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A stability result for elliptic equations with singular
nonlinearity and its applications to homogenization

problems

Takanobu Hara1,∗

Graduate School of Information Science and Technology, Kita 14, Nishi 9, Kita-ku,
Sapporo, Hokkaido, 060-0814, Japan

Abstract

We consider model semilinear elliptic equations of the type{
−div(A(x)∇u) = σu−λ, u > 0 in Ω,

u ∈ H1
0 (Ω),

where Ω is a bounded domain in RN , N ≥ 1, A ∈ L∞(Ω)N×N is a coercive
matrix, 0 < λ ≤ 1 and σ is a nonnegative function in L1

loc(Ω), or more generally,
nonnegative Radon measure on Ω. We discuss H1

0 (Ω)-stability of u under a
minimal assumption on σ and apply the result to homogenization problems.

Keywords: Singular elliptic problem, Trace inequality, Potential theory,
Homogenization
2020 MSC: 35J61, 35J25, 35B27.

1. Introduction and main results

Let Ω be a bounded domain in RN (N ≥ 1). We consider model elliptic
differential equations of the type{

− div(A(x)∇u) =
σ

uλ
, u > 0 in Ω,

u ∈ H1
0 (Ω),

(1.1)

where H1
0 (Ω) is the closure of C∞

c (Ω) with respect to the norm ∥∇ · ∥L2(Ω), A is
a coercive matrix-valued function in M(α, β,Ω) (see Sect. 4 for details), σ is a
nonnegative function in L1

loc(Ω), or more generally, nonnegative (locally finite)
Radon measure on Ω, and λ is a fixed positive constant. Results in this paper
are for the case 0 < λ ≤ 1.
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Elliptic boundary value problems of the type (1.1) are said to be singular
from the difficulty to control near u = 0. After various studies aimed at applica-
tions to real problems (e.g., [21, 42, 8, 46]), Crandall, Rabinowitz and Tartar [12]
established a general existence result of classical solutions. Although research
intended to applications is still ongoing (e.g., [19, 18]), theoretical studies have
been more active recently. In addition to the references given below, we refer
to [48, 15, 13, 11, 38, 30, 22] for references on related problems. Tradition-
ally, σ was assumed to be a continuous function in most studies. However,
Boccardo and Orsina [7] studied Lp-integrable data and the corresponding gen-
eralized solutions. After their work, singular elliptic problems with measure
valued coefficients have been studied extensively (e.g., [32, 43, 24]). Boccardo
and Casado-Dı́az [6] applied the results to H-convergence of elliptic operators.
Extension to other types homogenization problems and further developments
can be found in [23, 9, 17].

Let us observe known existence results of H1
0 (Ω)-solutions. For simplicity,

we assume that A(x) = I. There are three type results. (i) Lazer and McKenna
[35] proved that if σ is a positive Hölder continuous function on Ω and ∂Ω is suf-
ficiently smooth, then there exists a weak solution to (1.1) if and only if λ < 3.
Zhang and Cheng [53] extended the result to locally Hölder continuous σ sat-
isfying σ(x) ≈ dist(x, ∂Ω)−s. More generally, Dı́az, Hernández and Rakotoson
[16] considered

σ(x) = f(x) dist(x, ∂Ω)−s, 0 < c ≤ f(x) ∈ L∞(Ω). (1.2)

They proved that Eq. (1.1) has an H1
0 (Ω)-solution if and only if

s < (3 − λ)/2. (1.3)

Note that σ in (1.2) is not integrable on Ω if s ≥ 1. (ii) Lair and Shaker [33]
proved that if λ < 1 and 0 ≤ σ ∈ L2(Ω), then there exists an H1

0 (Ω)-solution to
(1.1). Boccardo and Orsina [7] gave a more general result; if λ ≤ 1 and

0 ≤ σ ∈ Lm(Ω), m ≥
(

2∗

1 − λ

)′

, (1.4)

then there exists an H1
0 (Ω)-solution to (1.1), where p′ is the Hölder conjugate

of p and 2∗ is the Sobolev conjugate of 2 (see, (3.3)). Further information can
be found in [43]. (iii) Sun and Zhang [47] gave the following criterion for λ > 1:
If 0 < σ ∈ L1(Ω), then there exists an H1

0 (Ω)-solution to (1.1) if and only if
there exists u0 ∈ H1

0 (Ω) such that
ˆ
Ω

|u0|1−λσ(x) dx < ∞.

They also proved that there is no such a function if σ ≡ 1 and λ ≥ 3 using the
result by Lazer and McKenna.

When 0 < λ ≤ 1, the above existence results unify into one by an abstract
framework in [28] (see, Theorem 4.6 below). For 0 < λ < 1 and A(x) = I, we
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consider the functional

J(u) =
1

2

ˆ
Ω

|∇u|2 dx− 1

1 − λ

ˆ
Ω

u1−λ
+ dσ.

Since J is convex on {u ∈ H1
0 (Ω): u ≥ 0 a.e. in Ω}, if it is bounded from

below, we can get a unique minimizer u by using the direct method. The
Euler-Lagrange equation of J can not be derived directly because it is not
differentiable, but we can show that u is a weak solution to (1.1) by making
appropriate approximations (see, e.g., [15, 33, 7] for the precise meaning). The
remaining problem, the boundedness of J , is equivalent to the validity of the
L2(dx)-L1−λ(dσ) trace inequality

∥ϕ∥L1−λ(Ω;σ) ≤ C∥∇ϕ∥L2(Ω), ∀ϕ ∈ C∞
c (Ω). (1.5)

As discussed later, (1.2)-(1.3) or (1.4) are sufficient for (1.5) and not necessary
(see Sect. 3). For characterization of (1.5) and related results, we refer to ([39,
Theorem 11.6.1] and [50, 51, 44, 27]. Similar arguments hold even if A(x) is
non-symmetric or λ = 1. In particular, the set Eλ of all measures σ such that
(1.1) has an H1

0 -solution has an explicit representation.
In this paper, we define a distance between measures in Eλ and discuss the

stability of u with respect to it (Definition 3.1 and Theorem 4.7). Additionally,
we apply the result to homogenization problems (Theorem 5.3). In conclusion,
we will observe that weak solutions to (1.1) are stable for perturbations of A
and σ. These results can be regarded as refinements of [6, Theorems 2.7 and
3.4]. The novelty of our results is that the class of σ has been extended to
be necessary and sufficient for the existence of H1

0 -solutions. To prove these
results, we show that any measure in Eλ is approximated by smooth measures
(Proposition 3.4) and that if σ ∈ Eλ, then any weakly convergence sequence
in H1

0 (Ω) has a subsequence that converges σ-a.e. (Corollary 2.4). These are
well-known facts for Lp functions, but nontrivial for measures.

Throughout the paper, we basically do not assume the smoothness of ∂Ω.
Such assumptions are added when observing specific examples of σ belonging to
Eλ. For example, bounded Lipschitz domains satisfy the conditions in Example
3.7.

Organization of the paper

In Sect. 2, we present auxiliary results from potential theory. In Sect. 3, we
investigate some properties of σ satisfying (1.5). In Sect. 4, we prove a stability
result for weak solutions to the singular elliptic problems. In Sect. 5, we apply
the results in Sections 3 and 4 to homogenization problems.

Notation

Throughout the paper, Ω is a domain (connected open subset) in RN .

• 1E(x) := the indicator function of a set E.
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• C∞
c (Ω) := the set of all infinitely-differentiable functions with compact

support in Ω.

• M+(Ω) := the set of all nonnegative Radon measures on Ω.

• Lp(Ω;µ) := the Lp space with respect to µ ∈ M+(Ω).

• f+ := max{f, 0} and f− := max{−f, 0}.

For simplicity, we write Lp(Ω; dx) as Lp(Ω), where dx is the Lebesgue measure.
For measures µ and ν, we denote ν ≤ µ if µ − ν is a nonnegative measure.
For a sequence of extended real valued functions {fj}∞j=1, we denote fj ↑ f
if fj+1 ≥ fj for all j ≥ 1 and limj→∞ fj = f . The letter C denotes various
constants with and without indices.

2. Potential theory

We first recall some properties of Sobolev spaces from [34, 39, 29]. The
Sobolev space H1(Ω) is the set of all weakly differentiable functions u such that
∥u∥H1(Ω) is finite, where

∥u∥H1(Ω) :=

(ˆ
Ω

|u|2 + |∇u|2 dx
) 1

2

.

Below, we assume the boundedness of Ω. We denote by H1
0 (Ω) the closure of

C∞
c (Ω) in H1(Ω). By the Poincaré inequality, we can take ∥∇ · ∥L2(Ω) as the

norm of H1
0 (Ω). For simplicity, we denote by (·, ·) the inner product of H1

0 (Ω).
Also, we denote by ⟨·, ·⟩ the duality pairing between H−1(Ω) and H1

0 (Ω).
Let O ⊂ RN be open, and let K ⊂ O be compact. We define the (variational)

capacity cap(K,O) of the condenser (K,O) by

cap(K,O) := inf
{
∥∇u∥2L2(O) : u ≥ 1 on K, u ∈ C∞

c (O)
}
.

For E ⊂ O, we define

cap(E,O) := inf
E⊂U⊂O
U :open

sup
K⊂U

K:compact

cap(K,O).

For E ⊂ RN , the Sobolev capacity of E is defined by

C(E) = inf

ˆ
Rn

(|u|2 + |∇u|2) dx,

where the infimum is taken over all u ∈ H1(RN ) such that u = 1 in a neighbor-
hood of E. If Ω is bounded and E ⊂ Ω, C(E) = 0 if and only if cap(E,Ω) = 0.
We say that a property holds quasieverywhere (q.e.) if it holds except on a set
of capacity zero. An extended real valued function u on Ω is called as quasicon-
tinuous if for every ε > 0 there exists an open set E such that C(E) < ε and
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u|Ω\E is continuous. Every u ∈ H1
loc(Ω) has a quasicontinuous representative ũ

such that ũ = u a.e. Below, we denote ũ by u again for simplicity of notation.
We denote by M+

0 (Ω) the set of all Radon measures σ that are absolutely
continuous with respect to the capacity, that is, for any Borel set E,

cap(E,Ω) = 0 =⇒ σ(E) = 0.

For simplicity, we use the following notations:

H−1(Ω)+ := H−1(Ω) ∩M+(Ω),

M+
0,b(Ω) := {σ ∈ M+

0 (Ω): σ(Ω) < ∞}.

Next, we introduce a class of smooth measures with compact support.

Definition 2.1. We define a class of smooth measures Sc(Ω) by

Sc(Ω) :=

{
σ ∈ M+(Ω): sup

Ω
GΩσ < ∞ and suppσ ⋐ Ω

}
,

where GΩσ(x) :=
´
Ω
GΩ(x, y) dσ(y) and GΩ(·, ·) is the Green function for the

Dirichlet Laplace operator.

The definition of Sc(Ω) is inspired by the theory of Dirichlet forms (see, e.g.,
[20]), but for the sake of later discussion, we assume the compactness of supp σ
unlike usual. Note that the Green function GΩ exists since Ω is bounded. If
σ ∈ Sc(Ω), then the energy of σ,

´
Ω
GΩσ dσ is finite. Therefore,

Sc(Ω) ⊂ H−1(Ω)+ ⊂ M+
0 (Ω).

The following decomposition theorem holds. See, [20, Theorem 2.2.4] or [27,
Theorem 3.6].

Theorem 2.2. Let σ ∈ M+(Ω). Then, σ ∈ M+
0 (Ω) if and only if there exists

an increasing sequence of compact sets {Fk}∞k=1 such that σk := 1Fk
σ ∈ Sc(Ω)

for all k ≥ 1 and σ (Ω \
⋃∞

k=1 Fk) = 0.

Lemma 2.3. Assume that σ ∈ Sc(Ω). Then, the embedding

H1
0 (Ω) ↪→ L2(Ω;σ)

is continuous, and the embedding

H1
0 (Ω) ↪→ L1(Ω;σ) (2.1)

is compact.

Proof. By the Picone inequality (see [3]), we have

ˆ
Ω

ϕ2 dσ

GΩσ
≤
ˆ
Ω

|∇ϕ|2 dx, ∀ϕ ∈ H1
0 (Ω). (2.2)
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Thus, for M := ∥GΩσ∥L∞(Ω), we have

ˆ
Ω

ϕ2 dσ ≤ M

ˆ
Ω

ϕ2 dσ

GΩσ
≤ M

ˆ
Ω

|∇ϕ|2 dx, ∀ϕ ∈ H1
0 (Ω).

Since σ(Ω) is finite, (2.1) is also valid. The compactness of (2.1) follows from a
general result for trace inequalities. Since σ has compact support, we can take
η ∈ C∞

c (Ω) such that η ≡ 1 on suppσ. Therefore,

∥u∥L1(Ω;σ) = ∥ηu∥L1(Ω;σ)

≤ (σ(Ω)M)
1
2 ∥∇(ηu)∥L2(Ω)

≤ C∥u∥H1(RN ), ∀u ∈ H1(RN ).

Then, [39, Theorem 11.9.2] yields the desired compactness.

Corollary 2.4. Let σ ∈ M+
0 (Ω). Let {uj} ⊂ H1

0 (Ω), and let u ∈ H1
0 (Ω).

Assume that uj ⇀ u weakly in H1
0 (Ω). Then, there exists a subsequence of {uj}

such that uj → u σ-a.e. in Ω.

Proof. Let {Fk} be a sequence of compact sets in Theorem 2.2. By the compact
embedding result in Lemma 2.3, we can choose a subsequence of {uj} such that
uj(x) → u(x) for σ-a.e. x ∈ F1. By a diagonalization argument, we can choose
a subsequence of {uj} such that uj(x) → u(x) for σ-a.e. x ∈

⋃∞
k=1 Fk. This

subsequence has the desired property.

3. Energy of measures

Continuing to recall potential theory, we define a distance of measures.

Definition 3.1. Let 0 ≤ λ ≤ 1. We define a subset Eλ(Ω) of M+
0 (Ω) by

Eλ(Ω) :=
{
σ ∈ M+

0 (Ω): |||σ|||λ < ∞
}
,

where

|||σ|||λ := sup

{ˆ
Ω

|ϕ|1−λ dσ : ϕ ∈ C∞
c (Ω), ∥∇ϕ∥L2(Ω) ≤ 1

}
for 0 ≤ λ < 1, and

|||σ|||1 := σ(Ω).

For σ, ν ∈ Eλ(Ω) we define

dλ(σ, ν) := ||| |σ − ν| |||λ,

where |σ − ν| is the total variation of σ − ν.
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Remark 3.2. By definition, E0(Ω) = H−1(Ω)+ and E1(Ω) = M+
0,b(Ω). Also,

by Hölder’s inequality,

|||σ|||λ ≤ σ(Ω)λ∥σ∥1−λ
H−1(Ω). (3.1)

In particular,
Sc(Ω) ⊂ Eλ(Ω) ⊂ M+

0 (Ω).

By definition and the inequality |σ − ν| ≤ σ + ν,

dλ(σ, ν) ≤ |||σ + ν|||λ ≤ |||σ|||λ + |||ν|||λ < ∞, ∀σ, ν ∈ Eλ.

Similarly, since |σ − ν| ≤ |σ − µ| + |µ− ν|, we have

dλ(σ, ν) ≤ dλ(σ, µ) + dλ(µ, ν), ∀σ, ν, µ ∈ Eλ.

Meanwhile, if dλ(σ, µ) = 0, then |σ − ν|(K) = 0 for any compact set K ⊂ Ω,
and thus, we have σ = ν.

Remark 3.3. By [27, Theorem 1.3], the following two-sided estimate holds:

|||σ|||λ ≤
(ˆ

Ω

(GΩσ)
1−λ
1+λ dσ

) 1+λ
2

≤ 1

(1 − λ2)
1−λ
2

|||σ|||λ. (3.2)

This inequality is valid even if λ = 1 in the sense that limλ→1−(1−λ2)
λ−1
2 = 1.

Proposition 3.4. Let σ ∈ Eλ(Ω). (i) If {fk} ⊂ L∞(Ω;σ) is a bounded sequence
of nonnegative functions, and if fk → f σ-a.e. in Ω, then, dλ(fσ, fkσ) → 0.
(ii) There exists a sequence {σk} ⊂ Sc(Ω) such that σk ↑ σ and dλ(σ, σk) → 0.

Proof. Set gk = |f − fk|. By assumption, there is a constant M independent of
k such that gk(x) ≤ M for σ-a.e. x ∈ Ω. Therefore,

0 ≤ GΩ[gkσ](x) ≤ MGΩσ(x), ∀x ∈ Ω.

By the dominated convergence theorem,
ˆ
Ω

GΩ[gkσ]
1−λ
1+λ gk dσ → 0.

It follows from (3.2) that ||| gkσ |||λ → 0. The latter claim follows from Theorem
2.2.

Let us observe examples of functions in Eλ(Ω). For one-dimensional cases,
we refer to the paper by Sinnamon and Stepanov [45].

Example 3.5. Suppose that Ω ⊂ RN is bounded. Set

2∗ :=


2N
N−2 N ≥ 3,

any finite constant N = 2,

+∞ N = 1.

(3.3)
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Let 0 ≤ f ∈ Lm(Ω), where m is a constant satisfying (1.4). By Sobolev’s
inequality and Hölder’s inequality,

ˆ
Ω

|ϕ|1−λf dx ≤ C∥f∥Lm(Ω)∥ϕ∥1−λ
L2∗ (Ω)

≤ C ′∥f∥Lm(Ω)∥∇ϕ∥1−λ
L2(Ω), ∀ϕ ∈ H1

0 (Ω).

Therefore, |||f |||λ ≤ C∥f∥Lm(Ω). In particular, if fk → f strongly in Lm(Ω),
then dλ(f, fk) → 0.

Example 3.6. Assume that the following Hardy inequality holds:

ˆ
Ω

ϕ2

δ2
dx ≤ C

ˆ
Ω

|∇ϕ|2 dx, ∀ϕ ∈ C∞
c (Ω), (3.4)

where δ(x) := dist(x, ∂Ω). Then, for any 0 ≤ λ ≤ 1,

ˆ
Ω

|ϕ|1−λf dx ≤ ∥fδ1−λ∥
L

2
1+λ (Ω)

∥∥|ϕ|1−λδλ−1
∥∥
L

2
1−λ (Ω)

= ∥f∥
L

2
1+λ (Ω;wλ)

∥∥∥ϕ
δ

∥∥∥1−λ

L2(Ω)

≤ C1−λ∥f∥
L

2
1+λ (Ω;wλ)

∥∇ϕ∥1−λ
L2(Ω), ∀ϕ ∈ H1

0 (Ω),

where wλ := δ
2(1−λ)
1+λ . Thus, if fk → f strongly in L

2
1+λ (Ω;wλ), then dλ(f, fk) →

0. We note that there is no inclusion between L
2

1+λ (Ω;wλ) and L1(Ω) if λ < 1
(see, Example 3.7 below).

Ancona [4] proved (3.4) under the following capacity density condition.

∃c > 0 s.t. ∀x ∈ ∂Ω, ∀r > 0,
cap(B(x, r) \ Ω, B(x, 2r))

cap(B(x, r), B(x, 2r))
≥ c. (3.5)

We refer to [36, 52] and [31, Chapter 6] for other proofs and further references.

Example 3.7. Assume (3.4) and that there exists θ ∈ (0, 1) such that

ˆ
Ω

δ−θ dx < ∞. (3.6)

Then, δ−s ∈ L
2

1+λ (Ω;wλ) (and thus δ−s ∈ Eλ(Ω)) if 0 ≤ λ ≤ 1 and

λ ≤ 2 − 2s + θ

2 − θ
.

Two sufficient conditions for (3.6) can be found in [26]. (i) If Ω is a bounded
Lipschitz domain, then (3.6) holds if and only if θ < 1. Therefore, δ−s ∈ Eλ(Ω)
if (1.3) holds. In particular, δ−1 is not integrable, but δ−1 ∈ Eλ(Ω) for any
0 ≤ λ < 1. (ii) The other condition is more complicated. A bounded domain Ω
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is called John domain if there are x0 ∈ Ω and CJ ≥ 1 such that each x ∈ Ω can
be connected to x0 by a rectifiable curve γ ⊂ Ω with

l(γ(x, z)) ≤ CJ δ(z) ∀z ∈ γ,

where γ(x, z) is the subarc of γ from x to z and l(γ(x, z)) is the length of γ(x, z).
Trocenko [49] proved that if Ω is a bounded John domain, then (3.6) holds for
some θ > 0. For another more geometric proof, see [1, Lemma 4.4]. In this case,
δ−θ ∈ Eλ(Ω) for all 0 ≤ λ ≤ 1. We note that these conditions are independent
of (3.5), because (3.5) is a condition for the outside of Ω.

4. Elliptic equations with singular nonlinearity

Fix constants 0 < α ≤ β < ∞. We define the set of N × N -matrix-valued
functions M(α, β,Ω) by

M(α, β,Ω) :=

{
A ∈ L∞(Ω)N×N :

A(x)ξ · ξ ≥ α|ξ|2,
A−1(x)ξ · ξ ≥ β−1|ξ|2,

∀ξ ∈ RN , a.e. x ∈ Ω

}
.

If A ∈ M(α, β,Ω), then the differential operator

Lu := − div(A(x)∇u)

satisfies

|⟨Lu, v⟩| ≤ β∥∇u∥L2(Ω)∥∇v∥L2(Ω), ∀u, v ∈ H1
0 (Ω), (4.1)

⟨Lu, u⟩ ≥ α∥∇u∥2L2(Ω), ∀u ∈ H1
0 (Ω). (4.2)

By the Lax-Milgram theorem, for any f ∈ H−1(Ω), there exists a unique func-
tion u ∈ H1

0 (Ω) satisfying

⟨Lu, ϕ⟩ = ⟨f, ϕ⟩ ∀ϕ ∈ H1
0 (Ω).

Assume also that f is a nonnegative distribution. Then, u is a supersolution to
Lu = 0 in Ω, and its lsc-regularization

u∗(x) := lim
r→0

ess inf
B(x,r)

u

gives a quasicontinuous representative of u. For details and more information,
including De Giorgi-Nash-Moser theory, we refer to [29]. We always use this
representative below.

The pointwise estimate for Green functions of divergence form elliptic oper-
ators was established in [37] (see also [25] for non-symmetric A). The following
two-sided estimate is one corollary of it.
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Theorem 4.1 ([37, Corollary 7.1]). Let A ∈ M(α, β,Ω), and let K be a compact
subset in Ω. Assume that σ is a nonnegative Radon measure in H−1(Ω) such
that suppσ ⊂ K. Let U be the weak solution to{

− div(A(x)∇U) = σ in Ω,

U ∈ H1
0 (Ω).

(4.3)

Then
1

C
GΩσ ≤ U ≤ CGΩσ, on K,

where C is a positive constant depending only on N , α, β, Ω and K.

Remark 4.2. Note that the constant C is depending on K. The boundary
behavior of U is not comparable to GΩσ in general (see, e.g., [41]). However, if
σ ∈ Sc, then U is bounded on Ω from Theorem 4.1 and the complete maximum
principle.

We understand Eq. (1.1) by the following weak sense.

Definition 4.3. Let A ∈ M(α, β,Ω), 0 < λ ≤ 1 and σ ∈ M+
0 (Ω) \ {0}. We say

that a function u ∈ H1
0 (Ω) is a (finite energy) weak solution to (1.1) if u > 0 in

Ω and ˆ
Ω

A∇u · ∇ϕdx =

ˆ
Ω

ϕ

uλ
dσ ∀ϕ ∈ C∞

c (Ω).

Remark 4.4. From the structure of the lower order term, we may assume that
σ is absolutely continuous with respect to the capacity without loss of generality.
For details, see [7, Theorem 3.4] and [43, Remark 2.2].

Remark 4.5. If there exists a weak solution u to (1.1) , then the embedding
H1

0 (Ω) ↪→ L1(Ω;σ/uλ) is continuous. Thus, it follows from the completeness of
L1(Ω;σ/uλ) that every ϕ ∈ H1

0 (Ω) is integrable with respect to σ/uλ. If v is a
weak solution to {

− div(A(x)∇v) =
ν

vλ
, v > 0 in Ω,

v ∈ H1
0 (Ω),

(4.4)

and if σ ≤ ν, then

ˆ
Ω

A∇(u− v) · ∇(u− v)+ dx =

ˆ
Ω

(
f

uλ
− 1

vλ

)
(u− v)+ dν ≤ 0,

where f = dσ
dν is the Radon-Nikodým derivative of σ with respect to ν. By (4.2),

∇(u− v)+ = 0 a.e. in Ω. Consequently, u ≤ v in H1
0 (Ω). In particular, if there

exists a weak solution to (1.1), it is unique in H1
0 (Ω).

Below, we always assume that σ ∈ Eλ(Ω) \ {0}. This assumption is minimal
in the following sense.
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Theorem 4.6. Let A ∈ M(α, β,Ω), 0 < λ ≤ 1 and σ ∈ M+
0 (Ω) \ {0}. Then,

there exists a unique weak solution u ∈ H1
0 (Ω) to (1.1) if and only if σ ∈

Eλ(Ω) \ {0}. Moreover,

1

β
1

1+λ

|||σ|||
1

1+λ

λ ≤ ∥∇u∥L2(Ω) ≤
1

α
1

1+λ

|||σ|||
1

1+λ

λ . (4.5)

Assume also that σ ∈ Sc. Then, u is bounded in Ω and

u(x) ≤ (1 + λ)
1

1+λU(x)
1

1+λ , ∀x ∈ Ω, (4.6)

where U is the weak solution to (4.3).

Proof. See the proof of [28, Theorem 1.2 and Corollary 6.5].

Theorem 4.7. Let σ, ν ∈ Eλ(Ω) \ {0}. Let u be the weak solution to (1.1), and
let v be the weak solution to (4.4). Then,

∥∇(u− v)∥L2(Ω) ≤
1

α
1

1+λ

dλ(σ, ν)
1

1+λ .

Proof. Let 0 < λ < 1. By assumption,

ˆ
Ω

A∇u · ∇(u− v) dx =

ˆ
Ω

(u− v)+
1

uλ
dσ −

ˆ
Ω

(u− v)−
1

uλ
dσ

and ˆ
Ω

A∇v · ∇(u− v) dx =

ˆ
Ω

(u− v)+
1

vλ
dν −

ˆ
Ω

(u− v)−
1

vλ
dν.

If u > v, then 1
uλ < 1

vλ . Thus,

ˆ
Ω

(u− v)+
1

uλ
dσ −

ˆ
Ω

(u− v)+
1

vλ
dν ≤

ˆ
Ω

(u− v)+
1

uλ
d(σ − ν)

≤
ˆ
Ω

(u− v)1−λ
+ d(σ − ν)+,

where (σ − ν)+ is the positive part of σ − ν. Similarly,

ˆ
Ω

(u− v)−
1

vλ
dν −

ˆ
Ω

(u− v)−
1

uλ
dσ ≤

ˆ
Ω

(u− v)1−λ
− d(ν − σ)+.

Combining the four inequalities and using (4.2), we obtain,

α

ˆ
Ω

|∇(u− v)|2 dx ≤
ˆ
Ω

|u− v|1−λ d|σ − ν|

≤ ||| |σ − ν| |||λ∥∇|u− v|∥1−λ
L2(Ω).

By the inequality |∇| · || ≤ |∇ · |, we arrive at the desired estimate. The same
argument is valid even if λ = 1.
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5. Homogenization

Let us recall the definition of H-convergence. The concept of H-convergence
was introduced by Murat and Tartar in the late 1970s ([40, 2]).

Definition 5.1. Let {Aϵ} ⊂ M(α, β,Ω), and let A0 ∈ L∞(Ω)N×N . We say

that Aϵ H-converges to A0 (Aϵ
H−→ A0) if for every f ∈ H−1(Ω), the sequence

{uϵ} of weak solutions to{
− div(Aϵ(x)∇uϵ) = f in Ω,

uϵ ∈ H1
0 (Ω),

satisfies

uϵ ⇀ u0 weakly in H1
0 (Ω),

Aϵ∇uϵ ⇀ A0∇u0 weakly in L2(Ω)N ,

where u0 is the weak solution to{
− div(A0(x)∇u0) = f in Ω,

u0 ∈ H1
0 (Ω).

(5.1)

If {Aϵ} ⊂ M(α, β,Ω) and Aϵ
H−→ A0, then A0 belongs to M(α, β,Ω) again.

If Aϵ → A0 a.e. in Ω, then Aϵ
H−→ A0. Many nontrivial examples can be found

in periodic homogenization (e.g., [10]).

Remark 5.2. Assume that Aϵ
H−→ A0 and fϵ → f strongly in H−1(Ω). Let

{uϵ} be the sequence of weak solutions to{
− div(Aϵ(x)∇uϵ) = fϵ in Ω,

uϵ ∈ H1
0 (Ω).

Then, uϵ ⇀ u0 weakly in H1
0 (Ω), where u0 is the weak solution to (5.1). The

strong convergence of fϵ can not be replaced by the weak convergence generally.
Further information can be found in [10, Section 3.1.5].

Our main result is as follows.

Theorem 5.3. Let {Aϵ} ⊂ M(α, β,Ω), 0 < λ ≤ 1 and {σϵ} ⊂ Eλ(Ω) \ {0}. Let
{uϵ} ⊂ H1

0 (Ω) be the sequence of weak solutions to− div(Aϵ(x)∇uϵ) =
σϵ

uλ
ϵ

, uϵ > 0 in Ω,

uϵ ∈ H1
0 (Ω).

(5.2)
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Assume that Aϵ
H−→ A0 and that there exists σ ∈ Eλ(Ω)\{0} such that dλ(σ, σϵ) →

0. Then, uϵ ⇀ u0 weakly in H1
0 (Ω), where u0 is the weak solution to− div(A0(x)∇u0) =

σ

uλ
0

, u0 > 0 in Ω,

u0 ∈ H1
0 (Ω).

(5.3)

Moreover, σϵ/u
λ
ϵ → σ/uλ

0 strongly in H−1(Ω).

Remark 5.4. If Aϵ → A0 a.e. in Ω, then Theorem 5.3 yields the strong
convergence of uϵ in H1

0 (Ω) (see, e.g., [2, Theorem 1.2.20]).

H-convergence can be rewritten as Γ-convergence by defining an appropriate
functional, and stability of Γ-convergence with respect to continuous perturba-
tions is well-known (see, [14, 5]). However, our lower-order term does not admit
this framework. Hence, following [6], we reduce the problem and use elliptic
regularity.

Lemma 5.5. Let {Aϵ} ⊂ M(α, β,Ω), 0 < λ ≤ 1 and σ ∈ Sc(Ω) \ {0}. Let
{uϵ} ⊂ H1

0 (Ω) be the sequence of weak solutions to− div(Aϵ(x)∇uϵ) =
σ

uλ
ϵ

, uϵ > 0 in Ω,

uϵ ∈ H1
0 (Ω).

(5.4)

Assume also that Aϵ
H−→ A0. Then, uϵ ⇀ u0 weakly in H1

0 (Ω), where u0 is the
weak solution to (5.3). Moreover, σ/uλ

ϵ → σ/uλ
0 strongly in H−1(Ω).

Proof. By assumption and Theorem 4.6, there exists a constant C independent
of ε such that ∥∇uϵ∥L2(Ω) ≤ C. Denote by {uϵ} any subsequence of {uϵ} again.
By weak compactness and Lemma 2.3, we can choose a subsequence of {uϵ}
such that uϵ ⇀ u0 weakly in H1

0 (Ω) and uϵ → u0 σ-a.e. in Ω. Since σ ∈ Sc(Ω),
by Theorems 4.1 and 4.6,

∥uϵ∥L∞(Ω;σ) ≤ C∥GΩσ∥
1

1+λ

L∞(Ω;σ)(=: M).

Note that the right-hand side is independent of ε. Since

− div(Aϵ(x)∇uϵ) ≥
σ

Mλ
> 0 in Ω,

using Theorem 4.1 again, we obtain

uϵ(x) ≥ 1

C
GΩσ(x) ≥ m, ∀x ∈ suppσ,

where m is a positive constant independent of ε. By the dominated convergence
theorem,

1

uλ
ϵ

→ 1

uλ
0

strongly in L2(Ω;σ).
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Meanwhile, by Lemma 2.3 and Hölder’s inequality,∣∣∣∣ˆ
Ω

ϕ

(
1

uλ
ϵ

− 1

uλ
0

)
dσ

∣∣∣∣ ≤ C

∥∥∥∥ 1

uλ
ϵ

− 1

uλ
0

∥∥∥∥
L2(Ω;σ)

∥∇ϕ∥L2(Ω), ∀ϕ ∈ H1
0 (Ω).

Thus, σ/uλ
ϵ → σ/uλ

0 strongly in H−1(Ω). It follows from Remark 5.2 that u0

satisfies (5.3). By the uniqueness of weak solutions, the entire sequence {uϵ}
converges to u0 weakly in H1

0 (Ω).

Lemma 5.6. The results in Lemma 5.5 are still valid for σ ∈ Eλ(Ω) \ {0}.

Proof. By Theorem 4.6, {uϵ} is bounded in H1
0 (Ω). Moreover, there exists

a unique weak solution u0 to (5.3). Using Theorem 2.2, we take a sequence
{σk} ⊂ Sc(Ω) \ {0} such that σk ↑ σ. For ε > 0 and ε = 0, we consider the
following approximating problems:− div(Aϵ(x)∇uk

ϵ ) =
σk

(uk
ϵ )λ

, uk
ϵ > 0 in Ω,

uk
ϵ ∈ H1

0 (Ω).
(5.5)

Fix ϕ ∈ H1
0 (Ω). By Theorem 4.7,

|(uϵ − u0, ϕ)| = |(uϵ − uk
ϵ , ϕ)| + |(uk

ϵ − uk
0 , ϕ)| + |(uk

0 − u0, ϕ)|

≤ 2

α
1

1+λ

dλ(σ, σk)
1

1+λ ∥∇ϕ∥L2(Ω) + |(uk
ϵ − uk

0 , ϕ)|.

By Lemma 5.5, the latter term goes to zero as ε → 0. Thus,

lim sup
ϵ→0

|(uϵ − u0, ϕ)| ≤ 2

α
1

1+λ

dλ(σ, σk)
1

1+λ ∥∇ϕ∥L2(Ω).

By Proposition 3.4, the right-hand side goes to zero as k → ∞. Therefore,
uϵ ⇀ u0 weakly in H1

0 (Ω). Similarly, by Theorem 4.7 and (4.1),

∥Lϵuϵ − L0u0∥H−1(Ω) ≤ ∥Lϵuϵ − Lϵu
k
ϵ ∥H−1(Ω) + ∥Lϵu

k
ϵ − L0u

k
0∥H−1(Ω)

+ ∥L0u
k
0 − L0u0∥H−1(Ω)

≤ 2β

α
1

1+λ

dλ(σ, σk)
1

1+λ + ∥Lϵu
k
ϵ − L0u

k
0∥H−1(Ω).

By Lemma 5.5,

∥Lϵu
k
ϵ − L0u

k
0∥H−1(Ω) =

∥∥∥∥ σk

(uk
ϵ )λ

− σk

(uk
0)λ

∥∥∥∥
H−1(Ω)

→ 0 as ε → 0.

Thus,

lim sup
ϵ→0

∥Lϵuϵ − L0u0∥H−1(Ω) ≤
2β

α
1

1+λ

dλ(σ, σk)
1

1+λ .

Taking the limit k → ∞, we find that Lϵuϵ → L0u0 strongly in H−1(Ω).
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Proof of Theorem 5.3. Let {vϵ} be the sequence of weak solutions to (5.4). Fix
ϕ ∈ H1

0 (Ω). By Theorem 4.7 and Lemma 5.6,

|(uϵ − u0, ϕ)| ≤ |(uϵ − vϵ, ϕ)| + |(vϵ − u0, ϕ)|

≤ 1

α
1

1+λ

dλ(σ, σϵ)
1

1+λ ∥∇ϕ∥L2(Ω) + |(vϵ − u0, ϕ)| → 0 as ε → 0.

Therefore, uϵ ⇀ u0 weakly in H1
0 (Ω). Similarly,

∥Lϵuϵ − L0u0∥H−1(Ω) ≤ ∥Lϵuϵ − Lϵvϵ∥H−1(Ω) + ∥Lϵvϵ − L0u0∥H−1(Ω)

≤ β

α
1

1+λ

dλ(σ, σϵ)
1

1+λ + ∥Lϵvϵ − L0u0∥H−1(Ω) → 0.

This completes the proof.
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