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1 Introduction

The Dwork family is the one-parameter family of hypersurfaces of the pro-
jective space P"~! given by the homogeneous equation

XP 4+ X0 —nAX; - X, =0 (1.1)

where ) is a parameter. The name “Dwork family” comes from the fact that
Bernard Dwork preferred to use this family in his study on the Frobenius
actions of algebraic families over a finite field (cf. [Kat09]).
In his paper [Kat09], Katz introduces a generalization of the Dwork
family
7:X — Al — g

defined by the homogeneous equation
wi X{ 4w, XTI — X X =0, (1.2)

where wy,...,w, and d are positive integers such that ) ! ; w; = d and
ged(wi, ..., wy) = 1. The group Ty = {(C1,...,¢n) € pa | G-+ ¥ =1}
acts on the equation (1.2) in a natural way (see §4.2), and this action induces
the eigendecomposition of the primitive part of the f-adic sheaf R" 2, Q.
Then he proves that each component is isomorphic to a hypergeometric
sheaf.

Katz also discusses the Picard-Fuchs equations on the de Rham coho-
mology group. Thanks to the result on the f-adic sheaves, it follows that
each eigencomponent of the de Rham cohomology group is isomorphic to
a hypergeometric D-module. However, it is more delicate to determine
the Picard-Fuchs equations (Remark 4.7). Katz computes the Picard-Fuchs
equation of a holomorphic form which is invariant under the action by 'y
([Kat09, §8]). This is done by computing the period of integral along a cer-
tain homology cycle. However, it seems difficult to extend this argument to
other cohomology classes. A general method to compute the Picard-Fuchs
equation of a cohomology class is the Griffiths-Dwork method [CK, §5.3].
This usually works well only when the defining equation is provided indi-
vidually (namely the degree and exponents of the equation are particular
numbers), and this seems not useful in our setting. To the best knowledge
of the author, the Picard-Fuchs equations of the family (1.2) have not been
determined completely.

The aim of this paper is to determine the Picard-Fuchs equations of
the family (1.2) for all components. The main result is Theorem 4.11 (or
equivalently Theorem 4.14). For the proof, we use the technique of [Géh,
Lemma 2], while we employ Katz’s results in [Kat09] in several places.

In §5, we give an application to p-adic cohomology. In his paper [Klo],
Kloosterman computes the matrix A(\) describing the Frobenius action on
the de Rham cohomology of certain families including the Dwork family



without computing Picard-Fuchs equations (the method used in [Klo] is of-
ten called the deformation method, we refer the reader to [Ger] for an expo-
sition in the term of the relative rigid cohomology). We give an alternative
proof for computing A(\) using Picard-Fuchs equations.
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2 Hypergeometric D-modules and hypergeometric
Q/-sheaves

2.1 Definition and properties of the hypergeometric D-modules

Throughout this paper, we identify an Os-quasi coherent Dg-module with
global sections of it for a smooth affine variety S over a field of characteristic
zero, where we note that a smooth affine variety is known to be D-affine
[HTT, Definition 1.4.2, Proposition 1.4.3].

On the multiplication group G, c = Spec C[t,¢~!] we denote the deriva-
tion d/dt by 0, and put D; := td;. As mentioned above, we identify the
sheaf Dg,, . with C[t, t=1, Dy).

Definition 2.1. Let m > 1 be an integer and let aq,...,an,B1,..., By be
complex numbers. The differential operator

n

[T+ 8= 1) =t [[(D: + ) (2.1)

i=1 i=1
on Gy, c is called a hypergeometric operator (of type (n,n)). o, B; are
called parameters and we denote the hypergeometric operator of parameters
alv"wan?ﬁla”wﬁn as

a, ..., «
Hyp( 1 n’t> or Hyp(Oél,;aYHﬂl?’Bn’t)
517 R 5”
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We call the left D-module Dg,, . /Dg,, cHyp(a1, . .., an; b1, .- ., Buit) the
hypergeometric D-module and we denote it by

H(Zi: :::: gz) OTH(al"”7an;/81""’/8n).

We also use the notation by lists. For two lists of complex numbers a =

(a1, an),8=(B1,...,0n) wewrite H(a, ..., an; B1,...,0n) as H(a; B).

Remark 2.2. (1) The hypergeometric D-module does not depend on the or-
derings of the parameters since differential operators of the form D; +
a (a € C) are commutative with each other.

(2) Our definition of hypergeometric operators and hypergeometric D-modules
slightly differs from the definition in [Kat90, Chap. 3].

The hypergeometric D-module H(a1,...,an;P1,...,0,) of type (n,n)
has only singularities at t = 0, 1, co and every points are regular. We use the
same symbol for the restriction of H (o, ..., an;f1,...,0n) to Gy c — {1}

Definition 2.3. For a hypergeometric differential operator

n

Hyp(ah)anaﬂlvwg’lht) :H(Dt+/81_ 1) _tH(Dt+al)

i=1 i=1
whose parameters (ay, -+ ,Qpy -+ ,ap; By Bry -+, Bn) are ordered so that
a; = Bimod Z for all ¢ > r and o; # B; mod Z for all i,j < r, we define
the cancel operation as

Cancel Hyp(ala )an;ﬂlf” 7ﬂnat) = H?/P(alv"‘ 7057";/817”' 7/87‘at)

We also define

Cancel %(alv"' aan;lg17"' 7/8n) = %(alv"' 7a7“;517"' aﬁ?“)'

We say two lists (a1, ..., a,) and (81, ..., ) are disjoint if a; # 3; mod
Z for every 1, j.

Theorem 2.4 ([Kat90, Corollary 3.2.1]). The hypergeometric D-module
H(a; B) given by two lists o, B is irreducible if and only if o and B are
disjoint.

Corollary 2.5. Cancel H(«;3) is irreducible.

The monodromy actions of hypergeometric differential equations are
well-known.

Theorem 2.6 ([BH]). Let (a1, ...,an), (51, .., 0n) be disjoint lists of com-
plex numbers.



(1) The local exponents of H(au, ... ,an;B1,. .., Bn) are
1—081,...,1 =08, (t=0)

at,...,qn  (t=00)
n n
0,1,...,n=2,> Bi=> a;—1 (t=1).
=1 =1

(2) The local monodromy of H(a, ..., an;B1,...,0n) att =1 is a pseudo-
reflection i.e. 1 is an eigenvalue with multiplicity n — 1 of the mon-
odromy action att = 1.

The hypergeometric D-modules are “rigid”, these can be characterized
by local monodromies as follows.

Theorem 2.7 ([Kat90, Theorem 3.5.4]). Let F,G be O-coherent irreducible
D-modules on Gy, — {1} of the same rank n > 1. Then F and G are
isomorphic if F and G satisfy the following conditions.

(1) The local monodromies at 1 of both F and G are pseudo-reflections.

(2) F and G have the same characteristic polynomials of local monodromies
at 0 and oo.

For any differential operator L = Y fi(t)0; (fi(t) € Clt,t71]), we
define the adjoint of L by L* = Y"1 (=, fi(t).
The dualizing functor

DM* := RHomp, (M*, Dg,, o) ®og, wéiyc[l]
where WG,, ¢ 18 the right Dg

into DGm,C/DGm,CL*'
If we write (—1 —aq, -+ ,—1 — ay) as —1 — ¢, we can check that

DH(auﬂ) = DGmyc/DGm’CHyp(aHB)* = H<_]‘ - Qg —-1- B)

by direct computation.

-module Qé’m,@ /C transforms Dg,, ./ Dg,, L

m,C m,C

2.2 Convolution theorem of the hypergeometric D-modules

Definition 2.8. Let p1,p2 : Gy, c X Gy, — Gy c be the projections and let
T : Gy e X Gy — Gy c be the multiplication map.
We define the exterior product X and multiplicative convolutions * and
x1 as follows.
MXN :=piM ®0s,, cxep e ps N

M %« N := Rm,(M X N)
M+ N := Rm(MXN)=DoRn,oD(MKX N).



For two lists & = (a1, ,ap), @’ = (af, -+ ,al,), (a,a’) denotes the
connected list (o, ,apn, o), -+, al,).

Theorem 2.9 ([Kat90, Theorem 5.3.2]). Let o, 3 (resp. o',3') be lists
of complex numbers of length n (resp. of length m) such that (o, a’) and
(8,0’ are disjoint. Then

H(a; B) * H(e; B) = H((a, &); (B, 87)).
Proposition 2.10. Let o, 3,0/, 3 be lists as in the previous theorem. Then
H(o; B) « H(a'; ) = H(e; B) = H(a'; B').

Proof. From the result on constructible sheaves [HTT, Proposition 4.5.9.
(iii)] and the Riemann-Hilbert correspondence, we have the isomorphism

D(M K N) = DM K DN

for regular holonomic D-modules M and N.
Therefore

H(e, B) 1 H(e, B') =D o Rmy o D(H(ex, B) K H(ex, B))
2D(H(-1—-a;~-1-B)xH(-1-a;-1-8))
=DH((~-1—a,~1-a);(-1-8,-1-3)
= H((e,@'); (B,8))
= H(a, B) x H(a', B).

2.3 Hypergeometric Q,-sheaves

We recall the definition of the hypergeometric sheaves (c.f. [Kat90, 8.17],
[Kat09, §4]).

Fix an integer N > 1 and a prime number ¢ . Put

o ®n(X) := the N-th cyclotomic polynomial,

e Ry i= Z[1/N{[X]/(@x(X)),

o un(Rpy) := the group of N-th roots of unity in Ry.

Let x : un(Ry) — Q, be a character. The N-th power endomorphism on
Gm,ry induces the group homomorphism py : 71 (G, gy ) = v (Rn). The
rank one lisse sheaf £, corresponding to the continuous character x o py :
T (Gm,ry) — Q, is called the Kummer sheaf.



For two Q,-characters x, p of uy(Ry) we define the lisse sheaf H(x;p)
on Gy, ry — {1} by

’H(X; p) = ﬁX ® [t — 1 — ﬂ*‘c(P/X)
where [t — 1 — ¢]* means the pullback by the morphism

Gm,ry — {1} = Gm Ry
t—1-—1t.

We regard H(x; p) as a Qg-sheaf on G,, g, by extending by zero.

We define the multiplicative convolution *; of constructible sheaves sim-
ilarly to Definition 2.9.

Let x = (x1,---,Xxn) and p = (p1,...,pn) be (non-empty) lists of @Z—
valued characters of uy(Ry). We say x and p are disjoint if x; # p; for
any i, j.

When x and p are disjoint, the object

/H(le pl)[l] X H(Xna pn)[l]

of DY(Gy ry,Qy) is of the form F[1] for some sheaf F on Gy, g, [Kat90,
8.17.11]. We write this sheaf F as H(x1,---,Xn;P1,---,Pn) OF H(X;P)-

Remark 2.11. H(x; p) is depend on the orderings of characters opposite to

that the canonical twist H"(x;p) which will be defined in §4.3, is not
depend on the orderings of characters.

2.4 Comparison between hypergeometric D-modules and hy-
pergeometric Q,-sheaves

Fix embeddings Ry — Q, < C.

For a scheme X of finite type over C, we denote X%" the analytic space
consist of rational points X (C) and the usual topology, and let X be the
site given by local isomorphisms U — X%*. Let us denote by the same
symbol X" the site of open sets of the analytic space X%'. Then the
natural morphism X — X gives an equivalence of topoi [SGA4, Exposé
XI, 4].

For the étale site X, there exists the natural morphism

€: X — Xet
and this induces the analytification functor
€ 1 DY(Xer, Q) — DY(X™ Q)

(c.f. [BBD, §6)).



Assume that X is connected. Let F be a lisse sheaf corresponding to a
continuous representation pr : 7 (X) — GL,(Q,). Then the analytification
€*F is the local system corresponding to the representation of the topological
fundamental group

mP(X) = mP(Xm) D m(X) 5 GLn(Qy).
In particular the analytification of the Kummer sheaf £, on G, c asso-
ciated with a character x : uy(C) — Q, is the local system of the represen-

tation
M7 (Cac) =Z—Q;
1+ x(1).

By the definition of H(x; p) and Theorem 2.6, Theorem 2.7 we have the
following.

Proposition 2.12. Let p : G,,c — Gy gy be the projection along the
embedding Ry — C we have fized. For two distinct Q,-characters x,p of
w(Ry), choose a rational number o (resp. ) such that

{(P(1) = exp(=2nv/=Ta)  (resp. o(x(1)) = exp(2rv/=1(1 - §)).
Then e*p*H(x; p)®,C is isomorphic to the local system of the hypergeometric
D-module H(a; ).

Theorem 2.13. Let x = (x1,---,Xn) and p = (p1,...,pn) be disjoint lists
of characters of un(Ry). Choose lists of rational numbers o = (aq, ..., ap),
B = (S1,...,0n) as in the previous proposition.

e p*H(x; p) ®, C is isomorphic to the local system of the hypergeometric
D-module H(e; B).

Proof. Since p* and €* are compatible with the convolution * [SGA5, Exposé
VI, (2.2.3)], [BBD, 6.1.2. (C")], if we write the local system associated with

H(ay; i) as H(a; Bi),
Ep H(x; p)[1] @ C = " p™H(xa, p1)[1] *1 -+ %1 € D" H(xXn, pn)[1] ® C
>~ H(ag, f1)[1] %1 -+ x H(am, Bn)[1]-

a and @ are disjoint because x and p are disjoint. Hence we conclude
the theorem from the Riemann-Hilbert correspondence and Theorem 2.9,
Proposition 2.10. 0

3 Jacobian rings and Picard-Fuchs equations of
hypersurfaces

In this section K denotes a field of characteristic zero.



3.1 Jacobian rings of hypersurfaces

Let Y be a nonsingular hypersurface of the projective space IP”}{l given by a
homogeneous polynomial @ € S := K[X7,...,X,] of degree d. The graded

o) 20

ring

is called the Jacobian ring. We will write the homogeneous part of degree
N of a homogeneous ring R as RY.
The natural morphism of complexes

Qi (n=p)Y)[=(n = 1)] = Qs _y

induces the morphism

sPm e BB Qnl (n - p)Y)) — Hig ' (B - Y). (3.)

Theorem 3.1 ([Gri]). Put Q = 3", (—1) T X;dX 1 A+ AdX; A~ AdX,,.
The map (3.1) induces the isomorphism
RETM 2 Grp PHIR (P - Y)
A
where F' denotes the Hodge filtration on Hgle(IP’”*l -Y).
Furthermore, we have the relation
A 0Q 0A

pApx, X,
o 0= or (3.2)

as cohomology classes.

Theorem 3.2. The residue map induces an isomorphism onto the primitive
part

Res : Grn PH L (P! — V) = H" PP~ (V) i
3.2 Picard-Fuchs equations of a family of projective hyper-
surfaces

Let S be a smooth connected affine variety over K and let f : X — S be
a smooth K-morphism. Then R’ J5 /s is endowed a Dg-module structure
by the Gauss-Manin connection [KO]

VM R £0% g = R O% /5 © Qg
For w € H}z(X/S), a differential operator P € Dg which satisfies
Pw=20

is called a Picard-Fuchs equation of w.
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Theorem 3.3. Let d > n > 3 be integers.
For wi = (wij), ., Win = (W) € {(w))j=1,.n € ZL¢ | 25w; = d},
put

m
Qri= > NXPd - X2 € K[\, Aml[X1, ., Xa.
i=1
Assume that the family of hypersurfaces of P"~1 = Proj K[X1,..., X,]
defined by Q) is smooth on an affine open subset U C A™ = Spec K[A1, ..., A\m],
we write this smooth family as X/U.
Let vy,...,v, be positive integers such that > | v; is divided by d and
deg := (31 vi)/d Sl n.
v1— vp—1
Then w = 2 Xa" de)g(n
@\
system given by the matrix

Q € HIZ' (PPt — X)/U) satisfies the GKZ

w11 Wm1
¢ t )
A:(Wla"'a Wm) =
Win -+ Wmn
and the parameter vector 3 =*(vy,...,vy,), that is

{((Zznl wl]Dl) - Uj)w =0 (.7 =1,...,n, 0; = 8/6)‘“ D; = )\zal)
(11,50 o — [11.<o M w=0 (i) € A:={(L)€Zm|Y,;lwy=0,Vj}).

Proof. If we put It =37, (ol and I- = =3, (1; for an element (/;) € A,
then I =1~ since d) ", l; = Zj > wisli = 0.
Thus
H 8?' w
;>0
t—1 (X1 >0 liwi)+v1—1 (X1 50 liwin)+vn—1
I+ X ? . XTL i
- <_1) H (deg +k) ! Qdeg+l+ Q
k=0 A
=1 (=221 <o liwsn)+v1—1 (=221 <o liwin)+vn—1
- X, “h X
_ l 1 n
= (=" [ J] (deg+k) e 0
k=0 A
= H 8l-_li w.

1;<0

11



By the relation (3.2)

Xt wintun—1

(i ’u)ijDi) w = —deg i wiiA dog 11 Q
i=1

i=1 A
Q) X1 xpn—l
. deg +1

0X; Q5

vi—1 vp—1
= —v;

= —deg X

deg
A

O

4 Picard-Fuchs equations of the generalized Dwork
family

4.1 Definition of the generalized Dwork family

Fix integers d > n > 3 and a n-tuple of positive integers W = (w1, ..., wy,)
such that
n
> wi =d, ged(wy, ..., wy) = 1. (4.1)
i=1

Put dw = lem(wn, ..., wy)d. Let @4, (T) be the dy-th cyclotomic polyno-
mial (the minimal polynomial of primitive dy -th root of unity over Q), and
put
Ry := Z[1/dw][T]/(®ay, (T)).
In the notation of §2.3, Ry[1/¢] = Ry, for a prime number /.
Let 7 : X — Aj = Spec Ry[A] be the one parameter family defined by
the homogeneous equation

Qr =i X+ w, X — X X =, (4.2)
We call 7 the generalized Dwork family.

Lemma 4.1 ([Kat09, Lemma 2.1.]). The morphism 7 is smooth on U :=
Spec Ro[\, (1 — A7,

Fix a prime number ¢ and an embedding Ry into Q,. We define the
primitive part Prim%*2 on U[1/¢] as follows. When n — 2 is odd, set
£

Prim%_2 = R”*QW*@AUW@]. When n — 2 is even, we set Prim%_2 to be
£ £

the subsheaf of R" 27, Q| v/ which vanishes by the cup product with
(n — 2)/2-fold product of the hyperplane class. We have a direct decompo-
sition

R"mQelop g = Prim%f S Qu(—(n—2)/2).

12



4.2 Group action and eigendecomposition

For a commutative ring A, let u4(A) denote the group of d-th root of unity
in A. Put I" = (ug(Rp))™ and

Ty o= {(C,- s G) €T -G =1}

Let A be the diagonal set of I'yyr. Then the finite abelian group 'y /A acts
on the generalized Dwork family as

(X1, Xy A) = (G X GuXn, ).

The character group DI' = Homgroup(I', RY) is identified with the group
(Z/dZ)™ via the pairing

I' x (Z/dZ)" — R§
(gl,...,gn) X (vl,...,vn) — Cfl'-‘ 5”.

The character group D(T'y/A) of Ty /A is identified with the quotient of
(Z/dZ)g = {V = (v1,...,vp) € (Z/dZ)" | > v; =0}
i=1

by the subgroup (W) of (Z/dZ){ generated by W, so that the pairing
Tw /A x (Z/dZ); /(W) — R

is perfect. For a Rp-module M on which a finite abelian group G = I'yy /A
acts, let
My ={m € M |Vg € G,g-m = x(g)m},
so that we have the decomposition
M= M,
x€DG
Let Prim™2(V mod W)@Z denote the eigensheaf of the primitive part Prim%_2
£
for Ve (Z/dZ)y/(W). We have the decomposition

an%;2 = P Prim™*(V mod W)g,.
VE(Z/dL) (W)

4.3 Review of Katz’s results

Here we review Katz’s results on the generalized Dwork family in [Kat09],
which we will use later.

13



We say that V = (v1,...,vy) € (Z/dZ)j is totally nonzero if and only if
v; # 0 (mod d) for all i. For each 4, let v; € {0,1,...,d — 1} be the unique
integer such that ¥; = v; mod d. The degree of V is defined by

n

degV = cll;ﬁl

Lemma 4.2 ([Kat09, Lemma 3.1.]).

rank Prim”~2(V mod W)g, = #{r € Z/dZ | V + rW is totally nonzero}.

We consider the generalized Dwork family over U — {0} = G, — pq, and
write it by 7 : X = Gy, g, — pa for simplicity of notation. Let

[d] : G — pta — G — {1} = Spec Ro[t, (t(1 — ))~']

be the —d-th power map, namely, the map corresponding to the ring mor-
phism

Rolt, (t(1 — 1))~ = Ro[A, (A(1 =A%) 7]

ts A9

Then there exists a descent family 7gese : Y — Gy, — {1} with respect to [d],
Indeed, take integers b = (b1,...,by) such that > " | bjw; = 1, and we
take new variables Y; := A% X;. Then the equation (4.2) becomes

Q= w1t_b1Y1d + -+ wnt_b"erl —dY{" - Y = 0. (4.3)

This gives rise to the descent family.
The group I'yy /A also acts on the descent family, so that we have > the
eigensheaves Primge_sz(v mod W)@Z of the primitive part of Rn_277desc’*(@g.

Given an element V = (vy,...,v,) € (Z/dZ), we define the (unordered)
list of characters List(V, W) = {x1,..., x4} by the list of characters which
is written as

Xt By (Ro[1/4]) = Q@
¢ C(vidW/wid)j

by some 1 < j < w;. We also put
List(all, d) := {all characters of ugq,, (Ro[1/]) of order dividing d}.

We define the cancel operation of lists of characters as in Definition 2.3,
i.e. for a pair of lists x, p of characters, Cancel(x; p) is the pair of lists
obtained by removing all identical pair of characters.

14



Lemma 4.3 ([Kat09, Lemma 5.1]). If Prim”_%(V mod W)@e is nonzero,

desc

then List(—V, W) and List(all, d) are not identical.

For a maximal ideal P of Ry[1/¢] the residue field kp is a finite field
which contains dy distinct dy-th roots of unity because kp is a Ro[1//]-
algebra. Given a character x of g, (Ro[1/¢]) we use same symbol x for the
multiplicative character of the residue field kp obtained by the composition
with the surjective group homomorphism

kp = pdy (kp) = pray, (Ro[1/4])
a s aFPldw,

For two characters x, p of gy, (Ro[1//]) let us denote by A, ,/ the continu-
ous character of 71 (Rg[1//]) associated with the unramified character given
by
Frobp — —J(kp; X, p/x) = — > x(x)(p/x)(1 — x)
xek;

for each Frobenius element Frobp.

The canonical field twist of the hypergeometric sheaf H(x;p) of two
characters x, p of ug,, (Ro[1//]) is defined as

H (x5 p) = HOXGP) © Ay p/y-

Given disjoint lists of characters x = (x1,---,Xm), 2 = (P15, Pm)s

HE (x5 p1) [1] 1= # HE (Xoms o) [1]

is of the form F[1] for some sheaf F on G,, 1,4 and is not depend on the
ordering of lists up to isomorphisms (c.f. [Kat09, §4]). We write this sheaf
F as H™ (x; p)-

From the above, we can make the following definition.

Definition 4.4. Given an element V = (v1,...,vy,) of (Z/dZ)§ such that

Prim} %(V mod W)@Z is nonzero, we define

Hyw = H"(Cancel(List(all, d); List(=V, W))).

Lemma 4.5 ([Kat09, Lemma 6.2, Lemma 6.3.]). Suppose that
Prim/} %(V mod W)g, is nonzero. Then there exists a choice of V' in the

coset V. mod W and a continuous character

AV,W : Fl(speCRo[l/ED — @Z

such that
Prim_ 2(V mod W)g, = Hvw @ Av,w.

desc
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Fix embeddings Ro[1/¢] < Q; < C. Since Hy,w is constructed using
the cancel operation, the analytification of Hy ;- is the local system corre-
sponding to an irreducible hypergeometric D-module(Corollary 2.5, Theo-
rem 2.13).

Lemma 4.6. Let Prim”_%(V mod W)g denote the eigencomponent of the

desc
primitive part of the local system R™™ QWdQSC’*@ on the complex analytic space
an- —{1}. Then it is the local system corresponding to an irreducible
hypergeometric D-module.

Remark 4.7. Lemma 4.5 has the ambiguity in the choice of V in the coset,
and the proof is not constructible. In particular, as long as the author sees,
it seems impossible to obtain the Picard-Fuchs equation of a given section
from Lemma 4.5.

4.4 Picard-Fuchs equations of the generalized Dwork family

In the rest of this section, we use the notation on D-modules mentioned at
the beginning of §2.1.

Let (n,d,W) be the data as in §4.1 and put dy = lem(wy, ..., w,)d.
Let K be a field of characteristic zero containing primitive dy/-th roots of
unity, and let 7 : X — A! be the generalized Dwork family over K defined
by the equation (4.2). By Lemma 4.1, 7 is smooth on the affine variety

U :=Spec K[\, (1 - X)) — AL, (4.4)

We often write 771(U) — U by X — U if there is no fear of confusion.
Let Primg}_{2 be the primitive part of Hjy 2(X/U) defined in the same
way as in §4.1, and let

Prim/j;? = @PrlngQ(V mod W)
%

be the eigendecomposition by I'yyy/A. The residue map
Res : Hi2 (P - X)/U) & Prim];?

is horizontal and I'yy /A-equivariant (e.g. [Kat09, §8]). By this isomorphism
we identify both sides.

Theorem 4.8. LetV = (v1,...,vy) € (Z/dZ)§ be a totally nonzero element.
Let Dy = Mgk = AV, Put

X 1---X5n1 . ne9
wy = Res QleeV Q) € Primgg“(V mod W), (4.5)
A

d—1 n w;—1
P'v,w) =[x~k - XT] ] ( 4 b “d) (4.6)

k=0 i=1 j=0

16



where v; € {0,1,...,d—1} denotes the unique integer such that v; = v; mod

d. Then P'(V,W)wy = 0.

Proof. Let pn = (p1, ..., fins+1) be parameters and let

Qu=—dmX{ = — dppn X — dppn 1 X7+ X3,
D SO Gl
Wp = degV ’
17
0
D = pi——-.
i ,uzalui

By Theorem 3.3, w, satisfies the GKZ system given by

d --- 0 w1 U~1
A=(ay)=|[: . ¢ | andB=

i.e. w, satisfies the system

)G
Wy, = w 4.7
(3,un+1 a };[1 Opi g 4.7
n+1
Zaiij+l7i wpy=0 (i=1,....,n). (4.8)
j=1
From (4.7), note that (8?”)7” = (,ulei)m =" H;n;ol(Di - J), we
have
d—1 n w;—1
ity [T (Dt = 0w = [ L™ T (D: = e
k=0 i=1 Jj=0
Moreover by the equation (4.8) the right hand side is equal to
- Wty 0
; : d d
i=1 7=0
n —w; wi—1 ~ .
d ¢ v + jd
=1 (—uz-) 11 <Dn+1 + 2 >wu.
" wj . w;
i=1 j=0
By putting p = (—w1/d,...,—w,/d,\) we obtain the desired equation. [J

Fix b = (b1,...,b,) € Z" such that y ;" , byw; = 1, and let Y/G,, — {1}

be the descent family defined by the equation (4.3).
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Proposition 4.9. Let V € (Z/dZ)3 /(W) be a totally nonzero element. Put
‘b{" = Z;’L:l bif)i. Then

v Lo yon-1
wy¢ = Res P | € Prim{g 2 ese(V mod W)
t

is annihilated by the hypergeometric operator

Hyp' (V,W,b)
b¥| 1, |by] -1, [b¥|
- <w1dﬁ1d TR BT ' g g°"t>
wd T wmd T oa s wnd T d

n w;—1 . d—1
CTT T (wi = j)d =0  [bv] |bv|
_HH<Dt+ nd y —tH Dt+d+ y

Proof. Since the equation (4.3) is obtained by putting ¥; = A\*X; and t =
A~ the section

()\lel)f)l—l . ()\ann)f;n—l
degV/
A

ARVl =

o —

X > (=DM X)) - AW XG) - d(AX)

of Prim3§2(V, W)|u—{oy descents to wy,;. From Theorem 4.8 we have

0 = (P'(V, W)X~ BV \IP¥ly,,

d—1 n w;—1
— )\~ b¥| H(D)‘ —k — [bv]) )\dH H <D)\ n v; +jd ~ by |) )\Ib\7|wv
k=0 i=1 j=0 Wi

Since the action of Dy on Primgf{?(v, W)lu—{oy corresponds to —dDy, by
variable transforming and dividing by a power of —d, we can see that wy;
is annihilated by Hyp'(V, W, b). O

Lemma 4.10. Let 0 < j <w; —1,0<k<d—-1and1 <v; <d—1 be
integers. Then, the condition

(’LUZ' — j)d — ’(71' E
wid d

implies
(wi—j)d =0 _k

In particular, the cancel operation remowves pairs of identical parameters from
Hyp'(V,W,b) in Proposition 4.9.
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Proof. This is immediate as

(wi—j)d—f)i k jd—i-f)i-i—wik
wid d wd
(wi—id =5k _d—k_wtjd_1_wd-1_
w;d d d wid T d w;d '

O
Theorem 4.11. Under the setting of Proposition 4.9, wy annihilated by
Hyp(V,W,b) := Cancel Hyp'(V,W,b).

Proof. Suppose that w € Primﬁﬁ?desc(V mod W) is annihilated by the op-
erator Dy — ¢ for some ¢ € Q. If w # 0, the submodule generated by w
is isomorphic to D/D(D; — ¢). Since Primg;{?desc(v mod W) is irreducible
by Lemma 4.6, we have Primgg?desc(v mod W) = D/D(D; — ¢), and hence
D/D(Dy — ¢) = D/DHyp(«a; B;t) whose parameters satisfy the condition
a — ¢ 7. This is impossible. This shows w = 0.

Write

Hyp/(‘/v?mb):Hyp(a:l?""a'f'?"‘7ad;617"'757’7"'76d;t)

so that «; = B; for each 7 > r. Since

Hyp(ab' o ad; B, - aﬁdat)
:(Dt +B’L - 1)Hyp(0417 7d\i7"' ,Oéd;ﬁl,... 7/8i7"‘75d;t)
for any ¢ > r, the element
Hyp(oq, .. .,O/z\z‘, e gy By Bis - .,Bd;t)w‘/,t S Primgg?desc(v mod W)

is annihilated by (D; + 8; — 1), and hence it vanishes. Repeating this argu-
ment, we have that Hyp(V, W, b)wy; = 0 by Lemma 4.10. O

Example 4.12. In the case of V. =W, |bv| =Y b;0; = Y iy bjw; = 1.
Then the section

ywi—l | yw.-1
w¢ = Res | ~L 0
Q1

is annihilated by

1 = 1
Cancel Hyp | ,,  (wi-1) 13t
w71’ 7101 5 ceey ’win

This result corresponds to Lemma 8.3 of [Kat09].
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We turn to the family X/U. Let V, W be as before, and 9; € {0,1,...,d—
1} denotes the unique integer such that v; = v; mod d. Let

" Ui vi +d U i—1)d
IV, W) :_ZmU{d—g,d—v + ,...,d—”+(“’)}.

R (1 w; w;
=1

If j is an integer such that 0 < j < w; — 1, then

Ui +dj  d+d(w; —1)
Wy < Wy
and hence I(V,W) is a subset of {0,1,...,d — 1}. Let P'(V,W) be the
differential operator (4.6). If k € I(V,W), then P'(V,W) is factorized by
(Dy — k) from left. Let P(V,W) denote the differential equation obtained
by removing all such factors from P’(V, W), namely

=d,

Pv,w)= [ (Drx—k)PV,W).
keI(V,W)

Lemma 4.13. Assume that V € (Z/dZ)y is totally nonzero. Put
JV, W) :={re{0,1,...,d—1} | 9; + rw; = 0 mod d for some i}.
Then I(V,W) = J(V, W).

Proof. Obviously I(V,W) c J(V,W). For an element r € J(V,W), let
s be the integer such that o; + rw; = sd. This satisfies 1 < s < w; as
sd = 0; + rw; < d+ dw; = d(1 4+ w;). Hence we have

—U; + sd Ui i —s)d
. L B i k) L TRV

Wy w;
This shows I(V,W) D> J(V,W). O

Theorem 4.14. Under the setting of Theorem 4.8, we have
P(V,W)wy = 0.
Proof. We notice that
ANB¥IP! (v, W)ATIP¥ = (constant) x Hyp' (V, W, b),

and the cancel operation for Hyp'(V, W, b) corresponds to the cancel oper-
ation for P'(V,W) by Lemma 4.13. Therefore the assertion follows from
Theorem 4.11 together with the fact that wy; = APl ]
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4.5 D-module structure of Primﬁ;ﬁ.

Lemma 4.15. Assume that V is totally nonzero.

(1) The order of Hyp(V,W,b) coincides with the rank of
Primgf{fiesc(v mod W).

(2) The Dg,,—{1y-module Dg,, _(1y/Dg,,— 1y Hyp(V, W, b) is irreducible.
Proof. (1) By Lemma 4.2 and Lemma 4.13, we have
rank Prim/j5% . (V mod W) = rank Prim/j;*(V mod W)
—d— #I(V, W)
—d— #I(V, W)
= The order of P(V, W)
= The order of Hyp(V, W,b)

as required.

(2) This is an immediate consequence of Corollary 2.5.

O
Given a rational number  we define the ring automorphism B, of Dg,,
(or Dg,_,,) as
B,:t—t
Dt — Dt + Y-

Let us denote by t7Og,, the Dg,,-module obtained by twisting Og,, by B,
ie. 0g,, = Og,, ®p, Dg,,- Because the action of D; on a D-module is
translated to the action of D + v by twisting,

7‘[(0&1,. . '7am;/817‘ . 76m)®t70 = H(a1+’y,,am+’y,51+’y,,ﬂm+’y)

We remark that, if v € éZ, [d]*t"Og,,—11y = /\dVC’)U,{O} = Op—_{0y-

The following theorem is a generalization of Theorem 8.4 and Corollary
8.5 of [Kat09].

Theorem 4.16. Assume that V € (Z/dZ)§ is totally nonzero. We define

0, L U
Hyp(V,W) := Cancel Hyp | , 4 5,  (wi—ird—a: i st
wid wid [ wnd

How = Dg,,—11/Dg,,— 1y Hyp(V, ).
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Then there exist isomorphisms of D-modules
Primjp? . (V mod W) = HPy, @ t™1/90g 3,
Prim/jz(V mod W)lo—{oy = [d]*?—[e’w,
Prim/j5 *(V mod W) 2 iy, [d]*H{ vy -
where ji, is the minimal extension by the inclusion j : U — {0} — U.

Proof. 1t is enough to show the first isomorphism, because the 2nd and 3rd
isomorphisms can be derived from it. Consider the morphism

How @ t™1/0 = D/DHyp(V,W,b) — Primfp% . (V mod W)
P+— PWV’t.

Since D/DHyp(V, W, b) is irreducible, this morphism is injective. Moreover
we know that both sides are locally free Og,, _{1}-modules with the same
rank by Lemma 4.15, hence the morphism is surjective. O

5 Application to p-adic cohomology theory

5.1 Differential modules and Matrix calculus

A commutative ring R is called a differential ring if it is equipped with an
additive map d : R — R satisfying the Leibniz rule

d(ab) = ad(b) + bd(a), (a,b€ R).

The map d is called a derivation. For a matrix A = (a;;) with a;; € R, we
write d(A) = (d(ai;)). A differential module over a differential ring (R, d) is
a R-module M equipped with an additive map D : M — M satisfying

D(am) =aD(m) +d(a)m, (a€ R, me M).
The map D is called a differential operator on M.

Let (M, D) be a finite free differential module of rank n over a differential
ring (R,d). Let ei,...,e, be a basis of M. Define the matrix of action of
D with respect to the basis e, ..., e, to be the n x n matrix C' = (¢;;) with
cij € R given by

D(ej) = Z Cij€4-
=1

Proposition 5.1. Let (M, D) be a finite free differential module of rank n
over a differential ring (R, d).

(1) For an invertible matriz A = (a;j) with a;j € R, we have

d(A™) = —Ad(A) AL, (5.1)
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(2) LetC, C be the matrices of the action of D with respect to baseseq, ..., e,
and €1,...,€, of M respectively. Then

C = B7'CB+ B 'd(B), (5.2)
where B is the change-of-basis matriz from ey,...,en to €1,...,6En.
(3) Let C, C and B be as above and let X be a n x n-matriz. Then
d(X)—XC=0 < d(XB)— (XB)C = 0.

Proof. Straightforward. O

5.2 Deformation matrix of Dwork families

We compute the Frobenius matrix on the Dwork families by the deforma-
tion method. We refer the reader to [Ger|, [Ked] for general references of
deformation method.

Let p > 0 be a prime number. Let W = W(IF,) be the ring of Witt vec-
tors of the algebraic closure Fp, and K the fractional field. Let W[Xq,..., Xt
be the ring of power series 3 an X* € W[[X1, ..., X;]] such that |aq|rl®l —
0 as |a] — oo for some r > 1. For a W-algebra B of finite type, the
weak completion BT is defined to be W[X1,..., X,u]T/IW[Xy,..., X! for
a presentation B = W[X;,..., X,,]/I. We write B}{ =Bl e K.

Fix integers d > n > 3 and wy,...,w, > 1 such that the condition (4.1)
is satisfied and assume that d, wq, . .., w, are prime to p. Consider the gener-
alized Dwork family X — U = Spec W[\, (1 —A%)~!] defined by the equation
(4.2), and the family of complements (P — X)/U. Put B = I'(U,Op). Let
o : Bt — Bt be the continuous Fyy-linear ring homomorphism such that
A = AP where Fyy is the p-th Frobenius on W. Let HJ, (P — X)FP/UFP) be
the rigid cohomology group. This is a B}(-module, and it is endowed the
following structure,

o the integrable connection
Vi Hiy (P~ X)g, /Ug,) = Hie(P— X5 /Ug,) ® Q}BL
induced from the Gauss-Manin connection under the comparison
Hiiy(P—X)g, /Ug,) = Bl ©p Hip (P — X)x/Uk) (5.3)
with the de Rham cohomology group,
e an isomorphism
®: 0" Hyyp (P~ X)g /Up,) = Hi(P—X)g, /U ) (54)

T I

of B;r(—modules which commutes with V.
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Let wi,...,w, be a basis of Hgg (P - X)s /U ) . Let C(N) = (ci5(N))

be the matrix of the action of -4 &= Vg/gd)\, and let F(X) = (fij(A\)) be the
matrix of the action of @,

d I
awj:ZcU( wi, Qw; = Zf”

=1

The commutativity of V'8 and ® means that F()\) satisfies a differential

equation
d

S FN+ C(NF(X\) = pAPLE(N)C(AP). (5.5)
Let A(X) be the unique solution of the differential equation
d
d)\A()\) ANC(N) (5.6)

with the initial condition
A(0) =1. (5.7)

The matrix A()) is called the deformation matrix with respect to the basis
Wi, ...,w. Straightforward calculation shows that X ()\) := A(A)F(X\)A(\P)~!
satisfies %X()\) = O, so that X () is a constant matrix, namely X = F(0),

F(\) = AN)TTF(0)A(WP). (5.8)

Recall the decomposition

Hggl((P —X)k/Uk) = Prlde = @PrlmZR2(V mod W)

from §4. Suppose that Primgf_{Q(V mod W) has a basis of cyclic vectors

wy, %wv, R dd)\, L —wy. Let C'(\)y denote the matrix of the action of % on
Prim™~2(V mod W)gr, which is of the form

0 - 0 —co(N)
con =1 0
0 i 1 —e (N
where ¢1(A), ..., ¢ () are the coefficients of the Picard-Fuchs equation
dr -1
Il + cr_l()\)mwv + -+ co(MNwy =0. (5.9)

Moreover the deformation matrix A(\)y with respect to the basis {dd—/\iiwv}i
is given as follows,

L AN = AN Oy (5.10)
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Let {wo(A)y, ..., w,—1(A)yv} be a fundamental set of solutions of the Picard-
Fuchs equation (5.9) around A = 0. Then the Wronskian matrix

woNy  Fwe(Ny - S w(\y

WAy = : : : (5.11)

r—1

wr—l()\)V %wr—l()\)V T er—l()\)\/
is a solution of the differential equation (5.10), so that one has
ANy = W) W(\)v (5.12)

(note that the matrix W (0)y is invertible as wo(\)y, ..., w,—1(\)y are lin-
early independent over K).

Put V) = (p~lwy,...,p0,) € (Z/dZ)}. Since the Frobenius ® com-
mutes with the action of 'y /A, we have

@(Prim”52(V® mod W)) € Bl @ Primfi2(V mod W).

Thanks to the isomorphism (5.4), Primggz(v(l) mod W) also has a basis of
cyclic vectors {%WV(D }i- Let F(A\)y be the matrix of ® with respect to the
bases {%an}i and {%wv}j. It follows from (5.8) that we have

F(\)v = ANy FO)y AN )ya). (5.13)

Suppose that one can take wy to be the differential form (4.5) in the
above setting. Then the Picard-Fuchs equation is given by the hypergeo-
metric equation P(V, W) by Theorem 4.14. Write

r—1 r—1
P(V,W) = [[(Dr = ki) = M [ (Dx + o),
i=0 j=0
where we note that ko, ..., k. are pairwise distinct integers such that 0 <

ki < dand a; € {(0p +1d)/w | 1 <k <n,0 <1 < wy}. We can obtain
a fundamental set {w;(\)y}; of solutions by the hypergeometric series (cf.
[NIST, 16.8.6]), namely we set

ao+k; ar—1+k;
. q o d d
wi(N)y = A, F_y — D)
—ko+k; —kit+k; —kr—1+k;
T R
(5.14)

fori=0,1,...,r — 1, and let W(X\)y be defined by (5.11). Then the defor-
mation matrix A(A\)y is given by (5.12).

Summing up the above, we have the following theorem.
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Theorem 5.2. Let wy be the differential form (4.5). Let {w;(\)v }i be the
hypergeometric series (5.14). Suppose that Prim/jz*(V mod W) has a basis

{dcf\ii wy }i. Then the deformation matriz A(N)y satisfies

ANy = W(O)' WAy

where W (X)y is the Wronskian matriz (5.11). Let {wy ) }i and {w;(N)yq) }i
be defined in the same way from V).  Then the same thing holds for
A(N)yy. Let F(N)y be the matriz of the Frobenius

@ : Bl @ Primiz2(V® mod W) — Bl © Prim52(V mod W).
with respect to the bases {dd—;iwwn}i and {%wv}j. Then it satisfies
F(\)v = ANV FOvAN)yo.
The matrix F(0)y is the Frobenius on the Fermat variety, so it is more

or less computable.

The computation of the deformation matrices for the Dwork families
was first given by Kloosterman [Klo]. He uses another basis {wy;,...,wy.}
of Prim/j;%, where Vi,...,V; are all elements of (Z/dZ)} which are to-
tally nonzero, and he computes the deformation matrices without using the
Picard-Fuchs equations.

Remark 5.3. In Theorem 5.2, the condition

di
“Prim/jz*(V mod W) is spanned by {d)\i wv} 7
i
does not hold in general. It is true that Primgf_{Q(V mod W) @y K[A 1] is

spanned by {dd—/\iiwv}i by Theorem 4.16, while one cannot remove “®K[A~1]”
in general. If the condition fails, we need an additional argument to compute
A()). This is illustrated in §5.3.

5.3 Example ([Dwo68, §6 (j)], [Klo, Example 5.7])

We compute the deformation matrix of the Dwork pencil of quartic K3
surfaces. Let p be an odd prime and let X/U be the Dwork family given by

the data (n,d, W) = (4,4, (1,1,1,1)) over W(F,), i.e. the family defined by
the equation

XP 4 X5+ X5+ X{ — 40 X1 X2 X3X, = 0.

1,1),(1,2,2,3),(1,1,3,3)} is a complete system of rep-

In this case, {(1,1,
(Z/4Z)5/(W).

resentatives of
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Let V4 = (1,2,2,3) € (Z/AZ)§. By Theorem 4.8 the Picard-Fuchs equa-

tion of wy, is
P(V1, W) = Dy(Dy—=TT{(Dx—=2](Ds—=3]
— MDDy + 2)(Dx+2](Dx+3)

=Dy — (D +2).

1
Therefore 1 Fy < E :A\%) is the solution of this equation with the initial
1 1
condition 1F0( 2 ;O> = 1. Thus ANy, = 1F0< 2 ;/\4> by Theorem
5.2.
Let Vo = (1,1,1,1) € (Z/4Z)§. The Picard-Fuchs equation of wy, is

P(Va,W) = Dx(Dy — 1)(Dy — 2)(Dx—=3)
—M(Dy+T1)(Dy +1)(Dy +1)(Dy + 1)
= Dy\(Dy —1)(Dy —2) — M\(Dy 4+ 1)3.

For this hypergeometric differential equation,
111 111
wo(A)v, = 3% ( 4,444 ;)\4> swi(A)v, = A3Fp < 23252 ;)\4> ;
2 1 4 4
333
wa(N)y, = 8)\23Fg( 44,4 ) )
42
form a fundamental set of solutions. Then
11 555
3Fy ( 1434;)\4> %33F2 (434 4;)\4> ’\723F2
111 i1
W()\)Vg — >\3F2 (23252 : )\4> 3F2 <232
333 133
8A%3F (4 5t ;)\4> AzFy <45 14;)\4> 3F» < 11 ;>\4>
4 2 4 2

53
4 2
= I and hence A(\)y, = W(A)y, by

PN

satisfies the initial condition W (0)y,
Theorem 5.2.

For V3 = (1,1, 3, 3), the Picard-Fuchs equation of wy; is

P(V3,W) = DA\(Dx—T)(Dy — 2)(Dx—3)
— M(DsFT)(Dy + 1)(Dx+3)(Dy + 3)
= Dy(Dx —2) = X(Dx +1)(Dx +3)
2 d d

d
4 4
= (1= W) g — (1450 0 = 3A
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The fundamental solutions of this equation are

13 35
wo(A)vy = 2F1 < 4,4 ;>\4> s wi( Ny = APy ( 4,4 ;>\4>

2

and the Wronskian is

However, this is the case in which wy; and %W%, do not form a basis, so
we cannot apply Theorem 5.2 directly.

The eigenspace Prim”{iz(Vg mod W) is characterized as Deligne’s canon-
ical extension of Prim{g (V3 mod W)y, 1oy ([Del, II. §5]). In this case, it
is the coherent Oy, -submodule of Prim’j;*(V3 mod W)|y,. {0}y stable under
D) such that (D) mod A) is nilpotent. We can compute it from the Picard-
Fuchs equation P(V3, W). Put e; = wy, and ey = %d%wvg, then we have
that

D)\(el) = 2)\2 €9

32 N 61
1T u®

Dy(e2) = 5

and hence
(’)UK61 D OUK€2 = PrimﬁﬁQ(Vg mod W)

Since the change-of-basis matrix from {wy;, kwy,} to {wys, 55 Swys, } is

2F1 (zlx i;)\4> %)\22FI <igz;)\4)
W(\)y, BO\) = 2 (5.15)

is the solution of (5.6) for the basis {wys, %%wvs} by Proposition 5.1. Ob-
viously W(A)y, B(A)|a=0 = I, that concludes A(\)y, = W(\)y, B(A).
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