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Abstract

In this paper, we study a stabilization method for probabilistic Boolean net-
works (PBNs) using Q-learning, which is one of the typical methods in re-
inforcement learning. A PBN is a class of discrete-time stochastic logical
systems in which update functions are randomly chosen from the set of the
candidates of Boolean functions. In the existing methods using reinforcement
learning, a design method of structured controllers has not been studied. In
this paper, we propose reward design methods to derive reduced-order con-
trollers and pinning controllers. The key idea is to adjust the structure of
controllers by the reward for the structure of the Q-table. The advantage of
the proposed method is that implementation is easy, because the proposed
method can be embedded in the existing Q-learning-based stabilization algo-
rithm. In design of pinning controllers, we can calculate not only controllers
but also pinning nodes in which the control input is assigned. We demon-
strate through numerical examples that the controller obtained from our
proposed method is simpler than that from the existing method.
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1. Introduction

In the research field of systems biology, one of the central problems is
to develop control theory of gene regulatory networks. Therapeutic inter-
ventions, which are realized by radiation, chemotherapy, and so on, may be
regarded as control of gene regulatory networks [1, 2, 3]. Hence, development
of control methods is important to realize gene therapy technologies [4] in
the future.

As the first step in developing control theory of gene regulatory networks,
it is significant to consider an appropriate mathematical model to represent
behaviors of gene expression. Several mathematical models have been devel-
oped such as Bayesian networks, piecewise affine systems (hybrid systems),
and Petri nets [5, 6]. In the last decade, analysis/control methods using a
Boolean network (BN) model have been widely studied. A BN is a class of
discrete-time logical systems [7, 8]. Each state takes on a binary value (0
(OFF), 1 (ON)), and its dynamics are modeled by Boolean functions. More-
over, a probabilistic BN (PBN) is an extended model of BNs [9]. In a PBN,
the dynamics for each state are represented by a Boolean function which is
randomly selected from their candidates. When we consider the noise in-
cluded in the behavior of gene regulatory networks, it is suitable to use a
PBN as a mathematical model.

Control theory that BNs and PBNs are used as a mathematical model has
been extensively developed. To solve analysis/control problems, several tech-
niques such as BDD (binary decision diagram) [10, 11], SAT (satisfiability)
solvers [12, 13], and the semi-tensor product (STP) method [14, 15] are used.
In particular, the STP method is widely used. The fundamental problems
have been studied such as controllability of BNs (the STP-based methods
[14, 16, 17], the polynomial-time algorithm [18], the use of Perron-Frobenius
theory [19], computational complexity analysis [20]), controllability of PBNs
21, 22, 23], observability of BNs (the STP-based methods [14, 24, 25], the
graph theoretic method [26]), stabilization of BNs [27, 28, 29], stabilization
of PBNs [30, 31, 32|, optimal control of BNs (the STP-based method [33, 34],
the optimization-based method [35]), and optimal control of PBNs (the STP-
based method [36, 37, 38|, the optimization-based method [39]).

In these existing methods, suppose that either a BN or a PBN is given
in advance. Control/analysis problems are solved using Boolean functions
and selection probabilities. However, there is a case where full knowledge of
the dynamics of gene regulatory networks is unavailable. Hence, in control



of gene regulatory networks, it is important to develop model-free methods.
In this paper, using reinforcement learning, we study a model-free design
method of two types of simple controllers such that the closed-loop system
is stable. In control of complex networks such as gene regulatory networks,
a simpler structure of controllers is desirable. It will be expected that imple-
mentation of control systems becomes easier in the future by using controllers
obtained by the proposed method. For the stabilization algorithm proposed
in [40], design methods for reward functions are proposed. First, a reward
design method for deriving a reduced-order controller is proposed. Here,
we use the tentative controller derived on the way of the Q-learning based
algorithm. The reward is decided based on the dimension of the tentative
controller. Next, a reward design method for deriving a pinning controller
is proposed. In pinning control, the external control input is added to some
states (pinning nodes) (see [41] for general pinning control, and see [42, 43, 44]
for pinning control of BNs/PBNs). In pinning control, it is desirable that
the number of pinning nodes is as small as possible. Such objective can be
achieved by the reward design. By the proposed design method of reward
functions, both pinning nodes and controllers can be derived simultaneously.
The main contributions of this paper are listed as follows.

e We propose the reward design method for deriving a reduced-order
controller.

e We propose the reward design method for deriving both a pinning-order
controller and pinning nodes.

e We demonstrate through numerical examples that the controller ob-
tained from our proposed method is simpler than that from the existing
method.

This paper is organized as follows. In Section 2, applications of rein-
forcement learning to control of PBNs are briefly reviewed. In Section 3,
the outline of PBNs, the stabilization problem, and the Q-learning based
stabilization algorithm are summarized. In Section 4, a design procedure
of the reward function for deriving a reduced-order controller is proposed.
In Section 5, we consider the case of pinning controllers. In Section 6, two
numerical examples are presented to demonstrate two methods. In Section
7, we give a conclusion of this paper.

Notation: Let {0,1}" denote the set of n-dimensional vectors whose
elements take either 0 or 1.



2. Related Work

In this section, we briefly review control methods of PBNs using rein-
forcement learning.

Reinforcement learning techniques such as Q-learning [45, 46], deep Q-
network (DQN) [47], and Double DQN (DDQN) [48] are powerful tools as
model-free methods. In the typical problem formulation, the overall system
is composed of an environment and an agent. The environment is stated in
the form of a Markov decision process (MDP). The agent takes an action
to the environment. The environment returns the reward to the agent. The
agent updates an action rule using the reward, and takes an action again.
By repeating this procedure, an action rule is learned. We remark that the
transition probability distribution in a given MDP is not used in model-free
methods.

A PBN can be equivalently rewritten as a discrete-time MDP. Hence,
we can use reinforcement learning techniques to solve the control problem
of PBNs. Some control methods of PBNs using reinforcement learning have
been studied. In [40, 49], the Q-learning based stabilization algorithm has
been proposed. In [50], the DDQN based stabilization algorithm has been
proposed. In [51, 52, 53], algorithms for self-triggered control that both the
control input and the sampling interval are calculated have been proposed.
In [51, 52], Q-learning has been used. In [53], DDQN has been used. In [54],
the output tracking problem has been studied using DDQN.

In control of gene regulatory networks, it is also important to consider
the structure of controllers. For example, since it is difficult to measure
all states, design of reduced-order controllers is important. To the best of
our knowledge, design methods of structured controller using reinforcement
learning has not been studied.

3. Preliminaries

3.1. Probabilistic Boolean Networks

In this section, we give an overview of PBNs (see, e.g., [9] for further
details).
A PBN with n states and m control inputs is described by

xgl = fO(z,u), ieN:={1,2,...,n}, (1)



where z(t) = [zV, 2, ..., 2T € {0,1}" is the state at time ¢, u, =
[ugl), u,EQ), . ,ugm)]T € {0, 1}™ is the control input at time ¢, and ¢t = {0,1,2,...}
is the discrete time. The Boolean function f is randomly selected from the
set of candidates {f7, f{”, .. ,fl((?)} (fj(l) : {0,1}"*™ — {0,1}). The proba-
bility that fj@ is selected is given by pg-i), where 22@1 pg.i) =1

For given initial state zo € {0, 1}" and control sequence u; := {ug, u1, ..., u;_1},
let z(t; o, uy) denote the solution to PBN (1). The state zq € {0,1}" is called
an equilibrium point if there exists a control input ug € {0,1}™ such that
Pr{z(1; zp, up) = zo} = 1.

We present an example to explain the behavior of PBNs.

Example 3.1. Consider the following PBN with n =2 and m = 1:

m _ {fé” V(@ Au), pi =07,
Liy1 = ) (1

'rgl /\Ut, P2 _037

xﬁ)l = a:f’ V Uy, p§2) =1.0.
Fig. 1 shows the state transition diagram of this PBN, where each node

represents the values of (M and x®. For example, consider the case of
zo=[1,0]", ug = {1,0}. Then, from Fig. 1, we can obtain

[0,1]7, Prob. =0.51,

2; o, uz) =
(2520, 12 {[1,1]T, Prob. — 0.49.

In addition, from Fig. 1, we see that there are three equilibrium points (i.e.,
0,0]7, 0,1]", and [1,1]7).

3.2. Stabilization Problem
First, we define the stabilizability of the PBN (1).

Definition 3.1. The PBN (1) is said to be asymptotically stabilizable at
Zq € {0,1}" in distribution, if for every xo € {0,1} there exists u;, such that

lim Pr{z(t;xp,u;) = Z4} = 1,

t—o00

where Tq 1s a given equilibrium point and is called a target equilibrium point.
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Figure 1: State transition diagram of the PBN in Example 3.1. (Left) Case of u(t) = 0,
(Right) Case of u(t) = 1.

The [-step controllable set is defined by
Ly(Zq) := {0 € {0,1}" : Fu(l) such that Pr{z(t; zo,w;) = T4} > 0}.
In [40], the following theorem has been derived.

Theorem 3.1. A PBN (1) is asymptotically stabilizable at T4 in distribution
if and only if there exists a non-negative integer T such that I'.(z4) = {0,1}"
holds.

3.3. Q-Learning Based Stabilization Algorithm

In this section, we briefly summarize the stabilization algorithm using
Q-learning, which has been proposed in [40]. Q-learning is one of the rein-
forcement learning methods in the filed of machine learning. In Q-learning,
the environment is stated in the form of an MDP. The agent receives the re-
ward from the environment, and determines the action to the environment.

Since the PBN (1) can be rewritten as an MDP, the stabilization problem
can be solved by using Q-learning. Consider the following problem.

Problem 1. For any initial state zo € {0, 1}", find an optimal state feedback
law uy = p*(xy, 4) maximizing the following objective function:

o0

t —
J=F E Vi1 (T, g, Teg1, Tg)
t=0



subject to the PBN (1) and the condition that there exists a non-negative
integer T satisfying I (Zq4) = {0,1}", where 1y (24, U, Tey1, Tq) 1S a given
reward function.

For example, the reward function r, 1 (x, ug, 441, Z4) is defined as follows:
rie1 = 1if x4y = T4, otherwise 1,1 = 0 [40]. An algorithm for solving
Problem 1 using Q-learning has been proposed in [40]. Its summary is given
as follows.

Summary of Procedure for deriving a stabilizing controller using
Q-learning;:

Step 1: Give 74, N, T, 7, and w.

Step 2: Set the initial value 0 for each element of the initial Q-table Qg (xy, ut, Zq).
Set I'-(z4) as the empty set.

Step 3: Repeat from Step 3-1 to Step 3-3 for ep =0,1,..., N — 1.

Step 3-1: Set x., randomly. Set a.,, t, and z; as 1/(ep+ 1)¥, 0, and
Zep, Tespectively.
Step 3-2: Repeat from Step 3-2-1 to Step 3-2-5 until t =T or z; = x4
hold.
Step 3-2-1: Choose u; using the e-greedy policy.
Step 3-2-2: Apply u; to the environment. Receive x;y1 and ry14
from the environment.
Step 3-2-3: Obtain the Q-table at ¢t + 1 using x;, x;41, and ry41.
Step 3-2-4: Update I'-(Z4) as ['(Ta)Uep, if (2141 = Ta)A(E < T)
holds.
Step 3-2-5: Update t as t + 1. Return to Step 3-2-1.

Step 3-3: Update @y as Q.
Step 3-4: If I'.(z4) = {0,1}" holds, then obtain the optimal Q-table
Q" as ()¢, and derive the optimal state feedback law as

w = p(x(t), zq4) = arg max Q*(z(t), u, z4),

otherwise the PBN (1) is not stabilizable. The procedure is ter-
minated.



This algorithm is based on the conventional Q-learning algorithm, and can
be implemented in conventional software tools such as Python and MATLAB.
See [40] for further details. In a similar way to the conventional Q-learning
algorithm, this algorithm is model-free, because the transition probability
distribution associated with the MDP is not used.

Remark 3.1. To efficiently work the above algorithm, parameters such as N
and T should be appropriately set. When parameters are not given appropri-
ately, there is a possibility that it is determined that a PBN is not stabilizable
even if it is stabilizable.

4. Design of Reward Functions for Reduced-order Controllers

In reinforcement learning, it is necessary to appropriately design the re-
ward according to the objective that we want to achieve. Our purpose in
this part is to obtain a stabilizing feedback controller in which the number of
states is as small as possible. To achieve this purpose, the tentative controller
obtained during learning is used. The reward is determined according to the
number of states used in the tentative controller. Stability of the closed-loop
system is also considered, and its priority is higher than the reduction of the
controller.

Let nt denote the number of states used in the tentative controller. The
dimension ny can be obtained based on Boolean functions calculated from
w(xy, q) = arg max, Q*(zy, u, Tq), Yz, Then, we present a design procedure
of the reward function. In the derivation procedure of Section 3.3, Step 3-2-2
is replaced with the following procedure (Step 3-2-27).

Proposed Procedure of Step 3-2-2’:

Step 3-2-2’-1: Apply u; to the environment. Receive x;,; from the envi-
ronment.

Step 3-2-27-2: If 2, = x4 then 7.1 = «, otherwise r;.; = 0, where a > 0
is a given constant.

Step 3-2-2’-3: Derive a tentative control from p*(x;, 74) = arg max,Q* (x4, u,
Zq4),Vzy, where uiz) is set as ugz) =0, if ugl) is not uniquely determined

from x; and Z,.



Step 3-2-2’-4: Derive ny from Boolean functions of the tentative controller.

Step 3-2-2’-5: Based on nr, update the reward ry1 as riq < riq1 + S(n—
nr), where 8 > 0 is a given constant (weight).

In Step 3-2-2’-1, the agent applies the control input to the environment.
After that, the agent receives the state from the environment. In Step 3-
2-2’-2, the reward is tentatively determined based on the current state. In
Step 3-2-2’-3, the agent derives a tentative controller based on the Q-table.
In the beginning of learning, many elements of the Q- table are zero. As a
result, a tentative controller is not uniquely determined. If ut is not uniquely
determined from z; and z4, then u,g D is set as u,g D =0. In Step 3-2-27-4, the
agent derives the dimension ny of the obtained tentative controller. In Step 3-
2-2’-5, the agent updates the reward based on ny. If ny = n, then the reward
is not given in this step. This case corresponds that the controller utilizes
all states, and is not desirable. For a smaller nr, a larger reward is given.
As a result, the Q-table such that ny becomes smaller can be constructed.
Thus, by this procedure, we can realize both stabilization of a given PBN and
simplification of a controller. The Q-learning-based stabilization algorithm
including the proposed procedure can also be implemented in conventional
software tools such as Python and MATLAB. In addition, even if Step 3-2-2
is replaced with Step 3-2-2°, the Q-learning based stabilization algorithm is
also model-free.

5. Design of Reward Functions for Pinning Controllers

In this subsection, we propose a design method of reward functions for
pinning control of PBNs. In pinning control, unlike with (1), external control
inputs are added for a PBN with no control inputs. A state that is assigned
the input is called a pinning node. It is desirable that the number of pin-
ning nodes is as small as possible. In the conventional pinning control of
PBNs, without loss of generality, the following PBN with pinning nodes is
considered:

i = S (@ u™), i€ P, o)
zihy = fO (), ieN\P,
where 1 € P C N is a pinning node, and j(i) € {1,2,...,m} is the index set
of external control inputs, which depends on i. We consider the problem of

9



deriving both the set P with a smaller number of elements and the controller
for each external input such that the closed-loop system is asymptotically
stable. In this paper, using reinforcement learning, we consider solving this
problem. For simplicity of discussion, instead of (2), we consider the following
PBN: 4 '

oy = [ (x) &), ieN, (3)

where & is the exclusive OR operation, and n = m holds in the initial step.
By designing reward functions appropriately, we consider deriving a controller
that more elements of u; are always zero. If u,E’) = 0 always holds, then i is
not a pinning node. By excluding such i, we can obtain a smaller m. Hence,
we can derive both a pinning controller and pinning nodes simultaneously.

In the derivation procedure of Section 3.3, Step 3-2-2 is replaced with the
following procedure (Step 3-2-2").

Proposed Procedure of Step 3-2-27:

Step 3-2-2”-1: Apply u; to the environment. Receive x;,; from the envi-
ronment.

Step 3-2-27-2: If x4, = 24 then r,1 1 = «, otherwise r;,; = 0, where a > 0
is a given constant.

Step 3-2-27-3: Calculate Boolean functions of the tentative controller from

w(xy, Tq) = arg max,Q*(xy, u, Tq), V(t), where ugi) is set as ugi) =0,
if ugi) is not uniquely determined from z; and Z4. Let mg denote the
number of elements of u; in which the Boolean function is identically

given by zero.

Step 3-2-27-4: Based on mg, update the reward r;11 as r.q < r401+ Bmo,
where 5 > 0 is a given constant (weight).

In a similar way to Section 4, Step 3-2-27-2 is related to stabilization to
the target equilibrium point. In Step 3-2-2"-3, n — m implies the tentative
number of pinning nodes. In Step 3-2-27-4, the additional reward is deter-
mined based on mg. In the case where my is larger, the reward becomes
larger. As a result, the QQ-table is updated such that mg is larger. Hence,
a pinning controller that the number of pinning nodes is smaller can be ob-
tained. The proposed procedure can also be implemented in conventional

10



software tools such as Python and MATLAB. In a similar way to Section 4,
the Q-learning based stabilization algorithm including the above procedure
is also model-free.

Remark 5.1. For large-scale PBNs, there is a possibility that an appropriate
controller cannot be derived by only design of reward functions. This technical
1ssue may be overcome by giving the candidates of pinning nodes in advance,
where the number of candidates is much less than n. The candidates of
pinning nodes are given based on biological knowledge. If there is no biological
knowledge, we may give the candidates randomly.

6. Numerical Examples

In this section, we present two numerical examples.

6.1. Numerical Example 1: Stabilization by Reduced-order Controllers

First, we present a numerical example on design of reduced-order con-
trollers.

Consider the following PBN model of the apoptosis network given in [31]:

L _ { _|'T§2) N U, pgl) = 067

x =
s Ut, pgl) = 04-7
o _ [ na®, P oz,
t+1 ZL’§2), pé2) _ 037

Tip1 = xf’) pgs) — 029

(3) { I)EQ) V U, pg3) = 08,

where x; denotes the concentration levels of apoptosis protein inhibitors
(IAP), xo active caspase 3 (C3a), and z3 active caspase 8 (C8a), and u
denotes tumor necrosis factor a (TNF).

For this PBN, we consider solving the stabilization problem to the target
equilibrium point Z4 = [0,1,1]". Here we use the Q-learning based algorithm
in Section 3.3 and the reward design proposed in Section 4. The parameters
in the Q-learning based algorithm are given as follows: N = 8x10*, T' = 120,
7=2%—-1,v=0.9, w = 0.85. The parameters in the reward design are given
as follows: « =4 and g = 1.

11



Table 1: Obtained Q-table.

u=0 u=1
r=10,0,0]" | 9.28 10.28
r=10,0,1]T | 23.95 22.15

r=10,1,0]" | 26.76 22.14
z=10,1,1]" | 50.00 40.94
Tr =

r=1[1,0,1]T | 11.69 10.57
z=1[1,1,0]T | 24.30 18.15
z=1[1,1,1]T | 30.15 24.26

]
]
]
]
1,0,0]" | 9.28 10.29
)
]
]

We present the computation result. Table 1 shows the obtain Q-table.
From this Q-table, we can obtain the truth table shown in Table 2. From
Table 2, the controller can be derived as

uy = -3 A -2l (4)

Fig 2 shows the average state trajectory of 1000 samples, where each element
of the initial state is randomly chosen (0 (1) is chosen with the probability
0.5 (0.5)). At each time, the Boolean function is randomly chosen according
to prescribed probabilities. From this figure, we see that the average state is
oscillatory at first some time steps, but converges to the target equilibrium
point 7z = [0,1,1]".

The controller obtained in [40], where a similar simulation is performed
without the additional reward about the reduced dimensionality, is given by

Uy = (:ci” A xg ) A xﬁg))

V (mz) A =2l A -z
V (=2 A 2P A2 (5)
From two controllers (4) and (5), we see that the proposed reward design

works efficiently.

6.2. Numerical Example 2: Stabilization by Pinning Controllers
Next, we present a numerical example on design of pinning controllers.

12



Table 2: Truth table obtained from Q-table.

u
z=1[0,0,0]" | 1
z=1[0,0,1]" | 0
z=1[0,1,0]" | 0
r=1[0,1,1]" | 0
z=1[1,0,0]" | 1
z=1[1,0,1]" | 0
r=[1,1,0]" | 0
r=[1,1,1]T |0

Consider the following PBN:

1 1 2 1
= V) ol

o _ [P 4o,
o —|x£3) S u?), pg) = 0.9,

3 2 3 3
o) = @ v o) ol

This PBN is obtained by adding the control inputs to the PBN given in [42],
according to (3).

For this PBN, we consider solving the stabilization problem to the target
equilibrium point Z4 = [1,1,1]". Here we use the Q-learning based algorithm
in Section 3.3 and the reward design proposed in Section 5. The parameters
in the Q-learning based algorithm are the same as in previous subsection. The
parameters in the reward design are also the same as in previous subsection.
Then, the controller can be derived as

ugl) =0,
= a0 (sl 2 a) (A,
u§3) = 0.

From the obtained controller, we see that the number of pinning nodes is
only one, and the pinning node is given by 2.

13
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Figure 2: Average trajectory of the state (1000 samples).

Fig 3 shows the state transition diagram of the closed-loop systems in
which the obtained controller is applied to a given PBN. Each node represents
the values of M, 2 and z®. From this figure, we see that the state
converges to the target equilibrium point 7, = [1,1,1]". Thus, using the
proposed reward design, pinning nodes can be specified, and their controller
can also be derived.

Finally, we consider finding a controller by the existing method [40].
Then, we can obtain the following controller:

ugl) = ﬂxgl) A ﬂxf) A x§3),
u? = a? Aaf®,
uf’) = 0.

From this controller, we see that the number of pinning nodes is two, which
is larger than in the proposed method. Thus, we conclude that the proposed
method efficiently works.

7. Conclusion

In this paper, we studied a design method of reward functions for the
Q-learning based stabilization algorithm of PBNs. First, the reward design

14



Figure 3: State transition diagram of the closed-loop system.

for reduced-order controllers was proposed. Next, the reward design for pin-
ning controllers was proposed. Finally, numerical examples were presented
to demonstrate the proposed method. We clarified that not only control
specifications such as stabilization but also the structure of controllers can
be considered by control methods using reinforcement learning.

In control of complex network systems such as gene regulatory networks,
it is desirable that the number of times that the control input is updated is
smaller. Self-triggered control is well known as one of the control methods
achieving this control purpose [51, 55]. Based on the proposed approach, it is
important to develop a reinforcement learning-based control method consid-
ering both the structure of controllers and self-triggered control. Moreover,
to apply the proposed reward design method to large-scale PBNs, improving
it is also future work.

The authors would like to thank Mr. Fuma Motoyama, Hokkaido Uni-
versity for fruitful discussions and valuable comments.
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