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A highly geometrically frustrated lattice structure like a distorted kagome (or quasi-kagome)
structure enriches physical phenomena through coupling with electronic structure, topology, and
magnetism. Recently, it has been reported that an intermetallic HoAgGe exhibits two distinct
magnetic structures with the finite magnetic vector q = (1/3, 1/3, 0): One is the partially ordered
state in the intermediate-temperature region, and the other is the kagome spin ice state in the
lowest-temperature region. We theoretically elucidate that the former is characterized by antiferro-
magnetic toroidal ordering, while the latter is characterized by ferri-magnetic toroidal ordering
based on the multipole representation theory, which provides an opposite interpretation to previous
studies. We also show how antiferro-/ferri-magnetic toroidal orderings are microscopically formed
by quantifying the magnetic toroidal moment activated in a multi-orbital system. As a result, we
find that the degree of distortion for the kagome structure plays a significant role in determining
the nature of antiferro-/ferri-magnetic toroidal orderings, which brings about the crossover between
the antiferro-magnetic toroidal and the ferri-magnetic toroidal orders. We confirm such a tendency
by evaluating the linear magnetoelectric effect. Our analysis can be applied irrespective of lattice
structures and magnetic vectors without annoying the cluster origin.

A magnetic toroidal dipole (MTD), generated by a
vortex structure of magnetic dipoles, is one of the fun-
damental quantities characterizing the antiferromagnetic
structure. Since the MTD breaks both spatial inver-
sion and time-reversal symmetries, the cross-correlated
phenomenon known as the magnetoelectric (ME) ef-
fect has attracted considerable attention especially
for antiferromagnetic insulators [1–3], e.g., Cr2O3 [4],
Ga2−xFexO3 [5, 6], LiCoPO4 [7, 8], and Ba2CoGe2O7 [9].
In recent years, the MTD order in metals has been stud-
ied intensively [10–12]. For example, the current-induced
magnetization has been observed in UNi4B [13] under
the antiferromagnetic ordering with the MTD moment.
Furthermore, transport phenomena characteristic of the
MTD metals have been explored in both theory and
experiment, such as nonreciprocal currents [14–16] and
nonlinear Hall effects [17–20]. On the other hand, the
antiferro(AF)-MTD order has attracted less attention
since the cancellation of physical phenomena is antic-
ipated. Indeed, no prototype materials have been re-
ported so far.

Recently, the rare-earth compound HoAgGe has been
proposed as a candidate for a new AF-magnetic toroidal
metal, which exhibits a q = (1/3, 1/3, 0) magnetic struc-

ture in a
√
3 ×

√
3 magnetic unit cell [21]. By decreas-

ing the temperature from the paramagnetic state under
the #189 P 6̄2m (D3

3h) symmetry, this compound firstly
shows the transition into the partially ordered state be-
low 12 K, where 2/3 of Ho ions exhibit a vortex spin
structure, and the remaining 1/3 of Ho ions are disor-
dered, as shown in Fig. 1(a). When the temperature
is further decreased to 7 K, all the Ho ions exhibit a
complicated vortex spin structure, as shown in Fig. 1(b).
Since this state consists of the triangles with the two-
in/one-out or one-in/two-out configuration, it is referred
to as the kagome spin ice state. Both magnetic phases

are characterized by the same magnetic space group,
P 6̄′m2′ [21]. Since the MTD belongs to the identity irre-

FIG. 1. Magnetic structures of (a) the partially ordered state
and (b) the kagome spin ice state observed in HoAgGe [21].
The blue hexagon represents a magnetic (

√
3×

√
3) unit cell

with the origin O, and P1-P3 with P = A,B,C are the la-
bels of nine independent sites in the magnetic unit cell. The
red counterclockwise (blue clockwise) arrows show a positive
(negative) out-of-plane MTD moment defined by Eq. (1) at
the center of each hexagon with six ordered magnetic mo-
ments.

ducible representation under P 6̄′m2′ [22], this compound
can exhibit the MTD-related physical phenomena even
for AF-magnetic/ferri-magnetic toroidal ordering, as de-
tailed below.
The MTD moment has been defined in a conventional

form as [21]

T (c) =
∑
i

ri ×Mi, (1)

where Mi is the magnetic moment at the position ri and
the superscript (c) stands for the cluster quantity. When
the cluster origin is set at the center of each hexagon, and
the summation is taken for six sites on the hexagon like



2

[A1-C2-B1-A2-C1-B2 in Fig. 1(a)], one obtains the spatial
distribution of the out-of-plane MTD moment as shown
by clockwise or counterclockwise arrows in Figs. 1(a) and
1(b). This intuitive illustration of the MTD distribution
indicates that the partially ordered state corresponds to
the ferri-magnetic toroidal ordering, whereas the kagome
spin ice state corresponds to the AF-magnetic toroidal
ordering [21]. In contrast to such a simple picture, the
evaluation of the MTDmoment using Eq. (1) is ill-defined
because the six sites consisting of the hexagon are not
symmetry-related to each other owing to the lack of the
sixfold rotational symmetry. Moreover, the cluster origin
is arbitrarily taken within Eq. (1).

In this Letter, we investigate how to describe the
MTD distribution under the finite-q magnetic structures
without ambiguity based on the microscopic multipole
representation theory [23, 24]. We show that the par-
tially ordered and kagome spin ice states are expressed
as the AF-magnetic and ferri-magnetic distributions of
the MTD,which is opposed to the previous interpreta-
tion [21]. Then, we analyze a fundamental multi-orbital
model to examine the spatial distribution of the MTD.
We find that the degree of distortion for the kagome
structure affects the behavior of the MTD; we show
that the AF(ferri)-magnetic toroidal state in the per-
fect kagome structure turns into the ferri(AF)-magnetic
toroidal state in the distorted kagome structure by chang-
ing the distortion parameter.

First, let us show how to describe AF- and ferri-
magnetic toroidal ordering under the finite-q magnetic
structure by adopting the symmetry-adapted multipole
basis (SAMB) [24], which gives the symmetry-related
correspondence between the multipole and electronic
degrees of freedom under the q = 0 structure inde-
pendent of the choice of the cluster origin. Using
the SAMB combined with the virtual cluster method,
any three-sublattice magnetic structures can be ex-
pressed as a linear combination of six magnetic mul-
tipole bases Mi and three magnetic toroidal multipole
bases Ti. Among them, the bases describing the in-plane
spin modulations relevant to HoAgGe can be described
by {|M01⟩ , |T01⟩ , |M03⟩ , |M04⟩ , |M05⟩ , |M06⟩}, whereas
the bases describing the out-of-plane spin modulations
{|M02⟩ , |T02⟩ , |T03⟩} are irrelevant in this study. We
show the spin configurations corresponding to six bases
in Fig. 2. The basis |T01⟩ corresponds to the MTD mo-
ment along the z direction, i.e., Tz, from the symmetry.

The
√
3×

√
3 magnetic structures in Fig. 1 can be con-

structed by taking the direct product of the spatial mod-
ulation with q = (1/3, 1/3, 0) and the three-sublattice
SAMBs in Fig. 2 [25]. The basis corresponding to the
partially ordered state in Fig. 1(a) is expressed by

|PO⟩ = 2

3
(|T01⟩ sin q̃− + |T ′

01⟩ sin q̃+) , (2a)

whereas that for the kagome spin ice state is expressed

FIG. 2. SAMBs and their irreducible representations for the
three-sublattice in-plane magnetic structure under the D3h

symmetry of the distorted kagome structure, where the su-
perscript “−” represents odd parity for the time-reversal op-
eration. The dashed lines enclose the bases for the two-
dimensional irreducible representation E′′.

as

|SI⟩ = 1

3
|T01⟩ −

4

3
√
3
(|T01⟩ cos q̃− + |T ′

01⟩ cos q̃+), (2b)

with |T ′
01⟩ = 1

2 (|M03⟩− |M05⟩)+
√
3
2 (|M04⟩− |M06⟩), and

q̃± = q · r ± π/6 for q = (1/3, 1/3, 0). It is noted that
this finite-q expression is unique irrespective of the cluster
origin. The correspondence between the other

√
3 ×

√
3

magnetic structures and multipoles is shown in Supple-
mental Material (SM) [26].

The expression in Eq. (2a) indicates that the magnetic
structure of the partially ordered state is characterized by
the density wave of the MTD, meaning no q = 0 com-
ponent. In other words, the partially ordered state is re-
garded as the AF-magnetic toroidal state. On the other
hand, the magnetic structure of the kagome spin ice state
in Eq. (2b) includes the q = 0 component as well as the
finite-q one, which indicates the ferri-magnetic toroidal
state. Thus, the symmetry-adapted argument suggests
an interpretation that contrasts with the previous intu-
itive interpretation [21]. Indeed, recent experiments have
shown that the nonlinear conductivity originating from
the MTD becomes large in the kagome spin ice state with
the ferri-magnetic toroidal structure, while that is neg-
ligibly small in the partially ordered state with the AF-
magnetic toroidal structure [27].

Next, we quantify the MTD under the magnetic struc-
tures in Fig. 1. We here consider the multi-orbital model
with different spatial parities to activate the MTD de-
fined as the atomic-scale parity-mixing hybridization,
e.g., s-p and p-d hybridizations. Specifically, we adopt
the periodic Anderson model under the two-dimensional
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distorted kagome structure, which is given by

H =
∑
kηη′σ

εkηη′c†kησckη′σ +
∑

kηη′σσ′

(V σσ′

kηη′c
†
kησpkη′σ′ +H.c.)

+ h
∑

kησσ′

T σσ′

η p†kησpkησ′ ,

(3)

where c†kησ(ckησ) is the creation (annihilation) opera-
tor for the itinerant electron with momentum k, sub-
lattice η ∈ {A1,A2,A3,B1,B2,B3,C1,C2,C3}, and spin

σ = ±1; p†kησ(pkησ) is that for the localized electron(σ

represents the pseudospin). The sublattices (Ai,Bi,Ci)
for i = 1, 2, 3 are connected by the three-fold rotation
to each other, whereas (P1,P2,P3) for P = A,B,C are
connected by the translation (See Fig. 1). The first term
is the hopping term between the itinerant electrons

εkηη′ = tse
ik·(rη−rη′ ), (4)

where ts is the amplitude for the nearest-neighbor hop-
ping and rη is the position of the sublattice η in Fig. 1.
The second term is the hopping between the itinerant
electron at η with spin σ and the localized one at η′ with
pseudospin σ′. The coefficients is expressed as

V σσ′

kηη′ = tspe
ik·(rη−rη′ )wσσ′

ηη′ , (5)

where tsp is the amplitude for the nearest-neighbor hop-

ping and wσσ′

ηη′ is the overlap integral [26]. We suppose the
orbital degrees for the itinerant and localized electrons
are s and p orbitals, respectively, for simplicity, where
we set the local crystalline electric field for the p (local-
ized) orbital so that the magnetic easy axis is directed
perpendicular to the mirror plane at each lattice site, as
found in HoAgGe; see the detail in SM [26]. The third
term represents the molecular field with the strength h
to induce the partially ordered state or kagome spin ice
state, which originates from the mean-field decoupling of
the Coulomb interaction.

It is noteworthy that the degree of distortion from
the perfect kagome structure affects the hopping between
itinerant and localized electrons, reflecting the anisotropy
of the localized orbital. To investigate the effect of the
distortion on the MTD, we introduce the parameter δ as
1−δ
2 a( 12 ,

√
3
2 ) (a is the lattice constant of the unit cell in

Fig. 1) for the A1 site; the structure with δ = 0 corre-
sponds to the perfect kagome structure, and that with
δ = 0.16 corresponds to the distorted kagome structure
in HoAgGe. We also show the coordinates for other sub-
lattices in SM [26]. In the following calculation, we fix
ts = −1, tsp = 0.5, a = 1, and the temperature T = 10−3.
The atomic-scale operator of the z-component MTD

per sublattice η is given by

T η
z =

1

Nk

∑
kσ

(ic†kησpkησ +H.c.), (6)

where Nk is the number of k-mesh in the the Brillouin
zone; we set Nk = 7182. Owing to the three-fold rota-
tion around the z-axis for both the partially ordered and

kagome spin ice states, the expectation value of T η
z , ⟨T η

z ⟩,
at η = Ai,Bi,Ci are equivalent.

Figures 3(a) and (b) show ⟨T η
z ⟩ for the partially or-

dered and kagome spin ice states, respectively, against
the electron filling n and h. In the partially ordered
state, the MTDs at the ordered sites (A1 and A2) are
antiferroic, whereas that at the disordered sites (A3) is
relatively suppressed. This result means the antiferroic
relation of the MTD satisfying ⟨TA1

z ⟩ = −⟨TA2
z ⟩ and

⟨TA3
z ⟩ ≃ 0, as shown in Fig. 3(a). On the other hand,

in the kagome spin ice state, the MTD at the A1 and
A2 sites with the same magnetic moment shows a ferroic
behavior over a wide parameter range, while the MTD
at the A3 site with the opposite magnetic moment tends
to be developed in the opposite direction. This tendency
of ⟨TA1

z ⟩ ≃ ⟨TA2
z ⟩ ≃ − ⟨TA3

z ⟩ holds for a wide parameter
range, as shown in Fig. 3(b). These results are consistent
with our symmetry-based interpretation of the AF-/ferri-
magnetic toroidal ordering.

FIG. 3. The contour plot of the expectation values of the
MTD T η

z at each site in the filling n and molecular field h
plane under (a) the partially ordered state and (b) the kagome
spin ice state with δ = 0.16.

Meanwhile, the relations of the ⟨TA1
z ⟩ = −⟨TA2

z ⟩ and
⟨TA3

z ⟩ = 0 in the partially ordered state and ⟨TA1
z ⟩ =

⟨TA2
z ⟩ = −⟨TA3

z ⟩ in the kagome spin ice state expected
from the cluster multipole theory are violated in some pa-
rameter range. In order to understand the origin of such
a deviation, we investigate the δ dependence of ⟨T η

z ⟩ in
the left panel of Fig. 4. We find that the AF-magnetic
toroidal and ferri-magnetic toroidal natures are trans-
formed to each other by changing δ. For the perfect
kagome structure with δ = 0, we obtain the ferri(AF)-
type distribution of the MTD, i.e., ⟨TA1

z ⟩ = ⟨TA2
z ⟩ > 0

and ⟨TA3
z ⟩ ̸= 0 (⟨TA1

z ⟩ = −⟨TA2
z ⟩ and ⟨TA3

z ⟩ = 0),
rather than the AF(ferri)-type one in the partially or-
dered (kagome spin ice) state. This behavior for δ = 0
is also understood from the SAMB under the perfect
kagome lattice structure, as shown in SM [26].

When δ is nonzero, the MTD at each site changes so
that its distribution in the partially ordered (kagome spin
ice) state changes from the ferri(AF)-magnetic toroidal
distribution to the AF(ferri)-magnetic toroidal one in a



4

crossover way. By analytically analyzing the power de-
pendence of δ in terms of ⟨T η

z ⟩ [28], we find that the even-
order O(δ2n) contributes as ⟨TA1

z ⟩ = ⟨TA2
z ⟩ ̸= ⟨TA3

z ⟩,
whereas the odd-order O(δ2n+1) contributes as ⟨TA1

z ⟩ =
−⟨TA2

z ⟩ and ⟨TA3
z ⟩ = 0 in the partially ordered state.

Similarly, we find that the even-order O(δ2n) contributes
as ⟨TA1

z ⟩ = −⟨TA2
z ⟩ ̸= 0 and ⟨TA3

z ⟩ = 0, whereas the
odd-order O(δ2n+1) contributes as ⟨TA1

z ⟩ = ⟨TA2
z ⟩ ̸= 0

and ⟨TA3
z ⟩ ̸= 0 in the kagome spin ice state. We show

the schematic picture of the crossover between the ferri-
magnetic toroidal and AF-magnetic toroidal order in the
right panel of Fig. 4.

Finally, we relate the MTD distribution with the linear
ME response. We evaluate the ME tensor defined by
Mα = χαβEβ (α, β = x, y, z) from the Kubo formula.
Since the magnetization can be decomposed into the sum
of the contrbituions from each sublattice Mα =

∑
η M

η
α,

the sublattice-dependent form is defined by

χη
αβ =

eµBℏ
iNk

∑
k

∑
n ̸=m

fnk − fmk

(εnk − εmk)2
µη,nm
αk vmn

βk , (7)

where e > 0 is the elementary charge, µB is the Bohr
magneton, ℏ is the Dirac constant, εnk is the band energy
with the index n, fnk is the Fermi–Dirac distribution
function. µη,nm

αk = ⟨nk|µη
α|mk⟩ with µη

α = lηα+2sηα is the
band represenation of the magnetic moment operator at
η and vmn

βk = ℏ−1 ⟨mk|∂βh(k)|nk⟩ is that of the velocity

operator. We also define the total ME tensor as χtot
αβ =

χA1

αβ +χA2

αβ +χA3

αβ . Since nonzero Tz contributes to χxy =

−χyx [29, 30], we evaluate the antisymmetric component

of χxy, that is, χ
(A)
xy = (χxy −χyx)/2 at each site. We set

e = ℏ = µB = 1.
Figure 5 shows the δ dependence of χ(A). For the

kagome structure with δ = 0, the total ME tensor is
nonzero under the partially ordered state owing to the
ferri-type MTD distribution. When the distorted kagome
structure is considered, the site-resolved ME effect be-
comes large for the A1 and A2 sites, although they are
canceled out with each other owing to the AF-type MTD
distribution, as shown in Fig. 4(a). As a result, the total
ME tensor is suppressed for all δ in the partially ordered
state. On the other hand, the ME tensor is enhanced in
the kagome spin ice state under the lattice distortion, as

shown in Fig. 5(b), because the ferri-type MTD distri-
bution with a net component is realized for δ ̸= 0. We

also confirmed that the power of δ dependence of χ
(A)
xy is

the same as that of the MTD moment for both magnetic
orderings. In SM [26], we show the overall behavior of

χ
(A)
xy for the filling and molecular field.

In summary, we theoretically investigated the foun-
dations of the AF-magnetic and ferri-magnetic toroidal
orderings under the finite-q magnetic structure. In the
previous study [21], the spatial distribution of the local
toroidal moment has been discussed based on Eq. (1), and
they conclude that the partially ordered (kagome spin
ice) state has a net (no) magnetic toroidal moment. How-
ever, applying the SAMBs to the two magnetic structures
in HoAgGe, we found that the partially ordered state is
characterized by the AF-magnetic toroidal distribution.
In contrast, the kagome spin ice state is characterized by
the ferri-magnetic toroidal distribution with the uniform
component. By evaluating the spatial distribution of the
atomic-scale MTD and linear ME tensor, we have shown
that the lattice distortion parameter δ drives a crossover
from the kagome structure-origin (even-power contribu-
tion of δ) to the distorted kagome structure-origin (odd-
power contribution of δ). When the latter contribution is
primary, the partially ordered state and the kagome spin
ice state realized in HoAgGe are well characterized by the
AF-magnetic toroidal and ferri-magnetic toroidal order-
ings, respectively. Our analysis will provide insight into
the physical properties of the finite-q magnetic toroidal
ordering in HoAgGe.
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