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1 Introduction
The Dwork family is the one-parameter family of hypersurfaces of the pro-
jective space Pn−1 given by the homogeneous equation

Xn
1 + · · ·+Xn

n − nλX1 · · ·Xn = 0 (1.1)

where λ is a parameter. The name “Dwork family” comes from the fact that
Bernard Dwork preferred to use this family in his study on the Frobenius
actions of algebraic families over a finite field (cf. [Kat09]).

In his paper [Kat09], Katz introduces a generalization of the Dwork
family

π : X −→ A1 − µd

defined by the homogeneous equation

w1X
d
1 + · · ·+ wnX

d
n − dλXw1

1 · · ·Xwn
n = 0, (1.2)

where w1, . . . , wn and d are positive integers such that
∑n

i=1wi = d and
gcd(w1, . . . , wn) = 1. The group ΓW := {(ζ1, . . . , ζn) ∈ µd | ζw1

1 · · · ζwn
n = 1}

acts on the equation (1.2) in a natural way (see §4.2), and this action induces
the eigendecomposition of the primitive part of the `-adic sheaf Rn−2π∗Q`.
Then he proves that each component is isomorphic to a hypergeometric
sheaf.

Katz also discusses the Picard-Fuchs equations on the de Rham coho-
mology group. Thanks to the result on the `-adic sheaves, it follows that
each eigencomponent of the de Rham cohomology group is isomorphic to
a hypergeometric D-module. However, it is more delicate to determine
the Picard-Fuchs equations (Remark 4.7). Katz computes the Picard-Fuchs
equation of a holomorphic form which is invariant under the action by ΓW

([Kat09, §8]). This is done by computing the period of integral along a cer-
tain homology cycle. However, it seems difficult to extend this argument to
other cohomology classes. A general method to compute the Picard-Fuchs
equation of a cohomology class is the Griffiths-Dwork method [CK, §5.3].
This usually works well only when the defining equation is provided indi-
vidually (namely the degree and exponents of the equation are particular
numbers), and this seems not useful in our setting. To the best knowledge
of the author, the Picard-Fuchs equations of the family (1.2) have not been
determined completely.

The aim of this paper is to determine the Picard-Fuchs equations of
the family (1.2) for all components. The main result is Theorem 4.11 (or
equivalently Theorem 4.14). For the proof, we use the technique of [Gäh,
Lemma 2], while we employ Katz’s results in [Kat09] in several places.

In §5, we give an application to p-adic cohomology. In his paper [Klo],
Kloosterman computes the matrix A(λ) describing the Frobenius action on
the de Rham cohomology of certain families including the Dwork family
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without computing Picard-Fuchs equations (the method used in [Klo] is of-
ten called the deformation method, we refer the reader to [Ger] for an expo-
sition in the term of the relative rigid cohomology). We give an alternative
proof for computing A(λ) using Picard-Fuchs equations.
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2 Hypergeometric D-modules and hypergeometric
Q`-sheaves

2.1 Definition and properties of the hypergeometric D-modules

Throughout this paper, we identify an OS-quasi coherent DS-module with
global sections of it for a smooth affine variety S over a field of characteristic
zero, where we note that a smooth affine variety is known to be D-affine
[HTT, Definition 1.4.2, Proposition 1.4.3].

On the multiplication group Gm,C = SpecC[t, t−1] we denote the deriva-
tion d/dt by ∂t and put Dt := t∂t. As mentioned above, we identify the
sheaf DGm,C with C[t, t−1, Dt].
Definition 2.1. Let m ≥ 1 be an integer and let α1, . . . , αn, β1, . . . , βn be
complex numbers. The differential operator

n∏
i=1

(Dt + βi − 1)− t
n∏

i=1

(Dt + αi) (2.1)

on Gm,C is called a hypergeometric operator (of type (n, n)). αi, βi are
called parameters and we denote the hypergeometric operator of parameters
α1, . . . , αn, β1, . . . , βn as

Hyp

(
α1, . . . , αn

β1, . . . , βn
; t

)
or Hyp(α1, . . . , αn;β1, . . . , βn; t).
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We call the left D-module DGm,C/DGm,CHyp(α1, . . . , αn;β1, . . . , βn; t) the
hypergeometric D-module and we denote it by

H
(
α1, . . . , αn

β1, . . . , βn

)
or H(α1, . . . , αn;β1, . . . , βn).

We also use the notation by lists. For two lists of complex numbers α =
(α1, . . . , αn),β = (β1, . . . , βn) we write H(α1, . . . , αn;β1, . . . , βn) as H(α;β).

Remark 2.2. (1) The hypergeometric D-module does not depend on the or-
derings of the parameters since differential operators of the form Dt +
α (α ∈ C) are commutative with each other.

(2) Our definition of hypergeometric operators and hypergeometric D-modules
slightly differs from the definition in [Kat90, Chap. 3].
The hypergeometric D-module H(α1, . . . , αn;β1, . . . , βn) of type (n, n)

has only singularities at t = 0, 1,∞ and every points are regular. We use the
same symbol for the restriction of H(α1, . . . , αn;β1, . . . , βn) to Gm,C − {1}.

Definition 2.3. For a hypergeometric differential operator

Hyp(α1, . . . , αn;β1, . . . , βn; t) =

n∏
i=1

(Dt + βi − 1)− t

n∏
i=1

(Dt + αi)

whose parameters (α1, · · · , αr, · · · , αn;β1, · · · , βr, · · · , βn) are ordered so that
αi ≡ βi mod Z for all i > r and αi 6≡ βj mod Z for all i, j ≤ r, we define
the cancel operation as

Cancel Hyp(α1, · · · , αn;β1, · · · , βn; t) := Hyp(α1, · · · , αr;β1, · · · , βr; t).

We also define

Cancel H(α1, · · · , αn;β1, · · · , βn) := H(α1, · · · , αr;β1, · · · , βr).

We say two lists (α1, . . . , αn) and (β1, . . . , βn) are disjoint if αi 6≡ βj mod
Z for every i, j.

Theorem 2.4 ([Kat90, Corollary 3.2.1]). The hypergeometric D-module
H(α;β) given by two lists α,β is irreducible if and only if α and β are
disjoint.

Corollary 2.5. Cancel H(α;β) is irreducible.

The monodromy actions of hypergeometric differential equations are
well-known.

Theorem 2.6 ([BH]). Let (α1, . . . , αn), (β1, . . . , βn) be disjoint lists of com-
plex numbers.
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(1) The local exponents of H(α1, . . . , αn;β1, . . . , βn) are

1− β1, . . . , 1− βn (t = 0)

α1, . . . , αn (t = ∞)

0, 1, . . . , n− 2,
n∑

i=1

βi −
n∑

i=1

αi − 1 (t = 1).

(2) The local monodromy of H(α1, . . . , αn;β1, . . . , βn) at t = 1 is a pseudo-
reflection i.e. 1 is an eigenvalue with multiplicity n − 1 of the mon-
odromy action at t = 1.

The hypergeometric D-modules are “rigid”, these can be characterized
by local monodromies as follows.

Theorem 2.7 ([Kat90, Theorem 3.5.4]). Let F ,G be O-coherent irreducible
D-modules on Gm − {1} of the same rank n ≥ 1. Then F and G are
isomorphic if F and G satisfy the following conditions.

(1) The local monodromies at 1 of both F and G are pseudo-reflections.

(2) F and G have the same characteristic polynomials of local monodromies
at 0 and ∞.

For any differential operator L =
∑n

i=0 fi(t)∂t (fi(t) ∈ C[t, t−1]), we
define the adjoint of L by L∗ =

∑n
i=0(−∂t)

ifi(t).
The dualizing functor

DM• := RHomDX
(M•,DGm,C)⊗OGm,C

ω−1
Gm,C

[1]

where ωGm,C is the right DGm,C-module Ω1
Gm,C/C, transforms DGm,C/DGm,CL

into DGm,C/DGm,CL
∗.

If we write (−1− α1, · · · ,−1− αn) as −1−α, we can check that

DH(α,β) ∼= DGm,C/DGm,CHyp(α,β)∗ = H(−1−α;−1− β)

by direct computation.

2.2 Convolution theorem of the hypergeometric D-modules

Definition 2.8. Let p1, p2 : Gm,C×Gm,C → Gm,C be the projections and let
π : Gm,C ×Gm,C → Gm,C be the multiplication map.

We define the exterior product � and multiplicative convolutions ∗ and
∗! as follows.

M �N := p∗1M ⊗OGm,C×Gm,C
p∗2N

M ∗N := Rπ∗(M �N)

M ∗! N := Rπ!(M �N) = D ◦Rπ∗ ◦ D(M �N).
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For two lists α = (α1, · · · , αn),α
′ = (α′

1, · · · , α′
m), (α,α′) denotes the

connected list (α1, · · · , αn, α
′
1, · · · , α′

m).

Theorem 2.9 ([Kat90, Theorem 5.3.2]). Let α,β (resp. α′,β′) be lists
of complex numbers of length n (resp. of length m) such that (α,α′) and
(β,β′) are disjoint. Then

H(α;β) ∗ H(α;β) ∼= H((α,α′); (β,β′)).

Proposition 2.10. Let α,β,α′,β′ be lists as in the previous theorem. Then

H(α;β) ∗ H(α′;β′) ∼= H(α;β) ∗! H(α′;β′).

Proof. From the result on constructible sheaves [HTT, Proposition 4.5.9.
(iii)] and the Riemann-Hilbert correspondence, we have the isomorphism

D(M �N) ∼= DM � DN

for regular holonomic D-modules M and N .
Therefore

H(α,β) ∗! H(α′,β′) = D ◦Rπ∗ ◦ D(H(α,β)�H(α,β))
∼= D(H(−1−α;−1− β) ∗ H(−1−α′;−1− β′))
∼= DH((−1−α,−1−α′); (−1− β,−1− β′))
∼= H((α,α′); (β,β′))
∼= H(α,β) ∗ H(α′,β′).

2.3 Hypergeometric Q`-sheaves

We recall the definition of the hypergeometric sheaves (c.f. [Kat90, 8.17],
[Kat09, §4]).

Fix an integer N ≥ 1 and a prime number ` . Put

• ΦN (X) := the N -th cyclotomic polynomial,

• RN := Z[1/N`][X]/(ΦN (X)),

• µN (RN ) := the group of N -th roots of unity in RN .

Let χ : µN (RN ) → Q×
` be a character. The N -th power endomorphism on

Gm,RN
induces the group homomorphism ρN : π1(Gm,RN

) → µN (RN ). The
rank one lisse sheaf Lχ corresponding to the continuous character χ̄ ◦ ρN :

π1(Gm,RN
) → Q×

` is called the Kummer sheaf.
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For two Q`-characters χ, ρ of µN (RN ) we define the lisse sheaf H(χ; ρ)
on Gm,RN

− {1} by

H(χ; ρ) := Lχ ⊗ [t 7→ 1− t]∗L(ρ/χ)

where [t 7→ 1− t]∗ means the pullback by the morphism

Gm,RN
− {1} → Gm,RN

t 7→ 1− t.

We regard H(χ; ρ) as a Q`-sheaf on Gm,RN
by extending by zero.

We define the multiplicative convolution ∗! of constructible sheaves sim-
ilarly to Definition 2.9.

Let χ = (χ1, . . . , χn) and ρ = (ρ1, . . . , ρn) be (non-empty) lists of Q×
` -

valued characters of µN (RN ). We say χ and ρ are disjoint if χi 6= ρj for
any i, j.

When χ and ρ are disjoint, the object

H(χ1, ρ1)[1] ∗! · · · ∗! H(χn, ρn)[1]

of Db
c(Gm,RN

,Q`) is of the form F [1] for some sheaf F on Gm,RN
[Kat90,

8.17.11]. We write this sheaf F as H(χ1, . . . , χn; ρ1, . . . , ρn) or H(χ;ρ).
Remark 2.11. H(χ;ρ) is depend on the orderings of characters opposite to
that the canonical twist Hcan(χ;ρ) which will be defined in §4.3, is not
depend on the orderings of characters.

2.4 Comparison between hypergeometric D-modules and hy-
pergeometric Q`-sheaves

Fix embeddings RN ↪→ Q`
ι
↪−→ C.

For a scheme X of finite type over C, we denote Xan the analytic space
consist of rational points X(C) and the usual topology, and let Xcl be the
site given by local isomorphisms U → Xan. Let us denote by the same
symbol Xan the site of open sets of the analytic space Xan. Then the
natural morphism Xan → Xcl gives an equivalence of topoi [SGA4, Exposé
XI, 4].

For the étale site Xet there exists the natural morphism

ε : Xcl → Xet

and this induces the analytification functor

ε∗ : Db
c(Xet,Q`) → Db

c(X
an,Q`)

(c.f. [BBD, §6]).
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Assume that X is connected. Let F be a lisse sheaf corresponding to a
continuous representation ρF : π1(X) → GLn(Q`). Then the analytification
ε∗F is the local system corresponding to the representation of the topological
fundamental group

πtop
1 (Xan) → ̂πtop

1 (Xan)
∼−→ π1(X)

ρF−−→ GLn(Q`).

In particular the analytification of the Kummer sheaf Lχ on Gm,C asso-
ciated with a character χ : µN (C) → Q×

` is the local system of the represen-
tation

πtop
1 (Gan

m,C) = Z → Q×
`

1 7→ χ(1).

By the definition of H(χ; ρ) and Theorem 2.6, Theorem 2.7 we have the
following.

Proposition 2.12. Let p : Gm,C → Gm,RN
be the projection along the

embedding RN ↪→ C we have fixed. For two distinct Q`-characters χ, ρ of
µ(RN ), choose a rational number α (resp. β) such that

ι(ρ̄(1)) = exp(−2π
√
−1α) (resp. ι(χ̄(1)) = exp(2π

√
−1(1− β))).

Then ε∗p∗H(χ; ρ)⊗ιC is isomorphic to the local system of the hypergeometric
D-module H(α;β).

Theorem 2.13. Let χ = (χ1, . . . , χn) and ρ = (ρ1, . . . , ρn) be disjoint lists
of characters of µN (RN ). Choose lists of rational numbers α = (α1, . . . , αn),
β = (β1, . . . , βn) as in the previous proposition.

ε∗p∗H(χ;ρ)⊗ιC is isomorphic to the local system of the hypergeometric
D-module H(α;β).

Proof. Since p∗ and ε∗ are compatible with the convolution ∗! [SGA5, Exposé
VI, (2.2.3)], [BBD, 6.1.2. (C’)], if we write the local system associated with
H(αi;βi) as H(αi;βi),

ε∗p∗H(χ;ρ)[1]⊗ C ∼= ε∗p∗H(χ1, ρ1)[1] ∗! · · · ∗! ε∗p∗H(χn, ρn)[1]⊗ C
∼= H(α1, β1)[1] ∗! · · · ∗! H(αn, βn)[1].

α and β are disjoint because χ and ρ are disjoint. Hence we conclude
the theorem from the Riemann-Hilbert correspondence and Theorem 2.9,
Proposition 2.10.

3 Jacobian rings and Picard-Fuchs equations of
hypersurfaces

In this section K denotes a field of characteristic zero.
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3.1 Jacobian rings of hypersurfaces

Let Y be a nonsingular hypersurface of the projective space Pn−1
K given by a

homogeneous polynomial Q ∈ S := K[X1, . . . , Xn] of degree d. The graded
ring

RQ := S/JQ, JQ :=

(
∂Q

∂X1
, . . . ,

∂Q

∂Xn

)
is called the Jacobian ring. We will write the homogeneous part of degree
N of a homogeneous ring R as RN .

The natural morphism of complexes

Ωn−1
Pn−1((n− p)Y )[−(n− 1)] → j∗Ω

•
Pn−1−Y

induces the morphism

Spd−n ∼= H0(Pn−1,Ωn−1
Pn−1((n− p)Y )) −→ Hn−1

dR (Pn−1 − Y ). (3.1)

Theorem 3.1 ([Gri]). Put Ω =
∑n

i=1(−1)i+1XidX1 ∧ · · · ∧ d̂Xi ∧ · · · ∧ dXn.
The map (3.1) induces the isomorphism

Rpd−n
Q

∼−→ Grn−p
F Hn−1

dR (Pn−1 − Y )

A 7−→ A

Qp
Ω

where F denotes the Hodge filtration on Hn−1
dR (Pn−1 − Y ).

Furthermore, we have the relation

pA ∂Q
∂Xi

Qp+1
Ω =

∂A
∂Xi

Qp
Ω (3.2)

as cohomology classes.

Theorem 3.2. The residue map induces an isomorphism onto the primitive
part

Res : Grn−p
F Hn−1(Pn−1 − Y )

∼=−→ Hn−1−p,p−1(Y )prim.

3.2 Picard-Fuchs equations of a family of projective hyper-
surfaces

Let S be a smooth connected affine variety over K and let f : X → S be
a smooth K-morphism. Then Rif∗Ω

•
X/S is endowed a DS-module structure

by the Gauss-Manin connection [KO]

∇GM : Rif∗Ω
•
X/S → Rif∗Ω

•
X/S ⊗ Ω1

S/K .

For ω ∈ H i
dR(X/S), a differential operator P ∈ DS which satisfies

Pω = 0

is called a Picard-Fuchs equation of ω.
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Theorem 3.3. Let d ≥ n ≥ 3 be integers.
For w1 = (w1j), . . . ,wm = (wmj) ∈ {(wj)j=1,...,n ∈ Zn

≥0 |
∑

j wj = d},
put

Qλ :=

m∑
i=1

λiX
wi1
1 · · ·Xwin

n ∈ K[λ1, . . . , λm][X1, . . . , Xn].

Assume that the family of hypersurfaces of Pn−1 = ProjK[X1, . . . , Xn]
defined by Qλ is smooth on an affine open subset U ⊂ Am = SpecK[λ1, . . . , λm],
we write this smooth family as X/U .

Let v1, . . . , vn be positive integers such that
∑n

i=1 vi is divided by d and
deg := (

∑n
i=1 vi)/d ≤ n.

Then ω =
X

v1−1
1 ···Xvn−1

n

Qdeg
λ

Ω ∈ Hn−1
dR ((Pn−1 − X)/U) satisfies the GKZ

system given by the matrix

A = (tw1, . . . ,
twm) =

w11 · · · wm1
... . . . ...

w1n · · · wmn


and the parameter vector β = t(v1, . . . , vn), that is{
((
∑m

i=1wijDi)− vj)ω = 0 (j = 1, . . . , n, ∂i := ∂/∂λi, Di := λi∂i)

(
∏

li>0 ∂
li
i −

∏
li<0 ∂

−li
i )ω = 0 ((li) ∈ Λ := {(li) ∈ Zm |

∑
i liwij = 0, ∀j}).

Proof. If we put l+ =
∑

li>0 li and l− = −
∑

li<0 li for an element (li) ∈ Λ,
then l+ = l− since d

∑m
i=1 li =

∑
j

∑
iwijli = 0.

Thus∏
li>0

∂li
i

ω

= (−1)l
+

l+−1∏
k=0

(deg+k)

 X
(
∑

li>0 liwi1)+v1−1

1 · · ·X
(
∑

li>0 liwin)+vn−1
n

Qdeg+l+

λ

Ω

= (−1)l
−

l−−1∏
k=0

(deg+k)

 X
(−

∑
li<0 liwi1)+v1−1

1 · · ·X
(−

∑
li<0 liwin)+vn−1

n

Qdeg+l−

λ

Ω

=

∏
li<0

∂−li
i

ω.
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By the relation (3.2)(
m∑
i=1

wijDi

)
ω = −deg

m∑
i=1

wijλiX
wi1+vi−1
1 · · ·Xwin+vn−1

n

Qdeg+1
λ

Ω

= −degXj
∂Qλ

∂Xj

Xv1−1
1 · · ·Xvn−1

n

Qdeg+1
λ

Ω

= −vj
Xv1−1

1 · · ·Xvn−1
n

Qdeg
λ

Ω

= −vjω.

4 Picard-Fuchs equations of the generalized Dwork
family

4.1 Definition of the generalized Dwork family

Fix integers d ≥ n ≥ 3 and a n-tuple of positive integers W = (w1, . . . , wn)
such that

n∑
i=1

wi = d, gcd(w1, . . . , wn) = 1. (4.1)

Put dW = lcm(w1, . . . , wn)d. Let ΦdW (T ) be the dW -th cyclotomic polyno-
mial (the minimal polynomial of primitive dW -th root of unity over Q), and
put

R0 := Z[1/dW ][T ]/(ΦdW (T )).

In the notation of §2.3, R0[1/`] = RdW for a prime number `.
Let π : X → A1

R0
:= SpecR0[λ] be the one parameter family defined by

the homogeneous equation

Qλ := w1X
d
1 + · · ·+ wnX

d
n − dλXw1

1 · · ·Xwn
n = 0. (4.2)

We call π the generalized Dwork family.

Lemma 4.1 ([Kat09, Lemma 2.1.]). The morphism π is smooth on U :=
SpecR0[λ, (1− λd)−1].

Fix a prime number ` and an embedding R0 into Q`. We define the
primitive part Primn−2

Q`
on U [1/`] as follows. When n − 2 is odd, set

Primn−2
Q`

= Rn−2π∗Q`|U [1/`]. When n − 2 is even, we set Primn−2
Q`

to be
the subsheaf of Rn−2π∗Q`|U [1/`] which vanishes by the cup product with
(n− 2)/2-fold product of the hyperplane class. We have a direct decompo-
sition

Rn−2π∗Q`|U [1/`] = Primn−2
Q`

⊕Q`(−(n− 2)/2).
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4.2 Group action and eigendecomposition

For a commutative ring A, let µd(A) denote the group of d-th root of unity
in A. Put Γ = (µd(R0))

n and

ΓW := {(ζ1, . . . , ζn) ∈ Γ | ζw1
1 · · · ζwn

n = 1}.

Let ∆ be the diagonal set of ΓW . Then the finite abelian group ΓW /∆ acts
on the generalized Dwork family as

(X1, . . . , Xn, λ) 7→ (ζ1X1, . . . , ζnXn, λ).

The character group DΓ = HomGroup(Γ, R
×
0 ) is identified with the group

(Z/dZ)n via the pairing

Γ× (Z/dZ)n −→ R×
0

(ζ1, . . . , ζn)× (v1, . . . , vn) 7→ ζv11 · · · ζvnn .

The character group D(ΓW /∆) of ΓW /∆ is identified with the quotient of

(Z/dZ)n0 := {V = (v1, . . . , vn) ∈ (Z/dZ)n |
n∑

i=1

vi = 0}

by the subgroup 〈W 〉 of (Z/dZ)n0 generated by W , so that the pairing

ΓW /∆× (Z/dZ)n0/〈W 〉 −→ R×
0

is perfect. For a R0-module M on which a finite abelian group G = ΓW /∆
acts, let

Mχ = {m ∈ M | ∀g ∈ G, g ·m = χ(g)m},

so that we have the decomposition

M =
⊕

χ∈DG

Mχ.

Let Primn−2(V mod W )Q`
denote the eigensheaf of the primitive part Primn−2

Q`

for V ∈ (Z/dZ)n0/〈W 〉. We have the decomposition

Primn−2
Q`

=
⊕

V ∈(Z/dZ)n0 /〈W 〉

Primn−2(V mod W )Q`
.

4.3 Review of Katz’s results

Here we review Katz’s results on the generalized Dwork family in [Kat09],
which we will use later.

13



We say that V = (v1, . . . , vn) ∈ (Z/dZ)n0 is totally nonzero if and only if
vi 6= 0 (mod d) for all i. For each i, let ṽi ∈ {0, 1, . . . , d− 1} be the unique
integer such that ṽi ≡ vi mod d. The degree of V is defined by

deg V :=
1

d

n∑
i=1

ṽi.

Lemma 4.2 ([Kat09, Lemma 3.1.]).

rank Primn−2(V mod W )Q`
= #{r ∈ Z/dZ | V + rW is totally nonzero}.

We consider the generalized Dwork family over U −{0} = Gm−µd, and
write it by π : X → Gm,R0 − µd for simplicity of notation. Let

[d] : Gm − µd −→ Gm − {1} = SpecR0[t, (t(1− t))−1]

be the −d-th power map, namely, the map corresponding to the ring mor-
phism

R0[t, (t(1− t))−1] → R0[λ, (λ(1− λd))−1]

t 7→ λ−d.

Then there exists a descent family πdesc : Y → Gm−{1} with respect to [d],
Indeed, take integers b = (b1, . . . , bn) such that

∑n
i=1 biwi = 1, and we

take new variables Yi := λbiXi. Then the equation (4.2) becomes

Qt := w1t
−b1Y d

1 + · · ·+ wnt
−bnY d

n − dY w1
1 · · ·Y wn

n = 0. (4.3)

This gives rise to the descent family.
The group ΓW /∆ also acts on the descent family, so that we have the

eigensheaves Primn−2
desc(V mod W )Q`

of the primitive part of Rn−2πdesc,∗Q`.

Given an element V = (v1, . . . , vn) ∈ (Z/dZ)n0 , we define the (unordered)
list of characters List(V,W ) = {χ1, . . . , χd} by the list of characters which
is written as

χ : µdW (R0[1/`]) → Q×
`

ζ 7→ ζ(vidW /wid)j

by some 1 ≤ j ≤ wi. We also put

List(all, d) := {all characters of µdW (R0[1/`]) of order dividing d}.

We define the cancel operation of lists of characters as in Definition 2.3,
i.e. for a pair of lists χ,ρ of characters, Cancel(χ;ρ) is the pair of lists
obtained by removing all identical pair of characters.

14



Lemma 4.3 ([Kat09, Lemma 5.1]). If Primn−2
desc(V mod W )Q`

is nonzero,
then List(−V,W ) and List(all, d) are not identical.

For a maximal ideal P of R0[1/`] the residue field kP is a finite field
which contains dW distinct dW -th roots of unity because kP is a R0[1/`]-
algebra. Given a character χ of µdW (R0[1/`]) we use same symbol χ for the
multiplicative character of the residue field kP obtained by the composition
with the surjective group homomorphism

k×P → µdW (kP)
∼−→ µdW (R0[1/`])

a 7→ a#kP/dW .

For two characters χ, ρ of µdW (R0[1/`]) let us denote by Λχ,ρ/χ the continu-
ous character of π1(R0[1/`]) associated with the unramified character given
by

FrobP 7→ −J(kP ;χ, ρ/χ) := −
∑
x∈k×P

χ(x)(ρ/χ)(1− x)

for each Frobenius element FrobP .
The canonical field twist of the hypergeometric sheaf H(χ; ρ) of two

characters χ, ρ of µdW (R0[1/`]) is defined as

Hcan(χ; ρ) := H(χ; ρ)⊗ Λχ,ρ/χ.

Given disjoint lists of characters χ = (χ1, . . . , χm),ρ = (ρ1, . . . , ρm),

Hcan(χ1; ρ1)[1] ∗! · · · ∗! Hcan(χm; ρm)[1]

is of the form F [1] for some sheaf F on Gm,R0[1/`] and is not depend on the
ordering of lists up to isomorphisms (c.f. [Kat09, §4]). We write this sheaf
F as Hcan(χ;ρ).

From the above, we can make the following definition.

Definition 4.4. Given an element V = (v1, . . . , vn) of (Z/dZ)n0 such that
Primn−2

desc(V mod W )Q`
is nonzero, we define

HV,W := Hcan(Cancel(List(all, d); List(−V,W ))).

Lemma 4.5 ([Kat09, Lemma 6.2, Lemma 6.3.]). Suppose that
Primn−2

desc(V mod W )Q`
is nonzero. Then there exists a choice of V in the

coset V mod W and a continuous character

ΛV,W : π1(SpecR0[1/`]) → Q×
`

such that
Primn−2

desc(V mod W )Q`

∼= HV,W ⊗ ΛV,W .
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Fix embeddings R0[1/`] ↪→ Q` ↪→ C. Since HV,W is constructed using
the cancel operation, the analytification of HV,W is the local system corre-
sponding to an irreducible hypergeometric D-module(Corollary 2.5, Theo-
rem 2.13).

Lemma 4.6. Let Primn−2
desc(V mod W )Q denote the eigencomponent of the

primitive part of the local system Rn−2πan
desc,∗Q on the complex analytic space

Gan
m,C − {1}. Then it is the local system corresponding to an irreducible

hypergeometric D-module.

Remark 4.7. Lemma 4.5 has the ambiguity in the choice of V in the coset,
and the proof is not constructible. In particular, as long as the author sees,
it seems impossible to obtain the Picard-Fuchs equation of a given section
from Lemma 4.5.

4.4 Picard-Fuchs equations of the generalized Dwork family

In the rest of this section, we use the notation on D-modules mentioned at
the beginning of §2.1.

Let (n, d,W ) be the data as in §4.1 and put dW = lcm(w1, . . . , wn)d.
Let K be a field of characteristic zero containing primitive dW -th roots of
unity, and let π : X → A1 be the generalized Dwork family over K defined
by the equation (4.2). By Lemma 4.1, π is smooth on the affine variety

U := SpecK[λ, (1− λd)−1] ↪→ A1
K . (4.4)

We often write π−1(U) → U by X → U if there is no fear of confusion.
Let Primn−2

dR be the primitive part of Hn−2
dR (X/U) defined in the same

way as in §4.1, and let

Primn−2
dR =

⊕
V

Primn−2
dR (V mod W )

be the eigendecomposition by ΓW /∆. The residue map

Res : Hn−1
dR ((P− X)/U)

∼−→ Primn−2
dR

is horizontal and ΓW /∆-equivariant (e.g. [Kat09, §8]). By this isomorphism
we identify both sides.

Theorem 4.8. Let V = (v1, . . . , vn) ∈ (Z/dZ)n0 be a totally nonzero element.
Let Dλ = λ d

dλ = λ∇GM
d/dλ. Put

ωV := Res

(
X ṽ1−1

1 · · ·X ṽn−1
n

Qdeg V
λ

Ω

)
∈ Primn−2

dR (V mod W ), (4.5)

P ′(V,W ) :=
d−1∏
k=0

(Dλ − k)− λd
n∏

i=1

wi−1∏
j=0

(
Dλ +

ṽi + jd

wi

)
(4.6)
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where ṽi ∈ {0, 1, . . . , d−1} denotes the unique integer such that ṽi ≡ vi mod
d. Then P ′(V,W )ωV = 0.

Proof. Let µ = (µ1, . . . , µn+1) be parameters and let

Qµ = −dµ1X
d
1 − · · · − dµnX

d
n − dµn+1X

w1
1 · · ·Xwn

n ,

ωµ =
X ṽ1−1

1 · · ·X ṽn−1
n

Qdeg V
µ

Ω,

Di = µi
∂

∂µi
.

By Theorem 3.3, ωµ satisfies the GKZ system given by

A = (aij) =

d · · · 0 w1
... . . . ...

...
0 · · · d wn

 and β =

ṽ1
...
ṽn


i.e. ωµ satisfies the system

(
∂

∂µn+1

)d

ωµ =
n∏

i=1

(
∂

∂µi

)wi

ωµn+1∑
j=1

aijDj + ṽi

ωµ = 0 (i = 1, . . . , n).

(4.7)

(4.8)

From (4.7), note that ( ∂
∂µi

)m =
(
µ−1
i Di

)m
= µ−m

i

∏m−1
j=0 (Di − j), we

have

µ−d
n+1

d−1∏
k=0

(Dn+1 − k)ωµ =

n∏
i=1

µ−wi
i

wi−1∏
j=0

(Di − j)ωµ.

Moreover by the equation (4.8) the right hand side is equal to

n∏
i=1

µ−wi
i

wi−1∏
j=0

(
−wi

d
Dn+1 −

ṽi
d
− j

)
ωµ

=
n∏

i=1

(
− d

wi
µi

)−wi wi−1∏
j=0

(
Dn+1 +

ṽi + jd

wi

)
ωµ.

By putting µ = (−w1/d, . . . ,−wn/d, λ) we obtain the desired equation.

Fix b = (b1, . . . , bn) ∈ Zn such that
∑n

i=1 biwi = 1, and let Y/Gm − {1}
be the descent family defined by the equation (4.3).
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Proposition 4.9. Let V ∈ (Z/dZ)n0/〈W 〉 be a totally nonzero element. Put
|bṽ| :=

∑n
i=1 biṽi. Then

ωV,t := Res

(
Y ṽ1−1
1 · · ·Y ṽn−1

n

Qdeg V
t

Ω

)
∈ Primn−2

dR,desc(V mod W )

is annihilated by the hypergeometric operator

Hyp′(V,W, b)

: = Hyp

(
|bṽ|
d , 1

d + |bṽ|
d , . . . , d−1

d + |bṽ|
d

w1d−ṽ1
w1d

+ |bṽ|
d , (w1−1)d−ṽ1

w1d
+ |bṽ|

d , . . . , d−ṽn
wnd

+ |bṽ|
d

; t

)

=

n∏
i=1

wi−1∏
j=0

(
Dt +

(wi − j)d− ṽi
wid

+
|bṽ|
d

− 1

)
− t

d−1∏
k=0

(
Dt +

k

d
+

|bṽ|
d

)
.

Proof. Since the equation (4.3) is obtained by putting Yi = λbiXi and t =
λ−d, the section

λ|bṽ|ωV =
(λb1X1)

ṽ1−1 · · · (λbnXn)
ṽn−1

Qdeg V
λ

×
n∑

i=1

(−1)n+1λbiXid(λ
b1X1) · · · ̂d(λbiXi) · · · d(λbnXn)

of Primn−2
dR (V,W )|U−{0} descents to ωV,t. From Theorem 4.8 we have

0 = (P ′(V,W )λ−|bṽ|)λ|bṽ|ωV

= λ−|bṽ|

d−1∏
k=0

(Dλ − k − |bṽ|)− λd
n∏

i=1

wi−1∏
j=0

(
Dλ +

ṽi + jd

wi
− |bṽ|

)λ|bṽ|ωV .

Since the action of Dλ on Primn−2
dR (V,W )|U−{0} corresponds to −dDt, by

variable transforming and dividing by a power of −d, we can see that ωV,t

is annihilated by Hyp′(V,W, b).

Lemma 4.10. Let 0 ≤ j ≤ wi − 1, 0 ≤ k ≤ d − 1 and 1 ≤ ṽi ≤ d − 1 be
integers. Then, the condition

(wi − j)d− ṽi
wid

≡ k

d
mod Z

implies
(wi − j)d− ṽi

wid
=

k

d

In particular, the cancel operation removes pairs of identical parameters from
Hyp′(V,W, b) in Proposition 4.9.
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Proof. This is immediate as

(wi − j)d− ṽi
wid

− k

d
= 1− jd+ ṽi + wik

wid
< 1,

(wi − j)d− ṽi
wid

− k

d
=

d− k

d
− ṽi + jd

wid
≥ 1

d
− wid− 1

wid
> −1.

Theorem 4.11. Under the setting of Proposition 4.9, ωV,t annihilated by

Hyp(V,W, b) := Cancel Hyp′(V,W, b).

Proof. Suppose that ω ∈ Primn−2
dR,desc(V mod W ) is annihilated by the op-

erator Dt − c for some c ∈ Q. If ω 6= 0, the submodule generated by ω
is isomorphic to D/D(Dt − c). Since Primn−2

dR,desc(V mod W ) is irreducible
by Lemma 4.6, we have Primn−2

dR,desc(V mod W ) ∼= D/D(Dt − c), and hence
D/D(Dt − c) ∼= D/DHyp(α;β; t) whose parameters satisfy the condition
α− β /∈ Z. This is impossible. This shows ω = 0.

Write

Hyp′(V,W, b) = Hyp(α1, . . . , αr, . . . , αd;β1, . . . , βr, . . . , βd; t)

so that αi = βi for each i > r. Since

Hyp(α1, . . . , αd;β1, . . . , βd; t)

=(Dt + βi − 1)Hyp(α1, . . . , α̂i, . . . , αd;β1, . . . , β̂i, . . . , βd; t)

for any i > r, the element

Hyp(α1, . . . , α̂i, . . . , αd;β1, . . . , β̂i, . . . , βd; t)ωV,t ∈ Primn−2
dR,desc(V mod W )

is annihilated by (Dt + βi − 1), and hence it vanishes. Repeating this argu-
ment, we have that Hyp(V,W, b)ωV,t = 0 by Lemma 4.10.

Example 4.12. In the case of V = W , |bṽ| =
∑n

i=1 biṽi =
∑n

i=1 biwi = 1.
Then the section

ωW,t = Res

(
Y w1−1
1 · · ·Y wn−1

n

Qt
Ω

)

is annihilated by

Cancel Hyp

(
1
d ,

2
d , . . . , 1

w1
w1

, (w1−1)
w1

, . . . , 1
wn

; t

)
.

This result corresponds to Lemma 8.3 of [Kat09].
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We turn to the family X/U . Let V,W be as before, and ṽi ∈ {0, 1, . . . , d−
1} denotes the unique integer such that ṽi ≡ vi mod d. Let

I(V,W ) := Z ∩
n⋃

i=1

{
d− ṽi

wi
, d− ṽi + d

wi
, . . . , d− ṽi + (wi − 1)d

wi

}
.

If j is an integer such that 0 ≤ j ≤ wi − 1, then

ṽi + dj

wi
<

d+ d(wi − 1)

wi
= d,

and hence I(V,W ) is a subset of {0, 1, . . . , d − 1}. Let P ′(V,W ) be the
differential operator (4.6). If k ∈ I(V,W ), then P ′(V,W ) is factorized by
(Dλ − k) from left. Let P (V,W ) denote the differential equation obtained
by removing all such factors from P ′(V,W ), namely

P ′(V,W ) =
∏

k∈I(V,W )

(Dλ − k)P (V,W ).

Lemma 4.13. Assume that V ∈ (Z/dZ)n0 is totally nonzero. Put

J(V,W ) := {r ∈ {0, 1, . . . , d− 1} | ṽi + rwi ≡ 0 mod d for some i}.

Then I(V,W ) = J(V,W ).

Proof. Obviously I(V,W ) ⊂ J(V,W ). For an element r ∈ J(V,W ), let
s be the integer such that ṽi + rwi = sd. This satisfies 1 ≤ s ≤ wi as
sd = ṽi + rwi < d+ dwi = d(1 + wi). Hence we have

r =
−ṽi + sd

wi
= d− ṽi + (wi − s)d

wi
∈ I(V,W ).

This shows I(V,W ) ⊃ J(V,W ).

Theorem 4.14. Under the setting of Theorem 4.8, we have

P (V,W )ωV = 0.

Proof. We notice that

λ|bṽ|P ′(V,W )λ−|bṽ| = (constant) ×Hyp′(V,W, b),

and the cancel operation for Hyp′(V,W, b) corresponds to the cancel oper-
ation for P ′(V,W ) by Lemma 4.13. Therefore the assertion follows from
Theorem 4.11 together with the fact that ωV,t = λ|bṽ|ωV .

20



4.5 D-module structure of Primn−2
dR .

Lemma 4.15. Assume that V is totally nonzero.

(1) The order of Hyp(V,W, b) coincides with the rank of
Primn−2

dR,desc(V mod W ).

(2) The DGm−{1}-module DGm−{1}/DGm−{1}Hyp(V,W, b) is irreducible.

Proof. (1) By Lemma 4.2 and Lemma 4.13, we have

rank Primn−2
dR,desc(V mod W ) = rank Primn−2

dR (V mod W )

= d−#J(V,W )

= d−#I(V,W )

= The order of P (V,W )

= The order of Hyp(V,W, b)

as required.

(2) This is an immediate consequence of Corollary 2.5.

Given a rational number γ we define the ring automorphism Bγ of DGm

(or DGm−{1}) as

Bγ : t 7→ t

Dt 7→ Dt + γ.

Let us denote by tγOGm the DGm-module obtained by twisting OGm by Bγ ,
i.e. tγOGm := OGm ⊗Bγ DGm . Because the action of Dt on a D-module is
translated to the action of D + γ by twisting,

H(α1, . . . , αm;β1, . . . , βm)⊗tγO ∼= H(α1+γ, . . . , αm+γ;β1+γ, . . . , βm+γ).

We remark that, if γ ∈ 1
dZ, [d]∗tγOGm−{1} = λdγOU−{0} ∼= OU−{0}.

The following theorem is a generalization of Theorem 8.4 and Corollary
8.5 of [Kat09].

Theorem 4.16. Assume that V ∈ (Z/dZ)n0 is totally nonzero. We define

Hyp(V,W ) := CancelHyp

(
0, 1

d , . . . , d−1
d

w1d−ṽ1
w1d

, (w1−1)d−ṽ1
w1d

, . . . , d−ṽn
wnd

; t

)
HD

V,W := DGm−{1}/DGm−{1}Hyp(V,W ).
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Then there exist isomorphisms of D-modules

Primn−2
dR,desc(V mod W ) ∼= HD

V,W ⊗ t|bv|/dOGm−{1},

Primn−2
dR (V mod W )|U−{0} ∼= [d]∗HD

V,W ,

Primn−2
dR (V mod W ) ∼= j!∗[d]

∗HD
V,W .

where j!∗ is the minimal extension by the inclusion j : U − {0} → U .

Proof. It is enough to show the first isomorphism, because the 2nd and 3rd
isomorphisms can be derived from it. Consider the morphism

HD
V,W ⊗ t|bv|/dO ∼= D/DHyp(V,W, b) −→ Primn−2

dR,desc(V mod W )

P 7−→ PωV,t.

Since D/DHyp(V,W, b) is irreducible, this morphism is injective. Moreover
we know that both sides are locally free OGm−{1}-modules with the same
rank by Lemma 4.15, hence the morphism is surjective.

5 Application to p-adic cohomology theory

5.1 Differential modules and Matrix calculus

A commutative ring R is called a differential ring if it is equipped with an
additive map d : R → R satisfying the Leibniz rule

d(ab) = ad(b) + bd(a), (a, b ∈ R).

The map d is called a derivation. For a matrix A = (aij) with aij ∈ R, we
write d(A) = (d(aij)). A differential module over a differential ring (R, d) is
a R-module M equipped with an additive map D : M → M satisfying

D(am) = aD(m) + d(a)m, (a ∈ R, m ∈ M).

The map D is called a differential operator on M .

Let (M,D) be a finite free differential module of rank n over a differential
ring (R, d). Let e1, . . . , en be a basis of M . Define the matrix of action of
D with respect to the basis e1, . . . , en to be the n×n matrix C = (cij) with
cij ∈ R given by

D(ej) =
n∑

i=1

cijei.

Proposition 5.1. Let (M,D) be a finite free differential module of rank n
over a differential ring (R, d).

(1) For an invertible matrix A = (aij) with aij ∈ R, we have

d(A−1) = −A−1d(A)A−1. (5.1)

22



(2) Let C, C̃ be the matrices of the action of D with respect to bases e1, . . . , en
and ẽ1, . . . , ẽn of M respectively. Then

C̃ = B−1CB +B−1d(B), (5.2)

where B is the change-of-basis matrix from e1, . . . , en to ẽ1, . . . , ẽn.

(3) Let C, C̃ and B be as above and let X be a n× n-matrix. Then

d(X)−XC = O ⇐⇒ d(XB)− (XB)C̃ = O.

Proof. Straightforward.

5.2 Deformation matrix of Dwork families

We compute the Frobenius matrix on the Dwork families by the deforma-
tion method. We refer the reader to [Ger], [Ked] for general references of
deformation method.

Let p > 0 be a prime number. Let W = W (Fp) be the ring of Witt vec-
tors of the algebraic closure Fp, and K the fractional field. Let W [X1, . . . , Xm]†

be the ring of power series
∑

aαX
α ∈ W [[X1, . . . , Xm]] such that |aα|r|α| →

0 as |α| → ∞ for some r > 1. For a W -algebra B of finite type, the
weak completion B† is defined to be W [X1, . . . , Xm]†/IW [X1, . . . , Xm]† for
a presentation B ∼= W [X1, . . . , Xm]/I. We write B†

K := B† ⊗K.
Fix integers d ≥ n ≥ 3 and w1, . . . , wn ≥ 1 such that the condition (4.1)

is satisfied and assume that d,w1, . . . , wn are prime to p. Consider the gener-
alized Dwork family X → U = SpecW [λ, (1−λd)−1] defined by the equation
(4.2), and the family of complements (P − X)/U . Put B = Γ(U,OU ). Let
σ : B† → B† be the continuous FW -linear ring homomorphism such that
λ 7→ λp where FW is the p-th Frobenius on W . Let H∗

rig((P− X)Fp
/UFp

) be
the rigid cohomology group. This is a B†

K-module, and it is endowed the
following structure,

• the integrable connection

∇rig : H i
rig((P− X)Fp

/UFp
) → H i

rig((P− X)Fp
/UFp

)⊗ Ω1
B†

K

induced from the Gauss-Manin connection under the comparison

H i
rig((P− X)Fp

/UFp
) ∼= B†

K ⊗B H i
dR((P− X)K/UK) (5.3)

with the de Rham cohomology group,

• an isomorphism

Φ : σ∗H i
rig((P− X)Fp

/UFp
)

∼−→ H i
rig((P− X)Fp

/UFp
) (5.4)

of B†
K-modules which commutes with ∇rig.
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Let ω1, . . . , ωr be a basis of Hn−1
rig ((P− X)Fp

/UFp
) . Let C(λ) = (cij(λ))

be the matrix of the action of d
dλ := ∇rig

d/dλ, and let F (λ) = (fij(λ)) be the
matrix of the action of Φ,

d

dλ
ωj =

r∑
i=1

cij(λ)ωi, Φωj =
r∑

i=1

fij(λ)ωi.

The commutativity of ∇rig and Φ means that F (λ) satisfies a differential
equation

d

dλ
F (λ) + C(λ)F (λ) = pλp−1F (λ)C(λp). (5.5)

Let A(λ) be the unique solution of the differential equation

d

dλ
A(λ) = A(λ)C(λ) (5.6)

with the initial condition
A(0) = I. (5.7)

The matrix A(λ) is called the deformation matrix with respect to the basis
ω1, . . . , ωr. Straightforward calculation shows that X(λ) := A(λ)F (λ)A(λp)−1

satisfies d
dλX(λ) = O, so that X(λ) is a constant matrix, namely X = F (0),

F (λ) = A(λ)−1F (0)A(λp). (5.8)

Recall the decomposition

Hn−1
dR ((P− X)K/UK) ∼= Primn−2

dR =
⊕
V

Primn−2
dR (V mod W )

from §4. Suppose that Primn−2
dR (V mod W ) has a basis of cyclic vectors

ωV ,
d
dλωV , . . . ,

dr−1

dλr−1ωV . Let C(λ)V denote the matrix of the action of d
dλ on

Primn−2(V mod W )dR, which is of the form

C(λ)V =


0 · · · 0 −c0(λ)
1 · · · 0 −c1(λ)
... . . . ...

...
0 · · · 1 −cr−1(λ)


where c1(λ), . . . , cr(λ) are the coefficients of the Picard-Fuchs equation

dr

dλr
ωV + cr−1(λ)

dr−1

dλr−1
ωV + · · ·+ c0(λ)ωV = 0. (5.9)

Moreover the deformation matrix A(λ)V with respect to the basis { di

dλiωV }i
is given as follows,

d

dλ
A(λ)V = A(λ)V C(λ)V . (5.10)
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Let {w0(λ)V , . . . , wr−1(λ)V } be a fundamental set of solutions of the Picard-
Fuchs equation (5.9) around λ = 0. Then the Wronskian matrix

W (λ)V =

 w0(λ)V
d
dλw0(λ)V · · · dr−1

dλr−1w0(λ)V
...

... · · ·
...

wr−1(λ)V
d
dλwr−1(λ)V · · · dr−1

dλr−1wr−1(λ)V

 (5.11)

is a solution of the differential equation (5.10), so that one has

A(λ)V = W (0)−1
V W (λ)V (5.12)

(note that the matrix W (0)V is invertible as w0(λ)V , . . . , wr−1(λ)V are lin-
early independent over K).

Put V (1) = (p−1v1, . . . , p
−1vn) ∈ (Z/dZ)n0 . Since the Frobenius Φ com-

mutes with the action of ΓW /∆, we have

Φ(Primn−2
dR (V (1) mod W )) ⊂ B†

K ⊗ Primn−2
dR (V mod W ).

Thanks to the isomorphism (5.4), Primn−2
dR (V (1) mod W ) also has a basis of

cyclic vectors { di

dλiωV (1)}i. Let F (λ)V be the matrix of Φ with respect to the
bases { di

dλiωV (1)}i and { dj

dλj ωV }j . It follows from (5.8) that we have

F (λ)V = A(λ)−1
V F (0)V A(λ

p)V (1) . (5.13)

Suppose that one can take ωV to be the differential form (4.5) in the
above setting. Then the Picard-Fuchs equation is given by the hypergeo-
metric equation P (V,W ) by Theorem 4.14. Write

P (V,W ) =
r−1∏
i=0

(Dλ − ki)− λd
r−1∏
j=0

(Dλ + αj),

where we note that k0, . . . , kr are pairwise distinct integers such that 0 ≤
ki < d and αj ∈ {(ṽk + ld)/wk | 1 ≤ k ≤ n, 0 ≤ l < wk}. We can obtain
a fundamental set {wi(λ)V }i of solutions by the hypergeometric series (cf.
[NIST, 16.8.6]), namely we set

wi(λ)V := λki
rFr−1

 α0+ki
d , . . . , αr−1+ki

d

1 + −k0+ki
d , . . . , ̂1 + −ki+ki

d , . . . , 1 + −kr−1+ki
d

;λd


(5.14)

for i = 0, 1, . . . , r − 1, and let W (λ)V be defined by (5.11). Then the defor-
mation matrix A(λ)V is given by (5.12).

Summing up the above, we have the following theorem.
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Theorem 5.2. Let ωV be the differential form (4.5). Let {wi(λ)V }i be the
hypergeometric series (5.14). Suppose that Primn−2

dR (V mod W ) has a basis
{ di

dλiωV }i. Then the deformation matrix A(λ)V satisfies

A(λ)V = W (0)−1
V W (λ)V

where W (λ)V is the Wronskian matrix (5.11). Let {ωV (1)}i and {wi(λ)V (1)}i
be defined in the same way from V (1). Then the same thing holds for
A(λ)V (1). Let F (λ)V be the matrix of the Frobenius

Φ : B†
K ⊗ Primn−2

dR (V (1) mod W ) −→ B†
K ⊗ Primn−2

dR (V mod W ).

with respect to the bases { di

dλiωV (1)}i and { dj

dλj ωV }j. Then it satisfies

F (λ)V = A(λ)−1
V F (0)V A(λ

p)V (1) .

The matrix F (0)V is the Frobenius on the Fermat variety, so it is more
or less computable.

The computation of the deformation matrices for the Dwork families
was first given by Kloosterman [Klo]. He uses another basis {ωV1 , . . . , ωVr}
of Primn−2

dR , where V1, . . . , Vr are all elements of (Z/dZ)n0 which are to-
tally nonzero, and he computes the deformation matrices without using the
Picard-Fuchs equations.
Remark 5.3. In Theorem 5.2, the condition

“Primn−2
dR (V mod W ) is spanned by

{
di

dλi
ωV

}
i

”

does not hold in general. It is true that Primn−2
dR (V mod W )⊗K[λ]K[λ−1] is

spanned by { di

dλiωV }i by Theorem 4.16, while one cannot remove “⊗K[λ−1]”
in general. If the condition fails, we need an additional argument to compute
A(λ). This is illustrated in §5.3.

5.3 Example ([Dwo68, §6 (j)], [Klo, Example 5.7])

We compute the deformation matrix of the Dwork pencil of quartic K3
surfaces. Let p be an odd prime and let X/U be the Dwork family given by
the data (n, d,W ) = (4, 4, (1, 1, 1, 1)) over W (Fp), i.e. the family defined by
the equation

X4
1 +X4

2 +X4
3 +X4

4 − 4λX1X2X3X4 = 0.

In this case, {(1, 1, 1, 1), (1, 2, 2, 3), (1, 1, 3, 3)} is a complete system of rep-
resentatives of (Z/4Z)40/〈W 〉.
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Let V1 = (1, 2, 2, 3) ∈ (Z/4Z)40. By Theorem 4.8 the Picard-Fuchs equa-
tion of ωV1 is

P (V1,W ) = Dλ�����(Dλ − 1)�����(Dλ − 2)�����(Dλ − 3)

− λ4
�����(Dλ + 1)(Dλ + 2)�����(Dλ + 2)�����(Dλ + 3)

= Dλ − λ4(Dλ + 2).

Therefore 1F0

(
1
2
− ;λ4

)
is the solution of this equation with the initial

condition 1F0

(
1
2
− ; 0

)
= 1. Thus A(λ)V1 = 1F0

(
1
2
− ;λ4

)
by Theorem

5.2.

Let V2 = (1, 1, 1, 1) ∈ (Z/4Z)40. The Picard-Fuchs equation of ωV2 is

P (V2,W ) = Dλ(Dλ − 1)(Dλ − 2)�����(Dλ − 3)

− λ4
�����(Dλ + 1)(Dλ + 1)(Dλ + 1)(Dλ + 1)

= Dλ(Dλ − 1)(Dλ − 2)− λ4(Dλ + 1)3.

For this hypergeometric differential equation,

w0(λ)V2 = 3F2

(
1
4

1
4

1
4

1
2

3
4

;λ4

)
, w1(λ)V2 = λ3F2

(
1
2

1
2

1
2

3
4

5
4

;λ4

)
,

w2(λ)V2 = 8λ2
3F2

(
3
4

3
4

3
4

5
4

3
2

;λ4

)
form a fundamental set of solutions. Then

W (λ)V2 =


3F2

(
1
4

1
4

1
4

1
2

3
4

;λ4

)
λ3

6 3F2

(
5
4

5
4

5
4

3
2

7
4

;λ4

)
λ2

2 3F2

(
5
4

5
4

5
4

3
2

3
4

;λ4

)
λ3F2

(
1
2

1
2

1
2

3
4

5
4

;λ4

)
3F2

(
1
2

1
2

1
2

3
4

1
4

;λ4

)
8
3λ3F2

(
3
2

3
2

3
2

7
4

5
4

;λ4

)
8λ2

3F2

(
3
4

3
4

3
4

5
4

3
2

;λ4

)
λ3F2

(
3
4

3
4

3
4

5
4

1
2

;λ4

)
3F2

(
3
4

3
4

3
4

1
4

1
2

;λ4

)


satisfies the initial condition W (0)V2 = I and hence A(λ)V2 = W (λ)V2 by
Theorem 5.2.

For V3 = (1, 1, 3, 3), the Picard-Fuchs equation of ωV3 is

P (V3,W ) = Dλ�����(Dλ − 1)(Dλ − 2)�����(Dλ − 3)

− λ4
�����(Dλ + 1)(Dλ + 1)�����(Dλ + 3)(Dλ + 3)

= Dλ(Dλ − 2)− λ4(Dλ + 1)(Dλ + 3)

= λ2(1− λ4)
d2

dλ2
− (1 + 5λ)

d

dλ
− 3λ4 d

dλ
.
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The fundamental solutions of this equation are

w0(λ)V3 = 2F1

(
1
4

3
4

1
2

;λ4

)
, w1(λ)V3 = λ2

2F1

(
3
4

5
4

3
2

;λ4

)
and the Wronskian is

W (λ)V3 =

 2F1

(
1
4

3
4

1
2

;λ4

)
3
2λ

3
2F1

(
5
4

7
4

3
2

;λ4

)
λ2

2F1

(
3
4

5
4

3
2

;λ4

)
2λ 2F1

(
1
4

3
4

1
2

;λ4

)
 .

However, this is the case in which ωV3 and d
dλωV3 do not form a basis, so

we cannot apply Theorem 5.2 directly.
The eigenspace Primn−2

dR (V3 mod W ) is characterized as Deligne’s canon-
ical extension of Primn−2

dR (V3 mod W )|UK−{0} ([Del, II. §5]). In this case, it
is the coherent OUK

-submodule of Primn−2
dR (V3 mod W )|UK−{0} stable under

Dλ such that (Dλ mod λ) is nilpotent. We can compute it from the Picard-
Fuchs equation P (V3,W ). Put e1 = ωV3 and e2 = 1

2λ
d
dλωV3 , then we have

that

Dλ(e1) = 2λ2 e2

Dλ(e2) =
3λ2

2(1− λ4)
e1 +

6λ4

1− λ4
e2,

and hence
OUK

e1 ⊕OUK
e2 = Primn−2

dR (V3 mod W ).

Since the change-of-basis matrix from {ωV3 ,
d
dλωV3} to {ωV3 ,

1
2λ

d
dλωV3} is

B(λ) =

(
1 0
0 1

2λ

)
on UK − {0}, the matrix

W (λ)V3 B(λ) =

 2F1

(
1
4

3
4

1
2

;λ4

)
3
4λ

2
2F1

(
5
4

7
4

3
2

;λ4

)
λ2

2F1

(
3
4

5
4

3
2

;λ4

)
2F1

(
1
4

3
4

1
2

;λ4

)
 (5.15)

is the solution of (5.6) for the basis {ωV3 ,
1
2λ

d
dλωV3} by Proposition 5.1. Ob-

viously W (λ)V3 B(λ)|λ=0 = I, that concludes A(λ)V3 = W (λ)V3 B(λ).
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