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• We observed that the Γ5- and Γ3-symmetrical electric quadrupolar degrees of
freedom were enhanced under applied magnetic fields. We proposed the possi-
bility that the degrees of freedom observed under high magnetic fields originate
from strong c-f hybridization. To clarify how the itinerant electrons affect the
physical properties, other measurement techniques to directly observe the elec-
tronic states of conduction electrons are required.
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Chapter 10

Appendix 1: Power-Law Fitting
Analysis in (Y,Pr)Ir2Zn20

10.1 Power-Law Fit Analysis of the Pr-8% System in
Several Temperature Ranges

In the main text, we analyzed the elastic response arising from the QKE in the Pr-
8% system by comparing the functions proportional to +lnT and +

√
T as shown in

Fig. 6.3. Notably, the down-convex curve of the Γ3-symmetrical mode Cv can be
explained by

√
T -proportional temperature dependence, as described in Chapter 6. In

this chapter, we present the details of the power-law fitting analysis.

Figure 10.1: Power-law fitting results of the Pr-8% system in the temperature range
below (a) T < 0.6 K, (b) T < 0.3 K, and (c) T < 0.1 K. Purple dashed curve
represents the calculation result based on the localized CEF model. T ∗ ∼ 0.6 K is the
characteristic temperature where the experimental result deviates from the localized
model.

First, we performed the analysis using a free parameter n (Cv ∝ T n) in the tem-
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perature range just below the characteristic temperature T ∗ ∼ 0.6 K, as shown in
Fig. 10.1(a). The obtained value of n is ∼ 0.31, which is slightly smaller than 0.5
predicted by the quadrupolar Kondo lattice theory [18]. Although the fitting curve
reproduces the experimental result well, the temperature range in the vicinity of T ∗ is
considered the crossover region from the localized regime to the quadrupolar Kondo
regime. Therefore, the analysis should be performed only at lower temperatures. Fig-
ures 10.1(b) and (c) show the fitting results in the temperature ranges below 0.3 K
and 0.1 K, respectively. As the fitting range extends to lower temperatures, the value
of n increases. Consequently, the obtained parameter, n, in the fitting range below
0.1 K is ∼ 0.46, which is close to the theoretical value of 0.5 [18]. Thus, we conclude
that the ground state of the Pr-8% system can be well described by the quadrupolar
Kondo lattice model.
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Chapter 11

Appendix 2: CEF Analysis with the
Contribution of Atomic Disorder in
(Y,Pr)Ir2Zn20

11.1 CEF Analysis with Tetragonal Distortion
In the main text, we discuss the elastic response originating from QKE assuming that
cubic symmetry is kept even in the Y-diluted systems. However, it is possible that
an atomic disorder arising from the elemental substitution lowers the symmetry. The
lowering of the symmetry could modify the CEF effect and the elastic response at very
low temperature. In particular, Γ3 doublet which couples to the strain can be split
easily by the distortion.

Here, we discuss the possibility that the deviation of the Γ3-symmetrical elastic
constant from the CEF calculation originates from atomic distortion rather than from
QKE. The elastic behavior for each Pr-concentration system is summarized in the Fig.
6. 13. First, we recalculated the Γ3-symmetrical quadrupolar susceptibility considering
tetragonal distortion. To consider the contribution of the tetragonal distortion, we used
the following Hamiltonian,

HCEF = B0
2O

0
2 +B0

4

(
O0

4 + 5O4
4

)
+B0

6

(
O0

6 − 21O4
6

)
.

Calculation results for constant values of B0
2 are summarized in Figs. 11.1. Figure

11.1(a) shows the relationship between B0
2 and the energy splitting of the ground Γ3

doublet (∆EΓ3), which indicates that the splitting increases with increasing tetragonal
distortion. As the Γ3 doublet splits, the Curie-like divergence of the Γ3-symmetrical
quadrupolar susceptibility χΓ3 is suppressed, as shown in Fig. 11.1(b). It is noted that
the temperature at which calculated χΓ3 deviates from the cubic model [dashed line
in Fig. 11.1(b)] also shifts to higher values as the absolute value of B0

2 increases.
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Figure 11.1: (a) Calculation results of the energy split of the ground Γ3 doublet, ∆EΓ3 ,
with constant values of B0

2 . (b) Calculation results of the temperature dependence of
the Γ3-symmetrical quadrupolar susceptibility with B0

2 (solid curves) and without B0
2

(dashed curve).

Then, we compared the suppression of the Curie-like softening obtained from the
calculation with B0

2 to the experimental results. Figure 11.4 shows the comparison
between (a) the calculation result with B0

2 = 50 mK and (b) the experimental result
of the Pr-8% system. Since the characteristic temperature T ∗ is experimentally deter-
mined to be ∼ 0.6 K in the Pr-8% system, B0

2 is set to 50 mK in the calculation to
reproduce this characteristic temperature. As shown in Fig. 11.1(a), when B0

2 is 50
mK, the width of the energy split of the Γ3 doublet, ∆EΓ3 , corresponds to 0.8 K.

Figure 11.4 shows that the susceptibility below ∼ 0.1 K is almost flat in the calcu-
lation with B0

2 = 50 mK. However, the experimental results of the Pr-8% system show
a gradual softening down to the lowest temperature (∼ 40 mK), which is proportional
to

√
T as described in Chapter 3. Other Pr-concentration systems also do not show

any flat behavior in the lowest temperature range. Thus, we conclude that the sample
quality is high and the samples do not exhibit uniform tetragonal distortion (i. e., a
constant value of B0

2) due to elemental substitution.
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Figure 11.2: (a) Calculation results of the temperature dependence of the Γ3-type
quadrupolar susceptibility with B0

2 = 50 mK. (b) Experimental results of the relative
change of the Γ3-symmetrical elastic constant on the Pr-8% system.

Additionally, we performed the analysis assuming that tetragonal distortion has
spatial distribution. For the analysis, we assumed that a probability of B0

2 follows a
normal distribution described as

f (x) =
1√
2πσ

exp

[
−(x− µ)2

2σ2

]
.

σ corresponds to the width of the distribution, and µ corresponds to the center position.
Here, µ is fixed to zero. Figure 11.3(b) shows Γ3-type quadrupolar susceptibilities with
σ ̸= 0. We analyzed the date in the range −5σ < B0

2 < 5σ as shown in Fig. 11.3(a).

Figure 11.3: (a) Probability of the normal distribution in the case of σ = 5, 10, 20 mK.
(b) Calculation results of the Γ3-type quadrupolar susceptibility with σ.
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Figure 11.4 shows a comparison between (a) the calculation with σ = 20 mK and (b)
the experimental result of the Pr-3.4% system in which the logarithmic elastic behavior
is observed at low temperatures [43]. σ is set to 20 mK to match the characteristic
temperature T ∗ ∼ 0.3 K obtained by the experiment. In contrast to the case of
constant B0

2 , the calculated quadrupolar susceptibility exhibits an elastic softening
down to the lowest temperature. As shown in Fig. 11.4(a), the Γ3-type quadrupolar
susceptibility is roughly proportional to +lnT as predicted by single-site quadrupolar
Kondo model. Therefore, it is difficult to exclude the possibility that the observed
logarithmic behavior in the Pr-3.4% system [43] originates from the atomic disorder.

Figure 11.4: (a) Calculation results of the temperature dependence of the Γ3-type
quadrupolar susceptibility with σ = 20 mK. (b) Experimental results of the relative
change of the Γ3-symmetrical elastic constant on the Pr-3.4% system [43].

As shown in the present discussion, the elastic response due to a CEF effect could
be modified by the atomic disorder. In the main text, we discussed the elastic behavior
at low temperature assuming that Γ3 doublet is degenerated completely, however, the
present analysis suggests that it is possible that an atomic disorder arising from the
elemental substitution is also important in understanding the elastic constant at very
low temperature. To verify this possibility, we consider that it would be valuable to
perform the experiments under uniaxial pressure because uniaxial pressure could lower
the symmetry. It is necessary to reveal how the elastic behavior in the present system
is modified splitting of the non-Kramers Γ3 doublet.
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