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Abstract

We determine all homogeneous Riemannian structures and homogeneous space representa-
tions on S2 × R, H2 × R and 3-dimensional Riemannian Lie groups. This work together
with previous results yields a complete classification of all homogeneous Riemannian struc-
tures and homogeneous space representations on 3-dimensional homogeneous Riemannian
manifolds: R3,H3, S3, S2 × R,H2 × R and the 3-dimensional Riemannian Lie groups.



Introduction

A Riemannian manifold (M, g) is said to be homogeneous if there exists a Lie group
G which acts transitively and isometrically on M . If (M, g) is homogeneous, then we can
calculate a geometrical quantity at any point by calculating at one point and using the action
of the Lie group G. Moreover, a homogeneous Riemannian manifold (M, g) can be realized
as a coset manifold G/H, which is called a homogeneous space representation, where
H is the isotropy subgroup at some point in M . Note that, for a homogeneous Riemannian
manifold (M, g), a homogeneous space representation is not uniquely determined. Indeed,
the 3-sphere S3 with the standard metric has the homogeneous space representations S3 ∼=
SO(4)/SO(3) and S3 ∼= SU(2)/{Id}, where Id is the unit element of SU(2). Hereafter the
unit element of a Lie group is denoted by Id.

Generally, it is difficult to determine whether a given Riemannian manifold (M, g) is homo-
geneous or not. In 1958 Ambrose and Singer obtained a characterization of homogeneity
of Riemannian manifolds in [2]. They proved that a Riemannian manifold (M, g) is locally
homogeneous if and only if there exists a tensor field S of type (1, 2) on M such that

∇̃g = 0, ∇̃R = 0, ∇̃S = 0, (0.0.1)

where ∇̃ is an affine connection on M defined by ∇̃ = ∇+ S, ∇ is a Levi-Civita connection
of the metric g, and R is the curvature tensor field of ∇. The tensor field S has been called
a homogeneous Riemannian structure [22].

We recall that typical examples of homogeneous Riemannian manifolds are Riemannian sym-
metric spaces. It is known that locally symmetric Riemannian manifolds are characterized
by E. Cartan as Riemannian manifolds whose curvature is constant along under parallel
translation with respect to the Levi-Civita connection, that is, ∇R = 0. Note that, from the
equations (0.0.1), a Riemannian symmetric space has a homogeneous Riemannian structure
tensor S = 0.

Other examples of homogeneous Riemannian manifolds are Riemannian Lie groups, which
are given by a pair (G, g) of a Lie group G and a left invariant metric g of G. A Riemannian
Lie group (G, g) is obviously homogeneous with a coset representation G/{Id}. In this case,
the corresponding homogeneous Riemannian structure S is given by S = ∇(−) − ∇, where
∇(−) is Cartan-Schouten’s (−)-connection. Here the Cartan-Schouten’s (−)-connection of G
is defined by

∇(−)
X Y = 0, X, Y ∈ g,
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where g is the Lie algebra of the Lie group G.

To understand homogeneous Riemannian structures, we closely look at the proof of the
theorem of Ambeose and Singer [2]. As a matter of fact the proof was constructive. The
authors gave an explicit construction of a homogeneous Riemannian structure S from a Lie
group G acting transitively and isometrically on M , and conversely they found a Lie group
G acting transitively and isometrically on M from a homogeneous Riemannian structure S.

More precisely, any homogeneous Riemannian structure S corresponds to a reductive de-
composition of the Lie algebra g of a Lie group G. The reductive decomposition is the direct
decomposition g = h⊕m such that m is Ad(H)-invariant, where h is the Lie algebra of the
isotropy subgroup H. A homogeneous manifold M ∼= G/H is called reductive if there exists
a reductive decomposition g = h ⊕ m. It is well-known that every homogeneous Rieman-
nian manifold (M, g) is reductive (Proposition 2.2.4). If we have a reductive decomposition
g = h⊕m of a homogeneous Riemannian space (M, g), we can define a metric connection ∇̃
called the cannonical connection. Then the difference tensor S = ∇̃−∇ is a homogeneous
Riemannian structure. Conversely, let S be a homogeneous Riemannian structure on (M, g),
and let m be a tangent space ToM at the origin o ∈ M and h the holonomy algebra of the
connection ∇̃ = S+∇. Then we can define the Lie algebra g = h⊕m such that ∇̃ coincides
with the cannonical connection defined from the reductive decomposition g = h⊕m.

In [2] Ambrose and Singer suggested the possibility of determining all homogeneous space
representations by using homogeneous Riemannian structures. However, as pointed out by
Tricerri and Vanhecke in [22], this suggestion gave rise to a difficult problem. For instance,
the Euclidean plane R2 is represented by SE(2)/SO(2), that is, the coset space representation
of the special Euclidean motion group SE(2) and the special orthogonal group SO(2), as a
Riemannian symmetric space with a homogeneous Riemannian structure S = 0. On the
other hand, the homogeneous Riemannian space R2 = R2/{0} also has a trivial homogenous
Riemannian structure S = 0. That is, there exists homogeneous space representations
which cannot be obtained from the construction of the theorem of Ambrose and Singer.
Therefore in general it is difficult to determine all homogeneous space representations by
using homogeneous Riemannian structures. Here in order to determine all homogeneous
space representations of a given homogeneous Riemannian manifold (M, g), it is useful to
devide the problem into two sub-problems as follows:

(1) To determine all homogeneous Riemannian structures on (M, g).

(2) To determine all homogeneous space representations by using homogeneous Rieman-
nian structures or other ways.

In this thesis we will discuss and solve the above problems about the 3-dimensional connected,
simply connected and complete homogeneous Riemannian manifolds. First, in [21], Sekigawa
showed that any 3-dimensional connected, simply connected and complete homogeneous
Riemannian manifold is isometric to either a Riemannian symmetric space: S3, H3, R3,
S2 ×R, H2 ×R, or a Riemannian group, i.e., Lie group with left-invariant metric. Hereafter
Sn, Hn and Rn denote n-dimensional sphere, hyperbolic space and Euclidean space with
canonical metrics, respectively.
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The previous studies can be summerized as follows. Abe [1] determined all homogeneous
Riemannian structures on three-dimensional space forms S3, H3 and R3. For Riemannian
Lie groups, all homogeneous Riemannian structure tensors on the Heisenberg group and the
Berger sphere were determined in [22] and [9], respectively. Recently, homogeneous Rieman-
nian structures on non-symmetric three-dimensional Riemannian Lie groups were studied in
[6]. From the results in [1] we can see that there exist the homogeneous space representa-
tions which cannot be obtained from homogeneous structures by the theorem of Ambrose
and Singer on R3 or H3 (see section 4.2). Moreover it was not explicitly stated, but in
[6] they classified homogeneous Riemannian structures on non-symmetric three dimensional
Riemannian Lie groups under the assumption that homogeneous Riemannian structures are
left invariant with respect to the Lie group structure, and the complete classifications of
homogeneous Riemannian structures were not obtained.

The main results of this thesis are as follows:

(1) We determined all homogeneous Riemannian structures on S2 × R and H2 × R (see
Theorems 4.2.10, 4.2.11 or [18]).

(2) We determined all homogeneous Riemannian structures on 3-dimensional Riemannian
Lie groups without the assumption of left invariance (see Theorems 4.4.1, 4.4.2, 4.4.4,
4.4.5 or [13]). In particular, we find two Riemannian Lie groups that they are isometric
but not isomorphic, see below for details.

(3) We determined all homogeneous space representations of 3-dimensional connected, sim-
ply connected and complete homogeneous Riemannian manifolds.

These results allow us to fully determine the homogeneous Riemannian structures and the
homogeneous space representations of three-dimensional homogeneous Riemannian mani-
folds, providing a complete solution to the problem posed by Ambrose and Singer. Here we
outline the proof of each result. First, it is straightforward to determine all isometry groups
and their isotropies of S2 × R and H2 × R. Then we obtain all reductive decompositions
corresponding to these homogeneous space representations, and we obtain the homogeneous
Riemannian structures from these reductive decompositions.

Second, in order to determine all homogeneous Riemannian structures on 3-dimensional
Riemannian Lie groups without the assumption of left invariance, we take a basis {e1, e2, e3}
of its Lie algebra and let {θ1, θ2, θ3} be its dual basis. From the condition ∇̃g = 0, the
homogeneous Riemannian structure S is represented by

S♭ = ρ⊗ (θ1 ∧ θ2) + σ ⊗ (θ2 ∧ θ3) + τ ⊗ (θ3 ∧ θ1),

where ρ, σ and τ are 1-forms. Hereafter we denote S♭(X,Y, Z) = g(SXY, Z) for a homoge-
neous Riemannian structure S. From the condition ∇̃R = 0 we can determine some of ρ, σ
and τ . Here, for example, suppose that σ and τ are determined and ρ is not determined
from ∇̃R = 0. We define the functions ρ1, ρ2 and ρ3 by ρ = ρ1θ

1 + ρ2θ
2 + ρ3θ

3, and then the
condition ∇̃S = 0 is differential equations with respect to the functions ρ1, ρ2 and ρ3 and we
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solve it. Note that the assumption of left invariance means that ρ1, ρ2 and ρ3 are considered
as constants.

In particular, we find that there exsit a non-trivial a homogeneous Riemannian structure
and homogeneous space representation of the universal covering group S̃L(2,R) of the 3-
dimensional special linear group SL(2,R). It should be noted that this homogeneous Rie-
mannian structure S was not obtained in [5]. The corresponding homogeneous space rep-
resentation is G = L′/{Id}. Here L′ is a 3-dimensional non-unimodular Lie group whose
Lie algebra is isomorphic to the Lie algebra ga(1) ⊕ R, where ga(1) is the Lie algebra of
the orientation preserving affine transformation group GA+(1) = GL+(1,R)⋉R of the real
line. The homogeneous Riemannian structure S is expressed as S = ∇(−) −∇, where ∇(−)

is a Cartan-Schouten’s (−)-connection for L′. It is important to note that S̃L(2,R) and
GA+(1)× R are not isomorphic as Lie groups, but are isometric as Riemannian manifolds.

Finally recalling that the theorem of Sekigawa [21], any three-dimensional connected, simply
connected and complete homogeneous Riemannian manifold is isometric to either a Rieman-
nian symmetric space; S3, H3, R3, S2 × R, H2 × R, or a Riemannian group. Then we can
determine all isometry groups acting simply transitively on these spaces. Note that there
exist the homogeneous space representations of H3 and R3 which cannot be obtained from
the homogeneous Riemannian structures of these spaces. In particular, the homogeneous
Riemannian structures which are determined from these homogeneous space representations
coincide with homogeneous Riemannian structures given by other homogeneous space rep-
resentations.

This thesis is organized as follows. In chapter 1, we provide the necessary background and
present some general facts on homogeneous spaces and Riemannian symmetric spaces. In
chapter 2, we introduce notion of homogeneous Riemannian manifolds. In particular, we will
be concerned with reductive decomposition. In chapter 3, we give a brief exposition of the
theorem of Ambrose and Singer ([2]), and will look more closely at homogeneous Rieman-
nian structures. Chapter 4 is devoted to the study of homogeneous Riemannian structures
and homogeneous space representations of 3-dimensional manifolds. We will classify all ho-
mogeneous Riemannian structures and homogeneous space representations on 3-dimensional
manifolds.
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Chapter 1

Preliminaries

In this chapter, we explain the basic concepts of this thesis, homogeneous spaces, affine
connections, curvature tensors and symmetric spaces.

1.1 Homogeneous spaces

Let M be a C∞-manifold and G a Lie group. We give the definition of a smooth action on
M by G.

Definition 1.1.1. An action of a Lie group G on a manifoldM is a smooth map µ : G×M →
M which satisfies the following two conditions:

(1) µ(Id, x) = x for any x ∈M , where Id is a unit element of G.

(2) µ(g1, µ(g2, x)) = µ(g1 · g2, x) for any g1, g2 ∈ G and x ∈M .

Hereafter, for simplicity, we will denote µ(g, x) by g · x.
Definition 1.1.2. An action of a Lie group G on a manifold M is called transitive if for any
x, y ∈M there exists g ∈ G such that g · x = y.

Definition 1.1.3. A manifold M is called a homogeneous space if there exists a Lie group
which acts transitively on M .

Let M be a homogeneous space of G. Then we define the isotropy subgroup H at a point
p ∈M by

H = {g ∈ G | g · p = p}.
Let π : G → G/H be the natural projection and define a map ϕ : G × (G/H) → G/H by
ϕ(g, hH) = ghH. Since H is a closed subgroup of G, then there exists a differential structure
on a the coset space G/H such that π and ϕ are smooth maps.

Theorem 1.1.4 ([10], p.124 Proposition 4.3). Let M be a homogeneous space of a Lie group
G and H the isotropy subgroup at some point p. Moreover we define a function α : G/H →M
by α(gH) = g · p. Then the function α is a diffeomorphism.
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From this theorem, we obtain a diffeomorphism M ∼= G/H, and we call the coset repre-
sentation of a homogeneous space M .

Definition 1.1.5. An action of a Lie group G on a manifoldM is called free if for any x ∈M ,
it follows that g · x = h · x if and only if g = h where g, h ∈ G. An action is called simply
transitive if it is transitive and free.

If a Lie group G acts on a manifold M simply transitively, the isotropy algebra at p ∈ M
is H = {Id}. Then we can identify G and M by the function α : G/{Id} → M in Theorem
1.1.4.

Definition 1.1.6. An action of a Lie group G on a manifold M is called effective if for any
g, h ∈ G such that g 6= h there exists x ∈M such that g · x 6= h · x.

1.2 Affine connections

We denote the set of all vector fields onM by X (M) and the set of all differentiable functions
on M by F(M).

Definition 1.2.1. An affine connection

∇ : X (M)×X (M) → X (M); (X,Y ) 7→ ∇XY

is a map satisfying the following four conditions;

(1) ∇X1+X2Y = ∇X1Y +∇X2Y ,

(2) ∇ϕXY = ϕ∇XY ,

(3) ∇X(Y1 + Y2) = ∇XY1 +∇XY2,

(4) ∇X(ϕY ) = (Xϕ)Y + ϕ∇XY .

Here X,Y,X1, X2, Y1, Y2 ∈ X (M) and ϕ ∈ F(M).

For an affine connection ∇, we can define covariant derivatives of tensor fields. Here, if K
is an (r, s)-type tensor field, then ∇XK is also an (r, s)-type tensor field. In this paper, the
following two types of tensor fields will be used;

(1) If K is a (0, s)-type tensor field, ∇XK is defined by

(∇XK)(X1, . . . , Xs) = X(K(X1, . . . , Xs))−
s∑

i=1

K(X1, . . . ,∇XXi, . . . , Xs) (1.2.1)

for any vector fields X,X1, . . . Xs ∈ X (M).
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(2) If K is a (1, s)-type tensor field, ∇XK is defined by

(∇XK)(X1, . . . , Xs) = ∇X(K(X1, . . . , Xs))−
s∑

i=1

K(X1, . . . ,∇XXi, . . . , Xs) (1.2.2)

for any vector fields X,X1, . . . Xs ∈ X (M).

Hereafter, a tensor field K is said to be parallel if ∇XK = 0 for any X ∈ X (M).

1.3 Levi-Civita connections

Let (M, g) be a Riemannian manifold. Here, g is a positive definite symmetric (0, 2)-type
tensor field on M .

Definition 1.3.1. An affine connection ∇ on (M, g) is called metrical if ∇g = 0, that is,

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ), X, Y, Z ∈ X (M). (1.3.1)

Definition 1.3.2. The torsion tensor field T of an affine connection ∇ is a (1, 2)-type tensor
field defined by

T (X,Y ) = ∇XY −∇YX − [X,Y ], X, Y ∈ X (M). (1.3.2)

An affine connection is called torsion-free if T = 0 identically holds.

On a Riemannian manifold, there exists a unique metrical torsion-free affine connection ∇ ,
which is called the Levi-Civita connection.

In fact, if there exists a metrical torsion-free connection on (M, g), from (1.3.1) and (1.3.2),
it follows that

2g(∇XY, Z) =Xg(Y, Z) + Y g(X,Z)− Zg(X,Y )

+ g([X,Y ], Z) + g([Z,X], Y )− g([Y, Z], X),
(1.3.3)

and then a Levi-Civita connection is unique if it exists. Hereafter, the equation (1.3.3) is
called Koszul formula.

Conversely define a connection ∇ by the equation (1.3.3), and then one can check ∇ is
metrical and torsion-free, i.e., ∇ is the Levi-Civita connection.

For simplicity, we denote the Levi-Civita connection on (M, g) by ∇ in the chapters 2, 3,
and 4.

1.4 Curvatures

Definition 1.4.1. The curvature tensor field R of an affine connection ∇ is a (1, 3)-type
tensor field defined by

R(X,Y )Z = ∇X(∇YZ)−∇Y (∇XZ)−∇[X,Y ]Z. (1.4.1)
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For a Riemannian manifold (M, g), the curvature tensor field R of the Levi-Civita connection
is called the Riemannian curvature.

The following theorem is well-known.

Theorem 1.4.2 ([19], p.75 Propositions 3.36 and 3.37). The following identities hold:

(1) R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = 0 (1st Bianchi identity),

(2) (∇XR)(Y, Z) + (∇YR)(Z,X) + (∇ZR)(X,Y ) = 0 (2nd Bianchi identity).

Proof. (1) : With a direct computation, we can check

R(X,Y )Z +R(Y, Z)X +R(Z,X)Y = ∇Y∇XZ −∇X∇YZ +∇[X,Y ]Z

+∇Z∇YX −∇Y∇ZX +∇[Y,Z]X +∇X∇ZY −∇Z∇XY +∇[Z,X]Y

= ∇Y [X,Z] +∇Z [Y,X] +∇X [Z, Y ]−∇[Y,X]Z −∇[Z,Y ]X −∇[X,Z]Y

= [Y, [X,Z]] + [Z, [Y,X]] + [X, [Z, Y ]] = 0,

(2) : Since the objects involved are all tensors, it suffices to prove the equality at a point
p ∈ M . Let take a geodesic frame {e1, . . . , en} around p ∈ M , that is, (∇eiej)p = 0 for any
indices i, j. Then we can compute

(∇eiR)(ej, ek) + (∇ejR)(ek, ei) + (∇ekR)(ei, ej)

= ∇ei(R(ej, ek)) +∇ej(R(ek, ei)) +∇ek(R(ei, ej))

= −∇ei∇[ej ,ek] −∇ej∇[ek,ei] −∇ek∇[ei,ej ]

= −∇[ei,[ej ,ek]] −∇[ej ,[ek,ei]] −∇[ek,[ei,ej ]]

= 0.

Definition 1.4.3. The Ricci curvature tensor field Ric of an affine connection ∇ on a
Riemannian manifold (M, g) is a (0, 2)-type tensor field defined by

Ric(X,Y ) = trg{Z 7→ R(Z, Y )X}. (1.4.2)

If ∇ is the Levi-Civita connection, its Ricci curvature tensor field Ric is symmetric. However,
for an affine connection ∇, Ric is not always symmetric.

Definition 1.4.4. A Riemannian manifold (M, g) is called an Einstein space if there exists
a constant k ∈ R such that

Ric = kg.

Definition 1.4.5. The scalar curvature τ of a Riemannian manifold (M, g) is a function
defined by

τ = trg Ric =
n∑

i=1

Ric(ei, ei), (1.4.3)

where {e1, . . . , en} is an orthonormal frame field on (M, g) and Ric is a Ricci curvature tensor
field of the Levi-Civita connection.
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Definition 1.4.6. Let A be a (0,2)-type tensor field. The divergence of A is a (0,1)-type
tensor defined by

divA(X) = trg{(Y, Z) 7→ (∇YA)(Z,X)}

=
n∑

i=1

(∇eiA)(ei, X),

where {e1, . . . , en} is an orthonormal frame field on (M, g) and ∇ is the Levi-Civita connec-
tion of a metric g.

Proposition 1.4.7 ([19], p.88 Corollary 3.54). Let τ be the scalar curvature of (M, g). Then
dτ = 2div Ric.

Proof. Let take a geodesic frame {e1, . . . , en}. For any X ∈ X (M), we compute

dτ(X) = X(τ)

= X

(
n∑

i=1

Ric(ei, ei)

)

=
n∑

i=1

(∇X Ric)(ei, ei)

=
n∑

i=1

n∑
j=1

g((∇XR)(ej, ei)ei, ej),

and

2 div Ric(X) = 2
n∑

i=1

(∇ei Ric)(ei, X)

= 2
n∑

i=1

n∑
j=1

g((∇eiR)(ej, X)ei, ej)

=
n∑

i=1

n∑
j=1

(−g((∇ejR)(ei, X)ei, ej)− g((∇eiR)(X, ej)ei, ej)),

and then from 2nd Bianchi identity we obtain dτ = 2div Ric.

1.5 Geodesics

Let (M, g) be a Riemannian manifold, and ∇ the Levi-Civita connection.

Definition 1.5.1. A curve c : I →M is called a geodesic if for all t ∈ I

∇ d
dt
c′ = 0.
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Proposition 1.5.2 ([7], p.64 Proposition 2.7). For any p ∈ M , there exists a neighborhood
V of p, a number ϵ > 0 and a smooth map γ : (−2,−2) × U → M , where U = {(q, w) ∈
TM | q ∈ V,w ∈ TqM, ||w|| < ϵ}, such that t 7→ γ(t) = γ(t, q, w) is the unique geodesic of M
and it follows that γ(0) = q and γ′(0) = w for every q ∈ V and w ∈ TqM with ||w|| < ϵ.

Here we denote ||v|| =
√
gq(v, v) for TqM . Here we define the exponential map by using

Proposition 1.5.2 in the following manner. Let q ∈ M and U ⊂ TM an open set given in
Proposition 1.5.2. Then the map exp: U →M given by

exp(q, v) = γ(1, q, v) (q, v) ∈ U

is called the exponential map. We will denote expq(v) = exp(q, v).

Proposition 1.5.3. For any t ∈ (−2,−2) and (q, v) ∈ U , it follows that

expq(tv) = γ(t, q, v). (1.5.1)

Proof. For fix t ∈ R, we define c(s) = γ(ts, q, v) for s ∈ R such that ts ∈ (−2,−2).
Then it follows that c(0) = γ(0, q, v) = q and c′(0) = tγ′(0, q, v) = tv, and thus we obtain
c(s) = γ(s, q, tv), that is,

γ(ts, q, v) = γ(s, q, tv).

In particular, we can obtain (1.5.1) if s = 1 and t ∈ (−2,−2).

Proposition 1.5.4 ([7], p.65 Proposition 2.9). For any q ∈ M , there exists an ϵ > 0 such
that expq : bϵ(q) →M is a diffeomorphism of bϵ(q) onto an open subset ofM . Here we denote
bϵ(q) = {v ∈ TqM | ||v|| < ϵ}.

Proof. From Proposition 1.5.3 for v ∈ TqM we compute

d(expq)0(v) =
d

dt
(expq(tv))

∣∣∣∣
0

=
d

dt
(γ(t, q, v))

∣∣∣∣
0

= v

Therefore d(expq)0 is the identity of TqM . Thus from the inverse function theorem it follows
that expq is a local diffeomorphism on a neighborhood of 0 ∈ TqM . This completes the
proof.

We define Br(q) ⊂M by

Br(q) = expq(br(q)).

Then from Proposition 1.5.4 we can take r > 0 such that Br(q) is an open neighborhood at
p and expq induces a diffeomorphism from br(p) to Br(p). This neighborhood Br(p) is called
a normal neighborhood.
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1.6 Riemannian symmetric spaces

Let (M, g) be a Riemannian manifold. At a point p ∈ M , take a normal neighborhood U
and define a diffeomorphism sp of U by

sp = expp ◦(−Ip) ◦ exp−1
p . (1.6.1)

Here Ip is an identity map on TpM . Then the map sp is called the local geodesic symmetry.

A Riemannian manifold (M, g) is said to be locally symmetric if for any p ∈ M , we can
take a normal neighborhood U such that its local symmetry sp is isometric on U .

Local symmetry of Riemannian manifolds is characterized by the parallelism of the Rieman-
nian curvature tensor R by E. Cartan.

Theorem 1.6.1 (Cartan, [10], p.201 Theorem 1.3). A Riemannian manifold (M, g) is locally
symmetric if and only if ∇R = 0, where ∇ is the Levi-Civita connection of g.

A Riemannian manifold is said to be a Riemannian symmetric space if at each point
p ∈ M , there exists a unique isometry sp such that (dsp)p = −Ip and sp(p) = p. Here
sp coincides with the geodesic symmetry on a normal neighborhood, then a Riemannian
symmetric space is locally symmetric. Conversely the following holds.

Proposition 1.6.2 ([16], p.167 Theorem 2.1). A complete, simply connected locally sym-
metric Riemannian manifold is a Riemannian symmetric space.

Let (M, g) be a Riemannian symmetric space, and G the identity component of the full
isometry group of (M, g). Moreover we define a Lie group automorphism σ of G by

σ(a) = soaso, a ∈ G,

where so is a global symmetry at the origin o ∈M . Then it follows that σ is an involution of
G, that is, σ2(a) = a for any a ∈ G. The isotropy subgroup H at o satisfies G◦

σ ⊂ H ⊂ Gσ,
where

Gσ = {a ∈ G | σ(a) = a},

and G◦
σ denotes its identity component. This fact can be obtain from the uniqueness of

symmetry. Form G◦
σ ⊂ H ⊂ Gσ the isotropy subalgebra h satisfies

h = {X ∈ g | dσ(X) = X}.

Since (dσ)2 = I, dσ has eigenvalues ±1, and we obtain the eigenspace decomposition

g = h⊕m,

where

m = {X ∈ g | dσ(X) = −X}.
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Since σ is an automorphism of G, it follows that dσ([X,Y ]) = [dσ(X), dσ(Y )] for any
X,Y ∈ g, and then we can obtain

[h,m] ⊂ m, [m,m] ⊂ h. (1.6.2)

We recall the following notion from O’Neill’s textbook [19, p. 317]:

Definition 1.6.3. A triplet (G/H, σ, 〈·, ·〉) is called a symmetric data if

(1) H is a closed subgroup of a connected Lie group G.

(2) σ is an involutive Lie group automorphism of G satisfying G◦
σ ⊂ H ⊂ Gσ.

(3) 〈·, ·〉 is an Ad(H)-invariant inner product on the (−1)-eigenspace m of dσ : g → g.

We obtain a symmetric data from a Riemannian symmetric space M = G/H. In fact, we
have checked the conditions (1) and (2), and the condition (3) can be shown from the fact
that the isotropy subgroup H is compact.

Conversely from a given symmetric data, we can obtain a Riemannian symmetric space
M = G/H. For more details, we refer to [19].
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Chapter 2

Homogeneous Riemannian manifolds

In this chapter, we introduce homogeneous Riemannian manifolds. In particular, we will
prove that a homogeneous Riemannian manifold is reductive. Moreover, we will introduce
naturally reductive homogeneous Riemannian manifolds.

2.1 Definitions and examples

Definition 2.1.1. A Riemannian manifold (M, g) is called a homogeneous Riemannian
manifold if there exists a Lie group G of isometries which acts transitively on M . More
generally, a Riemannian manifold (M, g) is called a locally homogeneous Riemannian
manifold if for each p, q ∈M there exists a local isometry which sends p to q.

If (M, g) is a homogeneous Riemannian manifold, then we obtain M ∼= G/H, where H is
the isotropy group at a point o ∈ M , which will be called the origin of M . We call this
isomorphism a coset space representation of a homogeneous Riemannian manifold.

Here we give two examples of homogeneous Riemannian manifolds.

Example 2.1.2 (Riemannian Lie groups). Let G be a Lie group and g a left invarinat
metric of G. Then G acts on G by itself isometrically and transitively. Therefore (G, g) is a
homogeneous Riemannian manifold. A pair (G, g) is called a Riemannian Lie group. For
a Riemannian Lie group (G, g) we can obtain a canonical coset representation G ∼= G/{Id},
where Id is an unit element of G.

Example 2.1.3 (Riemannian symmetric spaces). If a Riemannian manifold (M, g) is a
Riemannian symmetric space, then (M, g) is a homogeneous Riemannian manifold. In fact,
since a Riemannian symmetric space (M, g) is complete, for arbitrary points x, y ∈M there
exists a geodesic γ(t) such that γ(0) = x and γ(1) = y. Then the symmetry sm at m = γ(1

2
)

sends x to y isometrically, and thus the isometry group acts transitively on M .
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2.2 Reductive decompositions

Next we give the definition of a reductive homogeneous space. Let M ∼= G/H be a homoge-
neous manifold, and g and h the Lie algebras of G and H, respectively.

Definition 2.2.1. A homogeneous manifold M ∼= G/H is called reductive if there exists a
linear subspace m of the Lie algebra g such that

(1) g = h⊕m,

(2) m is Ad(H)-invariant.

Here g = h⊕m is called a reductive decomposition and m a Lie subspace.

Note that if H is connected, then the Ad(H)-invariant condition is equivalent to

[h,m] ⊂ m.

Here we can identify the Lie subspace m with the tangent space ToM at the origin o ∈ M .
In fact, for X ∈ g, we define a vector field X∗ on M by

X∗
p =

d

dt
exp(tX) · p

∣∣∣∣
t=0

, (2.2.1)

then we can define the isomorphism τ : m → ToM by

τ(X) = X∗
o (X ∈ m). (2.2.2)

Here exp: g → G is the exponential map of Lie algebra. We show the following propositions.

Proposition 2.2.2. Let M = G/H be a homogeneous manifold and define a diffeomorphism
ϕg : G/H → G/H by

ϕg(hH) = ghH,

where g ∈ G. Then for any left invariant vector field X ∈ g and any g ∈ G, we have

(ϕg)∗X
∗ = (Adg(X))∗,

where (ϕg)∗ denotes the differential of ϕg.

Proof. For any p = hH ∈ G/H, we compute

((ϕg)∗X
∗)ϕg(p) = (dϕg)p(X

∗
p )

=
d

dt
(g exp(tX)hH)

∣∣∣∣
t=0

=
d

dt
(g exp(tX)g−1ghH)

∣∣∣∣
t=0

=
d

dt
(exp(tAdg(X)) · (ghH))

∣∣∣∣
t=0

= (Adg(X))∗ϕg(p),

and we obtain (ϕg)∗X
∗ = (Adg(X))∗.
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Proposition 2.2.3. The map X 7→ X∗ is a Lie algebra anti-homomorphism, that is,

[X∗, Y ∗] = −[X,Y ]∗, X, Y ∈ g. (2.2.3)

Proof. For any p ∈M , we define a function Sp : G→M by

Sp(g) = ϕg(p) = g · p, g ∈ G.

Then it follows that

X∗
p = (Sp)∗(Xe). (2.2.4)

In fact, a(t) = exp tX is a curve in G such that a(0) = e and a′(0) = Xe, and we can
compute

(Sp)∗(Xe) =
d

dt
(Sp ◦ a)(t)

∣∣∣∣
t=0

=
d

dt
(exp tX) · p

∣∣∣∣
t=0

= X∗
p .

Since ϕexp tX(p) is a flow of the vector field X∗, from Proposition 2.2.2 and the equation
(2.2.4), we compute

[X∗, Y ∗]p = lim
t→0

Y ∗
p − ((ϕexp tX)∗Y

∗)p

t

= lim
t→0

Y ∗
p − (Adexp tXY )∗p

t

= lim
t→0

(Sp)∗
Ye − (Adexp tXY )e

t

= lim
t→0

(Sp)∗
Ye − ((Rexp(−tX))∗Y )e

t
= −(Sp)∗[X,Y ]e

= −[X,Y ]∗p,

and we obtain the equation (2.2.3).

For the Riemannian case, the following fact is well-known.

Proposition 2.2.4 ([5], Proposition 1.4.8). Every homogeneous Riemannian manifold (M, g)
is reductive.

To prove this proposition, we introduce a Killing vector field.

Definition 2.2.5. Let (M, g) be a Riemannian manifold. A vector field X on M is called a
Killing vector field if the Lie derivative of the metric vanishes; that is, LXg = 0.

11



Here, LXg is (0,2) tensor field defined by

(LXg)(Y, Z) = Xg(Y, Z)− g([X,Y ], Z)− g(Y, [X,Z]). (2.2.5)

The following are important properties of Killing vector fields.

Proposition 2.2.6 ([19], p.251 Proposition 9.23). A vector field is Killing if and only if the
diffeomorphism Φt induced from the flow Φ of X are isometries.

From this proposition, it follows that the vector field X∗ defined by (2.2.1) is a Killing vector
field. In fact, the flow of the vector field X∗ is Φt(p) = exp(tX) · p, and Φt is isomorphism
by definition of homogeneous Riemannian manifold.

Definition 2.2.7. We define the Kostant operator AX of a vector field X by

AX = LX −∇X . (2.2.6)

Here ∇ is the Levi-Civita connection.

In particular, it follows that

AXY = LXY −∇XY = −∇YX, (2.2.7)

since LXY = [X,Y ] and ∇ is torsion free.

Proposition 2.2.8. For any vector field X, the following statements are equivalent:

(1) X is a Killing vector field.

(2) Kostant operator AX is skew symmetric, that is,

g(AXY, Z) + g(Y,AXZ) = 0, Y, Z ∈ X (M).

Proof. Since the connection ∇ is the Levi-Civita connectionof g, ∇ is a metric connection,
that is,

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ), X, Y, Z ∈ X (M). (2.2.8)

Moreover, since the connection ∇ is torsion free, it follows that

∇XY = ∇YX + [X,Y ],

∇XZ = ∇ZX + [X,Z].

Then from (2.2.8), we obtain

Xg(Y, Z) = g(∇YX + [X,Y ], Z) + g(Y,∇ZX + [X,Z])

= g(∇YX,Z) + g(Y,∇ZX) + g([X,Y ], Z) + g(Y, [X,Z]),

and we can obtain

(LXg)(Y, Z) = −g(AXY, Z)− g(Y,AXZ).

Thus LXg = 0 if and only if AX is skew symmetric. This completes the proof.
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From the following proposition, we see that a Killing vector field X is uniquely determined
over M by the value of X and AX at any single point p.

Proposition 2.2.9 ([22], p.2 Peoposition 1.2). Let X and Y be two Killing vector fields on
a connected Riemannian manifold (M, g). Suppose that

Xp = Yp, AX |p = AY |p,

for some p ∈M . Then X = Y .

Proof of Proposition 2.2.4. Let (M, g) be a homogeneous Riemannian manifold, and fix a
point o ∈M as the origin. Then we have M = G/H, and let g and h denote the Lie algebras
of G and H, respectively. We can suppose that the action of G on M is effective. Moreover,
we define a vector field X∗ on M by (2.2.1). Note that

h = {X ∈ g | X∗
o = 0}.

Since X∗ is Killing vector field, from the Proposition 2.2.8 the Kostant operator AX∗ is skew
symmetric, and then AX∗ |o ∈ so(ToM). Let B denote the Killing form of so(ToM). Then B
is definite since g is positive definite. We define the symmetric bilinear form ϕ on g by

ϕ(X,Y ) = −B(AX∗ |o, AY ∗ |o).

Then ϕ(X,X) = 0 implies that AX∗ |o = 0. Therefore, if X ∈ h and ϕ(X,X), we obtain
X∗

o = 0 and AX∗ |o = 0, and it follows that X∗ = 0 from Proposition 2.2.9. Then we can
obtain

d

dt
exp(tX) · p

∣∣∣∣
t=s

= 0 (2.2.9)

for any p ∈M and s ∈ R. In fact, for any s ∈ R we compute

d

dt
exp(tX) · p

∣∣∣∣
t=s

=
d

du
exp((u+ s)X) · p

∣∣∣∣
u=0

=
d

du
exp(uX) · (exp(sX) · p)

∣∣∣∣
u=0

= X∗
exp(sX)·p,

and from X∗ = 0 we obtain the equation (2.2.9). Here we put u = t − s. Then it follows
that exp(tX) · p = p for any p ∈M and t ∈ R, and since G acts on M effectively, we obtain
X = 0. Thus ϕ is definite on h. Then we can take the orthogonal complement m = h⊥ with
respect to ϕ, and it follows that g = h⊕m.

It remains to prove that Ad(H)m ⊂ m, and it is sufficient to show that ϕ is Ad(H)-invariant.
For any h ∈ H, X,Y ∈ g and any orthonormal basis {e1, e2, . . . , en} on ToM , from Proposi-
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tion 2.2.2, we can compute

ϕ(Adh(X),Adh(Y )) = −B(A(Adh(X))∗ |o, A(Adh(Y ))∗ |o)
= −B(A(ϕg)∗X∗ |o, A(ϕg)∗Y ∗ |o)

= −
n∑

i=1

g(ei, A(ϕg)∗X∗(A(ϕg)∗Y ∗(ei)))

=
n∑

i=1

g(A(ϕg)∗X∗(ei), A(ϕg)∗Y ∗(ei))

=
n∑

i=1

g(∇ei((ϕg)∗X
∗),∇ei((ϕg)∗Y

∗))

=
n∑

i=1

g(∇eiX
∗,∇eiY

∗)

= ϕ(X,Y ),

and thus we obtain

ϕ(Adh(X),Adh(Y )) = ϕ(X,Y ).

This completes the proof.

2.3 Naturally reductive homogeneous spaces

In this section, we introduce the concept of naturally reductive homogeneous spaces,
a significant subclass of reductive homogeneous Riemannian manifolds.

First let (M, g) be a homogeneous Riemannian manifold and m a Lie subspace, and we give
an expression for (∇X∗Y ∗)o, where X,Y ∈ m.

Proposition 2.3.1. The Levi-Civita connection ∇ at the origin o is given by:

(∇X∗Y ∗)o = −1

2
([X,Y ]∗m)o + U(X,Y )∗o, (2.3.1)

where X,Y ∈ m and U : m×m → m is a symmetric bilinear form defined by

2〈U(X,Y ), Z〉 = 〈[Z,X]m, Y 〉+ 〈X, [Z, Y ]m〉. (2.3.2)

Here 〈·, ·〉 is an inner product on m induced from g.

Proof. Since X∗, Y ∗, Z∗ are Killing vector fields, then by Definition 2.2.5 and (2.2.5), we
obtain

X∗〈Y ∗, Z∗〉 = 〈[X∗, Y ∗], Z∗〉+ 〈Y ∗, [X∗, Z∗]〉,
Y ∗〈Z∗, X∗〉 = 〈[Y ∗, Z∗], X∗〉+ 〈Z∗, [Y ∗, X∗]〉,
Z∗〈X∗, Y ∗〉 = 〈[Z∗, X∗], Y ∗〉+ 〈X∗, [Z∗, Y ∗]〉.
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Moreover, by the Koszul formula, it follows that

2〈∇X∗Y ∗, Z∗〉 =X∗(〈Y ∗, Z∗〉) + Y ∗(〈X∗, Z∗〉)− Z∗(〈X∗, Y ∗〉)
− 〈Y ∗, [X∗, Z∗]〉 − 〈X∗, [Y ∗, Z∗]〉 − 〈Z∗, [Y ∗, X∗]〉,

and we obtain

2〈∇X∗Y ∗, Z∗〉 = 〈[X∗, Y ∗], Z∗〉+ 〈[X∗, Z∗], Y ∗〉+ 〈[Y ∗, Z∗], X∗〉.

Thus, from Proposition 2.2.3, we have

2〈∇X∗Y ∗, Z∗〉 = −〈[X,Y ]∗, Z∗〉 − 〈[X,Z]∗, Y ∗〉 − 〈[Y, Z]∗, X∗〉.

Here, by evaluating at o and using the fact that X∗
o = (Xm∗)o, we obtain

2〈(∇X∗Y ∗)o, Z
∗
o 〉 = −〈([X,Y ]∗m)o, Z

∗
o 〉 − 〈([X,Z]∗m)o, Y ∗

o 〉 − 〈([Y, Z]∗m)o, X∗
o 〉,

and consequently we have

(∇X∗Y ∗)o = −1

2
([X,Y ]∗m)o + U(X,Y )∗o.

This completes the proof.

Definition 2.3.2 (Naturally reductive homogeneous space). A homogeneous Riemannian man-
ifold (M ∼= G/H, g) is said to be naturally reductive if there exists a Lie subspace m such
that

〈[X,Y ]m, Z〉+ 〈Y, [X,Z]m〉 = 0, X, Y, Z ∈ m, (2.3.3)

that is, U(X,Y ) = 0 for all X,Y ∈ m, where U is defined by (2.3.2). Here 〈·, ·〉 is the inner
product of m induced from the metric g, and [·, ·]m is the projection of [·, ·] on m.

A naturally reductive homogeneous Riemannian manifold is characterized by its geodesics.

Proposition 2.3.3 ([22], p.58 Theorem 6.2). A homogeneous Riemannian manifold (M ∼=
G/H, g) is naturally reductive if and only if there exists a Lie subspace m such that every
geodesic through o ∈ M and tangent to X ∈ m ∼= ToM is the orbit of the one-parameter
subgroup {exp(tX)}.
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Chapter 3

Ambrose-Singer connections and
homogeneous Riemannian structures

In this chapter, we introduce an infinitesimal characterization of local homogeneity of Rie-
mannian manifolds given by Ambrose and Singer, see [2] and [22] for more details.

3.1 The theorem of Ambrose and Singer

Theorem 3.1.1 ([2], [22, p.16 Theorem 1.11 and Theorem 1.12]). A Riemannian manifold
(M, g) is locally homogeneous if and only if there exists a tensor field S of type (1, 2) on M
such that

∇̃g = 0, ∇̃R = 0, ∇̃S = 0, (3.1.1)

where ∇̃ is an affine connection on M defined by ∇̃ = ∇+ S, ∇ is a Levi-Civita connection
of the metric g, and R is a Riemannian curvature tensor field.

Proof. We give a sketch of the proof. For details see [2] and [22].

Let (M ∼= G/H, g) be a homogeneous Riemannian manifold. From Proposition 2.2.4 there
exists a reductive decomposition g = h⊕m. Then we define an affine connection ∇̃ by

(∇̃X∗Y ∗)o = −([X,Y ]m)
∗
o, X, Y ∈ m. (3.1.2)

Note that it is sufficient to define ∇̃ only at the origin o by homogeneity. This connection is
called the canonical connection of a homogeneous Riemannian manifold M ∼= G/H with
respect to m. One can see that the difference tensor field S = ∇̃ −∇ satisfies the equations
(3.1.1) and S is a homogeneous Riemannian structure. Thus every homogeneous Riemannian
manifold admits a homogeneous Riemannian structure. Moreover, for u, v, w ∈ To(M), from
(3.1.2) we have

2g(Suv, w)o = g([X,Y ]∗, Z∗)o − g([Y, Z]∗, X∗)o + g([Z,X]∗, Y ∗)o, (3.1.3)
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where we take X,Y, Z ∈ m such that τ(X) = u, τ(Y ) = v, and τ(Z) = w.

Conversely, let S be a homogeneous Riemannain structure on a homogeneous Riemannain
manifold (M, g). Fix a origin o ∈ M and set m = ToM . Let us denote by R̃ the curvature
tensor field of the Ambrose-Singer connection ∇̃ = S + ∇. Then the holonomy algebra h
of ∇̃ is the Lie subalgebra of the Lie algebra so(m, go) generated by the curvature operators
R̃(X,Y ) with X,Y ∈ m. Now we can define a Lie bracket [·, ·] on the direct sum g = h⊕m
by

[U, V ] = UV − V U,

[U,X] = U(X), (3.1.4)

[X,Y ] = −R̃(X,Y )− SXY + SYX,

for all X,Y ∈ m and U, V ∈ h.

Now let G̃ be the simply connected Lie group with Lie algebra g. ThenM is a coset manifold
G̃/H̃, where H̃ is a Lie subgroup of G̃ with Lie algebra h. Let Γ be the set of all elements
in G which act trivially on M . Then Γ is a discrete normal subgroup of G̃ and G = G̃/Γ
acts transitively and effectively on M as an isometry group. The isotropy subgroup H of
G at o is H = H̃/Γ. Hence (M, g) is a homogeneous Riemannian space with coset space
representationM = G/H. Note that g = h⊕m is a reductive decomposition since [h,m] ⊂ m
from (3.1.4).

Remark 3.1.2 ([1],[14]). For the homogeneous Riemannian structure S defined from a re-
ductive decomposition g = m ⊕ h, the Lie algebra of the isometry group and its reductive
decomposition defined from S is given by g̃ = m⊕ [m,m]h.

Proposition 3.1.3 ([14], p.31 Proposition I.13). Let M be a reductive homogeneous space
and g = h ⊕ m the corresponding reductive decomposition. Then the curvature R̃ of the
canonical connection ∇̃ satisfies

(R̃(X,Y )Z)o = −[[X,Y ]h, Z] (3.1.5)

for any X,Y, Z ∈ m.

3.2 Homogeneous Riemannian structures

In this section, we will look more closely at homogeneous Riemannian structures. First we
give two examples of homogeneous Riemannian structures.

Example 3.2.1 (Riemannian Lie groups). Let (G, g) be a Riemannian Lie group, which is
defined in Example 2.1.2. Then (G, g) is homogeneous and we obtain a natural coset space
representation G ∼= G/{Id}. Let g be the Lie algebra of the Lie group G, and then the
isotropy algebra is {0} and the tangent space at the unit element Id is identified with m = g.
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Then we get the decomposition g = {0}⊕g, which is obviously reductive. Here the canonical
connection ∇(−) of G/{Id} is defined by

∇(−)
X Y = 0, X, Y ∈ g. (3.2.1)

The canonical connection ∇(−) is called the Cartan-Schouten’s (−)-connection. Then
we obtain a homogeneous Riemannian structure S = ∇(−) −∇.

Example 3.2.2 (Riemannian symmetric spaces). Let (M, g) be a Riemannian symmetric
space, then from Theorem 1.6.1 it follows that ∇R = 0. Then if we set S = 0 and ∇̃ = ∇,
then S satisfies the equation (3.1.1). Thus S = 0 is a homogeneous Riemannian structure
and ∇ is an Ambrose-Singer connection. Conversely, if a simply connected Riemannian
manifold (M, g) has a homogeneous Riemannian structure S = 0, then (M, g) is symmetric.

To close this section, we define an isomorphism of homogeneous Riemannian structure ten-
sors.

Definition 3.2.3 ([22], p.33 Definition 2.2). Let S be a homogeneous Riemannian structure
tensor on (M, g) and S ′ be a homogeneous Riemannian structure tensor on (M ′, g′). Then
S and S ′ are said to be isomorphic if there exists an isometry ϕ : (M, g) → (M ′, g′) such
that

ϕ∗(SXY ) = S ′
ϕ∗Xϕ∗Y

for all X,Y ∈ X(M), where ϕ∗ denotes the differential of ϕ.

Theorem 3.2.4 ([22], p.35 Theorem 2.4). Let (M, g) be a homogeneous Riemannian space
and G,G′ connected Lie subgroups of the identity component of the full isometry group
Isom◦(M, g) acting transitively on M . Assume that the Lie algebras g of G and g′ of G′

has reductive decompositions g = h⊕m and g′ = h′⊕m′, respectively. Then the homogeneous
Riemannian structures S determined by g = h ⊕ m and S ′ determined by g′ = h′ ⊕ m′ are
isomorphic if and only if there exists a Lie algebra isomorphism F : g → g′ such that

F (h) = h′, F (m) = m′

and F |m is a linear isometry.

Hereafter, we denote the full isometry group of (M, g) by Isom(M) = Isom(M, g) and the
identity component of Isom(M) by Isom◦(M).

3.3 The eight classes of homogeneous Riemannian struc-

tures

For a homogeneous Riemannian structure S on a Riemannian manifold (M, g), we denote
by S♭ the covariant tensor field metrically equivalent to S, that is,

S♭(X,Y, Z) = g(SXY, Z)
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for all X, Y , Z ∈ X (M). The metrical condition ∇̃g = 0 is rewritten as

S♭(X,Y, Z) + S♭(X,Z, Y ) = 0 (3.3.1)

for all vector fields X, Y and Z.

Tricerri and Vanhecke [22] obtained the following decompositions of all possible types of
homogeneous Riemannian structures into eight classes (Table 3.1):

Classes Defining conditions
Symmetric S = 0
T1 S♭(X,Y, Z) = g(X,Y )ω(Z)− g(Z,X)ω(Y ) for some 1-form ω
T2 S

X,Y,Z
S♭(X,Y, Z) = 0 and c12(S♭) = 0

T3 S♭(X,Y, Z) + S♭(Y,X,Z) = 0
T1 ⊕ T2 S

X,Y,Z
S♭(X,Y, Z) = 0

T1 ⊕ T3 S♭(X,Y, Z) + S♭(Y,X,Z) = 2g(X,Y )ω(Z)− g(Z,X)ω(Y )− g(Y, Z)ω(X)
for some 1-form ω

T2 ⊕ T3 c12(S♭) = 0
T1 ⊕ T2 ⊕ T3 no conditions

Table 3.1: The eight classes

Here S
X,Y,Z

S♭ denotes the cyclic sum of S♭, i.e.,

S
X,Y,Z

S♭(X,Y, Z) = S♭(X,Y, Z) + S♭(Y, Z,X) + S♭(Z,X, Y ),

and c12 denotes the contraction operator in (1, 2)-entries:

c12(S♭)(Z) =
n∑

i=1

S♭(ei, ei, Z),

where {e1, . . . , en} is a local orthonormal frame field. In [22], Tricerri and Vanhecke character-
ized naturally reductive homogeneous Riemannian manifolds by homogeneous Riemannian
structures as follows:

Theorem 3.3.1 ([22], p.57 Theorem 6.1). Let (M, g) be a naturally reductive homogeneous
Riemannian manifold, m a corresponding Lie subspace and ∇̃ the affine connection given by
(3.1.2). Then S = ∇̃ − ∇ is a homogeneous Riemannian structure which satisfies

SXX = 0, for any X ∈ X (M), (3.3.2)

that is, S♭ ∈ T3. Conversely, if a complete and simply connected Riemannain manifold (M, g)
is equipped with a homogeneous Riemannian structure S which satisfies (3.3.2), then (M, g)
is naturally reductive.
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Proof. First let (M, g) be a naturally reductive homogeneous Riemannian manifold, and ∇̃
be the affine connection given by (3.1.2). Then there exists a Lie subspace m such that
U(X,Y ) = 0 for any X,Y ∈ m. Then, from (2.3.1), we obtain

(∇X∗Y ∗)o = −1

2
([X,Y ]∗m)o,

and thus the homogeneous Riemannian structure S = ∇̃ − ∇ is given by

(SX∗Y ∗)o = (∇̃X∗Y ∗)o − (∇X∗Y ∗)o

= −([X,Y ]∗m)o +
1

2
([X,Y ]∗m)o

= −1

2
([X,Y ]∗m)o.

Therefore, it follows that SXX = 0 for any vector field X.

Conversely, we suppose that there exists a homogeneous Riemannian structure S such that
SXX = 0 for any X ∈ X (M). It is sufficient to show that U(X,Y ) = 0 for any X,Y ∈ m.
From (3.1.4) and (3.3.1), we compute

2〈U(X,Y ), Z〉 = 〈[Z,X]m, Y 〉+ 〈X, [Z, Y ]m〉
= 〈−SZX + SXZ, Y 〉+ 〈X,−SZY + SYZ〉
= −〈SXY + SYX,Z〉,

and since SXY + SYX = 0, we obtain U(X,Y ) = 0. This completes the proof.

3.4 The 2-dimensional Riemannian manifolds

In this section, we give the classification of homogeneous Riemannian structures on 2-
dimensional Riemannian manifolds according to [22]. Moreover, we also give the classifi-
cation of their homogeneous representations.

Let (M, g) be a connected, simply connected and complete 2-dimensional Riemannian man-
ifold. Moreover, we suppose that (M, g) has a homogeneous Riemannian structure S 6= 0.
Then S ∈ T1 since dimM = 2 (see [22], Theorem 3.1), that is, there exists a 1-form ω such
that

S♭(X,Y, Z) = g(X,Y )ω(Z)− g(Z,X)ω(Y )

holds for any X,Y, Z ∈ X (M). We now define a vector field ξ by g(ξ, Z) = −ω(Z), and it
follows that

SXY = −g(X,Y )ξ + g(ξ, Y )X. (3.4.1)

Then the following statement has been proved.
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Theorem 3.4.1 ([22]). Let (M, g) be a connected, simply connected and complete 2-dimensional
Riemannian manifold. Then (M, g) admits a homogeneous Riemannian structure S 6= 0 if
and only if (M, g) is isometric to the hyperbolic plane H2.

Proof. Let ∇̃ = S +∇ where S is the nonzero homogeneous Riemannian structure given by
(3.4.1). From ∇̃g = 0 and (3.4.1), we compute

(∇̃XS)(Y, Z) = ∇̃X(SYZ)− S∇̃XYZ − SY ∇̃XZ

= ∇̃X(−g(Y, Z)ξ + g(ξ, Z)Y )

+ g(∇̃XY, Z)ξ − g(ξ, Z)∇̃XY + g(Y, ∇̃XZ)ξ − g(ξ, ∇̃XZ)Y

= −g(∇̃XY, Z)ξ − g(Y, ∇̃XZ)ξ − g(Y, Z)∇̃Xξ

+ g(∇̃Xξ, Z)Y + g(ξ, ∇̃XZ)Y + g(ξ, Z)∇̃XY

+ g(∇̃XY, Z)ξ − g(ξ, Z)∇̃XY + g(Y, ∇̃XZ)ξ − g(ξ, ∇̃XZ)Y

= −g(Y, Z)∇̃Xξ + g(∇̃Xξ, Z)Y

for any vector field X,Y, Z ∈ X (M), and then ∇̃S = 0 is equivalent to ∇̃ξ = 0. Here it
follows that

0 = 2g(∇̃Xξ, ξ)

= Xg(ξ, ξ)

for any vector field X ∈ X (M), and then g(ξ, ξ) is nonzero constant since S 6= 0 and we set
g(ξ, ξ) = c2 > 0. Moreover, from the equation (3.4.1) and ∇̃ξ = 0 we compute

0 = ∇̃Xξ

= SXξ +∇Xξ

= −g(X, ξ)ξ + g(ξ, ξ)X +∇Xξ,

then we obtain

∇Xξ = g(X, ξ)ξ − g(ξ, ξ)X. (3.4.2)

Moreover from the equation (3.4.2) and T (X,Y ) = 0, we compute

R(X,Y )ξ = ∇X(∇Y ξ)−∇Y (∇Xξ)−∇[X,Y ]ξ

= ∇X(g(Y, ξ)ξ − c2Y )−∇Y (g(X, ξ)ξ − c2X)− (g([X,Y ], ξ)ξ − c2[X,Y ])

= g(∇XY −∇YX − [X,Y ], ξ)ξ − c2(∇XY −∇YX − [X,Y ])

+ g(Y,∇Xξ)ξ − g(X,∇Y ξ)ξ + g(Y, ξ)∇Xξ − g(X, ξ)∇Y ξ

= g(Y,∇Xξ)ξ − g(X,∇Y ξ)ξ + g(Y, ξ)∇Xξ − g(X, ξ)∇Y ξ

= −c2{g(Y, ξ)X − g(X, ξ)Y },

that is, it follows that

R(X,Y )ξ = −c2{g(Y, ξ)X − g(X, ξ)Y } X,Y ∈ X (M), (3.4.3)
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and therefore (M, g) has a constant negative curvature −c2. Then since (M, g) is connected,
simply connected and complete by assumption, (M, g) is isometric to H2.

Conversely, we realize the hyperbolic plane H2 as upper plane H2 = {(x, y) ∈ R2 | y > 0},
with the metric

g =
c2(dx2 + dy2)

y2
,

where c is a constant. Then the Levi-Civita connection ∇ of g is given by

∇∂x∂x =
1

y
∂y, ∇∂x∂y = ∇∂y∂x = −1

y
∂x ∇∂y∂y = −1

y
∂y, (3.4.4)

where ∂x = ∂
∂x
, ∂y =

∂
∂y
. Here we put

ξ =
1

c2
y∂y,

and define a tensor field S by (3.4.1). Then we can check the equation (3.4.2), and hence
∇̃S = 0. In fact, for any vector field X = X1∂x +X2∂y, from (3.4.4) we can compute

∇Xξ = ∇(X1∂x+X2∂y)

(
1

c2
y∂y

)
= X1∇∂x

(
1

c2
y∂y

)
+X2∇∂y

(
1

c2
y∂y

)
=
X1y

c2
∇∂x∂y +

X2

c2
∂y +

X2y

c2
∇∂y∂y

=
X2

y
ξ − 1

c2
(X1∂x +X2∂y)

=
X2

y
ξ − 1

c2
X

= g(X, ξ)ξ − g(ξ, ξ)X,

and we obtain the equation (3.4.2). Moreover, ∇̃R = 0 is automatically satisfied since H2

has a constant curvature. Thus S is a nonzero homogeneous Riemannian structure on H2.
This completes the proof.

We then obtain the following corollary from the equation (3.4.3).

Corollary 3.4.2. The only homogeneous Riemannain structure on the Riemannian sym-
metric spaces R2 or S2 is given by S = 0.

All homogeneous Riemannian structures on H2 is determined in [22] as follows. In order
to determine them, we have to found all solutions ξ of the equation (3.4.2). We choose an
orthonormal frame {E1, E2} on H2 by

E1 =
y

c
∂y, E2 =

y

c
∂x, (3.4.5)
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and let ξ = ξ1E1+ξ
2E2 where ξ

1 and ξ2 are functions. From the equations (3.4.4) we obtain

∇E1E1 = ∇E1E2 = 0, ∇E2E1 = −1

c
E2, ∇E2E2 =

1

c
E1. (3.4.6)

Then we compute

∇E1ξ = E1(ξ
1)E1 + ξ1∇E1E1 + E1(ξ

2)E2 + ξ2∇E1E2

= E1(ξ
1)E1 + E1(ξ

2)E2,

∇E2ξ = E2(ξ
1)E1 + ξ1∇E2E1 + E2(ξ

2)E2 + ξ2∇E2E2

= E2(ξ
1)E1 − ξ1

1

c
E2 + E2(ξ

2)E2 + ξ2
1

c
E1,

and the equation (3.4.2) is equivalent to

E1(ξ
1) = −(ξ2)2, E1(ξ

2) = ξ1ξ2, E2(ξ
1) = ξ2

(
ξ1 − 1

c

)
, E2(ξ

2) = ξ1
(
1

c
− ξ1

)
.

(3.4.7)

The integrability condition of this differential system is

(XY − Y X − [X,Y ])ξi = 0, (i = 1, 2), (3.4.8)

for any vector fields X,Y . From the differential system (3.4.7) we can compute

(E1E2 − E2E1)ξ
1 = −ξ2

(
(ξ1)2 + (ξ2)2 − ξ1

1

c

)
,

(E1E2 − E2E1)ξ
2 = ξ1

(
(ξ1)2 + (ξ2)2 − ξ1

1

c

)
,

on the other hand, from (3.4.5) we obtain

[E1, E2] =
1

c
E2, (3.4.9)

and the integrability condition (3.4.8) is equivalent to

ξ2
(
(ξ1)2 + (ξ2)2 − 1

c2

)
= 0, (3.4.10)

ξ1
(
(ξ1)2 + (ξ2)2 − 1

c2

)
= 0. (3.4.11)

Then we obtain ξ1 = ξ2 = 0 or

(ξ1)2 + (ξ2)2 − 1

c2
= 0. (3.4.12)

If ξ1 = ξ2 = 0, it follows S = 0. Then we consider the case (ξ1)2 + (ξ2)2 − 1
c2

= 0. According
to [22], the solution of the differential system (3.4.7) are

ξ1 =
1

c
, ξ2 = 0, (3.4.13)
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and

ξ1 =
1

c

(λ− x)2 − y2

(λ− x)2 + y2
,

ξ2 =
1

c

(λ− x)y

(λ− x)2 + y2
,

(3.4.14)

where λ is an arbitrary constant. Thus we may conclude that there are an infinite number
of homogeneous Riemannian structures on H2, however, the following theorem holds.

Theorem 3.4.3 ([22]). Up to isomorphism of homogeneous Riemannian structures, there
are only two homogeneous Riemannian structures on the hyperbolic plane H2:

S1 = 0,

S2
XY = −g(X,Y )η + g(η, Y )X,

where η is the vector field given by η = 1
c2
y∂y and X,Y ∈ X (H2).

Proof. We will prove that the homogeneous Riemannian structure defined by (3.4.14) is
isomorphic to the homogeneous Riemannian structure S2.

Let Sξ be the homogeneous Riemannian manifold given by (3.4.1) where ξ is non-zero solution
of the equation (3.4.2). Then the homogeneous Riemannian structure Sξ is given by

Sξ
E1
E1 = −ξ2E2, Sξ

E1
E2 = ξ2E1, Sξ

E2
E1 = −ξ1E1, Sξ

E2
E2 = ξ1E2,

and the Ambrose-Singer connection ∇̃ξ = ∇+ Sξ is given by

∇̃ξ
E1
E1 = −ξ2E2, ∇̃ξ

E1
E2 = ξ2E1, ∇̃ξ

E2
E1 =

(
ξ1 − 1

c

)
E2, ∇̃ξ

E2
E2 = −

(
ξ1 − 1

c

)
E1,

and the curvature tensor R̃ξ of the Ambrose-Singer connection is computed by

R̃ξ(E1, E2)E1 = −
(
(ξ1)2 + (ξ2)2 − 1

c2

)
E2. (3.4.15)

Here from the condition (3.4.12) we obtain R̃ξ = 0. Then the holonomy algebra hξ of ∇̃ξ is
hξ = {0}. Let Gξ be the Lie group acting isometrically and transitively on H2 corresponding
to the homogeneous Riemannian structure Sξ and its reductive decomposition gξ = hξ⊕mξ =
{0}⊕mξ. Here we identify mξ with ToH2 = 〈E1, E2〉 where o = (0, 1). Then {E1, E2} is also
basis of gξ and from (3.1.4) the Lie bracket [·, ·]gξ of gξ is defined by

[E1, E2]gξ = −Sξ
E1
E2 + Sξ

E2
E1 − R̃ξ(E1, E2)

= −ξ2E1 + ξ1E2.

Let us change the orthonormal basis {E1, E2} to

Ẽ1 =
1

c
(ξ1E1 + ξ2E2), Ẽ2 =

1

c
(−ξ2E1 + ξ1E2),
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and we obtain

[Ẽ1, Ẽ2]gξ =
1

c
Ẽ2,

that is, gξ and gξ
′
are isomorphic for any solutions ξ and ξ′ of (3.4.2). Then from the

Theorem 3.2.4 the homogeneous Riemannian structure Sξ is isomorphic to S2. Note that
Sξ = S2 if ξ1 = 1

c
and ξ2 = 0. This completes the proof.

The homogeneous Riemannian structure S1 = 0 corresponds to the coset representation of
H2 as a Riemannian symmetric space. The special linear group SL(2,R) acts isometrically
and transitively on H2 via the linear fractional action:(

a b
c d

)
· z = az + b

cz + d
,

where z = x + iy and (x, y) ∈ H2. The isotropy subgroup at i is the rotation group SO(2).
The natural projection π : SL(2,R) → H2 is given explicitly by

π

( (
a b
c d

) )
=

(ac+ bd) + i

c2 + d2
.

The Iwasawa decomposition of SL(2,R) is carried out as SL(2,R) = NAK, where

N =

{(
1 x
0 1

) ∣∣∣∣ x ∈ R
}

∼= (R,+),

A =

{( √
y 0
0 1/

√
y

) ∣∣∣∣ y > 0

}
∼= SO+(1, 1),

K =

{(
cosϕ sinϕ
− sinϕ cosϕ

) ∣∣∣∣ ϕ ∈ R/2πZ
}

= SO(2),

We refer (x, y, ϕ) as a coordinate system of SL(2,R). We can take an orthonormal basis

ē0 =
1

c

(
0 1

−1 0

)
, ē1 =

1

c

(
0 1
1 0

)
, ē2 =

1

c

(
1 0
0 −1

)
of the Lie algebra sl(2,R). The tangent space TiH2 is identified with the linear subspace p
spanned by ē1 and ē2. On the other hand, the Lie algebra k of the isotropy subgroup SO(2)
is spanned by ē0. One can see that [k, p] ⊂ p and [p, p] ⊂ k. Hence H2 = SL(2,R)/SO(2) is
a Riemannian symmetric space. Then the homogeneous space representation corresponding
to S1 is

H2 ∼= SL(2,R)/SO(2). (3.4.16)

The homogeneous Riemannian structure S2 corresponds to the homogeneous space repre-
sentation of H2 as a solvable Lie group. Here, the upper half plane model H2 is identified
with the solvable Lie group

S = NA =

{( √
y x/

√
y

0 1/
√
y

) ∣∣∣∣ (x, y) ∈ H2

}
.
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The Lie algebra s of S is spanned by ē0 + ē1 and ē2. The tangent space TiH2 is identified
with the Lie algebra s under the isomorphism:

y
∂

∂x

∣∣∣∣
i

7−→ ē0 + ē1, y
∂

∂y

∣∣∣∣
i

7−→ ē2.

Hence H2 is regarded as a solvable Lie group with respect to the multiplication

(x1, y1)(x2, y2) = (x1 + y1x2, y1y2).

It should be remarked that sl(2,R) is decomposed as sl(2,R) = k+ s. However this decom-
position is not reductive.

The solvable Lie group S is isomorphic to the identity component GA+(1) = GL+(1,R)⋉R
of the affine transformation group GA(1) = GL(1,R)⋉R of the real line. Indeed,( √

y x/
√
y

0 1/
√
y

)
7−→

(
y x
0 1

)
gives the Lie group isomorphism from S onto GA+(1). The orthonormal basis {ē1, ē2} of s
corresponds to the orthonormal basis

ē1 =

(
0 c
0 0

)
, ē2 =

(
c 0
0 0

)
of the Lie algebra ga(1). Here, the homogeneous space representation corresponding to S2

is

H2 ∼= GA+(1)/{Id}. (3.4.17)

Then there exist two homogeneous representations (3.4.16) and (3.4.17) of H2.

Moreover, there exist two homogeneous representations of R2 :

R2 ∼= SE(2)/SO(2), (3.4.18)
∼= R2/{0}. (3.4.19)

Here, R2 on the right side of the second equation is considered as an abelian Lie group.
There exsits only one homogeneous space representation of S2 :

S2 ∼= SO(3)/SO(2). (3.4.20)

26



Chapter 4

Homogeneous structures of the
3-dimensional Riemannian manifolds

In this chapter we will give a complete classification of all homogeneous Riemannian structure
tensors on 3-dimensional Riemannian manifolds. Moreover, we will obtain a classification of
homogeneous representations of them.

4.1 The theorem of Sekigawa

As a preparation, we give the following lemma.

Lemma 4.1.1 ([5], p.117). Let (M, g) be a simply connected homogeneous Riemannian n-
manifold, and {e1, e2, . . . , en} an orthonormal frame fileld, such that

∇eiej =
n∑

k=1

ckijek, (4.1.1)

with ckij constant for all indices i, j and k. Then (M, g) is isometric to a Lie group with left
invariant metric g.

Sekigawa classified 3-dimensional connected, simply connected, complete homogeneous Rie-
mannian manifolds by the following theorem. First, note that the curvature tensor field R of
a 3-dimensional Riemannian manifold (M, g) is completely determined by its Ricci curvature
tensor field Ric. In fact, if dimM = 3, it follows that

R(X,Y ) = R1X ∧ Y +X ∧R1Y −
(τ
2

)
X ∧ Y, X, Y ∈ X (M), (4.1.2)

where R1 is the endomorphism of X (M) defined by

g(R1X,Y ) = Ric(X,Y ), X, Y ∈ X (M), (4.1.3)
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and

(X ∧ Y )Z = g(Y, Z)X − g(X,Z)Y, X, Y, Z ∈ X (M), (4.1.4)

see p.89 of [21]. One can see that (M, g) has constant curvature c if and only if

R(X,Y )Z = c(X ∧ Y )Z (4.1.5)

for all vector fields X,Y, Z ∈ X (M). Moreover, (M, g) is an Einstein space if and only if
there exists a constant k such that R1X = kX for any vector field X ∈ X (M). Then if
dimM = 3, from (4.1.2) and (4.1.5), the Riemannian manifold (M, g) is an Einstein space
if and only if (M, g) has constant survature.

Theorem 4.1.2 ([21], p.88 Theorem B). A 3-dimensional connected, simply connected,
complete homogeneous Riemannian manifold (M, g) is isometric to either a symmetric space:
S3,H3,R3, S2 × R,H2 × R or to some 3-dimensional Riemannian Lie group.

Proof. We will prove that if (M, g) is not symmetric, that is, ∇R 6= 0, then there exists an
orthonormal frame field {e1, e2, e3} such that

∇eiej =
n∑

k=1

ckijek,

where ckij is constant for any indices i, j, k ∈ {1, 2, 3}.

First we take an orthonormal frame field {e1, e2, e3} such that

Ric(ei, ej) = δijri (4.1.6)

for any indices i, j, where r1, r2, r3 are constants and δij is the Kronecker delta. Let ckij be a
function such that

∇eiej =
n∑

k=1

ckijek.

Note that from ∇g = 0 we can obtain

ckij + cjik = 0,

and in particular it follows that
cjij = 0.

Then, (∇ei Ric)(ej, ek) is also constants and we compute

(∇ei Ric)(ej, ek) = −Ric(∇eiej, ek)− Ric(ej,∇eiek)

= −ckijrk − cjikrj

= −ckij(rk − rj). (4.1.7)

We consider separately the following three cases depending on {r1, r2, r3}.
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(1) If r1 = r2 = r3, then (M, g) is a 3-dimensional Einstein space, and hence a space of
constant curvature S3,R3 or H3. In particular, (M, g) is symmetric Riemannian space.

(2) If r1, r2, r3 are distinct, then from (4.1.7), ckij is constant if j 6= k. Moreover, it follows

that cjij = 0, and then ckij is constant for any indices i, j, k.

(3) If r1 = r2 6= r3, then from (4.1.7), c3i1 and c3i2 are constants for any index i. We will
prove that there exists an orthonormal frame field {e1, e2, e3} such that c2i1 is constant
if (M, g) is not symmetric.

First we check c231 = 0. Let τ be a scalar curvature, that is,

τ = trg Ric =
3∑

i=1

Ric(ei, ei).

Since (M, g) is homogeneous, its scalar curvature τ is constant. Moreover, from Propo-
sition 1.4.7 it follows that

dτ = 2div Ric,

and then

0 = dτ(ei) = 2
3∑

j=1

(∇ej Ric)(ei, ej) (4.1.8)

for i = 1, 2, 3. Writing (4.1.8) for i = 1, 2, 3, from (4.1.7), we obtain

(∇e3 Ric)(e1, e3) = (∇e3 Ric)(e2, e3) = (∇e1 Ric)(e3, e1) + (∇e2 Ric)(e3, e2) = 0,

that is,

c331 = c332 = c113 + c223 = 0. (4.1.9)

In particular, since c331 = c332 = 0, it follows that ∇e3e3 = 0, and the integral curves
of e3 are geodesics. Therefore, we can choose {e1, e2, e3} such that ∇e3ei = 0, that is,
c231 = 0.

Then we check c211 and c221 are constant. Here, (∇el(∇ei Ric))(ej, ek) is also constant
for any indices i, j, k, l, and we compute

(∇el(∇ei Ric))(ej, ek) = −(∇∇el
ei Ric)(ej, ek)

− (∇ei Ric)(∇elej, ek)− (∇ei Ric)(ej,∇elek)

= −
3∑

m=1

(cmli (∇em Ric)(ej, ek)

+ cmlj (∇ei Ric)(em, ek) + cmlk(∇ei Ric)(ej, em)).

(4.1.10)

Inserting (i, j, k) = (1, 2, 3) into the equation (4.1.10), we can check that

c2l1((∇e2 Ric)(e2, e3)− (∇e1 Ric)(e1, e3))
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is constant. Then c2l1 is constant if (∇e2 Ric)(e2, e3) − (∇e1 Ric)(e1, e3) 6= 0. Here we
compute

(∇e2 Ric)(e2, e3)− (∇e1 Ric)(e1, e3) = −c322(r2 − r3) + c311(r1 − r3),

and since r2 − r3 = r1 − r3 6= 0, c2l1 is constant if c311 6= c322. Moreover, inserting
(i, j, k) = (2, 2, 3) into (4.1.10), we can check that

c2l1((∇e1 Ric)(e2, e3) + (∇e2 Ric)(e1, e3))

is constant. Then c2l1 is constant if (∇e1 Ric)(e2, e3) + (∇e2 Ric)(e1, e3) 6= 0. Here we
compute

(∇e1 Ric)(e2, e3) + (∇e2 Ric)(e1, e3) = −c312(r2 − r3)− c321(r1 − r3),

and since r2 − r3 = r1 − r3 6= 0, c2l1 is constant if c312 6= −c321.
Thus we consider the case c311 = c322 and c312 = −c321. From (4.1.9), we obtain c311 =
c322 = 0. We put ϕ = c211, ψ = c122 and α = c312. Note that ϕ and ψ are functions and
α is a constant. Then ∇Ric is completely determined by the only possibly non zero
components

(∇e1 Ric)(e2, e3) = −(∇e2 Ric)(e1, e3) = α(r1 − r3).

If α = 0, then ∇Ric = 0 and (M, g) is symmetric, and then we suppose that α 6= 0.
Consider the differential systems 

e1η = ϕ,

e2η = −ψ,
e3η = − r1

2α
,

(4.1.11)

where η is some function. Then we can check that

[ei, ej]η = ei(ejη)− ej(eiη),

for all indices i, j. Hence the differential systems (4.1.11) admits a unique solution
under an initial condition η0 = η(p), where p ∈ M . For the solution η of (4.1.11), we
can construct a new orthonormal frame {ẽ1, ẽ2, ẽ3}, defined by

ẽ1 = (cos η)e1 − (sin η)e2, ẽ2 = (sin η)e1 + (cos η)e2, ẽ3 = e3, (4.1.12)

and we can check

∇ẽi ẽj =
3∑

k=1

c̃kijek,

where c̃kij is constant for all indices i, j, k. This completes the proof.

Thus, to classify all homogeneous Riemannian structure tensors on 3-dimensional homoge-
neous Riemannian manifolds, we only need to consider two cases: Riemannian symmetric
spaces and Riemannian Lie groups.
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4.2 Homogeneous structures on 3-dimensional Rieman-

nian symmetric spaces.

4.2.1 Homogeneous structures on S3

First we consider the case (M, g) is a space form. In this case, homogeneous Riemannian
structures on S3,H3,R3 are classified by Abe [1].

Theorem 4.2.1 ([1], Theorem 2.1). The 3-dimensional sphere (S3 = {(x1, x2, x3, x4) ∈ R4 |∑4
i=1 x

2
i = 1}, g) admits two types of homogeneous Riemannian structures up to isomorphism:

(1) (Sλ
1 )♭ = λdVS3 (λ ≥ 0),

(2) (Sλ
2 )♭ = dVS3 + λθ1 ⊗ (θ2 ∧ θ3) (λ 6= 0),

where dVS3 is the volume form of S3 and

θ1|q = −x2dx1 + x1dx2 + x4dx3 − x3dx4,

θ2|q = −x3dx1 − x4dx2 + x1dx3 + x2dx4,

θ3|q = −x4dx1 + x3dx2 − x2dx3 + x1dx4,

at q = (x1, x2, x3, x4) ∈ S3.

The corresponding coset space representation of Sλ
1 is

S3 ∼= SO(4)/ SO(3), (λ 6= 1, λ ≥ 0), (4.2.1)
∼= SU(2)/{Id}, (λ = 1), (4.2.2)

and the corresponding coset space representation of Sλ
2 is

S3 ∼= (SU(2)× SO(2))/ SO(2). (4.2.3)

Proof. The identity component Isom◦(S3) of the full isometry group of S3 is Isom◦(S3) =
SO(4) with Lie algebra so(4). We denote the isotropy group of SO(4) at the origin o =
(1, 0, 0, 0) ∈ S3 by H, which is isomorphic to SO(3). We take an basis {w1, . . . w6} of so(4)
given by

wi = E1,i+1 − Ei+1,1 (i = 1, 2, 3),

w4 = E4,3 − E3,4,

w5 = E2,4 − E4,2,

w6 = E3,2 − E2,3,

where Ei,j is the matrix unit of 4 × 4. Moreover we set

ui = wi+3 − wi, vi = wi+3 + wi,
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for i = 1, 2, 3. Then we obtain

[u1, u2] =2u3, [u2, u3] = 2u1, [u3, u1] = 2u2,

[v1, v2] =2v3, [v2, v3] = 2v1, [v3, v1] = 2v2,

and [ui, vj] = 0 for i, j = 1, 2, 3. Thus we obtain the direct sum as Lie algebra so(4) =
su(2)1 ⊕ su(2)2 with su(2)1 = 〈{v1, v2, v3}〉 and su(2)2 = 〈{u1, u2, u3}〉. Note that the Lie
algebra of the isotropy H is h = su(2)1 = 〈{v1, v2, v3}〉. Here, from (2.2.1) and (2.2.2), we
obtain

τ(v1) =
∂

∂x2

∣∣∣∣
o

, τ(v2) =
∂

∂x3

∣∣∣∣
o

, τ(v3) =
∂

∂x4

∣∣∣∣
o

. (4.2.4)

Let G be a connected subgroup of Isom◦(S3) = SO(4) acting transitively on S3. Note that
there are no subgroups of dimension 2 in SO(3), since SO(3) is simple. Then it follows that
dimG 6= 5. In fact, if dimG = 5, the isotropy subgroup of G has dimension 2, which is a
subgroup of SO(3). Then the possible subgroups G are as follows:

(1) dimG = 6,

(2) dimG = 4 and dim(G ∩H) = 1,

(3) dimG = 3 and dim(G ∩H) = 0.

Case (1): In this case, G = SO(4) and its Lie algebra is g = so(4). Let m be a complementary
subspace of h in g. Since h ∩ su(2)1 = {0}, we can denote m = 〈{v1 + ϕ(v1), v2 + ϕ(v2), v3 +
ϕ(v3)}〉, where ϕ : su(2)1 → h is a linear map. If g = h ⊕ m is a reductive decomposition,
then from [h,m] ⊂ m we obtain

m = mλ = 〈{v1 + (λ− 1)w4, v2 + (λ− 1)w5, v3 + (λ− 1)w6}〉, (λ ∈ R). (4.2.5)

From (3.1.3) and (4.2.4), the homogeneous Riemannian structure Sλ
1 defined by the reductive

decomposition g = h⊕mλ satisfies


(Sλ

1 ) ∂
∂x1

∂
∂x1

∣∣∣
o
= 0, (Sλ

1 ) ∂
∂x1

∂
∂x2

∣∣∣
o
= λ ∂

∂x3

∣∣
o
, (Sλ

1 ) ∂
∂x1

∂
∂x3

∣∣∣
o
= −λ ∂

∂x2

∣∣
o
,

(Sλ
1 ) ∂

∂x2

∂
∂x1

∣∣∣
o
= −λ ∂

∂x3

∣∣
o
, (Sλ

1 ) ∂
∂x2

∂
∂x2

∣∣∣
o
= 0, (Sλ

1 ) ∂
∂x2

∂
∂x3

∣∣∣
o
= λ ∂

∂x1

∣∣
o
,

(Sλ
1 ) ∂

∂x3

∂
∂x1

∣∣∣
o
= λ ∂

∂x2

∣∣
o
, (Sλ

1 ) ∂
∂3

∂
∂x2

∣∣∣
o
= − λ ∂

∂x1

∣∣
o
, (Sλ

1 ) ∂
∂x3

∂
∂x3

∣∣∣
o
= 0.

Therefore, we obtain

(Sλ
1 )♭|o = λdVS3 |o,

where dVS3 denotes the volume form of S3. Since Sλ
1 and dVS3 are SO(4)-invariant, we have

(Sλ
1 )♭ = λdVS3 .
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In addition, for an isometry ϕ, it follows that ϕ∗Sλ
1 = Sλ

1 if ϕ preserves the orientation, and
ϕ∗Sλ

1 = −Sλ
1 if ϕ changes the orientation. Therefore, Sλ

1 and Sµ
1 are isomorphic if and only

if λ = ±µ. This gives the homogeneous Riemannian structures of (1).

Case (2): In this case, dim g = 4 and dim(g∩h) = 1. According to Abe [1], for any reductive
decomposition, the corresponding homogeneous Riemannian structure is isomorphic to the
homogeneous Riemannian structure defined from

g = su(2)1 ⊕ 〈{w4}〉 = 〈{v1 + λw4, v2, v3}〉 ⊕ 〈{w4}〉, (4.2.6)

where λ ∈ R. Here m(λ) = 〈{v1 + λw4, v2, v3}〉 is the Lie subspace. Then from (3.1.3) and
(4.2.4), the homogeneous Riemannian structure Sλ

2 defined by the reductive decomposition
satisfies

(Sλ
2 )♭(X,Y, Z)|o = (dVS3 + λdx2 ⊗ (dx3 ∧ dx4))o(X,Y, Z),

at the origin o = (1, 0, 0, 0) ∈ S3. Then since both Sλ
2 and dVS3 are SU(2)-invariant, we have

(Sλ
2 )♭(X,Y, Z)|p = (dVS3 + λϕ∗dx2 ⊗ (ϕ∗dx3 ∧ ϕ∗dx4))p(X,Y, Z),

at any point p ∈ S3, where o = ϕ(p), ϕ ∈ SU(2) and ϕ∗ is the pull back of ϕ. Moreover, it
follows that

ϕ∗dx2|q = −x2dx1 + x1dx2 + x4dx3 − x3dx4,

ϕ∗dx3|q = −x3dx1 − x4dx2 + x1dx3 + x2dx4,

ϕ∗dx4|q = −x4dx1 + x3dx2 − x2dx3 + x1dx4.

Case (3): In this case, dim g = 3 and dim(g ∩ h) = 1. According to Abe [1], it follows
that g = su(2). Then the reductive decomposition is g = {0} ⊕ su(2). The corresponding
homogeneous Riemannian structure is S = ∇(−) −∇, where ∇(−) is the Cartan-Schouten’s
(−)-connection, and we obtain

S = S1
1 = dVS3 .

This completes the proof.

4.2.2 Homogeneous structures on H3

To classify all homogeneous Riemannian structures on H3, we give definitions and theorems
prooved by Azencott and Wilson.

Theorem 4.2.2 ([3], p.328 Corollary 2.6). Let M be a simply connected homogeneous Rie-
mannian space of non-positive curvature and G a connected Lie subgroup of Isom◦(M) acting
transitively on M . Then there exists a solvable Lie subgroup S of G acting simply and tran-
sitively on M .
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Definition 4.2.3 ([4], p.44 Definition 6.2). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2.
Assume that M has no Euclidean factor in its de Rham decomposition. Then a connected
Lie subgroup S ′ of Isom◦(M) is said to be a modification of S if S ′ acts simply transitively
on M and the Lie algebra s′ of S ′ is in the normalizer n(s). Here s is the Lie algebra of S.

Here the normalizer n(h) of a Lie subalgebra h⊂g is defined by

n(h) = {X ∈ g | [X,Y ] ∈ h for any Y ∈ h}. (4.2.7)

Definition 4.2.4 ([4], p.45 Definition 6.4). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2. A
solvable Lie subgroup S of Isom◦(M) is said to be in standard position if for some point
o ∈M , B(V, U) = 0 for all V ∈ [s, s]⊥ and U ∈ h, where B is the Killing form of iso(M) and
h is the isotropy algebra at o. The linear subspace [s, s]⊥ is the orthogonal complement of
[s, s] in s with respect to the inner product on s induced from the metric g. The Lie algebra
s is also called in standard position.

Theorem 4.2.5 ([4], p.48 Theorem 6.7). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2 and
has no Euclidean factor in its de Rham decomposition. The for any connected Lie subgroup
S ′ of Isom◦(M) acting simple transitively on M , there exists a unique modification S of S ′

which is in standard position.

Theorem 4.2.6 ([4], p.54 Corollary 6.10). Let (M, g) be a simply connected homogeneous
Riemannian space of non-positive curvature satisfying the assumption of Theorem 4.2.2 and
has no Euclidean factor in its de Rham decomposition. The for any connected Lie subgroups
S and S ′ of Isom◦(M) acting simple transitively on M and are in standard position. Then
there exits an element a ∈ Isom◦(M) such that aSa−1 = S ′.

Conversely, if S is in standard position, then for any a ∈ Isom◦(M), aSa−1 is in standard
position.

Let M be a simply connected homogeneous Riemannian space of non-positive curvature
satisfying the assumption of Theorem 4.2.2 and has no Euclidean factor in its de Rham
decomposition. Take a (solvable) Lie subgroup S ⊂ Isom◦(M) which is in standard position.
Then for any a ∈ Isom◦(M), the Lie algebra of aSa−1 is Ad(a)s and isomorphic to s as a
Lie algebra. Moreover s and Ad(a)s are isometric relative to the inner product induced from
(ToM, go) and (Ta·oM, ga·o). In fact, from Proposition 2.2.2 we can check that

ga·o((Ad(a)X)∗, (Ad(a)Y )∗) = gϕa(o)((ϕa)∗X
∗, (ϕa)∗Y

∗)

= go(X
∗, Y ∗),

since ϕa is isometry of (M, g). Thus the homogeneous Riemannian structures S determined
by S = S/{e} and S ′ determined by S ′ = (Ad(a)S)/{e} are isomorphic. Furtheremore if s′

is a modification of s, then Ad(a)s′ is a modification of Ad(a)s, since n(Ad(a)s) = Ad(a)n(s).
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Therefore the homogeneous Riemannian structure defined from the Lie algebra of any sub-
group of Isom◦(M) acting simply transitively on M is isomorphic to that defined from the
Lie algebra of a subgroup of Isom◦(M) which is a modification of a fixed subgroup S0 being
in standard position. In other words, it is sufficient to determine homogeneous Riemannian
structures of a fixed subgroup S0 being in standard position and its modifications.

Theorem 4.2.7 ([1], p.7 Theorem 3.1). The 3-dimensional hyperbolic space (H3 = {(x, y, z) ∈
R3 | z > 0}, g) admits two types of homogeneous Riemannian structures up to isomorphisms:

(1) (Sλ
1 )♭ = λdVH3 (λ ≥ 0),

(2) (Sλ
2 )XY = −λg(X, ξ){g(Y, η)ζ − g(Y, ζ)η} − g(X,Y )ξ + g(ξ, Y )X (λ ≥ 0),

for X,Y ∈ X (H3), where dVH3 is the volume form of H3 and η = z ∂
∂x
, ζ = z ∂

∂y
, ξ = z ∂

∂z
.

The corresponding coset space representation of Sλ
1 is

H3 ∼= SL(2,C)/ SU(2), (4.2.8)

and the corresponding coset space representation of Sλ
2 is

H3 ∼= Gλ/{Id}, (4.2.9)

where Gλ is a 3-dimensional Lie group

Gλ =

{(
et(1+λi) w

0 e−t(1+λi)

)∣∣∣∣ t ∈ R, w ∈ C
}
. (4.2.10)

Moreover H3 admits three types of homogeneous space representations: (4.2.8), (4.2.9) and

H3 ∼= (B+(2,C) · U(1))/U(1), (4.2.11)

where B+(2,C) is a 3-dimentional Lie group defined by

B+(2,C) =
{( √

z (x+ y
√
−1)/

√
z

0 1/
√
z

) ∣∣∣∣ x, y ∈ R, z > 0

}
.

From the homogeneous representation (4.2.11), the homogeneous Riemannian structure Sλ
2

is obtained.

Proof. First we realize H3 as a Hermitian matrix model. Let us denote by Her(2,C) the
space of all Hermitian 2 × 2 matrices. Then Her(2,C) is parametrized explicitly as follows:

Her(2,C) =
{
X =

(
x0 + x1 x3 −

√
−1x2

x3 +
√
−1x2 x0 − x1

) ∣∣∣∣ x0, x1, x2, x3 ∈ R
}
.

We define a basis {e0, e1, e2, e3} of Her(2,C) by

e0 =

(
1 0
0 1

)
, e1 =

(
1 0
0 −1

)
, e2 =

(
0 −

√
−1√

−1 0

)
, e3 =

(
0 1
1 0

)
.
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Let us introduce a scalar product on Her(2,C) by

〈X,X〉 = − detX.

Then Her(2,C) is identified with Minkowski 4-space E1,3 with Lorentzian metric −dx20 +
dx21 + dx22 + dx23. The hyperbolic 3-space H3 is realized as a hyperquadric

{X ∈ Her(2,C) | detX = 1, trX > 0}.

The special linear group SL(2,C) acts isometrically on Her(2,C) via the action

SL(2,C)× Her(2,C) → Her(2,C); (g,X) 7−→ gXg∗.

The isotropy subgroup of this action at the identity matrix is SU(2). The isotropy algebra
is spanned by {

√
−1e1,

√
−1e2,

√
−1e3}. The tangent space Te0H3 is identified with the Lie

subspace
m0 = Her(2,C) ∩ sl2C = Re1 ⊕ Re2 ⊕ Re3.

The representation SL(2,C)/SU(2) is a Riemannian symmetric space with Lie subspace m0.
In particular, we obtain Isom◦(H3) = SL(2,C). Note that the Lie algebra sl2C is represented
by

sl2C = mC
0 = m0 ⊕

√
−1m0, su(2) =

√
−1m0.

The Iwasawa decomposition of SL(2,C) is given by

SL(2,C) = NA · SU(2),

where

N =

{(
1 x+ y

√
−1

0 1

) ∣∣∣∣ x, y ∈ R
}
, A =

{( √
z 0
0 1/

√
z

) ∣∣∣∣ z > 0

}
.

The solvable part B+(2,C) = NA is parametrized as

B+(2,C) =
{( √

z (x+ y
√
−1)/

√
z

0 1/
√
z

) ∣∣∣∣ x, y ∈ R, z > 0

}
.

The multiplication law is described as

(x1, y1, z1)(x2, y2, z2) = (x1 + z1x2, y1 + z1y2, z1z2).

The Maurer-Cartan form of B+(2,C) is computed as

dx

z

(
0 1
0 0

)
+
dy

z

(
0

√
−1

0 0

)
+
dz

z

(
1/2 0
0 −1/2

)
.

Thus the Lie algebra b(2,C) of B+(2,C) is spanned by{(
0 1
0 0

)
,

(
0

√
−1

0 0

)
,

(
1/2 0
0 −1/2

)}
.
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Let us introduce a left invariant metric so that this basis is orthonormal with respect to
it. Then B+(2,C) is isometric to the upper half space model of H3. It should be remarked
that inner product of b(2,C) is different from the one induced from the normalized Killing
metric. Indeed, with respect to the normalized Killing metric,〈(

0 1
0 0

)
,

(
0 1
0 0

)〉
=

〈(
0

√
−1

0 0

)
,

(
0

√
−1

0 0

)〉
= 0,

〈(
1/2 0
0 −1/2

)
,

(
1/2 0
0 −1/2

)〉
=

1

4
.

Let G be a connected subgroup of Isom◦(H3) = SL(2,C) acting transitively on H3. Since
the isotropy subgroup H = SU(2) is simple, there exist three cases as in S3:

(1) dimG = 6,

(2) dimG = 4 and dim(G ∩H) = 1,

(3) dimG = 3 and dim(G ∩H) = 0.

Case (1): In this case, G = SL(2,C) and its Lie algebra is g = sl(2,C). Let m be a Lie
subspace of su(2) in g. As in S3, from [m, su(2)] ⊂ m, we can obtain

m = mλ = 〈{e1 + λ(
√
−1)e1, e2 + λ(

√
−1)e2, e3 + λ(

√
−1)e3}〉,

in other words, mλ = (1 + λ
√
−1)m0. Then the corresponding homogeneous Riemannian

structure is (Sλ
1 )♭ = λdVH3 .

Case (3): In this case, from Theorem 4.2.2 it follows that the isometry group G is a solvable
subgroup of SL(2,C). Note that dim g = 3 and its isotropy is g∩ su(2) = {0}. Then the Lie
algebra b(2,C) is in standard position. In fact, it follows that

[b(2,C), b(2,C)] =
〈{(

1
2

0
0 −1

2

)}〉
,

and then we obtain

[b(2,C), b(2,C)]⊥ =

〈{(
0 1
0 0

)
,

(
0

√
−1

0 0

)}〉
.

Then it follows that B(U, V ) = 0 for any U ∈ [b(2,C), b(2,C)]⊥ and V ∈ su(2).

Here the normalization n(b(2,C)) is

n(b(2,C)) =
{(

z w
0 −z

)∣∣∣∣ z, w ∈ C
}
. (4.2.12)
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Let s be a modification of b(2,C). Then since s ⊂ n(b(2,C)), dim s = 3 and s∩ su(2) = {0},
for some λ ∈ R it follows that

s = sλ =

{(
t(1 + λ

√
−1) w

0 −t(1 + λ
√
−1)

)∣∣∣∣ t ∈ R, w ∈ C
}
. (4.2.13)

Note that b(2,C) = s0. Here the corresponding Lie group Sλ is given by

Sλ =

{(
exp t(1 + λ

√
−1) w

0 exp(−t(1 + λ
√
−1))

)∣∣∣∣ t ∈ R, w ∈ C
}
,

and then we obtain the coset representation H3 = Sλ/{Id}. By a diffeomorphism Φ: H3 →
Sλ such that

Φ(x, y, z) =

(
e(log z)(1+λ

√
−1) x+ y

√
−1

0 e−(log z)(1+λ
√
−1)

)
,

we can identify H3 and Sλ. Then we take a left invariant orthonormal basis {ẽ1, ẽ2, ẽ3} on
H3 defined by

ẽ1 = z
∂

∂z
, ẽ2 = z cos(λ log z)

∂

∂x
+ z sin(λ log z)

∂

∂y
,

ẽ3 = −z sin(λ log z) ∂
∂x

+ z cos(λ log z)
∂

∂y
,

(4.2.14)

and we can obtain

[ẽ1, ẽ2] = ẽ2 + λẽ3, [ẽ1, ẽ3] = ẽ2 + λẽ3, [ẽ2, ẽ3] = 0. (4.2.15)

The Levi-Civita connection of Sλ is given by

∇ẽ1 ẽ1 = 0, ∇ẽ1 ẽ2 = λẽ3, ∇ẽ1 ẽ3 = −λẽ2,
∇ẽ2 ẽ1 = −ẽ2, ∇ẽ2 ẽ2 = ẽ1, ∇ẽ2 ẽ3 = 0,

∇ẽ3 ẽ1 = −ẽ3, ∇ẽ3 ẽ2 = 0, ∇ẽ3 ẽ3 = ẽ1.

(4.2.16)

The corresponding Ambrose-Singer connection is the Cartan-Schouten’s (−)-connection∇(−)

of Sλ, and we obtain the homogeneous Riemannian structure S = ∇(−) − ∇. Then from
(4.2.14), (4.2.15) and (4.2.16) we can obtain

(Sλ
2 )XY = −λg(X, ξ){g(Y, η)ζ − g(Y, ζ)η} − g(X,Y )ξ + g(ξ, Y )X (λ ≥ 0),

where η = z ∂
∂x
, ζ = z ∂

∂y
, ξ = z ∂

∂z
.

Case (2): Abe proved the following fact.

Proposition 4.2.8 ([1], p.12 Lemma 3.10). Let G be a 4-dimensional connected subgroup of
SL(2,C) acting transitively on H3, then there exists a solvable subgroup S of G and G is the
normalizer N(S) of S. Moreover there exists a ∈ Isom◦(H3) such that G = N(aB+(2,C)a−1).
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Proof. Let g be the Lie algebra of G. From Theorem 4.2.2 there exists a solvable Lie
subalgebra s ⊂ g such that dim s = 3 and su(2)∩ s = {0}. Moreover, from the discussion in
Case (2), the solvable Lie subalgebra s is represented as s = Ad(a)sλ, where a ∈ Isomo(H3)
and sλ is the Lie algebra defined by (4.2.13). Then from dim g = 4 and dim(g ∩ su(2)) = 1,
there exists v ∈ su(2) such that g = Ad(a)sλ ⊕ 〈{v}〉. It follows that Ad(a−1)g = sλ ⊕

〈{Ad(a−1)v}〉. Let Ad(a−1)v =

(
k b
c −k

)
. Then for any element

(
α w
0 −α

)
∈ sλ, we

compute[(
k b
c −k

)
,

(
α w
0 −α

)]
=

(
cw 2(αb− kw)

−2αc −cw

)
∈ Ad(a−1)g = sλ ⊕ 〈{Ad(a−1)v}〉,

and there exists

(
β z
0 −β

)
∈ sλ and s ∈ R such that(

cw 2(αb− kw)
−2αc −cw

)
=

(
β z
0 −β

)
+ s

(
k b
c −k

)
. (4.2.17)

If c = 0, it follows that Ad(a−1)v ∈ n(sλ) = n(b(2,C)), and we obtain Ad(a−1)g ⊂ n(b(2,C)).
Moreover since dimAd(a−1)g = dim n(b(2,C)) = 4, we obtain Ad(a−1)g = n(b(2,C)), that
is, g = n(Ad(a)b(2,C)).

Then we suppose that c 6= 0. Then from (4.2.17) it follows that −2αc = sc and then
−2α = s.

If λ 6= 0, then α, β /∈ R and this contradicts s ∈ R since −2α = s.

If λ = 0, then α, β ∈ R. From (4.2.17) we can obtain cw = β + sk. If we take w = 0 and
s = −2α 6= 0, then k ∈ R. However, if we take w = c̄

√
−1 and s 6= 0, it follows that k /∈ R.

This contradicts.

From these it follows that c = 0, and thus g = n(Ad(a)b(2,C)). This completes the proof.

Let g be the Lie algebra ofG. Then from Proposition 4.2.8 it follows that g = Ad(a)n(b(2,C)).
Then the isotropy algebra is Ad(a)n(b(2,C)) ∩ su(2). Let m be the Lie subspace, then we
can obtain m = Ad(a)sλ. From [m,m] ⊂ m and Proposition 3.1.3, the curvature R̃ of the
corresponding Ambrose-Singer connection ∇̃ is equal to 0. Then the corresponding homo-
geneous Riemannian structure is equal to the homogeneous Riemannian structure defined
from H3 = Sλ/{Id}. Moreover, comparing with [8, p.567], we obtain a homogeneous space
representation H3 ∼= (B+(2,C) · U(1))/U(1). This completes the proof.

4.2.3 Homogeneous structures on R3

Theorem 4.2.9 ([1], p.13 Theorem 4.1). The 3-dimensional Euclidean space (R3, g) admits
two types of homogeneous Riemannian structures up to isomorphisms:

(1) (Sλ
1 )♭ = λdVR3 (λ ≥ 0),
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(2) (Sλ
2 )XY = λg

(
X,

∂

∂x

){
g

(
Y,

∂

∂y

)
∂

∂z
− g

(
Y,

∂

∂z

)
∂

∂y

}
(λ > 0),

for X,Y ∈ X (R3), where dVR3 is the volume form of R3.

The corresponding coset space representation of Sλ
1 is

R3 ∼= SE(3)/ SO(3), (4.2.18)

and the corresponding coset space representation of Sλ
2 is

R3 ∼= G′λ/{Id}, (4.2.19)

where G′λ is a 3-dimensional Lie group

G′λ =



1 0 0 x
0 cos(λx) − sin(λx) y
0 sin(λx) cos(λx) z
0 0 0 1

 | x, y, z ∈ R

 . (4.2.20)

Moreover, R3 admits three types of homogeneous space representations: (4.2.18), (4.2.19)
and

R3 ∼= SE(2)× R/SO(2). (4.2.21)

From the homogeneous representation (4.2.21), the homogeneous Riemannian structure Sλ
2

is obtained.

Proof. The identity component Isom◦(R3) of the full isometry group of R3 is Isom◦(R3) =
SE(3) = SO(3) ⋉ R3. The isotropy subgroup of SE(3) at the origin o ∈ R3 is SO(3). The
Lie algebra se(3) of the Lie group SE(3) is represented by

se(3) =




0 −w v x
w 0 −u y
−v u 0 z
0 0 0 0


 .

We take a basis {u1, u2, u3, e1, e2, e3} of se(3) by

u1 = E32 − E23, u2 = E13 − E31, u3 = E21 − E12, e1 = E14, e2 = E24, e3 = E34.

Then we have

[u1, u2] = u3, [u2, u3] = u1, [u3, u1] = u2,

[u1, e2] = e3, [u1, e3] = −e2,
[u2, e3] = e1, [u2, e1] = −e3,
[u3, e1] = e2, [u3, e2] = −e1,
[ui, ei] = 0, [ei, ej] = 0,

(4.2.22)
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and from (2.2.1) we compute

e∗1|o =
∂

∂x
, e∗2|o =

∂

∂y
, e∗3|o =

∂

∂z
,

at the origin o = (0, 0, 0) ∈ R3. Here the isotropy algebra is so(3) = 〈{u1, u2, u3}〉.

Let G be a connected subgroup of Isom◦(R3) = SE(3) acting transitively on R3. Since the
isotropy subgroup H = SO(3) is simple, there exist three cases as in S3 and H3:

(1) dimG = 6,

(2) dimG = 4 and dim(G ∩H) = 1,

(3) dimG = 3 and dim(G ∩H) = 0.

Case (1): In this case, as in the case of S3 and H3, from [h,m] ⊂ m the Lie subspace is given
by m = mλ = 〈{e1 + λu1, e2 + λu2, e3 + λu3}〉, and the homogeneous Riemannian structures
defined from g = mλ ⊕ h is (Sλ

1 )♭ = λdVR3 .

Case (3): In this case, as in the case of H3, from Theorem 4.2.2 it follows that the isometry
group G is a solvable subgroup of SE(3), and its Lie algebra g satisfies dim g = 3 and
dim g ∩ se(3) = 0. From g ∈ se(3) = so(3) ⊕ R3 and g ∩ so(3) = {0}, we can denote
g = 〈{e1 + f(e1), e2 + f(e2), e3 + f(e3)}〉 where f : R3 → so(3) is a linear map. Since the Lie
algebra g is solvable, it follows that [f(e1), f(e2)] = [f(e2), f(e3)] = [f(e3), f(e1)] = 0, and
then we have f(e2) = sf(e1) and f(e3) = tf(e1). Moreover by linear transformation the Lie
algebra g is expressed as 〈ẽ1 + u, ẽ2, ẽ3〉, where {ẽ1, ẽ2, ẽ3} is an orthonormal basis of R3 and
u ∈ so(3). If we choose a basis ũ1, ũ2, ũ3 such that satisfies the relation (4.2.22), it follows
that g = 〈λũ1 + ẽ1, ẽ2, ẽ3〉, which is isomorphic to the Lie algebra gλ = 〈λu1 + e1, e2, e3〉
Moreover, the corresponding Lie group G′λ is given by (4.2.9). According to Abe, it follows
that the corresponding homogeneous Riemannian structure Sλ

2 is given by

(Sλ
2 )XY = λg

(
X,

∂

∂x

){
g

(
Y,

∂

∂y

)
∂

∂z
− g

(
Y,

∂

∂z

)
∂

∂y

}
.

The corresponding Ambrose-Singer connection ∇̃ = ∇ − Sλ
2 is Cartan-Schouten’s (−)-

connection of G′λ. In fact, we take left invariant orthonormal frame field {ẽ1, ẽ2, ẽ3} defined
by

ẽ1 =
∂

∂x
, ẽ2 = cos(λx)

∂

∂y
+ sin(λx)

∂

∂z
, ẽ3 = − sin(λx)

∂

∂y
+ cos(λx)

∂

∂z
. (4.2.23)

The Levi-Civita connection of Gλ is given by

∇ẽ1 ẽ1 = 0, ∇ẽ1 ẽ2 = λẽ3, ∇ẽ1 ẽ3 = −λẽ2,
∇ẽ2 ẽ1 = 0, ∇ẽ2 ẽ2 = 0, ∇ẽ2 ẽ3 = 0,

∇ẽ3 ẽ1 = 0, ∇ẽ3 ẽ2 = 0, ∇ẽ3 ẽ3 = 0.

(4.2.24)
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Moreover we can obtain ∇̃ẽi ẽj = ∇ẽi ẽj − (Sλ
2 )ẽi ẽj = 0, the Ambrose-Singer connection ∇̃ is

the Cartan-Schouten’s (−)-connection of G′λ.

Case (2): In this case, from Theorem 4.2.2, the Lie algebra g contains a Lie algebra which
is isomorphic to gλ. Then g is expressed as g = 〈λũ1 + ẽ1, ẽ2, ẽ3〉 ⊕ 〈u〉. Moreover since
g|so(3) is a subalgebra of so(3) and there are no subalgebras of dimension 2, it follows that
g = 〈λũ1 + ẽ1, ẽ2, ẽ3〉 ⊕ 〈ũ1〉. Conversely from [so(3),m] ⊂ m the Lie subspace is m = mλ =
〈λũ1 + ẽ1, ẽ2, ẽ3〉 = gλ. Hence [mλ,mλ] ⊂ mλ, the corresponding homogeneous Riemannian
structure is Sλ

2 . Moreover it follows that g = se(2)⊕R, and then we obtain the homogeneous
space representation R3 = (SE(2)× R)/SO(2). This completes the proof.

4.2.4 Homogeneous structures on S2 × R and H2 × R

Next we classify homogeneous Riemannian structures on S2×R and H2×R. First we consider
S2 × R. Let us realize the Riemannian product S2 × R as a hyperquadric

S2 × R = {(x1, x2, x3, y) ∈ R4 | (x1)2 + (x2)2 + (x3)2 = 1}

of the Euclidean 4-space R4. The metric induced from R4 coincides with the product metric
g = gS2 + dy2.

Theorem 4.2.10 ([18], Theorem 1). The Riemannian product S2 ×R admits only one type
of homogeneous Riemannian structure tensors up to isomorphism:

(Sλ)♭ = λ(dy ⊗ dVS2) (λ ≥ 0),

where dVS2 is the area form of S2 and y is the coordinate of R. The corresponding coset space
representation of each Sλ is SO(3)× R/SO(2).

Proof. The identity component Isom◦(S2×R) of the full isometry group of S2×R is Isom0(S2×
R) = SO(3) × R with Lie algebra so(3) ⊕ R. Under the hyperquadric model of S2 × R, the
isometry group SO(3) × R is identified with{(

A 0
0 et

) ∣∣∣∣ a ∈ SO(3), t ∈ R
}

⊂ GL(4,R).

We denote the isotropy subgroup of SO(3) × R at the origin o = (1, 0, 0, 0) ∈ S2 × R by H,
which is isomorphic to SO(2). Since there are no subgroups of dimension 2 in SO(3), the
connected subgroup G of Isom◦(S2×R) acting transitively on S2×R is SO(3)×R. We take
an orthonormal basis {u1, u2, u3, e} of so(3)⊕ R given by

u1 = E23 − E32, u2 = E12 − E21, u3 = E31 − E13, e = E44, (4.2.25)

where Eij is the matrix unit of 4 × 4 matrix. Then, we have

[u1, u2] = u3, [u2, u3] = u1, [u3, u1] = u2, [ui, e] = 0 (i = 1, 2, 3). (4.2.26)
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Here, the Lie algebra of H is h = 〈{u1}〉. Moreover, from (2.2.1), (2.2.2) and (4.2.25), we
have

τ(u2) =
∂

∂x2

∣∣∣∣
o

, τ(u3) = − ∂

∂x3

∣∣∣∣
o

, τ(e) =
∂

∂y

∣∣∣∣
o

. (4.2.27)

Letm be a Lie subspace of h in so(3)⊕R, thenm is expressed as 〈{u2+λ2u1, u3+λ3u1, e+λu1}〉
for λ2, λ3, λ ∈ R. Moreover, from [m, h] ⊂ m, it follows that λ2 = λ3 = 0, and therefore m is
given by

m = mλ = 〈{u2, u3, e+ λu1}〉 (λ ∈ R).

Then, from (3.1.3), (4.2.26) and (4.2.27), the homogeneous Riemannian structure Sλ defined
from the reductive decomposition so(3)⊕ R = mλ ⊕ h satisfies



Sλ
∂

∂x2

∂
∂x2

∣∣∣∣
o

= 0, Sλ
∂

∂x2

∂
∂x3

∣∣∣∣
o

= 0, Sλ
∂

∂x2

∂
∂y

∣∣∣∣
o

= 0,

Sλ
∂

∂x3

∂
∂x2

∣∣∣∣
o

= 0, Sλ
∂

∂x3

∂
∂x3

∣∣∣∣
o

= 0, Sλ
∂

∂x3

∂
∂y

∣∣∣∣
o

= 0,

Sλ
∂
∂y

∂
∂x2

∣∣∣∣
o

= λ ∂
∂x3

∣∣
o
, Sλ

∂
∂y

∂
∂x3

∣∣∣∣
o

= − λ ∂
∂x2

∣∣
o
, Sλ

∂
∂y

∂
∂y

∣∣∣∣
o

= 0.

Therefore, we obtain

(Sλ)♭|o = λ(dy ⊗ (dx2 ∧ dx3))|o = λ(dy ⊗ dVS2)|o,

where dVS2 denotes the area form of S2. Since Sλ and dy ⊗ dVS2 are (SO(3) × R)-invariant,
we have

(Sλ)♭ = λ(dy ⊗ dVS2).

In addition, for an isometry ϕ, it follows that ϕ∗Sλ = Sλ if ϕ preserves the orientation, and
ϕ∗Sλ = −Sλ if ϕ changes the orientation. Therefore, Sλ and Sµ are isomorphic if and only
if λ = ±µ. This completes the proof.

Next we determine homogeneous Riemannian structures on H2 × R. Let us realize the
Riemannian product H2 × R as

H2 × R = {(w = x+ yi, z) ∈ C× R | y > 0}

with the product metric

g = gH2 + dz2 =
1

y2
(dx2 + dy2) + dz2.
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Theorem 4.2.11 ([18], Theorem 2). The Riemannian product H2 × R of the upper half
plane model H2 of the hyperbolic plane with Poincare metric (dx2+ dy2)/y2 and the real line
(R, dz2) admits two types of homogeneous Riemannian structure tensors up to isomorphism:

(Sλ)♭ = λθ3 ⊗ (θ1 ∧ θ2) = λ(θ3 ⊗ dVH2) (λ ≥ 0),

S♭ = θ1 ⊗ (θ1 ∧ θ2) = θ1 ⊗ dVH2 ,

where θ1 = dx
y
, θ2 = dy

y
, θ3 = dz, and dVH2 is the area form of H2. The corresponding

coset space representations of Sλ and S are H2 × R = SL(2,R) × R/ SO(2) and H2 × R =
GA+(1)× R/{Id}, respectively.

Proof. The identity component Isom◦(H2 × R) of the full isometry group of H2 × R is
Isom◦(H2 × R) = SL(2,R) × R with Lie algebra sl(2,R) ⊕ R. The isometric action of
SL(2,R)× R on H2 × R is defined by((

a b
c d

)
, s

)
· (w, z) =

(
aw + b

cw + d
, z + s

)
.

Then the isotropy subgroup H of SL(2,R)× R at the origin o = (i, 0) is SO(2). Let G be a
connected subgroup of SL(2,R)×R acting transitively on H2×R, and then dimG = 4 or 3.

First, we consider the case dimG = 4. This means that G = SL(2,R)× R. We identify the
Lie group SL(2,R)× R with the linear Lie group

SL(2,R)× R =

{(
A 0
0 et

)∣∣∣∣A ∈ SL(2,R), t ∈ R
}

⊂ GL(3,R).

Moreover, we take an orthonormal basis {v1, v2, v3, e} of sl(2,R)⊕ R given by

v1 =
1

2
(E21 − E12), v2 =

1

2
(E12 + E21), v3 =

1

2
(E22 − E11), e = E33 (4.2.28)

where Eij is the matrix unit of 3 × 3 matrix. Then, we have

[v1, v2] = v3, [v2, v3] = −v1, [v3, v1] = v2, [vi, e] = 0 (i = 1, 2, 3).

Here, the Lie algebra of H is h = 〈{v1}〉. From (2.2.1), (2.2.2) and (4.2.28), we have

τ(v2) =
∂

∂x

∣∣∣∣
o

, τ(v3) = − ∂

∂y

∣∣∣∣
o

, τ(e) =
∂

∂z

∣∣∣∣
o

.

Let m be a Lie subspace of h in sl(2,R)⊕ R. As in the case of S2 × R, from [h,m] ⊂ m, the
Lie subspace m is given by

m = mλ = 〈{v2, v3, e+ λv1}〉 (λ ∈ R),

and the homogeneous Riemannian structure tensor Sλ determined by the reductive decom-
position sl(2,R)⊕ R = mλ ⊕ h satisfies

(Sλ)♭ = λ(dz ⊗ dVH2).
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For the same reason as in S2 × R, Sλ and Sµ are isomorphic if and only if λ = ±µ.

Next, we consider the case dimG = 3. In this case, the coset space representation is
H2 × R = G/{e}, and then H2 × R is identified with a Lie group G. Thus, G is isomorphic
to the solvable Lie group

H2 × R = GA+(1)× R =


y x 0
0 1 0
0 0 ez

∣∣∣∣∣∣ x, y, z ∈ R, y > 0

 ,

with the left invariant metric

g =
1

y2
(dx2 + dy2) + dz2.

We define a left invariant orthonormal vector field {e1, e2, e3} as

e1 = y
∂

∂x
, e2 = y

∂

∂y
, e3 =

∂

∂z
. (4.2.29)

Then we have

[e1, e2] = −e1, [e1, e3] = [e2, e3] = 0. (4.2.30)

Moreover, from (3.1.3) and (4.2.30), the homogeneous Riemannian structure tensor S deter-
mined by the reductive decomposition g = {0} ⊕ g satisfies

Se1e1 = e2, Se1e2 = −e1, Se1e3 = 0,
Se2e1 = 0, Se2e2 = 0, Se2e3 = 0,
Se3e1 = 0, Se3e2 = 0, Se3e3 = 0.

(4.2.31)

Thus, from (4.2.29) and (4.2.31), we obtain

S♭ = θ1 ⊗ (θ1 ∧ θ2),

where θ1 = dx
y
, θ2 = dy

y
. This completes the proof.

4.3 The classification of 3-dimensional Lie groups

In this section, we introduce the classification of 3-dimensional Riemannian Lie group given
by Milnor (see [17]).

4.3.1 Unimodularity

Let G be a Lie group with a Lie algebra g and a left invariant Riemannian metric g. We
denote by 〈·, ·〉 = gId the inner product of g induced from g. Then the Levi-Civita connection
∇ of g is described by the Koszul formula:

2〈∇XY, Z〉 = −〈X, [Y, Z]〉+ 〈Y, [Z,X]〉+ 〈Z, [X,Y ]〉, X, Y, Z ∈ g.

45



In particular, choosing an orthonormal basis {e1, . . . , en} and setting αijk = 〈[ei, ej], ek〉 it
follows that

∇eiej =
n∑

k=1

1

2
(αijk − αjki + αkij)ek. (4.3.1)

A Lie group G is said to be unimodular if its left invariant Haar measure is also right
invariant.

Lemma 4.3.1 ([17], Lemma 6.3). A connected Lie group is unimodular if and only if the
linear transformation ad(X) has trace zero for every X ∈ g.

Here ad: g → End(g) is a homomorphism defined by

ad(X)Y = [X,Y ].

Milnor gave an infinitesimal reformulation of unimodularity for 3-dimensional Lie groups in
[17]. We recall it briefly here.

Let g be a 3-dimensional oriented Lie algebra with an inner product 〈·, ·〉. Denote by × the
vector product operation of the oriented inner product space (g, 〈·, ·〉). The vector product
operation is a skew-symmetric bilinear map × : g× g → g which is uniquely determined by
the following conditions:

(i) 〈X,X × Y 〉 = 〈Y,X × Y 〉 = 0,

(ii) 〈X × Y,X × Y 〉 = 〈X,X〉〈Y, Y 〉 − 〈X,Y 〉2,

(iii) if X and Y are linearly independent, then det(X,Y,X × Y ) > 0

for all X,Y ∈ g. On the other hand, the Lie-bracket [·, ·] : g × g → g is a skew-symmetric
bilinear map. Comparing these two operations, we get a linear endomorphism Lg which is
uniquely determined by the formula

[X,Y ] = Lg(X × Y ), X, Y ∈ g.

Now let G be an oriented 3-dimensional Lie group equipped with a left invariant Riemannian
metric. Then the metric induces an inner product on the Lie algebra g. With respect to the
orientation on g induced from G, the endomorphism field Lg is uniquely determined. The
unimodularity of G is characterized as follows.

Proposition 4.3.2 ([17], Lemma 4.1). Let G be an oriented 3-dimensional Lie group with a
left invariant Riemannian metric g. Then G is unimodular if and only if the endomorphism
Lg is self-adjoint with respect to the metric.
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Proof. Let g be the Lie algebra of the Lie group G, and {e1, e2, e3} an oriented orthonormal
basis of g. Then we define a linear transformation L : g → g by

L(e1) = [e2, e3], L(e2) = [e3, e1], L(e3) = [e1, e2].

Then it follows that L(ei × ej) = [ei, ej] for all i, j, hence L(x × y) = [x, y] for all x, y ∈ g.
Let αij be

L(ei) =
3∑

j=1

αijej,

and we can check that

tr ad(e1) = −α23 + α32,

tr ad(e2) = −α31 + α13,

tr ad(e3) = −α12 + α21.

Thus g is unimodular if and only if the representation matrix (αij) is skew symmetric, in
other words, if and only if the linear transformation L is self adjoint.

4.3.2 3-dimensional unimodular Lie groups

Let G be a 3-dimensional unimodular Lie group with a left invariant metric g. Then there
exists an orthonormal basis {e1, e2, e3} of the Lie algebra g such that

[e1, e2] = λ3e3, [e2, e3] = λ1e1, [e3, e1] = λ2e2, (4.3.2)

where λi ∈ R. Three-dimensional unimodular Lie groups are classified by Milnor as follows.

Signature of (λ1, λ2, λ3) Property Simply connected Lie group
(+,+,+) simple, compact SU(2)

(+,+,−) simple, noncompact S̃L(2,R)
(+,+, 0) solvable S̃E(2)
(+,−, 0) solvable SE(1, 1)
(+, 0, 0) nilpotent Nil(3)
(0, 0, 0) Abelian R3

Table 4.1: Classification of 3-dimensional unimodular Lie groups

To describe the Levi-Civita connection ∇ of G, we define numbers c1, c2, c3 by the formula

ci =
λ1 + λ2 + λ3

2
− λi, i ∈ {1, 2, 3}. (4.3.3)

From (4.3.1) and (4.3.2), we can obtain the following proposition.
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Proposition 4.3.3 ([17], p.319). The Levi-Civita connection ∇ of the left invariant metric
g is given by

∇e1e1 = 0, ∇e1e2 = c1e3, ∇e1e3 = −c1e2,
∇e2e1 = −c2e3, ∇e2e2 = 0, ∇e2e3 = c2e1,

∇e3e1 = c3e2, ∇e3e2 = −c3e1, ∇e3e3 = 0.

Theorem 4.3.4 ([17], Theorem 4.3). Let {e1, e2, e3} be the orthonormal basis, chosen as
above, and then the Riemannian curvature R is given by

R(e1, e2)e1 = (c1c2 − λ3c3)e2, R(e1, e2)e2 = −(c1c2 − λ3c3)e1,

R(e2, e3)e2 = (c2c3 − λ1c1)e3, R(e2, e3)e3 = −(c2c3 − λ1c1)e2,

R(e1, e3)e1 = (c3c1 − λ2c2)e3, R(e1, e3)e3 = −(c3c1 − λ2c2)e1.

The basis {e1, e2, e3} diagonalizes the Ricci curvatures given by

Ric(e1, e1) = 2c2c3, Ric(e2, e2) = 2c1c3, Ric(e3, e3) = 2c1c2.

We define numbers r1, r2, r3 by

r1 = Ric(e1, e1), r2 = Ric(e2, e2), r3 = Ric(e3, e3).

Note that r1, r2 and r3 are the eigenvalues of the endomorphism R1 defined by the equation
(4.1.3).

4.3.3 3-dimensional non-unimodular Lie groups

Let G be a non-unimodular Lie group with a left invariant metric. Then the unimodular
kernel u = {x ∈ g | trace ad(x) = 0} of the Lie algebra g is 2-dimensional, unimodular and
commutative. On the Lie algebra g, we can take an orthonormal basis {e1, e2, e3} such that

(1) 〈e1, x〉 = 0 for any x ∈ u,

(2) 〈[e1, e2], [e1, e3]〉 = 0.

Then the bracket product can be expressed as

[e1, e2] = αe2 + βe3, [e1, e3] = γe2 + δe3, [e2, e3] = 0, (4.3.4)

where α + δ 6= 0 and αγ + βδ = 0. We denote by A the 2× 2 matrix such that

A =

(
α γ
β δ

)
.
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For simplicity, we make a scale change of the metric if necessary so that α + δ = 2. Then
we set

α = 1 + ξ, β = (1 + ξ)η, γ = −(1− ξ)η, δ = 1− ξ.

Then the bracket product is rewritten as

[e1, e2] = (1 + ξ)e2 + (1 + ξ)ηe3, [e1, e3] = −(1− ξ)ηe2 + (1− ξ)e3, [e2, e3] = 0. (4.3.5)

By changing the sign of e1, e2 and e3, we assume that ξ, η ≥ 0.

From (4.3.1) and (4.3.5), we can obtain following proposition.

Proposition 4.3.5. The Levi-Civita connection ∇ of the left invariant metric g is given by

∇e1e1 = 0, ∇e1e2 = ηe3, ∇e1e3 = −ηe2,
∇e2e1 = −(1 + ξ)e2 − ξηe3, ∇e2e2 = (1 + ξ)e1, ∇e2e3 = ξηe1,

∇e3e1 = −ξηe2 − (1− ξ)e3, ∇e3e2 = ξηe1, ∇e3e3 = (1− ξ)e1.

Theorem 4.3.6. The orthonormal basis {e1, e2, e3}, chosen as above, the Riemannian cur-
vature R is given by

R(e1, e2)e1 ={ξη2 + (1 + ξ)2 + ξη2(1 + ξ)}e2,
R(e1, e2)e2 =− {ξη2 + (1 + ξ)2 + ξη2(1 + ξ)}e1,
R(e2, e3)e2 ={1− ξ2(1 + η2)}e3,
R(e2, e3)e3 =− {1− ξ2(1 + η2)}e2,
R(e1, e3)e1 =− {ξη2 − (1− ξ)2 + ξη2(1− ξ)}e3,
R(e1, e3)e3 ={ξη2 − (1− ξ)2 + ξη2(1− ξ)}e1.

The basis {e1, e2, e3} diagonalizes the Ricci curvatures given by

r1 = Ric(e1, e1) = −2{1 + ξ2(1 + η2)},
r2 = Ric(e2, e2) = −2{1 + ξ(1 + η2)},
r3 = Ric(e3, e3) = −2{1− ξ(1 + η2)}.

Non-unimodular Lie algebras g = g(ξ, η) are classified by the Milnor invariant D := detA =
(1− ξ2)(1 + η2). More precisely we have the following fact (cf [17]).

Proposition 4.3.7 ([17], Lemma 4.10). For any pair of (ξ, η) and (ξ′, η′) which are not (0, 0),
two Lie algebras g(ξ, η) and g(ξ′, η′) are isomorphic if and only if their Milnor invariants D
and D′ agree.

The characteristic equation for the matrix A is λ2 − 2λ+D = 0. Thus the eigenvalues of A
are 1±

√
1−D. Roughly speaking, the moduli space of non-unimodular Lie algebras g(ξ, η)

may be decomposed into three kinds of types which are determined by the conditions D > 1,
D = 1 and D < 1.
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The simply connected Lie group G̃ = G̃(ξ, η) corresponding to the non-unimodular Lie
algebra g(ξ, η) is given explicitly by [11]:

G̃(ξ, η) =




1 0 0 x
0 α11(x) α12(x) y
0 α21(x) α22(x) z
0 0 0 1


∣∣∣∣∣∣∣∣ x, y, z ∈ R

 ,

where (
α11(x) α12(x)
α21(x) α22(x)

)
= exp

[
x

(
1 + ξ −(1− ξ)η

(1 + ξ)η 1− ξ

)]
.

This shows that G̃(ξ, η) is the semi-direct product R⋉exA R2 with multiplication

(x, y, z) · (x′, y′, z′) = (x+ x′, y + α11(x)y
′ + α12(x)z

′, z + α21(x)y
′ + α22(x)z

′).

The Lie algebra of G̃(ξ, η) is spanned by the basis

e1 =


0 0 0 1
0 1 + ξ −(1− ξ)η 0
0 (1 + ξ)η 1− ξ 0
0 0 0 0

 , e2 =


0 0 0 0
0 0 0 1
0 0 0 0
0 0 0 0

 , e3 =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 0 0

 .

This basis satisfies the commutation relation

[e1, e2] = (1 + ξ)(e2 + ηe3), [e2, e3] = 0, [e3, e1] = (1− ξ)(ηe2 − e3).

Thus the Lie algebra of G̃(ξ, η) is the non-unimodular Lie algebra g = g(ξ, η). The left
invariant vector fields corresponding to e1, e2 and e3 are

e1 =
∂

∂x
, e2 = α11(x)

∂

∂y
+ α12(x)

∂

∂z
, e3 = α21(x)

∂

∂y
+ α22(x)

∂

∂z
.

Example 4.3.8 (ξ = 0, D ≥ 1). The simply connected Lie group G̃(0, η) is isometric to the
hyperbolic 3-space H3(−1) of curvature −1 and given explicitly by

G̃(0, η) =




1 0 0 x
0 ex cos(ηx) −ex sin(ηx) y
0 ex sin(ηx) ex cos(ηx) z
0 0 0 1


∣∣∣∣∣∣∣∣ x, y, z ∈ R

 .

The left invariant metric is dx2+ e−2x(dy2+dz2). Thus G̃(0, η) is the warped product model

of H3(−1). Indeed, by setting w = ex, then the left invariant metric of G̃ is rewritten as the
Poincaré metric

dy2 + dz2 + dw2

w2
.

The Milnor invariant of G̃(0, η) is D = 1 + η2 ≥ 1.
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Example 4.3.9 (η = 0, D ≤ 1). For each ξ ≥ 0, G̃(ξ, 0) is given by:

G̃(ξ, 0) =




1 0 0 x
0 e(1+ξ)x 0 y
0 0 e(1−ξ)x z
0 0 0 1


∣∣∣∣∣∣∣∣ x, y, z ∈ R

 .

The left invariant Riemannian metric is given explicitly by

dx2 + e−2(1+ξ)xdy2 + e−2(1−ξ)xdz2.

The Milnor invariant is D = 1− ξ2 ≤ 1.

The Lie group G̃(ξ, 0) is realized as a warped product H2(−(1+ ξ)2)×fξ R of the hyperbolic
plane H2(−(1 + ξ)2) of curvature −(1 + ξ)2 and the real line R with warping function
fξ(x) = e(ξ−1)x. In fact, via the coordinate change (u, v) = ( (1 + ξ)y, e(1+ξ)x), the metric is
rewritten as

du2 + dv2

(1 + ξ)2v2
+ fξ(u, v)

2 dz2, fξ(u, v) = exp

(
ξ − 1

ξ + 1
log v

)
.

Here we observe locally symmetric examples:

• If ξ = 0 then G̃(0, 0) is a warped product model of hyperbolic 3-space H3(−1).

• If ξ = 1 then G̃(1, 0) is isometric to the Riemannian product H2(−4)× R.

Example 4.3.10 (ξ = 1, D = 0). Assume that ξ = 1. Then G̃(1, η) is given explicitly by

G̃(1, η) =




1 0 0 x
0 e2x 0 y
0 η(e2x − 1) 1 z
0 0 0 1


∣∣∣∣∣∣∣∣ x, y, z ∈ R

 .

The left invariant metric is

dx2 + {e−4x + η2(1− e−2x)2}dy2 − 2η(1− e−2x)dydz + dz2.

The non-unimodular Lie group G̃(1, η) has the sectional curvatures

K12 = −3η2 − 4, K13 = K23 = η2,

where Kij (i 6= j) denote the sectional curvatures of the planes spanned by vectors ei and
ej. The principal Ricci curvatures are

r1 = r2 = −2(η2 + 2), r3 = 2η2 ≥ 0.

Hence Ric has the form

Ric = −2(η2 + 2)g + 4(η2 + 1)θ3 ⊗ θ3.
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One can check that G̃(1, η) is isometric to the so-called Bianchi-Cartan-Vranceanu space
M3(−4, η) with 4-dimensional isometry group and isotropy subgroup SO(2):

M3(−4, η) =
(
{(u, v, w) ∈ R3 | u2 + v2 < 1}, gη

)
,

with metric

gη =
du2 + dv2

(1− u2 − v2)2
+

(
dw +

η(vdu− udv)

1− u2 − v2

)2

, η ≥ 0.

The family {G̃(1, η)}η≥0 is characterized by the condition D = 0. In particular M3(−4, η)

with positive η is isometric to the universal covering S̃L(2,R) of the special linear group

equipped with the above metric, but not isomorphic to S̃L(2,R) as Lie groups. We here note

that S̃L(2,R) is a unimodular Lie group, while G̃(1, η) is non-unimodular.

Let us note that the non-unimodular Lie algebra g(1, η) is isomorphic to the direct sum
ga(1) ⊕ R, where ga(1) is the Lie algebra of the Lie group GA+(1). Here the direct sum
ga(1)⊕ R is given explicitly by

u v 0
0 0 0
0 0 w

∣∣∣∣∣∣u, v, w ∈ R


and it is spaned by the basis

ē1 =

0 1 0
0 0 0
0 0 0

 , ē2 =

1 0 0
0 0 0
0 0 0

 , ē3 =

0 0 0
0 0 0
0 0 1

 .

Then the bracket product is expressed as

[ē1, ē2] = −ē1, [ē2, ē3] = [ē3, ē1] = 0.

One can comfirm that

ē1 7→ 2e2 + 2ηe3, ē2 =
1

2
e1, ē3 = e3

gives a Lie algebra isomorphism from ga(1)⊕ R to g(1, η).

A direct computation of ∇R yields the following result.

Proposition 4.3.11. Let (G, g) be a 3-dimensional non-unimodular Lie group and use the
notations introduced above. Then G is locally symmetric if and only if ξ = 0 or (ξ, η) = (1, 0).

4.4 Homogeneous structures on 3-dimensional Lie groups

4.4.1 Homogeneous structures on unimodular Lie groups

In this section, we classify homogeneous Riemannian structures on 3-dimensional unimodular
Lie groups. Let ∇̃ be an Ambrose-Singer connection, that is,

∇̃g = 0, ∇̃R = 0, ∇̃S = 0,
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where S = ∇̃ − ∇ and ∇ is a Levi-Civita connection of g.

Xg(Y, Z) = g(∇̃XY, Z) + g(Y, ∇̃XZ). (4.4.1)

Moreover, since ∇ is the Levi-Civita connection, it follows that

Xg(Y, Z) = g(∇XY, Z) + g(Y,∇XZ). (4.4.2)

From (4.4.1) and (4.4.2), we obtain that

0 = S♭(X,Y, Z) + S♭(X,Z, Y ). (4.4.3)

Let {θ1, θ2, θ3} be a dual basis of {e1, e2, e3} and define 1-forms ρ, σ, τ by

ρ(X) = S♭(X, e1, e2), σ(X) = S♭(X, e2, e3), τ(X) = S♭(X, e3, e1). (4.4.4)

Then S is expressed as

S♭ = 2ρ⊗ (θ1 ∧ θ2) + 2σ ⊗ (θ2 ∧ θ3) + 2τ ⊗ (θ3 ∧ θ1). (4.4.5)

Next we consider the condition ∇̃R = 0. Since G is 3-dimensional, the condition ∇̃R = 0 is
equivalent to ∇̃Ric = 0. Moreover, it is equivalent to

(∇X Ric)(Y, Z) = Ric(SXY, Z) + Ric(Y, SXZ).

From Proposition 4.3.3 and Theorem 4.3.4, we compute

(∇X Ric)(e1, e2) = −Ric(∇Xe1, e2)− Ric(e1,∇Xe2)

= −c3θ3(X)r2 + c3θ
3(X)r1

= c3θ
3(X)(r1 − r2),

(∇X Ric)(e2, e3) = −Ric(∇Xe2, e3)− Ric(e2,∇Xe3)

= c1θ
1(X)(r2 − r3),

(∇X Ric)(e3, e1) = −Ric(∇Xe3, e1)− Ric(e3,∇Xe1)

= c2θ
2(X)(r3 − r1),

and

Ric(SXe1, e2) + Ric(e1, SXe2) = −ρ(X)(r1 − r2),

Ric(SXe2, e3) + Ric(e2, SXe3) = −σ(X)(r2 − r3),

Ric(SXe3, e1) + Ric(e3, SXe1) = −τ(X)(r3 − r1).

Then the condition ∇̃R = 0 is equivalent to
(r1 − r2)(c3θ

3 + ρ) = 0,

(r2 − r3)(c1θ
1 + σ) = 0,

(r3 − r1)(c2θ
2 + τ) = 0.

(4.4.6)
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Note that 
r1 − r2 = −2c3(λ1 − λ2),

r2 − r3 = −2c1(λ2 − λ3),

r3 − r1 = −2c2(λ3 − λ1).

(4.4.7)

First, we consider the case that λ1, λ2 and λ3 are distinct.

Theorem 4.4.1 ([13], Theorem 2). The only Ambrose-Singer connection on a 3-dimensional
unimodular Lie group G with distinct structure constants is ∇̃XY = 0 for any X,Y ∈ g, and
the Ambrose-Singer ∇̃ coincides with Cartan-Schouten’s (−)-connection.

Proof. First, suppose that c1c2c3 6= 0. From (4.4.6) and (4.4.7), since λ1, λ2 and λ3 are
distinct, it follows that

ρ = −c3θ3, σ = −c1θ1, τ = −c2θ2.

Then, from (4.4.4) and (4.4.5), it follows that

S♭(X,Y, Z) = −2c3θ
3(X)(θ1 ∧ θ2)(Y, Z)− 2c1θ

1(X)(θ2 ∧ θ3)(Y, Z)− 2c2θ
2(X)(θ3 ∧ θ1)(Y, Z).

Moreover, since S = ∇̃ − ∇ and S♭(X,Y, Z) = g(SXY, Z), we obtain

∇̃eiej = 0, (i, j ∈ {1, 2, 3}). (4.4.8)

Next, suppose that c1c2c3 = 0. Without loss of generality, we can suppose that c3 = 0.
Then, if c1 = 0, it follows that λ1 = λ3 and λ2 = 0, and this contradicts the assumption that
λ1, λ2 and λ3 are distinct, and we obtain c1 6= 0. Similarly, we obtain c2 6= 0. Therefore,
from (4.4.6) and (4.4.7), we obtain

σ = −c1θ1, τ = −c2θ2. (4.4.9)

Finally, we consider the condition ∇̃S = 0. We define functions ρ1, ρ2, ρ3 by ρ = ρ1θ
1 +

ρ2θ
2 + ρ3θ

3. From (4.4.9) and S = ∇̃ − ∇, we compute

∇̃e1e1 = ρ1e2, ∇̃e1e2 = −ρ1e1, ∇̃e1e3 = 0,

∇̃e2e1 = ρ2e2, ∇̃e2e2 = −ρ2e1, ∇̃e2e3 = 0,

∇̃e3e1 = ρ3e2, ∇̃e3e2 = −ρ3e1, ∇̃e3e3 = 0.

From this and the assumption ∇̃S = 0, we compute

0 = (∇̃e1S)(e2, e2, e3)

= −S(∇̃e1e2, e2, e3)− S(e2, ∇̃e1e2, e3)− S(e2, e2, ∇̃e1e3)

= ρ1S(e1, e2, e3) + ρ1S(e2, e1, e3)

= ρ1(c1 − c2)

= −ρ1(λ1 − λ2),
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and we obtain ρ1 = 0. Similarly, we can check that ρ2 = ρ3 = 0 by computing (∇̃e2S)(e2, e2, e3)
and (∇̃e3S)(e2, e2, e3). Therefore, if c3 = 0, we can obtain

S♭(X,Y, Z) = −2c1θ
1(X)(θ2 ∧ θ3)(Y, Z)− 2c2θ

2(X)(θ3 ∧ θ1)(Y, Z),

and it follows that

∇̃eiej = 0, (i, j ∈ {1, 2, 3}). (4.4.10)

This completes the proof.

Next, we consider the case that λ1 = λ2 6= λ3 6= 0. Let λ be λ = λ1 = λ2.

Theorem 4.4.2 ([12], Theorem 8.1). (1) If λ·λ3 ≥ 0, all homogeneous Riemannian struc-
tures S on (G, g) are given by

S
(t)
♭ = 2tθ3 ⊗ (θ1 ∧ θ2)− λ3θ

1 ⊗ (θ2 ∧ θ3)− λ3θ
2 ⊗ (θ3 ∧ θ1), (4.4.11)

where t is an arbitrary constant.

(2) If λ · λ3 < 0, all homogeneous Riemannian structures S on (G, g) are following two
types;

S
(t)
♭ = 2tθ3 ⊗ (θ1 ∧ θ2)− λ3θ

1 ⊗ (θ2 ∧ θ3)− λ3θ
2 ⊗ (θ3 ∧ θ1), (4.4.12)

S
(ϕ)
♭ = 2ρ⊗ (θ1 ∧ θ2)− λ3θ

1 ⊗ (θ2 ∧ θ3)− λ3θ
2 ⊗ (θ3 ∧ θ1), (4.4.13)

where t is an arbitrary constant and

ρ =
√
−λλ3 cosϕ θ1 +

√
−λλ3 sinϕ θ2 +

λ3
2
θ3, (4.4.14)

for some function ϕ.

Proof. From the assumption λ1 = λ2 6= λ3 6= 0, it follows that

c1 = c2 =
λ3
2

6= 0.

Thus from the conditions (4.4.6) and (4.4.7), that is , ∇̃R = 0, we obtain

σ = −c1θ1, τ = −c2θ2, (4.4.15)

and the homogeneous Riemannian structure S has the form

S♭ = 2ρ⊗ (θ1 ∧ θ2)− λ3θ
1 ⊗ (θ2 ∧ θ3)− λ3θ

2 ⊗ (θ3 ∧ θ1). (4.4.16)

We consider the condition ∇̃S = 0. From (4.4.15) and S = ∇̃ − ∇, we compute

∇̃e1e1 = ρ1e2, ∇̃e1e2 = −ρ1e1, ∇̃e1e3 = 0,

∇̃e2e1 = ρ2e2, ∇̃e2e2 = −ρ2e1, ∇̃e2e3 = 0,

∇̃e3e1 = ρ3e2, ∇̃e3e2 = −ρ3e1, ∇̃e3e3 = 0.
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From these equations we also compute

∇̃Xθ
1 = (ρ(X) + c3θ

3(X))θ2,

∇̃Xθ
2 = −(ρ(X) + c3θ

3(X))θ1,

∇̃Xθ
3 = 0.

By using these equations, we obtain

∇̃XS♭ = 2(∇̃Xρ)⊗ (θ1 ∧ θ2). (4.4.17)

Hence ∇̃S = 0 if and only if ∇̃ρ = 0.

By using ρ = ρ1θ
1 + ρ2θ

2 + ρ3θ
3, ∇̃Xρ is computed as

∇̃Xρ = {(dρ1)(X)− ρ2(ρ(X) + c3θ
3(X))}θ1

+{(dρ2)(X) + ρ1(ρ(X) + c3θ
3(X))}θ2 + (dρ3)(X)θ3.

Thus the parallelism of S with respect to ∇̃ is equivalent to the differential system:

dρ1 = ρ2(ρ+ c3θ
3), dρ2 = −ρ1(ρ+ c3θ

3), dρ3 = 0. (4.4.18)

Hence ρ3 is a constant, and we put ρ3 = t.
Let us investigate the solutions {ρ1, ρ2} to this differential system. First, if both ρ1 and ρ2
are identically 0, then the pair {ρ1, ρ2} is clearly a solution to the differential system. Then
we suppose that {ρ1, ρ2} are not identically 0. The integrability condition is

(XY − Y X − [X,Y ])ρi = 0, (i = 1, 2), (4.4.19)

for any X,Y ∈ g. From (4.4.18), the integrability condition (4.4.19) is equivalent to

ρ1(X(ρ(Y ))− Y (ρ(X))− (ρ+ c3θ
3)([X,Y ])) = 0,

ρ2(X(ρ(Y ))− Y (ρ(X))− (ρ+ c3θ
3)([X,Y ])) = 0.

Then for any p ∈ G, it follows that ρ1(p) = ρ2(p) = 0 or

(X(ρ(Y ))− Y (ρ(X))− (ρ+ c3θ
3)([X,Y ]))(p) = 0. (4.4.20)

By inserting (X,Y ) = (e1, e2), (e1, e3), (e2, e3) into the equation (4.4.20), from (4.3.2) and
(4.4.18), we obtain 

ρ1(p)
2 + ρ2(p)

2 = −λλ3,
ρ1(p)(−t+ λ3

2
) = 0,

ρ2(p)(−t+ λ3

2
) = 0.

(4.4.21)

From the second and third equations of (4.4.21), if t 6= λ3

2
, it follows that ρ1 = ρ2 = 0, and

thus we have t = λ3

2
. We consider two cases: (1)λλ3 ≥ 0 or (2)λλ3 < 0.
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(1) If λλ3 ≥ 0, from the first equation of (4.4.21), for any p ∈ G it follows that ρ1(p) =
ρ2(p) = 0 or

ρ1(p)
2 + ρ2(p)

2 = −λλ3 ≤ 0.

Hence ρ1 = ρ2 = 0, and this is the solution (4.4.11).

(2) If λλ3 < 0, for any p ∈ G, it follows that ρ1(p) = ρ2(p) = 0 or

ρ1(p)
2 + ρ2(p)

2 = −λλ3 > 0.

Then from the continuity of ρ1 and ρ2, it follows that

ρ21 + ρ22 = −λλ3.

Moreover, from the smoothness of ρ1 and ρ2, these are expressed

ρ1 =
√

−λλ3 cosϕ, ρ2 =
√

−λλ3 sinϕ, (4.4.22)

for some function ϕ. Inserting these formulas into the system (4.4.18), we obtain

dϕ = −
(√

−λλ3 cosϕ θ1 +
√

−λλ3 sinϕ θ2 + λθ3
)
. (4.4.23)

Conversely let ϕ be a solution to (4.4.23). Define two functions ρ1 and ρ2 by (4.4.22),
then {ρ1, ρ2} is the solution of the system (4.4.18). This completes the proof.

Next we give the coset representation corresponding to homogeneous Riemannian structures
S(t) and S. Suppose that G is simply connected.

Theorem 4.4.3 ([12], Theorem 8.1). (1) If λλ3 > 0, that is, G ∼= SU(2), the correspond-
ing coset space representation of S(t) is

SU(2) ∼= (SU(2)× SO(2))/ SO(2) (t 6= −c3), (4.4.24)
∼= SU(2)/{Id} (t = −c3). (4.4.25)

(2) If λλ3 = 0 (i.e. λ = 0), that is, G ∼= Nil(3), the corresponding coset space representation
of S(t) is

Nil(3) ∼= (Nil(3)⋉ SO(2))/ SO(2) (t 6= −c3), (4.4.26)
∼= Nil(3)/{Id} (t = −c3). (4.4.27)

(3) If λλ3 < 0, that is, G ∼= S̃L(2,R), the corresponding coset space representation of S(t)

is

S̃L(2,R) ∼= (S̃L(2,R)× SO(2))/ SO(2) (t 6= −c3), (4.4.28)

∼= S̃L(2,R)/{Id} (t = −c3), (4.4.29)

and the corresponding coset space representation of S is

S̃L(2,R) ∼= (GA+(1)× R)/{Id}. (4.4.30)
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Proof. First we consider the homogeneous Riemannian structure S(t). From (4.4.11) and
(4.4.12), we compute

S(t)
e1
e1 = 0, S(t)

e1
e2 = −λ3

2
e3, S(t)

e1
e3 =

λ3
2
e2,

S(t)
e2
e1 =

λ3
2
e3, S(t)

e2
e2 = 0, S(t)

e2
e3 = −λ3

2
e1,

S(t)
e3
e1 = te2, S(t)

e3
e2 = −te1, S(t)

e3
e3 = 0.

Let ∇̃(t) be the Ambrose-Singer connection, that is, ∇̃(t) = ∇+S(t). Then from Proposition
4.3.3 we obtain

∇̃(t)
e1
e1 = 0, ∇̃(t)

e1
e2 = 0, ∇̃(t)

e1
e3 = 0,

∇̃(t)
e2
e1 = 0, ∇̃(t)

e2
e2 = 0, ∇̃(t)

e2
e3 = 0,

∇̃(t)
e3
e1 = (t+ c3)e2, ∇̃(t)

e3
e2 = −(t+ c3)e2, ∇̃(t)

e3
e3 = 0.

The curvature R̃(t) of the Ambrose-Singer connection ∇̃(t) is given by

R̃(t)(e1, e2)e1 = −λ3(t+ c3)e2, R̃(t)(e1, e2)e2 = λ3(t+ c3)e1, R̃(t)(e1, e2)e3 = 0,

R̃(t)(e2, e3)e1 = 0, R̃(t)(e2, e3)e2 = 0, R̃(t)(e2, e3)e3 = 0,

R̃(t)(e3, e1)e1 = 0, R̃(t)(e3, e1)e2 = 0, R̃(t)(e3, e1)e3 = 0.

Let us determine the Lie group L(t) acting isometrically and transitively on (G, g) corre-
sponding to the homogeneous Riemannian structure S(t) and its reductive decomposition
l(t) = h(t)⊕m. Here m is identified with the Lie algebra g = 〈e1, e2, e3〉 as a real vector space
equipped with an inner product.

If t + c3 = 0, then ∇̃(t)
X Y = ∇̃(−c3)

X Y = 0 for any X,Y ∈ g, and the corresponding coset
space representation to the homogeneous Riemannian structure S(t) = S(−c3) is G ∼= G/{Id}.
Hence we obtain the coset representations (4.4.25), (4.4.27) and (4.4.29).

Next we suppose t + c3 6= 0. Let e
(t)
4 = R̃(t)(e1, e2), then the holonomy algebra h(t) of

the Ambrose-Singer connection ∇̃(t) is spanned by e
(t)
4 . Thus we have l(t) = h(t) ⊕ m =
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〈e(t)4 〉 ⊕ 〈e1, e2, e3〉, and the Lie bracket [·, ·]l(t) of l(t) is defined by

[e1, e2]l(t) = −S(t)
e1
e2 + S(t)

e2
e1 − R̃(t)(e1, e2),

= λ3e3 − e
(t)
4 ,

[e2, e3]l(t) = −S(t)
e2
e3 + S(t)

e3
e2 − R̃(t)(e2, e3),

=

(
λ3
2

− t

)
e1,

[e3, e1]l(t) = −S(t)
e3
e1 + S(t)

e1
e3 − R̃(t)(e3, e1),

=

(
λ3
2

− t

)
e2,

[e1, e
(t)
4 ]l(t) = −e(t)4 (e1),

= −R̃(t)(e1, e2)e1,

= λ3(t+ c3)e2,

[e2, e
(t)
4 ]l(t) = −e(t)4 (e2),

= −R̃(t)(e1, e2)e2,

= −λ3(t+ c3)e1,

[e3, e
(t)
4 ]l(t) = 0.

Next we determine the Lie algebra l(t).

(1) When λ 6= 0, let us change the basis {e1, e2, e3, e(t)4 } to

ẽ1 = e1, ẽ2 = e2, ẽ3 = e3 −
1

λ3
e
(t)
4 , ẽ4

(t) = e3 −
1

λ3

t− λ3

2

t+ c3
e
(t)
4 .

Note that ẽ3 and ẽ4
(t) are linearly independent from λ 6= 0 and c3 =

λ1+λ2−λ3

2
= λ− λ3

2
.
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Then we obtain

[ẽ1, ẽ2]l(t) = λ3ẽ3,

[ẽ2, ẽ3]l(t) =

[
e2, e3 −

1

λ3
e
(t)
4

]
l(t)
,

=

(
λ3
2

− t

)
e1 −

1

λ3
(−λ3(t+ c3))e1,

= λe1 = λẽ1,

[ẽ3, ẽ1]l(t) =

[
e3 −

1

λ3
e
(t)
4

]
l(t)

=

(
λ3
2

− t

)
e2 +

1

λ3
λ3(t+ c3)e2,

= λe2 = λẽ2,

[ẽ1, ẽ4
(t)]l(t) =

[
e1, e3 −

1

λ3

t− λ3

2

t+ c3
e
(t)
4

]
l(t)

,

= −
(
λ3
2

− t

)
e2 −

1

λ3

t− λ3

2

t+ c3
λ3(t+ c3)e2,

= 0,

[ẽ2, ẽ4
(t)]l(t) =

[
e2, e3 −

1

λ3

t− λ3

2

t+ c3
e
(t)
4

]
l(t)

,

=

(
λ3
2

− t

)
e1 +

1

λ3

t− λ3

2

t+ c3
λ3(t+ c3)e1

= 0,

[ẽ3, ẽ4
(t)]l(t) = 0.

Hence the Lie algebra l(t) is the direct product of the Lie algebra so(2) = 〈ẽ4(t)〉 and
g = 〈ẽ1, ẽ2, ẽ3〉. Here from Table 4.1, if λλ3 > 0, g ∼= su(2) and if λλ3 < 0, g ∼= sl(2,R).
Thus we obtain the coset representations (4.4.24) and (4.4.28).

(2) When λ = 0, let us change the basis {e1, e2, e3, e(t)4 } to

ẽ1 = e1, ẽ2 = e2, ẽ3 = e3 −
1

λ3
e
(t)
4 , ẽ4

(t) =
1

t+ c3
e
(t)
4 .

Then we obtain

[ẽ1, ẽ2]l(t) = λ3ẽ3, [ẽ2, ẽ3]l(t) = 0, [ẽ3, ẽ1]l(t) = 0,

[ẽ1, ẽ4
(t)]l(t) = λ3ẽ2, [ẽ2, ẽ4

(t)]l(t) = −λ3ẽ1, [ẽ3, ẽ4
(t)]l(t) = 0.

Hence the Lie algebra l(t) is the semi-direct product of the Lie algebra so(2) = 〈ẽ4(t)〉
and g = nil3 = 〈ẽ1, ẽ2, ẽ3〉. Thus we obtain the coset representation (4.4.26).
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Finally we consider the homogeneous Riemannian structure S. From (4.4.13) and (4.4.23),
we compute

Se1e1 = ρ1e2, Se1e2 = −ρ1e1 −
λ3
2
e3, Se1e3 =

λ3
2
e2,

Se2e1 = ρ2e2 +
λ3
2
e3, Se2e2 = −ρ2e1, Se2e3 = −λ3

2
e1,

Se3e1 =
λ3
2
e2, Se3e2 = −λ3

2
e1, Se3e3 = 0,

where ρ1 and ρ2 are functions defined by (4.4.22) and (4.4.23). Then from the Proposition
4.3.3 the Ambrose-Singer connection ∇̃ of the homogeneous Riemannian structure S is given
by

∇̃e1e1 = ρ1e2, ∇̃e1e2 = −ρ1e1, ∇̃e1e3 = 0,

∇̃e2e1 = ρ2e2, ∇̃e2e2 = −ρ2e1, ∇̃e2e3 = 0,

∇̃e3e1 = λe2, ∇̃e3e2 = −λe1, ∇̃e3e3 = 0.

From these equations, we can find that ∇̃ is flat. In fact, the curvature tensor R̃ of the
Ambrose-Singer connection ∇̃ is caluculated by

R̃(e1, e2)e1 = ∇̃e1(∇̃e2e1)− ∇̃e2(∇̃e1e1)− ∇̃[e1,e2]e1

= ∇̃e1(ρ2e2)− ∇̃e2(ρ1e2)− λ3∇̃e3e1

= (dρ2)(e1)e2 + ρ2∇̃e1e2 − (dρ1)(e2)e2 − ρ1∇̃e2e2 − λ3∇̃e3e1

= −ρ21e2 − ρ1ρ2e1 − ρ22e2 + ρ1ρ2e1 − λλ3e2

= −(ρ21 + ρ22 + λλ3)e2 = 0,

R̃(e2, e3)e3 = R̃(e3, e1)e3 = 0,

and we obtain R̃ = 0.

Let us determine the Lie group L acting isometrically and transitively on (G, g) = (SL(2,R), g)
corresponding to the homogeneous Riemannian structure S and its reductive decomposition
l = h ⊕ m. Since ∇̃ is flat, the holonomy algebra h = {0}. The vector space m is identified
with the tangent space of G = SL(2,R) at the origin o. Let us choose the identity e as the
origin, and then m ∼= g. Hence we obtain l ∼= h⊕m ∼= {0} ⊕ g ∼= g. Then {e1, e2, e3} is also
basis of l, and the Lie bracket [·, ·]l of l is defined by

[e1, e2]l = (−Se1e2 + Se2e1)e = ρ1(e)e1 + ρ2(e)e2 + λ3e3,

[e2, e3]l = (−Se2e3 + Se3e2)e = 0,

[e3, e1]l = (−Se3e1 + Se1e3)e = 0.

Let us change the basis {e1, e2, e3} to

ẽ1 =
1√
−λλ3

(ρ2e1 − ρ1e2), ẽ2 =
1√
−λλ3

(ρ1e1 + ρ2e2), ẽ3 = e3,
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and we obtain

[ẽ1, ẽ2]l =
√

−λλ3ẽ2 + λ3ẽ3,

[ẽ2, ẽ3]l = 0,

[ẽ3, ẽ1]l = 0.

Thus the Lie algebra l is isomorphic to ga(1) ⊕ R, and L ∼= (GA+(1) × R)/{Id}, which is
the coset representation (4.4.30). This completes the proof.

4.4.2 Homogeneous structures on non-unimodular Lie groups

In this section, we classify homogeneous Riemannian structures on 3-dimensional non-unimodular
Lie groups. Note that we omit the same discussion as in the section 4.4.1. Let ∇̃ be an
Ambrose-Singer connection and S = ∇̃ − ∇. As in the section 4.4.1, from ∇̃g = 0, S is
expressed as

S♭ = 2ρ⊗ (θ1 ∧ θ2) + 2σ ⊗ (θ2 ∧ θ3) + 2τ ⊗ (θ3 ∧ θ1), (4.4.31)

where ρ, σ and τ are 1-forms defined by (4.4.4). From Theorem 4.3.6, the condition ∇̃R = 0
is equivalent to

0 = (r1 − r2)(ω1
2 + ρ) = {−2(1 + η2)ξ(ξ − 1)}(ω1

2 + ρ),

0 = (r2 − r3)(ω2
3 + σ) = {−4(1 + η2)ξ}(ω2

3 + σ),

0 = (r3 − r1)(ω3
1 + τ) = {2(1 + η2)ξ(ξ + 1)}(ω3

1 + τ),

(4.4.32)

where ωi
j is a 1-form defined by ωi

j(X) = g(∇Xei, ej). From the equations (4.4.32), the
following results are easily proved.

Theorem 4.4.4 ([13], Theorem 3). The only Ambrose-Singer connection on a 3-dimensional
non-unimodular Lie group G with ξ 6= 0, 1 is ∇̃XY = 0 for any X,Y ∈ g, and the Ambrose-
Singer ∇̃ coincides with Cartan-Schouten’s (−)-connection.

Thus we consider the case ξ = 0 or ξ = 1.

If ξ = 0, then (G, g) is isomorphic as Lie group and isometric to H3. Moreover, if ξ = 1 and
η = 0, then (G, g) is isomorphic as Lie group and isometric to H2 × R. Thus we suppose
that ξ = 1 and η 6= 0, that is, G ∼= GA+(1)× R.

Theorem 4.4.5 ([13], Theorem 3). The homogeneous Riemannian structures S on (G ∼=
GA+(1)× R, g) are following three types;

S
(t)
♭ = 2tθ3 ⊗ (θ1 ∧ θ2)− 2ηθ1 ⊗ (θ2 ∧ θ3)− 2ηθ2 ⊗ (θ3 ∧ θ1), (4.4.33)

S
(ϕ)
♭ = 2(ρ⊗ (θ1 ∧ θ2)− ηθ1 ⊗ (θ2 ∧ θ3)− ηθ2 ⊗ (θ3 ∧ θ1)), (4.4.34)

where t is an arbitrary constant and

ρ = 2 cosϕθ1 + 2 sinϕθ2 + ηθ3 (4.4.35)
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for a function ϕ such that

dϕ = 2 cosϕθ1 + 2(sinϕ− 1)θ2. (4.4.36)

Especially, the constant function ϕ = π
2
satisfies (4.4.36), and then the corresponding Ambrose-

Singer connection is ∇̃XY = 0 for any X,Y ∈ g.

Proof. From Proposition 4.3.5 and the assumption ξ = 1, we obtain

∇e1e1 = 0, ∇e1e2 = ηe3, ∇e1e3 = −ηe2,
∇e2e1 = −2e2 − ηe3, ∇e2e2 = 2e1, ∇e2e3 = ηe1,

∇e3e1 = −ηe2, ∇e3e2 = ηe1, ∇e3e3 = 0.

(4.4.37)

and

ω1
2 = −2θ2 − ηθ3, ω2

3 = ηθ1, ω3
1 = ηθ2. (4.4.38)

Then, from (4.4.32) and (4.4.38), it follows that

σ = −ω2
3 = −ηθ1, τ = −ω3

1 = −ηθ2, (4.4.39)

and the homogeneous Riemannian structure S has the form

S♭ = 2(ρ⊗ (θ1 ∧ θ2)− ηθ1 ⊗ (θ2 ∧ θ3)− ηθ2 ⊗ (θ3 ∧ θ1)). (4.4.40)

We consider the condition ∇̃S = 0. From (4.4.37), (4.4.40) and S = ∇̃ − ∇, we obtain

∇̃e1e1 = ρ1e2, ∇̃e1e2 = −ρ1e1, ∇̃e1e3 = 0,

∇̃e2e1 = (ρ2 − 2)e3, ∇̃e2e2 = −(ρ2 − 2)e1, ∇̃e2e3 = 0,

∇̃e3e1 = (ρ3 − η)e2, ∇̃e3e2 = −(ρ3 − η)e1, ∇̃e3e3 = 0.

(4.4.41)

From these equations we also compute

∇̃Xθ
1 = (ρ(X)− 2θ2(X)− ηθ3(X))θ2,

∇̃Xθ
2 = −(ρ(X)− 2θ2(X)− ηθ3(X))θ1,

∇̃Xθ
3 = 0.

Then the condition ∇̃S = 0 is equivalent to ∇̃ρ = 0, that is,

0 = ∇̃Xρ = {(dρ1)(X)− ρ2(ρ(X)− 2θ2(X)− ηθ3(X))}θ1

+ {(dρ2)(X) + ρ1(ρ(X)− 2θ2(X)− ηθ3(X))}θ2 + (dρ3)(X)θ3.

Thus the parallelism of S with respect to ∇̃ is equivalent to the differential system;

dρ1 = ρ2(ρ− 2θ2 − ηθ3), dρ2 = −ρ1(ρ− 2θ2 − ηθ3), dρ3 = 0. (4.4.42)
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Hence ρ3 is a constant, and we put ρ3 = t. The integrability condition of (4.4.42) is

ρ1(X(ρ(Y ))− Y (ρ(X))− (ρ− 2θ2 − ηθ3)) = 0,

ρ2(X(ρ(Y ))− Y (ρ(X))− (ρ− 2θ2 − ηθ3)) = 0.

Then for any p ∈ G, it follows that ρ1(p) = ρ2(p) = 0 or

(X(ρ(Y ))− Y (ρ(X))− (ρ− 2θ2 − ηθ3))(p) = 0. (4.4.43)

By inserting (X,Y ) = (e1, e2), (e1, e3), (e2, e3) into the equation (4.4.43), from (4.3.5) and
(4.4.42), we can obtain 

ρ1(p)
2 + ρ2(p)

2 = 4− 2η(t− η),

ρ1(p)(t− η) = 0,

ρ2(p)(t− η) = 0.

(4.4.44)

From the second and third equations of (4.4.44), if t 6= η, it follows that ρ1 = ρ2 = 0, and
thus we obtain S(t). If t = η, for any p ∈ G, it follows that ρ1(p) = ρ2(p) = 0 or

ρ1(p)
2 + ρ2(p)

2 = 4.

Then from the smoothness of ρ1 and ρ2, it follows that

ρ1 = 2 cosϕ, ρ2 = 2 sinϕ, (4.4.45)

for some function ϕ. Inserting these formulas into the system (4.4.42), we obtain the equation
(4.4.36). This completes the proof.

Next we give the coset representation corresponding to homogeneous Riemannian structures
S(t) and S(ϕ). Here we denote S(0) = S(ϕ) for ϕ = π

2
.

Theorem 4.4.6 ([13], Theorem 3). The corresponding coset space representation of S(t) is

GA+(1)× R ∼= L× SO(2)/ SO(2)

(
t 6= η +

2

η

)
, (4.4.46)

∼= L/{Id}
(
t = η +

2

η

)
, (4.4.47)

where L is a Lie group acting transitively and isometrically on GA+(1) × R and its Lie
algebra is isomorphic to sl(2,R), and the corresponding coset space representation of S(ϕ) is

GA+(1)× R ∼= GA+(1)× R/{Id}. (4.4.48)

Moreover, for any function ϕ satisfying the equation (4.4.36), the homogeneous Riemannian
structure S(ϕ) is isomorphic to S(0).
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Proof. First we consider the homogeneous Riemannian structure S(t). From (4.4.33), we
compute

S(t)
e1
e1 = 0, S(t)

e1
e2 = −ηe3, S(t)

e1
e3 = ηe2,

S(t)
e2
e1 = ηe3, S(t)

e2
e2 = 0, S(t)

e2
e3 = −ηe1,

S(t)
e3
e1 = te2, S(t)

e3
e2 = −te1, S(t)

e3
e3 = 0.

Let ∇̃(t) be the Ambrose-Singer connection corresponding to S(t), then fom Proposition 4.3.5
we obtain

∇̃(t)
e1
e1 = 0, ∇̃(t)

e1
e2 = 0, ∇̃(t)

e1
e3 = 0,

∇̃(t)
e2
e1 = −2e2, ∇̃(t)

e2
e2 = 2e1, ∇̃(t)

e2
e3 = 0,

∇̃(t)
e3
e1 = (t− η)e2, ∇̃(t)

e3
e2 = −(t− η)e1, ∇̃(t)

e3
e3 = 0.

The curvature R̃(t) of the Ambrose-Singer connection ∇̃(t) is given by

R̃(t)(e1, e2)e1 = (4− 2η(t− η))e2, R̃(t)(e1, e2)e2 = −(4− 2η(t− η))e1, R̃(t)(e1, e2)e3 = 0,

R̃(t)(e2, e3)e1 = 0, R̃(t)(e2, e3)e2 = 0, R̃(t)(e2, e3)e3 = 0,

R̃(t)(e3, e1)e1 = 0, R̃(t)(e3, e1)e2 = 0, R̃(t)(e3, e1)e3 = 0.

Let us determine the reductive decomposition l(t) = h(t) ⊕ m corresponding to the homoge-

neous Riemannian structure S(t). If t = η + 2
η
, then R̃(t) = R̃(η+ 2

η
) = 0 and the holonomy

algebra h(η+
2
η
) = {0}. Then the Lie bracket [·, ·]

l
(η+ 2

η ) is defined by

[e1, e2]
l
(η+ 2

η ) = (−S(η+ 2
η
)
e1e2 + S(η+ 2

η
)
e2e1)e = 2ηe3,

[e2, e3]
l
(η+ 2

η ) = (−S(η+ 2
η
)
e2e3 + S(η+ 2

η
)
e3e2)e = −2

η
e1,

[e3, e1]
l
(η+ 2

η ) = (−S(η+ 2
η
)
e3e1 + S(η+ 2

η
)
e1e3)e = −2

η
e2.

Thus the signature of the structure constants is (+,−,−), and we obtain L(η+ 2
η
) ∼= SL(2,R)

from the Table 4.1 and the coset representation (4.4.47).

Next we consider the case t 6= η + 2
η
. Let e

(t)
4 = R̃(t)(e1, e2), then we have l(t) = h(t) ⊕ m =
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〈e1, e2, e3〉 and the Lie bracket [·, ·]l(t) of l(t) is defined by

[e1, e2]l(t) = −S(t)
e1
e2 + S(t)

e2
e1 − R̃(t)(e1, e2),

= 2ηe3 − e4,

[e2, e3]l(t) = −S(t)
e2
e3 + S(t)

e3
e2 − R̃(t)(e2, e3),

= (η − t)e1,

[e3, e1]l(t) = −S(t)
e3
e1 + S(t)

e1
e3 − R̃(t)(e3, e1),

= (η − t)e2,

[e1, e
(t)
4 ]l(t) = −e(t)4 (e1),

= −R̃(t)(e1, e2)e1,

= −(4 + 2η(η − t))e2,

[e2, e
(t)
4 ]l(t) = −e(t)4 (e2),

= −R̃(t)(e1, e2)e2,

= (4 + 2η(η − t))e1.

Let us change the basis {e1, e2, e3, e(t)4 } to

ẽ1 =
1

2
e1, ẽ2 =

1

2
, ẽ3 =

1

4
(2ηe3 − e4),

ẽ4
(t) =

1

4

(
2ηe3 −

2η(η − t)

4 + 2η(η − 2)
e4

)
.

Then we obtain

[ẽ1, ẽ2]l(t) = ẽ3, [ẽ2, ẽ3]l(t) = −ẽ1, [ẽ3, ẽ1]l(t) = −ẽ2,
[ẽ1, ẽ4

(t)]l(t) = [ẽ2, ẽ4
(t)]l(t) = [ẽ3, ẽ4

(t)]l(t) = 0.

Hence the Lie algebra l(t) is the direct sum of the Lie algebra so(2) = 〈ẽ4(t)〉 and g =
sl(2,R) = 〈e1, e2, e3〉. Thus we obtain the coset representation (4.4.46).

Finally we consider the homogeneous Riemannian structure S(ϕ). From (4.4.34) and (4.4.36)
we compute

Se1e1 = ρ1e2, Se1e2 = −ρ1e2 − ηe3, Se1e3 = ηe2,

Se2e1 = ρ2e2 + ηe3, Se2e2 = −ρ2e1, Se2e3 = −ηe1,
Se3e1 = ηe2, Se3e2 = −ηe1, Se3e3 = 0,

where ρ1 and ρ2 are functions defined by (4.4.36) and (4.4.45). Then from the Proposition
4.3.5 the Ambrose-singer connection ∇̃(ϕ) of the homogeneous Riemannian structure S(ϕ) is
given by

∇̃(ϕ)
e1
e1 = ρ1e2, ∇̃(ϕ)

e1
e2 = −ρ1e1, ∇̃(ϕ)

e1
e3 = 0,

∇̃(ϕ)
e2
e1 = (ρ2 − 2)e2, ∇̃(ϕ)

e2
e2 = −(ρ2 − 2)e1, ∇̃(ϕ)

e2
e3 = 0,

∇̃(ϕ)
e3
e1 = 0, ∇̃(ϕ)

e3
e2 = 0, ∇̃(ϕ)

e3
e3 = 0.
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From these equations, we can find ∇̃(ϕ) is flat. In fact, the curvature tensor R̃ of the
Ambrose-Singer connection ∇̃(ϕ) is caluculated by

R̃(e1, e2)e1 = ∇̃(ϕ)
e1

(∇̃(ϕ)
e2
e2)− ∇̃(ϕ)

e2
(∇̃(ϕ)

e1
e1)− ∇̃(ϕ)

[e1,e2]
e1,

= ∇̃(ϕ)
e1

((ρ2 − 2)e2)− ∇̃(ϕ)
e2

(ρ1e2)− 2∇̃(ϕ)
e2
e1 − 2η∇̃(ϕ)

e3
e1,

= (dρ2)(e1)e2 + (ρ2 − 2)∇̃(ϕ)
e1
e2 − (dρ1)(e2)e2 − ρ1∇̃(ϕ)

e2
e2 − 2(ρ2 − 2)e2,

= −(ρ21 + ρ22 − 4)e2 = 0,

R̃(e2, e3)e2 = R̃(e3, e1)e3 = 0,

and we obtain R̃ = 0. Then the holonomy algebra h(ϕ) = 0, and the Lie bracket [·, ·]l(ϕ) is
defined by

[e1, e2]l(ϕ) = ρ1e2 + ρ2e1 + 2ηe3, [e2, e3]l(ϕ) = [e3, e1]l(ϕ) = 0.

Let us change the basis {e1, e2, e3} to

ẽ1 = ρ1e1 − ρ2e2, ẽ2 = ρ2e1 + ρ1e2, ẽ3 = e3,

and we obtain

[e1, e2]l(ϕ) = 2ẽ2 + 4ηẽ3, [e2, e3]l(ϕ) = [e3, e1]l(ϕ) = 0.

Thus the Lie algebra l(ϕ) is isomorphic to ga(1)⊕ R and we obtain the coset representation
(4.4.48). This completes the proof.

4.5 The classifications of homogeneous representations

At the end of this thesis we give the tables of homogeneous space representations of 3-
dimensional Riemannian manifolds by using the results in section 4.2 and section 4.3.
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dimG G/H Homogeneous structures
S3 6 SO(4)/SO(3) λdVS3 (λ 6= 1, λ ≥ 0)

4 (SU(2)× SO(2))/SO(2) dVS3 + λθ1 ⊗ (θ2 ∧ θ3)
3 SU(2)/{Id} dVS3

H3 6 SL(2,C)/SU(2) λdVS3 (λ ≥ 0)
4 B+(2,C) · U(1)/U(1) Sλ

2 (λ ≥ 0)
3 Gλ/{Id} Sλ

2 (λ ≥ 0)
R3 6 SE(3)/SO(3) λdVR3 (λ ≥ 0)

4 (SE(2)× R)/SO(2) Sλ
2 (λ ≥ 0)

3 G′λ/{Id} Sλ
2 (λ ≥ 0)

S2 × R 4 (SO(3)× R)/SO(2) λ(dy ⊗ dVS2)(λ ≥ 0)
H2 × R 4 (SL(2,R)× R)/SO(2) λ(θ3 ⊗ dVH2)(λ ≥ 0)

3 (H2 × R)/{Id} θ1 ⊗ dVH2

Table 4.2: Homogeneous structures of 3-dimensional symmetric spaces

Metric dimG G/H Homogeneous structures

SU(2) λ1 = λ2 6= λ3 4 (SU(2)× SO(2))/SO(2) S(t) (t 6= −c3)
λ1 = λ2 6= λ3 3 SU(2)/{Id} S(−c3) = ∇(−) −∇

λ1 6= λ2 6= λ3 6= λ1 3 SU(2)/{Id} S(−c3) = ∇(−) −∇
SL(2,R) λ1 = λ2 4 (SL(2,R)× SO(2))/SO(2) S(t) (t 6= −c3)

λ1 = λ2 3 SL(2,R)/{Id} S(−c3) = ∇(−) −∇
λ1 = λ2 3 (GA+(1)× R)/{Id} S(ϕ)

λ1 6= λ2 3 SL(2,R)/{Id} S(−c3) = ∇(−) −∇
E(2) λ1 6= λ2 3 E(2)/{Id} ∇(−) −∇
E(1, 1) 3 E(1, 1)/{Id} ∇(−) −∇
Nil(3) 4 (Nil(3)⋉ SO(2))/SO(2) S(t) (t 6= −c3)

3 Nil(3)/{Id} S(−c3) = ∇(−) −∇

Table 4.3: Homogeneous Riemannian structures of 3-dimensional unimodular Lie groups

Metric dimG G/H Homogeneous structures

GA+(1)× R ξ = 1, η 6= 0 4 (SL(2,R)× SO(2))/SO(2) S(t) (t 6= η + 2
η
)

ξ = 1, η 6= 0 3 (GA+(1)× R)/{Id} Sϕ

ξ = 1, η 6= 0 3 SL(2,R)/{Id} S(η+ 2
η
) = ∇(−) −∇

G(ξ, η) ξ 6= 0, 1 3 G(ξ, η)/{Id} ∇(−) −∇

Table 4.4: Homogeneous Riemannian structures of 3-dimensional unimodular Lie groups
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