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Introduction

The classical Gauss-Bonnet theorem for a compact oriented 2-dimensional Riemannian
manifold (M, g) with boundary ∂M is given as

(GB)

∫
M

KdA+

∫
∂M

κgdτ = 2πχ (M) ,

where K is the Gaussian curvature of the Riemannian metric g, dA is the area form of M ,
χ (M) is the Euler characteristic of M , κg is the geodesic curvature of ∂M , and dτ is the
arc-length measure with respect to g (cf. [UY17, Theorem 14.2]). This formula establishes
a profound connection between the intrinsic geometry of a 2-manifold and its topological
properties, incorporating both the curvature of the manifold and the contribution from its
boundary.

In this paper, we focus on surfaces with singular points. Singular surfaces arise naturally
in geometry and physics (cf. [AGZ12, IRRT16]). A surface refers to a smooth mapping
from a 2-manifold to a manifold (up to re-parametrizations of the source). A singular
point of a surface means that the differential of the surface is not injective at the point
(see Section 3 in Chapter 1). We establish Gauss-Bonnet type formulae for the following
three classes of singular surfaces:

• Frontals and wave fronts, which are surfaces with a well-defined unit normal vector
field (see Proposition 1.15).

• Smooth mappings between 2-manifolds (see Section 3.1 in Chapter 1).
• Surfaces that admit only cross caps as singular points (see Section 3.2 in Chapter
1).

Note that smooth mappings between 2-manifolds are treated as singular surfaces in our
sense.

Our goal is to generalize Gauss-Bonnet formula (GB) to the above kinds of singular sur-
faces and to explore various applications for our generalized formulae. To analyze singular
surfaces, we need specialized methods. By introducing appropriate geometric structures,
such as coherent tangent bundles (see Definition 2.1), we aim to systematically extend the
concepts of curvatures and the Euler characteristic to these singular surfaces. Also, we
study positive semi-definite metrics, such as Whitney metrics, which admit intrinsic cross
caps as singular points of a positive semi-definite metric (see Definition 3.8).

In the context of singular points of surfaces, A-equivalence (see Section 3.1 in Chapter
1) allows us to classify singular surfaces into standard forms, simplifying their study. For
instance, a smooth mapping germ f : (R2, 0) → (R3, 0) is a cuspidal edge if f isA-equivalent
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6 INTRODUCTION

to

CED :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, v2, v3

)
at the origin 0 (see Example 1.25). Also, a smooth mapping germ f : (R2, 0) → (R3, 0) is
a swallowtail if f is A-equivalent to

SW :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, 3v4 + uv2, 4v3 + 2uv

)
at 0 (see Example 1.26). Cuspidal edges and swallowtails are generic singular points of
wave fronts.

In [LLR95, Proposition 6] and [Kos02, Theorem 2], Gauss-Bonnet type formulae are
derived for compact wave fronts without boundary that admit cuspidal edges and swal-
lowtails as singular points of wave fronts. The Gauss-Bonnet type formulae in [LLR95]
and [Kos02] are described by using only information on M , so it is expected that we can
formulate wave fronts intrinsically. In [SUY09], coherent tangent bundles are introduced
as a generalization of tangent bundles on Riemannian manifolds and limiting tangent bun-
dles, where limiting tangent bundles are defined by planes orthogonal to the unit normal
vector field of a wave front (see Definition 2.1 and Examples 2.4 and 2.6). Then the follow-
ing assertion is obtained in [SUY08], and the Gauss-Bonnet type formulae in [LLR95]
and [Kos02] are generalized to frontals that admit at most peaks as singular points (see
Definitions 2.8 and 2.9).

Theorem (Theorem B of [SUY08]). Let (M, E , 〈·, ·〉 , D, φ) be a coherent tangent bun-
dle over a compact oriented smooth 2-manifold M without boundary whose singular set
S (φ) of the smooth bundle homomorphism φ : TM → E admits at most peaks. Then

2πχ (M) =

∫
M

KφdAφ + 2

∫
S(φ)

κsφdτφ,

1

2π

∫
M

KφdÂφ = χ
(
M+

φ

)
− χ

(
M−

φ

)
+#P+ (φ)−#P− (φ) ,

where the notations that appear in the above equations are introduced in Chapter 2.

Then the theory of coherent tangent bundles and the Gauss-Bonnet type formulae in
[SUY08] are generalized to the case of 2-manifolds with boundary in [DZ20] (see [DZ20,
Theorem 2.20] and Theorem 2.45).

In [SUY12], simple proofs are given for the formula in [Lev66, Theorem 1], which
relates the rotation index of the singular set of a smooth mapping from 2-manifolds into
the plane R2 and the Euler characteristic of the source, and the formula in [Qui78, Theorem
1], which relates the degree of the mapping, the Euler characteristic and the number of
cusps (see Example 1.18) as applications of the Gauss-Bonnet type formulae in [SUY08]
to smooth mappings between 2-manifolds.

The first main result of this paper is the following two assertions, which generalize the
formula in [Lev66] and the formula in [Qui78] to the case of smooth mappings between 2-
manifolds with boundary that admit at most peaks as singular points of smooth mappings,
by applying the Gauss-Bonnet type formulae in [DZ20].
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Theorem A (see Theorem 2.52). Let M be a compact oriented 2-manifold with bound-
ary ∂M and f : M → R2 a smooth mapping into the plane R2 whose singular set S (f)
of f admits at most peaks, and suppose that S (f) \I (f) consists of smooth closed regular
curves and does not intersect ∂M and that I (f) ∩ ∂M is empty, where I (f) is the set
of isolated singular points of f . Then there exists a unique orientation of the components
{S1, . . . , Sm} of S (f) \I (f) and the components {∂1, . . . , ∂n} of ∂M satisfying

χ (M)

2
=

m∑
i=1

R (Si) +
1

2

n∑
i=1

R (∂i) ,

where R (Si) is the rotation index of Si and R (∂i) is the rotation index of ∂i.

Theorem B (see Theorem 2.53). Let M,N be two compact oriented 2-manifolds with
boundary and f :M → N a smooth mapping satisfying f−1 (∂N) = ∂M whose singular set
S (f) of f admits at most peaks, and suppose that S (f) \I (f) is transversal to ∂M and
that I (f) ∩ ∂M is empty. Then

deg (f)χ (N) = χ
(
M+

f

)
− χ

(
M−

f

)
+#P+

Int (f)−#P−
Int (f)

+
# (S (f) ∩ ∂M)+ −#(S (f) ∩ ∂M)−

2
+

#P∂M+
f
−#P∂M−

f

2
,

where the notations that appear in the above equations are introduced in Chapter 2.

In [SUY12], frontal bundles are introduced as a generalization of frontals. Frontal
bundles are structures obtained by combining two types of coherent tangent bundles under
a compatibility condition (see Section 6.2 in Chapter 2). They deduce four types of Gauss-
Bonnet type formulae for frontal bundles over 2-manifolds without boundary and several
formulae by combining these equations (see [SUY12, Theorems 3.12, 3.16, 3.18, 3.23]).
For example, the formula in [SUY12, Theorem 3.12] is a generalization of the formula in
[BW78], which relates the number of cusps of the Gauss mapping of a regular surface and
the Euler characteristic of regions such that the Gaussian curvature is negative.

As the second main result of this paper, we derive Gauss-Bonnet type formulae for
frontal bundles over 2-manifolds with boundary using the Gauss-Bonnet type formulae in
[DZ20] (see Corollary 2.58), and by combining these equations, we derive the following
four formulae. Note that the formulae in [SUY12] are for a wave front without boundary
and its Gauss mapping, where one is an immersion and the other admits A2-points and
A3-points (see Definitions 2.8). We generalize these formulae in [SUY12] to a frontal with
boundary and its Gauss mapping, where both admit at most peaks as singular points of
smooth mappings.

Theorem C (see Theorems 2.59 and 2.60). Let (M, E , 〈·, ·〉 , D, φ, ψ) be a frontal bundle
over a compact oriented smooth 2-manifold M with boundary ∂M whose singular sets
S (φ) and S (ψ) admit at most peaks, and suppose that S (φ) \I (φ) and S (ψ) \I (ψ) are
transversal to ∂M and that I (φ) ∩ ∂M and I (ψ) ∩ ∂M are empty, where I (φ) is the set
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of isolated singular points of φ and I (ψ) is the set of isolated singular points of ψ. Then

2χ
(
M−

ψ

)
=

1

π

(∫
S(φ)

κsφdτφ −
∫
M−
φ

KφdÂφ

+
1

2

∫
∂M

κ̃gφdτφ −
∑

p∈(S(φ)∩∂M)null

2α+
φ (p)− π

2


− 1

2π

∫
∂M

κ̂gψdτψ −#P ⋆ (ψ) +
∑

p∈P ⋆(ψ)

degS(ψ) (p)

2

+#P+
Int (ψ)−#P−

Int (ψ)

+
# (S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

2

+
#P∂M+

ψ
−#P∂M−

ψ

2
,

2χ
(
M−

φ

)
=

1

π

(∫
S(ψ)

κsψdτψ −
∫
M−
ψ

KψdÂψ

+
1

2

∫
∂M

κ̃gψdτψ −
∑

p∈(S(ψ)∩∂M)null

2α+
ψ (p)− π

2


− 1

2π

∫
∂M

κ̂gφdτφ −#P ⋆ (φ) +
∑

p∈P ⋆(φ)

degS(φ) (p)

2

+#P+
Int (φ)−#P−

Int (φ)

+
# (S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

2

+
#P∂M+

φ
−#P∂M−

φ

2
,∫

M−
φ

KφdÂφ −
∫
S(φ)

κsφdτφ −
1

2

∫
∂M

κ̃gφdτφ +
∑

p∈(S(φ)∩∂M)null

2α+
φ (p)− π

2

=

∫
M−
ψ

KψdÂψ −
∫
S(ψ)

κsψdτψ − 1

2

∫
∂M

κ̃gψdτψ +
∑

p∈(S(ψ)∩∂M)null

2α+
ψ (p)− π

2
,

1

2π

∫
∂M

κ̂gφdτφ −
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
−
(
#P+

Int (φ)−#P−
Int (φ)

)
−#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

2
−

#P∂M+
φ
−#P∂M−

φ

2
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=
1

2π

∫
∂M

κ̂gψdτψ −
(
χ
(
M+

ψ

)
− χ

(
M−

ψ

))
−
(
#P+

Int (ψ)−#P−
Int (ψ)

)
−#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

2
−

#P∂M+
ψ
−#P∂M−

ψ

2
,

where the notations that appear in the above equations are introduced in Chapter 2.

Furthermore, we study geometry of cross caps, which are singular surfaces that are not
frontals. A smooth mapping germ f : (R2, 0) → (R3, 0) is a cross cap if f is A-equivalent
to

CR :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, uv, v2

)
at the origin 0 (see Example 1.31). Since the Gauss mapping of CR is not extended
to 0, a cross cap is not a frontal. In [Kui75, (7a)], a Gauss-Bonnet type formula is
derived for compact surfaces without boundary that admit cross caps as singular points.
In [HHNSUY15], intrinsic cross caps are introduced as singular points of positive semi-
definite metrics, which are an intrinsic formulation of cross caps, and the following theorem
is shown as a generalization of the Gauss-Bonnet type formula in [Kui75].

Theorem (Theorem 5.1 of [HHNSUY15]). Let M be a compact oriented smooth
2-manifold without boundary and ds2 a Whitney metric on M . Then∫

M

KdA = 2πχ (M) .

As the final main result of this paper, we prove the boundedness of geodesic curvature
measures of smooth regular curves through intrinsic cross caps (see Theorem 3.24). Then
we prove the following assertion, which generalizes the Gauss-Bonnet type formula in
[HHNSUY15] to the case of 2-manifolds with boundary.

Theorem D (see Theorem 3.29). Let M be a compact oriented smooth 2-manifold with
boundary ∂M and ds2 a Whitney metric on M . Suppose that ∂M is transversal to the null
space at each singular point of ds2 on ∂M if the set of singular points of ds2 on ∂M is
non-empty. Then ∫

M

KdA+

∫
∂M

κgdτ = 2πχ (M) .

This paper consists as follows. Chapter 1 begins by introducing the concept of contact
structures, which are essential for understanding geometry of frontals and wave fronts.
Then we give concrete examples of singular points of smooth mappings between 2-manifolds
and frontals. In Chapter 2, we develop differential geometry of frontals from the viewpoint
of coherent tangent bundles. In particular, we delve into geometry of smooth regular curves
passing through singular points of a frontal such as Ak-points and peaks. Also, we prove
Gauss-Bonnet type formulae for frontals. Finally, we give applications of these formulae
to smooth mappings between 2-manifolds and frontals. In particular, we prove Theorems
A, B and C. Chapter 3 explores geometry of cross caps. The chapter begins by examining
singular points of positive semi-definite metrics. Then we introduce intrinsic cross caps as
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singular points of positive semi-definite metrics and Bruce-West type coordinates which
provide a framework for analyzing these singular points. Finally, we prove Theorem D.

All mappings and manifolds considered in this paper are differentiable of class C∞

unless stated otherwise.

Acknowledgement. I would like to express my deep gratitude to my former super-
visor, Professor Goo Ishikawa, for his help in writing this paper. During my four years
at graduate school, I was able to research differential geometry from the perspective of
singularity theory, receiving various pieces of advice from him. I also learned a lot from
him about how to prepare myself as a researcher and educator.

I would also like to express my gratitude to my supervisor, Professor Hitoshi Furuhata,
who took over from Professor Ishikawa after he retired. I am also grateful to Professor
Shimpei Kobayashi and Professor Morimichi Kawasaki for serving as examiners for my
thesis. In addition, in advancing my research on the singularity theory, I received a lot
of advice and encouragement from various professors. In particular, I am very grateful to
Professor Kentaro Saji of Kobe University and Professor Masatomo Takahashi of Muroran
Institute of Technology, who have been very helpful to me and have given me advice on a
variety of topics outside of my research.

I was also supported by many friends while continuing my research at graduate school.
In particular, I would like to express my gratitude to Hirotaka Kiyohara, Shota Nakagawa,
and Kazuhiro Takahashi. I am also grateful to my mother Miyuki Hashibori, my grand-
mother Taeko Otsuka, and my dogs Chibi and Nico, who have always encouraged and
supported me.

Finally, I would like to express my gratitude to everyone involved who supported my
research.



CHAPTER 1

Singularities of frontals

1. Contact structures

In this section, we define contact structures on odd-dimensional manifolds in order to
give a general definition of frontals and wave fronts.

LetM be a smooth (2m+ 1)-manifold, wherem is a non-negative integer. A hyperplane
field K is a correspondence from each point p ∈ M to a 2m-dimensional subspace Kp of
the tangent space TpM at p:

K :M 3 p 7→ Kp ⊆ TpM and dimKp = 2m.

A vector field X defined on an open subset U ⊆ M is said to belong to K if the tangent
vector Xp ∈ TpM belongs to Kp for each point p ∈ U . The hyperplane field K is smooth if
for each point p ∈M there exist linearly independent vector fields X1, . . . , X2m defined on
a neighborhood of p such that span {X1, . . . , X2m} = K. Such a family {X1, . . . , X2m} is
called a (local) frame field of K. We give a typical example of smooth hyperplane fields.

Example 1.1 (cf. Example 10.2.1 of [USY22]). Let θ be a non-zero 1-form on a
smooth (2m+ 1)-manifold M . We show that

K :M 3 p 7→ Kp ⊆ TpM, Kp := ker θp

is a smooth hyperplane field onM . We take a Riemannian metric g onM and a coordinate
chart (U ; x1, . . . , x2m+1) centered at an arbitrary fixed point p ∈ M . If U is sufficiently
small, there exists a vector field X without zeros on U such that θ (Y ) = g (X,Y ) for any
vector field Y on U . In fact, suppose that Y , θ and g are written as

Y = Y i ∂

∂xi
, θ =

∂θ

∂xi
dxi and g = gijdx

idxj,

respectively, where we use the Einstein summation convention. Then

X =
∂θ

∂xj
gji

∂

∂xi

is the desired vector field, where (gij) is the inverse of (gij). Note that (gij) exists
because (gij) is regular. By choosing the order of x1, . . . , x2m+1 if necessary, we may
assume that X, ∂/∂x2, . . . , ∂/∂x2m+1 are linearly independent on U . Applying Gram-
Schmidt orthogonalization to these vector fields, we obtain an orthonormal frame field

{X/ |X| , e2, . . . , e2m+1} on U such that span
{
e2|p , . . . , e2m+1|p

}
= Kp for each point

p ∈ U , where |X| =
√
g (X,X). Thus K is a smooth hyperplane field of M .

11



12 1. SINGULARITIES OF FRONTALS

Let K be a smooth hyperplane field on a smooth (2m+ 1)-manifold M . A 1-form θ
defined on an open subset U ⊆ M is said to be associated to K if Kp = ker θp for each
point p ∈ U (cf. Example 1.1). If such θ exists, θ is determined up to a non-zero functional
multiple. The following assertion holds.

Proposition 1.2 (cf. Proposition 10.2.3 of [USY22]). Let K be a smooth hyperplane
field on a smooth (2m+ 1)-manifold M . Then for each point p ∈M there exists a 1-form
associated to K defined on a neighborhood of p.

Proof. For a frame field {X1, . . . , X2m} of K defined on an open subset U ⊆ M , we

take a vector field Y defined on U such that span
{
X1|q , . . . , X2m|q , Yq

}
= TqM for each

q ∈ U . We set X2m+1 = Y . Let ξ1, . . . , ξ2m+1 be 1-forms defined on U such that

ξj (Xk) = δjk :=

{
1 j = k,
0 j 6= k,

where δjk is the Kronecker delta. Then θ = ξ2m+1 gives a 1-form associated to K on U . 2

Now, we define a contact structure on an odd-dimensional manifold. A smooth hyper-
plane field K on a smooth (2m+ 1)-manifold M is called a contact structure (or a contact
hyperplane field) if for each point p ∈ M there exists a 1-form θ associated to K defined
on a neighborhood of p satisfying

(1.1.1) θ ∧

(
m∧
dθ

)
6= 0,

where
∧m dθ is the m-th exterior power of the exterior derivative dθ of θ. In this situation,

the pair (M,K) or simply M is called a contact manifold and θ is called a (local) contact
form on M . The condition (1.1.1) does not change by non-zero functional multiplication
of θ. The following assertion holds.

Lemma 1.3 (cf. Lemma 10.2.6 of [USY22]). Let (M,K) be a contact manifold of
dimension (2m+ 1) and θ a contact form defined on M . Then for each point p ∈ M the
map dθp : TpM × TpM → R is a non-degenerate alternating covariant 2-tensor on Kp.

Proof. We fix a point p ∈ M arbitrarily. If dθp is degenerate on Kp, there exists
a non-zero vector w ∈ Kp such that dθp (v, w) = 0 for any v ∈ Kp. We take vectors
u, v1, . . . , v2m−1 ∈ TpM such that u /∈ Kp, v1, . . . , v2m−1 ∈ Kp and {u, v1, . . . , v2m−1, w} is a
basis of TpM . Since θp (v1) = · · · = θp (v2m−1) = θp (w) = 0, we have(

θ ∧

(
m∧
dθ

))
p

(u, v1, . . . , v2m−1, w) = θp (u) ·

(
m∧
dθ

)
p

(v1, . . . , v2m−1, w) = 0,

which means that (θ ∧ (
∧m dθ))p = 0. This contradicts the fact that M is a contact

manifold. 2

We give some concrete examples of contact structures.
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Example 1.4 (cf. Proposition 10.2.5 of [USY22]). Let θ be a 1-form defined on a
smooth (2m+ 1)-manifold M satisfing the condition (1.1.1). If we set

K :M 3 p 7→ Kp ⊆ TpM, Kp = ker θp,

the pair (M,K) is a contact manifold because K is a smooth hyperplane field on M by
Example 1.1.

Example 1.5 (cf. Example 10.2.7 of [USY22]). Let (x, y, z) =
(x1, . . . , xm, y1, . . . , ym, z) be coordinates of R2m+1 and set

θ = dz +
m∑
i=1

yidxi.

Then we have

θ ∧

(
m∧
dθ

)
= m!dz ∧ dy1 ∧ dx1 ∧ · · · ∧ dym ∧ dxm,

which does not vanish at each point of R2m+1. Since ker θ(x,z) =
{
ai Ei|(x,z) | ai ∈ R

}
,

where Ei := ai∂/∂xi − yi∂/∂z, i = 1, . . . ,m, a smooth hyperplane field K on R2m+1 is
given by

K(x,y,z) := d (πR2m+1)−1
(x,y,z)

(
ker θ(x,z)

)
=

{
ai Ei|(x,y,z) + bi

∂

∂yi

∣∣∣∣
(x,y,z)

| ai, bi ∈ R

}
,

where πR2m+1 : R2m+1 → Rm+1, (x, y, z) 7→ (x, z) is a canonical projection. Thus
(R2m+1, K) is a contact manifold and θ is a contact form on R2m+1.

Example 1.6 (cf. Proposition 10.2.9 of [USY22]). Let M be a smooth (m+ 1)-
manifold and PT ∗M :=

∐
p∈M PT ∗

pM the projective cotangent bundle on M , where
PT ∗

pM is the projective space associated with the cotangent space T ∗
pM at a point

p ∈ M . Then PT ∗M is a smooth (2m+ 1)-manifold and the canonical projection
π : T ∗N\ {0} → PT ∗N, (p, η) 7→ (p, [η]) is a submersion. We show that a smooth
hyperplane field K on PT ∗M is given by

(1.1.2) K(p,[η]) := d (πPT ∗M)−1
(p,[η]) (ker η) ,

where πPT ∗M : PT ∗M → M, (p, [η]) 7→ p is the canonical projection (see Figure 1.1). We
fix (p, [η]) ∈ PT ∗M arbitrarily. We take a coordinate chart (U ; x0, x1, . . . , xm) centered at
p such that η = dx0|p. Writing (x, y) = (x0, x1, . . . , xm, y1, . . . , ym), we define a mapping

φ : U × Rm → PT ∗M |U by

φ (x, y) = (x, [ξ]) , ξ := dx0
∣∣
x
+

m∑
i=1

yi dxi
∣∣
x
.
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Then we may regard (x, y) as local coordinates of PT ∗M centered at (p, [η]) because φ is
a diffeomorphism. Using these coordinates, a 1-form θ on PT ∗M |U defined by

θ = dx0 +
m∑
i=1

yidxi

satisfies the condition (1.1.1) (see Example 1.5). Since ker ξ = {ai Xi|x | ai ∈ R}, where
Xi := −yi∂/∂x0 + ∂/∂xi, i = 1, . . . ,m, we have

K(x,[ξ]) = d (πPT ∗M)−1
(x,[ξ]) (ker ξ) =

{
ai Xi|(x,[ξ]) + bi

∂

∂yi

∣∣∣∣
(x,[ξ])

| ai, bi ∈ R

}
.

Then K is a smooth hyperplane field on PT ∗M because K(x,[ξ]) coincides with ker θ(x,[ξ])
at each (x, [ξ]) ∈ PT ∗M . Thus (PT ∗M,K) is a contact manifold and θ is a contact form
on PT ∗M .

T ∗M\ {0} π // PT ∗M

πPT∗M

��
M

T (T ∗M)
dπ // T (PT ∗M)

dπPT∗M
��

TM

Figure 1.1.

Example 1.7 (cf. Example 10.2.10 of [USY22]). We fix a Riemannian metric g of a
smooth (2m+ 1)-manifold M . Then the unit cotangent bundle U∗M is defined by

U∗M = {(p, η) | η = gp (v, ·) , v ∈ UpM} ,
where UpM is the fiber of the unit tangent bundle UM :=
{(p, v) | p ∈M, v ∈ TpM, |v| = 1} at a point p ∈ M . The canonical projection
Φ : U∗M → PT ∗M, (p, η) 7→ (p, [η]) is a two-to-one immersion. If K is the contact

structure on PT ∗M defined by (1.1.2), a smooth hyperplane field K̃ on U∗M is given by

(1.1.3) K̃(p,η) := dΦ−1
(p,η)

(
K(p,[η])

)
(see Figure 1.2). If θ is a 1-form associated to K on an open subset W ⊆ PT ∗M , the

pull-back Φ∗θ is a 1-form associated to K̃ on Φ−1 (W ). Since θ satisfies the condition

(1.1.1), Φ∗θ is a contact form on U∗M . Thus K̃ is a contact structure on U∗M , that is,(
U∗M, K̃

)
is a contact manifold.

We show that there is a contact form associated with K̃ globally defined on U∗M .
We define a 1-form Θ on T ∗M by Θ(p,η) = (π∗

T ∗Mη)(p,η) at each (p, η) ∈ T ∗M , where

πT ∗M : T ∗M → M, (p, η) 7→ p is the canonical projection. We fix a point p ∈ M
arbitrarily and take a coordinate chart (U ; x0, . . . , xm) of M centered at p. Since each

(q, ξ) ∈ T ∗M |U is written as (q, ξ) =
(
q, ξi dx

i|q
)
, ξi ∈ R, a coordinate chart of T ∗M is
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given by (T ∗M |U ; x0, . . . , xm, ξ0, . . . , ξm). Using this coordinate chart, we write Θ = ξidx
i.

Let θ̃ be the restriction of Θ to U∗M . Then θ̃(q,ξ) = (Φ∗π∗
PT ∗Mξ)(q,ξ) for each (q, ξ) ∈ U∗M .

By (1.1.2) and (1.1.3), we have

ker θ̃(q,ξ) = ker (Φ∗π∗
PT ∗Mξ)(q,ξ) = dΦ−1

(q,ξ)

(
d (πPT ∗M)−1

(q,[ξ]) (ker ξ)
)

= dΦ−1
(q,ξ)

(
K(q,[ξ])

)
= K̃(q,ξ).

So θ̃ is a 1-form associated to K̃. Since
(
U∗M, K̃

)
is a contact manifold, θ̃ satisfies the

condition (1.1.1). In particular, θ̃ is a contact form globally defined on U∗M , which is
called the canonical contact form on U∗M .

U∗M
Φ // PT ∗M

πPT∗M
��
M

T (U∗M)
dΦ // T (PT ∗M)

dπPT∗M
��

TM

Figure 1.2.

An immersion (respectively, a diffeomorphism) f : M → M ′ between two same di-
mensional contact manifolds (M,K) and (M ′, K ′) is called a local contact diffeomorphism
(respectively, contact diffeomorphism) if dfp (Kp) = K ′

f(p) for each point p ∈M . We give a

typical example of (local) contact diffeomorphism.

Example 1.8 (cf. Proposition 10.2.12 of [USY22]). The canonical projection Φ :
U∗M → PT ∗M is a local contact diffeomorphism by (1.1.3). Moreover, if M is connected,
Φ is a double covering mapping.

The following assertion holds.

Theorem 1.9 (cf. Theorem 10.2.13 of [USY22]). Let M be a smooth (2m+ 1)-
manifold and ψ : M → M a diffeomorphism. Then the mapping Ψ : PT ∗M → PT ∗M
defined by

Ψ(p, [η]) =
(
ψ (p) ,

[(
ψ−1

)∗
η
])

is a contact diffeomorphism satisfying πPT ∗M ◦Ψ = ψ ◦ πPT ∗M (see Figure 1.3).

PT ∗M
Ψ //

πPT∗M
��

PT ∗M

πPT∗M
��

M
ψ

// M

T (PT ∗M)
dΨ //

dπPT∗M
��

T (PT ∗M)

dπPT∗M
��

TM
dψ

// TM

Figure 1.3.
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Proof. Since (ψ−1)
∗
η ∈ T ∗

ψ(p)M for any η ∈ T ∗
pM , Ψ is a diffeomorphism satisfying

πPT ∗M ◦Ψ = ψ ◦ πPT ∗M .
Let K be the contact structure on PT ∗M defined by (1.1.2). We fix (p, [η]) ∈ PT ∗M

arbitrarily. Then we have

d (πPT ∗M)(ψ(p),[(ψ−1)∗η])
(
dΨ(p,[η])

(
K(p,[η])

))
= d (πPT ∗M ◦Ψ)(p,[η])

(
d (πPT ∗M)−1

(p,[η]) (ker η)
)

= d (ψ ◦ πPT ∗M)(p,[η])

(
d (πPT ∗M)−1

(p,[η]) (ker η)
)

= dψp

(
d (πPT ∗M)(p,[η])

(
d (πPT ∗M)−1

(p,[η]) (ker η)
))

= dψp (ker η) = ker
((
ψ−1

)∗
η
)
ψ(p)

.

So we have

dΨ(p,[η])

(
K(p,[η])

)
⊆ d (πPT ∗M)−1

(ψ(p),[(ψ−1)∗η])

(
ker
((
ψ−1

)∗
η
)
ψ(p)

)
= K(ψ(p),[(ψ−1)∗η]),

which implies that Ψ is a contact diffeomorphism. 2

2. Frontals and wave fronts

In this section, we define frontals and wave fronts in terms of projective cotangent
bundles and unit cotangent bundles.

Let M be a smooth manifold and (N,K) a contact manifold. A smooth mapping
φ :M → N is called isotropic if

(1.2.1) dφp (TpM) ⊆ Kφ(p)

for each point p ∈ M . If θ is a contact form on N , that is, Kq = ker θq for each point
q ∈ N , then the condition (1.2.1) holds if and only if the pull-back φ∗θ vanishes identically.
The following assertion holds.

Proposition 1.10 (cf. Proposition 10.3.2 of [USY22]). If φ :M → N is an isotropic
map into a contact manifold N of dimension (2m+ 1), dimM ≤ m holds. (Such φ is
called Legendrian when dimM = m.)

Proof. Let θ be a contact form on a contact manifold (N,K). We fix a point p ∈M
arbitrarily. Since φ∗θ vanishes identically,

0 = d (φ∗θ)p = φ∗ (dθ)p ,

which yields dθφ(p) (v, v) = 0 for each v ∈ dφp (TpM). By Lemma 1.3, the restriction of
dθφ(p) to Kφ(p) is a non-degenerate alternating covariant 2-tensor, which yields

dimTpM ≤
dimKφ(p)

2
= m.

2
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Now, we define frontals and wave fronts. Let M be a smooth m-manifold and N a
smooth (m+ 1)-manifold. A smooth mapping f :M → N is called a frontal (respectively,
wave front) if there exists an isotropic mapping (respectively, a Legendrian immersion)
L :M → PT ∗N satisfying f = πPT ∗N ◦ L. Such L is called the isotropic lift (respectively,
Legendrian lift) of f to PT ∗N (see Figure 2.1). Also, f is called a co-orientable frontal
(respectively, co-orientable wave front) if there exists an isotropic mapping (respectively, a
Legendrian immersion) L :M → U∗N satisfying f = πU∗N◦L. Such L is called the isotropic
lift (respectively, Legendrian lift) of f to U∗N , where πU∗N : U∗N → N, (p, η) 7→ p is the
canonical projection (see Figure 2.2).

PT ∗N

πPT∗N
��

M

L
;;vvvvvvvvv

f
// N

T (PT ∗N)

dπPT∗N
��

TM

dL
99rrrrrrrrr

df
// TN

Figure 2.1.

U∗N

πU∗N
��

M

L
<<xxxxxxxxx

f
// N

T (U∗N)

dπU∗N
��

TM

dL
99ttttttttt

df
// TN

Figure 2.2.

Remark 1.11. In [Ish18, Definition 4.1], a further generalized definition of frontal
defined above is introduced in terms of Grassmannians. In this sense, smooth mappings
between smooth equi-dimensional manifolds are frontals (See [Ish18, Remark 4.2].)

Let f : M → N be a co-orientable frontal (respectively, co-orientable wave front)
and Φ : U∗N → PT ∗N, (p, η) 7→ (p, [η]) the projection defined in Example 1.7. Then
Φ ◦ L : M → PT ∗N is a lift of f to PT ∗N , which yields that f is a frontal (respectively,
wave front). A frontal (or a wave front) is said to be non-co-orientable when it is not
co-orientable.

Remark 1.12 (cf. Remark 10.3.9 of [USY22]). If M is simply connected, any frontal
f :M → N is co-orientable. IfM is not simply connected and f is non-co-orientable, there

exists a double covering M̂ of M such that f is lifted to a co-orientable frontal M̂ → N .

The following assertions hold by the definitions of frontals and wave fronts.

Proposition 1.13 (cf. Proposition 10.3.5 of [USY22]). A wave front from a smooth
m-manifold M into a smooth (m+ 1)-manifold N is a frontal. Also, an immersion from
M into N is a wave front.
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Proof. By the definitions of frontals and wave fronts. 2

Proposition 1.14 (cf. Proposition 10.3.6 of [USY22]). Let f : M → N be a frontal
(respectively, wave front), and ψ : M → M and ψ′ : N → N two diffeomorphisms. Then
ψ′ ◦ f ◦ ψ is also a frontal (respectively, wave front).

Proof. By the definitions of frontals and wave fronts, and Theorem 1.9 (see Figure
2.3). 2

PT ∗N

πPT∗N
��
πPT∗N
��

Ψ′
// PT ∗N

πPT∗N
��

M
ψ

// M

L
;;vvvvvvvvv

f
// N

ψ′
// N

T (PT ∗N)

dπPT∗N
��
dπPT∗N
��

dΨ′
// T (PT ∗N)

dπPT∗N
��

TM
dψ

// TM

dL
99rrrrrrrrr

df
// TN

dψ′
// TN

Figure 2.3.

Furthermore, if the target manifold is Riemannian, we obtain the following characteri-
zation of frontals and wave fronts.

Proposition 1.15 (cf. Proposition 10.3.10 of [USY22]). Let M be a smooth m-
manifold and (N, g) a Riemannian manifold of dimension (m+ 1). A smooth mapping
f : M → N is a frontal (respectively, wave front) if and only if for each point p ∈ M
there exist a neighborhood Up of p and a smooth mapping (respectively, an immersion)
νp : Up → UN satisfying

(1) πUN ◦ νp (q) = f (q) for each point q ∈ Up, where πUN : UN → N, (q, v) 7→ q is
the canonical projection,

(2) gf(q) (dfq (v) , νp (q)) = 0 for each (q, v) ∈ TM |Up,
(3) if Up ∩ Up′ 6= ∅, p, p′ ∈ M , we have νp (q) = νp′ (q) or νp (q) = −νp′ (q) for each

point q ∈ Up ∩ Up′.
(Such νp is called the unit normal vector field of f defined on Up.) In particular, a frontal
(or a wave front) f is co-orientable if and only if there exists a unit normal vector field
globally defined on M .

Proof. We identify UN with U∗N by a smooth bundle isomorphism

♭ : UN → U∗N, (p, v) 7→ (p, gp (v, ·))
overM . Since U∗N has a canonical contact structure (see Example 1.7), UN has a contact
structure induced by ♭.
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Suppose that f : M → N is a frontal (respectively, wave front). Then there exists
an isotropic mapping (respectively, a Legendrian immersion) L : M → PT ∗N satisfying
πPT ∗N ◦L = f . Since Φ : U∗N → PT ∗N, (q, η) 7→ (q, [η]) is a local contact diffeomorphism
(see Example 1.8), there exist a neighborhood V of f (p) and a local contact diffeomorphism
Ψ := Φ−1 : PT ∗N |V → U∗N . By the continuous of f , we take a neighborhood Up of p

satisfying f (Up) ⊆ V . We set L̃ = Ψ ◦ L : Up → U∗N and νp = ♯ ◦ L̃ : Up → UN , where

♯ := ♭−1 : U∗N → UN . Then ♭ ◦ νp = L̃ and πUN ◦ νp (q) = πU∗N ◦ L̃ (q) = f (q) for each

point q ∈ Up. Let θ̃ be the canonical contact form on U∗N (see Example 1.7). Since L̃ is
isotropic (respectively, Legendrian), for each (q, v) ∈ TM |Up

0 =
(
L̃∗θ̃
)
q
(v) = θ̃L̃(q)

(
dL̃q (v)

)
= L̃f(q)

(
d (πU∗N)L̃(q)

(
dL̃q (v)

))
= L̃f(q)

(
d
(
πU∗N ◦ L̃

)
q
(v)

)
= L̃f(q) (dfq (v)) = (♭ ◦ νp)f(q) (dfq (v))

= gf(q) (νp (q) , dfq (v)) ,

which means that νp satisfies the condition (2). Furthermore, since the local contact

diffeomorphism Ψ : PT ∗N → U∗N satisfying L̃ = Ψ ◦ L only has sign indeterminacy, the
condition (3) holds.

Conversely, suppose that for each point p ∈M there exist a neighborhood Up of p and
a smooth mapping (respectively, an immersion) νp : Up → UN satisfying the conditions

(1), (2) and (3). We set L̃ = ♭ ◦ νp : Up → U∗N and L = Φ ◦ L̃ : Up → PT ∗N . Since L
is independent of the choice of νp by the condition (3), L is smoothly extended to M . By

the definition, πU∗N ◦ L̃ = πPT ∗N ◦ L = f . By the above computations from the opposite
direction and the condition (2), for each (q, v) ∈ TM |Up(

L̃∗θ̃
)
q
(v) = gf(q) (νp (q) , dfq (v)) = 0,

which means that L̃ is isotropic (respectively, Legendrian), so L is isotropic (respectively,
Legendrian). Thus f is a frontal (respectively, wave front). 2

Corollary 1.16 (cf. Corollary 10.3.11 of [USY22]). Let M be a smooth m-manifold.
Then a smooth mapping f : M → Rm+1 into the Euclidean space Rm+1 is a frontal
(respectively, wave front) if and only if for each point p ∈M there exist a neighborhood Up
of p and a smooth mapping (respectively, an immersion) (f, np) : Up → Rm+1 × Sm, where
Sm is the unit m-sphere, satisfying

(1) 〈dfq (v) , np (q)〉 = 0 for each (q, v) ∈ TM |Up, where 〈·, ·〉 is the Euclidean inner
product,

(2) if Up ∩ Up′ 6= ∅, p, p′ ∈ M , we have np (q) = np′ (q) or np (q) = −np′ (q) for each
point q ∈ Up ∩ Up′.

(Such np is called the Gauss mapping of f defined on Up.) In particular, a frontal (or a
wave front) f is co-orientable if and only if there exists the Gauss mapping globally defined
on M .
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Proof. If N = Rm+1 in Proposition 1.15, URm+1 is identified with Rm+1 × Sm and
νp = (f, np). 2

3. Examples of singular points of smooth mappings

In this section, we define regular points and singular points of smooth mappings, and
give several typical examples.

Let M be a smooth manifold (possibly with boundary ∂M) and N a smooth manifold.
A point p ∈ M is called a regular point of a smooth mapping f : M → N if rank (dfp) =
min {dimM, dimN}. On the other hand, p is called a singular point of f if rank (dfp) <
min {dimM, dimN}. Note that if p ∈ ∂M , then f is extended to a C∞-mapping beyond
∂M via a compatible coordinate neighborhood of p, and the above notions are well-defined
independently of the choice of a compatible coordinate neighborhood of p. We denote by
S (f) the singular set of f .

3.1. Singular points of smooth mappings between 2-manifolds. We give some
concrete examples of singular points of smooth mappings between 2-manifolds. Note that
smooth mappings between 2-manifolds are frontals in the sense of [Ish18] (see Remark
1.11).

Before discussing specific types of singular points, we recall the A-equivalence, which
is fundamental for classifying singular points of smooth mappings. Two smooth mapping
germs f1 : (Rm, x1) → (Rn, y1) and f2 : (Rm, x2) → (Rn, y2) are said to be A-equivalent (or
right-left equivalent) if there exist two diffeomorphism germs φ : (Rm, x1) → (Rm, x2) and
Φ : (Rn, y1) → (Rn, y2) satisfying f2 ◦ φ = Φ ◦ f1. In other words, f1 and f2 are equivalent
under coordinate changes in both the domain and the target.

(Rm, x1)

φ

��

f1 // (Rn, y1)

Φ
��

(Rm, x2)
f2

// (Rn, y2)

Example 1.17 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a fold if f is A-equivalent to

FO :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, v2

)
at the origin 0. Then S (FO) = {v = 0} (see Figure 3.1).

Figure 3.1. The red line represents the image of S (FO).
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Example 1.18 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a cusp (or a pleat) if f is A-equivalent to

CU :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, uv + v3

)
at 0. Then S (CU) = {u+ 3v2 = 0} (see Figure 3.2).

Figure 3.2. The red line represents the image of S (CU).

Example 1.19 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a lips if f is A-equivalent to

LI :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, v3 + u2v

)
at 0. Then S (LI) = {0} (see Figure 3.3).

Figure 3.3. The red point represents the image of S (LI).

Example 1.20 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a beaks if f is A-equivalent to

BE :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, v3 − u2v

)
at 0. Then S (BE) = {3v2 − u2 = 0} (see Figure 3.4).

Figure 3.4. The red line represents the image of S (BE).
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Example 1.21 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a Goose if f is A-equivalent to

GO+ :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, v3 + u3v

)
, or

GO− :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, v3 − u3v

)
at 0. Then S

(
GO+

)
= {u3 + 3v2 = 0} and S

(
GO−) = {u3 − 3v2 = 0} (see Figure 3.5).

Figure 3.5. From left to right, the red lines represent the images of
S
(
GO+

)
and S

(
GO−), respectively.

Example 1.22 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a swallowtail if f is A-equivalent to

SW :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, uv + v4

)
at 0. Then S (SW) = {u+ 4v3 = 0} (see Figure 3.6).

Figure 3.6. The red line represents the image of S (SW).

Example 1.23 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a butterfly if f is A-equivalent to

BU+ :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, uv + v5 + v7

)
, or

BU− :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, uv + v5 − v7

)
at 0. Then S

(
BU+

)
= {u+ 7v6 + 5v4 = 0} and S

(
BU−) = {u− 7v6 + 5v4 = 0} (see

Figure 3.7).

Example 1.24 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R2, 0) →
(R2, 0) is called a gulls if f is A-equivalent to

GU :
(
R2, 0

)
→
(
R2, 0

)
, (u, v) 7→

(
u, uv2 + v4 + v5

)
at 0. Then S (GU) = {2uv + v3 (4 + 5v) = 0} (see Figure 3.8).
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Figure 3.7. From left to right, the red lines represent the images of
S
(
BU+

)
and S

(
BU−), respectively.

Figure 3.8. The red line represents the image of S (GU).

3.2. Singular points of frontals and wave fronts. We give some concrete examples
of singular points of frontals and wave fronts.

Example 1.25 (cf. [AGZ12]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a
cuspidal edge if f is A-equivalent to

CED :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, v2, v3

)
at the origin 0. Since the Gauss mapping of CED is

nCED (u, v) =
(0,−3v, 2)√

9v2 + 4

and the pair (CED, nCED) : (R2, 0) → R3 × S2 is Legendrian, CED is a wave front by
Corollary 1.16. Thus cuspidal edges are wave fronts by Proposition 1.15. Then S (CED) =
{v = 0} (see Figure 3.9). In fact, cuspidal edges are generic singular points of wave fronts
(see [AGZ12]).

Figure 3.9. The red line represents the image of S (CED).

Example 1.26 (cf. [AGZ12]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a
swallowtail if f is A-equivalent to

SW :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, 3v4 + uv2, 4v3 + 2uv

)



24 1. SINGULARITIES OF FRONTALS

at 0. Since the Gauss mapping of SW is

nSW (u, v) =
(−v2,−1, v)√
v4 + v2 + 1

and the pair (SW, nSW) is Legendrian, SW is a wave front by Corollary 1.16. Thus swal-
lowtails are wave fronts by Proposition 1.15. Then S (SW) = {u+ 6v2 = 0} (see Figure
3.10). In fact, swallowtails are also generic singular points of wave fronts (see [AGZ12]).

Figure 3.10. The red line represents the image of S (SW).

Example 1.27 (cf. [Giv90]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a
cuspidal cross cap (or a folded umbrella) if f is A-equivalent to

CCR :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, v2, uv3

)
at 0. Since the Gauss mapping of CCR is

nCCR (u, v) =
(−2v3,−3uv, 2)√
9u2v2 + 4v6 + 4

and the pair (CCR, nCCR) is not Legendrian, CCR is a frontal but not a wave front by
Corollary 1.16. Thus cuspidal cross caps are frontals but not wave fronts by Proposition
1.15. Then S (CCR) = {v = 0} (see Figure 3.11). In fact, cuspidal cross caps are generic
singular points of frontals (see [Giv90]).

Figure 3.11. The red line represents the image of S (CCR).

Example 1.28 (cf. [IST10]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a
cuspidal lips if f is A-equivalent to

CLI :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u,−2v3 − u2v, 3v4 + u2v2

)
at 0. Since the Gauss mapping of CLI is

nCLI (u, v) =
(−2uv2,−2v,−1)√
4u2v4 + 4v2 + 1

and the pair (CLI, nCLI) is Legendrian, CLI is a wave front by Corollary 1.16. Thus cuspidal
lips are wave fronts by Proposition 1.15. Then S (CLI) = {0} (see Figure 3.12).
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Figure 3.12. The red point represents the image of S (CLI).

Example 1.29 (cf. [IST10]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a
cuspidal beaks if f is A-equivalent to

CBE :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u,−2v3 + u2v, 3v4 − u2v2

)
at 0. Since the Gauss mapping of CBE is

nCBE (u, v) =
(−2uv2, 2v, 1)√
4u2v4 + 4v2 + 1

and the pair (CBE, nCBE) is Legendrian, CBE is a wave front by Corollary 1.16. Thus
cuspidal beaks are wave fronts by Proposition 1.15. Then S (CBE) = {u2 − 6v2 = 0} (see
Figure 3.13).

Figure 3.13. The red line represents the image of S (CBE).

Example 1.30 (cf. [IS10]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a cuspidal
butterfly if f is A-equivalent to

CBU :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, 5v4 + 2uv, 4v5 + uv2 − u2

)
at 0. Since the Gauss mapping of CBU is

nCBU (u, v) =
(2u+ v2,−v, 1)√
(2u+ v2)2 + v2 + 1

and the pair (CBU, nCBU) is Legendrian, CBU is a wave front by Corollary 1.16. Thus
cuspidal butterflies are wave fronts by Proposition 1.15. Then S (CBU) = {u+ 10v3 = 0}
(see Figure 3.14).

Example 1.31 (cf. [Whi43]). A smooth mapping germ f : (R2, 0) → (R3, 0) is a cross
cap (or a Whitney umbrella) if f is A-equivalent to

CR :
(
R2, 0

)
→
(
R3, 0

)
, (u, v) 7→

(
u, v2, uv

)
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Figure 3.14. The red line represents the image of S (CBU).

at 0. Since the Gauss mapping of CR is not extended to 0, CR is not a frontal by Corollary
1.16. Thus cross caps are not frontals by Proposition 1.15. Then S (CR) = {0} (see Figure
3.15). In fact, cross caps are generic singular points of smooth mappings from R2 to R3

(see [Whi44]).

Figure 3.15. The red point represents the image of S (CR).



CHAPTER 2

Geometry of frontals

1. Coherent tangent bundles

Coherent tangent bundles are introduced as generalizations of tangent bundles on Rie-
mannian manifolds (see Example 2.4) and limiting tangent bundles (see Example 2.6). In
this section, we define coherent tangent bundles and present some concrete examples.

Definition 2.1 (Definition 6.1 of [SUY09], Definition 2.1 of [DZ20]). A coherent
tangent bundle (or an abstract limiting tangent bundle) over an oriented smooth 2-manifold
M (possibly with boundary) is a 5-tuple (M, E , 〈·, ·〉 , D, φ), where

(1) E is an orientable smooth vector bundle of rank 2 over M with a metric 〈·, ·〉,
(2) D is a metric connection on (E , 〈·, ·〉), that is,

X 〈ξ, η〉 = 〈DXξ, η〉+ 〈ξ,DXη〉
for any vector field X on M and any smooth sections ξ, η of E ,

(3) φ : TM → E is a smooth bundle homomorphism over M satisfying

(2.1.1) DXφ (Y )−DY φ (X) = φ ([X,Y ])

for any vector fields X,Y on M .

Remark 2.2. Note that we can define geometric objects associated with the tangent
space at a boundary point of a manifold with boundary in the same way as a manifold
without boundary. Let Hn be the closed n-dimensional upper half-space defined by

Hn =
{(
x1, . . . , xn

)
∈ Rn | xn ≥ 0

}
and ∂Hn the boundary of Hn. Then we can identify the tangent space TpHn with TpRn

when p ∈ ∂Hn because the differential dιp : TpHn → TpRn of the inclusion mapping
ι : Hn → Rn is an isomorphism for any point p ∈ ∂Hn (cf. [Lee13, Lemma 3.11]). From
this assertion, we deduce that the tangent space TpM at each point p ∈ M in a smooth
n-manifold M with boundary is an n-dimensional vector space (cf. [Lee13, Proposition
3.12]).

Remark 2.3. In [SUY12], coherent tangent bundles are defined for smooth manifolds
of general dimension.

We give some concrete examples of coherent tangent bundles.

Example 2.4 ([SUY12], Example 9.1.3 of [USY22]). Let (M, g) be a Riemannian
manifold of dimension 2 (possibly with boundary) and ∇ the Levi-Civita connection of g.

27
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Then the tuple (M,TM, g,∇, idTM) is a coherent tangent bundle overM , which means that
coherent tangent bundles are generalizations of tangent bundles on Riemannian manifolds.

Example 2.5 (Example 2.3 of [SUY12]). Let M be an oriented smooth 2-manifold
(possibly with boundary), (N, g) an orientable Riemannian manifold of dimension 2 and
f : M → N a smooth mapping. Then the metric g induces a metric on the pull-back
f ∗ (TN), the connection D induced by f of the Levi-Civita connection of g is a metric
connection on (f ∗ (TN) , g) and the differential mapping df : TM → f ∗ (TN) satisfies the
condition (2.1.1). Thus the tuple (M, f ∗ (TN) , g,D, df) is a coherent tangent bundle over
M .

Example 2.6 (Example 1.3 of [SUY08], Example 2.4 of [SUY12]). Let M be an
oriented 2-manifoldM (possibly with boundary), (N, g) an orientable Riemannian manifold
of dimension 3 and f :M → N a co-orientable frontal. Then there is a unit normal vector
field ν of f globally defined onM by Proposition 1.15. The subbundle Ef of f ∗ (TN) whose
fiber (Ef )p at each point p ∈M is defined by

(Ef )p =
{
v ∈ Tf(p)N | gf(p) (v, ν (p)) = 0

}
is called the limiting tangent bundle of f . Then the metric g induces a metric on Ef , the
tangential part D of the connection on f ∗ (TN) by Example 2.5 is a metric connection on
(Ef , g) and the differential mapping df : TM → Ef satisfies the condition (2.1.1). Thus the
tuple (M, Ef , g,D, df) is a coherent tangent bundle over M , which means that coherent
tangent bundles are generalizations of limiting tangent bundles of frontals.

2. Singular points of smooth bundle homomorphisms

In this section, we define singular points of smooth bundle homomorphisms of coherent
tangent bundles. In the following, we fix a coherent tangent bundle (M, E , 〈·, ·〉 , D, φ) over
an oriented smooth 2-manifold M (possibly with boundary ∂M).

The pull-back ds2φ of the metric 〈·, ·〉 by φ, that is, ds2φ := φ∗ 〈·, ·〉 is called the first
fundamental form of φ (or the φ-metric).

A point p ∈ M is called a regular point of φ if the linear mapping φp : TpM → Ep
is a bijection, where Ep is the fiber of E at p, that is, the covariant 2-tensor

(
ds2φ
)
p
:

TpM × TpM → R is positive-definite. On the other hand, p is called a singular point
of φ if φp is not a bijection, that is,

(
ds2φ
)
p
is degenerate. Note that if p ∈ ∂M , then

φ is extended to a C∞-mapping beyond ∂M via a compatible coordinate neighborhood
of p, and the above notions are well-defined independently of the choice of a compatible
coordinate neighborhood of p. We denote by S (φ) the singular set of φ. If the coherent
tangent bundle is induced by a smooth mappings between 2-manifolds (see Example 2.5)
or a frontal (see Example 2.6) f , by the definition of singular points, S (df) = S (f).

Since the vector bundle E is orientable, there exists a smooth non-vanishing section µ
of the exterior power E∗ ∧ E∗ of the dual bundle E∗ of E satisfying µ (e1, e2) = ±1 for any
orthonormal frame {e1, e2} for E . An orientation of E is a choice of µ. Then a frame {e1, e2}
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is called positive (respectively, negative) with respect to µ if µ (e1, e2) = 1 (respectively,
µ (e1, e2) = −1). In the following, we fix an orientation µ of E .

Definition 2.7 (Definition 1.2 of [SUY08]). The signed area form dÂφ and the (un-
signed) area form dAφ are defined by

(2.2.1) dÂφ = φ∗µ = λφdu ∧ dv, dAφ = |λφ| du ∧ dv
on a local coordinate chart (U ; u, v) of M , where

λφ := µ (φu, φv)

(
φu := φ

(
∂

∂u

)
, φv := φ

(
∂

∂v

))
,

which is called the signed area density function with respect to φ on U . Note that the
singular set of φ on U is expressed as

S (φ) ∩ U = {p ∈ U | λφ (p) = 0} .

The 2-form dÂφ is extended to a smooth 2-form globally defined on M because dÂφ is
independent of the choice of local coordinates on U . Also, dAφ is extended to a continuous
2-form globally defined on M because dAφ is independent of the choice of local coordinates

compatible with the orientation of M on U . If S (φ) is empty, dÂφ and dAφ coincide up
to sign ambiguity. We set

M+
φ =

{
p ∈M\S (φ) | dÂφ (p) = dAφ (p)

}
,(2.2.2)

M−
φ =

{
p ∈M\S (φ) | dÂφ (p) = −dAφ (p)

}
.

Let {e1, e2} be a positive orthonormal frame with respect to µ for E defined on a domain
U ⊆M . Then there exists a unique 1-form ω defined on U , which is called the connection
form with respect to {e1, e2}, satisfying
(2.2.3) DXe1 = −ω (X) e2, DXe2 = ω (X) e1

for any vector field X defined on U . We see that the exterior derivative dω is independent
of the choice of positive frames for E on U , which yields that dω is extended to a 2-form
globally defined on M . By the definition of ω,

(2.2.4) dω = KφdÂφ =

{
KφdAφ on M+

φ ,
−KφdAφ on M−

φ ,

where Kφ is the Gaussian curvature of ds2φ on M\Σφ.
Next, we define non-degenerate singular points. A point p ∈ S (φ) is called non-

degenerate if the exterior derivative dλφ does not vanish at p. Note that this definition is
independent of the choice of local coordinates. If we take a non-degenerate singular point
p, by the implicit function theorem, there is a neighborhood U of p such that S (φ) ∩ U
consists of a smooth regular curve γφ : (−ε, ε) → U, γφ (0) = p, which is called a singular
curve. Tangential directions of the singular curve are called singular directions. Also,
we see that the rank of the linear mapping φp : TpM → Ep is one, that is, the kernel
of φp is one dimensional. The kernel of φp is called the null direction. Furthermore, we
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can take a non-zero smooth vector field ηφ along γφ satisfying ηφ (t) ∈ kerφγφ(t) for each
point γφ (t) ∈ S (φ) ∩ U , which is called a null vector field along γ. Then, we can classify
non-degenerate singular points as follows.

Definition 2.8 (Definition 1.4 of [SUY08], [MSUY16], Definition 2.1 of [Saj18]).
We set

δφ (t) = γ̇φ (t) ∧ ηφ (t) ,
where γ̇φ (t) := dγφ/dt (t) and ∧ is the exterior product on TM . A non-degenerate singular
point p is called an A2-point (or a singular point of the first kind) if γ̇φ (0) and ηφ (0) are
linearly independent, that is, δφ (0) 6= 0. Also, p is called an Ak-point (or a singular point
of the k-th kind), k ≥ 3, if

δφ (0) = δ̇φ (0) = · · · = δ(k−3)
φ (0) = 0 and δ(k−2)

φ (0) 6= 0.

Next, we define peaks, which are a generalization of Ak-points, k ≥ 3, and degenerate
singular points such as (cuspidal) lips (see Examples 1.19 and 1.28) and (cuspidal) beaks
(see Examples 1.20 and 1.29).

Definition 2.9 (Definition 1.10 of [SUY09], Definition 2.1 of [SUY08]). A point
p ∈ S (φ) which is not an A2-point is called a peak if there exists a neighborhood U of p
such that

(1) there are no singular points other than A2-points on U\ {p},
(2) the rank of the linear mapping φp : TpM → Ep is one,
(3) the set S (φ) ∩ U consists of finitely many smooth regular curves starting from p.

Note that p is isolated if such a set of smooth regular curves is empty.

A peak is called a non-degenerate peak if it is non-degenerate. Note that Ak-points, k ≥ 3,
are non-degenerate peaks. The set S (φ) is said to admit at most peaks if it consists of
A2-points and peaks.

3. Differential geometry of curves through singular points

In this section, we consider differential geometry of regular curves passing through
singular points of bundle homomorphisms of coherent tangent bundles. In the following,
we fix a coherent tangent bundle (M, E , 〈·, ·〉 , D, φ) over an oriented smooth 2-manifold M
(possibly with boundary ∂M) whose singular set S (φ) admits at most peaks.

First, we introduce g-coordinates centered at a point p ∈ S (φ). Take a Riemannian
metric g on M . Then there exists a smooth bundle homomorphism I : TM → TM over
M satisfying

ds2φ (X,X) = g (I (X) , X)

for any vector field X on M . Since S (φ) admits at most peaks, the kernel of the linear
mapping φp : TpM → Ep is one dimensional, which yields that one of the eigenvalues of
the linear mapping Ip : TpM → TpM vanishes. Thus there exists a neighborhood V of p
such that the linear mapping Iq : TqM → TqM has two distinct eigenvalues λ1 (q) , λ2 (q)
satisfying 0 ≤ λ1 (q) < λ2 (q) for each point q ∈ V . Since the eigenvectors of λ1 (q) , λ2 (q)
depend smoothly on q, there exists a local coordinate chart (U ; u, v) ⊆ V centered at p such
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that u-directions give λ1-eigendirections of I on U and v-directions give λ2-eigendirections
of I on U . We call such (u, v) g-coordinates centered at p.

Next, we consider the existence of E-initial vectors at singular points.

Proposition 2.10 (Proposition 2.6 of [SUY08]). Let γ : [0, ε) → M be a smooth
regular curve starting from a point p ∈ S (φ) such that γ̇ (0) is not contained in the null
direction at p or γ is a singular curve, where ε > 0 is a number such that γ ((0, ε)) does
not contain peaks. Then there exists a vector

Φγ := lim
t→0+0

φ (γ̇ (t))

|φ (γ̇ (t))|
∈ Ep,

where |ξ| :=
√

〈ξ, ξ〉. We call Φγ the E-initial vector of γ at p.

Proof. The assertion is obvious if γ̇ (0) is not contained in the null direction at p.
We assume that γ is a singular curve such that γ̇ (0) is contained in the null direction

at p. Note that p is a peak. Take g-coordinates (u, v) centered at p and write γ (t) =
(u (t) , v (t)). Since γ is a singular curve, we have φu (γ (t)) = 0, which yields φ (γ̇ (t)) =
v̇ (t)φv (γ (t)). Since φv (p) 6= 0 by the definition of g-coordinates,

lim
t→0+0

φ (γ̇ (t))

|φ (γ̇ (t))|
=

(
lim
t→0+0

sgn (v̇ (t))

)
φv (p)

|φv (p)|
.

Since γ (t) , t ∈ (0, ε), is an A2-point, we have v̇ (t) 6= 0, t ∈ (0, ε), which yields that
sgn (v̇ (t)) , t ∈ (0, ε), never changes and limt→0+0 sgn (v̇ (t)) exists. 2

Proposition 2.11 (Propositions 2.8 and 2.9 of [DZ20]). Let γ : [0, ε) → M be a
smooth regular curve starting from an A2-point p ∈ S (φ) such that S (φ)∩ γ ([0, ε)) = {p}
and γ̇ (0) is contained in the null direction at p, where ε > 0 is a number such that γ ((0, ε))
consists of regular points. Then the E-initial vector Φγ exists and

(2.3.1) Φγ =
Dt (φ ◦ γ̇) (0)
|Dt (φ ◦ γ̇) (0)|

∈ Ep.

Also, if we set γ (t) = γ (−t),

(2.3.2) Φγ = Φγ.

Proof. Take g-coordinates (u, v) centered at p. Let σ = σ (t) , t ∈ [0, ε), be a singular
curve starting from p. Since λφ (σ (t)) = 0,

dλφ (σ̇ (0)) =
d

dt

∣∣∣∣
t=0

λφ (σ (t)) = 0.

Since γ̇ (0) and σ̇ (0) are linearly independent and dλφ (p) 6= 0,

(2.3.3) dλφ (γ̇ (0)) =
d

dt

∣∣∣∣
t=0

λφ (γ (t)) 6= 0.
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Since λφ (γ (t)) = µ (φu (γ (t)) , φv (γ (t))) and φu (p) = 0,

(2.3.4)
d

dt

∣∣∣∣
t=0

λφ (γ (t)) = µ (Dt (φu ◦ γ) (0) , φv (p)) ,

where µ is an orientation of E . By (2.3.3) and (2.3.4), Dt (φu ◦ γ) (0) and φv (p) are linearly
independent.

Since γ̇ (0) is contained in the null direction at p, that is, the u-axis, by the division
lemma, there exist a number ε1 > 0, ε1 ≤ ε, and smooth functions g, h : [0, ε1) →
R, g (0) 6= 0, such that γ̇ (t), t ∈ [0, ε1), is written as

γ̇ (t) = (g (t) + tġ (t))
∂

∂u

∣∣∣∣
γ(t)

+ t
(
2h (t) + tḣ (t)

) ∂

∂v

∣∣∣∣
γ(t)

.

Since φu (p) = 0 and Dt (φu ◦ γ) (0) 6= 0, by the division lemma, there exist a number ε2 >
0, ε2 ≤ ε, and a smooth section ξ, ξ (0) 6= 0, of E along γ such that φu (γ (t)) , t ∈ [0, ε2),
is written as

φu (γ (t)) = tξ (t) .

Then for any t ∈ (0,min {ε1, ε2}),

φ (γ̇ (t))

|φ (γ̇ (t))|
=

t
(
(g (t) + tġ (t)) ξ (t) +

(
2h (t) + tḣ (t)

)
φv (γ (t))

)
t
∣∣∣(g (t) + tġ (t)) ξ (t) +

(
2h (t) + tḣ (t)

)
φv (γ (t))

∣∣∣
→ g (0) ξ (0) + 2h (0)φv (p)

|g (0) ξ (0) + 2h (0)φv (p)|
(t→ 0 + 0) .

Note that g (0) ξ (0) + 2h (0)φv (p) is non-zero because ξ (0) = Dt (φu ◦ γ) (0) and φv (p)
are linearly independent and g (0) 6= 0.

Since Dt (φ ◦ γ̇) (0) = g (0) ξ (0) + 2h (0)φv (p), we have the equality (2.3.1).
By the definition, we have γ̇ (t) = −γ̇ (−t). Then

Dt

(
φ ◦ γ̇

)
(t) = D−t (−φ ◦ γ̇) (−t) = Dt (φ ◦ γ̇) (−t) ,

which yields that we have the equality (2.3.2). 2

Next, we define singular sectors and their interior angles. Take a point p ∈ S (φ) and
a sufficiently small neighborhood U of p. Let σ1, σ2 : [0, ε) → U be two smooth regular
curves starting from p such that σ1 and σ2 are singular curves, or σ1 is a singular curve
and the image of σ2 is contained in ∂M , where ε > 0 is a number such that γ ((0, ε)) does
not contain peaks. A domain Ω ⊆ U is called a singular sector at p if

(1) the boundary of Ω consists of σ1, σ2 and a part of the boundary of U , and
(2) there are no singular points in Ω.

Note that we call the domain Ω = U\ {p} a singular sector if p is isolated. If Ω is a singular
sector at p, we have Ω ⊆M+

φ or Ω ⊆M−
φ . If Ω ⊆M+

φ (respectively, Ω ⊆M−
φ ), it is called

positive (respectively, negative). If there are two or more singular sectors at each peak in
S (φ) \∂M , the number of positive sectors is equal to the number of negative sectors.
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Definition 2.12 (Definition 2.7 of [SUY08]). Let γ1, γ2 : [0, ε) → M be two smooth
regular curves starting from a point p ∈ S (φ) such that the E-initial vectors Φγ1 ,Φγ2 exist,
where ε > 0 is a number as in Propositions 2.10 and 2.11. The angle arccos (〈Φγ1 ,Φγ2〉) ∈
[0, π] is called the angle between the E-initial vectors of γ1, γ2.

Let U be a sufficiently small neighborhood of a point p ∈ S (φ) and Ω ⊆ U a singular
sector bounded by two smooth regular curves σ0, σ1 : [0, ε) → U starting from p such that
the E-initial vectors Φσ0 ,Φσ1 exist, where ε > 0 is a number as in Propositions 2.10 and 2.11.
Then we take a positive integer n and a sequence σ0 = γ0, γ1, . . . , γn−1, γn = σ1 : [0, ε) → U
of smooth regular curves starting from p such that

(1) γ1, . . . , γn−1 satisfy the assumptions of Proposition 2.10 or 2.11,
(2) γ0, . . . , γn do not intersect each other in Ω,
(3) there exists a domain ωj ⊆ Ω bounded by γj−1 and γj which does not intersect γk

for each k 6= j − 1, j,
(4) the interior angle of γ̇j−1 (0) and γ̇j (0) with respect to a Riemannian metric on

M is less than π for each j = 1, . . . , n,
(5) if n ≥ 2, {γ̇j−1 (0) , γ̇j (0)} forms a positively oriented basis for TpM for each

j = 1, . . . , n.

Note that we take a sequence γ0, γ1, γ2 : [0, ε) → U satisfying the above conditions if
p ∈ S (φ) \∂M is isolated, where γ3 := γ0. Then the interior angle of the singular sector
Ω is defined by

n∑
j=1

arccos
(〈
Φγj−1

,Φγj

〉)
.

Next, we define the admissibility of regular curves in order to calculate interior angles
of singular sectors.

Definition 2.13 (Definition 2.12 of [SUY08], Definition 3.1 of [DZ20]). A smooth
regular curve σ : [a, b] →M is called admissible if it satisfies one of

(1) σ ([a, b]) consists of regular points,
(2) σ ((a, b]) consists of regular points, σ (a) ∈ S (φ) and σ̇ (a) is not contained in the

null direction at σ (a),
(3) σ is a singular curve such that σ ((a, b]) consists of A2-points,
(4) σ ((a, b]) consists of regular points, σ (a) ∈ ∂M is an A2-point, and σ̇ (a) is con-

tained in the null direction and is not contained in the singular direction at σ (a).

Note that admissible curves have E-initial vectors by Propositions 2.10 and 2.11. Then
we have the following assertion.

Proposition 2.14 (Proposition 2.13 of [SUY08]). There exist g-coordinates (u, v)
centered at a point p ∈ S (φ) such that any admissible curve γ = γ (t) , t ∈ [0, ε), starting
from p satisfying the condition (2) or (3) in Definition 2.13 has tangential vectors not
contained in u-directions when t ∈ (0, ε), where ε > 0 is a number as in Proposition 2.10.
In particular, γ (t) , t ∈ (0, ε), never meets the u-axis.
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Proof. Take g-coordinates (u, v) centered at p.
For any admissible curve γ = γ (t) , t ∈ [0, ε), starting from p satisfying the condition

(2) in Definition 2.13, γ̇ (t) , t ∈ [0, ε), is not contained in u-directions because γ̇ (0) is not
contained in the u-direction at p.

Fix a singular curve γ = γ (t) , t ∈ [0, ε), starting from p satisfying the condition (3) in
Definition 2.13. Since the number of singular curves starting from p is finite (see Definition
2.9), it is sufficient to show that γ̇ (t) , t ∈ (0, ε), is not contained in u-directions. If γ̇ (0)
is not contained in the u-direction at p, it is obvious. We assume that γ̇ (0) is contained in
the u-direction at p. Then there exists a number ε′ > 0, ε′ ≤ ε, such that γ is expressed as
γ (u) = (u, F (u)) , u ∈ [0, ε′). If there exists a number c ∈ (0, ε′) satisfying dF/du (c) = 0,
we have a contradiction to the condition (3) in Definition 2.13 because ∂/∂u is contained
in the u-direction at γ (c). 2

By Proposition 2.14, we divide the set of admissible curves starting from a point
p ∈ S (φ) satisfying the condition (2) or (3) in Definition 2.13 into the following two
classes: admissible curves which lie in the upper half-plane of g-coordinates are called
upper admissible curves and admissible curves which lie in the lower half-plane are called
lower admissible curves. Then we have the following assertion.

Proposition 2.15 (Proposition 2.15 of [SUY08]). Let γ1, γ2 : [0, ε) → M be two
admissible curves starting from a point p ∈ S (φ) satisfying the condition (2) or (3) in
Definition 2.13, where ε > 0 is a number as in Proposition 2.10. Then {γ1, γ2} are in the
same class if and only if Φγ1 = Φγ2. Also, {γ1, γ2} are in distinct classes if and only if
Φγ1 = −Φγ2.

Proof. Take g-coordinates (u, v) centered at p. By the proof of Proposition 2.10,

Φγj = sgn (v̇j (0))
φv (p)

|φv (p)|
if γ̇j (0) is not contained in the u-direction at p, where γj (t) := (uj (t) , vj (t)). On the
other hand, by the proof of Proposition 2.10,

Φγj =

(
lim
t→0+0

sgn (v̇j (t))

)
φv (p)

|φv (p)|
if γ̇j (0) is contained in the u-direction at p. These two formulae prove the assertion. 2

Now, we calculate interior angles of singular sectors.

Theorem 2.16 (Theorem A of [SUY08]). Let (M, E , 〈·, ·〉 , D, φ) be a coherent tangent
bundle over an oriented smooth 2-manifold M with boundary ∂M whose singular set S (φ)
admits at most peaks.

(1) If a point p ∈ S (φ) \∂M is an A2-point,

α+
φ (p) = α−

φ (p) = π,

where α+
φ (p) is the sum of interior angles of positive singular sectors at p and

α−
φ (p) is the sum of interior angles of negative singular sectors at p.
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(2) If a point p ∈ S (φ) \∂M is a peak,

α+
φ (p) + α−

φ (p) = 2π, α+
φ (p)− α−

φ (p) ∈ {2π, 0,−2π} .

Proof. Admissible curves starting from a point p ∈ S (φ) \∂M satisfying the condition
(2) or (3) in Definition 2.13 divide a neighborhood of p into singular sectors consisting of
subsets of M+

φ or M−
φ . By Proposition 2.15, there is no contribution of interior angles of

singular sectors unless they contain the u-axis of g-coordinates (u, v) centered at p, that
is, the two singular sectors containing the u-axis have interior angle π, which yields that

α+
φ (p) = α−

φ (p) = π

if p is an A2-point and

α+
φ (p) , α−

φ (p) ∈ {0, π, 2π}
if p is a peak. Thus we get the assertion. 2

Based on Theorem 2.16, we give the following definition.

Definition 2.17 ([SUY09], Definition 2.9 of [SUY08]). A peak p ∈ S (φ) \∂M is
called positive (respectively, null, negative) if α+

φ (p)− α−
φ (p) = 2π (respectively, α+

φ (p)−
α−
φ (p) = 0, α+

φ (p) − α−
φ (p) = −2π). We denote by P+

Int (φ) the set of positive peaks in

S (φ) \∂M and P−
Int (φ) the set of negative peaks in S (φ) \∂M .

Theorem 2.18 (Theorem 2.13 of [DZ20]). Let (M, E , 〈·, ·〉 , D, φ) be a coherent tangent
bundle over an oriented smooth 2-manifold M with boundary ∂M whose singular set S (φ)
admits at most peaks. Suppose that the singular direction at a point p ∈ S (φ) ∩ ∂M is
transversal to Tp∂M . (Note that p is not isolated.)

(1) If the null direction at p is transversal to Tp∂M

α+
φ (p) + α−

φ (p) = π, α+
φ (p)− α−

φ (p) ∈ {−π, π} .

(2) If the null direction at p is not transversal to Tp∂M

α+
φ (p) = α−

φ (p) .

Proof. If the null direction at p is transversal to Tp∂M , the assertion follows from
Proposition 2.15. On the other hand, if the null direction at p is not transversal to Tp∂M ,
the assertion follows from Proposition 2.11. 2

Based on Theorem 2.18, we give the following definition.

Definition 2.19 (Definition 2.15 of [DZ20]). A non-isolated singular point p ∈ ∂M
is called positive (respectively, null, negative) if α+

φ (p)−α−
φ (p) = π (respectively, α+

φ (p)−
α−
φ (p) = 0, α+

φ (p) − α−
φ (p) = −π). We denote by (S (φ) ∩ ∂M)+ the set of non-isolated

positive singular points in S (φ)∩∂M , (S (φ) ∩ ∂M)null the set of non-isolated null singular
points in S (φ) ∩ ∂M and (S (φ) ∩ ∂M)− the set of non-isolated negative singular points
in S (φ) ∩ ∂M .
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Next, we define the singular curvature for a singular curve consisting of A2-points. Let
γφ = γφ (t) be a singular curve consisting of A2-points of φ. Since γ̇φ (t) is not contained
in the null direction at each point γφ (t), we have φ (γ̇φ (t)) 6= 0. Take a null vector field ηφ
along γφ such that {γ̇φ (t) , ηφ (t)} is a positively oriented basis for Tγφ(t)M , and a smooth
section nφ of E along γφ such that {φ (γ̇φ (t)) / |φ (γ̇φ (t))| , nφ (t)} is a positive orthonormal
basis for Eγφ(t) with respect to the orientation µ of E , which is called the E-conormal vector
field along γφ. The E-geodesic curvature κ̂gφ of γφ is defined by

(2.3.5) κ̂gφ (t) =
〈Dt (φ ◦ γ̇φ) (t) , nφ (t)〉

|φ (γ̇φ (t))|2
=
µ (φ (γ̇φ (t)) , Dt (φ ◦ γ̇φ) (t))

|φ (γ̇φ (t))|3
,

and the singular curvature κsφ of γφ is defined by

(2.3.6) κsφ (t) = sgn (ηφλφ (t)) κ̂
g
φ (t) ,

where λφ is the signed area density function with respect to φ. Also, for an admissible
curve γ (see Definition 2.13), we defined the geometric curvature κ̃gφ by

κ̃gφ (t) =


κ̂gφ (t) if γ (t) ∈M+

φ ,
−κ̂gφ (t) if γ (t) ∈M−

φ ,
κsφ (t) if γ (t) ∈ S (φ).

Remark 2.20. The singular curvature (2.3.6) is defined in [SUY08], which is an in-
trinsic version of the singular curvature defined originally in [SUY09].

The following propositions hold for the singular curvature.

Proposition 2.21 (Proposition 1.7 of [SUY08]). The singular curvature is indepen-
dent of the orientation of M , the orientation of E and the parameter of the singular curve.

Proof. If the orientation of M reverses, λφ and ηφ change sign, which yields that the
value of κsφ does not change. If the orientation of E reverses, λφ and nφ change sign, which
yields that the value of κsφ does not change. If we apply the parameter transformation
t = t (s) , dt/ds (s) 6= 0, to the singular curve γφ (t), by (2.3.5) and (2.3.6),

κsφ (s) = sgn (ηφλφ (t)) sgn

(
dt

ds
(s)

)
µ (φ (γ̇φ (t)) , Dt (φ ◦ γ̇φ) (t))

|φ (γ̇φ (t))|3

If dt/ds (s) > 0, ηφ does not change sign, which yields that the value of κsφ does not change.
On the other hand, if dt/ds (s) < 0, ηφ changes sign, which yields that the value of κsφ does
not change. 2

Proposition 2.22 (Proposition 2.11 of [SUY08]). Let γφ : [0, ε) → M be a singular
curve starting from a peak p ∈ S (φ), where ε > 0 is a number such that γ ((0, ε)) does not
contain peaks. Then the singular curvature measure κsφdτφ defined on (0, ε) is continuously
extended on [0, ε), where dτφ is the arc-length measure with respect to the first fundamental
form ds2φ, that is, dτφ = |φ (γ̇φ (t))| dt.
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Proof. Take g-coordinates (u, v) centered at p. Then

φu (γφ (t)) = 0, Dt (φu ◦ γφ) (t) = 0,

which yields

φ (γ̇φ (t)) = v̇ (t)φv (γφ (t)) , Dt (φ ◦ γ̇) (t) = v̈ (t)φv (γφ (t)) + v̇ (t)Dt (φv ◦ γφ) (t) ,
where γφ (t) := (u (t) , v (t)). Hence by (2.3.5) and (2.3.6),

κsφ (t) = sgn
(
(λφ)u (γφ (t))

) µ (φv (γφ (t)) , Dt (φv ◦ γφ) (t))
|v̇ (t)| |φv (γφ (t))|3

for any t ∈ (0, ε). Since dτφ = |v̇ (t)| |φv (γφ (t))| dt and φv (p) 6= 0,

κsφ (t) dτφ = sgn
(
(λφ)u (γφ (t))

) µ (φv (γφ (t)) , Dt (φv ◦ γφ) (t))
|φv (γφ (t))|2

dt,

which means that κsφdτφ defined on (0, ε) is continuously extended on [0, ε). 2

The following proposition holds for the E-geodesic curvature.

Proposition 2.23 (Proposition 2.19 of [DZ20]). Let γ : [0, ε) → M be a smooth
regular curve starting from an A2-point p ∈ S (φ) such that S (φ) ∩ γ ([0, ε)) = {p} and
γ̇ (0) is contained in the null direction at p, where ε > 0 is a number such that γ ((0, ε))
consists of regular points. Then the E-geodesic curvature measure κ̂gφdτφ defined on (0, ε)
is continuously extended on [0, ε).

Proof. By the proof of Proposition 2.11, there exist a number ε′ > 0, ε′ ≤ ε, and
a smooth section ζ, ζ (0) 6= 0, of E along γ such that φ (γ (t)), t ∈ [0, ε̃), is written as
φ (γ̇ (t)) = tζ (t). Hence by (2.3.5),

κ̂gφ (t) =
µ (ζ (t) , Dtζ (t))

t |ζ (t)|3

for any t ∈ (0, ε̃). Since dτφ = t |ζ (t)| dt and ζ (0) 6= 0,

κ̂gφ (t) dτφ =
µ (ζ (t) , Dtζ (t))

|ζ (t)|2
dt,

which means that κ̂gφdτφ defined on (0, ε) is continuously extended on [0, ε) because γ ((0, ε))
consists of regular points. 2

4. Examples of Ak-points and peaks

Here, we give concrete examples of Ak-points and peaks. First, we give concrete exam-
ples for smooth mappings between 2-manifolds.

Example 2.24. Since FOu = (1, 0) ,FOv = (0, 2v) by Example 1.17, the null vector
field along S (FO) = {v = 0} is ∂/∂v, which yields that singular points are A2-points (see
Figure 4.1).
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Figure 4.1. The red line represents S (FO).

Example 2.25. Since CUu = (1, v) ,CUv = (0, u+ 3v2) by Example 1.18, the null
vector field is ∂/∂v along S (CU) = {u+ 3v2 = 0}, which yields that singular points other
than the origin are A2-points and the origin is an A3-point (see Figure 4.2). In particular,
the origin is a peak of CU, whose sufficiently small neighborhood is divided into two singular
sectors.

Figure 4.2. The red line represents S (CU).

Example 2.26. Since LIu = (1, 2uv) ,LIv = (0, u2 + 3v2) by Example 1.19, the null
vector at S (LI) = {0} is ∂/∂v|0, which yields that the origin is a peak of LI.

Example 2.27. Since BEu = (1,−2uv) ,BEv = (0, 3v2 − u2) by Example 1.20, the null
vector field along S (BE) = {3v2 − u2 = 0} is ∂/∂v, which yields that singular points other
than the origin are A2-points and the origin is a degenerate singular point (see Figure 4.3).
In particular, the origin is a peak of BE, whose sufficiently small neighborhood is divided
into four singular sectors.

Figure 4.3. The red line represents S (BE).
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Example 2.28. Since GO+
u = (1, 3u2v) ,GO+

v = (0, u3 + 3v2) by Example 1.21, the
null vector field along S

(
GO+

)
= {u3 + 3v2 = 0} is ∂/∂v, which yields that singular points

other than the origin are A2-points and the origin is a degenerate singular point (see the
left of Figure 4.4). In particular, the origin is a peak of GO+. Similarly, since GO−

u =
(1,−3u2v) ,GO−

v = (0, 3v2 − u3), the null vector field along S
(
GO−) = {3v2 − u3 = 0} is

∂/∂v, which yields that singular points other than the origin are A2-points and the origin
is a degenerate singular point (see the right of Figure 4.4). In particular, the origin is a
peak of GO−.

Figure 4.4. From left to right, the red lines represent S
(
GO+

)
and

S
(
GO−), respectively.

Example 2.29. Since SWu = (1, v) , SWv = (0, u+ 4v3) by Example 1.22, the null
vector field along S (SW) = {u+ 4v3 = 0} is ∂/∂v, which yields that singular points other
than the origin are A2-points and the origin is an A4-point (see Figure 4.5). In particular,
the origin is a peak of SW, whose sufficiently small neighborhood is divided into two
singular sectors.

Figure 4.5. The red line represents S (SW).

Example 2.30. Since BU+
u = (1, v) ,BU+

v = (0, u+ 7v6 + 5v4) by Example 1.23, the
null vector field along S

(
BU+

)
= {u+ 7v6 + 5v4 = 0} is ∂/∂v, which yields that singular

points other than the origin are A2-points and the origin is an A5-point (see the left of Figure
4.6). In particular, the origin is a peak of BU+, whose sufficiently small neighborhood is
divided into two singular sectors. Similarly, since BU−

u = (1, v) ,BU−
v = (0, u− 7v6 + 5v4),

the null vector field along S
(
BU−) = {u− 7v6 + 5v4 = 0} is ∂/∂v, which yields that

singular points other than the origin are A2-points and the origin is an A5-point (see the
right of Figure 4.6). In particular, the origin is a peak of BU−, whose sufficiently small
neighborhood is divided into two singular sectors.
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Figure 4.6. From left to right, the red lines represent S
(
BU+

)
and

S
(
BU−), respectively.

Example 2.31. Since GUu = (1, v2) ,GUv = (0, 2uv + (5v + 4) v3) by Example 1.24,
the null vector field along S (GU) = {2uv + (5v + 4) v3 = 0} is ∂/∂v, which yields that
singular points other than the origin are A2-points and the origin is a degenerate singular
point (see Figure 4.7). In particular, the origin is a peak of GU, whose sufficiently small
neighborhood is divided into four singular sectors.

Figure 4.7. The red line represents S (GU).

Next, we give concrete examples of Ak-points and peaks of frontals and wave fronts.

Example 2.32. Since CEDu = (1, 0, 0) ,CEDv = (0, 2v, 3v2) by Example 1.25, the
null vector field along S (CED) = {v = 0} is ∂/∂v, which yields that singular points are
A2-points (see Figure 4.8).

Figure 4.8. The red line represents S (CED).

Example 2.33. Since SWu = (1, v2, 2v) , SWv = (0, 2v (u+ 6v2) , 2 (u+ 6v2)) by Ex-
ample 1.26, the null vector field along S (SW) = {u+ 6v2 = 0} is ∂/∂v, which yields that
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singular points other than the origin are A2-points and the origin is an A3-point (see Figure
4.9). In particular, the origin is a peak of SW, whose sufficiently small neighborhood is
divided into two singular sectors.

Figure 4.9. The red line represents S (SW).

Example 2.34. Since CCRu = (1, 0, v3) ,CCRv = (0, 2v, 3uv2) by Example 1.27, the
null vector field along S (CCR) = {v = 0} is ∂/∂v, which yields that singular points are
A2-points (see Figure 4.10).

Figure 4.10. The red line represents S (CCR).

Example 2.35. Since CLIu = (1,−2uv, 2uv2) ,CLIv = (0,−u2 − 6v2, 2v (u2 + 6v2)) by
Example 1.28, the null vector at S (CLI) = {0} is ∂/∂v|0, which yields that the origin is a
peak of CLI.

Example 2.36. Since CBEu = (1, 2uv,−2uv2) ,CBEv = (0, u2 − 6v2,−2v (u2 − 6v2))
by Example 1.29, the null vector field along S (CBE) = {u2 − 6v2 = 0} is ∂/∂v, which
yields that singular points other than the origin are A2-points and the origin is a degen-
erate singular point (see Figure 4.11). In particular, the origin is a peak of CBE, whose
sufficiently small neighborhood is divided into four singular sectors.

Example 2.37. Since CBUu = (1, 2v, v2 − 2u) ,CBUv =
(0, 2 (u+ 10v3) , 2v (u+ 10v3)) by Example 1.30, the null vector field along
S (CBU) = {u+ 10v3 = 0} is ∂/∂v, which yields that singular points other than
the origin are A2-points and the origin is an A4-point (see Figure 4.12). In particular,
the origin is a peak of CBU, whose sufficiently small neighborhood is divided into two
singular sectors.
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Figure 4.11. The red line represents S (CBE).

Figure 4.12. The red line represents S (CBU).

5. Gauss-Bonnet type theorems for frontals

In this section, we present Gauss-Bonnet type theorems for coherent tangent bundles
and give their proofs.

In the following, we fix a coherent tangent bundle (M, E , 〈·, ·〉 , D, φ) over a compact
oriented smooth 2-manifoldM with boundary ∂M whose singular set S (φ) admits at most
peaks, and suppose that S (φ) \I (φ) is transversal to ∂M and that I (φ) ∩ ∂M is empty,
where I (φ) is the set of isolated singular points.

First, we define the admissibility of triangles with admissible curves as their edges.

Definition 2.38 (Definition 3.1 of [SUY08], Definition 3.3 of [DZ20]). Let U be a
domain of M , T ⊆ U the closure of a simply connected domain T which is bounded by
three admissible curves γ1, γ2, γ3, and A (respectively, B, C) the boundary point of T which
is the intersection of γ2 and γ3 (respectively, γ3 and γ1, γ1 and γ2). The closure T is called
admissible if it satisfies

(1) T admits at most one peak on {A,B,C} and at most one singular curve on
{γ1, γ2, γ3},

(2) there is no singular points in T ,
(3) the three interior angles at A, B and C with respect to a Riemannian metric on

M are all less than π.

Then we denote 4ABC := T ,

(

BC := γ1,

(

CA := γ2 and

(

AB := γ3, and call {A,B,C} the
vertices of 4ABC. Also, we denote by ∠Aφ (respectively, ∠Bφ, ∠Cφ) the interior angle
with respect to the first fundamental form ds2φ of the piecewise smooth boundary of 4ABC
at A (respectively, B, C). We give the boundary ∂4ABC the orientation compatible with
the orientation of M .
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Then we have the following local Gauss-Bonnet type theorems for admissible triangles.

Theorem 2.39 (Theorem 3.3 of [SUY08], Proposition 3.4 of [DZ20]). Let
(M, E , 〈·, ·〉 , D, φ) be a coherent tangent bundle over an oriented smooth 2-manifold M
(possibly with boundary) whose singular set admits at most peaks, and 4ABC an admissi-
ble triangle on M . Then

(2.5.1) ∠Aφ + ∠Bφ + ∠Cφ − π =

∫
∂△ABC

κ̃gφdτφ +

∫
△ABC

KφdAφ.

It is sufficient to prove local Gauss-Bonnet type theorems for five types of admissible
triangles in order to prove this theorem (see Lemmas Lemmas 2.40, 2.41, 2.42, 2.43 and
2.44).

Lemma 2.40 (Lemma 3.4 of [SUY08]). If an admissible triangle 4ABC lies in M+
φ

or M−
φ , we have the equation (2.5.1).

Proof. SinceM+
φ andM−

φ consist of regular points, ds2φ is positive-definite onM+
φ and

M−
φ , which yields that we have the assertion by the classical local Gauss-Bonnet theorem.

2

Lemma 2.41 (Lemma 3.5 of [SUY08]). Let 4ABC be an admissible triangle such that

A is a singular point, the tangential vectors of

(

AB and

(

AC at A are not contained in the

null direction at A, and 4ABC\ {A} lies in M+
φ or M−

φ . Suppose that

(

BA and

(

BC are
transversal at B. Then we have the equation (2.5.1).

Proof. We assume that4ABC\ {A} lies inM+
φ . Take a short extension of

(

BA beyond

A and rotate it around B with respect to the canonical metric du2 + dv2 on the uv-plane.
Then we obtain a smooth one-parameter family of admissible curves starting from B. Since(

BA and
(

BC are transversal at B, restricting the image of this family on 4ABC, we obtain
a family of admissible curves {γε : [0, 1] → 4ABC}ε∈[0,1] such that

(1) γ0 parametrizes

(

AB satisfying γ0 (0) = A and γ0 (1) = B,
(2) γε (1) = B for any ε ∈ [0, 1],

(3) the image of the correspondence σ : ε 7→ γε (0) is contained in

(

AC, where Aε :=
γε (0) and A0 := A.

Then each 4AεBC, ε ∈ (0, 1], is admissible because it lies in M+
φ , which yields that by

Lemma 2.40,

∠ (Aε)φ + ∠ (AεBC)φ + ∠Cφ − π =

∫
∂△AεBC

κ̂gφdτφ +

∫
△AεBC

KφdAφ.

If we take the limit as ε→ 0 + 0,

lim
ε→0+0

∠ (Aε)φ + ∠Bφ + ∠Cφ − π =

∫
∂△ABC

κ̃gφdτφ +

∫
△ABC

KφdAφ.
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Note that κ̃gφdτφ is bounded on

(

AB and

(

CA because 4ABC is admissible. Also, by Propo-
sitions 2.10 and 2.15,

∠Aφ := lim
ε→0+0

∠ (Aε)φ = lim
ε→0+0

arccos

(〈
φ (γ̇ε (0))

|φ (γ̇ε (0))|
,
φ (dσ/dε (ε))

|φ (dσ/dε (ε))|

〉)
= arccos (〈Φγ0 ,Φσ〉) =

{
π if the u-axis separates

(
AB and

(

AC,
0 otherwise,

where (u, v) is g-coodinates centered at A. This completes the proof. 2

Lemma 2.42 (Lemma 3.6 of [SUY08]). Let 4ABC be an admissible triangle such that(

AB consists of A2-points, the tangential vector of
(

AC at A is not contained in the null

direction at A, the tangential vector of

(

BC at B is not contained in the null direction at B,

and 4ABC\

(

AB lies in M+
φ or M−

φ . Suppose that

(

BA and

(

BC are transversal at B. Then
we have the equation (2.5.1).

Proof. We assume that 4ABC\
(

AB lies in M+
φ . By the same method as in Lemma

2.41, we obtain a family of admissible curves {γε : [0, 1] → 4ABC}ε∈[0,1] such that

(1) γ0 parametrizes
(

AB satisfying γ0 (0) = A and γ0 (1) = B,
(2) γε (1) = B for any ε ∈ [0, 1],

(3) the image of the correspondence ε 7→ γε (0) is contained in

(

AC, where Aε := γε (0)
and A0 := A.

Then each 4AεBC, ε ∈ (0, 1], is admissible, which yields that by Lemma 2.41,

∠ (Aε)φ + ∠ (AεBC)φ + ∠Cφ − π =

∫
∂△AεBC

κ̃gφdτφ +

∫
△AεBC

KφdAφ.

If we take the limit as ε → 0 + 0, we have the assertion by the same argument as in the
proof of Lemma 2.41. 2

Lemma 2.43 (Lemma 3.7 of [SUY08]). Let 4ABC be an admissible triangle such

that A is a peak,

(

AB\ {A} consists of A2-points, the tangential vector of

(

AC at A is not

contained in the null direction at A, the tangential vector of

(

BC at B is not contained in

the null direction at B, and 4ABC\

(

AB lies in M+
φ or M−

φ . Suppose that

(

CB and

(

CA are
transversal at C. Then we have the equation (2.5.1).

Proof. We assume that 4ABC\

(

AB lies inM+
φ . Take a short extension of

(

CA beyond

A and rotate it around C with respect to du2 + dv2 on the uv-plane. Then we get a

smooth one-parameter family of admissible curves starting from C. Since

(

CB and

(

CA are
transversal at C, restricting the image of this family on 4ABC, we obtain a family of
admissible curves {γε : [0, 1] → 4ABC}ε∈[0,1] such that
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(1) γ0 parametrizes

(

AC satisfying γ0 (0) = A and γ0 (1) = C,
(2) γε (1) = C for any ε ∈ [0, 1],

(3) the image of the correspondence σ : ε 7→ γε (0) is contained in
(

AB, where Aε :=
γε (0) and A0 := A.

Since the tangential vector of

(

AC at A is not contained in the null direction at A, the

tangential vector of

(

AεC at Aε is not contained in the null direction at Aε for sufficiently
small ε > 0, which means that 4AεBC is admissible. By Lemma 2.42,

∠ (Aε)φ + ∠Bφ + ∠ (BCAε)φ − π =

∫
∂△AεBC

κ̃gφdτφ +

∫
△AεBC

KφdAφ.

By Proposition 2.22 and the Lebesgue convergence theorem,∫
∂△ABC

κ̃gφdτφ := lim
ε→0+0

∫
∂△AεBC

κ̃gφdτφ

exists. If we take g-coordinates (u, v) centered at A, ∠ (Aε)φ is common in each ε ∈ (0, 1]

because the property that the null direction ∂/∂u at σ (ε) separates

(

AεB and

(

AεC or not
is common in ε by Proposition 2.15, which yields that

∠Aφ := lim
ε→0+0

∠ (Aε)φ =

{
π if the u-axis separates

(

AB and

(

AC,
0 otherwise.

This completes the proof. 2

Lemma 2.44 (Proposition 3.4 of [DZ20]). Let 4ABC be an admissible triangle such

that A is an A2-point, the tangential vector of

(

AC at A is contained in the null direction at
A and not contained in the singular direction at A, and 4ABC\ {A} lies in M+

φ or M−
φ .

Suppose that

(

BA and

(

BC are transversal at B. Then we have the equation (2.5.1).

Proof. We may assume that 4ABC\ {A} lies in M+
φ . By the same method as in

Lemma 2.41, we obtain a family of admissible curves {γε : [0, 1] → 4ABC}ε∈[0,1] such that

(1) γ0 parametrizes

(

AB satisfying γ0 (0) = A and γ0 (1) = B,
(2) γε (1) = B for any ε ∈ [0, 1],

(3) the image of the correspondence ε 7→ γε (0) is contained in

(

AC, where Aε := γε (0)
and A0 := A.

Since each 4AεBC, ε ∈ (0, 1], is admissible, by Lemma 2.40,

∠ (Aε)φ + ∠ (AεBC)φ + ∠Cφ − π =

∫
∂△AεBC

κ̂gφdτφ +

∫
△AεBC

KφdAφ.
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By Proposition 2.23, ∫
∂△ABC

κ̃gφdτφ := lim
ε→0+0

∫
∂△AεBC

κ̂gφdτφ

exists. Also, by Propositions 2.10 and 2.11,

∠Aφ := lim
ε→0+0

∠ (Aε)φ = lim
ε→0+0

arccos

(〈
φ (γ̇ε (0))

|φ (γ̇ε (0))|
,
φ (dσ/dε (ε))

|φ (dσ/dε (ε))|

〉)
= arccos (〈Φγ0 ,Φσ〉) .

This completes the proof. 2

Proof of Theorem 2.39. By Lemmas 2.40, 2.41, 2.42, 2.43 and 2.44. 2

Next, we prove global Gauss-Bonnet type theorems by using the local Gauss-Bonnet
type theorem in Theorem 2.39. The global Gauss-Bonnet type theorems are as follows.

Theorem 2.45 (Theorem B of [SUY08] if ∂M = ∅, Theorem 2.20 of [DZ20] if
∂M 6= ∅). Let (M, E , 〈·, ·〉 , D, φ) be a coherent tangent bundle over a compact oriented
smooth 2-manifold M with boundary ∂M whose singular set S (φ) admits at most peaks,
and suppose that S (φ) \I (φ) is transversal to ∂M and that I (φ) ∩ ∂M is empty. Then

2πχ (M) =

∫
M

KφdAφ + 2

∫
S(φ)

κsφdτφ +

∫
∂M

κ̃gφdτφ(2.5.2)

−
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
,

∫
M

KφdÂφ +

∫
∂M

κ̂gφdτφ = 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
(2.5.3)

+2π
(
#P+

Int (φ)−#P−
Int (φ)

)
+π
(
#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

)
+π
(
#P∂M+

φ
−#P∂M−

φ

)
,

where P∂M+
φ
is the set of peaks in the positive boundary with respect to φ and P∂M−

φ
is the

set of peaks in the negative boundary with respect to φ (see Definition 2.47).

In the following, we prove global Gauss-Bonnet type theorems. Triangulate M by
admissible triangles such that each point in the set P ⋆ (φ) := PInt (φ) ∪ (S (φ) ∩ ∂M) is a
vertex, where PInt (φ) is the set of peaks in S (φ) \∂M . We denote by F the set of faces,
E the set of edges and V the set of vertices in the given triangulation.

Lemma 2.46 (Lemma 3.6 of [DZ20]). The equation

#
{
v ∈ V | v ∈

(
M+

φ

)◦}
= χ

(
M+

φ

)
+

#
{
f ∈ F | f ⊆M+

φ

}
2

(2.5.4)

+
#
{
e ∈ E | e ⊆ ∂M+

φ

}
2
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−#
{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

−#I+Int (φ)−#NPInt (φ)−#(S (φ) ∩ ∂M)

holds, where A◦ is the interior of a topologial space A, A is the closure of A, I+Int (φ) is
the set of positive isolated singular points in S (φ) \∂M and NPInt (φ) is the set of non-
degenerate peaks in S (φ) \∂M .

Proof. By the definition of the Euler characteristic,

(2.5.5) #
{
v ∈ V | v ∈M+

φ

}
= χ

(
M+

φ

)
+#

{
e ∈ E | e ⊆M+

φ

}
−#

{
f ∈ F | f ⊆M+

φ

}
.

Furthermore,

(2.5.6) #
{
e ∈ E | e ⊆M+

φ

}
=

3#
{
f ∈ F | f ⊆M+

φ

}
2

+
#
{
e ∈ E | e ⊆ ∂M+

φ

}
2

and

#
{
v ∈ V | v ∈M+

φ

}
= #

{
v ∈ V | v ∈

(
M+

φ

)◦}
(2.5.7)

+#
{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

+#I+Int (φ) + #NPInt (φ) + # (S (φ) ∩ ∂M) .

Combining together (2.5.5), (2.5.6) and (2.5.7), we get the equation (2.5.4). 2

Then by Lemma 2.46 and Theorems 2.16 and 2.18,

S+
φ :=

∑
△ABC⊆M+

φ

(∠Aφ + ∠Bφ + ∠Cφ − π)

= 2π#
{
v ∈ V | v ∈

(
M+

φ

)◦}
+ π#

{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

+2π#I+Int (φ) +
∑

p∈NPInt(φ)

α+
φ (p) +

∑
p∈S(φ)∩∂M

α+
φ (p)− π#

{
f ∈ F | f ⊆M+

φ

}
,

= 2πχ
(
M+

φ

)
+ π#

{
e ∈ E | e ⊆ ∂M+

φ

}
− π#

{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

+
∑

p∈NPInt(φ)

α+
φ (p) +

∑
p∈S(φ)∩∂M

α+
φ (p)− 2π#NPInt (φ)− 2π#(S (φ) ∩ ∂M)

= 2πχ
(
M+

φ

)
+
π

2

∑
p∈∂M+

φ

deg∂M+
φ
(p)− π#

{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

+
∑

p∈NPInt(φ)

α+
φ (p) +

∑
p∈S(φ)∩∂M

α+
φ (p)− 2π#P ⋆ (φ) + 2π#IInt (φ) ,

where deg∂M+
φ
(p) := #

{
e ∈ E | p ∈ e ⊆ ∂M+

φ

}
. Since ∂M+

φ is an Eulerian graph, we set

m+
φ (p) =

deg∂M+
φ
(p)

2
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because deg∂M+
φ
(p) is even. Since deg∂M+

φ
(p) = 2 if p ∈ ∂M+

φ \P ⋆ (φ) and deg∂M+
φ
(p) = 0

if p ∈ I+Int (φ),
π

2

∑
p∈∂M+

φ

deg∂M+
φ
(p) = π#

{
v ∈ V | v ∈ ∂M+

φ \P ⋆ (φ)
}

+
∑

p∈NPInt(φ)

πm+
φ (p) +

∑
p∈S(φ)∩∂M

πm+
φ (p) .

Hence

S+
φ = 2πχ

(
M+

φ

)
+

∑
p∈NPInt(φ)

(
α+
φ (p) + πm+

φ (p)
)

(2.5.8)

+
∑

p∈S(φ)∩∂M

(
α+
φ (p) + πm+

φ (p)
)
− 2π#P ⋆ (φ) + 2π#IInt (φ) .

Similarly,

S−
φ :=

∑
△ABC⊆M−

φ

(∠Aφ + ∠Bφ + ∠Cφ − π)(2.5.9)

= 2πχ
(
M−

φ

)
+

∑
p∈NPInt(φ)

(
α−
φ (p) + πm−

φ (p)
)

+
∑

p∈S(φ)∩∂M

(
α−
φ (p) + πm−

φ (p)
)
− 2π#P ⋆ (φ) + 2π#IInt (φ) ,

where m−
φ (p) := deg∂M−

φ
(p) /2.

Here, we classify peaks on the boundary ∂M into the following two types.

Definition 2.47 (Definition 2.17 of [DZ20]). We say that a peak p ∈ ∂M is in
the positive boundary (respectively, negative boundary) with respect to φ if there exists a
neighborhood U of p satisfying (U\ {p})∩∂M ⊆M+

φ (respectively, (U\ {p})∩∂M ⊆M−
φ ).

Then

m+
φ (p) +m−

φ (p) =

{
degS(φ) (p) if p ∈ S (φ) \∂M,

degS(φ) (p) + 1 if p ∈ S (φ) ∩ ∂M,
(2.5.10)

m+
φ (p)−m−

φ (p) =


1 if p ∈ P∂M+

φ
,

−1 if p ∈ P∂M−
φ
,

0 otherwise.

(2.5.11)

Next, we give the formula for the Euler characteristic of S (φ).

Lemma 2.48 (Lemma 3.7 of [DZ20]). The equation

χ (S (φ)) = #P ⋆ (φ)− 1

2

∑
p∈P ⋆(φ)

(
m+
φ (p) +m−

φ (p)
)
+

#(S (φ) ∩ ∂M)

2

holds.
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Proof. By the definition of the Euler characteristic and the equation (2.5.10),

χ (S (φ)) = # {v ∈ V | v ∈ S (φ)} −# {e ∈ E | e ⊆ S (φ)}
= #P ⋆ (φ) + # (S (φ) ∩ ∂M)

−1

2

∑
p∈PInt(φ)

degS(φ) (p)−
1

2

∑
p∈S(φ)∩∂M

degS(φ) (p)

= #P ⋆ (φ)− 1

2

∑
p∈P ⋆(φ)

(
m+
φ (p) +m−

φ (p)
)
+

#(S (φ) ∩ ∂M)

2
.

2

Next, we give the formula for the sum and difference of S+
φ and S−

φ .

Lemma 2.49 (Lemma 3.8 of [DZ20]). The equation

S+
φ + S−

φ = 2πχ (M) +
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)

holds.

Proof. By χ
(
M+

φ

)
+ χ

(
M−

φ

)
= χ (M) + χ (S (φ))−#IInt (φ), the equations (2.5.8),

(2.5.9) and (2.5.10), Lemma 2.48 and Theorems 2.16 and 2.18,

S+
φ + S−

φ = 2π
(
χ
(
M+

φ

)
+ χ

(
M−

φ

))
− 4π#P ⋆ (φ) + 4π#IInt (φ)

+
∑

p∈NPInt(φ)

(
α+
φ (p) + α−

φ (p)
)
+ π

∑
p∈NPInt(φ)

(
m+
φ (p) +m−

φ (p)
)

+
∑

p∈S(φ)∩∂M

(
α+
φ (p) + α−

φ (p)
)
+ π

∑
p∈S(φ)∩∂M

(
m+
φ (p) +m−

φ (p)
)

= 2πχ (M) + 2πχ (S (φ))− 4π#P ⋆ (φ) + 2π#IInt (φ)

+
∑

p∈NPInt(φ)

(
α+
φ (p) + α−

φ (p)
)
+

∑
p∈S(φ)∩∂M

(
α+
φ (p) + α−

φ (p)
)

+π
∑

p∈P ⋆(φ)

(
m+
φ (p) +m−

φ (p)
)

= 2πχ (M)− π
∑

p∈P ⋆(φ)

(
m+
φ (p) +m−

φ (p)
)
+ π#(S (φ) ∩ ∂M)

−2π#P ⋆ (φ) + 2π#IInt (φ) +
∑

p∈NPInt(φ)

(
α+
φ (p) + α−

φ (p)
)

+
∑

p∈S(φ)∩∂M

(
α+
φ (p) + α−

φ (p)
)
+ π

∑
p∈P ⋆(φ)

(
m+
φ (p) +m−

φ (p)
)

= 2πχ (M)− 2π#PInt (φ) + 2π#IInt (φ) + 2π#NPInt (φ)

−π#(S (φ) ∩ ∂M)+ − π#(S (φ) ∩ ∂M)null − π#(S (φ) ∩ ∂M)−
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+
∑

p∈(S(φ)∩∂M)+

(
α+
φ (p) + α−

φ (p)
)
+

∑
p∈(S(φ)∩∂M)null

(
α+
φ (p) + α−

φ (p)
)

+
∑

p∈(S(φ)∩∂M)−

(
α+
φ (p) + α−

φ (p)
)

= 2πχ (M) +
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
.

2

Lemma 2.50 (Lemma 3.9 of [DZ20]). The equation

S+
φ − S−

φ = 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
+ 2π

(
#P+

Int (φ)−#P−
Int (φ)

)
+π
(
#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

)
+ π

(
#P∂M+

φ
−#P∂M−

φ

)
holds.

Proof. By χ
(
M+

φ

)
−χ
(
M−

φ

)
= χ

(
M+

φ

)
−χ
(
M−

φ

)
+#I+Int (φ)−#I−Int (φ), the equations

(2.5.8), (2.5.9) and (2.5.11) and Theorems 2.16 and 2.18,

S+
φ − S−

φ = 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
+

∑
p∈NPInt(φ)

(
α+
φ (p)− α−

φ (p)
)

+π
∑

p∈NPInt(φ)

(
m+
φ (p)−m−

φ (p)
)
+

∑
p∈S(φ)∩∂M

(
α+
φ (p)− α−

φ (p)
)

+π
∑

p∈S(φ)∩∂M

(
m+
φ (p)−m−

φ (p)
)

= 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
+ 2π

(
#I+Int (φ)−#I−Int (φ)

)
+

∑
p∈NPInt(φ)

(
α+
φ (p)− α−

φ (p)
)
+ π

∑
p∈NPInt(φ)

(
m+
φ (p)−m−

φ (p)
)

+
∑

p∈S(φ)∩∂M

(
α+
φ (p)− α−

φ (p)
)
+ π

∑
p∈S(φ)∩∂M

(
m+
φ (p)−m−

φ (p)
)

= 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
+ 2π

(
#I+Int (φ)−#I−Int (φ)

)
+2π

(
#NP+

Int (φ)−#NP−
Int (φ)

)
+π
(
#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

)
+ π

(
#P∂M+

φ
−#P∂M−

φ

)
= 2π

(
χ
(
M+

φ

)
− χ

(
M−

φ

))
+ 2π

(
#P+

Int (φ)−#P−
Int (φ)

)
+π
(
#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

)
+ π

(
#P∂M+

φ
−#P∂M−

φ

)
.

2

Proof of Theorem 2.45. Since the integration of the geometric curvature on curves
which are not contained in S (φ) ∪ ∂M is canceled by opposite integrations, by Theorem



6. APPLICATIONS OF GAUSS-BONNET TYPE THEOREMS 51

2.39,

S+
φ =

∫
M+
φ

KφdAφ +

∫
∂M+

φ

κ̃gφdτφ =

∫
M+
φ

KφdAφ +

∫
S(φ)

κsφdτφ +

∫
∂M∩M+

φ

κ̂gφdτφ,

S−
φ =

∫
M−
φ

KφdAφ +

∫
∂M−

φ

κ̃gφdτφ =

∫
M−
φ

KφdAφ +

∫
S(φ)

κsφdτφ −
∫
∂M∩M−

φ

κ̂gφdτφ.

Since the singular curvature is independent of the orientation of the singular curve by
Proposition 2.21,

S+
φ + S−

φ =

∫
M

KφdAφ + 2

∫
Σφ

κsφdτφ +

∫
∂M

κ̃gφdτφ,(2.5.12)

S+
φ − S−

φ =

∫
M

KφdÂφ +

∫
∂M

κ̂gφdτφ.(2.5.13)

Therefore, by Lemmas 2.49 and 2.50 and the equations (2.5.12) and (2.5.13), we obtain
the equations (2.5.2) and (2.5.3). 2

Remark 2.51. If the boundary ∂M is empty,

2πχ (M) =

∫
M

KφdAφ + 2

∫
S(φ)

κsφdτφ,(2.5.14)

1

2π

∫
M

KφdÂφ = χ
(
M+

φ

)
− χ

(
M−

φ

)
+#P+ (φ)−#P− (φ) ,(2.5.15)

where P+ (φ) is the set of positive peaks in S (φ) and P− (φ) is the set of negative peaks
in S (φ). If the coherent tangent bundle E is induced from a wave front whose singular
set admits cuspidal edges and swallowtails (see Example 2.6), the equation (2.5.14) is the
same as the equation in [Kos02, Theorem 2] and the equation (2.5.15) is the same as the
equation in [LLR95, Proposition 6] and [Kos02, Theorem 2].

6. Applications of Gauss-Bonnet type theorems

In this section, we give applications of the Gauss-Bonnet type theorems in Theorem
2.45 to smooth mappings between smooth 2-manifolds and to frontals.

6.1. Applications to smooth mappings between smooth 2-manifolds. First,
we give an application of the equation (2.5.2) to smooth mappings between smooth 2-
manifolds.

Theorem 2.52 (Theorem 1 of [Lev66], Theorem of [Lev95], [Has23b]). Let M be
a compact oriented 2-manifold with boundary ∂M and f : M → R2 a smooth mapping
into the plane R2 whose singular set S (f) of f admits at most peaks, and suppose that
S (f) \I (f) consists of smooth closed regular curves and does not intersect ∂M and that
I (f)∩∂M is empty, where I (f) is the set of isolated singular points of f . Then there exists
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a unique orientation of the components {S1, . . . , Sm} of S (f) \I (f) and the components
{∂1, . . . , ∂n} of ∂M satisfying

(2.6.1)
χ (M)

2
=

m∑
i=1

R (Si) +
1

2

n∑
i=1

R (∂i) ,

where R (Si) is the rotation index of Si and R (∂i) is the rotation index of ∂i.

Proof. We equip R2 with the Euclidean metric g and construct a coherent tangent
bundle (M, f ∗ (TR2) , g,D, df) over M (see Example 2.5). Since the Gaussian curvature of
g is zero and S (f) \I (f) does not intersect ∂M , the equation (2.5.2) is reduced to

(2.6.2) 2πχ (M) = 2

∫
S(f)

κsfdτf +

∫
∂M

κ̃gfdτf ,

where κsfdτf is the singular curvature measure with respect to df and κ̃gfdτf is the geometric
curvature measure with respect to df . Since the integral of the curvature of the image
f (Si) as a planar curve is equal to the integral of the singular curvature of Si by [SUY12,
Proposition 3.1],

(2.6.3)

∫
S(f)

κsfdτf =

∫
S(f)\I(f)

κsfdτf = 2π
m∑
i=1

R (Si) .

Also, since the integral of the curvature of the image f (∂i) as a planar curve is equal to
the integral of the geometric curvature of ∂i,

(2.6.4)

∫
∂M

κ̃gfdτf = 2π
n∑
i=1

R (∂i) .

Hence we obtain the equation (2.6.1) by substituting the equations (2.6.3) and (2.6.4) into
the equation (2.6.2). 2

Next, we give an application of the equation (2.5.3) to smooth mappings between
surfaces.

Let M,N be two oriented 2-manifolds without boundary and f : M → N a smooth
mapping whose singular set S (f) admits at most peaks. Take a 1-dimensional embedded
submanifold S of N such that f is transversal to S, that is, the vector spaces Tf(p)S and
dfp (TpM) together span Tf(p)N for each point p ∈ f−1 (S). By regarding S as the boundary
∂N , we consider N as a smooth 2-manifold with boundary. Then the inverse f−1 (∂N) is
a 1-dimensional embedded submanifold of M (cf. [Lee13, Theorem 6.30]). By regarding
f−1 (∂N) as the boundary ∂M , we consider M as a smooth 2-manifold with boundary. We
suppose that S (f) \I (f) is transversal to ∂M and that I (f) ∩ ∂M is empty.

We equip N with a Riemannian metric g and construct a coherent tangent bundle
(M, f ∗ (TN) , g,D, df) over M (see Example 2.5). Then the equation (2.5.3) holds. By
[Lee13, Theorem 17.35] and the classical Gauss-Bonnet theorem on N ,∫

M

KfdÂf =

∫
M

f ∗ (KNdAN) = deg (f)

∫
N

KNdAN(2.6.5)
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= deg (f)

(
2πχ (N)−

∫
∂N

κgNdτN

)
,

where KN is the Gaussian curvature of g, dAN is the area form of g, deg (f) is the degree of
f and κgNdτN is a geodesic curvature measure on ∂N . On the other hand, by the property
f−1 (∂N) = ∂M and [DFN85, Theorem 13.2.1],

(2.6.6)

∫
∂M

κ̂gfdτf = deg (f |∂M)

∫
∂N

κgNdτN = deg (f)

∫
∂N

κgNdτN ,

where κ̂gfdτf is the f ∗ (TN)-geodesic curvature measure with respect to df . Hence the
following assertion holds by substituting the equations (2.6.5) and (2.6.6) into the equation
(2.5.3).

Theorem 2.53 (Theorem 1 of [Qui78], Theorem 1.1 of [FI87], Proposition 4.1 of
[DZ20], [Has23b]). Let M,N be two compact oriented 2-manifolds with boundary and
f : M → N a smooth mapping satisfying f−1 (∂N) = ∂M whose singular set S (f) of f
admits at most peaks, and suppose that S (f) \I (f) is transversal to ∂M and that I (f)∩∂M
is empty. Then

deg (f)χ (N) = χ
(
M+

f

)
− χ

(
M−

f

)
+#P+

Int (f)−#P−
Int (f)

+
# (S (f) ∩ ∂M)+ −#(S (f) ∩ ∂M)−

2
+

#P∂M+
f
−#P∂M−

f

2
.

6.2. Applications to frontals. First, we define frontal bundles in order to apply
the Gauss-Bonnet type theorems in Theorem 2.45 to frontals. Let (M, E , 〈·, ·〉 , D, φ) be a
coherent tangent bundle over an oriented smooth 2-manifold M (possibly with boundary).
The 6-tuple (M, E , 〈·, ·〉 , D, φ, ψ) is called a frontal bundle over M if there exists another
smooth bundle homomorphism ψ : TM → E overM such that the tuple (M, E , 〈·, ·〉 , D, ψ)
is also a coherent tangent bundle over M and the pair (φ, ψ) satisfies a compatibility
condition

(2.6.7) 〈φ (X) , ψ (Y )〉 = 〈φ (Y ) , ψ (X)〉

for any vector fields X,Y on M . Then the mapping φ is called the first homomorphism
and ψ is called the second homomorphism. We define smooth symmetric covariant 2-tensor
fields I, II, III on M by

I (X,Y ) = ds2φ (X,Y ) = 〈φ (X) , φ (Y )〉 ,
II (X,Y ) = −〈φ (X) , ψ (Y )〉 ,
III (X,Y ) = ds2ψ (X,Y ) = 〈ψ (X) , ψ (Y )〉

for any vector fields X,Y on M , respectively (see (2.6.7)). We call I the first fundamental
form, II the second fundamental form and III the third fundamental form.

In addition, we define front bundles.
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Definition 2.54 (Definition 2.13 of [SUY12]). A frontal bundle (M, E , 〈·, ·〉 , D, φ, ψ)
is a front bundle if

(2.6.8) ker (φp) ∩ ker (ψp) = {0}
for each point p ∈M .

We give a typical example of frontal bundles (front bundles).

Example 2.55 (Example 2.14 of [SUY12], Proposition 2.4 of [SUY11]). Let M
be an oriented smooth 2-manifold (possibly with boundary), (N (c) , g) an orientable 3-
dimensional Riemannian manifold of constant sectional curvature c and f : M → N a
co-orientable frontal. Then there exists a unit normal vector field ν of f globally de-
fined on M by Proposition 1.15. Since the coherent tangent bundle (M, Ef , g,D, df) as in
Example 2.6 is orthogonal to ν, we have a smooth bundle homomorphism

∇ν : TM → Ef , ∇ν (X) := ∇Xν

over M , where ∇ is the induced connection of the Levi-Civita connection of g by f .
We show that the tuple (M, Ef , g,D, df,∇ν) is a frontal bundle over M . Let Rc be the

curvature tensor field of g. Since ∇Xξ = DXξ − g (∇Xν, ξ) ν for any vector field X on M
and any smooth section ξ of Ef ,

Rc (X,Y ) ξ = RD (X,Y ) ξ − g (∇Y ν, ξ)∇Xν + g (∇Xν, ξ)∇Y ν

−
(
g (DX∇Y ν, ξ)− g (DY∇Xν, ξ)− g

(
∇[X,Y ]ν, ξ

))
ν,

where RD is the curvature tensor field of D, that is, RD (X,Y ) ξ := DXDY ξ −DYDXξ −
D[X,Y ]ξ. Since N (c) has a constant sectional curvature c, taking the normal component,

g
(
DX∇Y ν −DY∇Xν −∇[X,Y ]ν, ξ

)
= 0,

which means that (M, Ef , g,D,∇ν) is a coherent tangent bundle. Moreover, by the prop-
erty of the coherent tangent bundle (M, Ef , g,D, df),

g (df (X) ,∇ν (Y )) = −g (∇Y df (X) , ν)

= −g (∇Xdf (Y )− df ([X,Y ]) , ν)

= −g (∇Xdf (Y ) , ν)

= g (df (Y ) ,∇ν (X)) ,

which means that the tuple (M, Ef , 〈·, ·〉 , D, df,∇ν) is a frontal bundle.
By the condition (2.6.8), this frontal bundle is a front bundle if and only if f is a wave

front, which is equivalent to I + III being positive definite, that is, (I + III) (v, v) ≥ 0 for
each v ∈ TM , with equality if and only if v = 0.

Next, we define the extrinsic curvature of frontal bundles.

Definition 2.56 (Definition 2.15 of [SUY12]). Let (M, E , 〈·, ·〉 , D, φ, ψ) be a frontal
bundle. We define the extrinsic curvature Kext

φ at each regular point p ∈M of φ by

Kext
φ (v, w) =

II (v, v) II (w,w)− II (v, w)2

I (v, v) I (w,w)− I (v, w)2
,
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where {v, w} is a basis for TpM . Similarly, we define the extrinsic curvature Kext
ψ at each

regular point p ∈M of ψ by

Kext
ψ (v, w) =

II (v, v) II (w,w)− II (v, w)2

III (v, v) III (w,w)− III (v, w)2
.

If we consider a frontal bundle (M, Ef , g,D, df,∇ν) as in Example 2.55,

KM = Kext
f + c

by the Gauss equation (cf. [KN69, Propositions 4.1 and 4.5]), where KM is the sectional
curvature at a regular point p ∈ M of f and Kext

f is the extrinsic curvature at a regular
point p ∈M of f .

If we take local coordinates (u, v) compatible with the orientation of M and denote by

Î (respectively, ÎI, ÎII) the representation matrix of I (respectively, II, III) with respect
to {∂/∂u, ∂/∂v}, that is,

Î =

(
〈φu, φu〉 〈φu, φv〉
〈φv, φu〉 〈φv, φv〉

)
,(2.6.9)

ÎI =

(
−〈φu, ψu〉 −〈φu, ψv〉
−〈φv, ψu〉 −〈φv, ψv〉

)
,

ÎII =

(
〈ψu, ψu〉 〈ψu, ψv〉
〈ψv, ψu〉 〈ψv, ψv〉

)
,

by Definition 2.56, we have

(2.6.10) Kext
φ =

det ÎI

det Î
, Kext

ψ =
det ÎI

det ÎII

on (u, v). We prove the following assertion by using these representation matrices of the
fundamental forms.

Lemma 2.57 (Lemma 3.10 of [SUY12]). Let (M, E , 〈·, ·〉 , D, φ, ψ) be a frontal bundle.
Then

(1) KφdÂφ = KψdÂψ,

(2) Kext
φ dÂφ = dÂψ and Kext

ψ dÂψ = dÂφ,

(3)
∣∣Kext

φ

∣∣ dAφ = dAψ and
∣∣Kext

ψ

∣∣ dAψ = dAφ,
(4) Kext

φ Kext
ψ = 1.

Proof. Take local coordinates (u, v) compatible with the orientation µ of M , a pos-
itively oriented orthonormal frame {e1, e2} with respect to the orientation of E and the
connection form ω with respect to {e1, e2}.

The 2-form KφdÂφ is determined by just the connection D by the equation (2.2.4),
which yields that we have the equation (1).

Take 2× 2-matrix valued functions Gφ and Gψ as

(2.6.11) (φu, φv) = (e1, e2)Gφ, (ψu, ψv) = (e1, e2)Gψ.
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Then, by the equation (2.2.1),

dÂφ = λφdu ∧ dv = µ (φu, φv) du ∧ dv = (detGφ) du ∧ dv,(2.6.12)

dÂψ = λψdu ∧ dv = µ (ψu, ψv) du ∧ dv = (detGψ) du ∧ dv.
In particular,

dAφ = |detGφ| du ∧ dv, dAψ = |detGψ| du ∧ dv.
Also, the matrices Î, ÎI and ÎII as in (2.6.9) are written as

Î = GT
φGφ, ÎI = −GT

φGψ = −GT
ψGφ, ÎII = GT

ψGψ,

respectively, where AT denotes the transposition of A. Thus, by the equation (2.6.10),

(2.6.13) Kext
φ =

detGψ

detGφ

, Kext
ψ =

detGφ

detGψ

,

which yields that we have the equations (2), (3) and (4). 2

Next, we give Gauss-Bonnet type theorems for frontal bundles.

Corollary 2.58 ([SUY12] if ∂M = ∅, [Has23a] if ∂M 6= ∅). Let
(M, E , 〈·, ·〉 , D, φ, ψ) be a frontal bundle over a compact oriented smooth 2-manifold M
with boundary ∂M whose singular sets S (φ) and S (ψ) admit at most peaks, and suppose
that S (φ) \I (φ) and S (ψ) \I (ψ) are transversal to ∂M and that I (φ)∩∂M and I (ψ)∩∂M
are empty. Then

2πχ (M) =

∫
M

KφdAφ + 2

∫
S(φ)

κsφdτφ +

∫
∂M

κ̃gφdτφ(2.6.14)

−
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
,

∫
M

KφdÂφ +

∫
∂M

κ̂gφdτφ = 2π
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
(2.6.15)

+2π
(
#P+

Int (φ)−#P−
Int (φ)

)
+π
(
#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

)
+π
(
#P∂M+

φ
−#P∂M−

φ

)
,

2πχ (M) =

∫
M

KψdAψ + 2

∫
S(ψ)

κsψdτψ +

∫
∂M

κ̃gψdτψ(2.6.16)

−
∑

p∈(S(ψ)∩∂M)null

(
2α+

ψ (p)− π
)
,

∫
M

KψdÂψ +

∫
∂M

κ̂gψdτψ = 2π
(
χ
(
M+

ψ

)
− χ

(
M−

ψ

))
(2.6.17)

+2π
(
#P+

Int (ψ)−#P−
Int (ψ)

)
+π
(
#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

)
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+π
(
#P∂M+

ψ
−#P∂M−

ψ

)
.

Proof. By applying the Gauss-Bonnet type theorems in Theorem 2.45 to the map-
pings φ and ψ. 2

We derive four new types of equalities by appropriately combining these Gauss-Bonnet
type theorems.

Theorem 2.59 ([Has23a]). If (M, E , 〈·, ·〉 , D, φ, ψ) is a frontal bundle as in Corollary
2.58,

2χ
(
M−

ψ

)
=

1

π

(∫
S(φ)

κsφdτφ −
∫
M−
φ

KφdÂφ(2.6.18)

+
1

2

∫
∂M

κ̃gφdτφ −
∑

p∈(S(φ)∩∂M)null

2α+
φ (p)− π

2


− 1

2π

∫
∂M

κ̂gψdτψ −#P ⋆ (ψ) +
∑

p∈P ⋆(ψ)

degS(ψ) (p)

2

+#P+
Int (ψ)−#P−

Int (ψ)

+
# (S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

2

+
#P∂M+

ψ
−#P∂M−

ψ

2
,

2χ
(
M−

φ

)
=

1

π

(∫
S(ψ)

κsψdτψ −
∫
M−
ψ

KψdÂψ(2.6.19)

+
1

2

∫
∂M

κ̃gψdτψ −
∑

p∈(S(ψ)∩∂M)null

2α+
ψ (p)− π

2


− 1

2π

∫
∂M

κ̂gφdτφ −#P ⋆ (φ) +
∑

p∈P ⋆(φ)

degS(φ) (p)

2

+#P+
Int (φ)−#P−

Int (φ)

+
# (S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

2

+
#P∂M+

φ
−#P∂M−

φ

2
.
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In particular, if all peaks of the mappings φ and ψ are non-degenerate,

2χ
(
M−

ψ

)
=

1

π

∫
S(φ)

κsφdτφ −
∫
M−
φ

KφdÂφ +
1

2

∫
∂M

κ̃gφdτφ −
∑

p∈(S(φ)∩∂M)null

α+
φ (p)


− 1

2π

∫
∂M

κ̂gψdτψ +#P+
Int (ψ)−#P−

Int (ψ)−#(S (ψ) ∩ ∂M)− ,

2χ
(
M−

φ

)
=

1

π

∫
S(ψ)

κsψdτψ −
∫
M−
ψ

KψdÂψ +
1

2

∫
∂M

κ̃gψdτψ −
∑

p∈(S(ψ)∩∂M)null

α+
ψ (p)


− 1

2π

∫
∂M

κ̂gφdτφ +#P+
Int (φ)−#P−

Int (φ)−#(S (φ) ∩ ∂M)− .

Proof. First, we prove the equation (2.6.18). By Lemma 2.48 and the equation
(2.5.10),

χ (M) = χ
(
M+

ψ

)
+ χ

(
M−

ψ

)
+ χ (S (ψ))(2.6.20)

= χ
(
M+

ψ

)
+ χ

(
M−

ψ

)
+#P ⋆ (ψ)

−1

2

∑
p∈P ⋆(ψ)

(
m+
ψ (p) +m−

ψ (p)
)
+

#(S (ψ) ∩ ∂M)

2

= χ
(
M+

ψ

)
+ χ

(
M−

ψ

)
+#P ⋆ (ψ)− 1

2

∑
p∈P ⋆(ψ)

degS(ψ) (p) .

By the equation (1) in Lemma 2.57 and the equations (2.6.17) and (2.6.20),∫
M

KφdAφ =

∫
M

KφdÂφ − 2

∫
M−
φ

KφdÂφ(2.6.21)

=

∫
M

KψdÂψ − 2

∫
M−
φ

KφdÂφ

= −2

∫
M−
φ

KφdÂφ −
∫
∂M

κ̂gψdτψ + 2π
(
χ
(
M+

ψ

)
− χ

(
M−

ψ

))
+2π

(
#P+

Int (ψ)−#P−
Int (ψ)

)
+π
(
#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

)
+π
(
#P∂M+

ψ
−#P∂M−

ψ

)
= −2

∫
M−
φ

KφdÂφ −
∫
∂M

κ̂gψdτψ + 2πχ (M)− 4πχ
(
M−

ψ

)
−2π#P ⋆ (ψ) + π

∑
p∈P ⋆(ψ)

degS(ψ) (p)

+2π
(
#P+

Int (ψ)−#P−
Int (ψ)

)
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+π
(
#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

)
+π
(
#P∂M+

ψ
−#P∂M−

ψ

)
.

By the equations (2.6.14) and (2.6.21),

2πχ (M) = −2

∫
M−
φ

KφdÂφ + 2

∫
S(φ)

κsφdτφ +

∫
∂M

κ̃gφdτφ(2.6.22)

−
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)

−
∫
∂M

κ̂gψdτψ + 2πχ (M)− 4πχ
(
M−

ψ

)
−2π#P ⋆ (ψ) + π

∑
p∈P ⋆(ψ)

degS(ψ) (p)

+2π
(
#P+

Int (ψ)−#P−
Int (ψ)

)
+π
(
#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

)
+π
(
#P∂M+

ψ
−#P∂M−

ψ

)
.

By eliminating 2πχ (M) on both sides of the equation (2.6.22), the equation (2.6.18) holds.
On the other hand, the equation (2.6.19) is obtained by exchanging the roles of the

mappings φ and ψ in the above proof.
Note that degS(φ) (p) = 2 if p ∈ PInt (φ) is non-degenerate and degS(φ) (p) = 1 if

p ∈ S (φ) ∩ ∂M is non-degenerate. 2

Theorem 2.60 ([Has23a]). If (M, E , 〈·, ·〉 , D, φ, ψ) is a frontal bundle as in Corollary
2.58, ∫

M−
φ

KφdÂφ −
∫
S(φ)

κsφdτφ −
1

2

∫
∂M

κ̃gφdτφ +
∑

p∈(S(φ)∩∂M)null

2α+
φ (p)− π

2
(2.6.23)

=

∫
M−
ψ

KψdÂψ −
∫
S(ψ)

κsψdτψ − 1

2

∫
∂M

κ̃gψdτψ +
∑

p∈(S(ψ)∩∂M)null

2α+
ψ (p)− π

2
,

1

2π

∫
∂M

κ̂gφdτφ −
(
χ
(
M+

φ

)
− χ

(
M−

φ

))
−
(
#P+

Int (φ)−#P−
Int (φ)

)
(2.6.24)

−#(S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

2
−

#P∂M+
φ
−#P∂M−

φ

2

=
1

2π

∫
∂M

κ̂gψdτψ −
(
χ
(
M+

ψ

)
− χ

(
M−

ψ

))
−
(
#P+

Int (ψ)−#P−
Int (ψ)

)
−#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

2
−

#P∂M+
ψ
−#P∂M−

ψ

2
.
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Proof. By the equations (2.6.14), (2.6.16),
∫
M
KφdAφ =

∫
M
KφdÂφ − 2

∫
M−
φ
KφdÂφ

and
∫
M
KψdAψ =

∫
M
KψdÂψ − 2

∫
M−
ψ
KψdÂψ,∫

M

KφdÂφ = 2πχ (M) + 2

∫
M−
φ

KφdÂφ − 2

∫
S(φ)

κsφdτφ −
∫
∂M

κ̃gφdτφ(2.6.25)

+
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
,

∫
M

KψdÂψ = 2πχ (M) + 2

∫
M−
ψ

KψdÂψ − 2

∫
S(ψ)

κsψdτψ −
∫
∂M

κ̃gψdτψ(2.6.26)

+
∑

p∈(S(ψ)∩∂M)null

(
2α+

ψ (p)− π
)
.

By the equation (1) of Lemma 2.57, the right-hand sides of (2.6.25) and (2.6.26) are equal,
which yields the equation (2.6.23).

On the other hand, the equation (2.6.24) is obtained by the equations (2.6.15) and
(2.6.17) and the equation (1) of Lemma 2.57. 2

Next, we give special versions of Theorems 2.59 and 2.60.

Corollary 2.61 ([Has23a]). Let (M, E , 〈·, ·〉 , D, φ, ψ) be a frontal bundle as in Corol-
lary 2.58.

(1) If S (φ) 6= ∅, S (ψ) 6= ∅ and ∂M = ∅,

2χ
(
M−

ψ

)
=

1

π

(∫
S(φ)

κsφdτφ −
∫
M−
φ

KφdÂφ

)
−#P (ψ) +

∑
p∈P (ψ)

degS(ψ) (p)

2

+#P+ (ψ)−#P− (ψ) ,

2χ
(
M−

φ

)
=

1

π

(∫
S(ψ)

κsψdτψ −
∫
M−
ψ

KψdÂψ

)
−#P (φ) +

∑
p∈P (φ)

degS(φ) (p)

2

+#P+ (φ)−#P− (φ) ,∫
M−
φ

KφdÂφ −
∫
S(φ)

κsφdτφ

=

∫
M−
ψ

KψdÂψ −
∫
S(ψ)

κsψdτψ,

χ
(
M+

φ

)
− χ

(
M−

φ

)
+#P+ (φ)−#P− (φ)

= χ
(
M+

ψ

)
− χ

(
M−

ψ

)
+#P+ (ψ)−#P− (ψ) .

In particular, if all peaks of the mappings φ and ψ are non-degenerate,

2χ
(
M−

ψ

)
=

1

π

(∫
S(φ)

κsφdτφ −
∫
M−
φ

KφdÂφ

)
+#P+ (ψ)−#P− (ψ) ,
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2χ
(
M−

φ

)
=

1

π

(∫
S(ψ)

κsψdτψ −
∫
M−
ψ

KψdÂψ

)
+#P+ (φ)−#P− (φ) ,∫

M−
φ

KφdÂφ −
∫
S(φ)

κsφdτφ

=

∫
M−
ψ

KψdÂψ −
∫
S(ψ)

κsψdτψ,

χ
(
M+

φ

)
− χ

(
M−

φ

)
+#P+ (φ)−#P− (φ)

= χ
(
M+

ψ

)
− χ

(
M−

ψ

)
+#P+ (ψ)−#P− (ψ) .

(2) If S (φ) 6= ∅, S (ψ) = ∅ and ∂M 6= ∅,

2χ
(
M−

φ

)
=

1

2π

∫
∂M

κ̃gψdτψ − 1

2π

∫
∂M

κ̂gφdτφ −#P ⋆ (φ)

+
∑

p∈P ⋆(φ)

degS(φ) (p)

2
+ #P+

Int (φ)−#P−
Int (φ)

+
# (S (φ) ∩ ∂M)+ −#(S (φ) ∩ ∂M)−

2
+

#P∂M+
φ
−#P∂M−

φ

2
,∫

∂M

κ̂gψdτψ = 2

∫
S(φ)

κsφdτφ − 2

∫
M−
φ

KφdÂφ +

∫
∂M

κ̃gφdτφ

−
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
.

In particular, if all peaks of the mapping φ are non-degenerate,

2χ
(
M−

φ

)
=

1

2π

∫
∂M

κ̃gψdτψ − 1

2π

∫
∂M

κ̂gφdτφ

+#P+
Int (φ)−#P−

Int (φ)

+# (S (φ) ∩ ∂M)+ +
#(S (φ) ∩ ∂M)null

2
,∫

∂M

κ̂gψdτψ = 2

∫
S(φ)

κsφdτφ − 2

∫
M−
φ

KφdÂφ +

∫
∂M

κ̃gφdτφ

−
∑

p∈(S(φ)∩∂M)null

(
2α+

φ (p)− π
)
.

(3) If S (φ) = ∅, S (ψ) 6= ∅ and ∂M 6= ∅,

2χ
(
M−

ψ

)
=

1

2π

∫
∂M

κ̃gφdτφ −
1

2π

∫
∂M

κ̂gψdτψ −#P ⋆ (ψ)

+
∑

p∈P ⋆(ψ)

degS(ψ) (p)

2
+ #P+

Int (ψ)−#P−
Int (ψ)
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+
#(S (ψ) ∩ ∂M)+ −#(S (ψ) ∩ ∂M)−

2
+

#P∂M+
ψ
−#P∂M−

ψ

2
,∫

∂M

κ̂gφdτφ = 2

∫
S(ψ)

κsψdτψ − 2

∫
M−
ψ

KψdÂψ +

∫
∂M

κ̃gψdτψ

−
∑

p∈(S(ψ)∩∂M)null

(
2α+

ψ (p)− π
)
.

In particular, if all peaks of the mapping ψ are non-degenerate,

2χ
(
M−

ψ

)
=

1

2π

∫
∂M

κ̃gφdτφ −
1

2π

∫
∂M

κ̂gψdτψ

+#P+
Int (ψ)−#P−

Int (ψ)

+# (S (ψ) ∩ ∂M)+ +
#(S (ψ) ∩ ∂M)null

2
,∫

∂M

κ̂gφdτφ = 2

∫
S(ψ)

κsψdτψ − 2

∫
M−
ψ

KψdÂψ +

∫
∂M

κ̃gψdτψ

−
∑

p∈(S(ψ)∩∂M)null

(
2α+

ψ (p)− π
)
.

(4) If S (φ) 6= ∅, S (ψ) = ∅ and ∂M = ∅,

2χ
(
M−

φ

)
=

∑
p∈P (φ)

degS(φ) (p)

2
−#P (φ) + #P+ (φ)−#P− (φ) ,∫

M−
φ

KφdÂφ =

∫
S(φ)

κsφdτφ.

In particular, if all peaks of the mapping φ are non-degenerate,

2χ
(
M−

φ

)
= #P+ (φ)−#P− (φ) ,(2.6.27) ∫

M−
φ

KφdÂφ =

∫
S(φ)

κsφdτφ.(2.6.28)

(5) If S (φ) = ∅, S (ψ) 6= ∅ and ∂M = ∅,

2χ
(
M−

ψ

)
=

∑
p∈P ⋆(ψ)

degS(ψ) (p)

2
−#P ⋆ (ψ) + #P+ (ψ)−#P− (ψ) ,∫

M−
ψ

KψdÂψ =

∫
S(ψ)

κsψdτψ.

In particular, if all peaks of the mapping ψ are non-degenerate,

2χ
(
M−

ψ

)
= #P+ (ψ)−#P− (ψ) ,(2.6.29)
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M−
ψ

KψdÂψ =

∫
S(ψ)

κsψdτψ.(2.6.30)

(6) If S (φ) = ∅, S (ψ) = ∅ and ∂M 6= ∅,

1

2π

∫
∂M

κ̂gφdτφ =
1

2π

∫
∂M

κ̂gψdτψ.

Remark 2.62. If the frontal bundle E is as in Example 2.55, the equation (2.6.27)
is a generalization of the equation in [SUY12, Theorem 3.16], the equation (2.6.28) is
a generalization of the equation in [SUY12, Theorem 3.23], the equation (2.6.29) is a
generalization of the equation in [BW78] and [SUY12, Theorem 3.12] and the equation
(2.6.30) is a generalization of the equation in [SUY12, Theorem 3.18].

Next, we consider the case of bounded extrinsic curvature. We prove the following
assertion.

Lemma 2.63 (Lemma 3.25 of [SUY12]). Let M be an oriented smooth 2-manifold
(possibly with boundary) and N an orientable 3-dimensional Riemannian manifold. Let
f : M → N be a co-orientable wave front and ν the unit normal vector field of f globally
defined on M . Suppose that there exists a neighborhood U of an A2-point p ∈ S (f) such
that log |Kext

f | is bounded on U\S (f).

(1) S (f) ∩ U = S (ν) ∩ U ,
(2) M+

f =M ϵ
ν , κ

s
fdτf = ϵκsνdτν, where ϵ := sgn

(
Kext
f

∣∣
U

)
.

Proof. Take a front bundle (M, Ef , g,D, df,∇ν) as in Example 2.55. Fix a positively
oriented orthonormal frame {e1, e2} with respect to an orientation of Ef and take matrix
valued functions Gf := Gdf and Gν := G∇ν as in (2.6.11). Since Kext

f is non-zero bounded
on U\S (f), detGν = 0 on S (f)∩U = {detGf = 0} by the equation (2.6.13), which yields
S (f) ⊆ S (ν). On the other hand, Kext

ν = 1/Kext
f is also bounded by the equation (4) of

Lemma 2.57 and the assumption, which yields S (ν) ⊆ S (f) by exchanging the roles of df
and ∇ν in the above proof. Hence the equation (1) holds.

Parameterize the set S (f) ∩ U = S (ν) ∩ U by a smooth regular curve γ (t). Since
p ∈ S (f) is an A2-point, df (γ̇ (t)) does not vanish near p. So we retake a neighborhood U
such that df (γ̇ (t)) does not vanish on U . Take a smooth function θf satisfying

(2.6.31) df (γ̇ (t)) = |df (γ̇ (t))| (cos θf (t) e1 (γ (t)) + sin θf (t) e2 (γ (t))) .

Then the Ef -conormal vector field nf along γ is

nf (t) = − sin θf (t) e1 (γ (t)) + cos θf (t) e2 (γ (t)) .

Let ω be the connection form of D with respect to {e1, e2} as in (2.2.3). Then

Dtnf (t) =

(
ω (γ̇ (t))− θ̇f (t)

)
df (γ̇ (t))

|df (γ̇ (t))|
.
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By the definition (2.3.6) of the singular curvature,

κsf (t) := κsdf (t) = −sgn (ηfλf (t))
ω (γ̇ (t))− θ̇f (t)

|df (γ̇ (t))|
,

where λf := λdf and ηf := ηdf . Then

(2.6.32) κsf (t) dτf = κsf (t) |df (γ̇ (t))| dt = −sgn (ηfλf (t))
(
ω (γ̇ (t))− θ̇f (t)

)
dt.

Similarly, if we set

(2.6.33) ∇tν = |∇tν| (cos θν (t) e1 (γ (t)) + sin θν (t) e2 (γ (t))) ,

we have

(2.6.34) κsν (t) dτν = −sgn (ηνλν (t))
(
ω (γ̇ (t))− θ̇ν (t)

)
dt,

where λν := λ∇ν and ην := η∇ν . Since λf (γ (t)) = λν (γ (t)) = 0, by the equations (2.6.12)
and (2.6.13),

(2.6.35) sgn (ηfλf (t)) = sgn (ηνλf (t)) = sgn
(
Kext
f

∣∣
U

)
sgn (ηνλν (t)) .

Note that the second fundamental form II vanishes along γ because Kext
f is bounded on

U\S (f) (see [SUY09, Theorem 3.1]). By the equations (2.6.31) and (2.6.33),

0 = II (γ̇ (t) , γ̇ (t)) = −〈df (γ̇ (t)) ,∇tν〉 = − |df (γ̇ (t))| |∇tν| cos (θf (t)− θν (t)) ,

which means that θf (t)− θν (t) is constant. Hence

(2.6.36) θ̇f (t) = θ̇ν (t) .

By the equations (2.6.32), (2.6.34), (2.6.35) and (2.6.36), we have the equation (2). 2

Then the following assertion holds by the Gauss-Bonnet type theorems in Corollary
2.58.

Theorem 2.64 ([Has23a]). Let M be a compact oriented smooth 2-manifold with
boundary ∂M and N (c) an oriented 3-dimensional Riemannian manifold of constant sec-
tional curvature c. Let f : M → N (c) be a co-oriented wave front whose singular set
S (f) admits at most peaks such that log

∣∣Kext
f

∣∣ is bounded on M\S (f) and ν the unit nor-
mal vector field of f globally defined on M whose singular set S (ν) admits at most peaks.
Suppose that S (f) \I (f) and S (ν) \I (ν) are transversal to ∂M and that I (f) ∩ ∂M and
I (ν) ∩ ∂M are empty.

(1) If Kext
f > 0, ∑

p∈(S(f)∩∂M)null

α+
f (p)

π
−

∑
p∈(S(ν)∩∂M)null

α+
ν (p)

π
(2.6.37)

=
# (S (f) ∩ ∂M)null −#(S (ν) ∩ ∂M)null

2
,

#P+
Int (f)−#P−

Int (f)(2.6.38)
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+
#(S (f) ∩ ∂M)+ −#(S (f) ∩ ∂M)−

2
+

#P∂M+
f
−#P∂M−

f

2
= #P+

Int (ν)−#P−
Int (ν)

+
# (S (ν) ∩ ∂M)+ −#(S (ν) ∩ ∂M)−

2
+

#P∂M+
ν
−#P∂M−

ν

2
,

(2) If Kext
f < 0,

χ (M) +
∑

p∈(S(f)∩∂M)null

2α+
f (p)− π

4π
+

∑
p∈(S(ν)∩∂M)null

2α+
ν (p)− π

4π
= 0,(2.6.39)

2
(
χ
(
M+

f

)
− χ

(
M−

f

))
+#P+

Int (f)−#P−
Int (f)(2.6.40)

+
# (S (f) ∩ ∂M)+ −#(S (f) ∩ ∂M)−

2
+

#P∂M+
f
−#P∂M−

f

2
= #P+

Int (ν)−#P−
Int (ν)

+
# (S (ν) ∩ ∂M)+ −#(S (ν) ∩ ∂M)−

2
+

#P∂M+
ν
−#P∂M−

ν

2
.

Proof. If we construct the front bundle (M, Ef , 〈·, ·〉, D, df,∇ν) as in Example 2.55,
we have the equations (2.6.23) and (2.6.24).

(1) By Lemmas 2.57 and 2.63 and (6) of Corollary 2.61, the equations (2.6.23) and
(2.6.24) are reduced as the equations (2.6.37) and (2.6.38).

(2) By Lemmas 2.57 and 2.63 and (6) of Corollary 2.61, the equations (2.6.23) and
(2.6.24) are reduced as∑

p∈(S(f)∩∂M)null

2α+
f (p)− π

2
−
(∫

M

KfdAf + 2

∫
S(f)

κsfdτf +

∫
∂M

κ̃gfdτf

)
(2.6.41)

=
∑

p∈(S(ν)∩∂M)null

2α+
ν (p)− π

2
,

and the equation (2.6.40), respectively. By the equations (2.6.14) and (2.6.41), we have
the equation (2.6.39). 2

Corollary 2.65 (Theorems 3.28, 3.30 of [SUY12]). Let f : M → N (c) be a co-
oriented wave front as in Theorem 2.64.

(1) If Kext
f > 0 and ∂M = ∅,

#P+ (f)−#P− (f) = #P+ (ν)−#P− (ν) .

(2) If Kext
f < 0 and ∂M = ∅,

χ (M) = 0, 2
(
χ
(
M+

f

)
− χ

(
M−

f

))
+#P+ (f)−#P− (f) = #P+

Int (ν)−#P−
Int (ν) .





CHAPTER 3

Geometry of cross caps

1. Singular points of positive semi-definite metrics

In this section, we define singular points of positive semi-definite metrics and give some
properties.

Let M be a smooth 2-manifold (possibly with boundary ∂M) and ds2 a positive semi-
definite metric on M . A point p ∈ M is a regular point of ds2 if the covariant 2-tensor
(ds2)p : TpM × TpM → R is positive-definite. On the other hand, p is a singular point of

ds2 if (ds2)p is degenerate. Note that if p ∈ ∂M , then the metric ds2 is extended to a C∞-
metric beyond ∂M via a compatible coordinate neighborhood of p, and the above notions
are well-defined independently of the choice of a compatible coordinate neighborhood of p.

Next, we define the Kossowski pseudo-connection. We denote by X (M) the set of
smooth vector fields on M and by C∞ (M) the set of R-valued smooth functions on M .
We define a smooth mapping Γ : X (M)× X (M)× X (M) → C∞ (M) by

Γ (X,Y, Z) =
1

2
(X 〈Y, Z〉+ Y 〈Z,X〉 − Z 〈X,Y 〉(3.1.1)

+ 〈[X,Y ] , Z〉 − 〈[Y, Z] , X〉+ 〈[Z,X] , Y 〉) ,

which is called the Kossowski pseudo-connection, where 〈X,Y 〉 := dσ2 (X,Y ).
If ds2 is positive definite,

Γ (X,Y, Z) = 〈∇XY, Z〉 ,

where ∇ is the Levi-Civita connection of ds2. Also, the following two equations hold:

X 〈Y, Z〉 = Γ (X,Y, Z) + Γ (X,Z, Y ) ,(3.1.2)

Γ (X,Y, Z)− Γ (Y,X,Z) = 〈[X,Y ] , Z〉 .(3.1.3)

The equation (3.1.2) corresponds to the condition that ∇ is a metric connection and the
equation (3.1.3) corresponds to the condition that ∇ is torsion free.

The following assertion holds.

Proposition 3.1 ([Kos04]). The mapping

TpM × TpM → R, (v1, v2) 7→ Γ (V1, Y, V2) (p)

is a well-defined bi-linear mapping for each point p ∈ M and each Y ∈ X (M), where
Vj ∈ X (M) , j = 1, 2, satisfying vj = Vj (p).

Proof. By direct calculation. 2

67
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The subspace

Np := {v ∈ TpM | 〈v, w〉 = 0 for all w ∈ TpM}
is called the null space or the radical for each point p ∈M . A nonzero vector which belongs
to Np is called a null vector at p. Also, a singular point p of ds2 is called of rank one if Np

is a 1-dimensional subspace of TpM . The following assertion holds.

Lemma 3.2 ((2) of [Kos04]). The Kossowski pseudo-connection Γ induces a tri-linear
mapping

Γ̂p : TpM × TpM ×Np → R, (v1, v2, v3) 7→ Γ (V1, V2, V3) (p) ,

where Vj ∈ X (M) , j = 1, 2, 3, satisfying vj = Vj (p).

Proof. By the equation (3.1.1) and the fact that V3 (p) ∈ Np,

2Γ (V1, fV2, V3) = V1 〈fV2, V3〉+ fV2 〈V3, V1〉 − V3 〈V1, fV2〉
+ 〈[V1, fV2] , V3〉 − 〈[fV2, V3] , V1〉+ 〈[V3, V1] , fV2〉

= 2fΓ (V1, V2, V3) + 2 (V1f) 〈V2, V3〉
= 2fΓ (V1, V2, V3)

for each point p ∈M . 2

Next, we define the admissibility of singular points of positive semi-definite metrics.

Definition 3.3 ([Kos04], Definition 2.3 of [HHNSUY15]). A singular point p of a

positive semi-definite metric ds2 is called admissible if Γ̂p in Lemma 3.2 vanishes. The

metric ds2 is called admissible or Γ̂-flat if each singular point of ds2 is admissible.

Then, the following assertion shows that the induced metric of a smooth mapping is
admissible.

Proposition 3.4 (Proposition 2.4 of [HHNSUY15]). If f : M → R3 is a smooth
mapping, the induced metric ds2 (:= df · df) by f on M is admissible.

Proof. Let D be the Levi-Civita connection of the canonical metric of R3. Then the
Kossowski pseudo-connection of ds2 is given by

Γ (X,Y, Z) = DXdf (Y ) · df (Z) ,

which vanishes if dfp (Zp) = 0, that is, Zp ∈ Np. 2

Next, we define adjusted coordinates at singular points.

Definition 3.5 (Definition 2.5 of [HHNSUY15]). Local coordinates (u, v) centered
at a singular point p ∈M is called adjusted if ∂v (p) belongs to Np, where ∂v := ∂/∂v.

Note that we can take local coordinates which are adjusted at a rank one singular point
by a suitable affine transformation in the uv-plane. The following assertions hold.
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Lemma 3.6 (Lemma 2.6 of [HHNSUY15]). Let (u, v) and (ξ, η) be two local coor-
dinates centered at a rank one singular point p, and suppose that (u, v) is adjusted at p.
Then (ξ, η) is also adjusted at p if and only if

(3.1.4) uη (0, 0) = 0.

Proof. By the chain rule, ∂η = uη∂u + vη∂v. If ∂v (p) ∈ Np, then ∂η (p) ∈ Np if and
only if uη vanishes at p. 2

Proposition 3.7 (Proposition 2.7 of [HHNSUY15]). Let (u, v) be adjusted local co-
ordinates centered at a rank one singular point p of a positive semi-definite metric ds2. If
p is admissible,

(3.1.5) Ev (0, 0) = 2Fu (0, 0) , Gu (0, 0) = Gv (0, 0) = 0,

where ds2 = Edu2 + 2Fdudv + Gdv2. Conversely, if there exist adjusted local coordinates
(u, v) centered at p satisfying the condition (3.1.5), then p is admissible.

Proof. Since [∂u, ∂v] vanishes at p and ∂v (p) ∈ Np, the equation (3.1.1) yields that

2Γ (∂u, ∂u, ∂v) = ∂u 〈∂u, ∂v〉+ ∂u 〈∂v, ∂u〉 − ∂v 〈∂u, ∂v〉 = 2Fu − Ev,

2Γ (∂u, ∂v, ∂v) = ∂u 〈∂v, ∂v〉+ ∂v 〈∂v, ∂u〉 − ∂v 〈∂u, ∂v〉 = Gu,

2Γ (∂v, ∂v, ∂v) = ∂v 〈∂v, ∂v〉+ ∂v 〈∂v, ∂v〉 − ∂v 〈∂v, ∂v〉 = Gv

at the origin. Thus Γ̂p in Lemma 3.2 vanishes if and only if the condition (3.1.5) holds at
p. 2

2. Intrinsic cross caps and Bruce-West type coordinates

In this section, we define intrinsic cross caps, which are an intrinsic formulation of cross
caps (see Example 1.31), and give some properties. In particular, we give the existence
theorem of Bruce-West type coordinates, which are coordinates centered at intrinsic cross
caps, and prove the theorem.

Definition 3.8 (Definition 4.1 of [HHNSUY15]). An admissible singular point p of
a positive semi-definite metric ds2 is an intrinsic cross cap if we can take adjusted local
coordinates (u, v) centered at p such that the Hessian

Hλ (u, v) := det

(
λuu λuv
λuv λvv

)
, λ := EG− F 2 (≥ 0)

does not vanish at the origin, where ds2 = Edu2+2Fdudv+Gdv2. The metric ds2 is called
a Whitney metric if ds2 admits only intrinsic cross caps as singular points.

We check that the definition of intrinsic cross caps is independent of the choice of
adjusted coordinates. By Definition 3.8, an intrinsic cross cap p is a non-degenerate critical
point of λ, that is, p is a minimal point of λ, which means that p is an isolated singular
point of ds2. Hence,

λu (0, 0) = λv (0, 0) = 0 and λ (u, v) > 0 on U\ {p}
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for a sufficiently small neighborhood U of p. Take two adjusted local coordinates (u, v)
and (ξ, η) centered at p. Then

λ̃ = J2λ, J := det

(
uξ uη
vξ vη

)
,

where λ̃ := ẼG̃− F̃ 2 and ds2 = Ẽdξ2 + 2F̃ dξdη + G̃dη2, which yields that

(3.2.1) Hλ̃ (0, 0) = J (0, 0)6Hλ (0, 0) .

Thus the definition of intrinsic cross caps is independent of the choice of adjusted local
coordinates.

The following assertion shows that intrinsic cross caps are rank one singular points.

Proposition 3.9 (Proposition 4.3 of [HHNSUY15]). An intrinsic cross cap p ∈ M
is an isolated singular point where the null space Np is a 1-dimensional linear subspace of
TpM .

Proof. We suppose that dimNp = 2. Then

E (0, 0) = F (0, 0) = G (0, 0) = 0,

where ds2 = Edu2 + 2Fdudv +Gdv2. Since ds2 is positive semi-definite, E,G ≥ 0, which
yields that p is a critical point of the functions E,G. Thus,

Eu (0, 0) = Ev (0, 0) = Gu (0, 0) = Gv (0, 0) = 0.

Then,

Hλ (0, 0) = 4 det

(
Fu (0, 0)

2 Fu (0, 0)Fv (0, 0)

Fu (0, 0)Fv (0, 0) Fv (0, 0)
2

)
= 0,

which contradicts that p is an intrinsic cross cap. 2

Next, we prove the following assertion to prove that intrinsic cross caps are an intrinsic
formulation of cross caps.

Proposition 3.10 (Proposition 4.4 of [HHNSUY15]). Let p ∈ M be an intrinsic
cross cap and (u, v) local coordinates centered at p as in Definition 3.8. Then

(3.2.2) Hλ (0, 0) = 4E (0, 0)∆ (0, 0) , ∆ := det

E Fu Fv
Fu

Guu
2

Guv
2

Fv
Guv
2

Gvv
2

 ,

where ds2 = Edu2 + 2Fdudv +Gdv2.

Proof. By the condition (3.1.5),

F (0, 0) = G (0, 0) = Gu (0, 0) = Gv (0, 0) = 0.

Differentiating λ = EG− F 2 twice,

λuu (0, 0) = E (0, 0)Guu (0, 0)− 2Fu (0, 0)
2 ,

λuv (0, 0) = E (0, 0)Guv (0, 0)− 2Fu (0, 0)Fv (0, 0) ,
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λvv (0, 0) = E (0, 0)Gvv (0, 0)− 2Fv (0, 0)
2 ,

which yields that the equation (3.2.2) holds. 2

Then the following shows that intrinsic cross caps are an intrinsic formulation of cross
caps.

Corollary 3.11 (Corollary 4.5 of [HHNSUY15]). If p ∈ M is a cross cap singular
point of a smooth mapping f : M → R3, then p is an intrinsic cross cap of the induced
metric ds2 := df · df .

Proof. By Proposition 3.4, p is admissible. Take local coordinates (u, v) centered
at p satisfying fv (0, 0) = 0, which means that (u, v) are local coordinates adjusted at p.
Then the three vectors fu (0, 0) , fuv (0, 0) , fvv (0, 0) are linearly independent by a criterion
of cross caps in [Whi43], which yields that

(3.2.3)

 fu (0, 0)
fuv (0, 0)
fvv (0, 0)

 (fu (0, 0) , fuv (0, 0) , fvv (0, 0)) =

E (0, 0) Fu (0, 0) Fv (0, 0)

Fu (0, 0)
Guu(0,0)

2
Guv(0,0)

2

Fv (0, 0)
Guv(0,0)

2
Gvv(0,0)

2


is regular, where E := fu · fu, F := fu · fv, G := fv · fv. By taking the determinant of the
equation (3.2.3), the conclusion follows from Proposition 3.10. 2

Next, we introduce one invariant for intrinsic cross caps.

Proposition 3.12 (Proposition 4.6 of [HHNSUY15]). Let p ∈ M be an intrinsic
cross cap of a positive semi-definite metric ds2 and (u, v) adjusted local coordinates centered
at p. Set

α =
λvv (0, 0)

2

(
=
E (0, 0)Gvv (0, 0)

2
− Fv (0, 0)

2

)
,

where ds2 = Edu2 + 2Fdudv +Gdv2. Then

(3.2.4) α02 :=

√
E (0, 0)α

3
2

∆(0, 0)

is a positive value and does not depend on the choice of adjusted local coordinates centered
at p, where ∆ is defined as in Proposition 3.10.

Proof. Since p is an intrinsic cross cap and is a minimal point of λ, we haveHλ (0, 0) >
0 and α > 0. By Proposition 3.10,

4E (0, 0)∆ (0, 0) = λuu (0, 0)λvv (0, 0)− λuv (0, 0)
2 > 0.

Hence we have the inequality α02 > 0.

Let (ξ, η) be other adjusted local coordinates centered at p and set λ̃ = ẼG̃− F̃ 2. By
the equation (3.1.5),

Ẽ (0, 0) = uξ (0, 0)
2E (0, 0) .

By the equations (3.1.4) and (3.1.5),

λ̃ηη (0, 0) = vη (0, 0)
2 λ̃vv (0, 0) = uξ (0, 0)

2 vη (0, 0)
4 λvv (0, 0) .
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Hence,

(3.2.5)
(
Ẽ (0, 0) λ̃ηη (0, 0)

)3/2
= (uξ (0, 0) vη (0, 0))

6 (E (0, 0)λvv (0, 0))
3/2 .

On the other hand, by the equation (3.2.1),

(3.2.6) Hλ̃ (0, 0) = (uξ (0, 0) vη (0, 0))
6Hλ (0, 0) .

By the equations (3.2.5) and (3.2.6),(
Ẽ (0, 0) λ̃ηη (0, 0)

)3/2
Hλ̃ (0, 0)

=
(E (0, 0)λvv (0, 0))

3/2

Hλ (0, 0)
,

which yields the coordinate invariance of α02. 2

Next, we define adapted coordinates centered at intrinsic cross caps.

Definition 3.13 (Definition 4.7 of [HHNSUY15]). Let p be an intrinsic cross cap of
a positive semi-definite metric ds2. Local coordinates (u, v) adjusted at p is called adapted
if
(3.2.7)

E (0, 0) = 1, Eu (0, 0) = Ev (0, 0) = Fu (0, 0) = Fv (0, 0) = Gu (0, 0) = Gv (0, 0) = 0,

where ds2 = Edu2 + 2Fdudv +Gdv2.

The following assertion shows that there exist adapted local coordinates centered at
intrinsic cross caps.

Proposition 3.14 (Proposition 4.8 of [HHNSUY15]). There exist adapted coordi-
nates centered at an intrinsic cross cap p. Moreover, if (u, v) and (ξ, η) are two adapted
coordinates centered at p,

(3.2.8) uξ (0, 0) = ±1, uη (0, 0) = uξξ (0, 0) = uξη (0, 0) = uηη (0, 0) = 0.

Conversely, if (u, v) is adapted at p and (ξ, η) adjusted at p satisfies the equation (3.2.8),
then (ξ, η) is also adapted at p.

Proof. Let (u, v) be local coordinates adjusted at p. If we set

u (ξ, η) =
1√

E (0, 0)
ξ − Eu (0, 0)

4E (0, 0)2
ξ2 − Ev (0, 0)

2E (0, 0)3/2
ξη − Fv (0, 0)

2E (0, 0)
η2, v (ξ, η) = η,

then (ξ, η) is adapted. The second assertion follows by direct calculation. 2

Next, we introduce Bruce-West type coordinates, which play a useful role in the next
section.

Definition 3.15 (Definition 4.9 of [HHNSUY15]). Adapted coordinates (u, v) cen-
tered at an intrinsic cross cap of a positive semi-definite metric ds2 are called Bruce-West
type coordinates of the second-order if there exist two real numbers α20 and α11 satisfying

E (u, v) = 1 + (α20)
2 u2 + 2α11α20uv +

(
1 + (α11)

2) v2 +O (u, v)3 ,(3.2.9)
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F (u, v) = α11α20u
2 +

(
1 + (α11)

2 + α02α20

)
uv + α02α11v

2 +O (u, v)3 ,(3.2.10)

G (u, v) =
(
1 + (α11)

2)u2 + 2α02α11uv + (α02)
2 v2 +O (u, v)3 ,(3.2.11)

where ds2 = Edu2 + 2Fdudv +Gdv2, α02 is given by the equation (3.2.4) and O (u, v)3 is
the term whose order is greater than or equal to 3 with respect to (u, v).

In the following, we prepare to prove that there exist Bruce-West type coordinates.
First, we introduce adapted coordinates adjusted in the first-level.

Definition 3.16 (Definition 4.12 of [HHNSUY15]). Adapted coordinates (u, v) cen-
tered at an intrinsic cross cap of a positive semi-definite metric ds2 is said to be adjusted
in the first-level if

(3.2.12) Gvv (0, 0) = 2 (α02)
2 ,

where ds2 = Edu2 + 2Fdudv +Gdv2.

By the equation (3.2.11), West type coordinates of the second-order are adjusted in the
first-level. The following assertion shows that there exist adapted coordinates adjusted in
the first-level.

Lemma 3.17 (Lemma 4.13 of [HHNSUY15]). There exist adapted coordinates (u, v)
adjusted in the first-level centered at an intrinsic cross cap p. Moreover, under the assump-
tion that (u, v) and (ξ, η) are two adapted coordinates centered at p and (u, v) are adjusted
in the first-level, (ξ, η) are adjusted in the first-level if and only if

(3.2.13) vη (0, 0) = ±1.

Proof. If (u, v) are adapted coordinates centered at p, the coordinates (ξ, η) given by

u (ξ, η) = ξ, v (ξ, η) =
4
√
2
√
α02

4
√
Gvv (0, 0)

η

have the desired property. The second assertion follows by direct calculation. 2

Next, we introduce adapted coordinates adjusted in the second-level.

Definition 3.18 (Definition 4.15 of [HHNSUY15]). Adapted coordinates (u, v) ad-
justed in the first-level centered at an intrinsic cross cap of a positive semi-definite metric
ds2 is said to be adjusted in the second-level if

(3.2.14) det

(
Fuu (0, 0)− Euv(0,0)

2
Guv (0, 0)

Fuv (0, 0)− Evv(0,0)
2

Gvv (0, 0)

)
= 0,

where ds2 = Edu2 + 2Fdudv +Gdv2.

By the equations (3.2.9), (3.2.10) and (3.2.11), Bruce-West type coordinates of the
second-order are adjusted in the second-level. The following assertion shows that there
exist adapted coordinates adjusted in the second-level.
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Lemma 3.19 (Lemma 4.16 of [HHNSUY15]). There exist adapted coordinates (u, v)
adjusted in the second-level centered at an intrinsic cross cap p. Moreover, under the
assumption that (u, v) and (ξ, η) are two adapted coordinates centered at p and (u, v) are
adjusted in the second-level, (ξ, η) are adjusted in the second-level if and only if

(3.2.15) vη (0, 0) = ±1, vξ (0, 0) = 0.

Proof. Let (u, v) and (ξ, η) be two adapted coordinates adjusted in the first-level
centered at p. For the sake of simplicity, we consider the case of uξ (0, 0) = vη (0, 0) = 1
(see the equations (3.2.8) and (3.2.13)). By the condition (3.2.8),

det

(
F̃ξξ (0, 0)− Ẽξη(0,0)

2
G̃ξη (0, 0)

F̃ξη (0, 0)− Ẽηη(0,0)

2
G̃ηη (0, 0)

)

= det

(
Fuu (0, 0)− Euv(0,0)

2
Guv (0, 0)

Fuv (0, 0)− Evv(0,0)
2

Gvv (0, 0)

)
+ vξ (0, 0) det

(
Guu (0, 0) Guv (0, 0)
Guv (0, 0) Gvv (0, 0)

)
,

where ds2 = Ẽdξ2 + 2F̃ dξdη + G̃dη2. Since (u, v) is adapted, E (0, 0) = 1, Fu (0, 0) =
Fv (0, 0) = 0, which yields that

(3.2.16) 0 6= Hλ (0, 0) = 4∆ (0, 0) = det

(
Guu (0, 0) Guv (0, 0)
Guv (0, 0) Gvv (0, 0)

)
by the equation (3.2.2). Thus the coordinates (ξ, η) given by

u (ξ, η) = ξ, v (ξ, η) = η −
det

(
Fuu (0, 0)− Euv(0,0)

2
Guv (0, 0)

Fuv (0, 0)− Evv(0,0)
2

Gvv (0, 0)

)
det

(
Guu (0, 0) Guv (0, 0)
Guv (0, 0) Gvv (0, 0)

) ξ

have the desired property. The second assertion follows by direct calculation. 2

Let (u, v) be adapted coordinates adjusted in the second-level centered at an intrinsic
cross cap. Since E (0, 0) = 1 and Fv (0, 0) = 0 by Definition 3.13, we have α = Gvv (0, 0) /2.
By the equation (3.2.13), we have α = (α02)

2. Thus,

(3.2.17) ∆ (0, 0) =
α3/2

α02

= (α02)
2 =

Gvv (0, 0)

2
.

By the equation (3.2.16),

(3.2.18) 4(α02)
2 = Guu (0, 0)Gvv (0, 0)−Guv (0, 0)

2 .

We define a constant α11 so that

(3.2.19) Guv (0, 0) = 2α11α02.

By the equations (3.2.17), (3.2.18) and (3.2.19),

(3.2.20) Guu (0, 0) = 2
(
1 + (α11)

2) .
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We define a constant α20 so that

(3.2.21) Fuv (0, 0)−
Evv (0, 0)

2
= α20α02.

By the equations (3.2.14), (3.2.19), (3.2.21) and (3.2.12),

0 = det

(
Fuu (0, 0)− Euv(0,0)

2
Guv (0, 0)

Fuv (0, 0)− Evv(0,0)
2

Gvv (0, 0)

)
= det

(
Fuu (0, 0)− Euv(0,0)

2
2α11α02

α20α02 2 (α02)
2

)
= 2 (α02)

2 det

(
Fuu (0, 0)− Euv(0,0)

2
α11

α20 1

)
,

which yields that

(3.2.22) Fuu (0, 0)−
Euv (0, 0)

2
= α11α20

because α02 is a positive number.
The following assertion shows that α20 and α11 are invariants for intrinsic cross caps.

Theorem 3.20 (Theorem 4.17 of [HHNSUY15]). The two constants α20 and |α11|
are independent of the choice of adapted coordinates adjusted in the second-level centered at
an intrinsic cross cap p ∈M . Moreover, if the manifold M is oriented, α11 is independent
of the choice of oriented adapted coordinates adjusted in the second-level centered at p.

Proof. The coordinate independence of α20 and |α11| are proved by the equations
(3.2.8), (3.2.15), (3.2.19) and (3.2.21). Let (ξ, η) be other adapted coordinates adjusted in
the second-level. Then

G̃ξη (0, 0) = uξ (0, 0) vη (0, 0)Guv (0, 0) .

IfM is oriented, an orientation preserving coordinate change between adapted coordinates
adjusted in the second-level satisfies uξ (0, 0) vη (0, 0) = 1, which yields that Guv (0, 0) is
independent of such a coordinate change, and the equation (3.2.19) implies the desired
coordinate invariance of α11. 2

We prove the following assertion as a corollary of Proposition 3.12 and Theorem 3.20.

Corollary 3.21 (Corollary 4.18 of [HHNSUY15]). Let (u, v) be oriented adapted
coordinates adjusted in the second-level centered at an intrinsic cross cap of a positive
semi-definite metric ds2 and set u (r, θ) = r cos θ, v (r, θ) = r sin θ. Then

(3.2.23) lim
r→0+0

r2K (r, θ) =
α02

(
α20 cos

2 θ − α02 sin
2 θ
)(

cos2 θ + (α11 cos θ + α02 sin θ)
2)2 ,

where K is the Gaussian curvature of ds2 and K (r, θ) := K (u (r, θ) , v (r, θ)).
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Proof. By the equations (3.2.8), (3.2.22), (3.2.21), (3.2.20), (3.2.19) and (3.2.12), we
can write

E (u, v) = 1 + e20u
2 + 2e11uv + e02v

2 +O (u, v)3 ,

F (u, v) =
1

2
(α11α20 + e11) u

2 + (e02 + α02α20) uv + f02v
2 +O (u, v)3 ,

G (u, v) =
(
1 + (α11)

2)u2 + 2α02α11uv + (α02)
2 v2 +O (u, v)3 ,

where e20, e11, e02 and f02 are constants. Substituting them into the Gauss equation

K =
E
(
EvGv − 2FuGv + (Gu)

2)
4 (EG− F 2)2

+
F (EuGv − EvGu − 2EvFv − 2FuGu + 4FuFv)

4 (EG− F 2)2

+
G
(
EuGu − 2EuFv + (Ev)

2)
4 (EG− F 2)2

− Evv − 2Fuv +Guu

2 (EG− F 2)
,

we see that the limit does not depend on the constants e20, e11, e02 and f02 and get the
equation (3.2.23) (cf. [UY17, Theorem 11.2]). 2

Remark 3.22 (Remark 4.21 of [HHNSUY15]). Let (U ; u, v) be an oriented adapted
coordinate chart adjusted in the second-level centered at an intrinsic cross cap of a positive
semi-definite metric ds2 and set

dA =
√
EG− F 2du ∧ dv,

where ds2 = Edu2 + 2Fdudv + Gdv2. Then KdA gives a smooth 2-form with respect to
the polar coordinates (r, θ) by the equation (3.2.23), where u (r, θ) := r cos θ and v (r, θ) :=
r sin θ, which yields that the integral

∫
U
KdA is well-defined.

At the end of this section, we prove the existence of Bruce-West type coordinates.

Theorem 3.23 (Theorem 4.11 of [HHNSUY15]). There exist Bruce-West type coor-
dinates of the second-order centered at an intrinsic cross cap.

Proof. Let (u, v) be adapted coordinates adjusted in the second-level centered at an
intrinsic cross cap p. We define local coordinates (ξ, η) centered at p by

u (ξ, η) = ξ +
2 (α20)

2 − Euu (0, 0)

12
ξ3 +

2α11α20 − Euv (0, 0)

4
ξ2η

+
2 + 2 (α11)

2 − Evv (0, 0)

4
ξη2 +

2α02α11 − Fvv (0, 0)

6
η3,

v (ξ, η) = η.

Then

Ẽξξ (0, 0) = 2 (α20)
2 , Ẽξη (0, 0) = 2α11α20,

Ẽηη (0, 0) = 2
(
1 + (α11)

2) , F̃ηη (0, 0) = 2α02α11.

Then, F̃ξξ and F̃ξη are determined by the equations (3.2.22) and (3.2.21). 2
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3. A Gauss-Bonnet type theorem for Whitney metrics

In this section, we prove a Gauss-Bonnet type theorem for Whitney metrics, which are
positive semi-definite metrics that admit only intrinsic cross caps as singular points.

First, we prove the boundedness of the geodesic curvature measure of a smooth regular
curve passing through an intrinsic cross cap.

Theorem 3.24 (Theorem 1.2 of [Has24]). Let M be a smooth 2-manifold (possibly
with boundary) and ds2 a positive semi-definite metric on M . Let γ : [0, ε) → M a
smooth regular curve starting from an intrinsic cross cap, where ε > 0 is a number such
that γ ((0, ε)) consists of regular points of ds2. Then the geodesic curvature measure κgdτ
defined on (0, ε) is continuously extended on [0, ε), where dτ is the arc-length measure with

respect to ds2, that is, dτ = |γ̇ (t)| dt, where |γ̇ (t)| =
√
〈γ̇ (t) , γ̇ (t)〉. In particular, the

integral
∫
γ
κgdτ is well-defined.

Proof. Take Bruce-West type coordinates of the second order (u, v) centered at an
intrinsic cross cap p = γ (0) and write γ (t) = (u (t) , v (t)).

First, we express the geodesic curvature κg of γ (t) , t ∈ (0, ε), using the coefficients
of ds2 = Edu2 + 2Fdudv + Gdv2. The tangential vector field γ̇ along γ, the unit normal
vector field n along γ such that {γ̇ (t) / |γ̇ (t)| , n (t)} is a positively oriented orthonormal
basis for Tγ(t)M , and the covariant derivative ∇γ̇ γ̇ along γ can be written by

γ̇ (t) = u̇ (t)
∂

∂u

∣∣∣∣
γ(t)

+ v̇ (t)
∂

∂v

∣∣∣∣
γ(t)

,(3.3.1)

n (t) =
− (u̇ (t)F + v̇ (t)G)

√
EG− F 2

√
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

∂

∂u

∣∣∣∣
γ(t)

(3.3.2)

+
u̇ (t)E + v̇ (t)F

√
EG− F 2

√
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

∂

∂v

∣∣∣∣
γ(t)

,

∇γ̇ γ̇ (t) =

{
ü (t) +

u̇ (t)2 (GEu − 2FFu + FEv)

2 (EG− F 2)
(3.3.3)

+
u̇ (t) v̇ (t) (GEv − FGu)

EG− F 2

+
v̇ (t)2 (2GFv −GGu − FGv)

2 (EG− F 2)

}
∂

∂u

∣∣∣∣
γ(t)

+

{
v̈ (t) +

u̇ (t)2 (2EFu − EEv − FEu)

2 (EG− F 2)

+
u̇ (t) v̇ (t) (EGu − FEv)

EG− F 2
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+
v̇ (t)2 (EGv − 2FFv + FGu)

2 (EG− F 2)

}
∂

∂v

∣∣∣∣
γ(t)

,

respectively, where E = E (γ (t)) , F = F (γ (t)) , G = G (γ (t)) , Eu = Eu (γ (t)) , Ev =
Ev (γ (t)) , Fu = Fu (γ (t)) , Fv = Fv (γ (t)) , Gu = Gu (γ (t)) , Gv = Gv (γ (t)), and ∇ is the
Levi-Civita connection on the set of regular points of ds2. Note that we used the expressions
of Christoffel’s symbols

Γ1
11 =

GEu − 2FFu + FEv
2 (EG− F 2)

, Γ2
11 =

2EFu − EEv − FEu
2 (EG− F 2)

,

Γ1
12 = Γ1

21 =
GEv − FGu

2 (EG− F 2)
, Γ2

12 = Γ2
21 =

EGu − FEv
2 (EG− F 2)

,

Γ1
22 =

2GFv −GGu − FGv

2 (EG− F 2)
, Γ2

22 =
EGv − 2FFv + FGu

2 (EG− F 2)

to obtain the expression (3.3.3) (cf. [UY17, (10.6)]). By the equations (3.3.1), (3.3.2) and
(3.3.3), the geodesic curvature κg (t) of γ (t) , t ∈ (0, ε), is given by

κg (t) :=
〈∇γ̇ γ̇ (t) , n (t)〉

|γ̇ (t)|2
(3.3.4)

=
(u̇ (t) v̈ (t)− v̇ (t) ü (t))

√
EG− F 2(

u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G
)3/2

+
u̇ (t)3 (2EFu − EEv − FEu)

2
√
EG− F 2

(
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

)3/2
− v̇ (t)3 (2GFv −GGu − FGv)

2
√
EG− F 2

(
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

)3/2
+

u̇ (t)2 v̇ (t) (2EGu − 3FEv −GEu + 2FFu)

2
√
EG− F 2

(
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

)3/2
− u̇ (t) v̇ (t)2 (2GEv − 3FGu − EGv + 2FFv)

2
√
EG− F 2

(
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2G

)3/2 .
Now, we prove that the geodesic curvature measure is continuously extended to an

intrinsic cross cap by using the equation (3.3.4).
First, consider the case where the curve γ is transversal to the null space at p, that is,

the v-axis. Then we can parameterize γ as

(3.3.5) γ (t) = (t, v (t)) , v (0) = 0.
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Computing E,F,G and their partial derivatives with respect to the equation (3.3.5) and
substituting these expressions into the equation (3.3.4), we obtain

κg (t) =
(α11 + α02v̇ (0)) (α20 + v̇ (0) (2α11 + α02v̇ (0))) + 2v̇ (0)√

(α11 + α02v̇ (0))
2 + 1

+O (t)

for t > 0. Thus κg is a continuous function on [0, ε). In particular, κgdτ is a continuous
1-form on [0, ε) because

dτ =

√
u̇ (t)2E + 2u̇ (t) v̇ (t)F + v̇ (t)2Gdt = (1 + O (t)) dt.

Next, consider the case where γ is tangential to the null space at p. Then we can
parameterize γ as

(3.3.6) γ (t) = (u (t) , t) , u (0) = u̇ (0) = 0.

Computing E,F,G and their partial derivatives with respect to the equation (3.3.6) and
substituting these expressions into the equation (3.3.4), we obtain

κg (t) =
3α11ü (0)

2 − α02u
(3) (0)

2t
(
(α02)

2 + ü (0)2
)3/2 − α02u

(4) (0)

3
(
(α02)

2 + ü (0)2
)3/2(3.3.7)

+

ü (0)


9 (α02)

2 u(3) (0)2

+α02α11u
(3) (0)

(
43 (α02)

2 − 11ü (0)2
)

+3

 −6 (α02)
4

+
(
−27 (α11)

2 + 4α02α20 − 3
)
(α02)

2 ü (0)2

+(4α02α20 + 3) ü (0)4




12α02

(
(α02)

2 + ü (0)2
)5/2

+O (t)

for t > 0. Since dτ =

(
t

√
(α02)

2 + ü (0)2 +O (t)2
)
dt, the geodesic curvature measure

κgdτ is given by

κg (t) dτ =

(
3α11ü (0)

2 − α02u
(3) (0)

2
(
(α02)

2 + ü (0)2
) +O (t)

)
dt

for t > 0. Recall that α02 is a positive number because (u, v) are Bruce-West type coordi-
nates of the second order. Hence κgdτ is a continuous 1-form on [0, ε). 2

By the equation (3.3.7), the following assertion holds.

Corollary 3.25 (Corollary 2.3 of [Has24]). If a smooth regular curve γ : [0, ε) →
M starting from an intrinsic cross cap p ∈ M is tangential to the null space at p, the
geodesic curvature of γ defined on (0, ε) is continuously extended on [0, ε) if and only if γ
is parameterized by

(3.3.8) γ (t) = (u (t) , t) , u (0) = u̇ (0) = 0, 3α11ü (0)
2 − α02u

(3) (0) = 0
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with respect to Bruce-West type coordinates of the second order (u, v) centered at p.

Remark 3.26. The formula for the geodesic curvature measure with respect to polar
coordinates centered at an intrinsic cross cap for setting γ (t) = (t, 0) in the equation (3.3.5)
is derived in the proof of [HHNSUY15, Theorem 5.1].

Here, we give concrete examples to illustrate Theorem 3.24 and Corollary 3.25.

Example 3.27 (Example 3.1 of [Has24]). Let CR : (R2, 0) → (R3, 0) be a cross cap
defined in Example 1.31. Then the local coordinates of the domain of CR are Bruce-West
type coordinates of the second order and the null space at the origin is the v-axis. Consider
the following curves γi, i = 1, 2, 3, 4, in the domain of CR:

γ1 (t) = (t, t) , γ2 (t) =

(
t2

2
, t

)
, γ3 (t) =

(
t3

6
, t

)
, γ4 (t) =

(
t4

24
, t

)
.

The curve γ1 is transversal to the v-axis and γi, i = 2, 3, 4, are tangential to the v-axis.
The images of these curves γ̂i = CR ◦ γi are expressed as

γ̂1 (t) =
(
t, t2, t2

)
, γ̂2 (t) =

(
t2

2
,
t3

2
, t2
)
, γ̂3 (t) =

(
t3

6
,
t4

6
, t2
)
, γ̂4 (t) =

(
t4

24
,
t5

24
, t2
)
,

respectively (see Figure 3.1). The geodesic curvatures κig of γ̂i are calculated as

κ1g (t) =
6

√
4t2 + 5 (8t2 + 1)3/2

→ 6√
5

(t→ 0) ,

κ2g (t) =
−sgn (t) 84

(9t2 + 20)3/2
√
17t2 + 16

→ ∓ 21

40
√
5

(t→ 0± 0) ,

κ3g (t) =
72 (t4 − 96t2 − 36)

t
√
t4 + 144t2 + 144 (16t4 + 9t2 + 144)3/2

→ −∞ (t→ 0) ,

κ4g (t) =
sgn (t) 96 (5t6 − 8640t2 − 4608)

√
t6 + 2304t2 + 2304 (25t6 + 16t4 + 2304)3/2

→ ∓ 1

12
(t→ 0± 0) ,

respectively. Note that κ3g (t) diverges to −∞ as t → 0. In fact, γ3 does not satisfy the

condition (3.3.8). Also, the geodesic curvature measures κigdτi of γ̂i are computed as

κ1g (t) dτ1 =
6dt√

4t2 + 5 (8t2 + 1)
→ 6dt√

5
(t→ 0) ,

κ2g (t) dτ2 =
−sgn (t) 42tdt

(9t2 + 20)
√
17t2 + 16

→ 0dt (t→ 0) ,

κ3g (t) dτ3 =
12 (t4 − 96t2 − 36) dt√

t4 + 144t2 + 144 (16t4 + 9t2 + 144)
→ −dt

4
(t→ 0) ,

κ4g (t) dτ4 =
sgn (t) 4t (5t6 − 8640t2 − 4608) dt√

t6 + 2304t2 + 2304 (25t6 + 16t4 + 2304)
→ 0dt (t→ 0) ,

respectively. Hence the 1-forms κigdτi are continuous at the origin.
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Figure 3.1. From left to right, the red lines represent γ̂i, i = 1, 2, 3, 4, respectively.

Remark 3.28. Consider a sufficiently small perturbation Γ1 : [0, ε) × (−δ, δ) → M of
the curve γ1 : [0, ε) →M in Example 3.27 given by

Γ1 (t, s) = (t, t+ s) .

Since the geodesic curvature measure κgdτ of Γ1 is calculated as

κg (t, s) dτ =
(6t− 4s (s+ t− 1) (s+ t+ 1)) dt

(5s2 + 12st+ 8t2 + 1)
√
4 (s+ t)4 + 4 (s+ t)2 + t2

for t > 0, we have

lim
t→0+0

(
lim
s→0

κg (t, s) dτ
)
= lim

t→0+0

(
6dt√

4t2 + 5 (8t2 + 1)

)
=

6dt√
5
.

On the other hand, if s > 0,

lim
s→0+0

(
lim
t→0+0

κgdτ

)
= lim

s→0+0

(
− 2 (s2 − 1) dt√

s2 + 1 (5s2 + 1)

)
= −2dt.

Also, if s < 0,

lim
s→0−0

(
lim
t→0+0

κgdτ

)
= lim

s→0−0

(
2 (s2 − 1) dt√
s2 + 1 (5s2 + 1)

)
= 2dt.

Hence the geodesic curvature measure defined on (0, ε)× (−δ, δ) is not necessarily contin-
uously extended to [0, ε)× (−δ, δ) if we perturb a curve through an intrinsic cross cap.

Finally, we prove a Gauss-Bonnet type theorem for Whitney metrics.

Theorem 3.29 (Theorem 5.1 of [HHNSUY15] if ∂M = ∅, Corollary 1.3 of [Has24]
if ∂M 6= ∅). Let M be a compact oriented smooth 2-manifold with boundary ∂M and ds2

a Whitney metric on M . Suppose that ∂M is transversal to the null space at each singular
point of ds2 on ∂M if the set of singular points of ds2 on ∂M is non-empty. Then

(3.3.9)

∫
M

KdA+

∫
∂M

κgdτ = 2πχ (M) .

Proof. First, consider the case where the set of singular points of the Whitney metric
ds2 on the boundary ∂M is empty. Triangulating M so that each singular point of ds2 is
in the interior of triangles, a local Gauss-Bonnet type formula

(3.3.10)

∫
△ABC

KdA+

∫
∂△ABC

κgdτ = ∠A+ ∠B + ∠C− π
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holds for each triangle 4ABC by Corollary 3.21. By taking the sum of the equations
(3.3.10) for each triangle, we obtain the equation (3.3.9).

Next, consider the case where the set of singular points on ∂M is non-empty. Take a
positively oriented Bruce-West type coordinate chart of the second order (U ; u, v) centered
at a singular point p on ∂M . Let D (r) be a closed disc contained in U with center p and
radius r > 0, and {P1,P2} the intersection of the boundary ∂D (r) with ∂M . Triangulating
D (r) so that p is a vertex and edges starting from p are transversal to the null space at p,
the local Gauss-Bonnet type formula (3.3.10) holds for each triangle 4ABC by Corollary
3.21 and Theorem 3.24. Note that even if the vertices A, B and C are singular points, the
angles ∠A, ∠B and ∠C on the right-hand side of the equation (3.3.10) are well-defined
because there exists an initial vector of edges starting from A, B and C, respectively by
the assumption. By taking the sum of the equations (3.3.10) for each triangle, we obtain∫

D(r)

KdA+

∫
∂D(r)

κgdτ = 2π −
∑
i=1,2

(π − ∠Pi) .

This completes the proof of Theorem 3.29. 2

Remark 3.30. If the boundary ∂M is empty,

(3.3.11)

∫
M

KdA = 2πχ (M) .

If the Whitney metric ds2 is the induced metric of a cross cap (see Corollary 3.2.3), the
equation (3.3.11) is the same as the equation [Kui75, (7a)].
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