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Introduction

The classical Gauss-Bonnet theorem for a compact oriented 2-dimensional Riemannian
manifold (M, ¢g) with boundary OM is given as

(GB) / KdA+/ kgdT =2mx (M),
M oM

where K is the Gaussian curvature of the Riemannian metric g, dA is the area form of M,
X (M) is the Euler characteristic of M, k, is the geodesic curvature of M, and dr is the
arc-length measure with respect to g (cf. Y17, Theorem 14.2]). This formula establishes
a profound connection between the intrinsic geometry of a 2-manifold and its topological
properties, incorporating both the curvature of the manifold and the contribution from its
boundary.

In this paper, we focus on surfaces with singular points. Singular surfaces arise naturally
in geometry and physics (cf. [AGZT2, IRRTTE]). A surface refers to a smooth mapping
from a 2-manifold to a manifold (up to re-parametrizations of the source). A singular
point of a surface means that the differential of the surface is not injective at the point
(see Section B in Chapter M). We establish Gauss-Bonnet type formulae for the following
three classes of singular surfaces:

e Frontals and wave fronts, which are surfaces with a well-defined unit normal vector
field (see Proposition [IH).
e Smooth mappings between 2-manifolds (see Section Bl in Chapter ).
e Surfaces that admit only cross caps as singular points (see Section B2 in Chapter
m).
Note that smooth mappings between 2-manifolds are treated as singular surfaces in our
sense.

Our goal is to generalize Gauss-Bonnet formula (IGB) to the above kinds of singular sur-
faces and to explore various applications for our generalized formulae. To analyze singular
surfaces, we need specialized methods. By introducing appropriate geometric structures,
such as coherent tangent bundles (see Definition E7II), we aim to systematically extend the
concepts of curvatures and the Euler characteristic to these singular surfaces. Also, we
study positive semi-definite metrics, such as Whitney metrics, which admit intrinsic cross
caps as singular points of a positive semi-definite metric (see Definition BR).

In the context of singular points of surfaces, A-equivalence (see Section B in Chapter
M) allows us to classify singular surfaces into standard forms, simplifying their study. For
instance, a smooth mapping germ f : (R?,0) — (R3,0) is a cuspidal edge if f is A-equivalent

5



6 INTRODUCTION

to

CED : (RQ,O) — (R?’,O), (u,v) — (u,vz,v?’)
at the origin 0 (see Example ITZ3). Also, a smooth mapping germ f : (R?,0) — (R3,0) is
a swallowtail if f is A-equivalent to

SW : (RQ, 0) — (R3, 0) . (u,v) — (u, vt + w?, 40 + 2uv)

at 0 (see Example TZH). Cuspidal edges and swallowtails are generic singular points of
wave fronts.

In [LLRY5, Proposition 6] and [Kos02, Theorem 2], Gauss-Bonnet type formulae are
derived for compact wave fronts without boundary that admit cuspidal edges and swal-
lowtails as singular points of wave fronts. The Gauss-Bonnet type formulae in [LLR95]
and [Kos02| are described by using only information on M, so it is expected that we can
formulate wave fronts intrinsically. In [SUY0Y], coherent tangent bundles are introduced
as a generalization of tangent bundles on Riemannian manifolds and limiting tangent bun-
dles, where limiting tangent bundles are defined by planes orthogonal to the unit normal
vector field of a wave front (see Definition P70l and Examples 24 and E8). Then the follow-
ing assertion is obtained in [STIY0R|, and the Gauss-Bonnet type formulae in [LLR95]
and [Kos02] are generalized to frontals that admit at most peaks as singular points (see
Definitions 8 and 279).

THEOREM (Theorem B of [SUYOR]). Let (M,&,(-,-), D, ) be a coherent tangent bun-
dle over a compact oriented smooth 2-manifold M without boundary whose singular set
S (p) of the smooth bundle homomorphism ¢ : TM — &€ admits at most peaks. Then

2rx (M) = /]\4K¢dA<p+2/S( )Iﬁfpdﬂp,
)

1 ~
2r [, KedAs = X (MZ) =X (M) + #P" (¢) = #P ().

where the notations that appear in the above equations are introduced in Chapter B.

Then the theory of coherent tangent bundles and the Gauss-Bonnet type formulae in
Theorem 2.20] and Theorem PH).

In [SUYT2], simple proofs are given for the formula in [Lev66, Theorem 1], which
relates the rotation index of the singular set of a smooth mapping from 2-manifolds into
the plane R? and the Euler characteristic of the source, and the formula in [[Qui78, Theorem
1], which relates the degree of the mapping, the Euler characteristic and the number of
cusps (see Example ITIR) as applications of the Gauss-Bonnet type formulae in [STIY0R]
to smooth mappings between 2-manifolds.

The first main result of this paper is the following two assertions, which generalize the
formula in [Lev66] and the formula in [Qui78] to the case of smooth mappings between 2-
manifolds with boundary that admit at most peaks as singular points of smooth mappings,
by applying the Gauss-Bonnet type formulae in [IDZ20].
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THEOREM A (see Theorem E2). Let M be a compact oriented 2-manifold with bound-
ary OM and f : M — R* a smooth mapping into the plane R* whose singular set S (f)
of [ admits at most peaks, and suppose that S (f)\I (f) consists of smooth closed regular
curves and does not intersect OM and that I (f) N OM is empty, where I (f) is the set
of isolated singular points of f. Then there exists a unique orientation of the components
{S1,...,Sm} of S(f)\I (f) and the components {01, ...,0,} of OM satisfying

X(M) _ N Iy
T_ZR(&HQ;R@)’

i=1
where R (S;) is the rotation index of S; and R (0;) is the rotation index of 0.

THEOREM B (see Theorem Z323). Let M, N be two compact oriented 2-manifolds with
boundary and f : M — N a smooth mapping satisfying = (ON) = OM whose singular set
S(f) of f admits at most peaks, and suppose that S (f)\I (f) is transversal to OM and
that I (f) N OM is empty. Then

deg (f)x (N) = x(M})—x (M;)+#P5 (f) — #P (f)
#(S(H)naM)" —#(S(f)ynam)~  #horr = #Fou;
+ 5 + 5 s

where the notations that appear in the above equations are introduced in Chapter B.

In [SUYT2|, frontal bundles are introduced as a generalization of frontals. Frontal
bundles are structures obtained by combining two types of coherent tangent bundles under
a compatibility condition (see Section B2 in Chapter B). They deduce four types of Gauss-
Bonnet type formulae for frontal bundles over 2-manifolds without boundary and several
formulae by combining these equations (see [SUYT2, Theorems 3.12, 3.16, 3.18, 3.23]).
For example, the formula in [SUYT2, Theorem 3.12] is a generalization of the formula in
[BW7R], which relates the number of cusps of the Gauss mapping of a regular surface and
the Euler characteristic of regions such that the Gaussian curvature is negative.

As the second main result of this paper, we derive Gauss-Bonnet type formulae for
frontal bundles over 2-manifolds with boundary using the Gauss-Bonnet type formulae in
[D720] (see Corollary E5B8), and by combining these equations, we derive the following
four formulae. Note that the formulae in [SUIY12] are for a wave front without boundary
and its Gauss mapping, where one is an immersion and the other admits As-points and
As-points (see Definitions Z8). We generalize these formulae in [SUYT2] to a frontal with
boundary and its Gauss mapping, where both admit at most peaks as singular points of
smooth mappings.

THEOREM C (see Theorems and 260). Let (M,E,(-,-), D, p,1) be a frontal bundle
over a compact oriented smooth 2-manifold M with boundary OM whose singular sets
S () and S () admit at most peaks, and suppose that S (p)\I () and S (Y)\I () are
transversal to OM and that I (¢) N OM and I (1) N OM are empty, where I (p) is the set
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of isolated singular points of ¢ and I (1) is the set of isolated singular points of 1. Then

1 [ - 20 (p) —
ST VI

pE(S(p)naM)™

Rodry — #P* () + >

pEP* (%)

1
2 oM

+#P], (V) — #P, (V)
AWM —#(3()10M)”

2
#PaMg - #PaM;
+ 5 ,
_ 1 s ~
2X (Mcp) = — / deﬂp — / - K¢dAw
T \Jsw) M,
1 20 (p) — 7
~9 P
+s /6 D S
pE(S()nam)™H
1 . . degg, (p)
5 ROdr, — #P* (0)+ > —

pEP* ()
+# P (9) — # Py ()
L# (S () NOM)T — #(S(p) N OM)”
2
#PaM;r - #PaM;
2 )

~ 1 2af (p) —7
K,dA —/ Ko,dT, ——/ RZdT, + —
iy T s TT 2 o T 2 2

pe(S(p)nasr)™
~ 1 20 (p) — 7
= KwdAw — / /438 dﬂ/, — —/ /I‘\{z/g dTw + —w 5
M swy T 2 Jorr ¥ Z 2

pE(S(¥)na )™

= | Rydry = ( (M) = x (M) = (#55 (9) = #Pr (9))

CH(S(©)NIM)T — #(S(2)NOM)”  #Pou — #Pou
2 2
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1 " - —
=57 | Fodrs = (e (M) = x (M5)) = (#F () = #B5 ()
C#S@)naM)t —#(Sw)nom)”  #houy — #Fou;
2 2 )
where the notations that appear in the above equations are introduced in Chapter B.

Furthermore, we study geometry of cross caps, which are singular surfaces that are not
frontals. A smooth mapping germ f : (R? 0) — (R3,0) is a cross cap if f is A-equivalent
to

CR: (]R2,0) — (]R3,O), (u,v) — (u,uv,v2)
at the origin 0 (see Example [Z3T). Since the Gauss mapping of CR is not extended
to 0, a cross cap is not a frontal. In [Kui7h, (7a)], a Gauss-Bonnet type formula is
derived for compact surfaces without boundary that admit cross caps as singular points.
In [HHNSUYTS], intrinsic cross caps are introduced as singular points of positive semi-
definite metrics, which are an intrinsic formulation of cross caps, and the following theorem
is shown as a generalization of the Gauss-Bonnet type formula in [[Kni75)].

THEOREM (Theorem 5.1 of [HHNSUYTH]). Let M be a compact oriented smooth
2-manifold without boundary and ds®> a Whitney metric on M. Then

/M KdA = 2mx (M) .

As the final main result of this paper, we prove the boundedness of geodesic curvature
measures of smooth regular curves through intrinsic cross caps (see Theorem B=24). Then
we prove the following assertion, which generalizes the Gauss-Bonnet type formula in

[HHNSUIYT5] to the case of 2-manifolds with boundary.

THEOREM D (see Theorem B=29). Let M be a compact oriented smooth 2-manifold with
boundary OM and ds* a Whitney metric on M. Suppose that OM is transversal to the null
space at each singular point of ds* on OM if the set of singular points of ds* on OM is

non-empty. Then
/ KdA+/ kgdr = 2mx (M) .
M oM

This paper consists as follows. Chapter 0 begins by introducing the concept of contact
structures, which are essential for understanding geometry of frontals and wave fronts.
Then we give concrete examples of singular points of smooth mappings between 2-manifolds
and frontals. In Chapter B, we develop differential geometry of frontals from the viewpoint
of coherent tangent bundles. In particular, we delve into geometry of smooth regular curves
passing through singular points of a frontal such as A.-points and peaks. Also, we prove
Gauss-Bonnet type formulae for frontals. Finally, we give applications of these formulae
to smooth mappings between 2-manifolds and frontals. In particular, we prove Theorems
A, B and C. Chapter B explores geometry of cross caps. The chapter begins by examining
singular points of positive semi-definite metrics. Then we introduce intrinsic cross caps as
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singular points of positive semi-definite metrics and Bruce-West type coordinates which
provide a framework for analyzing these singular points. Finally, we prove Theorem D.

All mappings and manifolds considered in this paper are differentiable of class C'*
unless stated otherwise.
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CHAPTER 1

Singularities of frontals

1. Contact structures

In this section, we define contact structures on odd-dimensional manifolds in order to
give a general definition of frontals and wave fronts.

Let M be a smooth (2m + 1)-manifold, where m is a non-negative integer. A hyperplane
field K is a correspondence from each point p € M to a 2m-dimensional subspace K, of
the tangent space T),M at p:

K:M>p— K,CT,M and dimK,=2m.

A vector field X defined on an open subset U C M is said to belong to K if the tangent
vector X, € T,M belongs to K, for each point p € U. The hyperplane field K is smooth if
for each point p € M there exist linearly independent vector fields X, ..., Xy, defined on
a neighborhood of p such that span {Xi,..., Xy, } = K. Such a family {Xi,..., Xo,} is
called a (local) frame field of K. We give a typical example of smooth hyperplane fields.

smooth (2m + 1)-manifold M. We show that
K:-M>p—K,CT,M, K,:=kerf,

is a smooth hyperplane field on M. We take a Riemannian metric g on M and a coordinate
chart (U;x!, ... 2%™*1) centered at an arbitrary fixed point p € M. If U is sufficiently
small, there exists a vector field X without zeros on U such that 6 (Y) = ¢ (X,Y) for any
vector field Y on U. In fact, suppose that Y, € and ¢ are written as

-0 00 . o
Y=Y"—, 0=—dz' and = g;;dx'dx’,
ox? ox’ 9= 9
respectively, where we use the Einstein summation convention. Then
Oxi” Oxt
is the desired vector field, where (¢“) is the inverse of (g;;). Note that (¢) exists
because (g;;) is regular. By choosing the order of z',... z?™*1 if necessary, we may

assume that X,0/0z% ...,0/0x*™ ! are linearly independent on U. Applying Gram-
Schmidt orthogonalization to these vector fields, we obtain an orthonormal frame field

X/1X|,ea,...,€3m+1}+ on U such that span< es| ..., €amr1 = K, for each point
{ ) ) ) + p p? ) + p P p

p € U, where | X| = /g (X, X). Thus K is a smooth hyperplane field of M.
11



12 1. SINGULARITIES OF FRONTALS

Let K be a smooth hyperplane field on a smooth (2m + 1)-manifold M. A 1-form 6
defined on an open subset U C M is said to be associated to K if K, = ker 6, for each
point p € U (cf. Example ). If such 6 exists, 6 is determined up to a non-zero functional
multiple. The following assertion holds.

PROPOSITION 1.2 (cf. Proposition 10.2.3 of [USY22)). Let K be a smooth hyperplane
field on a smooth (2m + 1)-manifold M. Then for each point p € M there exists a 1-form
associated to K defined on a neighborhood of p.

PROOF. For a frame field {X1,..., Xo,,} of K defined on an open subset U C M, we

take a vector field Y defined on U such that span {Xl\q ey X2m|q , Yq} = T,M for each
qgeU. Weset Xopi1 =Y. Let &1, ..., €1 be 1-forms defined on U such that

o0 =d={ g I 7%

where 5% is the Kronecker delta. Then 6 = £2™*1 gives a 1-form associated to K on U. O

Now, we define a contact structure on an odd-dimensional manifold. A smooth hyper-
plane field K on a smooth (2m + 1)-manifold M is called a contact structure (or a contact
hyperplane field) if for each point p € M there exists a 1-form 6 associated to K defined
on a neighborhood of p satisfying

(1.1.1) 0 A (/nicm) £0,

where \™ df is the m-th exterior power of the exterior derivative df of #. In this situation,
the pair (M, K) or simply M is called a contact manifold and 6 is called a (local) contact
form on M. The condition (1) does not change by non-zero functional multiplication
of 6. The following assertion holds.

dimension (2m + 1) and 0 a contact form defined on M. Then for each point p € M the
map db, : T,M x T,M — R is a non-degenerate alternating covariant 2-tensor on I,.

PROOF. We fix a point p € M arbitrarily. If df, is degenerate on K, there exists
a non-zero vector w € K, such that df, (v,w) = 0 for any v € K,. We take vectors
U, V1, ..., Vo1 € T, M such that u ¢ K, vy, ..., v,—1 € K, and {u,v1,...,v9p_1,w} is a
basis of T,M. Since 0, (v1) = -+ = 0, (Va—1) = 0, (w) = 0, we have

(6’/\ (7\6&9)) (u,v1,..., Vo1, w) =6, (u) - (7\d9> (U1, .., Vo1, w) =0,

which means that (6 A (A™df)), = 0. This contradicts the fact that M is a contact
manifold. 0

We give some concrete examples of contact structures.
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EXAMPLE 1.4 (cf. Proposition 10.2.5 of [ISY22]). Let 6 be a 1-form defined on a
smooth (2m + 1)-manifold M satisfing the condition (). If we set

K:M>p— K,CT,M, K,=Kkerf,

the pair (M, K) is a contact manifold because K is a smooth hyperplane field on M by
Example .

ExamMpLE 1.5 (cf. Example 10.2.7 of [OSY22]). Let (x,y,2) =

(', . 2™yt ..., y™, 2) be coordinates of R** ! and set

0=dz+ iyzd:p’
=1

Then we have

0N (/\d&) =mldz Ady' ANdzt A A dy™ A dz™,

which does not vanish at each point of R*™*!. Since kerf, ., = {ai Eil g | a' € R},

where E; := a'0/0x" — y'd/0z, i = 1,...,m, a smooth hyperplane field K on R*"*! is
given by

0
oy

K(a:,y,z) = d (7T]R2m+1)(7x17y’z) (ker 9(172)) = {ai Ei’(x,y,z) + bl

| a',b" € R} ,
(z,y,2)

where mgem+1 @ R?*™TL — R™H (39 2) — (z,2) is a canonical projection. Thus
(R*™ 1K) is a contact manifold and 6 is a contact form on R*™+1.

EXAMPLE 1.6 (cf. Proposition 10.2.9 of [ISY22]). Let M be a smooth (m + 1)-
manifold and PT*M := ]_[peM PT;M the projective cotangent bundle on M, where
PTyM is the projective space associated with the cotangent space T7M at a point
p € M. Then PT*M is a smooth (2m + 1)-manifold and the canonical projection
m : T*N\{0} — PT*N, (p,n) — (p,[n]) is a submersion. We show that a smooth
hyperplane field K on PT*M is given by

(1.1.2) K = d (Tprens) ) (kern),

where wppep : PT*M — M, (p,[n]) — p is the canonical projection (see Figure ). We
fix (p, [n]) € PT*M arbitrarily. We take a coordinate chart (U;x°, 2!, ... 2™) centered at
p such that n = da°| . Writing (z,y) = (2%, 2',..., 2™ y",...,y™), we define a mapping
¢ :UxR™— PT*M|, by

o) = (@,[8), €=da’],+ )y da'],.
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Then we may regard (z,y) as local coordinates of PT*M centered at (p, [n]) because ¢ is
a diffeomorphism. Using these coordinates, a 1-form ¢ on PT*M|,, defined by

0 =da’+) y'da’
i=1
satisfies the condition (I ) (see Example [H). Since keré = {a' X;|, | a' € R}, where
X; = —y'd/0z° +0/0x", i =1,...,m, we have
0 o
e | a', 0" € R} :
Yl

Then K is a smooth hyperplane field on PT*M because K(m,[g]) coincides with ker 0, [¢))
at each (x,[¢]) € PT*M. Thus (PT*M, K) is a contact manifold and 6 is a contact form
on PT*M.

1 i
K = d<7TPT*M)(:p,[£]) (ker &) = {a X; |(m et b

T*M\ {0} —~ PT*M T (T*M) -2~ T (PT*M)
TPT*M J/dﬂ'PT*M
M T M
FIGURE 1.1.

EXAMPLE 1.7 (cf. Example 10.2.10 of [USY22]). We fix a Riemannian metric g of a
smooth (2m + 1)-manifold M. Then the unit cotangent bundle U*M is defined by

UM=A{pmn)|n=g,(v,-), veUM},

where  U,M is the fiber of the wnit tangent bundle UM =
{(p,v) | pe M, veT,M, |v|] =1} at a point p € M. The canonical projection
¢ UM — PT*M, (p,n) — (p,[n]) is a two-to-one immersion. If K is the contact
structure on PT*M defined by (IT2), a smooth hyperplane field K on U*M is given by

(1.1.3) Kpy) == d(I) (p,n) (K(p,[n]))

(see Figure [2). If # is a 1-form associated to K on an open subset W C PT*M, the
pull-back ®*0 is a 1-form associated to K on :I)_l (W). Since 6 satisfies the condition
(), %6 is a contact form on U*M. Thus K is a contact structure on U*M, that is,

<U*M, I?) is a contact manifold.

We show that there is a contact form associated with K globally defined on U*M.
We define a 1-form © on T"M by O, = (77.pm)(,, at each (p,n) € T*M, where
mrey 2 T*M — M, (p,m) — p is the canonical projection. We fix a point p € M
arbitrarily and take a coordinate chart (U;z°,...,2™) of M centered at p. Since each

(¢,€) € T*M]|, is written as (¢,&) = (q,fi da:i|q> , & € R, a coordinate chart of T*M is
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given by (T*M]|, ;2% ...,2™, &,...,&m). Using this coordinate chart, we write © = &;dz".
Let 6 be the restriction of © to U*M. Then 0(4¢) = (2" Tpreps€) () for each (¢,&) € U™ M.
By (CI=2) and (II=3), we have

kerfge) = ker (2" mpp-p&) g e) = dq’(j;g) (d (WPT*M)(_(;K]) (ker f))

-1
= 4O (K@) = Kae-
So @ is a 1-form associated to K. Since (U*M7 IN() is a contact manifold, 0 satisfies the

condition (). In particular, f is a contact form globally defined on U*M, which is
called the canonical contact form on U*M.

U*M —2~ PT*M T (U*M) —22~ T (PT*M)
J{ﬂpT*M ideT*IM
M TM
FIGURE 1.2.

An immersion (respectively, a diffeomorphism) f : M — M’ between two same di-
mensional contact manifolds (M, K) and (M', K') is called a local contact diffeomorphism
(respectively, contact diffeomorphism) if df, (K,) = K }(p) for each point p € M. We give a
typical example of (local) contact diffeomorphism.

EXAMPLE 1.8 (cf. Proposition 10.2.12 of [USY22]). The canonical projection ® :
U*M — PT*M is alocal contact diffeomorphism by ( ). Moreover, if M is connected,
® is a double covering mapping.

The following assertion holds.

THEOREM 1.9 (cf. Theorem 10.2.13 of [UUSY22]). Let M be a smooth (2m + 1)-
manifold and v : M — M a diffeomorphism. Then the mapping ¥ : PT*M — PT*M

defined by
U (p,[n) = (¢ (@), [(v™") n])

is a contact diffeomorphism satisfying wprsp 0 W = 1) o wppp (see Figure [3).

PT*M —2~ PT*M T (PT*M) -2 T (PT*M)
TpT*M i J{”PT*M dmprx g i idﬂ'PT*IM
dyp

FIGURE 1.3.
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PROOF. Since (¢~1)"n € T}yM for any n € TyM, W is a diffeomorphism satisfying
Tprin © VU = 1) 0 Tppepr.

Let K be the contact structure on PT*M defined by (IT1=2). We fix (p, [n]) € PT*M
arbitrarily. Then we have
d (wprert) (o) [o1ya]) (@Y i) (Ko io)))
= d(wprp o W) o) <d (mprer) (p ol (kern))
= d(Yomprn) p[n)<d 7TPTM p[,, (kern))
= dy, ( TPTM ) (o) (d TPT0) (o) (ke”’)>>
= dipy (kern) = ker ((v7")" 77)1/,(;0)

So we have
1 1N\ k
AV (Kipia) < d(WPT*M)( $(p),[ (1) "n]) (ker (™) ”)wuo)) = K (y),[w-1)0])
which implies that W is a contact diffeomorphism. O

2. Frontals and wave fronts

In this section, we define frontals and wave fronts in terms of projective cotangent
bundles and unit cotangent bundles.

Let M be a smooth manifold and (N, K) a contact manifold. A smooth mapping
@ : M — N is called isotropic if

(1.2.1) dpp (T,M) © Koyp)

for each point p € M. If 6 is a contact form on NNV, that is, K, = ker, for each point
q € N, then the condition (I"Z) holds if and only if the pull-back ¢*6 vanishes identically.
The following assertion holds.

If o : M — N 1is an isotropic

PRrOPOSITION 1.10 (cf. Proposition 10.3.2 of [USY22]).
1), dimM < m holds. (Such ¢ is

map into a contact manifold N of dimension (2m +
called Legendrian when dim M = m.)

PROOF. Let 6 be a contact form on a contact manifold (N, K). We fix a point p € M
arbitrarily. Since ¢*# vanishes identically,

which yields df,,) (v,v) = 0 for each v € dy, (T,M). By Lemma I3, the restriction of
df,p) to Ko@) is a non-degenerate alternating covariant 2-tensor, which yields

dim K
dimT,M < w =m.
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Now, we define frontals and wave fronts. Let M be a smooth m-manifold and N a
smooth (m + 1)-manifold. A smooth mapping f : M — N is called a frontal (respectively,
wave front) if there exists an isotropic mapping (respectively, a Legendrian immersion)
L: M — PT*N satistying f = wpp«ny o L. Such L is called the isotropic lift (respectively,
Legendrian lift) of f to PT*N (see Figure E0). Also, f is called a co-orientable frontal
(respectively, co-orientable wave front) if there exists an isotropic mapping (respectively, a
Legendrian immersion) L : M — U*N satisfying f = my«yoL. Such L is called the isotropic
lift (respectively, Legendrian lift) of f to U*N, where ny«y : U*N — N, (p,n) — p is the
canonical projection (see Figure PH).

PT*N T (PT*N)
/ lﬂPT*N y \LdﬂPT*N
M 4>f N TM TN
df
FIGURE 2.1.
U*N T (U*N)

/ in*N y \Ldﬂ-U*N

FIGURE 2.2.

defined above is introduced in terms of Grassmannians. In this sense, smooth mappings
between smooth equi-dimensional manifolds are frontals (See [IshT8, Remark 4.2].)

Let f : M — N be a co-orientable frontal (respectively, co-orientable wave front)
and ® : U*N — PT*N, (p,n) — (p,[n]) the projection defined in Example 4. Then
®oL:M— PT*N is a lift of f to PT*N, which yields that f is a frontal (respectively,
wave front). A frontal (or a wave front) is said to be non-co-orientable when it is not
co-orientable.

REMARK 1.12 (cf. Remark 10.3.9 of [USY22]). If M is simply connected, any frontal
f: M — N is co-orientable. If M is not simply connected and f is non-co-orientable, there
exists a double covering M of M such that f is lifted to a co-orientable frontal M — N.

The following assertions hold by the definitions of frontals and wave fronts.

PROPOSITION 1.13 (cf. Proposition 10.3.5 of [USY22]). A wave front from a smooth
m-manifold M into a smooth (m + 1)-manifold N is a frontal. Also, an immersion from
M into N s a wave front.
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Proo¥r. By the definitions of frontals and wave fronts. O

(respectively, wave front), and ¢ : M — M and ¢’ : N — N two diffeomorphisms. Then
W' o foiis also a frontal (respectively, wave front).

PROOF. By the definitions of frontals and wave fronts, and Theorem I (see Figure

23). O
PT*N Yo pT*N
. i
TPT*N TPT*N
M M N N
0 f g

T (PT*N) -~ T (PT*N)

dL
/ l/dﬂ'PT*N \LdﬂPT*N

TM TM TN TN
d df dy’

FIGURE 2.3.

Furthermore, if the target manifold is Riemannian, we obtain the following characteri-
zation of frontals and wave fronts.

ProPOSITION 1.15 (cf. Proposition 10.3.10 of [LUSY22]). Let M be a smooth m-
manifold and (N,g) a Riemannian manifold of dimension (m +1). A smooth mapping
f: M — N is a frontal (respectively, wave front) if and only if for each point p € M
there exist a neighborhood U, of p and a smooth mapping (respectively, an immersion)
vp 1 Uy — UN satisfying

(1) mun o v, (q) = f(q) for each point q € Uy, where nyy : UN — N, (q,v) — q is
the canonical projection,
(2) 91(q) (dfq (v) v (q)) =0 for each (q,v) € TM|, ,
(3) fU,NUy # @, p,p’ € M, we have v, (q) = vy (q) or v, (q) = —vy (q) for each
point g € U, N Uy .
(Such v, is called the unit normal vector field of f defined on U,.) In particular, a frontal

(or a wave front) f is co-orientable if and only if there exists a unit normal vector field
globally defined on M.

Proor. We identify UN with U*N by a smooth bundle isomorphism
b:UN — U'N, (p,v)+— (p,gp(v,-))

over M. Since U*N has a canonical contact structure (see Example I4), UN has a contact
structure induced by b.
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Suppose that f : M — N is a frontal (respectively, wave front). Then there exists
an isotropic mapping (respectively, a Legendrian immersion) L : M — PT*N satisfying
wprsnoL = f. Since ® : U*N — PT*N, (¢,n) — (g, [n]) is a local contact diffeomorphism
(see Example [CR), there exist a neighborhood V' of f (p) and a local contact diffeomorphism
¥ := @' : PT*N|, — U*N. By the continuous of f, we take a neighborhood U, of p
satisfying f (U,) C V. Weset L =WoL:U, = U*N and v, = to L : U, — UN, where
f:=b"1:U*N — UN. Thenbow, = L and myy o v, (¢) = mp=n 0 L (q) = f (q) for each
point g € U,. Let f be the canonical contact form on U*N (see Example 7). Since L is
isotropic (respectively, Legendrian), for each (g,v) € TM]| U,

0 = (£9) () = b (dZy () = Lyig (d (mo-n)zp (4L, ()

= Ly (4o o T) ) = Ly (€ (0) = G0 14)y (a5 (0)

= 959 (Vp (Q> adfq (U)) )

which means that v, satisfies the condition (2). Furthermore, since the local contact
diffeomorphism ¥ : PT*N — U*N satisfying L=UolL only has sign indeterminacy, the
condition (3) holds.

Conversely, suppose that for each point p € M there exist a neighborhood U, of p and
a smooth mapping (respectively, an immersion) v, : U, — UN satisfying the conditions
(1), (2) and (3). Weset L =bow,: U, = U*N and L = ®o L : U, — PT*N. Since L
is independent of the choice of v, by the condition (3), L is smoothly extended to M. By
the definition, my«y o L=mppyol = f. By the above computations from the opposite
direction and the condition (2), for each (¢,v) € TM|;

<z*§)q (v) = 9r@) (W (@), dfg (v)) = 0,

which means that L is isotropic (respectively, Legendrian), so L is isotropic (respectively,
Legendrian). Thus f is a frontal (respectively, wave front). O

COROLLARY 1.16 (cf. Corollary 10.3.11 of [ISY22]). Let M be a smooth m-manifold.
Then a smooth mapping f : M — R™! into the Euclidean space R™ is a frontal
(respectively, wave front) if and only if for each point p € M there exist a neighborhood U,
of p and a smooth mapping (respectively, an immersion) (f,n,) : U, — R™ x S™ where
S™ s the unit m-sphere, satisfying

(1) (dfq (v),ny(q)) = 0 for each (q,v) € TM|, , where (-,-) is the Euclidean inner
product,
(2) ifU,NUy # @, p,p) € M, we have n, (q) = ny (q) orn,(q¢) = —ny (q) for each
point g € U, N Upy.
(Such n, is called the Gauss mapping of f defined on U,.) In particular, a frontal (or a

wave front) f is co-orientable if and only if there exists the Gauss mapping globally defined
on M.
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PROOF. If N = R™" in Proposition IH, UR™! is identified with R™"! x S™ and
vy = (f,np). O

3. Examples of singular points of smooth mappings

In this section, we define regular points and singular points of smooth mappings, and
give several typical examples.

Let M be a smooth manifold (possibly with boundary 0M) and N a smooth manifold.
A point p € M is called a regular point of a smooth mapping f : M — N if rank (df,) =
min {dim M, dim N}. On the other hand, p is called a singular point of f if rank (df,) <
min {dim M, dim N}. Note that if p € M, then f is extended to a C*°-mapping beyond
OM via a compatible coordinate neighborhood of p, and the above notions are well-defined
independently of the choice of a compatible coordinate neighborhood of p. We denote by
S (f) the singular set of f.

3.1. Singular points of smooth mappings between 2-manifolds. We give some
concrete examples of singular points of smooth mappings between 2-manifolds. Note that
smooth mappings between 2-manifolds are frontals in the sense of [Ish18] (see Remark

Before discussing specific types of singular points, we recall the A-equivalence, which
is fundamental for classifying singular points of smooth mappings. Two smooth mapping
germs f1 : (R™ x1) — (R",41) and fo : (R™, x5) — (R", y5) are said to be A-equivalent (or
right-left equivalent) if there exist two diffeomorphism germs ¢ : (R™, x1) — (R™, z5) and
O (R™ y1) — (R™, y9) satisfying fy 09 = ® o f1. In other words, f; and fo are equivalent
under coordinate changes in both the domain and the target.

f1
(Rm’ xl) - (Rn, yl)

‘| |o

(Rmv xQ) T> (Rn7 y2)
2

EXAMPLE 1.17 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R? 0) —
(R?,0) is called a fold if f is A-equivalent to

FO : (RZ,O) — (RZ,O), (u,v) — (u,vz)
at the origin 0. Then S (FO) = {v = 0} (see Figure B).

-1.0 -0.5 0.0 0.5 1.0

FIGURE 3.1. The red line represents the image of S (FO).
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ExAMPLE 1.18 (cf. 1:1 Theorem of [RieR7]). A smooth mapping germ f : (R? 0) —
(R%,0) is called a cusp (or a pleat) if f is A-equivalent to

CU : (RQ,O) — (RQ,O) , (u,v) — (u,uv +v3)
at 0. Then S (CU) = {u + 3v? = 0} (see Figure B3).

FIGURE 3.2. The red line represents the image of S (CU).

ExAMPLE 1.19 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R? 0) —
(R%,0) is called a lips if f is A-equivalent to

LI: (]R2,0) — (]RQ,O) , (u,v) — (u,v3 + UQU)
at 0. Then S (LI) = {0} (see Figure B3).

02f
01k T

00f

1f o
02b
) 04 22 0

0 0.2 04

FIGURE 3.3. The red point represents the image of S (LI).

ExXAMPLE 1.20 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R?,0) —
(R%,0) is called a beaks if f is A-equivalent to

BE : (R2,0) — (RQ,O) . (u,v) — (u,v3 — u21})
at 0. Then S (BE) = {3v? — u* = 0} (see Figure B3).

04T y ; g
0.0
1] 0.5 1

04
-1.0 -0.5 0.1 0

FIGURE 3.4. The red line represents the image of S (BE).
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ExAMPLE 1.21 (cf. 1:1 Theorem of [RieR7]). A smooth mapping germ f : (R? 0) —
(R%,0) is called a Goose if f is A-equivalent to

GO™ : (R2,0) — (]RQ,O) . (u,v) = (u,v3 + u3v) , Or
GO™: (RQ,O) — (RQ,O) . (u,v) — (u,v3 — u3v)
at 0. Then S (GO*) = {u®+ 3v* =0} and S (GO™) = {u® — 3v> = 0} (see Figure B3).

FiGUrRE 3.5. From left to right, the red lines represent the images of
S (GO+) and S (GO_), respectively.

EXAMPLE 1.22 (cf. 1:1 Theorem of [RieR7]). A smooth mapping germ f : (R? 0) —
(R2,0) is called a swallowtail if f is A-equivalent to

SW : (RQ,O) — (R2,O) . (u,v) — (u,uv +U4)
at 0. Then S (SW) = {u + 4v*® = 0} (see Figure BM).

FIGURE 3.6. The red line represents the image of S (SW).

ExAMPLE 1.23 (cf. 1:1 Theorem of [RieR7]). A smooth mapping germ f : (R? 0) —
(R%,0) is called a butterfly if f is A-equivalent to

BU*: (R%0) = (R*0), (u,v)+~ (u,uv+v°+07), or
BU™ : (R*0) = (R*0), (u,v)+ (u,uv+0°—0")
at 0. Then S (BUY) = {u+ 7’ +50* =0} and S (BU™) = {u— 70"+ 50! = 0} (see
Figure B1).
EXAMPLE 1.24 (cf. 1:1 Theorem of [Rie87]). A smooth mapping germ f : (R? 0) —
(R%,0) is called a gulls if f is A-equivalent to
GU: (RQ,O) — (R2,O) , (u,v) — (u,qu + ot + 1)5)
at 0. Then S (GU) = {2uv + v3 (4 + 5v) = 0} (see Figure BR).
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o015} ]
o0} |
o0/ | |1
000} e
oos}
o0t
015
=7

FiGure 3.7. From left to right, the red lines represent the images of
S (BU+) and S (BU_), respectively.

F1GURE 3.8. The red line represents the image of S (GU).

3.2. Singular points of frontals and wave fronts. We give some concrete examples
of singular points of frontals and wave fronts.

EXAMPLE 1.25 (cf. [AGZT2]). A smooth mapping germ f : (R*0) — (R?0) is a
cuspidal edge if f is A-equivalent to
CED : (RQ,O) — (RP’,O), (u,v) — (u,vQ,v?’)
at the origin 0. Since the Gauss mapping of CED is
(0, —3v,2)
Vo2 +4
and the pair (CED,ncgp) : (R%0) — R® x S$? is Legendrian, CED is a wave front by

Corollary 8. Thus cuspidal edges are wave fronts by Proposition [I3. Then S (CED) =

{v =0} (see Figure BM). In fact, cuspidal edges are generic singular points of wave fronts
(see [AGZT2]).

NCED (u, U) =

FIGURE 3.9. The red line represents the image of S (CED).

EXAMPLE 1.26 (cf. [AGZT2]). A smooth mapping germ f : (R*0) — (R?0) is a
swallowtail if f is A-equivalent to

SW : (R2, 0) — (RS, 0) , (u,v) — (u, vt + w?, 40 + 2uv)
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at 0. Since the Gauss mapping of SW is
(—v?, —1,v)
vt 0?2+ 1
and the pair (SW,ngw) is Legendrian, SW is a wave front by Corollary [I8. Thus swal-

lowtails are wave fronts by Proposition IIH. Then S (SW) = {u + 6v* = 0} (see Figure
BT0). In fact, swallowtails are also generic singular points of wave fronts (see [AGZI12)).

nsw (u,v) =

FIGURE 3.10. The red line represents the image of S (SW).

EXAMPLE 1.27 (cf. [Giv90]). A smooth mapping germ f : (R*0) — (R30) is a
cuspidal cross cap (or a folded umbrella) if f is A-equivalent to

CCR : (]RQ,O) — (R3,0) , (u,v) — (u, v2,uv3)
at 0. Since the Gauss mapping of CCR is

(4, v) (—20v3, —3uw, 2)

ek L U Vu2v? 4+ 406 4+ 4

and the pair (CCR,nccr) is not Legendrian, CCR is a frontal but not a wave front by
Corollary ITT8. Thus cuspidal cross caps are frontals but not wave fronts by Proposition
T3. Then S (CCR) = {v =0} (see Figure BI). In fact, cuspidal cross caps are generic
singular points of frontals (see [Giva0]).

FIGURE 3.11. The red line represents the image of S (CCR).

EXAMPLE 1.28 (cf. [ISTTO]). A smooth mapping germ f : (R%0) — (R?0) is a

cuspidal lips if f is A-equivalent to
CLI : (RQ, O) — (R3, O) . (u,v) — (u, —20% — v, 3t + u2v2)
at 0. Since the Gauss mapping of CLI is
(—2uv?, —2v, —1)
newr (u,v) =

ou (t;v) VAu2ot + 402 + 1
and the pair (CLI, ncp;) is Legendrian, CLI is a wave front by Corollary II4. Thus cuspidal
lips are wave fronts by Proposition I'T4. Then S (CLI) = {0} (see Figure BT3).
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FIGURE 3.12. The red point represents the image of S (CLI).

EXAMPLE 1.29 (cf. [ISTTO]). A smooth mapping germ f : (R%0) — (R?0) is a
cuspidal beaks if f is A-equivalent to
CBE : (]R2, O) — (]R3, 0) . (u,v) — (u, —20% + v, 3v* — u2112)
at 0. Since the Gauss mapping of CBE is
(2w, 20,1)
VARt F? L1
and the pair (CBE, ncgg) is Legendrian, CBE is a wave front by Corollary II8. Thus

cuspidal beaks are wave fronts by Proposition CIH. Then S (CBE) = {u? — 6v* = 0} (see
Figure BT3).

NCBE (Ua U)

FIGURE 3.13. The red line represents the image of S (CBE).

ExAMPLE 1.30 (cf. [IST0]). A smooth mapping germ f : (R?,0) — (R3,0) is a cuspidal
butterfly if f is A-equivalent to
CBU : (R2, 0) — (]R3, 0) . (u,v) — (u, 50t 4+ 2uw, 40° + uv® — u2)
at 0. Since the Gauss mapping of CBU is
(2u + v?, —v,1)
\/(2u+1)2)2—|—112—|—1
and the pair (CBU,ncpy) is Legendrian, CBU is a wave front by Corollary [I8. Thus

cuspidal butterflies are wave fronts by Proposition IId. Then S (CBU) = {u + 100 = 0}
(see Figure BT4).

ExAMPLE 1.31 (cf. [MWhi4d3]). A smooth mapping germ f : (R?,0) — (R3,0) is a cross
cap (or a Whitney umbrella) if f is A-equivalent to

CR: (RQ,O) — (R3,O), (u,v) — (u,vz,uv)

ncBU (U7 U) =
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FIGURE 3.14. The red line represents the image of S (CBU).

at 0. Since the Gauss mapping of CR is not extended to 0, CR is not a frontal by Corollary
CIG. Thus cross caps are not frontals by Proposition ITI3. Then S (CR) = {0} (see Figure
B1H). In fact, cross caps are generic singular points of smooth mappings from R? to R?

(see [Whidd]).

FIGURE 3.15. The red point represents the image of S (CR).



CHAPTER 2

Geometry of frontals

1. Coherent tangent bundles

Coherent tangent bundles are introduced as generalizations of tangent bundles on Rie-
mannian manifolds (see Example P4) and limiting tangent bundles (see Example Z8). In
this section, we define coherent tangent bundles and present some concrete examples.

DEFINITION 2.1 (Definition 6.1 of [SUY0Y], Definition 2.1 of [DZ20]). A coherent
tangent bundle (or an abstract limiting tangent bundle) over an oriented smooth 2-manifold
M (possibly with boundary) is a 5-tuple (M, &, (-,-), D, ), where

(1) & is an orientable smooth vector bundle of rank 2 over M with a metric (-, ),
(2) D is a metric connection on (&, (-, -)), that is,

X (& m) = (Dx&,m) + (§, Dxn)
for any vector field X on M and any smooth sections &, 7 of &,

(3) ¢ : TM — €& is a smooth bundle homomorphism over M satisfying
(2.1.1) Dxp (Y) = Dy (X) = ¢ ([X,Y])
for any vector fields X,Y on M.

REMARK 2.2. Note that we can define geometric objects associated with the tangent
space at a boundary point of a manifold with boundary in the same way as a manifold
without boundary. Let H" be the closed n-dimensional upper half-space defined by

H" = {(«',...,2") eR" | 2" > 0}

and OH" the boundary of H". Then we can identify the tangent space T,H" with 7,R"
when p € OH" because the differential du, : T,H" — T,R" of the inclusion mapping
¢ : H" — R™ is an isomorphism for any point p € OH" (cf. [LeeI3, Lemma 3.11]). From
this assertion, we deduce that the tangent space T,M at each point p € M in a smooth

n-manifold M with boundary is an n-dimensional vector space (cf. [Leel3, Proposition
3.12)).

REMARK 2.3. In [SULYT2], coherent tangent bundles are defined for smooth manifolds
of general dimension.

We give some concrete examples of coherent tangent bundles.

EXAMPLE 2.4 ([SUYT2], Example 9.1.3 of [USY22]). Let (M,g) be a Riemannian
manifold of dimension 2 (possibly with boundary) and V the Levi-Civita connection of g.

27
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Then the tuple (M, TM, g, V,idr)s) is a coherent tangent bundle over M, which means that
coherent tangent bundles are generalizations of tangent bundles on Riemannian manifolds.

ExXAMPLE 2.5 (Example 2.3 of [SUYT2]). Let M be an oriented smooth 2-manifold
(possibly with boundary), (IV, g) an orientable Riemannian manifold of dimension 2 and
f M — N a smooth mapping. Then the metric g induces a metric on the pull-back
f*(T'N), the connection D induced by f of the Levi-Civita connection of ¢ is a metric
connection on (f* (T'N), g) and the differential mapping df : TM — f* (T N) satisfies the
condition (ZI). Thus the tuple (M, f*(T'N),g, D, df) is a coherent tangent bundle over
M.

EXAMPLE 2.6 (Example 1.3 of [SUY08|, Example 2.4 of [SUYT2]). Let M be an
oriented 2-manifold M (possibly with boundary), (N, ¢g) an orientable Riemannian manifold
of dimension 3 and f: M — N a co-orientable frontal. Then there is a unit normal vector
field v of f globally defined on M by Proposition IT3. The subbundle &f of f* (T'N) whose
fiber (€y), at each point p € M is defined by

(&), = {v € Tsp)N | g5 (v,v (p)) = 0}

is called the limiting tangent bundle of f. Then the metric g induces a metric on &y, the
tangential part D of the connection on f* (T'N) by Example P73 is a metric connection on
(&, g) and the differential mapping df : TM — & satisfies the condition (ZZ1). Thus the
tuple (M, &y, g,D,df) is a coherent tangent bundle over M, which means that coherent
tangent bundles are generalizations of limiting tangent bundles of frontals.

2. Singular points of smooth bundle homomorphisms

In this section, we define singular points of smooth bundle homomorphisms of coherent
tangent bundles. In the following, we fix a coherent tangent bundle (M, &, (-,-), D, ) over
an oriented smooth 2-manifold M (possibly with boundary 0M).

The pull-back ds? of the metric (-,-) by ¢, that is, ds’, := ¢*(-,-) is called the first
fundamental form of ¢ (or the p-metric).

A point p € M is called a regular point of ¢ if the linear mapping ¢, : T,M — &,
is a bijection, where &, is the fiber of £ at p, that is, the covariant 2-tensor (dsfp)p :
T,M x T,M — R is positive-definite. On the other hand, p is called a singular point
of ¢ if ¢, is not a bijection, that is, (dsi)p is degenerate. Note that if p € OM, then
@ is extended to a C'*°-mapping beyond M via a compatible coordinate neighborhood
of p, and the above notions are well-defined independently of the choice of a compatible
coordinate neighborhood of p. We denote by S (¢) the singular set of . If the coherent
tangent bundle is induced by a smooth mappings between 2-manifolds (see Example PZ3)
or a frontal (see Example Z8) f, by the definition of singular points, S (df) = S (f).

Since the vector bundle £ is orientable, there exists a smooth non-vanishing section p
of the exterior power £* A £* of the dual bundle £* of & satisfying p (e, es) = £1 for any
orthonormal frame {e1, ex} for £. An orientation of £ is a choice of u. Then a frame {e;, es}



2. SINGULAR POINTS OF SMOOTH BUNDLE HOMOMORPHISMS 29

is called positive (respectively, negative) with respect to p if u(eq,es) = 1 (respectively,
(e, e2) = —1). In the following, we fix an orientation p of £.

DEFINITION 2.7 (Definition 1.2 of [STIY0R]). The signed area form dA\SD and the (un-
signed) area form dA, are defined by

(2.2.1) dA, = o= Aodu A dv, dA, = |A,|du A dv

on a local coordinate chart (U;u,v) of M, where

Ap = 1 (Pu, Pv) (sou = (%) , Py = <a%)> :

which is called the signed area density function with respect to ¢ on U. Note that the
singular set of ¢ on U is expressed as

S(p)NU={peU]| A (p)=0}.

The 2-form deLp is extended to a smooth 2-form globally defined on M because dﬁw is
independent of the choice of local coordinates on U. Also, dA, is extended to a continuous
2-form globally defined on M because dA,, is independent of the choice of local coordinates

compatible with the orientation of M on U. If S () is empty, d;lw and dA, coincide up
to sign ambiguity. We set

(2:22) My = {pe M\S(e) |dA, (p) = dAs (p) }

M; = {peM\S(e) | dA, (p) = —dA, (p)} .

Let {e1, e2} be a positive orthonormal frame with respect to p for £ defined on a domain
U C M. Then there exists a unique 1-form w defined on U, which is called the connection
form with respect to {ey, ey}, satisfying

(2.2.3) Dxe; = —w(X)ey, Dxes=w(X)ey

for any vector field X defined on U. We see that the exterior derivative dw is independent
of the choice of positive frames for £ on U, which yields that dw is extended to a 2-form
globally defined on M. By the definition of w,

K,dA, on M7,

(2.2.4) dw = K,dA, = { CRdA, on

where K, is the Gaussian curvature of dsfo on M\X,.

Next, we define non-degenerate singular points. A point p € S(p) is called non-
degenerate if the exterior derivative d)\, does not vanish at p. Note that this definition is
independent of the choice of local coordinates. If we take a non-degenerate singular point
p, by the implicit function theorem, there is a neighborhood U of p such that S (¢) N U
consists of a smooth regular curve v, : (—¢,¢) = U, 7, (0) = p, which is called a singular
curve. Tangential directions of the singular curve are called singular directions. Also,
we see that the rank of the linear mapping ¢, : T,M — &, is one, that is, the kernel
of ¢, is one dimensional. The kernel of ¢, is called the null direction. Furthermore, we
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can take a non-zero smooth vector field 7, along v, satisfying 7, () € ker ¢, for each
point v, (t) € S (¢) N U, which is called a null vector field along . Then, we can classify
non-degenerate singular points as follows.

DEFINITION 2.8 (Definition 1.4 of [STIY08], [MSIIY16], Definition 2.1 of [SajIg]).
We set
Oy (8) = (t) Ay (1),
where 4, (t) := d~y,/dt (t) and A is the exterior product on T'M. A non-degenerate singular
point p is called an A,-point (or a singular point of the first kind) if 4, (0) and 7, (0) are
linearly independent, that is, d, (0) # 0. Also, p is called an Ag-point (or a singular point
of the k-th kind), k > 3, if

0p(0) =06,(0)=---=060"(0)=0 and 6% (0)#0.

Next, we define peaks, which are a generalization of Ag-points, k > 3, and degenerate
singular points such as (cuspidal) lips (see Examples ITd and [28) and (cuspidal) beaks
(see Examples and [29).

DEFINITION 2.9 (Definition 1.10 of [SUY0Y], Definition 2.1 of [STIYO0R]). A point
p € S (¢) which is not an Ap-point is called a peak if there exists a neighborhood U of p
such that

(1) there are no singular points other than As-points on U\ {p},

(2) the rank of the linear mapping ¢, : T,M — &, is one,

(3) the set S (¢) NU consists of finitely many smooth regular curves starting from p.
Note that p is isolated if such a set of smooth regular curves is empty.

A peak is called a non-degenerate peak if it is non-degenerate. Note that Aj-points, k£ > 3,
are non-degenerate peaks. The set S () is said to admit at most peaks if it consists of
As-points and peaks.

3. Differential geometry of curves through singular points

In this section, we consider differential geometry of regular curves passing through
singular points of bundle homomorphisms of coherent tangent bundles. In the following,
we fix a coherent tangent bundle (M, &, (-,-), D, ¢) over an oriented smooth 2-manifold M
(possibly with boundary 0M) whose singular set S (¢) admits at most peaks.

First, we introduce g-coordinates centered at a point p € S (). Take a Riemannian
metric g on M. Then there exists a smooth bundle homomorphism I : TM — T'M over
M satisfying

ds2 (X, X) = g (I (X), X)
for any vector field X on M. Since S () admits at most peaks, the kernel of the linear
mapping ¢, : T,M — &, is one dimensional, which yields that one of the eigenvalues of
the linear mapping I, : T,M — T,M vanishes. Thus there exists a neighborhood V' of p
such that the linear mapping I, : T,M — T,M has two distinct eigenvalues A (q), A2 (q)
satisfying 0 < A1 (¢) < A2 (q) for each point ¢ € V. Since the eigenvectors of A\ (q), A2 (q)
depend smoothly on ¢, there exists a local coordinate chart (U;u,v) C V centered at p such
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that u-directions give Aj-eigendirections of I on U and v-directions give Ay-eigendirections
of I on U. We call such (u,v) g-coordinates centered at p.
Next, we consider the existence of £-initial vectors at singular points.

PROPOSITION 2.10 (Proposition 2.6 of [SUYOR]). Let vy : [0,e) — M be a smooth
reqular curve starting from a point p € S (p) such that 4 (0) is not contained in the null
direction at p or v is a singular curve, where € > 0 is a number such that ~y ((0,¢)) does
not contain peaks. Then there exists a vector

= 200
b= B le )

where |§] = /(£,€). We call ®., the E-initial vector of v at p.

€&,

PRrROOF. The assertion is obvious if 4 (0) is not contained in the null direction at p.

We assume that v is a singular curve such that 4 (0) is contained in the null direction
at p. Note that p is a peak. Take g-coordinates (u,v) centered at p and write v () =
(u(t),v(t)). Since 7 is a singular curve, we have ¢, (v (t)) = 0, which yields ¢ (¥ (t)) =
0 (t) @y (7 (t)). Since ¢, (p) # 0 by the definition of g-coordinates,

1M: im sgn (v 2o (p)
t—=0+0 | (% (1)) (tLOJrO gn( <t>)> sy (p)]

Since v (t), t € (0,¢), is an Ay-point, we have © () # 0, t € (0,¢), which yields that
sgn (v (t)), t € (0,¢), never changes and lim; oo sgn (v (t)) exists. O

PROPOSITION 2.11 (Propositions 2.8 and 2.9 of [1DZ20]). Let v : [0,e) — M be a
smooth regular curve starting from an As-point p € S () such that S (¢) N~y ([0,¢)) = {p}
and 7 (0) is contained in the null direction at p, where € > 0 is a number such that v ((0,¢))
consists of reqular points. Then the E-initial vector ®. exists and

_ Di(pe9)(0)
(2.3.1) 1= 1Dy (g o) (0)

S

Also, if we set 7 (t) = v (—t),
(2.3.2) O, = D

ProOOF. Take g-coordinates (u,v) centered at p. Let 0 = o (t), t € [0,¢), be a singular
curve starting from p. Since A, (o (¢)) = 0,

D6 (0) = S Ao 1) =0,

t=0

Since 4 (0) and ¢ (0) are linearly independent and d\, (p) # 0,

(2.3.3) Do ((0) = S A (1)) £0

t=0
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Since A, (7 (2)) = w1 (pu (7 (1)), 00 (7 (1)) and @, (p) = 0,

() = 1 (D (90 07) (0) 00 ()

2.3.4 —
(2.3.4) il .

where p is an orientation of £. By (E2333) and (E=34), D, (¢, © ) (0) and ¢, (p) are linearly
independent.

Since 4 (0) is contained in the null direction at p, that is, the u-axis, by the division
lemma, there exist a number ; > 0, &1 < &, and smooth functions g,h : [0,7) —
R, ¢(0) # 0, such that 4 (t), t € [0,e1), is written as

5 (1) = (g (1) + 9 (1) 2 t(2h<>+th<>)§v

(9u

Since ¢, (p) = 0 and D; (¢, o) (0) # 0, by the division lemma, there exist a number g5 >
0, g5 < ¢, and a smooth section &, & (0) # 0, of £ along v such that ¢, (7 (t)), t € [0,e2),
is written as

pu (7 (1) =15 (1)
Then for any t € (0, min {e,e2}),

o) O+ Ea@E0+ (200 +h(®) e, (v(1)
PG~ tlgm +tamem + (2 )+ th (1) o (7 (1)
9(0)€(0) +2h(0) ¢ (p)
MCHOEE A0 A0
Note that ¢ (0) £ (0) + 2k (0) ¢, (p) is non-zero because & (0) = D; (¢, 07v) (0) and ¢, (p)
are linearly independent and g (0) # 0.
Since Dy (p 0 79) (0) = g (0) £ (0) + 2R (0) ¢, (p), we have the equality (2237).
By the definition, we have ¥ (t) = —4 (—t). Then
Dy (po7) (t) =D (=p o) (=t) =Di(po4) (1),
which yields that we have the equality (E232). O

Next, we define singular sectors and their interior angles. Take a point p € S (¢) and

a sufficiently small neighborhood U of p. Let 01,05 : [0,6) — U be two smooth regular
curves starting from p such that o; and o, are singular curves, or o is a singular curve
and the image of oy is contained in 9M, where ¢ > 0 is a number such that v ((0,¢)) does
not contain peaks. A domain Q2 C U is called a singular sector at p if

(1) the boundary of © consists of oy, 09 and a part of the boundary of U, and

(2) there are no singular points in €.
Note that we call the domain Q = U\ {p} a singular sector if p is isolated. If 2 is a singular
sector at p, we have Q C M or Q C M7. If Q C M7 (respectively, Q2 C M), it is called
positive (respectively, negative). If there are two or more singular sectors at each peak in
S (¢) \OM, the number of positive sectors is equal to the number of negative sectors.
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DEFINITION 2.12 (Definition 2.7 of [SUYO0R]). Let 71,72 : [0,6) — M be two smooth
regular curves starting from a point p € S (¢) such that the £-initial vectors ®.,, @, exist,
where € > 0 is a number as in Propositions 210 and . The angle arccos ((®.,, ®.,)) €
[0, 7] is called the angle between the €-initial vectors of 1, 7s.

Let U be a sufficiently small neighborhood of a point p € S (¢) and 2 C U a singular
sector bounded by two smooth regular curves oy, 01 : [0,¢) — U starting from p such that
the &-initial vectors ®,,, ®,, exist, where € > 0 is a number as in Propositions 210 and ZZT11.
Then we take a positive integer n and a sequence o9 = Y0, 71, - - -, Ya—1, Yn = 01 : [0,6) = U
of smooth regular curves starting from p such that

1) v,...,v,—1 satisfy the assumptions of Proposition E-10 or T
(1) 7150y y p p ,
(2) Y0, --,7vn do not intersect each other in €,
3) there exists a domain w; C 2 bounded by ~;_; and ~; which does not intersect 7
J J J
for each k # j — 1,7,
(4) the interior angle of 4;_; (0) and 4; (0) with respect to a Riemannian metric on

M is less than 7 for each j =1,... n,
(5) if n > 2, {¥;21(0),%; (0)} forms a positively oriented basis for T,M for each
jg=1,...,n.

Note that we take a sequence 7g,71,72 : [0,6) — U satisfying the above conditions if
p € S(p)\OM is isolated, where 3 := 79. Then the interior angle of the singular sector
Q) is defined by

Z arccos (<<I>7]._1, CI>,YJ.>) .
j=1

Next, we define the admissibility of regular curves in order to calculate interior angles
of singular sectors.

DEFINITION 2.13 (Definition 2.12 of [SUYO0R], Definition 3.1 of [DZ20]). A smooth
regular curve o : [a,b] — M is called admissible if it satisfies one of

(1) o ([a,b]) consists of regular points,

(2) o ((a,b]) consists of regular points, o (a) € S (¢) and ¢ (a) is not contained in the
null direction at o (a),

(3) o is a singular curve such that o ((a,b]) consists of Ay-points,

(4) o ((a,b]) consists of regular points, o (a) € M is an Ay-point, and & (a) is con-
tained in the null direction and is not contained in the singular direction at o (a).

Note that admissible curves have £-initial vectors by Propositions 2210 and 211, Then
we have the following assertion.

PROPOSITION 2.14 (Proposition 2.13 of [SUYOR|). There exist g-coordinates (u,v)
centered at a point p € S () such that any admissible curve v =~y (t), t € [0,¢), starting
from p satisfying the condition (2) or (3) in Definition I3 has tangential vectors not
contained in u-directions when t € (0,¢), where € > 0 is a number as in Proposition ZI0.
In particular, v (t), t € (0,¢), never meets the u-azis.
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ProoF. Take g-coordinates (u,v) centered at p.

For any admissible curve v = v (t), t € [0,¢), starting from p satisfying the condition
(2) in Definition EZT13, 4 (¢), t € [0,¢), is not contained in u-directions because 7 (0) is not
contained in the wu-direction at p.

Fix a singular curve v = v (t), t € [0,¢), starting from p satisfying the condition (3) in
Definition ZT3. Since the number of singular curves starting from p is finite (see Definition
29), it is sufficient to show that 4 (¢), ¢ € (0,¢), is not contained in u-directions. If 4 (0)
is not contained in the u-direction at p, it is obvious. We assume that 4 (0) is contained in
the u-direction at p. Then there exists a number & > 0, & < ¢, such that ~ is expressed as
v (u) = (u, F (u)), u € [0,¢'). If there exists a number ¢ € (0, ') satisfying dF'/du (¢) = 0,
we have a contradiction to the condition (3) in Definition because d/0u is contained
in the wu-direction at v (c). O

By Proposition 14, we divide the set of admissible curves starting from a point
p € S(p) satisfying the condition (2) or (3) in Definition 713 into the following two
classes: admissible curves which lie in the upper half-plane of g-coordinates are called
upper admaissible curves and admissible curves which lie in the lower half-plane are called
lower admissible curves. Then we have the following assertion.

PROPOSITION 2.15 (Proposition 2.15 of [SUYOR]). Let v1,72 : [0,6) — M be two
admissible curves starting from a point p € S (p) satisfying the condition (2) or (3) in
Definition 213, where € > 0 is a number as in Proposition EI0. Then {~1,v2} are in the

same class if and only if ®,, = ®.,. Also, {71,72} are in distinct classes if and only if
o, =—-d

m V2
ProOOF. Take g-coordinates (u,v) centered at p. By the proof of Proposition P10,
: o (p)
O =sgn (v, (0))
" T leu (0)]

if 4; (0) is not contained in the u-direction at p, where v; (t) := (u; (t),v; (t)). On the
other hand, by the proof of Proposition Z10,
. . o (p)
o, =1 i (t
Vi (tjgio Sgi (U] ( ))) ‘301) (p)‘
if 4; (0) is contained in the u-direction at p. These two formulae prove the assertion. O

Now, we calculate interior angles of singular sectors.

THEOREM 2.16 (Theorem A of [SUYOR]). Let (M,E,(-,-), D, p) be a coherent tangent
bundle over an oriented smooth 2-manifold M with boundary OM whose singular set S ()
admits at most peaks.

(1) If a point p € S (¢) \OM is an As-point,

af (p) = o (p) =,

where a;f (p) is the sum of interior angles of positive singular sectors at p and
a, (p) is the sum of interior angles of negative singular sectors at p.



3. DIFFERENTIAL GEOMETRY OF CURVES THROUGH SINGULAR POINTS 35
(2) If a point p € S (¢) \OM is a peak,
- () — +
o) (p) +ay (p) =2m,  of (p) —a, (p) € {27,0, 27} .

p

PROOF. Admissible curves starting from a point p € S (@) \OM satisfying the condition
(2) or (3) in Definition divide a neighborhood of p into singular sectors consisting of
subsets of Msj or M. By Proposition PT3, there is no contribution of interior angles of
singular sectors unless they contain the u-axis of g-coordinates (u,v) centered at p, that
is, the two singular sectors containing the u-axis have interior angle m, which yields that

af (p)=a, (p) =

if p is an As-point and
aj (p),ag (p) € {0,727}
if p is a peak. Thus we get the assertion. O

Based on Theorem 18, we give the following definition.

DEFINITION 2.17 ([SUYNY], Definition 2.9 of [SUYN
called positive (vespectively, null, negative) if o (p) — a (p
ay (p) =0, of (p) — a, (p) = —2m). We denote by P
S (¢) \OM and P, (¢) the set of negative peaks in S (¢)

N8]). A peak p € S (p)\OM is
(p) = 27 (vespectively, o (p) —
() the set of positive peaks in
\OM.
THEOREM 2.18 (Theorem 2.13 of [DZ20)). Let (M,E,{(-,-), D, ) be a coherent tangent
bundle over an oriented smooth 2-manifold M with boundary OM whose singular set S ()

admits at most peaks. Suppose that the singular direction at a point p € S () N OM is
transversal to T,0M . (Note that p is not isolated.)

(1) If the null direction at p is transversal to T,0M

ozi(p)%—o@(p) =T, a;(p)—oz (p) € {—m,m}.
(2) If the null direction at p is not transversal to T,0M

af (p) = a (p).

Proor. If the null direction at p is transversal to 7,0M, the assertion follows from
Proposition ZZT3. On the other hand, if the null direction at p is not transversal to 7,0M,
the assertion follows from Proposition EZTI. O

Based on Theorem IR, we give the following definition.

DEFINITION 2.19 (Definition 2.15 of [1DZ20]). A non-isolated singular point p € OM
is called positive (vespectively, null, negative) if o (p) —a (p) = 7 (respectively, af (p) —
a (p) =0, o (p) — a; (p) = —m). We denote by (S (¢) N OM)™ the set of non-isolated

)
positive singular points in S (©)NAOM, (S (¢) N OM)™" the set of non-isolated null singular

points in S (¢) N IM and (S (¢) NOM)™ the set of non-isolated negative singular points
in S () NOM.
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Next, we define the singular curvature for a singular curve consisting of As-points. Let
Yo = 7, (t) be a singular curve consisting of A,-points of ¢. Since 7, (¢) is not contained
in the null direction at each point v, (¢), we have ¢ (¥, (¢)) # 0. Take a null vector field 7,
along v, such that {7, (t),n, ()} is a positively oriented basis for T, M, and a smooth
section n,, of £ along v, such that {¢ (Y, (t)) / |¢ (3, ()], ny (t)} is a positive orthonormal
basis for £, ;) with respect to the orientation u of £, which is called the £-conormal vector
field along v,. The E-geodesic curvature K, of v, is defined by

|0 (e ()] |0 (e ()]
and the singular curvature r, of 7, is defined by
(2.3.6) kg (1) = sgn (A, (1)) K (1),

where A, is the signed area density function with respect to ¢. Also, for an admissible
curve v (see Definition E-T3), we defined the geometric curvature k% by

Eg) (t) ify(t) e MJ,
Efp (t) = —Efo (t) ify(t) € M,
ke (1) iy (t) € S(p)

REMARK 2.20. The singular curvature (2230) is defined in [SUYO0R], which is an in-
trinsic version of the singular curvature defined originally in [STUY0Y].

The following propositions hold for the singular curvature.

PROPOSITION 2.21 (Proposition 1.7 of [SUYOR]). The singular curvature is indepen-
dent of the orientation of M, the orientation of £ and the parameter of the singular curve.

Proor. If the orientation of M reverses, A, and 7, change sign, which yields that the
value of 7, does not change. If the orientation of £ reverses, A, and n, change sign, which
yields that the value of &, does not change. If we apply the parameter transformation
t=1t(s), dt/ds(s) # 0, to the singular curve v, (t), by (2233) and (E=30),

kg, (8) = sgn (A (1)) sgn <% (S)> 1 (e (e TZE;D&;O'BO Vo) (1))

If dt/ds (s) > 0, n, does not change sign, which yields that the value of k;, does not change.
On the other hand, if dt/ds (s) < 0, n,, changes sign, which yields that the value of «;, does
not change. O

PROPOSITION 2.22 (Proposition 2.11 of [SUIYO0R]). Let v, : [0,e) — M be a singular
curve starting from a peak p € S (@), where € > 0 is a number such that v ((0,¢)) does not
contain peaks. Then the singular curvature measure rkgdr, defined on (0,¢) is continuously
extended on [0, €), where dr, is the arc-length measure with respect to the first fundamental
form ds2, that is, dr, = |¢ (3, (t))| dt.
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Proor. Take g-coordinates (u,v) centered at p. Then
Pu (Ve (1) =0, Di(puore)(t) =0,
which yields

0 (3o (1) = 0 (1) 00 (5 (1), D9 0) (1) = (1) 9y (7o (1)) + 8 (8) Dy (0 7,) (1),
where 7, (t) = (u () v (¢)). Hence by (55) and (25D,

s (t) = sgn ((/\sﬂ) (/ch (t))) H (va (790 (t)) >Dt (QOU o 780) (t))

’ RIGIECAG)]
for any t € (0,¢). Since dr, = |0 ()| |pw (7, (t))| dt and ¢, (p) # 0,

< (1) dr — sen 1 (2 (7 (), Dy (00 ©7) (£))
® (t) d © g (()‘so)u ('Yso (t») ’901; (%} (t))|2 dt,

which means that x7dr, defined on (0,¢) is continuously extended on [0, ¢). O

K

The following proposition holds for the £-geodesic curvature.

PROPOSITION 2.23 (Proposition 2.19 of [DZ20]). Let v : [0,e) — M be a smooth
regular curve starting from an Ag-point p € S (p) such that S (@) N~ ([0,¢)) = {p} and
4 (0) is contained in the null direction at p, where ¢ > 0 is a number such that v ((0,¢))
consists of reqular points. Then the £-geodesic curvature measure K%dr, defined on (0,¢)
is continuously extended on [0,¢).

PrROOF. By the proof of Proposition BT, there exist a number & > 0, ¢’ < &, and
a smooth section ¢, ¢ (0) # 0, of £ along ~ such that ¢ (y(t)), t € [0,€), is written as

@ (7 (t)) = t¢ (t). Hence by (Z233),
7 (1) = (¢ (1), D (1))
’ t|¢ (t)]*

for any ¢ € (0,€). Since dr, =t |¢ (t)| dt and ¢ (0) # 0,

p <), D)
coP

which means that k%dr, defined on (0, €) is continuously extended on [0, €) because v ((0, €))
consists of regular points. O

kY (t)dr, =

4. Examples of A,-points and peaks

Here, we give concrete examples of Ag-points and peaks. First, we give concrete exam-
ples for smooth mappings between 2-manifolds.

EXAMPLE 2.24. Since FO, = (1,0),FO, = (0,2v) by Example T4, the null vector
field along S (FO) = {v = 0} is 0/0v, which yields that singular points are As-points (see
Figure AT).
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FIGURE 4.1. The red line represents S (FO).

EXAMPLE 2.25. Since CU, = (1,v),CU, = (0,u + 3v?) by Example IR, the null
vector field is 9/dv along S (CU) = {u + 3v* = 0}, which yields that singular points other
than the origin are As-points and the origin is an As-point (see Figure B22). In particular,
the origin is a peak of CU, whose sufficiently small neighborhood is divided into two singular
sectors.

10 T
P /

FIGURE 4.2. The red line represents S (CU).

EXAMPLE 2.26. Since LI, = (1,2uv),LI, = (0,u* + 3v*) by Example [CTY, the null
vector at S (LI) = {0} is 9/0v|,, which yields that the origin is a peak of LI.

EXAMPLE 2.27. Since BE, = (1, —2uv) , BE, = (0, 3v? — u?) by Example [20, the null
vector field along S (BE) = {3v? — u? = 0} is /0v, which yields that singular points other
than the origin are As-points and the origin is a degenerate singular point (see Figure B=3).
In particular, the origin is a peak of BE, whose sufficiently small neighborhood is divided
into four singular sectors.

FIGURE 4.3. The red line represents S (BE).
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EXAMPLE 2.28. Since GO} = (1,3u?v), GO, = (0,v® + 3v?) by Example [ZI, the
null vector field along S (GO™) = {u® + 3v? = 0} is 9/9v, which yields that singular points
other than the origin are As-points and the origin is a degenerate singular point (see the
left of Figure E4). In particular, the origin is a peak of GO™. Similarly, since GO, =
(1, —3u?v), GO, = (0,3v? — u?), the null vector field along S (GO™) = {3v? — u® = 0} is
0/0v, which yields that singular points other than the origin are As-points and the origin
is a degenerate singular point (see the right of Figure B). In particular, the origin is a

peak of GO™.

FIGURE 4.4. From left to right, the red lines represent S (GO+) and
S (GOf), respectively.

EXAMPLE 2.29. Since SW, = (1,v),SW, = (0,u + 4v®) by Example 22, the null
vector field along S (SW) = {u + 4v® = 0} is 9/0v, which yields that singular points other
than the origin are As-points and the origin is an A4-point (see Figure E3). In particular,
the origin is a peak of SW, whose sufficiently small neighborhood is divided into two
singular sectors.

M
.

FIGURE 4.5. The red line represents S (SW).

ExXAMPLE 2.30. Since BU! = (1,v),BU} = (0,u + 7Tv°® 4+ 50?) by Example 23, the
null vector field along S (BUY) = {u + 7v% + 50* = 0} is 9/dv, which yields that singular
points other than the origin are As-points and the origin is an As-point (see the left of Figure
ad). In particular, the origin is a peak of BU™, whose sufficiently small neighborhood is
divided into two singular sectors. Similarly, since BU, = (1,v),BU; = (0,u — 7v® + 50v*),
the null vector field along S (BU™) = {u— 7v% + 50* = 0} is 0/0v, which yields that
singular points other than the origin are Aj-points and the origin is an As-point (see the
right of Figure B8). In particular, the origin is a peak of BU™, whose sufficiently small
neighborhood is divided into two singular sectors.
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FIGURE 4.6. From left to right, the red lines represent S (BU+) and
S (BU_), respectively.

ExAMPLE 2.31. Since GU, = (1,v?),GU, = (0,2uv + (5v + 4) v*) by Example [,
the null vector field along S (GU) = {2uv + (5v +4) v*® = 0} is 9/dv, which yields that
singular points other than the origin are A,-points and the origin is a degenerate singular
point (see Figure EZ7). In particular, the origin is a peak of GU, whose sufficiently small
neighborhood is divided into four singular sectors.

oo s

FIGURE 4.7. The red line represents S (GU).

Next, we give concrete examples of Ag-points and peaks of frontals and wave fronts.

EXAMPLE 2.32. Since CED, = (1,0,0),CED, = (0,2v,3v?) by Example 23, the
null vector field along S (CED) = {v = 0} is 9/0v, which yields that singular points are
Ay-points (see Figure BR).

FIGURE 4.8. The red line represents S (CED).

ExXAMPLE 2.33. Since SW, = (1,v%2v),SW, = (0,2v (u + 6v?),2 (u + 6v?)) by Ex-
ample 28, the null vector field along S (SW) = {u + 6v* = 0} is 9/dv, which yields that
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singular points other than the origin are As-points and the origin is an As-point (see Figure
B9). In particular, the origin is a peak of SW, whose sufficiently small neighborhood is
divided into two singular sectors.

m\

FIGURE 4.9. The red line represents S (SW).

EXAMPLE 2.34. Since CCR, = (1,0,v%),CCR, = (0, 2v, 3uv?) by Example 22, the
null vector field along S (CCR) = {v =0} is d/0v, which yields that singular points are
Ay-points (see Figure B10).

FIGURE 4.10. The red line represents S (CCR).

ExAMPLE 2.35. Since CLI, = (1, —2uv, 2uv?), CLIL, = (0, —u?® — 6v%, 2v (u? + 6v?)) by
Example [Z8, the null vector at S (CLI) = {0} is 9/0dv|,, which yields that the origin is a
peak of CLIL.

ExXAMPLE 2.36. Since CBE, = (1,2uv, —2uv?),CBE, = (0,u* — 6v*, —2v (u* — 6v?))
by Example 29, the null vector field along S (CBE) = {u* — 6v* = 0} is d/0v, which
yields that singular points other than the origin are As-points and the origin is a degen-
erate singular point (see Figure B-IT). In particular, the origin is a peak of CBE, whose
sufficiently small neighborhood is divided into four singular sectors.

EXAMPLE 2.37.  Since CBU, = (1,2v,v* — 2u),CBU, =
(0,2 (u+100%),2v (u+ 100v®)) by Example @30, the null vector field along
S(CBU) = {u-+10v® =0} is 9/0v, which yields that singular points other than
the origin are As-points and the origin is an As-point (see Figure BI2). In particular,
the origin is a peak of CBU, whose sufficiently small neighborhood is divided into two
singular sectors.
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FIGURE 4.11. The red line represents S (CBE).

B
—

FIGURE 4.12. The red line represents S (CBU).

5. Gauss-Bonnet type theorems for frontals

In this section, we present Gauss-Bonnet type theorems for coherent tangent bundles
and give their proofs.

In the following, we fix a coherent tangent bundle (M, €&, (-,-), D, ) over a compact
oriented smooth 2-manifold M with boundary M whose singular set S () admits at most
peaks, and suppose that S (¢) \I (¢) is transversal to OM and that I (¢) N OM is empty,
where I () is the set of isolated singular points.

First, we define the admissibility of triangles with admissible curves as their edges.

DEFINITION 2.38 (Definition 3.1 of [SUIY0R], Definition 3.3 of [1DZ20]). Let U be a
domain of M, T C U the closure of a simply connected domain 7" which is bounded by
three admissible curves 71, 79,73, and A (respectively, B, C) the boundary point of 7" which
is the intersection of v, and 3 (respectively, 73 and 71, v and 7;). The closure T is called
admissible if it satisfies

(1) T admits at most one peak on {A,B,C} and at most one singular curve on
{7172, 73}

(2) there is no singular points in T,

(3) the three interior angles at A, B and C with respect to a Riemannian metric on
M are all less than 7.

Then we denote AABC := T, BC := 7, CA := v, and AB := 73, and call {A, B, C} the
vertices of AABC. Also, we denote by ZA,, (respectively, ZB,, ZC,) the interior angle
with respect to the first fundamental form dsfo of the piecewise smooth boundary of AABC
at A (respectively, B, C). We give the boundary 0 AABC the orientation compatible with
the orientation of M.
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Then we have the following local Gauss-Bonnet type theorems for admissible triangles.

THEOREM 2.39 (Theorem 3.3 of [SUY0R], Proposition 3.4 of [DZ20]). Let
(M,E,(-,y,D,p) be a coherent tangent bundle over an oriented smooth 2-manifold M
(possibly with boundary) whose singular set admits at most peaks, and AABC an admissi-
ble triangle on M. Then

(2.5.1) LA, + /B, + LC, — = / %idn, + / K,dA,.
OAABC AABC

It is sufficient to prove local Gauss-Bonnet type theorems for five types of admissible
triangles in order to prove this theorem (see Lemmas Lemmas P40, P71, P42, P743 and

LEMMA 2.40 (Lemma 3.4 of [SUIYOR]). If an admissible triangle AABC lies in M}
or M7, we have the equation (EZ50).

@’

PRrROOF. Since M; and M consist of regular points, dsi is positive-definite on MJ and
M, which yields that we have the assertion by the classical local Gauss-Bonnet theorem.
O

LEMMA 2.41 (Lemma 3.5 of [SUYOR]). Let AABC be an admissible triangle such that

—~

A is a singular point, the tangential vectors of AB and AC at A are not contained in the

null direction at A, and AABC\ {A} lies in M} or M. Suppose that BA and BC are
transversal at B. Then we have the equation (E2).

PrOOF. We assume that AABC\ {A} lies in M. Take a short extension of BA beyond
A and rotate it around B with respect to the canonical metric du? 4+ dv? on the wv-plane.
Then we obtain a smooth one-parameter family of admissible curves starting from B. Since

BA and BC are transversal at B, restricting the image of this family on AABC, we obtain
a family of admissible curves {7. : [0,1] = AABC}_ ; such that

(1) o parametrizes AB satisfying 7o (0) = A and 7 (1) = B,
(2) 7- (1) = B for any ¢ € [0,1],
(3) the image of the correspondence o : £ — 7. (0) is contained in AC, where A, :=
7. (0) and Ay := A.
Then each AA.BC, ¢ € (0,1], is admissible because it lies in M}, which yields that by
Lemma 221,

Z(Ac), + Z(ABC), + £C, — 7 = /BAA . ROdr, + /AA . K,dA,.

—~

If we take the limit as ¢ — 0+ 0,

lim A(Aa)w—kéB@—i—éC@—W:/

~g

kI dT +/ K, dA,.
— pte ® ©
e—0+0 OAABC AABC
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Note that x%dr, is bounded on XI\S and (/]-A because AABC is admissible. Also, by Propo-
sitions 210 and 2713,

= lim = lim arccos #(3:(0) o ldojde(c))
“he = I clhd, = I, (<|90(%(0))\’|90(d0/d6(6))|>>

= arccos (B, @) =4 7 if the u-axis separates 1&_]\3 and A_(\i,
0 otherwise,

where (u,v) is g-coodinates centered at A. This completes the proof. O

LEMMA 2.42 (Lemma 3.6 of [SUYOR]). Let AABC be an admissible triangle such that

AB consists of As-points, the tangential vector of AC at A is not contained in the null

—~

direction at A, the tangential vector of BC at B is not contained in the null direction at B,

and AABC\AB lies in M; or M. Suppose that BA and ]ga are transversal at B. Then
we have the equation (2221).

PROOF. We assume that AABC\@ lies in M}. By the same method as in Lemma
24T, we obtain a family of admissible curves {. : [0,1] — AABC} (g ;) such that

(1) 4o parametrizes AB satisfying 70 (0) = A and 7 (1) = B,
(2) 7= (1) = B for any ¢ € [0, 1],

—~

(3) the image of the correspondence ¢ — 7. (0) is contained in AC, where A, := . (0)
and Ag := A.
Then each AA.BC, ¢ € (0, 1], is admissible, which yields that by Lemma P2,

Z(AL), +Z(ABC), + £C, — 7 = /BAA o Rodr, + /AA . K,dA,.

If we take the limit as ¢ — 0 + 0, we have the assertion by the same argument as in the
proof of Lemma, PZ41I. O

LEMMA 2.43 (Lemma 3.7 of [SUYOR]). Let AABC be an admissible triangle such
that A is a peak, AB\ {A} consists of As-points, the tangential vector of AC at A is not

—

contained in the null direction at A, the tangential vector of BC at B is not contained in

the null direction at B, and AABC\A—]\S lies in M;j or M. Suppose that (/3?3 and C/z are
transversal at C. Then we have the equation (Z22).

PrOOF. We assume that AABC\AB lies in M. Take a short extension of CA beyond
A and rotate it around C with respect to du® + dv? on the uv-plane. Then we get a

smooth one-parameter family of admissible curves starting from C. Since CB and CA are
transversal at C, restricting the image of this family on AABC, we obtain a family of
admissible curves {v. : [0,1] = AABC}__ ;) such that
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(1) 7o parametrizes AC satisfying 7o (0) = A and 7, (1) = C,
(2) 7. (1) = C for any ¢ € [0, 1],

—~

(3) the image of the correspondence o : £ — 7. (0) is contained in AB, where A, :=
7. (0) and Ay := A.

—~

Since the tangential vector of AC at A is not contained in the null direction at A, the

—

tangential vector of A.C at A, is not contained in the null direction at A, for sufficiently
small € > 0, which means that AA_BC is admissible. By Lemma 243,

/ (AE)‘P + /B, + £ (BCAa)go -7 = / KYdT, + /AA e K,dA,.

ONAA:BC

By Proposition 222 and the Lebesgue convergence theorem,

=g T =g
/ /%dn, = E(I)I}FO/ /f¢d7¢
HOAABC € ONAA.BC

exists. If we take g-coordinates (u,v) centered at A, Z(A.), is common in each € € (0, 1]

because the property that the null direction 9/0u at o (¢) separates A.B and A.C or not
is common in € by Proposition ZZI3, which yields that

/A, = lim Z(A), =4 T if the u-axis separates AI\B and @,
7 es040 v 0 otherwise.

This completes the proof. O

LEMMA 2.44 (Proposition 3.4 of [[D720]). Let AABC be an admissible triangle such

—~

that A is an As-point, the tangential vector of AC at A is contained in the null direction at
A and not contained in the singular direction at A, and AABC\ {A} lies in M} or M.

Suppose that BA and BC are transversal at B. Then we have the equation (Z551).

PrOOF. We may assume that AABC\ {A} lies in M. By the same method as in
Lemma 2721, we obtain a family of admissible curves {v. : [0, 1] = AABC},_(, ;) such that

(1) 7o parametrizes AB satisfying 70 (0) = A and 7 (1) = B,
(2) 7= (1) = B for any ¢ € [0,1],

(3) the image of the correspondence ¢ — 7. (0) is contained in AC, where A, := . (0)
and Ay := A.

Since each AA.BC, ¢ € (0, 1], is admissible, by Lemma 2720,

R9dr, + / K,dA,.
AA:BC

—~

Z(A:), +£(ABC), + £C, — 7 = /
OAA:BC
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By Proposition 223,

~g . . /\g
/ /%drg, = Egr}ro deTw
HAABC € ONA.BC

exists. Also, by Propositions 210 and P11,

. ()2 Ge0) (o)
Ao = Iy 2By = I, (<!w(%(0))\’!so(da/df(€))\>)

= arccos ((P,, Dy)) -
This completes the proof. O
ProOOF OF THEOREM I=39. By Lemmas 240, 27210, 2742, P43 and 244, O

Next, we prove global Gauss-Bonnet type theorems by using the local Gauss-Bonnet
type theorem in Theorem P=39. The global Gauss-Bonnet type theorems are as follows.

THEOREM 2.45 (Theorem B of [SUIYOR| if 0M = &, Theorem 2.20 of [DZ20] if
OM # @). Let (M,E,(-,),D,p) be a coherent tangent bundle over a compact oriented
smooth 2-manifold M with boundary OM whose singular set S (p) admits at most peaks,
and suppose that S (¢) \I (@) is transversal to OM and that I (p) N OM is empty. Then

(2.5.2) 2rx (M) = /KwdAw%—Q/ ﬁ;d@,—i—/ KdT,
M S(e) oM

- Z (2Oé$ (p) - 7T) ’
pE(S(p)nam)™
(2.5.3) / K, dA, + / Rodr, = 2r (x (M) —x (M)
M oM
+2m (#Pﬂ;t (90) - #PI;t (90))
T (#(S (9) NOM)™ — 4 (S () N OM)")
7 (#Ponry — #Pors; )
where Pan 15 the set of peaks in the positive boundary with respect to ¢ and Pan; is the
set of peaks in the negative boundary with respect to ¢ (see Definition PZ1).

In the following, we prove global Gauss-Bonnet type theorems. Triangulate M by
admissible triangles such that each point in the set P* (¢) := Py (@) U (S () NOM) is a
vertex, where Ppy () is the set of peaks in S (¢) \OM. We denote by F' the set of faces,
E the set of edges and V' the set of vertices in the given triangulation.

LEMMA 2.46 (Lemma 3.6 of [DZ20)). The equation

(254) #{veVive (M)} = X(M—J)Jr#{fEF;ng_;}

+#{6€E|6§6M;}
2
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—# {U eVive aMJ\P* (go)}
—#I (p) — #N Py (@) — # (S (¢) NOM)

holds, where A° is the interior of a topologial space A, A is the closure of A, I () is
the set of positive isolated singular points in S (@) \OM and N Py () is the set of non-
degenerate peaks in S (¢) \OM.

PROOF. By the definition of the Euler characteristic,
(255) #{veV|veMi}=x(M})+#{ecE|eC M} —#{feF|fCM}.

Furthermore,

MF +
(2.5.6) #{eeE|egM—;}_3#{feF2|ng;}+#{eeE|26gaM@}

and
(25.7) #{veV|iveMi} = #{veV|ve (M)}
+#{veV |vedMI\P* (o)}
L, (0) + #N P () + # (S (9) NOM).
Combining together (Z223), (Z258) and (22274), we get the equation (2254). 0
Then by Lemma 248 and Theorems 2718 and T8,
S;o= > (LA, + 4B, +£C,—7)
AABCCMF
= 2r#{veV|ve (M)} +a#t{veV|vedMI\P (o)}
el (0) - Y ol + Y ol -m#{feF|fC M}

PEN Pt () pES(p)NOM

= 2nx (MF) +n#{ecE|leCoM}} —n#{veV|vedMI\P (o)}
+ > afm+ D af (p) = 2m#N P () — 274 (S () N OM)

PEN Py (¢) peS()NOM
R 7T .
= 2mx (M) + 5 Y deggy: (0) —m# {v €V [ v € OMH\P* (o)}
pEOME
+ > af )+ D af () = 2m#P (@) + 2mH L ()
PEN Pyt () pES(p)NOM

where degy,+ (p)=#{c€E|pceC GM;{}. Since M} is an Eulerian graph, we set

B degaM;; (p)

mg (p) = 5
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because degy,,+ (p) is even. Since degyy+ (p) =2if p € OMI\P* () and degyy+ (p) =0

T deggus () = 7 {veV v MNP ()}

pEOMY
+ Z mm (p) + Z mm (p).
PEN Pyt () pES(p)NOM
Hence
(258) S = 2rx (M) + > (af (p) +7mf (p)
PEN Pint ()
+ ) (af (p)+7mE () — 2m#P () + 2m# e ()
pES(P)NOM
Similarly,
(259) S, = Y (LA + 4B+ ZC,—m)
AABCCM,
= 2oy (M) + Y (ap (p) +7my (p))
PEN Prys ()
+ Z (oz; (p) + ™, (p)) —2H#P* (o) + 27 # I ()
PES()NOM

where mg, (p) := degy),- (p) /2.
Here, we classify peaks on the boundary dM into the following two types.

DEFINITION 2.47 (Definition 2.17 of [DZ20]). We say that a peak p € OM is in
the positive boundary (respectively, negative boundary) with respect to ¢ if there exists a
neighborhood U of p satisfying (U\ {p}) NOM C M (vespectively, (U\ {p})NoM C M ).

Then
_ B degg, (p) i p € S(p)\OM,
(p) +mg (p) = { degsi,) (p) + 1 ifp e S(p) NIM,
1 ifpe PaM;r,
(2.5.11) mb (p) —m, (p) = & —1 ifp€ Py,
0 otherwise.

(2.5.10) m

Next, we give the formula for the Euler characteristic of S ().

LEMMA 2.48 (Lemma 3.7 of [DZ20)). The equation

XS =#P (0) =5 3 (m (p) +m; () +

# (S (p) NOM)
2

holds.
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PROOF. By the definition of the Euler characteristic and the equation (2221),

X(S(p) = #{veV]veS(p)}—#{ecE|eCS(p)}
= #P (o) +#(S(p)NOM)

1 1
=5 D degsy -5 DY degsg ()

PE Pt () peS(0)NOM
1 S oM
= #P*(¢) — 3 Z (m} (p) +mg (p) + # ( (cp; i )

Next, we give the formula for the sum and difference of S and S7.
LEMMA 2.49 (Lemma 3.8 of [DZ20)). The equation
SF+S; =2mx(M)+ > (20} (p)—7)
pE(S(p)nam)™

holds.

PROOF. By x (MF) +x (M) = x (M) + x (S (¢)) — #Iut (@), the equations (Z53),
(Z59) and (E510), Lemma P48 and Theorems P18 and IR,

S;r +S, = 2« (X (MJ) +x (M;)) — AT H#P* () + Am I ()
+ Y (et ta,@)+r > (mf () +my ()

PEN Prnt () PEN Prns ()
+ Y (f@rag@)+r Y (mf ) +m;p)
peS(p)NOM peES(p)NOM

= 2mx (M) +27mx (S () — 4m# P (o) + 27# s ()
+ > (efmta®)+ Y (af (p)+ag(p)

PEN P () peS()NOM
+7 Y (mf(p) +my (p)
PEP*(p)
= 2mx (M) =7 Y (mf () +mg (p)) +7# (S (p) NOM)
PEP*(p)
—2m#P* () + 21 # s (0) + > (af () + o5 (p))
PEN Pru ()
+ Y (g @raz )+ DY (m(p)+my (p)
peS(p)NOM PEP* ()

= 2mx (M) — 27# Pt () + 27T (@) + 20#N Pryt ()
—7# (S () NOM)* — 74 (S () N OM)™ — 74 (S () NOM)~
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+ Y (e )+ > (o () +a, ()

pE(S(p)naM) ™ PE(S(p)noM)™™!
+ > (@) +a, ()
PE(S(p)NOM)~
= 2mx (M) + (20) (p) — ) .

pE(S(p)nam)™

LEMMA 2.50 (Lemma 3.9 of [1D720)). The equation
Sg=8; = 2w (x (M) = x (M) +2m (#P, () — # P (#))
7 (#(S (9) N OMY* = # (S (9) NOM)") +7 (#Pyrss — #Pous: )
holds.

PROOF. By x (M) —x (M) = x (M})—x (M) +#11}; ()~ #1y (), the equations
(I12X), (29) and (IZ.IEI]) and Theorems IZIB and’ 13,

Sp=8; = 2w ((ME) —x (M) + Y (ol (p)—a; )

PEN Prog (@)
7y (@ -mym)+ Y (af () —ag 1)
PEN Pt () peS(9)NOM
+r Y (mf(p)—m; (p))

pES()NOM
= 2z (X (M;D - X (M )) + 27 (# It () — #1In, (90))
+ > (af—ag )+ Y (mf(p)—my (p))

pENPInt (Lp) peNPInt((P)
+ > (@ —ag @)+ Y (mE () —mg ()
peS(p)NOM pES(p)NOM

= 2m (x (M) —x (M) + 2m (#I%, (0) — #11 (9))
+2m (#N Py () — #N P, (90>)
+7 (#(S (9) NOM)* — #(S () 1 aM)‘) + 7 (#Pors = #Pous; )
= 2m (x (M) —x (M;)) + 27 (#B5 () — #Pn ()
(¢

+r (#(S (9) NOM)" — #(S )maM) )+ 7 (#Porgs — #Pors; ) -
(|

PrROOF OF THEOREM IZZH. Since the integration of the geometric curvature on curves
which are not contained in S (¢) U dM is canceled by opposite integrations, by Theorem
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734,
S; = KwdAw%—/ ’/%Zdﬂp:/ K¢dA¢+/ /@Zd@,%—/ K dT,,
ME aMF MF S() aMNME
S, = K@qu,—i-/ Eidﬂp:/ Kg,dAg,—I—/ mfodﬂo—/ K dT,.
My oM, My S(p) OMNM,

Since the singular curvature is independent of the orientation of the singular curve by
Proposition 2221,

(2.5.12) Sy+S, = /MKgpdA@%—2/ /fs(pdT(p_‘_/aM%&dTw,
©
(2.5.13) SH-S; = / K,dA, +/ RIdr,.
M oM
Therefore, by Lemmas P49 and and the equations (EZ512) and (E22L3), we obtain
the equations (Z232) and (Z233). O
REMARK 2.51. If the boundary M is empty,
(2.5.14) 2y (M) = / K,dA, +2 / K dr,
M S(e)
1 ~ _ _
(2.5.15) 7 /MKSOdAw = X (M}) = x (M) +#P" (¢) —#P~ (p),

where P () is the set of positive peaks in S (¢) and P~ () is the set of negative peaks
in S (¢). If the coherent tangent bundle £ is induced from a wave front whose singular
set admits cuspidal edges and swallowtails (see Example P8), the equation (Z5T14) is the
same as the equation in [Kos02, Theorem 2] and the equation (EZ51H) is the same as the
equation in [[LLRYH, Proposition 6] and [Kos02, Theorem 2.

6. Applications of Gauss-Bonnet type theorems

In this section, we give applications of the Gauss-Bonnet type theorems in Theorem
23 to smooth mappings between smooth 2-manifolds and to frontals.

6.1. Applications to smooth mappings between smooth 2-manifolds. First,
we give an application of the equation (EZ52) to smooth mappings between smooth 2-
manifolds.

THEOREM 2.52 (Theorem 1 of [Lev&i6i], Theorem of [Lev95i], [Has23h]). Let M be
a compact oriented 2-manifold with boundary OM and f : M — R? a smooth mapping
into the plane R? whose singular set S (f) of f admits at most peaks, and suppose that
S (f)\L(f) consists of smooth closed reqular curves and does not intersect OM and that
I (f)NOM is empty, where I (f) is the set of isolated singular points of f. Then there exists
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a unique orientation of the components {Si,...,Sn} of S(f)\I(f) and the components

{01,...,0,} of OM satisfying

(2.6.1) @:ZR(&H%ZR(@)

where R (S;) is the rotation index of S; and R (0;) is the rotation index of 0;.

PROOF. We equip R? with the Euclidean metric g and construct a coherent tangent

bundle (M, f* (TR?),q, D,df) over M (see Example ZH). Since the Gaussian curvature of
g is zero and S (f) \I (f) does not intersect M, the equation (ZZ52) is reduced to

(2.6.2) 2y (M) = 2/ KdTy —i—/ Kidry,
S(f) oM

where k}dry is the singular curvature measure with respect to df and %i’chf is the geometric
curvature measure with respect to df. Since the integral of the curvature of the image
f (S;) as a planar curve is equal to the integral of the singular curvature of S; by [SUYTZ,
Proposition 3.1],

(2.6.3) / KydTy = / Kidrp =27 Z R(S
5(f) S(ONL(S)

i=1
Also, since the integral of the curvature of the image f (9;) as a planar curve is equal to
the integral of the geometric curvature of 0,

(2.6.4) / Rydry =21 Y R(D
oM i=1

Hence we obtain the equation (E561) by substituting the equations (Z6-3) and (E564) into
the equation (Z632). O

Next, we give an application of the equation (Z53) to smooth mappings between
surfaces.

Let M, N be two oriented 2-manifolds without boundary and f : M — N a smooth
mapping whose singular set S (f) admits at most peaks. Take a 1-dimensional embedded
submanifold S of N such that f is transversal to S, that is, the vector spaces TS and
df, (T, M) together span Ty, N for each point p € f~' (S). By regarding S as the boundary
ON, we consider N as a smooth 2-manifold with boundary. Then the inverse f~!(9N) is
a 1-dimensional embedded submanifold of M (cf. [LeeI3, Theorem 6.30]). By regarding
f~Y(ON) as the boundary M, we consider M as a smooth 2-manifold with boundary. We
suppose that S (f)\ (f) is transversal to M and that I (f) N OM is empty.

We equip N with a Riemannian metric g and construct a coherent tangent bundle
(M, f*(T'N),g,D,df) over M (see Example PH). Then the equation (ZZ53) holds. By
[CeeT3, Theorem 17.35] and the classical Gauss-Bonnet theorem on N,

(2.6.5) / KidA; = /M £ (KndAy) = deg (f) /N KndAy
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= deg (f) (%X(N)— /8 mi’vdm>,

N
where K is the Gaussian curvature of g, dAy is the area form of g, deg (f) is the degree of
f and k%;d7y is a geodesic curvature measure on ON. On the other hand, by the property
f71(ON) = OM and [DFNRH, Theorem 13.2.1],

(2.6.6) / Kidry = deg (f|8M)/ kdTn = deg (f)/ KYdTN,
oM ON ON
where Efchf is the f*(T'N)-geodesic curvature measure with respect to df. Hence the

following assertion holds by substituting the equations (Z6H) and (E568) into the equation

THEOREM 2.53 (Theorem 1 of [Qui78], Theorem 1.1 of [FI87], Proposition 4.1 of
(D720], [Has23h]). Let M, N be two compact oriented 2-manifolds with boundary and
f: M — N a smooth mapping satisfying f~' (ON) = OM whose singular set S (f) of f
admits at most peaks, and suppose that S (f)\I (f) is transversal to OM and that I (f)NOM
1s empty. Then

deg (f)x (N) = x (M}) —x (M;) +#P} (f) — #Po (f)
#(S(H)naM)" —#(S(f)ynam)~  #lorr = #Fou;
+ 5 + 5 :

6.2. Applications to frontals. First, we define frontal bundles in order to apply
the Gauss-Bonnet type theorems in Theorem P23 to frontals. Let (M, €&, (-,-), D, ¢) be a
coherent tangent bundle over an oriented smooth 2-manifold M (possibly with boundary).
The 6-tuple (M, E,(-,-), D, ¢, 1) is called a frontal bundle over M if there exists another
smooth bundle homomorphism ¢ : TM — £ over M such that the tuple (M, &, (-,-), D, )
is also a coherent tangent bundle over M and the pair (p,1) satisfies a compatibility
condition

(2.6.7) (P (X), 0 (Y)) = (p(Y), ¥ (X))

for any vector fields X,Y on M. Then the mapping ¢ is called the first homomorphism
and v is called the second homomorphism. We define smooth symmetric covariant 2-tensor
fields I, II, IIl on M by

I(X)Y) = dsj(X,Y) =(p(X),0(Y)),

I(X,Y) = —(pX),¢(Y)),
OI(X)Y) = dsj(X,Y)= (¢ (X),9 ()

for any vector fields X,Y on M, respectively (see (E6-4)). We call I the first fundamental
form, II the second fundamental form and III the third fundamental form.
In addition, we define front bundles.
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DEFINITION 2.54 (Definition 2.13 of [SUIYT2]). A frontal bundle (M, &, (-,), D, v, 1)
is a front bundle if

(2.6.8) ker (¢,) Nker (¢,) = {0}
for each point p € M.

We give a typical example of frontal bundles (front bundles).

EXAMPLE 2.55 (Example 2.14 of [SUIYT2], Proposition 2.4 of [SULYT1]). Let M
be an oriented smooth 2-manifold (possibly with boundary), (N (¢),g) an orientable 3-
dimensional Riemannian manifold of constant sectional curvature ¢ and f : M — N a
co-orientable frontal. Then there exists a unit normal vector field v of f globally de-
fined on M by Proposition [CTH. Since the coherent tangent bundle (M, &y, g, D, df) as in
Example 8 is orthogonal to v, we have a smooth bundle homomorphism

Vv:TM — &, Vv (X):=Vxv

over M, where V is the induced connection of the Levi-Civita connection of g by f.

We show that the tuple (M, Ey, g, D, df, V) is a frontal bundle over M. Let R° be the
curvature tensor field of g. Since Vx& = Dx§ — g (Vxv, &) v for any vector field X on M
and any smooth section £ of &y,

RE(X,Y)E = RP(X\Y)E—g(Vyr,&) Vxv + g(Vxv, &) Vyv
- (g (DXvav 5) - 4g (DYvav 5) -9 (V[X,Y}V7 g)) v,
where RP is the curvature tensor field of D, that is, RP (X,Y) & := DxDy& — Dy Dx€ —
Dixy)€. Since N (c) has a constant sectional curvature ¢, taking the normal component,
9 (DxVyv — DyVxv —Vixyp, &) =0,

which means that (M, &, g, D, Vv) is a coherent tangent bundle. Moreover, by the prop-
erty of the coherent tangent bundle (M, &y, g, D, df),

g(df (X), Vv (Y)) = —g(Vydf (X),v)
= —g(Vxdf (Y)—df ([X,Y]),v)
= —g(Vxdf (Y),v)
g (df (Y), Vv (X)),
which means that the tuple (M, &y, (-, ), D,df, Vv) is a frontal bundle.
By the condition (E63), this frontal bundle is a front bundle if and only if f is a wave

front, which is equivalent to I + III being positive definite, that is, (I + III) (v,v) > 0 for
each v € T'M, with equality if and only if v = 0.

Next, we define the extrinsic curvature of frontal bundles.

DEFINITION 2.56 (Definition 2.15 of [SUYT2]). Let (M, &, (-,-), D, v,1) be a frontal
bundle. We define the extrinsic curvature K;Xt at each regular point p € M of ¢ by
11 (v,v) I (w, w) — II (v, w)”

K2 (v, w) = I(v,0) I (w,w) — I (v,w)*’
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where {v,w} is a basis for T,M. Similarly, we define the extrinsic curvature K at each
regular point p € M of ¢ by
1T (v,0) I (w, w) — IT (v, w)*
IIT (v, v) I (w,w) — II (v, w)*
If we consider a frontal bundle (M, &, g, D, df, Vv) as in Example P53,
Ky =K +c

by the Gauss equation (cf. [[KIN6Y, Propositions 4.1 and 4.5]), where K/ is the sectional
curvature at a regular point p € M of f and K;Xt is the extrinsic curvature at a regular
point p € M of f.

If we take local coordinates (u,v) compatible with the orientation of M and denote by
7 (respectively, 1i , Jii} ) the representation matrix of I (respectively, II, III) with respect
to {0/0u,d/0v}, that is,

(2.6.9) - (<90u,90u> <sou,sov>)7

Kfp"t (v,w) =

{(Pos ) {Pos Pu)

T —(Pu, Yu)  —{Pu, Vo)
= (—<%,¢u> _<¢v7wv>),

T W&Mﬁa) <wu7wv>
= (<wv,wu> <wv,wv>)’

by Definition b8, we have

i 11
(2.6.10) o = P o det Il
det / det 11T

on (u,v). We prove the following assertion by using these representation matrices of the
fundamental forms.

LEMMA 2.57 (Lemma 3.10 of [SUYT2]). Let (M,E,(-,-), D, p,v) be a frontal bundle.
Then
(1) K, dA, = K,dA,,
(2) K&UdA, = dA, and K$*dA, = dA,,
(3) |K2|dA, = dAy and |K$| dAy = dA,,
(4) KRG = 1.

PrOOF. Take local coordinates (u,v) compatible with the orientation u of M, a pos-
itively oriented orthonormal frame {e;,es} with respect to the orientation of £ and the
connection form w with respect to {ej,es}.

The 2-form Kq,dgw is determined by just the connection D by the equation (E=Z4),
which yields that we have the equation (1).

Take 2 x 2-matrix valued functions G, and Gy, as

(2.6.11) (SOU,CPU) = (61762) Ggoa (@Z)anvz)v) - (61762> G?/J‘
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Then, by the equation (E2=2),

(2.6.12) d;{\¢ = Adu A dv = i (py, ) du A dv = (det G,) du A dv,
dAy, = MpduAdv = p(1hy, ) du A dv = (det Gy) du A du.

In particular,

dA, = |det G| du A dv, dA, = |det Gy| du A dv.

~

Also, the matrices I, II and III as in (259) are written as
I =GLG,, II=-G[G,=-GLG,, II=G|Gy,

respectively, where AT denotes the transposition of A. Thus, by the equation (ZGIM),

(2.6.13) fee — 4ot Gy

det G,

ext _

7 detG,” Y detGy’
which yields that we have the equations (2), (3) and (4).

Next, we give Gauss-Bonnet type theorems for frontal bundles.

COROLLARY 2.58 ([SUY12] if oM = o, [Has23a] if OM # o). Let
(M, E,(-,y,D,p,1) be a frontal bundle over a compact oriented smooth 2-manifold M

with boundary OM whose singular sets S (@) and S (1) admit at most peaks, and suppose
that S () \I (¢) and S () \I (¢) are transversal to OM and that I (¢)NOM and I (¢)NOM

are empty. Then
(2.6.14) 27tx (M)

(2.6.15) / K dA, + / Redr,
M oM

(2.6.16) 21x (M)

(2.6.17)/ Kwdflw+/ RYdry
M oM

/ KwdA@+2/ K;dT¢+/ F&gdﬂp
M S(p) oM

- Y. (@27,

PE(S(p)naM)™H
2m (x (M) — x (M,))

+27 (#P (0) — # P ()
+ (#(S () NOM)T — # (S (p) NOM)")

+7 (#P8M$ - #%M;) ;

/ KwdAw + 2/ Iﬁfz)dm —f-/ ”\{%dﬂb
M S(¥) oM

- Z (20[:0_ (p) - 7T) )

pe(S(¥)nam )™
2m (x (M) — x (M)

+2m (#PIJrEt () — # Py (2/1))
+1 (# (S () NOM)" — # (S () NOM)")
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PRrROOF. By applying the Gauss-Bonnet type theorems in Theorem P43 to the map-
pings ¢ and ). O

We derive four new types of equalities by appropriately combining these Gauss-Bonnet
type theorems.

THEOREM 2.59 ([Has23al)). If (M,E,(-,-),D,p,¥) is a frontal bundle as in Corollary
5s,

1 ~
(2.6.18) 2x (M) = — / Kodr, — / K,dA,
T \/s) Mg

1 - 20 (p) — 7
o Ry 0T
PE(S(p)nam)™ !

degsw) ()

~g _ *

’ydry — #P (V) + E —
pEP* (V)

1
21 Jom

B () — #Pi ()
LR (S@)N0M)" — #(S ()N oM)

2
7@“331\/[;r - #PaM;
+ 5 ,
1 -
(2.6.19) 2x (M) = — / Ky dTy — / KydAy
T \Jsw) M,
1 - 200 (p) —
+5 /8 B S
pE(S()naM)™!
1 N . degg ) (P)
L A R D Dl

PEP* ()
+# P (9) — #P (9)
LH# (S @) NOM)" — #(S () NOM)”
2
Pov — #P,
Pz = # P
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In particular, if all peaks of the mappings ¢ and ¢ are non-degenerate,

B 1 . ~ 1
2 (1) - ;(/M%d%/M Khos [ Fn— 3 a;z<p>)

pe(S(@)nanym
1
—— [ Rhdry + #Ph () — #P, (V) — # (S () NOM)”

2T aM

1 ~ 1
2x (M) = — / Ko, dT, —/ KydA —|——/ K dry — at (p)
(sa) W(S(w)¢¢ M;ww QaMww Z ¥

pe(S()naM)™ !

1 N _ _
Tor KgdTy, + # P (p) = # Py (0) = # (S () NOM) ™.
™ Jom

PROOF. First, we prove the equation (E618). By Lemma P28 and the equation
(xTm),

(26.20)  x(M) = x(M})+x (M) +x(S(¥))
= x (M) +x (M) +#P* ()
Y ) g () OO
pEP*(¢)
= X (M) +x (M) +#P* () — = Y deggy (p)
pEP* ()

By the equation (1) in Lemma P57 and the equations (E614) and (2620),

(2.6.21) / K,dA, = /Kwdﬁw—2/ K, dA,
M M Mg

= / KydA, —2 / K,dA,
M My

= =2 KA~ [ R ((17) —x (7))

+27 (#Pﬂ;t (V) — # Py <¢))
+ (#(S () NOM)* — # (S (v) N OM)")
+7 (#PaM;r - #PQMJ>

= -2 K¢,d;1\¢, — / RYdry + 2mx (M) — 4mx (M)
M; oM

—2m#P* () + 1 Y deggy, (p)

peEP*(Y)

+27 (#Pl—gt (V) — # P (1/)))
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o (# (S () N OM)* — # (S () N OM)")
7 (#Porss — #Pou ) -
By the equations (E614) and (Z521),

(2.6.22) 2y (M) = —2 | K,dA,+2 / kAT, + / RIdr,
Mg S(¥) oM

- >, (20 -7
pE(S(p)nam)™

— /az\/[EidTw + 2mx (M) — 4wy (M)

—2m# P (Y)Y deggy (0)

peP*(¢)
+2m (# Pk (V) — # Py (1))
o (# (S () N OM)* — # (S () N OM)")
7 (#Pongs — #Pous; ) -
By eliminating 27y (M) on both sides of the equation (Z622), the equation (Z618) holds.
On the other hand, the equation (E619) is obtained by exchanging the roles of the
mappings ¢ and v in the above proof.

Note that degg, (p) = 2 if p € Pu (v) is non-degenerate and degg,) (p) = 1 if
p € S (p) NOM is non-degenerate. O

THEOREM 2.60 ([Has23al)). If (M,E,(-,-),D,p,¥) is a frontal bundle as in Corollary
D5,

~ 1 203 (p) — 7
2.6.23 K,dA —/ K dr ——/ Rldr,+ ) T ©
( ) vy 0 sy £ 2Jom BF 2

pE(S(p)nam)™

~ 1 20, (p) — 7
= K,dA —/ K3, dT ——/ kY dry, + e -
P ) S() P&l 2 oM piY Z 2

My, pE(S()naM )™t
1 - _ _
(2624) o | Redr, - O (M) = x (M) — (#P (9) — #Pr (#)
C#(S(9)NOM)T —#(S(p)NOM)"  #Pour — #Pou;
2 2
1 - _ _
= % Hidﬂ/; - (X (MJ) - X (Mw )) - (#PI—gt (¢) — # P (w))
oM

C#(S @) noM)t —#(Sw)noM)”  Fhoug — #
2 2 '
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PROOF. By the equations (E614), (2618), [,, K dA, = [, Kwdzzl\w - 2fM; K¢d2¢
and fM KwdA,/) = fM Kwd;l\w -2 qu; Kwd;iw,

(2.6.25) / K dA, = 2my(M)+2 [ KydA,—?2 / kS dr, — / ®edr,
M M S(p) oM

+ Z (20 (p) — ),

pE(S(p)nam)™ !

(2.6.26) / KydA, = 2wy (M)+2 / KydA, —2 / kS dry — / 9 dry
M M, S(v) oM

+ Z (2a (p) — ).
pE(S(p)nam)™ !

By the equation (1) of Lemma P57, the right-hand sides of (Z623) and (Z628) are equal,
which yields the equation (Z623).

On the other hand, the equation (E624) is obtained by the equations (E61H) and
(Z5110) and the equation (1) of Lemma P23 O

Next, we give special versions of Theorems and ZZ60.

COROLLARY 2.61 ([Has23a]). Let (M,E,(-,-), D, p,v) be a frontal bundle as in Corol-
lary ZO8.

(1) I S(¢) £ 2, () # @ and IM = 2,

1 - d
2X(Mw):—<[g(¢)nid7¢— MKwdA¢>_#p(¢)+ 3 egﬂTw(P)

T peP ()

+H#PT (V) — #P (¥),

1 s ~ degg(,) ()

2x (M) = = (/S(w) KTy — /M; KwdAw) —#P (p) +pezp(:@) Tw
+#P" (p) —#P (),

K, dA, — /S( )lﬁfpdﬂp
©

= Ay, — K3 dTy,
/MwKwd ¥ /S(w 54Ty
X (M) = x (M) +#P* (p) = #P~ (¢)
=X (Mf) = x (M) +#P* () = #P~ (¢).

In particular, if all peaks of the mappings ¢ and 1 are non-degenerate,

Mg

2x (M) = 1 < /S . mpdro = | deflw> +#PT (V) = #P (),
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7

— 1 s N _
2 (M) = - ( | owen- | KwdAw> FHPT (o)~ #P7 (p).
S(¥) M
K,dA, — / KSdT,
S(p)

:/ KwdAlb_/ Efﬁd7—¢’
M, S()

X (M) = x (M) + #P* () — #P~ ()
— (M) = x (M]) +#PF () — #P ().
(2) I S(¢) £ 2, S (W) = @ and IM # 2,

M,

1 [ - 1 [ .
2x (MS;) = o ” szﬂp — —/ Kedr, — #P ()
d
Z eg+(> + # Int( ) — # P (¢)
pEP* ()
L #(S (@) NOM)T —#(S(p)NOM)”  #ouy — #Pour;

2 2 ’

/ RYdr, = 2 / Kidr, —2 | K,dA, + / ROdr,
oM S() My oM

- Z (208 (p) — 7).

pE(S(p)nam)™ !

In particular, if all peaks of the mapping ¢ are non-degenerate,
_ 1 ~
2x(M;) = o - dTw——/ RedT,
+#Plnt ( ) #PInt

+#(S(g0)ﬂ8M)++ #(S( )maM)nuH

2 Y
/ Kydry = 2/ KodT, — 2 K,dA, + / KZdr,
oM S(p) My oM

- Y (i) -7

pE(S(p)nam)™ !

(3) If S(¢) = 2, S (¥) # @ and OM # 2,

1 ~ 1 ~g *
2Y (MJ) = % ﬁgd@, — % /6M ﬂwd7¢ — #P* (V)
d
b > SO nE () - #P ()

pEP*(¥)
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L#E@ N —#(S @ nom)”  #roy — #Fou;
2 2 ’

/ kldr, = 2/ Ky dTy — 2 Kwdzzl\ij/ Ky, dTy,
oM S() M oM

— Z (20@2 (p) — 77) )

pE(S()naM)™!

In particular, if all peaks of the mapping 1 are non-degenerate,

1

2X(M1;) T o aM~ng<p__/ dTw

+# Int (¢) #Plnt
# (S () nom)™"
(S (6) N M) + ke

/ E&dﬂp = 2/ ﬁzd7¢—2/K¢dA\¢+/ 'Eidﬂp
oM S() M oM

= Z (20@ (p) — ).

pe(S()noM)™ !

(4) If S(p) # 2, S (¥) =@ and OM = @,

2 (i) = 3 BP0 - 4P (o).

PEP(p)

K, dA, = / /-@fpd@,.
Mg S(p)

In particular, if all peaks of the mapping ¢ are non-degenerate,
(2.6.27) 2x (Mg) = #P' (o) = 4P (9),

(2.6.28) K,dA, = / KT, .
S(e)

M,

(5) If S(¢) =2, S(¢) # @ and OM = &,

s (y) = 3 SEOW by P ) - 4P ),

pEP* (1)

Kd,dAw = /Sw) /ﬁfpd’/}p.

V=
¥
In particular, if all peaks of the mapping 1 are non-degenerate,

(2.6.29) 2x (M) = #P"(¥) —#P~ (),
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(2.6.30) KydA, = / K5 dry.
My S()

(6) If S(¢) =2, S(¢) =2 and OM +# &,

1 1
— | ®dr,=— [ ®dr,.
27 OM KSO TSD 21 /{;M Hd] Tw

REMARK 2.62. If the frontal bundle £ is as in Example 03, the equation (26-27)
is a generalization of the equation in [STIYT2, Theorem 3.16], the equation (EBZR) is
a generalization of the equation in [SUYT2, Theorem 3.23], the equation (E629) is a
generalization of the equation in [BW78] and [SUYT2, Theorem 3.12] and the equation

(E6230) is a generalization of the equation in [STIY T2, Theorem 3.18|.

Next, we consider the case of bounded extrinsic curvature. We prove the following
assertion.

LEMMA 2.63 (Lemma 3.25 of [SUYT2]). Let M be an oriented smooth 2-manifold
(possibly with boundary) and N an orientable 3-dimensional Riemannian manifold. Let
f: M — N be a co-orientable wave front and v the unit normal vector field of f globally
defined on M. Suppose that there exists a neighborhood U of an As-point p € S (f) such
that log | K'$'| is bounded on U\S (f).

(1) S(HNU=5w)NU,
(2) M} = M

1284

k3dTy = €kydT,, where € := sgn (Kﬁxt‘U).

PRrROOF. Take a front bundle (M, &y, g, D, df, Vv) as in Example P53, Fix a positively
oriented orthonormal frame {e1, eo} with respect to an orientation of £; and take matrix
valued functions G := Gy and G, := Gy, as in (Z61). Since K;}Xt is non-zero bounded
on U\S (f),det G, =00on S (f)NU = {det Gy = 0} by the equation (ZBHI3), which yields
S(f) € S(v). On the other hand, KX = 1/K$* is also bounded by the equation (4) of
Lemma 257 and the assumption, which yields S (v) C S (f) by exchanging the roles of df
and Vv in the above proof. Hence the equation (1) holds.

Parameterize the set S(f) N U = S(v) NU by a smooth regular curve v (¢). Since
p € S(f)is an Ay-point, df (¥ (t)) does not vanish near p. So we retake a neighborhood U
such that df (7 (t)) does not vanish on U. Take a smooth function 6, satisfying

(2.6.31) df (7 (£)) = |df (7 ()] (cos 05 (t) ex (v (£)) + sin by (t) e2 (v (£))) -
Then the £¢-conormal vector field ny along v is

ny(t) = —sinby (t) e (v (t)) + cos by (t) ea (v (1)) .
Let w be the connection form of D with respect to {e1,ea} as in (2223). Then

(w5 (1) = b ) df (5 (1))

Dyng (t) = ldf (5 (t))]
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By the definition (EZ38) of the singular curvature,

w (3 (1)) — 0y (1)
ldf (@)

Ry (1) i= iy (1) = —sgn (s ()
where \f := A\g and 7y := ng. Then
(2:632) 5 (1) dry = K5 () df (5 (1))] dt = —sgn (n7 s () (0 (5 (1) = 05 (1)) .

Similarly, if we set

(2.6.33) Vi = |Vw|(cosb, (t) e (7 (t)) +sinb, (t)ex (v (1)),
we have
(2.6.34) kS (t) dr, = —sgn (A (1)) (w 4 (1) — 6, (t)) dt,

(
where \, := Ay, and 7, := 1v,. Since As (v (t)) = A, (7 (¢)) = 0, by the equations (Z612)
and (Z613),

(2.6.35) sgn (s (1) = sen (n Ay (1) = sen (K5, ) sen (nAs (1))

Note that the second fundamental form II vanishes along ~ because K;Xt is bounded on
U\S (f) (see [SUYNY, Theorem 3.1]). By the equations (PZZ631) and (E633),

0=11(y (), 7 () == (df (¥ (1), Vew) = — |df (7 (1)) [Vew| cos (05 () — 6, (1)) ,
which means that 6 (t) — 6, (¢) is constant. Hence
(2.6.36) 0;(t) =0, (t).
By the equations (E632), (E634), (E6-33) and (26330), we have the equation (2). O

Then the following assertion holds by the Gauss-Bonnet type theorems in Corollary
h8.

THEOREM 2.64 ([Has23al). Let M be a compact oriented smooth 2-manifold with
boundary OM and N (c) an oriented 3-dimensional Riemannian manifold of constant sec-
tional curvature c. Let f : M — N (c) be a co-oriented wave front whose singular set
S (f) admits at most peaks such that log |KJ°}Xt‘ is bounded on M\S (f) and v the unit nor-
mal vector field of f globally defined on M whose singular set S (v) admits at most peaks.
Suppose that S (f)\I (f) and S (v)\I (v) are transversal to OM and that I (f) NOM and
I (v)NOM are empty.

(1) If K¢ >0,

(2.6.37) o) S a, ()
pe(S(f)ndm )™t m pe(S(¥)naM)! 4
#(S(f) N aM)™ — # (S (v) noM)™
_ . ,

(2.6.38) # Py (f) — #P (f)
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# (S(f)NOM)" — # (S (f)noM)~ . #Porr = #hou
2 2
= #PIqut (V) — #P (v)
+#(S(V) NOM)" — # (S (v)NOM)~ n # Porn — # o0,

2 2 ’
(2) If K§* <0,
207 (p) — 20it (p) —
(2.6.39) X (M) + Z B P + Z — ar =0,
pe(S(f)nam)™! pe(S(v)nom)™!
(2.6.40) 2 (x (M) = x (M7)) + #B (f) — # P (f)
#(S(f)noM)t —#(S(f)ynom)”  #Por = #hou;
+ 2 + 2

= #P, (v) - #P, (V)
#(S () NOM)" —#(S()NOM)”  #Ppyy — #Pou;
+ + :
2 2
PRrOOF. If we construct the front bundle (M, &y, (-, -), D, df, Vv) as in Example 253,
we have the equations (E623) and (26524).
(1) By Lemmas 200 and and (6) of Corollary P, the equations (Z65Z3) and
(EZ6524) are reduced as the equations (Z637) and (ZZ6-3R).
(2) By Lemmas P57 and Z63 and (6) of Corollary Z&, the equations (E623) and
(E524) are reduced as

20f (p) —
f s ~
(2.6.41) >, - (/M KpdAj; +2 /S . K5dry + /W m§d7f>

pE(S(f)nom)™!

_ 3 2a;) (p) —
- 5 :
pe(S(v)naM)=ul
and the equation (EZ640), respectively. By the equations (E614) and (E5641), we have
the equation (Z639). O

COROLLARY 2.65 (Theorems 3.28, 3.30 of [SUIY12]). Let f : M — N (c) be a co-
oriented wave front as in Theorem PG4,

(1) If K§* >0 and OM = @,
#PT(f) —#P~ (f) =#P" (v) = #P" (v).
(2) If K§* <0 and OM = @,
X (M) =0, 2(x (M) —x(Mp)) +#P*(f) = #P~ (f) = #P, (v) — # P, (v).






CHAPTER 3

Geometry of cross caps

1. Singular points of positive semi-definite metrics

In this section, we define singular points of positive semi-definite metrics and give some
properties.

Let M be a smooth 2-manifold (possibly with boundary dM) and ds* a positive semi-
definite metric on M. A point p € M is a reqular point of ds® if the covariant 2-tensor
(dsz)p : T,M x T,M — R is positive-definite. On the other hand, p is a singular point of
ds® if (ds?), is degenerate. Note that if p € M, then the metric ds® is extended to a C*-
metric beyond OM via a compatible coordinate neighborhood of p, and the above notions
are well-defined independently of the choice of a compatible coordinate neighborhood of p.

Next, we define the Kossowski pseudo-connection. We denote by X (M) the set of
smooth vector fields on M and by C* (M) the set of R-valued smooth functions on M.
We define a smooth mapping I' : X (M) x X (M) x X (M) — C> (M) by

(3.1.1) I(X,Y.Z) = %(X Y, 2)+ Y (Z,X) — Z (X, Y)
+<[X7Y] 7Z> - <[YvZ]7X> + <[Z,X],Y>),

which is called the Kossowski pseudo-connection, where (X,Y) := do? (X,Y).
If ds? is positive definite,

I'(X,Y,Z)=(VxY,Z),
where V is the Levi-Civita connection of ds?. Also, the following two equations hold:
(3.1.2) XY, Z2)=T(X,Y,2)+T'(X,2,Y),
(3.1.3) ['(X,Y,2)-T(V,X,Z)=(X,Y],Z).

The equation (BTI2) corresponds to the condition that V is a metric connection and the
equation (BT=3) corresponds to the condition that V is torsion free.
The following assertion holds.

PROPOSITION 3.1 ([Kas04]). The mapping
M xT,M =R, (vi,v2) = I'(V1,Y,V2) (p)

is a well-defined bi-linear mapping for each point p € M and each Y € X (M), where
Ve X (M), j=1,2, satisfying v; = V; (p).

ProOOF. By direct calculation. O
67
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The subspace
N, ={veT,M| (v,w)y=0forallwe T,M}

is called the null space or the radical for each point p € M. A nonzero vector which belongs
to N, is called a null vector at p. Also, a singular point p of ds? is called of rank one if N,
is a 1-dimensional subspace of T,M. The following assertion holds.

LEMMA 3.2 ((2) of [KosO4]). The Kossowski pseudo-connection I" induces a tri-linear
mapping
T,:T,M x T,M x N, >R, (v1,v5,03) — T (i, V3, V3) (p),
where V; € X (M), j=1,2,3, satisfying v; = V; (p).
PROOF. By the equation (BI) and the fact that V3 (p) € N,
= 2fT (Vi, Vo, V3) + 2 (Vi f) (V, V3)
= 2fT (V1,V2,V3)

for each point p € M. O
Next, we define the admissibility of singular points of positive semi-definite metrics.

DEFINITION 3.3 ([Kos04], Definition 2.3 of [HHNSILYTH]). A singular point p of a
positive semi-definite metric ds? is called admissible if I', in Lemma B vanishes. The
metric ds? is called admissible or I'-flat if each singular point of ds? is admissible.

Then, the following assertion shows that the induced metric of a smooth mapping is
admissible.

PROPOSITION 3.4 (Proposition 2.4 of [HHNSUYTS)). If f : M — R? is a smooth
mapping, the induced metric ds® (:=df - df) by f on M is admissible.

PROOF. Let D be the Levi-Civita connection of the canonical metric of R3. Then the
Kossowski pseudo-connection of ds? is given by

I'(X,Y.Z) = Dxdf (Y)-df (2),
which vanishes if df, (Z,) = 0, that is, Z, € N, O
Next, we define adjusted coordinates at singular points.

DEFINITION 3.5 (Definition 2.5 of [HHNSULYTH]). Local coordinates (u,v) centered
at a singular point p € M is called adjusted if 9, (p) belongs to N,, where 9, := 9/dwv.

Note that we can take local coordinates which are adjusted at a rank one singular point
by a suitable affine transformation in the uv-plane. The following assertions hold.
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LEMMA 3.6 (Lemma 2.6 of [HHNSUYTH]). Let (u,v) and (§,7n) be two local coor-
dinates centered at a rank one singular point p, and suppose that (u,v) is adjusted at p.
Then (£,1m) is also adjusted at p if and only if

(3.1.4) uy (0,0) = 0,
PROOF. By the chain rule, 9, = u,0, + v,0,. If 9, (p) € N,, then 9, (p) € N, if and
only if u, vanishes at p. O

PROPOSITION 3.7 (Proposition 2.7 of [HHNSIULYTH|). Let (u,v) be adjusted local co-
ordinates centered at a rank one singular point p of a positive semi-definite metric ds®. If
p 1S admaissible,

(3.1.5) E,(0,0)=2F,(0,0), G,(0,0)=G,(0,0)=0,
where ds? = Edu® + 2Fdudv + Gdv?. Conversely, if there exist adjusted local coordinates
(u,v) centered at p satisfying the condition (B3), then p is admissible.
PROOF. Since [9,,d,] vanishes at p and 9, (p) € N, the equation (BI) yields that
2r (aqm aua av) = au <auy av> + au <ava au> - av <au; av> = 2Fu - Ev7
2F (alu 81)7 a’u) = 8u <8’U7 81)> + av <av7 au> - 81} <8U’ 8”> = G“’
2r (am av; av) - av <av> 8U> + av <ava 01;) - av <av> av> = Gv

at the origin. Thus fp in Lemma B3 vanishes if and only if the condition (BT3) holds at
D. O

2. Intrinsic cross caps and Bruce-West type coordinates

In this section, we define intrinsic cross caps, which are an intrinsic formulation of cross
caps (see Example [-3T), and give some properties. In particular, we give the existence
theorem of Bruce-West type coordinates, which are coordinates centered at intrinsic cross
caps, and prove the theorem.

DEFINITION 3.8 (Definition 4.1 of [HHNSUYTH]). An admissible singular point p of
a positive semi-definite metric ds? is an intrinsic cross cap if we can take adjusted local
coordinates (u,v) centered at p such that the Hessian

Hy (u,v) := det (;\\uu ;\\”U) , A:=FEG—-F*(>0)

does not vanish at the origin, where ds? = Edu?+2Fdudv+ Gdv?. The metric ds? is called
a Whitney metric if ds? admits only intrinsic cross caps as singular points.

We check that the definition of intrinsic cross caps is independent of the choice of
adjusted coordinates. By Definition B8, an intrinsic cross cap p is a non-degenerate critical
point of A, that is, p is a minimal point of A, which means that p is an isolated singular
point of ds?. Hence,

A (0,0) =X, (0,0) =0 and A(u,v) > 0on U\ {p}
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for a sufficiently small neighborhood U of p. Take two adjusted local coordinates (u,v)
and (&,7n) centered at p. Then

X=J2)\, J:=det (“5 “’7) :
Ve Up
where X := EG — F? and ds? = Ed§2 + Qfdgdn + éan, which yields that
(3.2.1) H5 (0,0) = J(0,0)° Hy (0,0) .

Thus the definition of intrinsic cross caps is independent of the choice of adjusted local
coordinates.
The following assertion shows that intrinsic cross caps are rank one singular points.

PROPOSITION 3.9 (Proposition 4.3 of [HHNSUYTH)). An intrinsic cross cap p € M
is an isolated singular point where the null space N, is a 1-dimensional linear subspace of
T,M.

PrOOF. We suppose that dim N, = 2. Then

E(0,0) = F(0,0) =G (0,0) =0,

where ds? = Edu® + 2Fdudv + Gdv?. Since ds? is positive semi-definite, £, G > 0, which
yields that p is a critical point of the functions E, G. Thus,

E, (0,0) = E, (0,0) = G, (0,0) = G, (0,0) = 0.

Then,
F, (0,00 F,(0,0)F,(0,0)
H, (0,0) = 4det ’ ! ’ =0
2(0,0) = dde (Fu (0,0)F,(0,0)  F,(0,0)? ’
which contradicts that p is an intrinsic cross cap. O

Next, we prove the following assertion to prove that intrinsic cross caps are an intrinsic
formulation of cross caps.

PROPOSITION 3.10 (Proposition 4.4 of [HHNSUYTS]). Let p € M be an intrinsic
cross cap and (u,v) local coordinates centered at p as in Definition BR. Then

E F, F,
(32.2) Hy (0,0) =4E(0,0)A(0,0), A:=det | F, G Cw ]
v 2 2

where ds* = Edu® + 2Fdudv + Gdv?.
PROOF. By the condition (B13),
F(0,0)=G(0,0) =G, (0,0) = G, (0,0) =0.
Differentiating A = EG — F? twice,
A (0,0) = E(0,0) Gy (0,0) — 2F, (0,0)°,
Ao (0,0) = E(0,0) Gyy (0,0) — 2F, (0,0) F, (0,0),
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Ao (0,0) = E(0,0) G,y (0,0) — 2F, (0,0)*,
which yields that the equation (BZZ2) holds. O

Then the following shows that intrinsic cross caps are an intrinsic formulation of cross
caps.

COROLLARY 3.11 (Corollary 4.5 of [HHNSUYTS]). If p € M is a cross cap singular
n

point of a smooth mapping f : M — R3, then p is an intrinsic cross cap of the induced
metric ds® := df - df .

PROOF. By Proposition B4, p is admissible. Take local coordinates (u,v) centered
at p satisfying f, (0,0) = 0, which means that (u,v) are local coordinates adjusted at p.
Then the three vectors f,, (0,0), fuy (0,0), fuu (0,0) are linearly independent by a criterion
of cross caps in [Whid3], which yields that

f.(0,0) E(0,0) F,(0,0) F,(0,0)
(323) | fun (0,0) | (£u(0,0), fur (0,0), fu (0,0)) = | F, (0,0) o) CowRD)
Guv (0,0 Gvv (0,0
fu (0,0) F,(0,0) el Gudl)
is regular, where E := f, - fu, F' = fu - f.,G = f, - f,. By taking the determinant of the
equation (BZZ3), the conclusion follows from Proposition BII. O

Next, we introduce one invariant for intrinsic cross caps.

PROPOSITION 3.12 (Proposition 4.6 of [HHNSUYTS]). Let p € M be an intrinsic
cross cap of a positive semi-definite metric ds* and (u,v) adjusted local coordinates centered
at p. Set

,mwM(:E@mgﬂam_B&mﬁ’
where ds* = Edu? + 2Fdudv + Gdv?. Then
E(0,0)2
A (0,0)
s a positive value and does not depend on the choice of adjusted local coordinates centered
at p, where A is defined as in Proposition B10.

(324) Qo2 =

PROOF. Since p is an intrinsic cross cap and is a minimal point of A\, we have H) (0,0) >
0 and a > 0. By Proposition B0,
4E (0,0) A (0,0) = Ay (0,0) Ay (0,0) — Ay (0,0)% > 0.
Hence we have the inequality age > 0.

Let (&,7n) be other adjusted local coordinates centered at p and set A= EG — F2. By
the equation (BT3),

E (0,0) = ue (0,0)* E(0,0)
By the equations (B14) and (B13),

X (0,0) = 0, (0,0)* Xy, (0,0) = e (0,0)% v, (0,0)* Ay (0,0)..
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Hence,

(3.2.5) (0,003, 0.0))" = (g (0.0, (0.0)° (5 (0.0) A, (0.0))"".
On the other hand, by the equation (B=Z),

(3.2.6) H; (0,0) = (ug (0,0) v, (0,0))° Hy (0,0).

By the equations (B22H) and (B=ZH),

~ ~ 3/2
(B©.0%m0.0) " (50,0 h (0,0)"

HX (07 0) Bl H)y (07 0) 7

which yields the coordinate invariance of as. O

Next, we define adapted coordinates centered at intrinsic cross caps.

DEFINITION 3.13 (Definition 4.7 of [HHNSIIYTH)). Let p be an intrinsic cross cap of
a positive semi-definite metric ds?. Local coordinates (u,v) adjusted at p is called adapted

if
(3.2.7)

E(0,0) =1, F, (0,0) =F, (0,0) =F, (0,0) = F, (0,0) =G, (0,0) =G, (0,0) =0,
where ds? = Edu® + 2Fdudv + Gdv?.

The following assertion shows that there exist adapted local coordinates centered at
intrinsic cross caps.

PROPOSITION 3.14 (Proposition 4.8 of [HHNSUYTH|). There exist adapted coordi-
nates centered at an intrinsic cross cap p. Moreover, if (u,v) and (§,n) are two adapted
coordinates centered at p,

(3.2.8) ue (0,0) = £1, 4, (0,0) = uge (0,0) = ug, (0,0) = u,y, (0,0) = 0.

Conversely, if (u,v) is adapted at p and (&,m) adjusted at p satisfies the equation (B2ZH),
then (&,m) is also adapted at p.

PROOF. Let (u,v) be local coordinates adjusted at p. If we set

1 E,(0,0) , E, (0,0) F,(0,0) ,
u\g, = - - - ) v ) =1,
(&) E(o,o)f 4E(0’0>2£ 2E(0’0)3/2€77 2E(0.0)" &mn) =mn
then (&,7) is adapted. The second assertion follows by direct calculation. O

Next, we introduce Bruce-West type coordinates, which play a useful role in the next
section.

DEFINITION 3.15 (Definition 4.9 of [HHNSILYTH]). Adapted coordinates (u,v) cen-
tered at an intrinsic cross cap of a positive semi-definite metric ds? are called Bruce- West
type coordinates of the second-order if there exist two real numbers ayg and «q; satisfying

(3.29) E(u,v) = 1+ (a)’u®+ 205 000uv + (1+ (a11)2) v2 + 0 (u,v)?,
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(3.2.10) F (u,v) = apagu® + (1 + (0411)2 + aogago) uv + agganv? + O (u, v)3 ,
(32.11) G (u,v) = (14 (a11)2) u? + 200001100 + (ag2)* v 4 O (u,v)?

where ds? = Edu?® + 2Fdudv + Gdv?, agy is given by the equation (824) and O (u,v)? is
the term whose order is greater than or equal to 3 with respect to (u,v).

In the following, we prepare to prove that there exist Bruce-West type coordinates.
First, we introduce adapted coordinates adjusted in the first-level.

DEFINITION 3.16 (Definition 4.12 of [HHNSULYTH]). Adapted coordinates (u,v) cen-
tered at an intrinsic cross cap of a positive semi-definite metric ds? is said to be adjusted
in the first-level if

(3.2.12) Gy (0,0) = 2 ()’
where ds? = Edu? + 2Fdudv + Gdv?.

By the equation (B=ZTl), West type coordinates of the second-order are adjusted in the
first-level. The following assertion shows that there exist adapted coordinates adjusted in
the first-level.

LEMMA 3.17 (Lemma 4.13 of [HHNSUYTS]). There exist adapted coordinates (u,v)
adjusted in the first-level centered at an intrinsic cross cap p. Moreover, under the assump-

tion that (u,v) and (&,m) are two adapted coordinates centered at p and (u,v) are adjusted
in the first-level, (£,m) are adjusted in the first-level if and only if

(3.2.13) vy (0,0) = £1.

PRrOOF. If (u,v) are adapted coordinates centered at p, the coordinates (£,n) given by

/G (0,0)

have the desired property. The second assertion follows by direct calculation. O

w(émn)=¢ v(€n) =

Next, we introduce adapted coordinates adjusted in the second-level.

DEFINITION 3.18 (Definition 4.15 of [HHNSUYTH]). Adapted coordinates (u,v) ad-
justed in the first-level centered at an intrinsic cross cap of a positive semi-definite metric
ds? is said to be adjusted in the second-level if

Fuu (0,0) — 2289 G, (0,0)
3.2.14 det ! ) — o,
(32.14) ¢ (Fu (0,0) — @ Gy (0,0)
where ds? = Edu® + 2Fdudv + Gdv?.

By the equations (BZ), (B=Z10) and (B=ZT), Bruce-West type coordinates of the
second-order are adjusted in the second-level. The following assertion shows that there
exist adapted coordinates adjusted in the second-level.
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LEMMA 3.19 (Lemma 4.16 of [HHNSUYTH)). There exist adapted coordinates (u,v)
adjusted in the second-level centered at an intrinsic cross cap p. Moreover, under the
assumption that (u,v) and (£,m) are two adapted coordinates centered at p and (u,v) are
adjusted in the second-level, (&,n) are adjusted in the second-level if and only if

(3.2.15) vy (0,0) = £1, v (0,0) = 0.

PrOOF. Let (u,v) and (&,7n) be two adapted coordinates adjusted in the first-level
centered at p. For the sake of simplicity, we consider the case of u¢ (0,0) = v, (0,0) =1

(see the equations (B2ZR) and (B2213)). By the condition (B=XR),
det <Eg (0,0~ E=22 G (0 o>)
= En(00)
Fey (0,0) — é ) Gy (0,0)
Flu (0,0) — 2209 G, (0,0) Guu (0,0) Gy (0,0)
= det ’ ’ 0,0) det ’ )
) (Fw(o,())—@ G (0,0)) T VDDA G N00) G (0,0))

where ds? = Ed€% + 2Fdédn + Gdn?®. Since (u,v) is adapted, E (0,0) = 1, F, (0,0) =
F, (0,0) = 0, which yields that
)

)

Guu (0,0) Gy (0,0
Guv (0,0) Gy (0,0

by the equation (B222). Thus the coordinates (£, 7n) given by
Buv(0,0)
det (FW (0,0) — =222 G, (0, 0))

F,, (0,0 Ew%o“ G (0,0
u(&mn)=¢ v(&n)=n— 0.0~ (0.0
dt(

(3.2.16) 0 # Hy (0,0) = 4A (0,0) = det (

G (00) G0y ¢
Guv (07 0) va <07 O))

have the desired property. The second assertion follows by direct calculation. O

Let (u,v) be adapted coordinates adjusted in the second-level centered at an intrinsic
cross cap. Since F (0,0) = 1 and F, (0,0) = 0 by Definition B3, we have o = G, (0,0) /2.
By the equation (BZZI3), we have a = (agy)®. Thus,

8/2 Gy (0,0
(3.2.17) A0,0) = Y2 = (ag)? = E (00

Qo2
By the equation (B=Z14),

(3.2.18) 4(aip2)? = Gy (0,0) Gy (0,0) — Gy (0,0)%.
We define a constant o so that

(3.2.19) Gy (0,0) = 204102

By the equations (B=211), (B2218) and (B=219),

(3.2.20) G (0,0) = 2 (1 + (e11)?) .
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We define a constant asg so that

E,, (0,0
(3221) Fm) (0, O) - # = Qi0(p2-

By the equations (B214), (B=X19), (B=211) and (B=Z17),

Flu (0,0) = 2229 G (0,0)
0 — det ) )
¢ (Fu (0,0)—@ Gy (0,0)
0.0) —

— det (Fuu(a ) w 204110402>
o

Q2002 2 (0602)2
 Buw(0,0)
= 2 (age)” det (F““ (0’00)520 2 111) ;

which yields that

Euv )
(3222) Fuu (0, 0) — w = (11090

because ayy is a positive number.
The following assertion shows that asy and «q; are invariants for intrinsic cross caps.

THEOREM 3.20 (Theorem 4.17 of [HHNSUYTH]). The two constants asy and |aq|
are independent of the choice of adapted coordinates adjusted in the second-level centered at
an intrinsic cross cap p € M. Moreover, if the manifold M is oriented, ayy is independent
of the choice of oriented adapted coordinates adjusted in the second-level centered at p.

PrOOF. The coordinate independence of agy and |aq| are proved by the equations
(BZ3R), (B21H), (B219) and (B=ZZZT). Let (&, n) be other adapted coordinates adjusted in
the second-level. Then

Gen (0,0) = ue (0,0) v, (0,0) Gy (0,0) .

If M is oriented, an orientation preserving coordinate change between adapted coordinates
adjusted in the second-level satisfies ug (0,0) v, (0,0) = 1, which yields that G, (0,0) is
independent of such a coordinate change, and the equation (B=ZT9) implies the desired
coordinate invariance of aq;. O

We prove the following assertion as a corollary of Proposition BT and Theorem B~20.

COROLLARY 3.21 (Corollary 4.18 of [HHNSUIYTH)). Let (u,v) be oriented adapted
coordinates adjusted in the second-level centered at an intrinsic cross cap of a positive
semi-definite metric ds* and set u (r,0) = rcosf,v (r,0) = rsin@. Then
o2 (Qrag cos? 8 — oy sin? 6
(3.2.23) lim K (r,0) = o2 (020 = >2

r—=0+0 (cos? 6 + (a1 cosf + gz sin b))

where K is the Gaussian curvature of ds*> and K (r,0) :== K (u (r,0) ,v (r,0)).

29
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PROOF. By the equations (B228), (B22=22), (B=220), (B2220), (B2219) and (B=XTH), we
can write

E(u,v) = 1+ egu®+ 2epuv + epev® + O (u, ’U)S ,

1
F(u,v) = 5 (o1 a0 + €11) u® + (€02 + qpatra0) uv + fo2v® + 0O (u, U)3 )
G(u,v) = (14 (an)®) u? + 2a0anuv + ()’ v? + O (u,v)?,

where ey, €11, ego and fye are constants. Substituting them into the Gauss equation

E (E,G, — 2F,G, + (G,)?) N F(E,G, - E,G, — 2E,F, — 2F,G, + 4F,F,)

4(EG — F2)? 4(EG — F2)?
G (E,Gy —2E,F, + (E,)*)  Ey —2Fu + Gu
4(EG — F?2)’ - 2(BG-F?)
we see that the limit does not depend on the constants esg, €11, €g2 and fyo and get the
equation (BZZ23) (cf. [LIY17, Theorem 11.2]). O

REMARK 3.22 (Remark 4.21 of [HHNSUIY15H]). Let (U;u,v) be an oriented adapted
coordinate chart adjusted in the second-level centered at an intrinsic cross cap of a positive
semi-definite metric ds? and set

dA = VEG — F?du N dv,

where ds? = Edu® + 2Fdudv + Gdv?. Then KdA gives a smooth 2-form with respect to
the polar coordinates (r, #) by the equation (B2223), where u (r,6) := rcosf and v (r,0) :=
rsin @, which yields that the integral fU KdA is well-defined.

At the end of this section, we prove the existence of Bruce-West type coordinates.

THEOREM 3.23 (Theorem 4.11 of [HHNSUYTH|). There exist Bruce-West type coor-
dinates of the second-order centered at an intrinsic cross cap.

PROOF. Let (u,v) be adapted coordinates adjusted in the second-level centered at an
intrinsic cross cap p. We define local coordinates (£,7) centered at p by

2 (0420)2 — By (O, O) 2001000 — By (07 0)

u(émn) = &+ 5 &+ 1 &%
+2 12 <O‘11)24_ By, (0, 0)5772 4 2090011 —6Fvv (0, 0)773’
v(&n) = n

Then
E&& (0,0) =2 (0420)27 Egn (0,0) = 2a1r90,
By (0,0) =2 (14 (11)?),  Epy (0,0) = 2ap901;.
Then, ﬁgg and ]*N}n are determined by the equations (BZZ22) and (B=2ZT). O
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3. A Gauss-Bonnet type theorem for Whitney metrics

In this section, we prove a Gauss-Bonnet type theorem for Whitney metrics, which are
positive semi-definite metrics that admit only intrinsic cross caps as singular points.

First, we prove the boundedness of the geodesic curvature measure of a smooth regular
curve passing through an intrinsic cross cap.

THEOREM 3.24 (Theorem 1.2 of [Has24]). Let M be a smooth 2-manifold (possibly
with boundary) and ds* a positive semi-definite metric on M. Let v : [0,e) — M a
smooth reqular curve starting from an intrinsic cross cap, where € > 0 is a number such
that v ((0,€)) consists of reqular points of ds*. Then the geodesic curvature measure k,dT
defined on (0,¢€) is continuously extended on [0, €), where dT is the arc-length measure with
respect to ds?, that is, dr = |y (t)|dt, where |7 (t)] = /(¥ (), (t)). In particular, the
integral f7 KgdT s well-defined.

PRrROOF. Take Bruce-West type coordinates of the second order (u,v) centered at an
intrinsic cross cap p = 7 (0) and write v (¢) = (u (t),v (t)).

First, we express the geodesic curvature x, of v (t), t € (0,¢), using the coefficients
of ds?> = Edu? + 2Fdudv + Gdv?. The tangential vector field 4 along v, the unit normal
vector field n along ~ such that {% (t) /|7 (t)|,n ()} is a positively oriented orthonormal
basis for T’ )M, and the covariant derivative V5% along v can be written by

N ]
63030 = wog] oz
332 n@) = (@) F+0(t)G) 9
VEG—F\Ju(t) E+2a(t)o (1) F+ o (1) G P"ho
Wt E+ () F 9
¥ 20
OVl

VEG — FQ\/u OE+2u@t)o@t)F+o(t)° G
w(t)? (GE, — 2FF, + FE,)

(33.3)  Vii () = {u(t)+

2(EG — F?)

w(t) 0 (t) (GE, — FG,)
EG — F?

v (t)* (2GF, — GG, — FG,) | 0
2(EG — F?) ol

i} w(t)? (2EF, — EE, — FE,)
+{v(t)+ 2 (EG = F?)
W (t) 0 (t) (EG, — FE,)
EG — F?
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0 (t)* (BG, —2FF, + FG.,) | 0
2(EG — F?) vl

respectively, where £ = E (v (t)),F = F(v(t)),G = G(y(t)),E, = E,(v(t)),E, =
E,(y(),Fu=F,(v(),F, = F, (v (1) ,Gu = Gu (7 (1), Gy = G, (7 (1)), and V is the
Levi-Civita connection on the set of regular points of ds®>. Note that we used the expressions
of Christoffel’s symbols

GFE,—-2FF,+ FFE,

2FF, — FE,— FE,
F%l - ) F%l =

2(EG — F?) 2(EG—F?)
GE, — FG EG, - FE
L, =l =_2=v -~ p2 2 "% -
12 21 2(EG_F2)7 12 21 Q(EG—Fz)’
o _ 2GR —GG,—FG, ., _BG,—2FF, +FG,
2 2(EG—-F?) ' 2 2(EG-F?)
to obtain the expression (BZ33) (cf. Y17, (10 6)]). By the equations (B23l), (B234) and
(B233), the geodesic curvature k, (t) of v (t), t € (0,¢), is given by

(3.3.4) ko () = (Vi (t),n (1))

[ ()
_ _@®e)—o@)u ())x/EG—F2
(i (1) B+20(t) 0 () F+ 0 (1) G)"

£) @EF EE,— FE,)

-

+ 3/2

i (

2VEG — F? (i (t) t2E+2u()v(t)F+v(t)2G)
) (1) (2GF, — GG, — FG,)

2VEG —F2 (u(t)’ E+2u(t)o (t) F + (1) G)
)
2

3/2

1

w(t)o(t)(2EG, —3FE, — GE, + 2FF),)
20EG = F2 (a(t)> E+2i(t) 0 (t) F + o (t)*G)"”
(

+

a(t) o (1) (2GE, — 3FG, — EG, + 2FF,)
0EG — F2 (i (t)* E +2u ()0 () F +0 (1) G)**

Now, we prove that the geodesic curvature measure is continuously extended to an
intrinsic cross cap by using the equation (B=34).

First, consider the case where the curve « is transversal to the null space at p, that is,
the v-axis. Then we can parameterize v as

(3.3.5) v(t) = (t,v(t)), v(0)=0.
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Computing F, F, G and their partial derivatives with respect to the equation (BZ33) and
substituting these expressions into the equation (B=34), we obtain

(11 + a0 (0)) (o + 0 (0) (2011 + 20 (0))) + 29 (0)
\/(Oén + 06021.} (0))2 + 1

for t > 0. Thus k, is a continuous function on [0,¢). In particular, k,dr is a continuous
1-form on [0, e) because

Ky () =

+ O (t)

dr =i (1) B+ 20 (1) 6 (1) F + 0 (1) Gdt = (140 (1)) d.

Next, consider the case where 7 is tangential to the null space at p. Then we can
parameterize 7y as

(3.3.6) v(t) = (u(t),t), u(0)=1u(0)=0.

Computing F, F, G and their partial derivatives with respect to the equation (BZ3@) and

substituting these expressions into the equation (B234), we obtain

30[11’d (0)2 — O./OQU(B) (0) . Oé()QU(4) (0)

2t ((a0)? +ii (0”7 3 ((aw2)® + i (0)?)
9 (&02)2 u(3) (0)2
+agaar1u® (0) (43 (age)? — 11i (0)%)

U (0) —6 (a02)4
+3 + (—27 ((111)2 + 40&020620 — 3) (a02)2 U (0)2
+ (dagpag + 3) i (0)*

1200z ((age)? + i (0)%)

(3.3.7) Ky (t) = 573

+

5/2

+O (1)

for t > 0. Since dr = (t\/(a02)2 +ii (0)* + O(t)2> dt, the geodesic curvature measure

KgdT is given by

. 30[11& (O)2 — QOQU(S) (0)
Ky (t)dr = ( 5 ((%2)2 i (0)2) +0 (t)) dt

for t > 0. Recall that ags is a positive number because (u,v) are Bruce-West type coordi-
nates of the second order. Hence k,dr is a continuous 1-form on [0, ¢). O

By the equation (B=3), the following assertion holds.

COROLLARY 3.25 (Corollary 2.3 of [Has24]). If a smooth regular curve 7 : [0,e) —
M starting from an intrinsic cross cap p € M s tangential to the null space at p, the
geodesic curvature of v defined on (0,¢) is continuously extended on [0,¢) if and only if v
18 parameterized by

(3.3.8) v =(u(t),t), uw(0)=u(0)=0, 3ayi(0)®—amu® (0)=0
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with respect to Bruce-West type coordinates of the second order (u,v) centered at p.

REMARK 3.26. The formula for the geodesic curvature measure with respect to polar
coordinates centered at an intrinsic cross cap for setting 7 (t) = (¢, 0) in the equation (B=33)
is derived in the proof of [HHNSUYTH, Theorem 5.1].

Here, we give concrete examples to illustrate Theorem and Corollary B=23.

EXAMPLE 3.27 (Example 3.1 of [Has24]). Let CR : (R? 0) — (R30) be a cross cap
defined in Example [C31. Then the local coordinates of the domain of CR are Bruce-West
type coordinates of the second order and the null space at the origin is the v-axis. Consider
the following curves v;, ¢ = 1,2, 3,4, in the domain of CR:

w0 =0 w0=(5.0) wo=(50). wo-(5)

The curve 7, is transversal to the v-axis and ~;, ¢ = 2,3,4, are tangential to the v-axis.
The images of these curves 7; = CR o ~; are expressed as

5 o 2, Bt tho
M (t) = (¢, 15t Yo (t)=(—=,—=,t Y (t)=—=,—=,t Yt)y==—,=—,t
(0= (28, 20 = (5. 5.2) 30 = (5. 52) 0= (55502).
respectively (see Figure Bl). The geodesic curvatures K,g of 7; are calculated as

() = 0 SN
VETT5(812+ 1) VB ’
—sgn (t) 84 21
nalt) = (9t2 + 20)*2 V1712 + 16 TV
72 (t* — 96t% — 36)
tVEEF 14402 1 144 (16t 4 9t2 + 144)*? -
sen (t) 96 (5t5 — 8640t — 4608)
V5 + 230412 + 2304 (25t + 16t* + 2304)%/ AN
respectively. Note that /{3 (t) diverges to —oo as t — 0. In fact, 73 does not satisfy the
condition (BZXR). Also, the geodesic curvature measures /i;dn of 7; are computed as

6dt 6dt

(t—040),

k() dn = - — (t—0),
o (1) dn VI +5682+1) V5 (t=0)
—sgn () 42tdt
K2 (1) dry — sen S 0dt (t—0),
o (1) 47 (9¢2 + 20) VITE2 + 16 (t=0)
12 (t* — 9612 — 36) dt dt
1) dry = (¢ - %6t ~ 36) LB ),
Vit + 14412 + 144 (1684 + 92 + 144) 4
t) 4t (5t5 — 8640t? — 4 dt
KA (1) dry = —SEn )41 (5T — 8640 — 4608) L0dt (t—0),

V6 + 230412 + 2304 (25t6 + 16¢* + 2304)

respectively. Hence the 1-forms m;dn are continuous at the origin.
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FIGURE 3.1. From left to right, the red lines represent 7;, i = 1,2, 3, 4, respectively.

REMARK 3.28. Consider a sufficiently small perturbation I'y : [0,&) x (=d,0) — M of
the curve v, : [0,e) — M in Example B=Z2 given by

[y (t,s) =(t,t+s).
Since the geodesic curvature measure ry,d7 of I'y is calculated as
(6t —4s(s+t—1)(s+t+1))dt

kg (t,s)dr =
(557 + 125t + 862+ 1) /4 (s + 1) + 4 (s + 1) + 2

for t > 0, we have

lim (lim Ky (t,5) dT) = lim ( g

t—040 \s—0 t—04-0

On the other hand, if s > 0,
2(s? —1)dt
lim lim kydr ) = lim ([ — (s ) = —2dt.
5—0+0 \ t—0+0 5—0+0 VsZ+1(5s2+1)
Also, if s <0,

6dt ) _ 6dt
5(82+1)) V5

2(s>—1)dt
lim | lim kyd7 | = lim (s ) = 2dt.
s—=0—0 \ t—040 s=0-0 \ \/s2 +1 (582 + 1)
Hence the geodesic curvature measure defined on (0,¢) x (—0,d) is not necessarily contin-
uously extended to [0,¢) x (—6,0) if we perturb a curve through an intrinsic cross cap.

Finally, we prove a Gauss-Bonnet type theorem for Whitney metrics.

THEOREM 3.29 (Theorem 5.1 of [HHNSIIYTS] if )M = &, Corollary 1.3 of [Has24)|
if OM # @). Let M be a compact oriented smooth 2-manifold with boundary OM and ds?
a Whitney metric on M. Suppose that OM is transversal to the null space at each singular
point of ds®> on OM if the set of singular points of ds* on OM is non-empty. Then

(3.3.9) / KdA + / ey = 27 (M)
M oM

PRrROOF. First, consider the case where the set of singular points of the Whitney metric
ds? on the boundary OM is empty. Triangulating M so that each singular point of ds? is
in the interior of triangles, a local Gauss-Bonnet type formula

(3.3.10) / KdA + / KedT = LA+ /B+ZC—7
AABC OAABC
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holds for each triangle AABC by Corollary BZZ1. By taking the sum of the equations
(B231M) for each triangle, we obtain the equation (B=39).

Next, consider the case where the set of singular points on dM is non-empty. Take a
positively oriented Bruce-West type coordinate chart of the second order (U;u,v) centered
at a singular point p on OM. Let D (r) be a closed disc contained in U with center p and
radius 7 > 0, and {Py, P2} the intersection of the boundary 9D (r) with OM. Triangulating
D (r) so that p is a vertex and edges starting from p are transversal to the null space at p,
the local Gauss-Bonnet type formula (BZ310) holds for each triangle AABC by Corollary
B0 and Theorem BZ24. Note that even if the vertices A, B and C are singular points, the
angles ZA, /B and ZC on the right-hand side of the equation (BZ310) are well-defined
because there exists an initial vector of edges starting from A, B and C, respectively by
the assumption. By taking the sum of the equations (BZ31M) for each triangle, we obtain

/ KdA—I—/ I{ngZQW—Z(W—ZPi).
D(r) oD(r)

i=1,2
This completes the proof of Theorem B=24. O

REMARK 3.30. If the boundary OM is empty,
(3.3.11) / KdA =2mx (M) .
M

If the Whitney metric ds? is the induced metric of a cross cap (see Corollary B23), the
equation (BZ3T) is the same as the equation [Kui7H, (7a)].
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