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ABSTRACT

Sequential optimization is one of the promising approaches in identifying the optimal candidate(s) (molecules, reactants, drugs, etc.) with
desired properties (reaction yield, selectivity, efficacy, etc.) from a large set of potential candidates, while minimizing the number of exper-
iments required. However, the high dimensionality of the feature space (e.g., molecular descriptors) makes it often difficult to utilize the
relevant features during the process of updating the set of candidates to be examined. In this article, we developed a new sequential optimiza-
tion algorithm for molecular problems based on reinforcement learning, multi-armed linear bandit framework, and online, dynamic feature
selections in which relevant molecular descriptors are updated along with the experiments. We also designed a stopping condition aimed to
guarantee the reliability of the chosen candidate from the dataset pool. The developed algorithm was examined by comparing with Bayesian
optimization (BO), using two synthetic datasets and two real datasets in which one dataset includes hydration free energy of molecules and
another one includes a free energy difference between enantiomer products in chemical reaction. We found that the dynamic feature selec-
tion in representing the desired properties along the experiments provides a better performance (e.g., time required to find the best candidate
and stop the experiment) as the overall trend and that our multi-armed linear bandit approach with a dynamic feature selection scheme
outperforms the standard BO with fixed feature variables. The comparison of our algorithm to BO with dynamic feature selection is also
addressed.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0206042

I. INTRODUCTION adaptively updated machine learning model.”"” The primary objec-
tive of this approach is to identify optimal molecules with desired

One of the most formidable challenges in chemical science is
properties while minimizing the number of experiments required.

the search for the optimal molecules that possess desired properties,

€1:0%:90 ¥20Z 1snbny /2

particularly in drug, material, and catalyst discoveries." The pro- The recent advancements of robotics in chemistry have further stim-

cess typically involves a large set of potential candidate molecules, ~ ulated research in sequential optimization algorithms, making it a

making it a daunting task.”’ Sequential optimization is one of the promising direction for future study.”

versatile approaches to this challenge, whereby candidate molecules One of the most widely used methods for solving sequen-

are iteratively tested for synthesis based on the predictions of an tial optimization problems in chemistry is Bayesian optimization
J. Chem. Phys. 161, 014115 (2024); doi: 10.1063/5.0206042 161, 0141151
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(BO).” " This method involves constructing a probabilistic model
that maps chemical conditions, such as reaction conditions, cat-
alysts, and solvents, to the property of interest. Importantly, the
sequential strategy used to propose the next candidate balancing the
trade-off between exploring new chemical conditions and exploit-
ing known high-performing conditions.'® The probabilistic model
is updated with new data as it becomes available, allowing the algo-
rithm to iteratively search for the optimal molecule. This approach
can reduce the number of experiments required, thereby saving
time and resources, particularly for the exploration of complex
conditions that are difficult to navigate using traditional trial-and-
error approaches.'” '* However, the high dimensionality of features
required to describe molecules causes a significant challenge for the
application of this method in chemistry, as in the Gaussian process
regression model. This challenge can be addressed through the use of
various techniques, such as feature selection or introduction of regu-
larization parameter(s). For example, the feature selection based on
the Automatic Relevance Determination (ARD) such as SAASBO?’
can be utilized for solving the high dimensionality problem. How-
ever, the regression can easily lead to over-fitting in a small dataset,
which indicates the difficulty in applying to chemical problems.'*
In addition, the construction of stopping conditions for identifying
optimal molecules remains an important issue, as the optimal point
is often unknown until all candidate molecules have been examined.

Another approach for solving sequential optimization prob-
lems is multi-armed bandit (MAB) algorithm, which could be
regarded as a discrete version of BO. BO uses Gaussian processes
as likelihood functions, including traditional homoscedastic models
and more sophisticated heteroscedastic models where the noise level
varies with the input.”’ >’ In addition, to handle complex data dis-
tributions, transformations such as the Box-Cox transformation’*
or normalizing flows” are also employed. In contrast to these BO
approaches, the most general class of MAB algorithm does not nec-
essarily require defining either a model or smooth continuity along
underlying feature variable(s) a priori, but solely requires assum-
ing sampling from an identically independent distribution (i.i.d.)
whose shape is unknown.'“”*" For example, the best arm iden-
tification problem of MAB algorithm’' * is aimed at choosing the
arm (attached to a slot machine among many slot machines in front
of a person) whose expected reward (e.g., number of coins) is the
largest with as fewer number of pulling arms of slot machines as
possible. Note that the output of rewards is probabilistic for each
arm and only at the limit of infinite number of pulling arms, one
can precisely know what expected reward (i.e., true mean) is for
each arm. The mathematical aspects of the bandit algorithms have
been well studied, giving them an advantage in the construction
of stopping conditions for finding the best slot machine. In recent
years, this algorithm has been applied to chemical problems, such
as drug discovery, where each drug candidate is considered as an
arm attached to each slot machine, and its efficacy as a drug is
evaluated.”””*”” However, the direct application of the good arm
identification bandit problem to chemical problems is not neces-
sarily the most appropriate, as chemical properties are observed
experimentally at once or few for each condition in most cases,
that is, not so often like several hundreds to more for each exper-
imental condition. This is because macroscopic experiments are
considered as less stochastic (or rather deterministic) than single
molecule experiments. Note, however, that the experimental values

5,36,3
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include the measurement (aleatoric) noise of laboratory apparatus
and depend on the level of skill of experimentalists, which are con-
sidered to be compensated by introducing a noise term into the
regression models.

There exist several variants of good arm identification problems
in MAB algorithms, such as “Gaussian process-banditsw"w) (corre-
sponding to BO),” “threshold bandits,”*'” “bad arm identification
problem,”®” and “classification bandits.””**” In the linear bandit,
instead of regarding “molecule entity” as an arm to generate a reward
(i.e., observed property associated with each molecule), the reward
is represented by a multilinear regression that is a linear summation
of some functions of feature variables.”” The linear model derived
from the observed rewards is subsequently applied to predict the
rewards of unobserved candidate molecules. This prediction aids in
suggesting the next molecule to be tested. Linear bandit algorithms
offer several advantages, including low computational costs and ease
of implementation on large datasets. However, the performance of
linear bandit algorithms requires further investigation in chemical
problems where the dimensionality of chemical conditions is often
larger than the available data points.

To overcome the challenges associated with the high dimen-
sionality of features of molecules, we have developed a linear bandit
algorithm that incorporates a dynamic feature selection scheme,
i.e., the relevant feature variables are dynamically updated along
the accumulation of the data to examine. In particular, we have
theoretically constructed a stopping condition within this frame-
work. To evaluate the performance of our approach, we compared
linear bandit algorithms, specifically Optimism in the Face of Uncer-
tainty Linear (OFUL) bandit with and without dynamic feature
selection, Bayesian optimization (BO) with and without dynamic
feature selection, and random search (RS) using synthetic data
and realistic chemical optimization problems of solubility** and
enantioselectivity.*’

28»

Il. METHODS AND MATERIALS

We briefly summarize our protocol of linear bandit algo-
rithm for the selection of potential candidate molecules, with the
aim of optimizing specific molecular properties (see also Fig. 1).
Prior to beginning of the algorithm, a set of potential candidates
(=molecules) is prepared in advance. In addition, molecular fea-
tures for the set of candidates are extracted using standard chemo-
informatics tools.”” * If a molecule in the primary set of candidates
has only less than or equal to five nonzero feature values, such a
molecule is removed from the consequent analysis, and all feature
variables are standardized as mean zero and variance one.

The algorithm begins with randomly selecting an initial set
of molecules (say, ten molecules) from the pool of candidates and
includes them in the training dataset. Note here that we only utilize
the molecular property associated with the training dataset and sup-
pose that the actual values of the target molecular property of the
remaining candidates in the pool are unknown (just similar to real
experiments and assigned as “unobserved molecule”). With remov-
ing these initial sets of molecules from the candidate pool, the first
step of the algorithm is to construct a linear regression model from
the chosen training dataset of molecules, to predict the molecular
property for the remaining data in the pool. Here, compared to the
total number of molecular features and the number of molecules to
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FIG. 1. An overview of our OFUL bandit algorithm combined with dynamic feature selection.

be examined, the former is usually much larger than the latter. Thus,
LASSO feature selection*® is applied to the (initial) set of molecu-
lar features, and the selected features are used for modeling. Next,
the algorithm suggests a new molecule from the remaining candi-
dates based on the estimated molecular property in question and its
uncertainty corresponding to its approximated confidence bound,
evaluated using the Optimism in the Face of Uncertainty Linear
(OFUL) strategy.”” Here, if LASSO does not find good feature(s) in
the process of the analysis, which sometimes happens especially at
very early stage of the process, the algorithm cannot infer the value of
the molecular property in question based on the underlying molecu-
lar features. Then, the algorithm suggests a molecule randomly from
the pool of the (unobserved) candidates. The molecule that is pre-
dicted to have a larger value of the molecular property than the
largest “observed” among the training set is then “tested.” In our
study, “testing” corresponds to utilizing the result of the molecu-
lar property from the pool of candidates, as just equivalent to a real
experiment. With removing the test molecule from the candidate
pool, these processes are repeated until a condition is met by using
the uncertainty of the predicted molecular property in the model
to guarantee with a large probability that the largest value obtained
insofar is also the largest in all candidates involving those that has
not been examined (the condition is termed as a stopping condi-
tion). In this paper, if the stopping condition is met and the largest
molecular property in question is actually found (in these simulation
experiments, we know the ground truth, while in real experiments,
we do not), such a run is considered as success; otherwise, failure.
To validate the performance of our algorithm, we implement five
algorithms: OFUL-AF and OFUL-SF, which skips and adopts online
feature selection, respectively, and Bayesian optimization without
online feature selection (BO-AF), with online feature selection (BO-
SF), and random search (RS), which randomly suggests the next
candidate. We have repeated the simulation several times, and each
of the repetitions is termed as run. In the case of synthetic data

analysis, every run uses different data of the same size, which are
generated randomly as explained before in this section.

In what follows, we present the details on how to select the
candidate along the run, the stopping condition, online feature
selection, and data.

A. Candidate selection policy

1. Optimism in the face of uncertainty linear (OFUL)
bandit

The OFUL bandit” algorithm assumes the following linear
regression for the molecular property in question (called “reward”
hereinafter) y; of the ith molecule:

yi=9£<xi+?1i, (1)

where x; denotes the vector representing a set of molecular features
associated with the ith molecule, that is, xi := {x;x}(i=1,..., Niot,
k=1,...,N f). Here, x; denotes the kth feature variable of the ith
molecule, and Nt and Ny are the arbitrarily large total number
of candidate molecules and the total number of feature variables,
respectively. 6« corresponds to the N s-dimensional vector of weight
parameters 0, assigned to each x, which can be acquired only using
the full Ny set of candidates, and is unknown in general when
a smaller set of molecules is only available. #; characterizes some
deviation of the regression model from the actual reward, modeled
by R-sub-Gaussian noise. The R-sub-Gaussian distribution® corre-
sponds to a Gaussian distribution with zero mean, E[#;] = 0, and
variance bounded by R%, E[#7] < R%.

In this paper, we estimate the values of the weight para-
meters 6 along the iteration step ¢ of the algorithm, denoted by 6;,
which can be different from the underlying unknown, true 8. An
I*-regularized least-squares estimate of 85 at iteration step t is

J. Chem. Phys. 161, 014115 (2024); doi: 10.1063/5.0206042
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given by”’
ét = (X}:n,Xlzn, + AI)_IXz?n,yl:n,) (2)

where n; =t+ 10 because we begin with ten randomly chosen
molecules at the initial step ¢ = 0, A(> 0) is the regularization para-
meter, and I is the identity matrix of size n; x ns. Xi.5, is the matrix
represented by (x,Tl ) xif s x,ﬂf : ), where the indices from i; to i1o rep-
resent the indices of molecules randomly chosen initially and i;; to
in, represent those of molecules “observed” up to iteration step ¢,
and the vector yi.n, = (Vi Yirs - - > Yi, )" whose elements are observed
rewards up to step .

The confidence region (termed as confidence ellipsoid*’) that
includes true weight parameters 0 with high probability at least
1-08 can be constructed using the estimated parameters 6; as
follows:*

Ct ={0¢ RNf : H@—étHV[

7\1/2 -1/2 :
< R\}zlog(det(v’) getw) )+)LES ,

where

100l = /(8- 0)7Vi(6-6) 3)

forall t > 0. Here, § is a user-controllable parameter for failure prob-
ability and another parameter S is chosen so that the upper bound
of 4 is lower than or equal to S. Note that R is a parameter to
express the extent of variance of R-sub-Gaussian noise introduced
in Eq. (1) and approximately evaluated by Eq. (A4) in the Appendix.
The matrix V; is defined as A + ¥ _, x,-mx,-ﬁ . Here, we use 0.05 as a
typical value of the allowance-error rate 6.

The optimism in the face of uncertainty (OFU) principle sug-
gests the next candidate (or molecule), denoted by x;,,,, using the
following equation:

;i T
(xi,,»0i,,) = argmax 0 x. (4)
(%,0)€Drs xCt

These two vectors, x;,, and éim, are selected to maximize the
expected reward 8'x, among the unobserved remaining candidates at
iteration step ¢ (Dy+1), each of which is characterized by its molecu-
lar feature vector x (denoted by x € D;,1) with the confidence region
(Ct) of the weight parameters 0 [Eq. (3)]. In other words, this algo-
rithm estimates the confidence intervals of the coefficients 8% by
using the data up to time step f, and then, from all unobserved
data by that time in D1, it selects the molecule candidate i;1 with
the potentially highest reward taking into account the uncertainty
quantified by C; (see also Fig. S1 for the illustration of geometrical
relationship between C; and selected 6;,,). This strategy can take a
balance between exploitation and exploration, such as in upper con-
fidence bound strategy, which is known to be useful to efficiently

find the maximum reward.”'"" Note that §; . is different from the

if+l
evaluated one 0;,,,.

2. Bayesian optimization and random search

Bayesian optimization uses a Gaussian process regression as
a surrogate function with a radial basis function (RBF) kernel (see

ARTICLE pubs.aip.org/aipl/jcp

Sec. S5 for the confirmation of almost same results with the Matern
5/2 kernel, which is another common kernel). The candidate x;,,
is recommended at iteration step t by the upper confidence bound
acquisition function’"”* defined as follows:

Xj,,, = argmax (y(x) + /5; o(x)), (5)

x€Dy1

where 7(x) and o(x) are the estimated expected value and the stan-
dard deviation for the target value of molecule whose feature vector
is represented by x in the unobserved set D;y1, respectively, and
Br=2 log(%), where & (typically used 0.05) corresponds to
the allowance error rate, as applied in the context of OFUL bandit
algorithms, and |D;41| denotes the number of unobserved molecules
remaining at time ¢ in the pool of candidates. Here, we used the
isotropic kernel, i.e., a single length scale parameter for all the
features standardized by the z-score. The length scale parameter,
signal amplitude, and the noise level of kernel are optimized under
marginal likelihood. We employed a data-driven approach to deter-
mine the searching range of the length scale hyperparameter used
in the RBF kernel, which is chosen as the minimum to the maxi-
mum of the Euclidean distances between the observed data {x;} up
to each iteration time. In addition to OFUL and BO, we also imple-
mented a random search (RS) policy for selecting the sequence of
the candidates. While this policy randomly selects each candidate
along the process from the entire database of molecules in a uniform
manner, RS uses Egs. (1) and (2) like OFUL for defining its stopping
condition presented below.

B. Stopping condition

The construction of stopping condition is crucial to terminate
the method automatically. Our algorithm stops testing all the Nio
candidates or satisfying the following conditions. Obviously, when
we would test all candidates, we could identify the best candidate to
have the maximum reward. However, it should be desired to identify
the best one more efficiently with fewer number of experiments with
ensuring accuracy more than 1 — § within the framework of Eq. (1).
The stopping condition for OFUL at iteration step ¢ is given by

max (1) > 0"x, 6
y ( ) (x’Q;lElDaflxct * ( )

where y, () denotes the maximum value among the observed
rewards up to iteration step ¢ and the right-hand side of the equa-
tion expresses the upper confidence bound of expected reward at
iteration step t + 1 within the confidence region of weight parameter
constructed at iteration step ¢. This means that the iteration should
be stopped at time ¢ when there are no potential candidates that
might become larger than the present maximum. Note that the ran-
dom search (RS) method also uses this stopping condition because
it shares the same prediction model of OFUL.

The stopping condition for Bayesian optimization (BO) is
constructed by the following equation derived from Eq. (5):

Ymax(t) > max (?(x) + l3t G(x))> 7)

where the right-hand side represents the maximum of the upper
confidence bound among the unobserved data in the BO framework.
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C. Feature selection

The data typically consist of a couple of hundred features;
among them, some may not be relevant to the molecular property
to predict. Consequently, removing the redundant and irrelevant
features is an important step for optimization task in the huge
dimensional feature space. The LASSO (Least Absolute Shrinkage
and Selection Operation) regression analysis by Hastie et al.*® was
applied for this purpose. LASSO is a penalized regression analysis
technique that uses I' regularization, which can efficiently reduce
the number of features for the linear regression model. To decide
the regularization parameter of the LASSO model, we apply grid
search with fivefold cross-validation for samples observed so far.
We examine the OFUL bandit algorithm with all features (AF) that
is invariant along the process of the algorithm and with selected
features (SF) that is updated dynamically along it, named as OFUL-
AF and OFUL-SF, respectively. For comparison, we also examine
two versions of Bayesian optimization (BO), BO-AF and BO-SF.
Moreover, note that RS does not use any feature selection.

Because each feature has different ranges of values with dif-
ferent physical units, we employ the standardization method that
subtracts the mean (%) averaged over all molecules in the pool
of the candidates from the kth feature variable of the ith molecule
(x;) with division by the standard deviation (o), resulting in a
standardized feature variable, i.e., x; < (x;x — Xx)/0%.

D. Data description

In this paper, we evaluate our algorithm using four benchmark
datasets, two synthetic data and two real datasets."""

Two synthetic datasets, named Syn-I and Syn-II, are con-
structed using a linear regression model with Gaussian noise. We
define a set of N candidates y = {y,} approximately characterized by

a set of N feature variables x = {x;}, expressed as y; = szi L Okxik
+1i, where i =1,..., N and k = L...,Ny. We set a problem to
find the candidate i,, whose y;,, value is the largest as fewer num-
ber of experiments as possible. The feature variables intrinsic to each
candidate are drawn from a Gaussian distribution with mean 0 and
variance 1, N(0,1). In both datasets, the weight parameter ) and
Gaussian noise #, are also sampled from N (0, 1). The first dataset,
Syn-1, and the second dataset, Syn-II, consist of Ny, = 300 candi-
dates and Ny =30 feature variables and Ny, = 300 candidates and
Ny =500 feature variables, respectively. In the former, among the
30 feature variables, randomly chosen 10 are considered to be rele-
vant and important (i.e., the corresponding weight parameters are
nonzero otherwise zero). In the latter, only 30 out of 500 feature
variables are assumed to be relevant.

The real datasets include hydration free energies of 642
molecules (FreeSolv** dataset) and a free energy barrier differ-
ence between enantiomer products (AAG) of 70 reaction systems
(enantioselectivity’® dataset). The problem is set to find the lowest
hydration free energy or the maximum absolute values of AAG. The
total numbers of features are 447 and 148, respectively, for FreeSolv
and enantioselectivity datasets, which are ISIDA (In Silico Design
and Data Analysis) fragment descriptors’®”’ based on SMILES™
(Simplified Molecular Input Line Entry System) codes of molecules.
(As a comparison, we added the results performed using Morgan
fingerprints in Sec. S4 of the supplementary material.)

ARTICLE pubs.aip.org/aipl/jcp

Ill. RESULTS AND DISCUSSION
A. Synthetic data analysis

Figure 2(a) presents the box-and-whisker plot (boxplot) of the
time steps required to find the optimal candidate (ground truth),
which we called the best finding time, and the stopping time (=the
time satisfying the stopping condition) for Syn-I. The best finding
time can be computed if and only if the ground truth is known a pri-
ori (of course this is not the case in real applications). This quantity
is only referred in addressing each algorithm performance. For the
best finding time, the median values are 135.0, 11.0, 6.0, 13.0, and
10.0 iteration steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-
SF, respectively. The results show that RS is significantly slower than
the other four methods in finding the best candidate, which confirms
the importance of model-based sequential optimizations.

Moreover, the variance of best finding time for RS is much
larger than that of the other four methods. Regarding the stopping
time, the median values are 286.0, 59.0, 41.0, 85.0, and 39.0 iteration
steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respectively.
Although RS cannot judge to stop in most cases within the max-
imum number of iterations “290 (=300 candidates - 10 randomly
chosen initial seeds),” the other four methods were successful in
finding the best candidate and automatically stopping at an early
stage of iterations, i.e., the success rates of BO-AF, BO-SF, OFUL-
AF, and OFUL-SF are 100%, 100%, 94%, and 98%, respectively. In
addition, it is observed that BO and OFUL improve by incorporat-
ing dynamic feature selection and the OFUL-SF and BO-SF show a
comparable performance both in best finding time and in stopping
time. Here, the existence of failure cases by any algorithm (e.g., 2%
by OFUL-SF) means that it could not find the underlying ground
truth, but before reaching the maximum number of iterations, the
algorithm stopped with satisfying the stopping condition. Note that,
in this case, one cannot define the best finding time, i.e., the time to
find the ground truth in the iteration process, and, hence, such cases
were not included in the figure [e.g., the upper figure in Fig. 2(a)].

Figure 2(b) presents the boxplots of the best finding time and
the stopping time for Syn-II. The median values of the best find-
ing time are 140.5, 47.0, 31.5, 96.5, and 35.5 iteration steps for RS,
BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respectively. The val-
ues are larger than those in Syn-I, which indicates the difficulty in
Syn-II where many irrelevant feature variables are included. It is
found that dynamic feature selection can improve the best finding
time both in BO and in OFUL, and the variance of the best finding
time is also reduced. For the stopping time, the median values are
290.0, 289.5, 130.0, 290.0, and 172.5 iteration steps for RS, BO-AF,
BO-SF, OFUL-AF, and OFUL-SF, respectively. Notably, RS, BO-AF,
and OFUL-AF reached the maximum of iteration steps “290,” and
only BO-SF and OFUL-SF were successful in finding the best can-
didate and stopping within the limit, i.e., the success rates of BO-SF
and OFUL-SF are both 100%. The results show that dynamic fea-
ture selection is essential in Syn-II, to which many realistic chemical
problems are expected to belong, as in the enantioselectivity dataset
below. Although the best finding times of BO-SF and OFUL-SF are
comparable, the stopping times of BO-SF tend to be faster in this
case. It should be noted in the comparison between Syn-I and Syn-II
that the effect of dynamic feature selection is much more significant
in Syn-II than in Syn-I. Figures 3(a) and 3(b) present the accuracy
of each model of RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF,
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FIG. 2. Boxplots of best finding time (upper) and stopping time (lower) for (a) Syn-
| and (b) Syn-Il. The orange lines and green triangles indicate the median and
mean, respectively. The box indicates the range between the first quartile (Q1)
and the third quartile (Q3). The upper whisker indicates the largest value among
less than 1.5(Q3 — Q1) + Q3. The lower whisker is defined similar to the upper
whisker. Outlier points, which are not between whiskers, are shown as the circle
points. The total numbers of elements in Syn-l and Syn-Il datasets are 300 both,
and the experiments are initiated with 10 randomly chosen seeds. Syn-| has 10
relevant feature variables out of 30 variables, and Syn-Il has 30 out of 500.
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area corresponds to +o of the statistics. The number of runs used for statistics is
also shown in the lower part. The RS, OFUL-AF, and BO-AF lines for Syn-Il are
overlapped completely until time step 150.

updated during the sequential optimization, for Syn-I and Syn-II
data, respectively. The accuracy is evaluated by using the root-mean-
square error (RMSE) for the difference between the predicted values
of unobserved candidates at each time step and their true values.
The averages and standard errors of RMSE at each time step are cal-
culated for the valid runs that are unstopped yet, and at least one
feature is selected by feature selection at that time step. In addition,
note that RS utilized the same regression model and stopping condi-
tion as OFUL except the candidate selection policy. It is found that
RMSEs of all the methods decay gradually as the time step increases,
and especially the decays of OFUL-SF and BO-SF are faster than
those of the other methods in both datasets. The decreases in RMSEs
of these two methods with feature selection are more pronounced at
longer iteration steps for the Syn-II case, as being consistent with
the larger effect of dynamic feature selection on best finding and
stopping times in Syn-II rather than in Syn-I. The comparison of
RMSEs between BO-SF and OFUL-SF reveals that OFUL-SF pre-
dicts the unobserved candidates y more accurately than BO-SF does
(on average) in both Syn-I and Syn-II. This makes us expect that
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OFUL-SF should exhibit a better performance in best finding and a) |
stopping time analysis. However, the distinction between the per- 800 T
formance of BO and OFUL methods in best finding and stopping g 5001
times is nontrivial, attributed to the different construction of confi- =
dence intervals or uncertainties in the predicted values. Within the o 400 |
OFUL framework, the reduction of feature variables in regression is £ 4
crucial for reducing the confidence region to stop properly as known 2 3007
from Eq. (3) in Sec. II. Similarly, in the BO framework, the variance = .
assessed through Gaussian process regression is employed, with the % 200
variances significantly reduced by feature selection. These factors are g 100 | .
found to be essential in comprehending the substantial differences ‘ 3
in stopping times between the methods with and without dynamic 0 i == == =l ==
feature selection, observed in the Syn-II results. The different con-
struction of confidence intervals is also related to the observation 6OOJ °
that the stopping times of BO-SF are faster than those of OFUL-SF
in Syn-II, despite the RMSE of BO-SF being larger than that of © 500 |
OFUL-SF at iteration steps beyond ~40. In addition, the stopping g
times of RS in Syn-I are slightly smaller than those in Syn-II, where + 4001
the confidence intervals are influenced by the difference in the total g 565
number of features. o o
§ 200 1

B. Analysis on experimental hydration free energies m 100 ! °
and enantioselectivity % :__LE]

Figure 4(a) presents the boxplots of the best finding time 01 , . .
and the stopping time for FreeSolv data, where the total num- RS BO-AF  BO-SF OFUL-AF OFUL-SF
ber of molecules is 642 with 447 feature variables in total. The N
median values for the best finding time are 370.0, 7.5, 11.0, 7.0, and >
19.0 iteration steps for RS, BO-AF, BO-SF, OFUL-AF, and OFUL- b) - T g
SF, respectively. As for the stopping time, the median values are O 5o %
632.0, 97.0, 34.0, 499.5, and 68.0 iteration steps for RS, BO-AF, = s b
BO-SF, OFUL-AF, and OFUL-SF, respectively. Note that the “ 10 o g
observed trends in best finding times and stopping times align 2 . >
notably with those of Syn-I rather than Syn-II, except for the OFUL- S 30 5
AF result. The discernible dissimilarity between BO-AF and OFUL- é %] ‘|7 é
AF in stopping times is more pronounced compared to synthetic + 20
datasets, with OFUL-AF exhibiting difficulty in achieving a reduc- ] . A
tion in confidence intervals due to a large number of total feature o 10 .
variables in FreeSolv case, akin to the Syn-II scenario. In contrast, § - T
differences in variances between BO-AF and BO-SF are smaller than 9
those in Syn-II case and akin to Syn-I. The RS reached the maxi- 60 . - e
mum iteration steps of “632 (=642 candidates-10 randomly chosen I
initial seeds),” while the other methods stopped within the maxi- o 50 g
mum limit with identifying the best candidate with a high success & i ° —IV
rate; the success rates of BO-AF, OFUL-AF, BO-SF, and OFUL- ‘S 40
SE were 100%, 100%, 90%, and 94%, respectively. These outcomes o
underscore that success rates can be diminished by feature selection g_ 30 ¢
dependent on the initial seeds, although feature selection accelerates o A
the stopping process with a contraction of confidence intervals. This 2 20
is interpreted that, if a region of the feature space spanned by initial 0
seeds and those of consecutively chosen candidates is significantly i l
different and isolated from that by the best candidate, the chosen
feature variables do not necessarily predict the expected reward of RS BO-AF BO-SF OFUL-AF OFUL-SF
the best candidate. However, note that the 90% or 94% success rate
does not necessarily mean “significantly low performance” because FIG. 4. Boxplots of best finding time (upper) and stopping time (lower) for (a)
the allowance error rate § = 0.05 allows 5% failure prediction at FreeSolv and (b) enantioselectivity datasets. The total number of molecules in

the FreeSolv dataset is 642 and that of enantioselectivity dataset is 70, and the

most within the framework of the Gaussian process (BO) and linear ! foksid t
experiments are initiated with 10 randomly chosen seeds.

regression model (OFUL). Figure 4(b) presents the boxplots of the
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best finding time and stopping time for enantioselectivity data. The
median values for the best finding times are 33.0, 22.0, 6.5, 27.0, and
12.0 for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respectively.
As for stopping times, the median values are 60.0, 59.0, 52.0, 60.0,
and 27.0 for RS, BO-AF, BO-SF, OFUL-AF, and OFUL-SF, respec-
tively. The trend in best finding times and stopping times aligns
more closely with Syn-II, as opposed to the FreeSolv case. Hence,
a feature selection analysis using the full candidate data was con-
ducted for both FreeSolv and enantioselectivity datasets, revealing
that FreeSolv has 95 relevant feature variables, constituting 21% of
the total, while the enantioselectivity dataset has 15 relevant feature
variables, representing 10%. Each value of percentage reasonably
corresponds to 33% of Syn-I and 6% of Syn-II cases, respectively,
which could be one factor in understanding the characteristics of
the results because the ratio of relevant features is related to both
the regression model and the construction of the confidence inter-
val. Only OFUL-SF achieved successful stopping with a 98% success
rate, while all other methods reached the maximum iteration limit
of “60 (=70 candidates - 10 randomly chosen initial seeds).” The
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FIG. 5. RMSE for unobserved candidates at each time step, (a) FreeSolv and (b)
enantioselectivity dataset. The number of runs used for statistics is also shown in
the lower part. The lines corresponding to RS, BO-AF, and OFUL-AF for FreeSolv
data are overlapped due to the unstopped runs until time steps 50.
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OFUL-SF demonstrated an average reduction of experimental cost
by two-thirds, significantly contributing to the exploration of new
catalysis for desired enantioselective reactions, given the substan-
tial human cost associated with catalyst preparation. In contrast to
the Syn-II case, where BO-SF tends to stop faster than OFUL-SF, in
the present case, the OFUL-SF can stop significantly faster than BO-
SE, suggesting a complementary property between BO and OFUL
depending on the target system.

We analyzed the corresponding RMSE for the FreeSolv and
enantioselectivity datasets, presented in Figs. 5(a) and 5(b), respec-
tively. In both datasets, the RMSEs of BO-AF, BO-SF, and OFUL-SF
are significantly smaller than those of RS and OFUL-AF. The chal-
lenge encountered in regression with OFUL-AF is likely attributed to
the non-linearity present in real data, which seems to be mitigated by
the dynamic feature selection in OFUL-SF. Here, note that BO-AF
and BO-SF utilize a non-linear kernel, achieving a better perfor-
mance in RMSE. The accuracy expected from RMSE aligns well with
the performances in stopping times in the FreeSolv case, resembling
the Syn-I case, but not in Syn-II. In the enantioselectivity dataset,
the stopping times of BO-AF and OFUL-AF are notably large due to
the substantial variances in predictions and the high dimensionality
in the feature space, resulting in large confidence intervals or uncer-
tainty. These findings again underscore the correspondence of the
FreeSolv and enantioselectivity datasets to Syn-I and Syn-II, respec-
tively. Similar results were observed for Photoswitch data™ shown
in Sec. S6 of the supplementary material.

IV. CONCLUSION

In this study, we developed a novel sequential optimization
method, leveraging a linear bandit framework coupled with a
dynamic feature selection scheme, for finding the optimal molecule
from the candidate library. A distinctive feature of our algorithm is
its ability not only to identify the optimal candidate molecule but
also to automatically determine when to stop the search based on
the predictions for candidate molecules and their confidence inter-
vals evaluated by the regression models. The method underwent
validation, starting with synthetic datasets based on linear mod-
els and extending to real datasets, including benchmark hydration
free energy data and experimental data of enantioselective reactions.
Comparative analyses against the linear bandit algorithm without
feature selection, Bayesian optimization with and without feature
selection, and random search affirmed the essential role of dynamic
feature selection, particularly in datasets with numerous irrelevant
feature variables included in the total feature variables. We found the
critical role of feature selection in enhancing predictive performance
and reducing confidence intervals during sequential optimization,
thereby accelerating the automatic judgment capabilities of the
algorithm in stopping the search.

In this article, we compared the stopping time statistics of
OFUL with those of BO with/without feature selection. The most
widely used BO does not include dynamic change of variables to
express the cost function in its learning process. The stopping con-
ditions of OFUL and BO are not strictly the same, in relevance to
how tight the confidence intervals are estimated, and we regard the
comparison of the stopping time between BO and OFUL solely as
a reference. Note that, in OFUL framework, to incorporate non-
linearity in the feature space is straight-forwards by replacing x;, to a
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function composed of {x;}, which is expected to extend the applica-
bility of OFUL algorithm. In addition, because OFUL-SF performs
feature selection at every time step and deviates from the martingale
property originally assumed by OFUL,” some derivations solved for
OFUL-AF are regarded as a heuristic in the extended framework of
OFUL-SF.

SUPPLEMENTARY MATERIAL

See the supplementary material for derivations of Egs. (A1),
(A4),and (A6).
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APPENDIX: COMPUTATIONAL DETAILS

In this study, the analytical solution of the upper bound
of expected reward for each candidate whose molecular feature

ARTICLE pubs.aip.org/aipl/jcp

vector is represented by x(= {x;}) (k=1,...,Ny) is computed
using Egs. (3) and (4). The solution is expressed as

T AT Rl
r(rglgac)t(ﬂ x79[x+B||xHVI_1,

where

= \1/2 ~1/2 :
B:_R\lzlog(det(vt) ;et(/u) )+}Lis. (A1)

This formula can be derived by the Lagrangian multiplier method for
maximizing #"x under the constraint || - étHV( = B. (The detailed
derivation is given in Sec. S1 of the supplementary material.)

Equation (3) reveals that the value of the parameter R of R-sub-
Gaussian noise that models some deviations of the predicted reward
value against the observed reward reflects directly the size of the con-
fidence bound. The larger the value of R is, the more the size of the
confidence bound increases. In this article, the value of R is updated
during the process and substituted by the upper bound of root mean
square error (RMSE) on (updating) training data at each iteration
step. The true RMSE is defined as follows:

ny L )2
RMSEtrue(t) - \J M (A2)

ne
In addition, the sample estimate of the RMSE is calculated as follows:

A

ny L )2
RMSE(f) = | =10 =0 ) (yz,n O )" (A3)
t

where i; denotes the index of the molecule observed at iteration step
tandn; =t +10in this article. Then, the upper bound of the RMSE
(denoted by R;) is defined as

— nt
R = 5

1-2,n,-1

RMSE(t). (A4)

2
Here, x| _s -1
g,

end of [1 - 8/2,8/2] confidence interval of chi-squared distribution
with (n; — 1) degrees of freedom (see Sec. S2 of the supplementary
material for details).

The parameter S in Eq. (3) is also dynamically estimated at each
time step t from the *-norm of the upper bound of the estimated
true parameter 6, denoted by 6y, as follows:

represents the value that corresponds to the lower

S = S[ = Hé[ ”2, (AS)

where the kth element of 6; is expressed by

Ouk = O + ZR\/ (FiF) ), (A6)

where F; := (X{,, X, + M) 7' X{,,,, (F.F/ )1 represents the kth diag-
onal element of (F;F} ), and Z = 1.96 so as to meet the condition of
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maximum error rate & = 0.05, i.e., above 6, the underlying true 6«
may exist 5% at most (see Sec. S3 of the supplementary material for
details).

There are two regularization parameters in our method. One is
A in Eq. (2), and the other is in LASSO for feature selection. Both
parameters are tuned using the grid search method, where fivefold
cross-validation is adopted on training data.
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