(ey, 1)

ro = RiC(eg, 62)

rs = Ric(es, €3)

Non-unimodular Lie algebras g = g(&, n) are classified by the Milnor invariant D := det A =
(1 —&?)(1 + n?). More precisely we have the following fact (cf [17]).

Proposition 4.3.7 ([17], Lemma 4.10). For any pair of (§,n) and (&', n") which are not (0,0),
two Lie algebras g(§,n) and g(&',1') are isomorphic if and only if their Milnor invariants D
and D’ agree.

The characteristic equation for the matrix A is A2 — 2\ +D = 0. Thus the eigenvalues of A
are 1 £4/1 — D. Roughly speaking, the moduli space of non-unimodular Lie algebras g(&,n)
may be decomposed into three kinds of types which are determined by the conditions D > 1,
D=1and D < 1.
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The simply connected Lie group G = é(f ,m) corresponding to the non-unimodular Lie
algebra g(&,n) is given explicitly by [11]:

—
o
(e

—_ e R

e (@) an) ¢ —(1-9
ar(zr) ape(r _ 1+ —(1=&n
( ag () am(z) ) P {x < (1+&n 1-¢ )} '
This shows that é({ ,n) is the semi-direct product R X .4 R? with multiplication
(Z)ﬁ', Y, Z) ’ (l‘l, y/7 Z,) = (ﬂf + ZL'/, y+ all(x)y/ + (1/12(,1‘)2,, zZ+an (l‘)y, + 0522($)2/).

The Lie algebra of G (&,m) is spanned by the basis

0 0 0 1 0000 0000
0 14¢& —(1—-6n 0 (o001 o000
“Tlo a+9n 1-¢ o] loooo0o|”®"]o0oo0o01
0 0 0 0 0000 0000

This basis satisfies the commutation relation
ler,ea] = (1 + &) (ea +mes), ez e3] =0, [es,er] = (1 —E&)(nez — e3).

Thus the Lie algebra of CNJ(é ,m) is the non-unimodular Lie algebra g = g(&,n). The left
invariant vector fields corresponding to ey, e; and ez are

0 0 0 0 0
B 6220411@)——1—0412(37)&, 63=a21($)—+0422($)&.

dy dy

€1 =

Example 4.3.8 (( =0, D > 1). The simply connected Lie group é(O, n) is isometric to the
hyperbolic 3-space H3(—1) of curvature —1 and given explicitly by

0 0
cos(nz) —e*sin(nx)
sin(nz)  e* cos(nz)
0 0

G(0,m) = x,y, 2z €R

N e 8

The left invariant metric is da? + e2%(dy® + dz*). Thus G(0,7) is the warped product model
of H3(—1). Indeed, by setting w = e, then the left invariant metric of G is rewritten as the
Poincaré metric
dy? + dz* + dw?
w? '
The Milnor invariant of G(0,7) is D =1+ 7% > 1.
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Example 4.3.9 (n =0, D < 1). For each £ > 0, 6(570) is given by:

1 0 0 T

~ 0 e(l+oz 0 y

G<§7 0) - 0 0 e(l—ﬁ)w P T,Y,% € R
0 0 0 1

The left invariant Riemannian metric is given explicitly by
da? 4 e 20F07 g2 4 72007 ,2

The Milnor invariant is D =1 — €2 < 1.

The Lie group G(&,0) is realized as a warped product H2(—(1 + €)?) X s R of the hyperbolic
plane H?(—(1 + £)?) of curvature —(1 + £)? and the real line R with warping function
fe(z) = e€~Y2 In fact, via the coordinate change (u,v) = ((1 + &)y, e1+9%), the metric is

rewritten as
du® + dv?

(14 &)20v?

Here we observe locally symmetric examples:

b felw,0)*d2?, felu,v) = exp (g = 1ogv> |

e If £ =0 then é(O, 0) is a warped product model of hyperbolic 3-space H3(—1).
o If £ =1 then é(l, 0) is isometric to the Riemannian product H?(—4) x R.

Example 4.3.10 (¢ =1, D = 0). Assume that £ = 1. Then CNJ(l,n) is given explicitly by

G(1l,n) = z,y,z € R

®
o~ oo
— N Q8

The left invariant metric is
dz® + {e ™ + n*(1 — e )} dy® — 2n(1 — e *")dydz + dz*.
The non-unimodular Lie group G(1,7) has the sectional curvatures
Ko = =3 —4, Ki3= Ko =17,

where K;; (i # j) denote the sectional curvatures of the planes spanned by vectors e; and
ej. The principal Ricci curvatures are

ri=ry=-2(n*+2), ry=2n*>0.
Hence Ric has the form
Ric = —2(n* +2)g + 4(n° + 1)6° ® 6°.
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One can check that CN}'(l,n) is isometric to the so-called Bianchi-Cartan-Vranceanu space
M?3(—4,n) with 4-dimensional isometry group and isotropy subgroup SO(2):

M?(—=4,n) = ({(u,v,w) e R® | v* +0v* < 1},g,),

with metric

du® + dv? n(vdu — udv)\”
=— d _— > 0.
9n (1—u2—02)2+<w+ 1—w2—02 )0 "
The family {G(1, n)}y>o is characterized by the condition D = 0. In particular M?3(—4,7)
with positive 7 is isometric to the universal covering SL(2,R) of the special linear group
equipped with the above metric, but not isomorphic to SL(2,R) as Lie groups. We here note
that SL(2,R) is a unimodular Lie group, while G(1,7n) is non-unimodular.

Let us note that the non-unimodular Lie algebra g(1,7) is isomorphic to the direct sum
ga(l) ® R, where ga(1) is the Lie algebra of the Lie group GA™(1). Here the direct sum
ga(l) @ R is given explicitly by

u v 0
0 0 O0])|uv,welR
0 0 w
and it is spaned by the basis
010 1 00 0 00
er=(0 0 0], e&=100 0], es={({0 00
0 00 0 00 0 01
Then the bracket product is expressed as
[éhéQ] - _éla [627é3] - [é37é1] — O
One can comfirm that
1
€1 > 2e3 +2ne3, €3 = 261 €3 = €3

gives a Lie algebra isomorphism from ga(1) ® R to g(1,7).

A direct computation of VR yields the following result.

Proposition 4.3.11. Let (G, g) be a 3-dimensional non-unimodular Lie group and use the
notations introduced above. Then G is locally symmetric if and only if ¢ = 0 or (§,n) = (1,0).

4.4 Homogeneous structures on 3-dimensional Lie groups

4.4.1 Homogeneous structures on unimodular Lie groups

In this section, we classify homogeneous Riemannian structures on 3-dimensional unimodular
Lie groups. Let V be an Ambrose-Singer connection, that is,

Vg=0, VR=0, VS=0,
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where S = V — V and V is a Levi-Civita connection of g.
Xg(Y,2) = g(VxY,Z) + g(Y,VxZ).
Moreover, since V is the Levi-Civita connection, it follows that
Xg(Y,Z)=qg(VxY,Z)+g(Y,VxZ).
From (4.4.1) and (4.4.2), we obtain that

0=S5(X,Y,2)+ S,(X,Z,Y).

Let {6,620} be a dual basis of {e;, 5, e3} and define 1-forms p, o, 7 by

p(X) =5,(X,e1,e3), o(X)=5,(X,eq,e3), 7(X)=5(X,es e1).

Then S is expressed as

Sy =2p® (0" ANO*) + 20 @ (6* NO*) + 27 @ (6° A O").

(4.4.1)

(4.4.2)

(4.4.3)

(4.4.4)

(4.4.5)

Next we consider the condition VR = 0. Since G is 3-dimensional, the condition VR = 0 is

equivalent to V Ric = 0. Moreover, it is equivalent to
(Vx Ric)(Y, Z) = Ric(SxY, Z) + Ric(Y, Sx Z).
From Proposition 4.3.3 and Theorem 4.3.4, we compute

(Vx Ric)(e, e2) = —Ric(Vxeq, es) — Ric(er, Vxes)
= —c30°(X)ry + 30 (X)ry
= c30°(X)(r1 — 1),

(Vx Ric)(eg, e3) = — Ric(Vxey, e3) — Ric(eq, Vxes)
= 101(X)(ry — 13),

(Vx Ric)(es, e1) = —Ric(Vxes, e1) — Ric(es, Vxey)
= o0*(X)(rs — 1),

and

Ric(Sxeq, ea) + Ric(ey, Sxes)
RiC(SXeQ, 63) + RiC(@Q, SXeg)
RiC(SXeg, 61) + RiC(eg, SXel)

—p(X)(r1 —r2),
—o(X)(r2 —13),
—7(X)(rs —r1).

Then the condition VR = 0 is equivalent to

(r1 = r2)(e30” 4+ p) = 0,
(rg — r3)(c10' + 0) = 0,
(7“3 — 7’1)(6262 + T) = 0.
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Note that

™ —Tre= —203()\1 - )\2)7
Ty — 13 = —2c1(A2 — A3), (4.4.7)
rs —T1 = —202(/\3 — /\1)

First, we consider the case that Ai, Ao and A3 are distinct.

Theorem 4.4.1 ([13], Theorem 2). The only Ambrose-Singer connection on a 3-dimensional
unimodular Lie group G with distinct structure constants 1s VxY =0 for any X,Y € g, and
the Ambrose-Singer ¥V coincides with Cartan-Schouten’s (—)-connection.

Proof. First, suppose that cicecs # 0. From (4.4.6) and (4.4.7), since A, Ao and A3 are
distinct, it follows that

p=—c30®, o=—c10', T=—c6"
Then, from (4.4.4) and (4.4.5), it follows that
Sy (X,Y, Z) = —2c30°(X) (0" A O (Y, Z) — 2101 (X) (62 A 0N (Y, Z) — 2c20%(X) (67 AN OM) (Y, 2Z).
Moreover, since S =V — V and S,(X,Y, Z) = g(SxY, Z), we obtain

Vee; =0, (i,j€{1,2,3}). (4.4.8)

Next, suppose that cicocs = 0. Without loss of generality, we can suppose that c¢3 = 0.
Then, if ¢; = 0, it follows that A\; = A3 and Ay = 0, and this contradicts the assumption that
A1, A2 and A3 are distinct, and we obtain ¢; # 0. Similarly, we obtain ¢, # 0. Therefore,
from (4.4.6) and (4.4.7), we obtain

o=—c10", T=—cb” (4.4.9)

Finally, we consider the condition ?S = 0. We define functions pi, pa, p3 by p = p16* +
p20? + p36?. From (4.4.9) and S =V — V, we compute

Velel = p1€2, Veleg = —p1€1, V€1€3 = 0,
Ve,e1 = paea, Ve,e9 = —poer, Ve,ez =0,
V63€1 = pP3€a, Vegez = —pséq, Ve3€3 =0

From this and the assumption V.S = 0, we compute

0= (@els)(@,@me:&)
= —S(Ve,e2,€9,63) — S(ea, Ve €2, e3) — S(ea, €2, Ve, e3)
= p1S(e1, ea,e3) + p1S(eq, e1,€3)
= pi(c1 — c2)
= —p1(A1 — A2),
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and we obtain p; = 0. Similarly, we can check that p, = p3 = 0 by computing (Ve,9) (e, €2, €3)
and (V.,S5)(eq, €9, e3). Therefore, if c; = 0, we can obtain
Sy (XY, Z) = =210 (X)(0* AN O*)(Y, Z) — 2c20%(X)(0° N ON (Y, Z),
and it follows that
Vee; =0, (i,7€{1,2,3}). (4.4.10)

This completes the proof. O]

Next, we consider the case that Ay = Ay £ A3 0. Let A be A = A\ = \s.

Theorem 4.4.2 ([12], Theorem 8.1). (1) IfA\-A3 > 0, all homogeneous Riemannian struc-
tures S on (G, g) are given by

S = 210° @ (61 A 62) — Asb' @ (6% A 0%) — Ng0% @ (6% A 6Y), (4.4.11)
where t 1s an arbitrary constant.

(2) If A+ A3 < 0, all homogeneous Riemannian structures S on (G,g) are following two
types;

SV = 216% @ (0 N 07) — NsB' @ (6% A 0%) — N30 @ (6% A 6), (4.4.12)
S =2p@ (0' AG?) — A8 @ (6% A OP) — N362 @ (6° A 6Y), (4.4.13)

where t 1s an arbitrary constant and

p=+/—Mscos 0+ /—A\gsin ¢ 6 + A393, (4.4.14)

2
for some function ¢.
Proof. From the assumption A\ = Ay # A3 # 0, it follows that
A
Cl = Cy = ?3 7A 0.
Thus from the conditions (4.4.6) and (4.4.7), that is , VR = 0, we obtain
o = —01(91, T = —6292, (4415)

and the homogeneous Riemannian structure S has the form

S, =2p® (0* N O*) — X30' @ (02 A 03) — \36% @ (6° A O1). (4.4.16)

We consider the condition V.S = 0. From (4.4.15) and S = V — V, we compute

Ve €1 = piea, Veey = —prer, Vees =0,
Ve,€1 = poea, Ve,e0 = —paer, Ve3 =0,
Ve,e1 = p3ea, Veea = —pzer,  Veez =0.
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From these equations we also compute

V0" = (p(X) + c36°(X))6%,
V0 = —(p(X) + c56°(X))0",
Vx0® =0.

By using these equations, we obtain

VxS =2(Vxp) ® (6" A 6?). (4.4.17)
Hence VS = 0 if and only if Vp = 0.
By using p = p10' + p26% + p3f®, Vxp is computed as

Vxp = {(dp)(X) = p2(p(X) + c56°(X))}6"
H{(dp2)(X) + p1(p(X) + ¢36°(X)) }0° + (dp3) (X)0°.

Thus the parallelism of S with respect to V is equivalent to the differential system:
dp1 = pg(p + C393), dpg = —0M (p + 6393>, dpg =0. (4418)

Hence p3 is a constant, and we put p3 = t.

Let us investigate the solutions {p1, p2} to this differential system. First, if both p; and py
are identically 0, then the pair {p;, po} is clearly a solution to the differential system. Then
we suppose that {pi, p2} are not identically 0. The integrability condition is

(XY =YX - [X,Y])p; =0, (i=12), (4.4.19)

for any X, Y € g. From (4.4.18), the integrability condition (4.4.19) is equivalent to

pr(X(p(Y)) =Y (p(X)) = (p + es0”)([X,Y])) = 0,
(X (p(Y)) — Y (p(X)) — (p+ es8*)([X, Y]) = 0.
Then for any p € G, it follows that p;(p) = p2(p) =0 or
(X(p(Y)) = Y (p(X)) — (p + cs6*)([X,Y])(p) = 0. (4.4.20)

By inserting (X,Y) = (e1,e2), (e1,€3), (€2, e3) into the equation (4.4.20), from (4.3.2) and
(4.4.18), we obtain

p1(p)? + pa(p)® = —A)s,
pi(p)(—t + 3)
pa(p)(—t + %)

0 (4.4.21)
0.

From the second and third equations of (4.4.21), if ¢ # %, it follows that p; = p, = 0, and
thus we have ¢ = 23. We consider two cases: (1)AX3 > 0 or (2)A)3 < 0.
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(1) If A3 > 0, from the first equation of (4.4.21), for any p € G it follows that p;(p) =
p2(p) =0 or

p1(p)* + pa(p)” = —AAs < 0.
Hence p; = p2 = 0, and this is the solution (4.4.11).
(2) If M3 <0, for any p € G, it follows that p;(p) = p2(p) = 0 or
pL(p)” + pa(p)* = =AXs > 0.
Then from the continuity of p; and ps, it follows that
i+ s = =M.

Moreover, from the smoothness of p; and p,, these are expressed

p1 =1V —AA3c080, ps =/ —A\3sin ¢, (4.4.22)
for some function ¢. Inserting these formulas into the system (4.4.18), we obtain
d = — (x/—Mg cos & 01 + \/— Mg sin ¢ 62 + )\03) . (4.4.23)

Conversely let ¢ be a solution to (4.4.23). Define two functions p; and ps by (4.4.22),
then {p1, p2} is the solution of the system (4.4.18). This completes the proof.

]

Next we give the coset representation corresponding to homogeneous Riemannian structures
S® and S. Suppose that G is simply connected.

Theorem 4.4.3 ([12], Theorem 8.1). (1) If A3 > 0, that is, G = SU(2), the correspond-
ing coset space representation of S® is

SU(2) = (SU(2) x SO(2))/SO(2) (t # —c3), (4.4.24)

= SU((2)/{Id} (t= —c3). (4.4.25)

(2) If M3 =0 (i.e. A =0), that is, G = Nil(3), the corresponding coset space representation
of S® is

Nil(3) = (Nil(3) x SO(2))/SO(2) (t # —c3), (4.4.26)

= Nil(3)/{Id} (t= —c3). (4.4.27)

(3) If M3 <0, that is, G = éi(2,]R), the corresponding coset space representation of S®
18
SL(2,R) = (SL(2,R) x SO(2))/SO(2) (t # —c3), (4.4.28)
~ SL(2,R)/{Id} (t=—c3), (4.4.29)
and the corresponding coset space representation of S is

SL(2,R) = (GAT(1) x R)/{Id}. (4.4.30)
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Proof. First we consider the homogeneous Riemannian structure S®. From (4.4.11) and
(4.4.12), we compute

A A
Sé?el =0, Sg)€2 = —?363, Sé?ea = 7362,
A A
Sg)ﬁ = ?363, Sé?@ =0, Sé?es = —?361,

S(t)61 = teg, S(?eg = —t@l, S(t)eg =0.

€3

Let V® be the Ambrose-Singer connection, that is, V® = V + S®. Then from Proposition
4.3.3 we obtain

6((:1)61 = 0, @,(fl)eg = O, @g)63 = 0,
Ve, =0, Ve, =0, Vles =0,

@g?el = (t + c3)ea, V®e, = —(t + c3)eq, 622)63 —0.

€3

The curvature R® of the Ambrose-Singer connection V® is given by

R(t) (61, 62)61 = —)\3(t -+ 03)62, R(t) (61, 62)62 = )\3(75 + 03)61, R(t)(el, 62)63 = 0,
R(t) (62, 63)61 = O, R(t) (62, 63)62 = O, R(t)(eg, 63)63 = 0,
R (e3,e1)e; = 0, RO (eg,e1)ey = 0, RY(eg,e1)es = 0.

Let us determine the Lie group L® acting isometrically and transitively on (G, g) corre-
sponding to the homogeneous Riemannian structure S® and its reductive decomposition
() = h® @ m. Here m is identified with the Lie algebra g = (e1, e, e3) as a real vector space
equipped with an inner product.

If t + c3 = 0, then @S?Y = %(‘03)1/ = 0 for any X,Y € g, and the corresponding coset
space representation to the homogeneous Riemannian structure S® = S(=) is G = G/{Id}.
Hence we obtain the coset representations (4.4.25), (4.4.27) and (4.4.29).

Next we suppose t + c3 # 0. Let eflt) = }?(t)(el,eg), then the holonomy algebra h® of
the Ambrose-Singer connection V® is spanned by eff) . Thus we have [ = p® gm =
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(egf)> @ (ey, e, e3), and the Lie bracket [-, -] of [V is defined by

[61, 62][(t) = —SS)GQ + Sél;)el — R(t) (61, 62),

= Aze3 — 64(;)7

[62a 63][(75) - _Ség)e?) + Sé§)62 - R(t) (627 e3)7

A
(&)

[63, 61][(t) = _Séz)el + Sg)eg — R(t) (63, 61),

A
(5

fer, e o = —e(en),
= —RW(ey, e)ey,
= A\3(t + c3)ea,
ez, e o = —f(e2),
= —RW(ey, e3)es,
= —X\3(t+ c3)eq,

les, eit)][(t) =0.

Next we determine the Lie algebra [,

(1) When X # 0, let us change the basis {ej, e, €3, eflt)} to

€1 = €1, €3 =2~€63, €3=€3— —

Note that €3 and €, are linearly independent from A # 0 and ¢5 = W =\— %
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Then we obtain

€1, €]y = As€3,

€2, €3]0 = [62, €3 —

1 (t)}
)\3 [(t) ’

A 1
= <?3 — t) €1 — )\—3( )\3(t + 63))61,
= )\61 = )\6~1,

. 1
[@3761][0) = {63 - 3 (t)}
[(®)

A3

A
— (—3 — t) ey + —Ag(t + ¢3)es,

2 A3
= )\62 = )\6~2,
1t—2
A () I _ 2 ()
[61764 ][(t) [61,63 Ns t+ C3 €4 [()>
A3 1t—2
= — —t - — 2 \s(t
(2 )62 )\3t—|—63 3( +C3)€27

62 64

Hence the Lie algebra [V

0
€3, e, )][<t> 0.

0,

-3 o
L 2
“ >\3t+0364

r<t

)

[()

A 1t—2
<—3— )€1+— )\3(75‘1‘03)
2 Azt

Y

is the direct product of the Lie algebra so(2) =

(el

9y and

g = (€1, €2, €3). Here from Table 4.1, if AA\3 > 0, g = su(2) and if A3 < 0, g = sl(2,R).
Thus we obtain the coset representations (4.4.24) and (4.4.28).

(2) When A = 0, let us change the basis {ey, ey, €3, eff)} to

€1 = €y,

Then we obtain

€1, )i = Asés,

[él 3 6~4 (t) ]

Hence the Lie algebra [ is the semi-direct product of the Lie algebra so(2) =

() = A3€2,

- Lo ~w__ 1 50}
€3 = €3 )\364 ’ “ t+C3

€2 = €3,

[627 €~3][(1) - 07

2,6 V) = —Aséq,

€3, 1]y = 0,

€3, €~4(t)][(t> =0.

and g = nily = (€1, €3, €3). Thus we obtain the coset representation (4.4.26).
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Finally we consider the homogeneous Riemannian structure S. From (4.4.13) and (4.4.23),
we compute

S, e = S, eq = 3 S, ey = 3
e1€1 = pP1€2, e1€2 = —pP1€1 — 3637 e €3 = 7627
3 A3
Se,€1 = paeg + 363, Se,€2 = —paeq, Se,€3 = —361,
A3 A3
56361 = —/—€9, 56362 = ——€1, 56363 = 0,

2 2

where p; and p, are functions defined by (4.4.22) and (4.4.23). Then from the Proposition
4.3.3 the Ambrose-Singer connection V of the homogeneous Riemannian structure S is given
by

e €1 = p1€2, Ve €3 = —pieq,

@ 66163 0,
Ve,€1 = paea, Ve,eg = —paer, Ve,ez =0,
66361 = )\62, 66362 = —/\61, @6363 0.

From these equations, we can find that V is flat. In fact, the curvature tensor R of the
Ambrose-Singer connection V is caluculated by

R(eq,es)eq (Veye1) — Voo (Ve 1) — @[61762161

(p262) - @@ (0162) - /\36%61

= (dpa)(e1)ea + p2Ve,e2 — (dp1)(e2)ez — p1Ve,e2 — A3Ve,er
—Pfez — p1p2€e1 — P%ez + pip2e1 — AAsen

= —(pi + P53+ Ma)ez = 0,

R(eg, 63)63 == R(€3, 61)63 == O,

=V,
= @51

and we obtain R = 0.

Let us determine the Lie group L acting isometrically and transitively on (G, g) = (SL(2,R), g)
corresponding to the homogeneous Riemannian structure S and its reductive decomposition
[=h @ m. Since V is flat, the holonomy algebra h = {0}. The vector space m is identified
with the tangent space of G = SL(2,R) at the origin o. Let us choose the identity e as the
origin, and then m = g. Hence we obtain [=Z h & m = {0} ® g = g. Then {e1, €3, €3} is also
basis of [, and the Lie bracket [-,-]; of [ is defined by

[e1, ea)i = (—Se €2 + Sey€1)e = pr(e)er + p2(e)ea + Azes,
[€a, €3]i = (—Se €3 + Ses€2)e = 0,
[63, 61][ = (—56361 + 56163>e = 0

Let us change the basis {ej, es, €3} to

1 1

m(pzel - Plez), €2 = m(ﬂlﬁ + /7262)= €3 = €3,
—AA3 —AA3

€1 =

61



and we obtain

Thus the Lie algebra [ is isomorphic to ga(1) @ R, and L = (GA*(1) x R)/{Id}, which is
the coset representation (4.4.30). This completes the proof. O]

4.4.2 Homogeneous structures on non-unimodular Lie groups

In this section, we classify homogeneous Riemannian structures on 3-dimensional non-unimodular
Lie groups. Note that we omit the same discussion as in the section 4.4.1. Let V be an
Ambrose-Singer connection and S = V — V. As in the section 4.4.1, from Vg = 0, S is
expressed as

S, =2p® (0" NO*) +20 @ (> NO*) + 21 @ (6° A OY), (4.4.31)

where p, o and 7 are 1-forms defined by (4.4.4). From Theorem 4.3.6, the condition VR = 0
is equivalent to

0= (r1 —ro)(wi® + p) = {=2(1 + n*)&( = D }Hwi* + p),
0= (ry —r3)(w® +0) = {—4(1 + n*)&} (w2® + o), (4.4.32)
0= (rs —r)(ws' +7) = {21 + n*)§(€ + D }ws' +7),

where w;’ is a 1-form defined by w/(X) = g(Vxe;, ;). From the equations (4.4.32), the
following results are easily proved.

Theorem 4.4.4 ([13], Theorem 3). The only Ambrose-Singer connection on a 3-dimensional
non-unimodular Lie group G with § # 0,1 1s VxY =0 for any X,Y € g, and the Ambrose-
Singer V coincides with Cartan-Schouten’s (—)-connection.

Thus we consider the case £ =0 or £ = 1.

If £ = 0, then (G, g) is isomorphic as Lie group and isometric to H3. Moreover, if £ = 1 and
n = 0, then (G, g) is isomorphic as Lie group and isometric to H? x R. Thus we suppose
that € =1 and  # 0, that is, G =2 GA*(1) x R.

Theorem 4.4.5 ([13], Theorem 3). The homogeneous Riemannian structures S on (G =
GA™(1) x R, g) are following three types;
S = 2t6° @ (0" A 6%) — 200" @ (682 A 6°) — 206 @ (6° A OY), (4.4.33)
S =2(p@ (0" A G?) — o' @ (0% A 0°) — no? @ (6% A 6Y)), (4.4.34)
where t is an arbitrary constant and
p = 2cospf' + 2sin ¢p0* + no? (4.4.35)
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for a function ¢ such that
dp = 2cos ¢f' + 2(sin ¢ — 1)6%. (4.4.36)

Especially, the constant function ¢ = 5 satisfies (4.4.36), and then the corresponding Ambrose-
Singer connection is VxY =0 for any XY eg.

Proof. From Proposition 4.3.5 and the assumption & = 1, we obtain

Ve,e1 =0, Ve €2 =1e€3, Ve 3= —ne,
Ve,€1 = —2es —nes, V,ea =2e;, V.es=ney, (4.4.37)
V6361 = —nea, V6362 = nex, vege?) = O
and
w2 = =202 — 003, Wl =nh', ws' =no? (4.4.38)

Then, from (4.4.32) and (4.4.38), it follows that
o=—w’=-nd, T=—-ws'=—-nh?* (4.4.39)
and the homogeneous Riemannian structure S has the form
Sy =2(p® (0" NO*) — ' @ (0> A O*) —n* @ (0° A OY)). (4.4.40)

We consider the condition V.S = 0. From (4.4.37), (4.4.40) and S = V — V, we obtain

6 = p1€2, 6e162 = —p1€1, @ =0,
? = (p2 — 2)es, Ve = —(p2 — 2)e, @e =0, (4.4.41)
e3€1 (Ps - )627 66362 = —(/)3 - 77)617 @ =0.

From these equations we also compute

Vx0' = (p(X) — 20°(X) — no*(X))6?,
Vx0® = —(p(X) — 26°(X) — n6*(X))6",
V6 =0.

Then the condition V.S = 0 is equivalent to @p = 0, that is,

0= Vxp={(dp)(X) = pa(p(X) = 26°(X) — n6*(X))}6"
+{(dp2)(X) + pr(p(X) — 20*(X) — 0 (X)) }0* + (dps) (X)6°.

Thus the parallelism of S with respect to V is equivalent to the differential system;

dpy = pap — 20° —10%), dpy = —p1(p — 20> —nd*), dps = 0. (4.4.42)
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Hence ps is a constant, and we put ps = t. The integrability condition of (4.4.42) is

p1(X(p(Y)) =Y (p(X)) — (p — 26> — n6*))
p2(X(p(Y)) =Y (p(X)) — (p — 26° —n6?))

0,
0.

Then for any p € G, it follows that p;(p) = p2(p) =0 or
(X(p(Y)) = Y (p(X)) = (p — 20° = 0n0"))(p) = 0. (4.4.43)

By inserting (X,Y) = (ey, e2), (e1,€3), (€2, e3) into the equation (4.4.43), from (4.3.5) and
(4.4.42), we can obtain

p1(p)* + pa(p)® =4 — 2n(t —n),
pi(p)(t —n) =0, (4.4.44)
p2(p)(t —n) = 0.

From the second and third equations of (4.4.44), if ¢ # n, it follows that p; = ps = 0, and
thus we obtain S®. If t = 5, for any p € G, it follows that p;(p) = p2(p) = 0 or

p1(p)? + pa(p)? = 4.
Then from the smoothness of p; and ps, it follows that
p1=2c08¢p, py=2sing, (4.4.45)

for some function ¢. Inserting these formulas into the system (4.4.42), we obtain the equation
(4.4.36). This completes the proof. O

Next we give the coset representation corresponding to homogeneous Riemannian structures
S® and S@. Here we denote S = 5@ for ¢ = Z.

Theorem 4.4.6 ([13], Theorem 3). The corresponding coset space representation of S® is
2
GA*(1) x R 2 L x SO(2)/SO(2) <t £+ 5) , (4.4.46)
2
=~ [/{1d} (t =+ 5) : (4.4.47)

where L is a Lie group acting transitively and isometrically on GA'(1) x R and its Lie
algebra is isomorphic to s(2,R), and the corresponding coset space representation of S@) s

GA*(1) x R~ GAT(1) x R/{Id}. (4.4.48)

Moreover, for any function ¢ satisfying the equation (4.4.36), the homogeneous Riemannian
structure S®) is isomorphic to S©.
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Proof. First we consider the homogeneous Riemannian structure S®. From (4.4.33), we
compute

Se(?el =0, Sg)€2 = —nes, Sg)eg = nes,
S(?el = nes, Sé?@g =0, Sg)eg = —ney,

Se(?el = t@g, S(t)€2 = —tel, Sé?eg =0.

€3

Let V® be the Ambrose-Singer connection corresponding to S®| then fom Proposition 4.3.5
we obtain

Ve, =0, Ve =0, Viles =0,
622)61 = —2es, %‘262 = 2ey, 622)63 =0,

Ve, = (t —n)es, VVey=—(t —n)er, VWes =0.

€3

The curvature R® of the Ambrose-Singer connection V® is given by

R(t)(el, ex)er = (4 —2n(t —n))es, R(t)(el, ex)es = —(4 — 2n(t —n))ey, R(t)(el, ey)es =0,
R(t)(eg, 63)61 = O, R(t)(eg, 63)62 = 0, R(t)(eg, 63)63 = 0,

R(t) (63, 61)61 = O, é(t)(eg, 61)62 = 0, R(t)(eg, 61)63 =0.

Let us determine the reductive decomposition [ = §® @ m corresponding to the homoge-
~ ~ 2
neous Riemannian structure S®. If t = n + %, then R® = R""%) = 0 and the holonomy

algebra h("+%) = {0}. Then the Lie bracket [-, -][(,7+%) is defined by

2 2
[61, 62][(n+%> = (_S(n+n)e1e2 + S(n+n)62el)€ = 27763’

2 2 2
[627 63][(n+%) - (_S(n+n)€2e3 + S(n+n)6362)6 = ——€q,
2 2 2
[63’ 61][(77+%> - (_S(n+7])6361 + S(n+7’)e163>e = ——€s.
Thus the signature of the structure constants is (4, —, —), and we obtain L) = SL(2,R)

from the Table 4.1 and the coset representation (4.4.47).

Next we consider the case t # n + % Let eflt) = R®(ey, ey), then we have [ = h®) @ m =
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(e1,e,e3) and the Lie bracket [-,-];¢) of [¥ is defined by
{61, 62][(t) = —Sg)eg + Sé?el — R(t)(el, 62),

= 2nes — eu,

{62, 63][(t) = —Sg)(fg + Sé?GQ — R(t)(627 63),
- (77 - t)eb

{63, 61][(t) = —Sg)@l + Sé?eg — R(t)(eg, 61),
- (77 - t)627
fer € o = € (e1),

= —RY(ey, es)e,
—(4+2n(n —t))es,
[es, €1y = =i (ea),
= _R(t)(el,€2)€2,
=4 +2n(n—1))es

Let us change the basis {ej, e, €3, eflt)} to

1 1 1

€~ —61, ~2 , €~ 4(27763 — 64)
0= (o )
B — 7 e
4 44 277(77 2)
Then we obtain
[€1, €] = €3, [€2, €3]0 = —€1, [€3,€1]0) = —€2,

éxD%io = [€2, 64D = [€3,64P) i = 0.

Hence the Lie algebra [ is the direct sum of the Lie algebra so(2) = (6,) and g =
s[(2,R) = (ey, ea, e3). Thus we obtain the coset representation (4.4.46).

Finally we consider the homogeneous Riemannian structure S . From (4.4.34) and (4.4.36)
we compute

Se,€1 = p1€a, Se €2 = —piea —nesg,  Se 3 = nea,
Se2€1 = paea + nes, 56262 = —p2€1, Se2€3 = —neéy,
Ses€1 = nea, Ses€2 = —neq, Sese3 =0,

where p; and py are functions defined by (4.4.36) and (4.4.45). Then from the Proposition
4.3.5 the Ambrose-singer connection V(@ of the homogeneous Riemannian structure S
given by

@961 = p1€2, 6962 = —pie1, ?é‘f)eg =0,
ng)el = (p2 — 2)ez, ng)‘f? = —(p2 — 2)ex, Vé‘f)eg =0,
Ve, =0, Ve =0, Vides =0,
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From these equations, we can find V@ is flat. In fact, the curvature tensor R of the
Ambrose-Singer connection V(?) is caluculated by

é(eheZ)el = @gf ( €2) — ( ¢) 1) — 6&)@2}61’
=V (( —2)e ) (/0162) —2VWe; — 2V ey,
= (dp2)(e1)ez2 + (p2 — 2) — (dp1)(e2)ea — 1V e — 2(py — 2)es,

%+PQ 4)e;

63,61)63 0

(
}?(62,63)62 = (

and we obtain R = 0. Then the holonomy algebra h®) = 0, and the Lie bracket [-, ] is
defined by

[e1, €a]ys) = prea + paer + 2nes,  [e2, e3]i0) = [e3,€1]y0) = 0.
Let us change the basis {ej, e, €3} to
€1 = p1€1 — P2€2, €3 = P2€1 + P13, €3 = €3,
and we obtain
e1, ea)ie) = 265 +4nes, e, 3] = [e3, e1)yw) = 0.

Thus the Lie algebra [(¥) is isomorphic to ga(1) @ R and we obtain the coset representation
(4.4.48). This completes the proof. O

4.5 The classifications of homogeneous representations

At the end of this thesis we give the tables of homogeneous space representations of 3-
dimensional Riemannian manifolds by using the results in section 4.2 and section 4.3.
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dim G G/H Homogeneous structures
S3 6 SO(4)/SO(3) AdVgs (A # 1,1 >0)
4 (SU(2) x SO(2))/SO(2)  dVgs + A\0* ® (6% A 6%)
3 SU(2)/{1d} dVss
H? 6 SL(2,C)/SU(2) AdVgs (A >0)
4 B*(2,C) - U(1)/U(1) Sy (A >0)
3 G*/{Id} Sy (A >0)
R3 6 SE(3)/S0(3) AdVgs (A >0)
4 (SE(2) x R)/SO(2) Sy (A >0)
3 G /{1d} Sy (A>0)
S* x R 4 (SO(3) x R)/SO(2) AMdy ® dVs2) (A > 0)
H? x R 4 (SL(2,R) x R)/SO(2) A6 @ dVig2) (A > 0)
3 (H? x R)/{Id} 0' @ dVige

Table 4.2: Homogeneous structures of 3-dimensional symmetric spaces

Metric dim G G/H Homogeneous structures
SU(2) A= Ao # A3 4 (SU(2) x SO(2))/SO(2) SO (t £ —c3)
M=o # A 3 SU(2)/{1d} S=e) = v - v
MAXNAN#EN 3 SU(2)/{1d} S =y - v
SL(2,R) A=Ay 4 (SL(2,R) x SO(2))/SO(2) SO (t £ —c3)
A= A 3 SL(2,R)/{Id} S=e) =y — v
A=A 3 (GA*(1) x R)/{Id} 5@
NEPS 3 SL(2,R)/{Id} S = v - v
E(2) A # Ao 3 E(2)/{Id} v - v
E(1,1) 3 E(1,1)/{Id} v - v
Nil(3) 4 (Nil(3) x SO(2))/SO(2) SO (t £ —c3)
3 Nil(3)/{Id} S=e) =y - v

Table 4.3: Homogeneous Riemannian structures of 3-dimensional unimodular Lie groups

Metric dim G G/H Homogeneous structures
GAT(1)xR &=1,n#0 4  (SL(2,R) x SO(2))/SO(2) SO (t#n+73)
E=1n#0 3 (GA*(1) x R)/{Id} Se
E=1,n40 3 SL(2,R)/{Id} S = v v
G(&n) §#0,1 3 G(&,m)/{1d} vl -v

Table 4.4: Homogeneous Riemannian structures of 3-dimensional unimodular Lie groups
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