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Preface 

This volume is intended as the proceedings of Sapporo Symposium on Partial 

Differential Equations, held on August 4 through August 6 in 2025 at Faculty of 

Science, Hokkaido University. 

Sapporo Symposium on PDE has been held annually to present the latest devel- 

opments on PDE with a broad spectrum of interests not limited to the methods of 

a particular school. Late Professor Taira Shirota started the symposium almost 

50 years ago. Late Professor Kôji Kubota and late Professor Rentaro Agemi made 

a large contribution to its organization for many years. 

We always thank their significant contribution to the progress of the Sapporo 

Symposium on PDE. 

S.-I. Ei (Josai University) 

Y. Giga (The University of Tokyo)

N. Hamamuki (Hokkaido University)

S. Jimbo (Hokkaido University)

K. Kita (Hokkaido University)

H. Kubo (Hokkaido University)

H. Kuroda (Hokkaido University)

S. Masaki (Hokkaido University)

T. Ozawa (Waseda University)

K. Tsutaya (Hirosaki University)
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Uniqueness and nondegeneracy of ground states

for generalized Choquard equation

Vladimir Georgiev

Dipartimento di Matematica Università di Pisa Largo B.

Pontecorvo 5, 56100 Pisa, Italy

Faculty of Science and Engineering, Waseda University 3-4-1,

Okubo, Shinjuku-ku, Tokyo 169-8555 Japan

Institute of Mathematics and Informatics at Bulgarian Academy of

Sciences, Acad. Georgi Bonchev Str., Block 8, 1113 Sofia,

Bulgaria, email: georgiev@dm.unipi.it

July 18, 2025

1 Main Results

This talk is based on a joint work with Mirko Tarulli and George Venkov.
We study the uniqueness of the ground states for generalized Choquard

equation
−Δu+ u = I(|u|p)|u|p−2u (1.1)

in the case p ∈ (1 + 2/n, 2), n ≥ 3.
Here and below I(f) is the Riesz potential defined by

I(f)(x) = (−Δ)−1f(x) = G0 ∗ f(x), G0(|y|) =
1

(n− 2)|Sn−1|

1

|y|n−2
,

where n ≥ 3 and |Sn−1| = nπn/2/Γ(1 + n/2) being the surface measure of the
unit sphere in R

n.
The ground states for p < 1+4/n (mass sub - critical case) can be obtained

(see Theorem 2 in [5]) via the minimization problem

Eσ = inf
u∈H1, ‖u‖2

L2
=σ

Ep(u). (1.2)

Here and below

Ep(u) =
1

2
‖∇u‖2L2 −

1

2p
D(|u|p, |u|p),

where

D(|u|p, |u|p) = 〈I(|u|p), |u|p〉L2 =
∥∥∥(−Δ)−1/2|u|p

∥∥∥2
L2

.
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In the mass super - critical case, the ground states are minimizers (as in [4],
[14] ) Weinstein type functionals. For example one can take

Wp(u) =
‖∇u‖2L2 + ‖u‖2L2

p
√
D(|u|p, |u|p)

and consider the minimization problem

W = inf
u∈H1

rad
\{0}

Wp(u).

This work continues the study of the uniqueness of ground states for the
generalized Choquard equation, started in [6], [8], [7]. Especially, in [7] we
considered the case p ∈ (2, 1 + 4/(n− 2), n ≥ 3 and we have the following local
result.

Theorem 1.1. Assume n ≥ 3 and 2 ≤ p < (n+4)/n. Then one can find ε > 0
so that for any two radial positive minimizers Q1, Q2 of (1.2), satisfying

‖Q1 −Q2‖H1 ≤ ε

we have Q1 = Q2.

The active study of the existence and qualitative behavior of the ground
states Q is closely connected with stability/instability properties of the corre-
sponding standing waves U(t, x) = eiωtu(x) that are solutions of the Cauchy
problem for NLS

i∂tU +ΔU + I(|U |p)|U |p−2U = 0, (t, x) ∈ R× R
n,

U(0, x) = u(x).
(1.3)

The study of the H1-evolution dynamics of this Cauchy problem is motivated by
the important question of orbital stability/instability properties of the standing
waves. The existence of ground state is studied in [4], [14], [15], while [16]
and [17] treat the decay and scattering properties of the ground states. A
detailed classification result for linearized stability properties of the standing
waves is obtained in [5]. Considering linearization of (1.3) around standing
waves, one can apply the classification results from [5] and deduce that linearized
stability holds for p ∈ (1 + 2/n, 1 + 4/n), while linearized instability is fulfilled
for p ∈ [1 + 4/n, 1 + 4/(n− 2)).

As a consequence, it satisfies the Pohozaev identity

‖∇u‖2

np− n− 2
=

D(|u|p, |u|p)

2p
.

Summarizing, we have the following relations

‖u‖2

β
=

‖∇u‖2

γ
=

D(|u|p, |u|p)

p
= kW ,

where

β =
n+ 2− p(n− 2)

2
, γ =

np− n− 2

2
= p− β
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and

kW =
1

p
Wp/(p−1).

The main novelty in the case p ∈ (1+2/n, 2) is the uniqueness of the ground
state without any smallness assumption.Our first result is the following.

Theorem 1.2. Assume n ≥ 3 and (n+2)/n < p < 2. Then for any two positive

minimizers Q1, Q2 ∈ H1 of (1.2), satisfying the normalization condition

‖∇u‖2L2 + ‖u‖2L2 = D(|u|p, |u|p),

we have Q1 = Q2.

Some observations are listed below.

• Our approach follows the idea from [3], [11] based on the substitution
v(u) = |u|2 and the fact that the Weinstein functional becomes convex
with respect to v. This fact enables us to avoid radiality assumption on
the the minimizer and use only its positiveness.

• There are results on classification of positive solutions of local and non
local elliptic equations.. Starting with seminal work [10], treating nonlin-
earity of local type, there are some works treating non - local nonlinearities
(see [2], [13]). The result of [13] guarantee that any positive solution of
(1.1) is radial provided p ≥ 2. We do not use a result of type ”positiveness
implies radiality.” However our uniqueness result shows that any positive
minimizer of (1.2) is readial.

• The positiveness assumption in Theorem 1.2 is crucial. Note that mini-
mization over odd function in H1 gives nodal solutions discussed in [9].
They have cylindrical symmetry with respect to a fixed direction.

• Note that 1 + 4/n < 2 for n ≥ 5, so we need the Weinstein functional to
guarantee the existence of ground states for p ∈ [1 + 4/n, 2).

Another important question is the non degeneracy of the ground state. A
weaker form of degeneracy of the ground state means that the kernel of the
operator

L+ = −Δ+ 1− pI(Qp−1·)Qp−1 − (p− 1)I(Qp)Qp−2

is non trivial on H1
rad . Here and below Q(|x|) ∈ H1

rad(R
n) is a radial positive

solution of (1.1), so that setting A(|x|) = (−Δ)−1Qp(|x|) and r = |x| we have
the following ordinary differential system

− ∂2
rQ(r) −

n− 1

r
∂rQ(r) +Q(r) = A(r)Q(r)p−1

− ∂2
rA(r) −

n− 1

r
∂rA(r) = Qp(r).

The operator L+ becomes

L+ = −∂2
r −

n− 1

r
∂r + 1− pI(Qp−1·)Qp−1 − (p− 1)AQp−2. (1.4)
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Our next result treats the triviality of the kernel of L+ in H1
rad(R

n). To be
more precise if h ∈ H1

rad(R
n) ∩ KerL+, then we can have stronger regularity

properties
h ∈ Hs

q , s ∈ [0, p+ 1), 1 < q < ∞.

Any radial solution h of the equation L+h = 0 is a solution of the ordinary
differential equation (1.4). Then the couple of h and B = (−Δ)−1Qp−1h satisfies
the system of nonlinear second-order differential equations

h′′(r) +
n− 1

r
h′(r) = h(r) − pBQp−1 − (p− 1)AQp−2h,

B′′(r) +
n− 1

r
B′(r) = −Qp−1h.

(1.5)

Our next result justifies the triviality of the kernel in H1
rad.

Theorem 1.3. Let n ≥ 3 and (n + 2)/n < p < 2. There is no classical non-

trivial solution (h,B) to the ODE problem (1.5).

Here we give some remarks and additional information connected with this
Theorem.

• In the case n ≥ 3, and 2 ≤ p < (n + 4)/n we have at most one solu-
tion to the system (1.5). This fact plays crucial role in establishing local
uniqueness result of Theorem 1.1.

• Our approach is based on use of appropriate asymptotic classes and asymp-
totic expansions of the ground state Q and the corresponding electric po-
tential A as well the precise asymptotic of h,B. In fact, we obtain the
following expansions at |x| → ∞

A(|x|) = A0|x|
−n+2(1 + o(1)), A0 = cn

∫
Rn

Q(|x|)pdx,

Q(|x|) = Q0|x|
−n+2 (1 + o(1)) , Q0 = A

1/(2−p)
0 ,

(1.6)

B(|x|) = B0|x|
−n+2 (1 + o(1)) , B0 = cn

∫
Rn

Q(|x|)p−1h(|x|)dx, (1.7)

h(|x|) = h0|x|
−(n−2)/(2−p) (1 + o(1)) , h0 =

B0Q
p−1
0

2− p
. (1.8)

• We follow the approach in [7] and introduce the quantities

ξB(r) = −

∫ ∞

r

τn−1B(τ)Qp(τ)dτ,

ξh(r) = −

∫ ∞

r

τn−1A(τ)Qp−1(τ)h(τ)dτ.

They are bounded solutions to a system of ODE. Careful analysis of the
equation satisfied by ξB leads to the crucial conclusion B0 = 0. Then we
have h0 = 0 and the asymptotic expansions (1.6), (1.7), (1.8) enables us to
use Gronwall type lemma (as it was done in [6]) and arrive at h(|x|) = 0.
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• The result of Theorem 1.3 means that

KerL+ ∩H1
rad

is trivial and this can be interpreted as a weaker non degeneracy.

Our next step is to prove the non degeneracy property (as this notion was
introduced in [19]).

Theorem 1.4. Assume n ≥ 3 and (n+ 2)/n < p < 2. Then

KerL+ = Span {∂jQ(|x|), j = 1, · · · , n} .

Let us explain key points in the proof.

• Using a decomposition in spherical harmonics we consider the operators
L+,(�) that are the projections of the operator L+ on spherical harmonics
of order 	. We use the following representation of this operator(

L+,(�)η
)
(r) = −η′′(r) −

n− 1

r
η′(r)

+
	(	+ n− 2)

r2
η(r) + V (r)η(r) +

(
W(�)η

)
(r)

with
V (r) = −(p− 1)I(Qp)Qp−2

and(
W(�)η

)
(r)

= −
2p(n− 2)πn/2

(2	+ n− 2)Γ(n/2)
(Q(r))p−1

∫ ∞

0

r�<
r�+n−2
>

(Q(s))p−1η(s)sn−1ds,

where r< = min(r, s) and r> = max(r, s). The weak form of non degen-
eracy obtained in Theorem 1.3 enables us to consider only the case 	 ≥ 1.
The key point in the proof is that each L+,(�) fulfills a Perron-Frobenius
property.

• The proof of Perron - Frobenius lemma follows the approach in [12]. We
need appropriate generalizations of the multipole expansions and heat
propagator decomposition for the case of n ≥ 3.

An important corollary of Theorem 1.4 is the coercivity property of the
operator L+, which arises in the stability and blow-up analysis of solitary waves
for the corresponding time-dependent equation (1.3). More precisely, we have
the following result.

Theorem 1.5. Assume

1 +
2

n
< p < 2.

Then we have

〈L+h, h〉L2 ≥ C‖h‖2H1 , ∀ h ∈ HQ,

where

HQ =
{
h ∈ H1, h ⊥ L+(Q), h ⊥ KerL+

}
.
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2 Global Uniqueness

The goal of the section is to establish the global uniqueness of the ground state
stated in Theorem 1.2.

Starting with the pth power of the Weinstein functional

Wp(u)
p =

(
‖∇u‖2L2 + ‖u‖2L2

)p
D(|u|p, |u|p)

with u > 0 we assume (n+ 2)/n < p < 2.
Any H1 non-negative minimizer u �= 0 of this functional satisfies (after

renormalization) the equation (1.1). Applying the strong maximum principle
for weak solutions (see for example Theorem 1 in [18]), we see that for any
compact set K ⊂ R

n there exists a constant γK > 0 so that

u(x) ≥ γK , a.e. in K.

Then, utilizing an exhaustion of Rn by compact sets, and noting that every
point x ∈ R

n belongs to some K, up to a set of measure zero, we infer that

u(x) > 0 a.e. in R
n.

Following [1], [11], we introduce the substitution

v(u) = |u|2

and study the minimization problem for the induced functional

Φp(v) =

(∫ ‖∇v(x)|2

v(x) dx+
∫
v(x)dx

)p

D(vp/2, vp/2)
,

defined on the convex domain

D = {v = |u|2;u ∈ H1(Rn), u(x) > 0 a.e.}.

Then we can verify
Wp(u)

p = Φp(|u|
2)

and Φp(v) is strictly convex on D. It is well known (see [11], [1]) that the
functional

K(v) =

∫
|∇v(x)|2

v(x)
dx

is convex, i.e.

K(λv1 + (1− λ)v2) ≤ λK(v1) + (1− λ)K(v2), λ ∈ [0, 1].

for v1, v2 ∈ D. We shall prove the following

Lemma 2.1. For 1 < p < 2 the functional D(vp/2, vp/2) is strictly concave over

D.
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Proof. We have to show that

D((λv1 + (1 − λ)v2)
α, (λv1 + (1− λ)v2)

α) >

> λD(vα1 , v
α
1 ) + (1− λ)D(vα2 , v

α
2 )

for 1/2 < α = p/2 < 1 and v1, v2 ∈ D \ {0}. Since

D(vα, vα) =

∫ ∫
v(x)αv(y)αk(x− y)dxdy

it is sufficient to check the inequality

(λv1(x) + (1− λ)v2(x))
α(λv1(y) + (1− λ)v2(y))

α >

λv1(x)
αv1(y)

α + (1− λ)v2(x)
αv2(y)

α.

for v1(x)v2(x)v1(y)v2(y) > 0 and v1 �= v2 ∈ D. This inequality follows from the
concavity of the following function

Φ(ξ) = ξα1 ξ
α
2

of two variables ξ = (ξ1, ξ2). The Hessian of the matrix is

H(ξ) = (∇2
ξjξkΦ(ξ))j,k=1,2 = Φ(ξ)

(
α(α − 1)ξ−2

1 α2ξ−1
1 ξ−1

2

α2ξ−1
1 ξ−1

2 α(α− 1)ξ−2
2

)
.

The matrix H(ξ) is strictly negative for ξ1 > 0, ξ2 > 0 if (α − 1) < 0 and

detH(x) = −Φ(ξ)2(ξ1ξ2)
−2α2(2α− 1) < 0.

This conditions are verified due to the assumption

α =
p

2
∈ (1/2, 1).

Now we complete

Proof of Theorem 1.1. The minimization problem (1.2) after the substitution
v = |u|2 is reduced to the minimization problem

inf
v∈D, v �=0

Φp(v)

and the uniqueness follows from the fact that Φp(v) is strictly convex.
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GLOBAL SOLUTIONS TO SYSTEMS OF NONLINEAR WAVE

EQUATIONS UNDER A KIND OF WEAK NULL CONDITION

SOICHIRO KATAYAMA

1. Introduction

We consider the Cauchy problem for systems of nonlinear wave equations of the
following type:

(1.1)

{
�u = F (u, ∂u, ∂2u), (t, x) ∈ (0,∞)× R

d,

u(0, x) = εf(x), (∂tu)(0, x) = εg(x), x ∈ R
d,

where � = ∂2
t − Δ, u = (u1, . . . , uN ), ∂u = (∂auj)1≤j≤N,0≤a≤d, and ∂2u =

(∂a∂buj)1≤j≤N,0≤a,b≤d with ∂0 = ∂t and ∂k = ∂xk
for 1 ≤ k ≤ d. For simplicity,

each component of F (λ, μ, ν) =
(
Fj(λ, μ, ν)

)
1≤j≤N

is assumed to be a homogeneous

polynomial of degree p(≥ 2) in (λ, μ, ν) ∈ R × R
N(1+d) × R

N(1+d)2 . We suppose
that f, g ∈ C∞

0 (Rd;RN ) and that ε is a small and positive parameter.
We are interested in the case where derivatives of u are dominant in the nonlin-

earity, and we always assume that

(1.2) F (λ, 0, 0) = 0.

We also suppose that F is quasi-linear and diagonal, that is to say that each Fj

has the form

(1.3) Fj(u, ∂u, ∂
2u) =

d∑
a,b=0

Gab
j (u, ∂u)∂a∂buj +Hj(u, ∂u)

with some homogeneous polynomialsGab
j (λ, μ) of degree p−1 andHj(λ, μ) of degree

p, where Hj(λ, 0) = 0 by (1.2). For simplicity, we assume that G00
j (λ, μ) ≡ 0.

We say that φ is a free solution if it satisfies �φ = 0. If the solution u to (1.1)
behaves like free solutions with C∞

0 -data, then we have

‖F (u, ∂u, ∂2u)(t)‖L2(Rd) ≤ Cεp(1 + t)−
(d−1)(p−1)

2 ,

and, taking the energy inequality into account, we may expect the small data global
existsnce when (d − 1)(p − 1) > 1, as ‖F (u, ∂u, ∂2u)(t)‖L2(Rd) is integrable with
respect to t over the interval [0,∞). Indeed, it is known that this expectation is
true. Hence we are interested in the critical case (d− 1)(p− 1) = 1, which happens
for (d, p) = (3, 2) and (d, p) = (2, 3). In the critical case, it is known that there is
some nonliearity F of the critical power and some initial data (εf, εg), for which
the solution blows up in finite time no matter how small ε > 0 is. On the other
hand, there is also some nonlinearity F of the critical power for which we have
the small data global existence, and we would like to clarify the nonlinearity for
which the small data global existence holds. In the critical cases (d, p) = (3, 2)
and (d, p) = (2, 3), the following formal observation is known to be useful for this
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purpose. In what follows, we write r = |x|. For a free solution φ, it is known that
∂φ decays faster away from the light cone t = r, and that (∂t+∂r)φ enjoys a faster
uniform decay estimate faster than that for general ∂φ. Suppose that the solution
u to the nonlinear system (1.1) also has these properties. Writing x = rω with
ω = x/|x|, and writing σ = r − t, we put

(1.4) U(t, σ, ω) = r
d−1

2 u(t, rω)
∣∣∣
r=t+σ

.

We write φ ∼ ψ if |φ−ψ| decays faster than ψ as t → ∞ in a region where |r− t| is
small compared to t. By the above assumption and the finite speed of propagation,
we have

r
d−1

2 ∂au(t, rω) ∼ ωa(∂σU)(t, r − t, ω),(1.5)

r
d−1

2 ∂a∂bu(t, rω) ∼ ωaωb(∂
2
σU)(t, r − t, ω)(1.6)

for 0 ≤ a, b ≤ d, where ω = (ω1, . . . , ωd) and ω0 = −1. Recalling that we are
considering the critical case (d− 1)(p− 1)/2 = 1, we obtain

F (u, ∂u, ∂2u) = r−1− d−1

2 F (r
d−1

2 u, r
d−1

2 ∂u, r
d−1

2 ∂2u)(1.7)

∼ t−1r−
d−1

2
�F (ω,U, ∂σU, ∂

2
σU)|σ=r−t,

where, writing F (u, ∂u, ∂2u) = F
(
u, (∂au)0≤a≤d, (∂a∂bu)0≤a,b≤d

)
, the reduced non-

linearity �F is defined by

(1.8) �F (ω,X, Y, Z) = F
(
X, (ωaY )0≤a≤d, (ωaωbZ)0≤a,b≤d

)
for ω = (ω1, . . . , ωd) with ω0 = −1, and X,Y, Z ∈ R

N . Let Sd−1 denote the (d−1)-
dimensional unit sphere. From (1.7), we can expect that F decays faster than the
general nonlinearity of the critical degree, if

(1.9) �F (ω,X, Y, Z) ≡ 0, ω ∈ S
d−1, X, Y, Z ∈ R

N ,

which is called the null condition. Indeed, Klainerman [17] and Christodoulou [3]
showed that the null condition implies the small data global existence for (d, p) =
(3, 2). The small data global existence under the null condition for (d, p) = (2, 3)
was proved by Godin [4], Hoshiga [6], and the author [8, 9] (see Alinhac [1] and
the author [11] for the subcritical case (d, p) = (2, 2)). The null condition is not a
necessary condition for the small data global existence as the following two typical
examples show. The first example is for (d, p) = (3, 2) and (d, p) = (2, 3):{

�u1 = (∂tu2)
p−1(∂tu1),

�u2 = 0.
(1.10)

It is trivial that we have the global existence of solutions to (1.10) since we can
first solve u2 and then u1; however, the null condition is not satisfied. The second
example is only for the case (d, p) = (2, 3):

�u = −(∂tu)
3.(1.11)

The global existence is less trivial than (1.10), but using the conservation of

1

2

∫
R2

|∂u(t, x)|2 dx+

∫ t

0

∫
R2

|∂tu(τ, x)|4 dx dτ,

we can show the global existence of solutions, though the null condition is violated.
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In order to go beyond the null condition to explore weaker sufficient conditions
for the small data global existence, we have to investigate not only the main part
of the nonlinearity F , but also that of the system (1.1) itself. Let the solution u to
(1.1) has the similar properties to the free solution as before. Then we have

r
d−1

2 �u(t, rω) ∼ −2(∂t∂σU)(t, r − t, ω),

which, combined with (1.1) and (1.7), gives

(1.12) (∂t∂σU) ∼ − 1

2t
�F (ω,U, ∂σU, ∂

2
σU).

Neglecting the implicit “error” terms on the right-hand side, and writing the un-
known in a different letter A = A(t, σ, ω), we arrive at the reduced system

(1.13) ∂t∂σA = − 1

2t
�F (ω,A, ∂σA, ∂2

σA), (t, σ, ω) ∈ (1,∞)× R× S
d−1.

We put the initial condition at t = 1, say. To be more specific, we put

(1.14) A(1, σ, ω) = εA0(σ, ω).

It is natural to assume a solution A to (1.13), as well as A0 in (1.14), vanishes for
σ ≥ R with some R > 0, because if the support of f, g is contained in a ball of
radius R, then u(t, x) = 0 for r ≥ t + R, which is σ = r − t ≥ R, by the finite
speed of propagation. Hence when we consider (1.13) and (1.14), we also impose
the boundary condition that A(t, σ, ω) vanishes for large σ.

It is likely that the small data global existence and the small data blow-up
of solutions to (1.1) is closely related to those for (1.13)–(1.14). Also it can be

expected that the asymptotics for r
d−1

2 ∂au(t, rω) is given by ωa(∂σA)(t, r − t, ω)
if A(t, σ, ω) is a solution to (1.13)–(1.14) with appropriately chosen A0. In their
study of the Einstein equation, which can be written as a system of quasi-linear
wave equations in the wave coordinates, Lindblad-Rodnianski [19] introduced the
weak null condition, which means that the following holds: For A0 vanishing for
σ ≥ R with some R > 0 and decaying sufficiently fast as σ → −∞, the problem
(1.13)–(1.14) admits a global solution A having at most polynomial growth of small
power as t → ∞, provided that ε > 0 is sufficiently small. They proved that the
quasi-linear system of wave equations coming from the Einstein equation satisfies
the weak null condition in [19], and obtained the small data global existence for this
system in [20]. However, it is not known so far if the weak null condition implies
the small data global existence to (1.1) in general.

2. Global Existence under weaker conditions than the null
condition.

In this section, we will introduse some sufficient conditions for the small data
global existence, which are in between the null condition and the weak null condi-
tion.

The first one is connected with the example (1.10). First we introduce some
notation: Given Nb ∈ {1, . . . , N − 1}, we put Ng = N − Nb, and we split A =
(Ai)1≤i≤N into

Ab = (Ab
i )1≤i≤Nb

:= (Ai)1≤i≤Nb
, Ag = (Ag

i )Nb+1≤i≤N := (Ai)Nb+1≤i≤N ,

so that we have A = (Ab, Ag). We use the same notation for other functions
and vectors of size N : For example, we write u = (ub, ug), F = (F b, F g), �F =
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(�F b, �F g), X = (Xb, Xg), and so on. For m ∈ N, R
m vectors are sometimes

identified with m× 1-matrices.

Definition 2.1. We say that Condition A is satisfied if there are some Nb ∈
{1, . . . , N − 1}, an Nb ×Nb-matrix valued function G(ω,Xg, Y g) and an Nb ×N -
matrix valued function H(ω,Xg, Y g) such that

�F b(ω,X, Y, Z) = G(ω,Xg, Y g)Zb +H(ω,Xg, Y g)Y,
�F g(ω,Xg, Ug) = 0.

An essentially equivalent condition to the above was first introduced by Al-
inhac [2] for semilinear systems in three space dimensions in a different expres-
sion, and the above expression for the semilinear case was introduced by the au-
thor [10]. Hidano-Yokoyama [5] extended it to quasi-linear systems of the form
�u = F (∂u, ∂2u) in three space dimensions, and the author [12, 13] obtained it
for quasi-linear systems of the form �u = F (u, ∂u, ∂2u) in two and three space
dimensions.

The null condition implies Condition A by choosing G ≡ 0 and H ≡ 0. Under
Condition A, the reduced system is of the form{

∂t∂σA
b = G(ω,Ag, ∂σA

g)∂2
σA

b +H(ω,Ag, ∂σA
g)∂σA,

∂t∂σA
g = 0,

and we can solve Ag first, and then the first equation is a linear hyperbolic system
for the unknown ∂σA

b, and we can obtain a global solution with at most polynomial
growth of the small power. Namely, Condition A implies the weak null condition.

Theorem 2.2 ([12, 13]). Let F satisfy (1.2) and (1.3), and let (d, p) = (3, 2) or
(2, 3). If Condition A is satisfied, then we have the small data global existence for
(1.1), that is to say, for any f, g ∈ C∞

0 (Rd;RN ), there is a positive constant ε0 such
that (1.1) admits a global solution u ∈ C∞(

[0,∞)× R
d;RN

)
for any ε ∈ (0, ε0].

A typical and trivial example satisfying Condition A is (1.10). A less trivial
example is

(2.1)

{
�u1 = up−1

2 Δu1 + (∂tu2)
p−1(∂tu1) + (∂1u2)

p,

�u2 = up−2
1 {(∂2u2)(∂

2
1u2)− (∂1u2)(∂1∂2u2) + (∂tu1)

2 − |∇xu1|2}
for (d, p) = (3, 2) and (d, p) = (2, 3).

Next we turn our attention to conditions related to (1.11). In these conditions,
we only treat the semilinear case where F = F (∂u), and we write �F (ω, Y ) instead
of �F (ω,X, Y, Z), as X and Z correspond to u and ∂2u, respectively.

If we further restrict our consideration to the single equation with (d, p) = (2, 3),
then �F has the form �F (ω, Y ) = P (ω)Y 3 with P being a polynomial in ω of
degree at most 3, and Agemi conjectured that, for single semilinear wave equations
�u = F (∂u) with (d, p) = (2, 3), the condition P (ω) ≥ 0 would imply the small
data global existence. This conjecture was later proved to be true by Hoshiga [7]
and Kubo [18] independently. The Agemi condition was generalized for systems
with (d, p) = (3, 2) and (d, p) = (2, 3) by Katayama-Matoba-Sunagawa [15] and
Katayama-Matsumura-Sunagawa [16] as follows.

Definition 2.3. Let F = F (∂u), and let (d, p) = (3, 2) or (2, 3). We say that
Condition B is satisfied if there is a positive-definite and real-symmetric matrix

22



valued continuous function H(ω) of size N such that

(2.2)
〈
Y,H(ω)F red(ω, Y )

〉
RN ≥ 0, ω ∈ S

d−1, Y ∈ R
N .

We note that, when (d, p) = (3, 2), the above condition (2.2) is equivalent to

(2.3)
〈
Y,H(ω)F red(ω, Y )

〉
RN = 0, ω ∈ S

2, Y ∈ R
N ,

because the left-hand side of (2.2) is cubic in Y . As F = F (∂u), the reduced system
looks like

(2.4) ∂t(∂σA) = − 1

2t
�F (ω, ∂σA),

which can be seen as a system of ordinary differential equations of the unknown
B(t, σ, ω) := (∂σA)(t, σ, ω) with parameters σ and ω. It is trivial that the null
condition �F (ω, Y ) ≡ 0 implies Condition B. If Condition B is satisfied, then,
writing B = ∂σA for A satisfying (2.4) with A(1, σ, ω) = εA0(σ, ω), we have

∂t 〈B,HB〉
RN = 2 〈B,H∂tB〉

RN = −1

t
〈B,H�F (ω,B)〉

RN ≤ 0,(2.5)

which leads to

(2.6) |B(t, σ, ω)| ≤ C0ε|∂σA0(σ, ω)|
with a positive constant C0 which is independent of (t, σ, ω), because |B| is equiv-
alent to 〈B,HB〉

RN . This a priori estimate (2.6) implies the global existence of a
bounded solution A to (1.13). Hence we see that Condition B implies the weak null
condition.

Theorem 2.4 ([15, 16]). Let F = F (∂u) and let (d, p) = (3, 2) or (2, 3). Then
Condition B implies the small data global existence for (1.1).

A typical example satisfying Condition B with (d, p) = (2, 3) is (1.11), because
we have �F (ω, Y ) = Y 3 and Y �F (ω, Y ) = Y 4 ≥ 0. Another example satisfying
Condition B with (d, p) = (3, 2) or (2, 3) is

(2.7)

{
�u1 = (∂1u1)

p−1(∂tu2),

�u1 = −2(∂1u1)
p−1(∂tu1),

because we have �F (ω, Y ) = (−ωp−1
1 Y p−1

1 Y2, 2ω
p−1
1 Y p

1 ) and 〈Y,H(ω)�F (ω, Y )〉
R2 =

0 withH(ω) = diag(2, 1). However the null condition is not satisfied for this system.
Recently, in a joint work with S. Masaki, the author succeeded to weaken Con-

dition B in the following way:

Definition 2.5. Let F = F (∂u), and let (d, p) = (3, 2) or (2, 3). We say that
Condition C is satisfied, if the reduced system, written in the form⎧⎨⎩∂tB(t, ω) = − 1

2t
�F

(
ω,B(t, ω)

)
, (t, ω) ∈ [1,∞)× S

d−1,

B(1, ω) = εB0(ω), ω ∈ S
d−1,

admits a global solution B for (t, ω) ∈ [1,∞)× R
d satisfying

|B(t, ω)| ≤ C0ε|B0(ω)|, (t, ω) ∈ [1,∞)× S
d−1

with a positive constant C0 determined only by �F , provided that ε > 0 is suf-
ficiently small. Here the parameter σ is omitted since the reduced system is au-
tonomous with respect to σ.
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It is apparent that the null condition implies Condition C, and Condition C
implies the weak null condition. In view of (2.6), we see that Condition B implies
Condition C.

Theorem 2.6 ([14]). Let F = F (∂u), and let (d, p) = (3, 2) or (2, 3). Then
Condition C implies the small data global existence for (1.1).

In Conditions A and B, some explicit structures of the nonlinearity F are as-
sumed. In contrast, no structure of F is assumed explicitly in Condition C, but
some qualitative property of the reduced system is assumed, in a similar spirit to
the weak null condition. A key idea in the proof of the above theorem is that we
obtain a priori estimates by using a new ODE lemma, which is also used for the
proof of the asymptotic behavior of global solutions mentioned in the next section.

The following system for (d, p) = (2, 3) satisfies Condition C, but not Condition
B:

(2.8)

{
�u1 = (∂tu2)

3,

�u2 = −(∂tu1)
3.

Indeed, writing B = ∂σA, the reduced system is

(2.9)

⎧⎪⎨⎪⎩
∂tB1 =

1

2t
B3

2 ,

∂tB2 = − 1

2t
B3

1 .

If we put B(1, σ, ω) = εB0(σ, ω), then we have ∂t(B
4
1 +B4

2) = 0, which shows

|B|2 ≤ 2(B4
1 +B4

2) = 2ε2
(
(B0

1)
4 + (B0

2)
4
) ≤ 2ε2|B0|2,

and Condition C is satisfied. Suppose that Condition B is satisfied with

H(ω) =

(
a(ω) b(ω)
b(ω) c(ω)

)
,

which is continuous and positive-definite. Then we have

〈Y,H�F (Y )〉
R2 = aY1Y

3
2 − bY 4

1 + bY 4
2 − cY 3

1 Y2 ≥ 0, Y = (Y1, Y2) ∈ R
2, ω ∈ S

1.

By putting Y = (1, 0) and Y = (0, 1), we find that b ≡ 0. Hence we get

Y1Y2(aY
2
2 − cY 2

1 ) ≥ 0.

Note that we have a, c > 0 because H is positive-definite. Let Y1, Y2 
= 0. If we put
−Y2 in place of Y2, we obtain aY 2

2 − cY 2
1 = 0. Now taking the limit as Y2 → 0,

we get −cY 2
1 = 0 for Y1 
= 0, which leads to c ≡ 0. This is a contradiction, and

Condition B is not satisfied for this system.
(2.8) shows that Condition C is strictly weaker than Condition B when (d, p) =

(2, 3). Unfortunately, we do not know such an example for (d, p) = (3, 2), and
there is a possibility that Conditions B and C coincides with each other when
(d, p) = (3, 2).

3. Asymptotic Behavior

Next we turn our attention to the asymptotic behavior. We write the solution
A = A(t, σ, ω) to (1.13)–(1.14), satisfying the boundary condition A(σ, ω) = 0 for
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σ ≥ R with some R > 0, as A[εA0](t, σ, ω). For ω = (ω1, . . . , ωd) ∈ S
d−1, and a

multi-index α = (α0, α1, . . . , αd), we write

∂α = ∂α0

0 ∂α1

1 · · · ∂αd

d , ωα = (−1)α0ωα1

1 · · ·ωαd

d .

As mentioned in the introduction, A[εA0](t, r − t, ω) is expected to give the
asymptotics for the solution u to (1.1), provided that A0 is appropriately chosen.

Theorem 3.1. Let (d, p) = (3, 2) or (2, 3), and let F satisfy (1.2) and (1.3).
We assume Condition A, and choose arbitrarily small μ > 0. For any f, g ∈
C∞

0 (Rd;RN ) and sufficiently small ε > 0, there is A0 = A0(σ, ω; ε) such that we
have the following:

r
d−1

2 ∂αu(t, x) = ωα(∂|α|
σ A[εA0])(t, r − t, ω) +O

(
ε 〈t+ r〉μ−1)

, |α| = 1, 2,

r
d−1

2 ug(t, x) = Ag[εA0](t, r − t, ω) +O
(
ε 〈t+ r〉μ− 1

p
)

for (t, x) ∈ [0,∞)× R
d, where u is the solution to (1.1), r = |x|, and ω = x/|x|.

This was proved for the semilinear case in [10], and for the quasi-linear case in
[13] (see also [12], which was originally intended to be the announcement of [13],
for the partial result).

A similar formula holds for ∂u under Condition B, but some additional assump-
tions were assumed when (d, p) = (2, 3) (see [11] for instance). In [14], we suceeded
to remove such additional assumptions, and we can show the following under Con-
dition C.

Theorem 3.2. Let F = F (∂u), and let (d, p) = (3, 2) or (2, 3). We assume
Condition C, and choose arbitrarily small μ > 0. For any f, g ∈ C∞

0 (Rd;RN ) and
sufficiently small ε > 0, there is A0 = A0(σ, ω; ε) such that

r
d−1

2 ∂au(t, x) = ωa(∂σA[εA0])(t, r − t, ω) +O
(
ε 〈t+ r〉μ−1)

for (t, x) ∈ [0,∞) × R
d, where u is the solution to (1.1), r = |x|, ω = x/|x|, and

ω0 = −1.
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SMOOTHING EFFECT OF THE NONLINEAR SCATTERING OPERATOR
ASSOCIATED WITH NLS

NICOLA VISCIGLIA (UNIVERSITY OF PISA)

We present some results obtained in collaboration with N. Burq (Paris-Saclay), H. Koch (Bonn), N.
Tzvetkov (ENS Lyon).

In order to simplify the presentation we focus on the following Cauchy problem, however the result
we shall present is rather general and can be extended for other nonlinearities as well as in higher
dimensions (see section 2):

(0.1)

{
i∂tu+ ∂2

xu = u|u|4, (t, x) ∈ R× R

u(0, x) = u0 ∈ Hs(R).

Notice that this Cauchy problem is L2-critical, which makes very hard its analysis as we shall specify
below. However our result will not exploit the fact that we are L2 critical and we believe that in fact
can be extended to generic intercritical regimes, namely NLS which are mass supercritical and energy
subcritical. For instance we present in section 2 a statement concerning 3d cubic NLS.

In general the Cauchy problem associated with NLS, in any dimension and for general pure power
nonlinearities, has attracted a lot the attention of a huge mathematical community. The main questions
concern the existence and uniqueness of global solutions, as well as the description of the long-time
behavior of the solutions. In particular the nonlinear scattering theory has been considered in several
papers. The basic idea of scattering is the intuition that for large times the dynamics associated to
(0.1) is drived by its nonlinear part (see below for a precise definition). In between several papers where
this question has been studied we quote [1], [4], [5], [6], [7], [8], [9], [10], [11]. We also quote the very
complete book by T. Cazenave [3].

The above Cauchy problem (0.1) admits one unique global solution u(t, x) for any u0 ∈ Hs(R) and for
any s ≥ 0, moreover the solution scatters at t → ±∞, namely

(0.2) ∃u± ∈ Hs(R) s.t. ‖e−it∂2
xu(t, x)− u±‖Hs(R)

t→±∞−→ 0.

The proof of this fact is rather delicate in the specific case of (0.1), since the problem considered is L2-
critical, the proof being provided along the work of Dodson [7]. In fact one can establish the following
bound:

(0.3) ∀u0 ∈ Hs(R) for the nonlinear solution to (0.1) we have the bound
‖u‖Lp(R;W s,q(R)) < ∞,

∀(p, q) ∈ [4,∞]× [2,∞] s.t.
2

p
+

1

q
=

1

2
.
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It is worth mentioning scattering property similar to (0.2) is rather classical and much easier to prove
in the intercritical regime, namely for NLS which are L2 supercritical and H1 subcritical.

We also point out that the scattering property of solutions to (0.1) can be easily achieved under the
stronger assumption u0 ∈ Σ ,where

Σ =
{
u0 ∈ H1|

∫
|x|2|u0|2dx < ∞}

.

Indeed by using the lens transform (see for instance the appendix in [2])) it is not difficult to show the
following fact:

∀u0 ∈ Σ ∃!u(t, x) ∈ C(R; Σ) global solution to (0.1),

and moreover ∃u± ∈ Σ s.t. ‖e−it∂2
xu(t, x)− u±‖Σ t→±∞−→ 0.

However working in the unweighted Sobolev spaces, as in (0.2), is much harder and the corresponding
result for the 1d quintic NLS has been achieved in the aforementioned paper [7].

The main novelty of our result is to establish qualitative properties of the scattering operator

u0 → u±

when u0 ∈ Hs.
Roughly speaking we show that

u± = u0 + smoother term

and moreover the convergence in (0.2) can be updated in a stronger topology than Hs. This smoothing
propery will depend of the regularity Hs and is stronger in the case s ≥ 1

4 and weaker when s → 0.

Next we state our first main result about the solutions to (0.1).

Theorem 0.1. Let s ≥ 1
4 and u be the unique global solution to (0.1), which satisfies (0.3). Then there

exists
v± ∈

⋂
s′<s

Hs′+1(R)

such that
‖e−it∂2

xu(t, x)− u0 − v±‖Hs′+1(R)
t→+∞−→ 0, ∀s′ ∈ [0, s).

Concerning the low regularity case we get the following result.

Theorem 0.2. Let s ∈ [0, 14) and u be the unique global solution u to (0.1), which satisfies (0.3). Then
there exists

v± ∈ H5s(R)

such that
‖e−it∂2

xu(t, x)− u0 − v±‖H5s(R)
t→±∞−→ 0.
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1. Tools of the proof in the 1d case

Our proof, in the 1d case, is based on rather classical estimates (see [13]).

First of all we use the local smoothing estimate:

‖D 1
2 eit∂

2
xf‖L∞

x L2
t
≤ C‖f‖L2

x
;

next we use the maximal function estimate:

‖D− 1
4 eit∂

2
xf‖L4

xL
∞
t

≤ C‖f‖L2
x
;

finally we need the classical Strichartz estimate:

‖eit∂2
xf‖L6

t,x
≤ C‖f‖L2

x
.

as well as on the following vector-valued Leibnitz rule (see [12]):

Proposition 1.1. Let α ∈ (0, 1), α1, α2 ∈ [0, α] such that

α1 + α2 = α,

and p, q, p1, q1, p2, q2 ∈ (1,∞) such that
1

p
=

1

p1
+

1

p2
,

1

q
=

1

q1
+

1

q2
,

then we get the bound

‖Dα(fg)− gDαf − fDαg‖Lp
xL

q
t
≤ C‖Dα1f‖Lp1

x L
q1
t
‖Dα2g‖Lp2

x L
q2
t

2. The 3d cubic NLS

We consider now the following Cauchy problem in dimension three:

(2.1)

{
i∂tu+Δu = u|u|2, (t, x) ∈ R× R

3

u(0, x) = u0 ∈ Hs.

We assume for solutions to (2.1) the following bound:

(2.2) ‖u‖Lp
tW

s,q
x

≤ C(u0) < ∞, ∀(p, q) ∈ [2,∞]× [2, 6] s.t.
2

p
+

3

q
=

3

2
.

This bound has been proved by J. Ginibre and G. Velo (see [8]) in the energy space s = 1 and for
s > 4/5 by J. Colliander, M. Keel, G. Staffilani, T. Tao, H. Takaoka in [4]. It is worth mentioning that
the Cauchy problem (2.1) is easier from the scattering point of view than (0.1) since it is intercritical.
Indeed its global well-posedness and the corresponding nonlinear scattering theory has been established
in [8], with a easier proof compared to [5], [6], [7] where the L2 critical case is considered.

Our main contribution is to establish also in the framework of (2.1) smoothing properties of the scat-
tering operator similar to the ones established in theorem 0.1 and theorem 0.2 concerning (0.1).

Here is our smoothing result for the scattering operator associated with (2.1).
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Theorem 2.1. Let s ∈ (12 , 1] be given. Assume that there exists one unique global solution u to (2.1),
which satisfies (2.2). Then there exists

v+ ∈
⋂
s′<s

H3s′−1(R3)

such that

‖e−itΔu(t, x)− u0 − v+‖H3s′−1(R3)
t→+∞−→ 0, ∀s′ < s.

3. A probabilistic result

Our result on the smoothing of the scattering operator, has been inspired by a previous probabilistic
result established with the same coauthors.

We denote below

‖f‖Hs = ‖(−Δ+ |x|2) s
2 f‖L2(Rn)

and also for every γ ∈ Hs we denote by μγ a family of gaussian measures on Hs defined as the law of
the random vector

(Ω, p,A) � ω →
∑
k

ckgk(ω)ϕk(x)

where we are assuming:

• {gk(ω)} is a family of i.i.d. centered and normalized complex valued gaussian measures on the
probability space (Ω, p,A);

• ϕk(x) are eigenfunctions of the harmonic oscillator −Δ+ |x|2 with associated eigenvalue λk;
• we assume moreover that the vector γ ∈ Hs has the expansion

γ(x) =
∑

ckϕk

where

|ck|2 � 1

#I(j)

∑
m∈I(j)

|cm|2, ∀k ∈ I(j), j ≥ 1

and
I(j) = {k ∈ N s.t. 2j ≤ λk < 2(j + 1)}.

One can show the following properties about the measures constructed above:
• assume γ ∈ Hs(Rn) \ Hs+ε(Rn) is as above, then

(3.1) μγ(Hs+ε(Rn)) = 0;

• assume that the corresponding Fourier coefficients ck of gk are different from zero, then

(3.2) μγ(B) > 0, ∀B open set in Hs(Rn).
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Next we consider the cubic NLS{
i∂tu+Δu− |u|2u = 0, (t, x) ∈ R× R

n,

u(0, x) = u0

and we state are main probabilistic result, which was a source of inspiration of our previous deterministic
results on the smoothing of the scattering operator.

Theorem 3.1. Let (n, s) ∈ {2, 3, 4} × R satisfy⎧⎪⎪⎨⎪⎪⎩
s > 0 if n = 2

s ≥ −1
4 if n = 3

s ≥ −1
2 if n = 4

there exists a set Σs
n ⊂ Hs(Rn) with full measure w.r.t. μγ such that for every u0 ∈ Σs

n the corresponding
Cauchy problem associated with cubic NLS admits a unique global solution with the following structure

u(t, x) = eitΔ(u0 +Ru0(t, x)), Ru0(t, x) ∈ C(R;H1(Rn)).

Moreover there exist
lim

t→±∞Ru0(t) = r±0 ∈ H1(Rn)

such that
‖e−itΔu(t, x)− u0 − r±0 ‖H1(Rn)

t→±∞−→ 0.
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Abstract

In this talk, I will overview recent progresses on lifespan estimates of classical so-
lutions of initial value problems for nonlinear wave equations in one space dimension.
Here I especially focus on extensions to non-autonomous nonlinear terms which in-
cludes an application to nonlinear damped wave equations with the time-dependent
critical case.

1 Introduction

In order to illustrate our purpose, let us turn back to the general theory for nonlinear

wave equations in one space dimension. Here we consider the initial value problem of the

form; {
utt − uxx = H(u, ut, ux, uxx, uxt) in R× (0, T ),
u(x, 0) = εf(x), ut(x, 0) = εg(x) for x ∈ R,

(1.1)

where T > 0, f, g ∈ C∞
0 (R) and ε > 0 is a sufficiantly small parameter. Let λ̃ =

(λ; (λi), i = 0, 1; (λij), i, j,= 0, 1, i + j ≥ 1). Assume that H = H(λ̃) is a sufficiently

smooth function with

H(λ̃) = O(|λ̃|1+α)

in a neighborhood of λ̃ = 0, where α ∈ N. Let us define the lifespan T̃ (ε) as the maximal

existence time of the classical solution of (1.1) with arbitrary fixed data. We are interested

in the long-time stability of the trivial solution due to the fact that we cannot expect any

time-decay of the solution of the free wave equation in one space dimension. Indeed, the

general theory is to express the lower bound of T̃ (ε) by means of the smallness of the

∗This work is partially supported by the Grant-in-Aid for Scientific Research (A) (No.22H00097),
Japan Society for the Promotion of Science.
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initial data, i.e. ε, for which, Li, Yu and Zhou [17, 18] and Takamatsu [23] obtained

T̃ (ε) ≥

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Cε−α/2 in general case,

Cε−α(α+1)/(α+2) if

∫
R

g(x)dx = 0,

Cε−min{β0/2,α} if ∂βuH(0) = 0 for 1 + α ≤ ∀β ≤ β0,

Cε−β0(α+1)/(β0+2) if

∫
R

g(x)dx = 0 and

∂βuH(0, 0, 0) = 0 for α + 1 ≤ ∀β ≤ β0 < 2α,

(1.2)

where C is a positive constant independent of ε.
Beyond the general theory, our interest has been going to its optimality, or to extending

the general theory, by studying the model problems;{
utt − uxx = A(x, t)|ut|p|u|q + B(x, t)|u|r in R× (0, T ),
u(x, 0) = εf(x), ut(x, 0) = εg(x), x ∈ R,

(1.3)

where p, q, r > 1 (q can be zero) and A,B are non-negative functions of space-time vari-

ables. Among such activities, we find that the principle in extending the nonlinear term H
in (1.1) for the general theory to the non-autonomous one H = H(x, t, u, ut, ux, uxx, uxt)
must be initiated by variable coefficient case as below. From now on, we denote the

lifespan of classical solutions of (1.3) by T (ε).

2 Constant coefficients case

First I shall outline the constant coefficient case here. Let us assume that

A(x, t) ≡ A0 and B(x, t) ≡ B0.

where A0 and B0 are non-negative constants.

When A0 = 0 and B0 > 0, Zhou [30] obtained the estimates of T (ε);

T (ε) ∼

⎧⎪⎨⎪⎩
Cε−(r−1)/2 if

∫
R

g(x)dx 
= 0,

Cε−r(r−1)/(r+1) if

∫
R

g(x)dx = 0.
(2.1)

Here we denote the fact that there are positive constants, C1 and C2, independent of ε
satisfying E(ε, C1) ≤ T (ε) ≤ E(ε, C2) by T (ε) ∼ E(ε, C). The classification by total

integral of the initial speed g is caused by strong Huygens’ principle. On the other hand,

when A0 > 0 and B0 = 0, we have

T (ε) ∼ Cε−(p+q−1) (2.2)

For q = 0, the upper bound in this estimate was obtained by Zhou [31], and the lower

bound is due to Kitamura, Morisawa and Takamura [13]. For q > 1, (2.2) was verified

by Zhou [32] for the upper bound with integer p, q satisfying p ≥ 1, q ≥ 0, p + q ≥ 2,

and by Li,Yu and Zhou [17, 18] for the lower bound with integer p, q satisfying p+ q≥ 2
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including more general but smooth terms. Note that [32] is a preprint version of Zhou

[31] in which only the case of q = 0 is considered. But it is easy to apply its argument to

the case of q > 1. The lower bound in this case is due to Kido, Sasaki, Takamatsu and

Takamura [10].

Therefore the natural expectation is that

T (ε) ∼

⎧⎪⎨⎪⎩
Cε−min{(p+q−1),(r−1)/2} if

∫
R

g(x)dx 
= 0,

Cε−min{(p+q−1),r(r−1)/(r+1)} if

∫
R

g(x)dx = 0
(2.3)

in the case where A0 > 0 and B0 > 0. But, surprisingly, we have the following fact.

Theorem 2.1 (Morisawa, Sasaki and Takamura [20, 21], Kido, Sasaki, Takamatsu and

Takamura [10]). The conjecture (2.3) is true except for the case where∫
R

g(x)dx = 0 and
r + 1

2
< p+ q < r. (2.4)

In this case, we have that
T (ε) ∼ Cε−(p+q)(r−1)/(r+1), (2.5)

which is strictly shorter than the second case in (2.3).

We shall call this special phenomenon by “generalized combined effect” of two nonlin-

earities. The original “combined effect”, which means the case of q = 0, was first observed

by Han and Zhou [4] which targeted to show the optimality of the result by Katayama [8]

on the lower bound of the lifespan of classical solutions of nonlinear wave equations with a

nonlinear term u3t +u
4 in two space dimensions including more general nonlinear terms. It

is known that T (ε) ∼ exp (Cε−2) for the nonlinear term u3t and T (ε) = ∞ for the nonlin-

ear term u4, but Katayama [8] obtained only a much worse estimate than their minimum

as T (ε) ≥ cε−18. Surprisingly, more than ten years later, Han and Zhou [4] showed that

this result is optimal as T (ε) ≤ Cε−18. They also considered (1.3) with q = 0 for all space

dimensions n bigger than 1 and obtain the upper bound of the lifespan. Its counter part,

the lower bound of the lifespan, was obtained by Hidano, Wang and Yokoyama [5] for

n = 2, 3. See the introduction of [5] for the precise results and references. We note that

the estimate (2.5) with q = 0 coincides with the lifespan estimate for the combined effect

in [4, 5] if one sets n = 1 formally. Indeed, [4] and [5] showed that

T (ε) ∼ Cε−2p(r−1)/{2(r+1)−(n−1)p(r−1)} (2.6)

holds for n = 2, 3 provided

(r − 1){(n− 1)p− 2} < 4, 2 ≤ p ≤ r ≤ 2p− 1, r >
2

n− 1
. (2.7)

Later, Dai, Fang and Wang [3] improved the lower bound of lifespan for the critical case

in [5]. They also show that T (ε) < ∞ for all p, r > 1 in case of n = 1, i.e. (1.3) with

q = 0. For the non-Euclidean setting of the results above, see Liu and Wang [19] for

example, in which the application to semilinear damped wave equations is included.

Finally we point out that all the results stated here ensure the optimality of the

general theorey. See Introduction in [10], or an overviewing paper by Takamura [24] for

details. Also, most of all the cases, their proofs are extensions of the iteration argument

of point-wise estimates of the solution in weighted L∞ space by John [7].
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3 Variable coefficients case

Here we assume for our model (1.3) that A(x, t), or B(x, t), is of

1

〈t+ 〈x〉〉1+a〈t− 〈x〉〉1+b〈x〉1+c
, or ≡ 0,

where a, b, c ∈ R and 〈x〉 :=
√
1 + x2. The reason to take many 〈 〉s is to ensure the

differentiability of A,B to construct a classical solution. We will see that this kind of

models will be a key in extending the general theory for (1.1) to the non-autonomous

terms as stated at the end of Introduction. The weights of this kind were firstly introduced

by Belchev, Kepka and Zhou [2], later Liu and Zhou [16] in higher space dimensions to

show a blow-up result. But they set a special weight to make use of some geometric

transform to absorb it, and reduced the equation to ordinary differential inequality of

the functional without any argument on the local existence of the solution as well as the

lifespan estimates.

3.1 Motivation of the problem

Our motivation to consider such A and B above comes from an initial value problem for

the semilinear damped wave equations;{
vtt − vxx +

2

1 + t
vt = |v|p in R× (0,∞),

v(x, 0) = εf(x), vt(x, 0) = εg(x) for x ∈ R
(3.1)

with the same setting on the initial data. This problem is a very important model as it

has a critical decay in damping term, namely scaling invariant damping. The time-decay

(1 + t)−1 is a threshold between heat-like with weaker decay and wave-like with stronger

decay in the sense that the each critical exponent is the same as Fujita one and Strauss

one respectively. In the critical case, the size of the constant in front of the damping term

is important. There is also a threshold on the constant and this case “2” is in the domain

of heat-like in one dimension. See the introduction of Kato, Takamura and Wakasa [9]

for precise results and references. In fact, D’Abbicco [1] showed for p > 3 that the energy

solution of (3.1) exists globally-in-time, while Wakasugi [27] obtained its counter part of

finite-time blow-up of the energy solution for 1 < p ≤ 3. This critical exponent 3 is

Fujita one in one space dimension, so one may expect that the solution behaves like one

of semilinear heat equations for which vtt is neglected from (3.1). But, this is not true.

In fact, Liouville transform u(x, t) = (1 + t)v(x, t) shows that (3.1) is equivalent to⎧⎨⎩ utt − uxx =
|u|p

(1 + t)p−1
in R× (0,∞),

u(x, 0) = εf(x), ut(x, 0) = ε{f(x) + g(x)} for x ∈ R,
(3.2)

so that all the technique for semilinear wave equations are applicable to this problem, and

we have the following results on the lifepsan estimates for (3.1). Wakasa [25] obtained

that

T (ε) ∼
{
Cε−(p−1)/(3−p) for 1 < p < 3,
exp(Cε−(p−1)) for p = 3

if

∫
R

{f(x) + g(x)}dx 
= 0

(3.3)
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This is the heat-like estimate in the sense that it coincides with the corresponding semi-

linear heat equations for which vtt is neglected in (3.1). In the original paper [25], the

condition on the initial data is missing, but it was expected to be natural as the critical

exponent is Fujita one. Later, Kato, Takamura and Wakasa [9] proved that

T (ε) ∼

⎧⎪⎪⎨⎪⎪⎩
Cε−p(p−1)/(1+2p−p2) for 1 < p < 2,
Cb(ε) for p = 2,
Cε−p(p−1)/(3−p) for 2 < p < 3,
exp(Cε−p(p−1)) for p = 3

if

∫
R

{f(x) + g(x)}dx = 0,

(3.4)

where b = b(ε) is a positive number satisfying ε2b log(1 + b) = 1. This is the wave-like

estimate. In deed, the cases 1 < p < 2 and p = 3 are the same forms as those of

3-dimensional semillinear wave equations.

In this way, it is very important to study the weighted nonlinear terms, and it is

natural to extend the results to more general weighted terms than (3.2). The first simple

question may go to the case of x-decay.

3.2 Spatially weighted nonlinear terms

First we consider the following case of spatial weights;

A(x, t) ≡ 0 and B(x, t) =
1

〈x〉1+c
, (3.5)

where c ∈ R, in (1.3). This setting was first introduced by Suzuki [22] under the super-

vision by Prof. M. Ohta (Tokyo Univ. of Sci. Japan), but with the assumption that

the initial data is of non-compact support. Later, Kubo, Osaka and Yazici [15] improved

the result and Wakasa [26] finalized it. For the compactly supported case, we have the

following result.

Theorem 3.1 (Kitamura, Morisawa and Takamura [12]). Assume (3.5). Then, the lifes-
pan of a classical solution of (1.3) satisfies the following estimates.

T (ε) ∼
⎧⎨⎩

Cε−(r−1)/(1−c) for c < 0,
φ−1(Cε−(r−1)) for c = 0,
Cε−(r−1) for c > 0

if

∫
R

g(x)dx 
= 0 (3.6)

and

T (ε) ∼
⎧⎨⎩

Cε−r(r−1)/(1−rc) for c < 0,
−1(Cε−r(r−1)) for c = 0,

Cε−r(r−1) for c > 0

if

∫
R

g(x)dx = 0, (3.7)

where φ−1 andψ −1 are inverse functions defined by φ(s) = s log(2 + s) andψ (s) =

s logr(2 + s), respectively.

Remark 3.1. Wakasa [26] established the estimate in (3.6) with the assumption that
f ∈ L∞(R), g ∈ L1(R) and c ≥ −1. The last condition ensures the existence of local-

in-time solutions with non-compactly supported data. We also remark that |u|r in the
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nonlinear term can be replaced with |u|r−1u in [26] due to the fact that the positiveness
of the solution can be obtained easier than the compactly supported case. We note that
the same problem in higher dimensions are recently considered by Wang and Lü [28] for
3 dimensional case, and by Wang and Sun [29] for 2 dimensional case.

The strategy of the proof of Theorem 3.1 for the existence part is similar to the one of

Theorem 2.1 based on weighted L∞ estimates of the solution. For the blow-up part, the

iteration argument of the point-wise estimate is employed. The functional method like

the proof of Theorem 2.1 cannot be applied to this case due to the effect of the weight.

After the work [12], one may study the counter case of

A(x, t) =
1

〈x〉1+c
and B(x, t) ≡ 0, (3.8)

where c ∈ R, in (1.3) with q = 0. For this equation, one may expect that the result is

not so interesting as |x| ∼ t in dealing with the nonlinear term |ut|p. But the result is

Theorem 3.2 (Zhou [31], Kitamura, Morisawa and Takamura [13]). Assume (3.8) with
q = 0. Then, the lifespan of a classical solution of (1.3) satisfies the following estimates.

T (ε) ∼
{
Cε−(p−1)/(−c) for c < 0,
exp(Cε−(p−1)) for c = 0,

T (ε) = ∞ for c > 0.
(3.9)

We note that Zhou [31] established the blow-up part with c = −1, namely non-

weighted case. The proof of Theorem 3.2 is similar to the one of Theorem 3.1. The main

difference between (3.5) and (3.8) is a possibility to obtain the global-in-time existence

for (3.8) while there is no such a situation due to the effect of the origin in space for (3.5).

According to the result on (3.1) and Theorems 3.1 and 3.2, one may expect that it is

sufficient to study the weights in the nonlinear terms by powers of (1 + t) or 〈x〉 for the
purpose to extend the general theory, but we have to take into account of “characteristic

weights” in handling nonlinear wave equations. Let us see it in the next subsection.

3.3 Weighted nonlinear terms in the characteristic directions.

It is well-known that the wave propagates along with the characteristic directions, so that

it is not sufficient to study the weights of powers by (1 + t) or 〈x〉 only. Therefore, as a

breakthrough to this direction, we set

A(x, t) ≡ 0 and B(x, t) =
1

〈t+ 〈x〉〉1+a〈t− 〈x〉〉1+b
, (3.10)

where a, b ∈ R, in (1.3). Then, we obtained the following result.

Theorem 3.3 (Kitamura, Wakasa and Takamura [14]). Assume (3.10). Then, the lifes-
pan T (ε) of the classical solution of (1.3) satisfies the following estimates;

T (ε) = ∞ for a+ b > 0 and a > 0, (3.11)
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and

T (ε) ∼

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

exp(Cε−(r−1)) for
a+ b = 0 and a > 0,
or a = 0 and b > 0,

exp(Cε−(r−1)/2) for a = b = 0,
Cε−(r−1)/(−a) for a < 0 and b > 0,
φ−1
1 (Cε−(r−1)) for a < 0 and b = 0,
Cε−(r−1)/(−a−b) for a+ b < 0 and b < 0

(3.12)

if ∫
R

g(x)dx 
= 0,

where φ−1
1 is an inverse function defined by

φ1(s) = s−a log(2 + s). (3.13)

On the other hand, it holds that

T (ε) ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

exp(Cε−(r−1)) for a = 0 and b > 0,
exp(Cε−r(r−1)) for a+ b = 0 and a > 0,
exp(Cε−r(r−1)/(r+1)) for a = b = 0,
Cε−(r−1)/(−a) for a < 0 and b > 0,
ψ−1
1 (Cε−r(r−1)) for a < 0 and b = 0,

Cε−r(r−1)/(−ra−b) for a < 0 and b < 0,
ψ−1
2 (Cε−r(r−1)) for a = 0 and b < 0,

Cε−r(r−1)/(−a−b) for a+ b < 0 and a > 0

(3.14)

if ∫
R

g(x)dx = 0,

where ψ−1
1 and ψ−1

2 are inverse functions defined by

ψ1(s) = s−ra log(2 + s) and ψ2(s) = s−b logr−1(2 + s). (3.15)

Remark 3.2. The estimates (3.14) with a = r − 2 and b = −1 coincide with (3.3) and
(3.4) because (1 + t) is equivalent to 〈t+ 〈x〉〉 by finite propagation speed of the wave.

The strategy of the proof of Theorem 3.3 is also almost the same as the one of Theorem

3.1, but the weights cause many technical difficulties. The main concern of Theorem 3.3 is

that we have interactions among two characteristic directions as the critical line a+ b = 0

with b ≤ 0 and a = 0 with b ≥ 0 which divides ab-plane into two domains of the global-

in-time existence and the blow-up in finite time.

In contrast, if

A(x, t) =
1

〈t+ 〈x〉〉1+a〈t− 〈x〉〉1+b
and B(x, t) ≡ 0, (3.16)

where a, b ∈ R, in (1.3) with q = 0, then we obtained the different critical line on ab-plane
from Theorem 3.3 as follows.
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Theorem 3.4 (Kitamura [11]). Assume (3.8) with q = 0. Then, the lifespan of a classical
solution of (1.3) satisfies the following estimates.

T (ε) ∼

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Cε−(p−1)/(−a)

for a < 0 and b ≥ −p,
Cε−p(p−1)/{−p(1+a)−b}

for p(1 + a) + b < 0 and b < −p,
exp(Cε−(p−1))

for a = 0 and b ≥ −p,
exp(Cεp(p−1))

for a > 0 and p(1 + a) + b = 0,
T (ε) = ∞ for a > 0 and p(1 + a) + b > 0.

(3.17)

We note again that all the estimates above are established whatever the value of∫
R

g(x)dx is, due to the nonlinear term |ut|p. The strategy of the proof of Theorem 3.4

is also almost the same as the one of Theorem 3.1.
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Schrödinger equation from Galileian point of view

Tohru Ozawa
Department of Applied Physics, Waseda University, Tokyo 169-8555

This is the abstract of my talk with the same title, which is based on my recent joint-work

with Hiromichi Nakazato [10, 11].

1 Galilei space-time and Galilei group

The product vector space R × R
n is called the Galilei space-time, where R

n is regarded

as the n-dimensional Euclidean space. We denote by x = (t,x) = (x0, x1, . . . , xn) a point in

R× R
n, which is also represented as

x = (t,x) =

n∑
j=0

xjej = te0 +

n∑
j=1

xjej,

where (e0, e1, . . . , en) is the standard basis of R×R
n. We introduce a scalar product for Rn by

x · y =

n∑
j=1

xjyj

for x = (x1, . . . , xn), y = (y1, . . . , yn) ∈ R
n. We also use the column vector representation for

a point in R × R
n and in R

n to which (1 + n) × (1 + n)- matrices and n × n-matrices apply,

respectively. A mapping f : R × R
n → R × R

n is called a Galilei transformation if it satisfies

the following three conditions:

(G1) (Affinity) f∗ := f − f(0, 0) ∈ GL(R× R
n).

(G2) (Space isometry) For any t ∈ R, p2 ◦ f∗(t, •) ∈ Iso(Rn),

where p2 : R× R
n � (t,x) �→ x ∈ R

n is the projection.

(G3) (Invariance of time intervals) For any x = (t,x), y = (s,y) ∈ R× R
n,

|p1(f(t,x)− f(s,y))| = |t− s|,
where p1 : R× R

n � (t,x) �→ t ∈ R is the projection.

Let G be the set of all Galilei transformations. Then G forms a group under composition

of two mappings. Moreover, for any f : R× R
n → R× R

n, f ∈ G if and only if there exists a

unique (R, s,y,v) ∈ O(n)× R× R
n × R

n such that for any x = (t,x) ∈ R× R
n

f(t,x) = (t− s,Rx− tv − y).

This means that any Galilei transformation is decomposed as f = Ty ◦ Gv ◦ (1 ⊗ R), where
1⊗R is the space-rotation by R ∈ O(n)

(1⊗R)(t,x) = (t, Rx),

Gv is the pure Galilei transformation by v ∈ R
n

Gv(t,x) = (t,x− tv),
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and Ty is the space-time translation by y = (s,y) ∈ R× R
n

Ty(t,x) = (t− s, x− y).

The group G is called the Galilei group. It follows from the charactenzation above that G is

generated by (1⊗R;R ∈ O(n)), (Ty; y ∈ R×R
n), and (Gv;v ∈ R

n). The transformation group

generated by (1 ⊗ R;R ∈ O(n)) and (Gv;v ∈ R
n) is called the homogeneous Galilei group in

R× R
n.

2 The main results

The action of Galilei group on functions u ∈ C∞(R × R
n;C) is introduced as the corre-

sponding pull-backs:

(T ∗
y u)(x) = u(Tyx) = u(x− y) = u(t− s,x− y), (1)(

(1⊗R)∗u
)
(x) = u((1⊗R)x) = u(t, Rx), (2)

(G∗
vu)(x) = u(Gvx) = u(t,x− tv). (3)

We introduce the notion of local gauge as a multiplication of functions of modulus 1 of the

form exp(iθ) with θ ∈ C∞(R× R
n;R).

We consider linear partial differential operators in R× R
n of order m of the form

L =
∑

j+|α|≤m

ajα∂
j
t∂

α, (4)

where α = (α1, . . . , αn) ∈ Z
n
≥0 is a multi-index with length |α| = α1+· · ·+αn, ∂

α = ∂α1
1 · · · ∂αn

n ,

∂j = ∂/∂xj, ∂t = ∂/∂t, ajα ∈ C(R× R
n;C), and

∑
j+|α|=m

|ajα| 
= 0.

We say that L is space-time translation invariant if and only if

T ∗
yLu = LT ∗

y u (5)

for any y ∈ R × R
n and any u ∈ C∞(R × R

n;C). We say that L is space-rotation invariant if

and only if

(1⊗R)∗Lu = L(1⊗R)∗u (6)

for any R ∈ O(n) and any u ∈ C∞(R× R
n; C). We say that L is pure Galilei invariant if and

only if for any v ∈ R
n, there exists θv ∈ C∞(R× R

n;R) such that

eiθvG∗
vLu = LeiθvG∗

vu (7)

for any u ∈ C∞(R × R
n;C). We say that L is Galilei invariant if and only if L is space-

time translation invariant, space-rotation invariant, and pure Galilei invariant. We say that L
is homogeneous Galilei invariant if and only if L is space-rotation invariant and pure Galilei

invariant. Here we remark that an extra degree of freedom θv is necessary because the commu-

tativity between L and pure pullback of translations by constant velocity breakes down.

We now state our main results.

Theorem 1 For any partial differential operator in space-time R× R
n of the second order of

the form

L =
∑

j+|α|≤2

ajα∂
j
t∂

α, (8)

with ajα ∈ C(R× R
n;C) and

∑
j+|α|=2

|ajα| 
= 0, the following three statements are equivalent.
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(1) L is Galilei invariant. Namely,

(i) For any y ∈ R× R
n and any u ∈ C∞(R× R

n;C), T ∗
yLu = LT ∗

y u.

(ii) For any R ∈ O(n) and any u ∈ C∞(R× R
n;C), (1⊗R)∗u = L(1⊗R)∗u.

(iii) For any v ∈ R
n, there exists θv ∈ C∞(R × R

n;R) such that eiθvG∗
vLu = LeiθvG∗

vu
for any u ∈ C∞(R× R

n;C).

(2) All coefficients of L are constants and L is homogeneous Galilei invariant. Namely,

(i) For any (j,α) ∈ Z≥0 × Z
n
≥0 with j + |α| ≤ 2 and any x ∈ R× R

n, ajα(x) = ajα(0).

(ii) For any R ∈ O(n) and any u ∈ C∞(R× R
n;C), (1⊗R)∗Lu = L(1⊗R)∗u.

(iii) For any v ∈ R
n, there exists θv ∈ C∞(R × R

n;R) such that eiθvG∗
vLu = LeiθvG∗

vu
for any u ∈ C∞(R× R

n;C).

(3) For any (j,α) with j+|α| ≤ 2, ajα is a complex constant and zero except a00, a10, a0,2e1 , . . . ,
a0,2en, where a0,2e1 = · · · = a0,2en 
= 0 hold. Let −α ∈ C\{0} be the common value:
−α = a0,2e1 = · · · = a0,2en 
= 0. Then ia10/α ∈ R, so that if (λ, β) ∈ R× C are given by
λ = − ia10

2α
and β = a00, L is represented as

L = α(2iλ∂t +�) + β, (9)

where � = ∇2 = ∂21 + · · · ∂2n is the Laplacian in R
n. The phase function θv in (1)(iii)

and (2)(iii)) is given by

θv(t,x) = θv(0,0) + λv · x− λ

2
t|v|2 if λ 
= 0, (10)

θv(t,x) = θv(t,0) if λ = 0. (11)

Remark 1 In the case λ = 0 in (3), we have L = α� + β and θv(t,x) = θv(t,0) so that
eiθv , G∗

v, and L are commutative on C∞(R× R
n;C).

Remark 2 In the case λ 
= 0 in (3), the constant β is essentially removable in the sense that

exp
( β

2iαλ
t
)
L exp

( −β
2iαλ

t
)
u = α(2iλ∂t +�)u (12)

for all u ∈ C∞(R× R
n;C). If β ∈ R, the mappings u �→ exp( ±β

2iαλ
)u are global gauge transfor-

mations and L and α(2iλ∂t +�) are gauge equivalent.

Remark 3 The case λ = 1 is regarded as the standard choice since the essential factor 2i∂t+�
is the time-dependent free Schrödinger operator in the scale where the Planck constant � and the
mass of the free particle are normalized. Moreover, this choice λ = 1 with another normalization
θv(0,0) = 0 yields (

eiθvG∗
vu

)
(t,x) = exp

(
i(v · x− t

2
|v|2))u(t,x− tv). (13)

The transformation u �→ eiθvG∗
vu in (13) is actually called “the Galilei transformation” in

[4, 7].

If we assume that θv has a specific form as in (10), we reformulate Theorem 1 to cover

higher order partial differential operators as follows.
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Theorem 2 Let m ∈ Z>0 and λ ∈ R\{0}. For any v ∈ R, let θv ∈ C∞(R× R
n;R) be defined

as

θv(t,x) = c+ λv · x− λ

2
t|v|2, (14)

where c = θv(0,0) ∈ C. Then for any linear partial differential operator in space-time R× R
n

of order m of the form

L =
∑

j+|α|≤m

ajα∂
j
t∂

α (15)

with ajα ∈ C(R× R
n;C) and

∑
j+|α|=m

|ajα| 
= 0, the following three statements are equivalent.

(1) L is Galilei invariant in the following sense.

(i) For any y ∈ R× R
n and any u ∈ C∞(R× R

n;C), T ∗
yLu = LT ∗

y u.

(ii) For any R ∈ O(n) and any u ∈ C∞(R× R
n;C), (1⊗R)∗u = L(1⊗R)∗u.

(iii) For any v ∈ R
n and any u ∈ C∞(R × R

n;C), eiθvG∗
vLu = LeiθvG∗

vu, where θv is
defined in (14).

(2) All coefficients of L are constants and L is homogeneous Galilei invariant in the following
sense.

(i) For any (j,α) ∈ Z≥0 ×Z
n
≥0 with j + |α| ≤ m and any x ∈ R×R

n, ajα(x) = ajα(0).

(ii) For any R ∈ O(n) and any u ∈ C∞(R× R
n;C), (1⊗R)∗Lu = L(1⊗R)∗u.

(iii) For any v ∈ R
n and any u ∈ C∞(R × R

n;C), eiθvG∗
vLu = LeiθvG∗

vu, where θv is
defined in (14).

(3) m is an even integer and L is given by a polynomial in 2iλ∂t +� of order m/2. Namely,
there exists (aj; j ∈ {0, . . . ,m/2}) ⊂ C such that

L =

m/2∑
j=0

aj(2iλ∂t +�)j and am/2 
= 0.

Theorem 1 shows that the Galilei invariance with local gauge determines the structure of

the space of linear partial differential operators of the second order that is exclusively provided

with the free Schrödinger operator and the formulation of local gauge as well. Theorem 2

shows that a natural generalization of Theorem 1 is possible for higher-order operators if we

fix the local gauge structure. The main results of this article show that the time-dependent

free Schrödinger equation is derived from a simple observation and explicit calculations with

the action of the Galilei group upon scalar fields up to local gauge, which is independent of

the physical convention of substitution of the energy and momentum by the time and space

derivatives, respectively. Our characterization of the time-dependent free Schrödinger equation

in terms of the Galilei group with local gauge supports the foundation of Quantum Mechanics

on the basis of the invariance naturally arising in Classical Mechanics.

This approach is different from the previous studies on the derivation of the free Schrödinger

equation from the unitary irreducible representation of the Galilei group [2, 3, 5, 6, 8, 9, 12].
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Lipschitz regularity for manifold-constrained

ROF elliptic systems

Salvador Moll *

Joint work with Esther Cabezas-Rivas and Vicent Pallardó-Julià

1 The ROF model
The Rudin-Osher-Fatemi (ROF) model for denoising [1] is one of the most widely

used models in image processing. Roughly summarized, and using the character-

ization given in [2], it consists in the following inverse problem:

Given an open bounded Lipschitz set Ω⊂R
m and an observed noisy grayscale

image f : Ω → R, assume that f = u + n ∈ L2(Ω) with u : Ω → R being the

true image and n a Gaussian noise, one wants to recover u as a minimizer of the

following energy functional:

u ∈ L2(Ω) �−→
∫

Ω
|∇u|dx+

λ
2

∫
Ω
|u− f |2 dx.

The first term in the functional acts as a regularizer on the image and its role is to

reduce the given noise, On the other hand, the second one is a fidelity term, whose

effect is that the minimizer remains close to f in the L2 norm. λ is a parameter that
balances the effect of both terms: a small choice of λ produces that minimizers

are not far from a constant (the average of f ) while a large value of it produces

that minimizers retain more details of the given f , even its noise.

Note that the natural effective domain of the above functional is the intersec-

tion of the space of Sobolev functions W 1,1(Ω) with L2(Ω). However, W 1,1(Ω) is

not the appropriate space to look for minimizers, as bounded subsets of W 1,1(Ω)

*University of Valencia. Emails: esther.cabezas-rivas@uv.es, j.salvador.moll@uv.es, vi-

cent.pallardo@uv.es
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need not be relatively compact with respect to the weak topology. Therefore, one

needs to replace the functional u �→
∫

Ω
|∇u|dx with its relaxation with respect to

to the L1−convergence; i.e. the Total Variation functional:

TV (u) = |Du|(Ω) := inf

{
liminf
k→+∞

∫
Ω
|∇uk|dx : uk ∈W 1,1(Ω), uk

L1(Ω)−→ u
}
.

The effective domain of the TV−functional is the Banach space of Bounded Vari-

ation (BV) functions, denoted by BV (Ω). We assume the standard notation and

results concerning BV functions as those in [3].

The Total Variation functional satisfies the following properties:

• It is a convex functional in L2(Ω).

• It is lower semicontinuous with respect to the strong convergence in L1(Ω).

• Bounded subsets are precompact with respect to the weak∗ topology in

BV (Ω).

• Functions in BV (Ω) can have discontinuities along a countable union of

oriented hypersurfaces (the jump set) with well defined traces on both sides.

This fact is particularly interesting in image processing to avoid blurring of

the minimizers. This phenomenon is known to happen when looking for

minimizers of similar energy functionals in the Sobolev spaces W 1,p(Ω),
for 1 < p.

Finally, the ROF model reads as follows:

min
u∈L2(Ω)

ROF(u) :

⎧⎨
⎩ |Du|(Ω)+

λ
2

∫
Ω
|u− f |2 dx if u ∈ BV (Ω)∩L2(Ω),

+∞ otherwise.

(1)

Using the properties of the TV− functional and the strict convexity of the

fidelity term and following the standard method in the Calculus of Variations, it is

easy to obtain existence and uniqueness of minimizers. Moreover, the minimizer

can be characterized in terms of the Euler-Lagrange PDE associated to the ROF

functional:

u− f ∈ −∂TV (u). (2)
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Here ∂TV is the subdifferential in L2(Ω) of the convex functional TV , which was

completely characterized in [4] in a general setting. In case that u ∈ W 1,∞(Ω),
then (2) can be rephrased as

‘there exists

z ∈ ∇u
|∇u| :=

⎧⎪⎨
⎪⎩

∇u
|∇u| if ∇u �= 0

B(0,1)⊂ R
m if ∇u = 0,

(3)

with div z ∈ L2(Ω) such that{
u− f = div z in Ω

[z,ν ] = 0 on ∂Ω,
(4)

with ν being the outer unit normal to Ω and [z,ν ] the weak trace of the normal

component of z at ∂Ω’.

It turns out that Lipschitz regularity if the best possible regularity for minimiz-

ers as the following example shows:

Figure 1: Left: f ∈C∞(]−1.5,1.5[). Right: minimizer u ∈W 1,∞(]−1.5,1.5[).

In fact, the following result which generalizes previous results in [5] holds:

Theorem 1 ([6]). If f ∈W 1,∞(Ω), then u∈W 1,∞(Ω). Moreover, there exists C > 0

such that

‖u‖L∞(B(x0,r) ≤
(
‖∇ f‖L∞(B(x0,2R)) +

C
R2

)
,

if f is Lipchitz in B(x0,2R)⊂ Ω.
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2 Need for manifold-constrained models.
Although the ROF model for denoising is nowadays fully understood, it has been

considered in different situations other than it was designed for. In particular, in

image processing, or even further, in data processing, it has become quite popular

to model the objects being studied as manifold valued functions; i.e f ,u : Ω �→
(N ,h) with (N,h) being a Riemannian manifold (see e.g [7] or [8]). In particular,

the following target manifolds have been considered in the applied literature:

• The unit sphere in dimension 3, S2, in the case of RGB color images or

optical flow.

• R×S
1 for LCh-color images.

• The space of movements in R
3, SE(3), for object tracking.

• The space of positive symmetric 3x3 matrices P(3)+, for Diffusion Tensor

Images (DTI).

• Hyperbolic spaces for Deep Neural Networks.

3 Our contribution.
In this talk, I will present some recent advances obtained in [9] about the following

far-reaching generalization of the ROF model:

1. On the target space: (N ,h) an n−dimensional complete Riemannian man-

ifold.

2. On the domain: (Ω,g) is a smooth compact surface such that ∂Ω �= /0.

In this setting, we consider the following energy functional in L2(Ω;N ):

ROF(u) :=

⎧⎨
⎩ T V (u)+

λ
2

∫
Ω

d2
h(u, f )dμg if u ∈ BV (Ω;RN)∩L2(Ω;N )

+∞ otherwise.

where, by Nash theorem, we have considered that N isometrically embedded

into some Euclidean space R
N , dμg is the volume element corresponding to g, dh

is the intrinsic distance in N and

T V (u) = inf

{
liminf
k→+∞

∫
Ω
|∇uk|dμg : uk ∈W 1,1(Ω;N ), uk

L1(Ω;N )−→ u
}
.
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It turns out that T V is not a geodesically convex functional in general. More-

over, for the distance term to be convex, one needs to impose both curvature and

topological restrictions on the target manifold.

With some extra hypotheses on the range of f in N , we can obtain existence

of minimizers and their characterization in PDE terms similar to that in (3) and (4)

for the system of Euler-Lagrange equations. In the case that N is non-positively

curved, we also obtain uniqueness of minimizers as well as a regularity result

analogous to that of Theorem 1.

Our results can also be viewed as an extension of the regularity theory for p-

harmonic maps to the challenging case p = 1 building upon foundational works

by Eells–Sampson [10] and Schoen–Uhlenbeck [11].

A key aspect of our approach is the intricate interplay between geometric and

analytical techniques; we exploit both the intrinsic and the extrinsic viewpoints.

In this sense, an intrinsic Cacciopoli estimate as in [12] is crucial.

Finally, we also establish several regularity results of independent interest:

Hölder and Lipschitz continuity in one-dimensional settings (relevant to signal

denoising) and Lipschitz regularity for a perturbed model motivated by fluid me-

chanics.
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Abstract. In this talk, we address an optimal control problem governed by a state-
system of parabolic partial differential equations. The state-system is based on a
mathematical model of grain boundary motion involving heat exchange. One of
the key features of the state-system is that the mobility depends on the physical
state of crystalline orientation order. Such state-dependent settings have a major
obstacle to establishing uniqueness of solutions. Actually, in most previous studies,
the mobility was assumed to be effectively constant in order to ensure uniqueness.
However, for state-systems without heat exchange, recent research has shown that it
is possible to guarantee complete well-posedness, including uniqueness, even under
state-dependent setting of mobility. In view of these background, we will discuss
about the well-posedness of the state-system and the existence and necessary con-
ditions for optimal control, under a realistic setting where temperature is indirectly
controlled via heat sources.

Introduction

Let ΩT := (0, T ) × Ω be a cylindrical domain, where (0, T ) is a bounded time interval
with 0 < T < ∞, and Ω is a spatial domain in at most three dimensions. We also denote
by ΓT := (0, T ) × Γ the lateral surface of the cylinder ΩT , i.e., the product of the time
interval (0, T ) and the sufficiently smooth boundary Γ := ∂Ω, which is equipped with the
unit outward normal nΓ.

In this talk, we consider a class of optimal control problems, denoted by (OP)ε for
ε ∈ [0, 1], formulated on the following Hilbert spaces H := L2(Ω) and H := L2(0, T ;H),
and stated as follows.

∗ This work is based on the recent jointwork with Harbir Antil (George Mason Univerisity, USA),
Daiki Mizuno (Chiba University, Japan), Salvador Moll (University of Valencia, Spain), Hiroshi Watanabe
(Oita University, Japan), and Noriaki Yamazaki (Kanagawa University, Japan).
AMS Subject Classification: 35K51, 35K67, 49J20, 49K20, 74N20
Keywords: Optimal control, state-dependent mobility, grain boundary motion, heat exchange
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(OP)ε. To find a function f ∗ ∈ H , called optimal control, which minimizes the following
cost functional:

Jε : f ∈ H �→ Jε(f) :=
1

2

∫ T

0

|f(t)|2H dt+
1

2

∫ T

0

|(u− uad)(t)|2L2(Ω) dt

+
1

2

∫ T

0

|(η − ηad)(t)|2H dt+

∫ T

0

|(θ − θad)(t)|2H dt ∈ [0,∞),

where [u, η, θ] ∈ [H ]3 is a unique solution to the following parabolic system (S)ε :=
{(0.1),(0.2),(0.3)}:

⎧⎪⎪⎨
⎪⎪⎩

∂t(u− Lη)−Δu = f(t, x), (t, x) ∈ ΩT ,

∇u · nΓ = 0 on ΓT ,

u(0, x) = u0(x), x ∈ Ω.

(0.1)

⎧⎪⎪⎨
⎪⎪⎩

∂tη −Δη + g(η) + α′(η)
√
ε2 + |∇θ|2 + u = 0 in ΩT ,

∇η · nΓ = 0 on ΓT ,

η(0, x) = η0(x), x ∈ Ω.

(0.2)

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

α0(η)∂tθ − div

(
α(η)

∇θ√
ε2 + |∇θ|2 + κ∇θ

)
= 0 in ΩT ,

(
α(η) ∇θ√

ε2+|∇θ|2 + κ∇θ
) · nΓ = 0 on ΓT ,

θ(0, x) = θ0(x), x ∈ Ω.

(0.3)

The state-system (S)ε is based on theWKLC system, proposed by Warren–Kobayashi–
Lobkovsky–Carter [17], which is formulated as a coupled system consisting of the initial-
boundary value problem for the heat equation (0.1), and that for the phase-field model
of grain boundary motion, known as the KWC model (cf. [11, 12]). The systems (OP)ε
and (S)ε are broadly classified into a smooth setting for ε > 0 and a nonsmooth setting
for ε = 0. The nonsmooth setting with ε = 0 is regarded as physically faithful, where the
singular diffusion flux α(η) ∇θ

|∇θ| appearing in (0.3) is considered a suitable mathematical
expression for capturing facet structures within polycrystalline materials.

In this context, the unknown u = u(t, x) represents the relative temperature, while
the unknowns η = η(t, x) and θ = θ(t, x) represent the crystalline orientation order and
the orientation angle, respectively, in a polycrystalline body. The function f = f(t, x)
denotes the heat source, and in the problem (OP)ε, it serves as a form of heat control
for grain boundary formation. The functions u0 = u0(x), η0 = η0(x), and θ0 = θ0(x)
are the initial data, while uad = uad(t, x), ηad = ηad(t, x), and θad = θad(t, x) are fixed
functions representing the admissible target profiles for u, η, and θ, respectively. The
functions α0 = α0(η) and α = α(η) represent the mobilities that act as driving forces of
grain boundary motion. The function g = g(η) is a Lipschitz perturbation for η. L > 0
is a constant of latent heat, and κ > 0 is a fixed diffusion constant for θ.
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The novelty of this study lies in the following aspects:

� 1) the coupling structure of the state-system (S)ε that incorporates the heat exchange
term given in (0.1);

� 2) the setting in which the mobility α0 in (0.3) depends on the unknown variable η,
i.e., the physical state of the crystalline orientation order.

In particular, the state-dependent feature described in � 2) has been a major obstacle
to the uniqueness of the state-system, and even in the study of the KWC model, the
uniqueness issue has remained one of the long-standing open problems, except for one-
dimensional setting of Ω (cf. [8, Theorem 2.2]). Accordingly, in the optimization problems
associated with the KWC model, most previous results (cf. [3, 4, 18]) have been obtained
under the assumption that α0 is effectively constant, in order to ensure the uniqueness of
the state-system.

However, in recent years, the pseudo-parabolic version of the KWC system has been
actively studied as one of the possible grain boundary motion models with guaranteed
uniqueness (cf. [1, 5, 6]). Indeed, several previous works on the pseudo-parabolic KWC
system have reported results on the well-posedness (cf. [6]), including the uniqueness,
and the associated optimal control problems (cf. [5]) under the setting of state-dependent
mobility as in � 2). Furthermore, this line of research has specified sufficient conditions for
the uniqueness of solutions. These uniqueness criteria provide a prospect for resolving the
long-standing open problem in the original parabolic KWC system, and for establishing
a corresponding optimal control theory under the same setting � 2) (cf. [13]).

In view of these background, we now set our goal to establish a mathematical control
theory based on the well-posedness of the WKLC system, under more practical settings
as described in � 1) and � 2). The main results of this talk are discussed in accordance
with the following content.

§1. Assumptions and notations.

§2. Results for the well-posedness of the state-systems.

Theorem 1: Existence for (S)ε.

Theorem 2: Regularity result for (S)ε.

Theorem 3: Uniqueness for (S)ε.

Theorem 4: Continuous-dependence for (S)ε.

§3. Results for the optimal control problems.

Theorem 5: Qualitative property of (OP)ε.

Theorem 6: Necessary condition of optimality in the smooth case.

Theorem 7: Limiting condition of optimality to the nonsmooth case.
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1 Assumptions and notations

Throughout this talk, let T > 0 be a fixed finite time, and let N ∈ {2, 3} be a fixed
dimension. Let Ω ⊂ R

N be a bounded domain, which has a smooth boundary Γ := ∂Ω
with the unit outer normal nΓ : Γ −→ S

N−1. Also, we let ΩT := (0, T ) × Ω and ΓT :=
(0, T )× γ, and set the base spaces as follows.

H := L2(Ω), V := H1(Ω), W0 :=
{
w ∈ H2(Ω) ∇w · nΓ = 0 in H

1
2 (Γ)

}
,

H := L2(0, T ;H), and V := L2(0, T ;V ).

Especially, we use the space W0 as the domain of the Laplacian Δ0 : w ∈ W0 −→ Δw ∈
L2(Ω) subject to the zero-Neumann boundary condition.

Based on these notations, the main results of this talk are discussed under the following
assumptions.

(A0) Let L > 0 and κ > 0 be fixed finite constants, and let ε ∈ [0, 1] be a constant
parameter that classify the optimal control problem (OP)ε with the state-system
(S)ε, in the smooth case for ε > 0 and the nonsmooth one for ε = 0. Additionally,
let [uad, ηad, θad] ∈ [H ]3 be the triplet of admissible target profiles in the optimal
control problem (OP)ε.

(A1) Let α0 ∈ C1(R)∩W 1,∞(R) and α ∈ C2(R)∩C1,1(R) be fixed functions such that α
is convex, and δ∗ := inf α0(R) ∪ α(R) > 0.

(A2) Let g ∈ C2(R) ∩ C0,1(R) be a fixed function that has a nonnegative potential G ∈
C3(R) ∩ C1,1(R), i.e. G′ = g on R.

(A3) Let [u0, η0, θ0] ∈ [V ]3 be the fixed initial data.

In addition, for simplify of description, we denote by γε a Lipschitz continuous function
on R

N , defined as:

γε : � ∈ R
N �→ γε(�) :=

√
ε2 + |�|2, for ε ∈ [0, 1].

Remark 1. In the smooth case for ε > 0, the subdifferential ∂γε can be identified with
the standard gradient ∇γε, i.e. it coincides with the following single-valued function:

∂γε(�) = {∇γε(�)} =

{
�√

ε2 + |�|2

}
(singleton) in R,

for all � ∈ R
N and ε > 0.

In contrast, the subdifferential ∂γ0 corresponding to the nonsmooth case for ε = 0 is
characterized as the following set-valued function:

∂γε(�) =

{
�∗ ∈ R

N |�∗| ≤ 1, and
�∗ ·� = γ0(�) = |�|

}

Finally, we introduce a state-dependent convex function defined as follows.
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Definition 1. For every ε ∈ [0, 1] and η ∈ V , we define a proper l.s.c. and convex
function Φε(η; · ) : H −→ [0,∞], depending on ε and η (state), as follows.

Φε(η; · ) : θ ∈ H �→ Φε(η; θ) :=

⎧⎪⎪⎨
⎪⎪⎩

∫
Ω

α(η)γε(∇θ) dx+
κ

2

∫
Ω

|∇θ|2 dx,
if θ ∈ H1(Ω),

∞ otherwise.

Remark 2. Let us take arbitrary ε ∈ [0, 1] and η ∈ V . Then, the effective domain
D(Φε(η; · )) of the convex function Φε(η; · ) coincides with the space V .

Also, in the smooth case for ε > 0, it is checked that the effective domain D(∂Φε(η; θ))
of the subdifferential ∂Φε(η; · ) coincides with the space W0, and the subdifferential
∂Φε(η; · ) can be identified with the nonlinear diffusion −div

(
α(η)γε(∇θ) + κ∇θ

) ∈ H,
via the identification ∂γε = ∇γε.

Meanwhile, in the nonsmooth case for ε = 0, the corresponding subdifferential ∂Φ0(η; · )
is characterized as follows (cf. [1, 8]).

D(∂Φ0(η; · )) =
{

θ ∈ W0
∃ν∗

θ ∈ L2
div(Ω;R

N) s.t.
ν∗
θ ∈ ∂γ0(∇θ) a.e. in Ω

}
(⊂ W0), (1.1)

and

∂Φ0(η; θ) =

{
θ∗ ∈ H

θ∗ = −div
(
α(η)ν∗

θ

)− κΔθ in H,
for some ν∗

θ ∈ L2
div(Ω;R

N) as in (1.1)

}
,

for all θ ∈ D(∂Φ0(η; · )).
Now, under the above notations and assumptions, the main results of this talk will be

stated in the following sections.

2 Results for the well-posedness of the state-systems

We begin with the definition of the solution to the state-system (S)ε.

Definition 2 (Definition of solution to the state-system). A triplet of functions [u, η, θ] ∈
[H ]3 is called a solution to the system (S)ε iff. [u, η, θ] fulfills the following conditions.

(S1)ε [u, η, θ] ∈ [W 1,2(0, T ;H)∩L∞(0, T ;V )∩L2(0, T ;W0)]
3, subject to [u(0), η(0), θ(0)] =

[u0, η0, θ0] in [H]3.

(S2)ε ∂t(u− Lη)(t)−Δ0u(t) = f(t) in H, a.e. t ∈ (0, T ).

(S3)ε ∂tη(t)−Δ0η(t) + g(η(t)) + α′(η(t))γε(∇θ(t)) = 0 in H, a.e. t ∈ (0, T ).

(S4)ε ∃θ∗ ∈ H , s.t.

{
θ∗(t) ∈ ∂Φε(η(t); θ(t)),

α0(η(t))∂tθ(t) + θ∗(t) = 0,
in H, a.e. t ∈ (0, T ).

Remark 3. The condition (S4)ε can be characterized by the following equivalent varia-
tional form: (

α0(η(t))∂tθ(t), θ(t)−�
)
H
+ Φε(η(t); θ(t)) ≤ Φε(η(t);�),

for any � ∈ V , a.e. t ∈ (0, T ).
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Now, the main results of this section is stated in forms of the following theorems.

Theorem 1 (Existence for (S)ε). Let us assume (A0)–(A3). Then, for any heat source
f ∈ H , the state-system (S)ε admits at least one solution [u, η, θ] ∈ [H ]3, such that:

1

2

∫ t

s

(
1

L

∣∣∇u(σ)
∣∣2
[H]N

+
∣∣∂tη(σ)∣∣2H +

∣∣√α0(η(σ))∂tθ(σ)
∣∣2
H

)
dσ

+ Fε(u(t), η(t), θ(t)) ≤ Fε(u(s), η(s), θ(s)) +
1

L

∫ t

s

(
f(σ), u(σ)

)
dσ, (2.1)

for any t ∈ (0, T ] and a.e. 0 ≤ s < t, including the case of s = 0,

where Fε : [H]3 −→ [0,∞] is the free-energy of the state-system (S)ε, defined as follows:

Fε : [u, η, θ] ∈ [H]3 �→ Fε(u, η, θ)

:=

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

2L

∫
Ω

|u|2 dx+
1

2

∫
Ω

|∇η|2 dx+

∫
Ω

G(η) dx+ Φε(η; θ),

if [u, η, θ] ∈ [V ]3,

∞, otherwise.

Next, for the uniqueness and continuous-continuous dependence for (S)ε, we will need
the following regularity result.

Theorem 2 (Regularity result for (S)ε). In addition to (A0)–(A3), let us impose the
following assumption (A4) for the initial data [η0, θ0].

(A4) η0 ∈ W0 ∩H3(Ω) and θ0 ∈ D(∂Φ0(η0; · )) ⊂ W0.

Then, the component [η, θ] ∈ [H ]2 of the solution [u, η, θ] to (S)ε further satisfies that:{
η ∈ W 2,2(0, T ;H) ∩W 1,∞(0, T ;V ) ∩ L∞(0, T ;W0),

θ ∈ W 1,∞(0, T ;H) ∩W 1,2(0, T ;V ) ∩ L2(0, T ;W0).

Based on the above regularity result, the discussion of well-posedness will be completed
as follows.

Theorem 3 (Uniqueness for (S)ε). Under the assumptions (A0)–(A4), let [uk, ηk, θk] ∈
[H ]3, k = 1, 2, be two solutions for two heat sources fk ∈ H , k = 1, 2. Then, there
exists a constant C∗ > 0, such that:∫ t

0

∣∣(u1 − u2)(t)
∣∣2
H
dσ +

∣∣∣∣
∫ t

0

∇(u1 − u2)(σ) dσ

∣∣∣∣
[H]N

+
∣∣(η1 − η2)(t)

∣∣2
V

(2.2)

+
∣∣√α0(η1(t))(θ

1 − θ2)(t)
∣∣2
H
+ κ

∣∣∇(θ1 − θ2)(t)
∣∣2
[H]N

≤ exp
[
C∗

(
1 +

∣∣∂tη1∣∣2V +
∣∣∂tθ2∣∣2V )

] ∣∣f 1 − f 2
∣∣2
H
, for all t ∈ [0, T ].

Remark 4. The uniqueness result in Theorem 3 allows us to extend the validity of the
energy inequality (2.1) to all 0 ≤ s ≤ t ≤ T .
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Theorem 4 (Continuous-dependence for (S)ε). Let us assume (A0)–(A4). Let {εn}∞n=1 ⊂
[0, 1], {fn}∞n=1 ⊂ H , {[u0,n, η0,n]}∞n=1 ⊂ V×(W0∩H3(Ω)), and {[θ0,n, θ∗0,n] ∈ ∂Φεn(η0,n; · )}∞n=1 ⊂
H ×H be sequences such that:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

• εn → ε to some ε ∈ [0, 1],

• fn → f weakly in H , for some f ∈ H ,

• [u0,n, η0,n] → [η0, θ0] weakly in V ×H3(Ω),
for some [u0, η0] ∈ V × (W0 ∩H3(Ω)),

• [θ0,n, θ
∗
0,n] → [θ0, θ

∗
0] weakly in W0×H, for

some [θ0, θ
∗
0] ∈ ∂Φε(η0; ··),

as n → ∞.

Then, the sequence {[un, ηn, θn]}∞n=1 ⊂ [H ]3 of solutions [un, ηn, θn] to the state-system
(S)εn for the initial data [u0,n, η0,n, θ0,n] and the heat source fn, for n ∈ N, converges to
the solution [u, η, θ] ∈ [H ]3 to (S)ε for the initial data [u0, η0, θ0] and the heat source
f ∈ H , in the following sense:

[un, ηn, θn] → [u, η, θ] in C([0, T ];H)× C([0, T ];V )× C([0, T ];V ),

and weakly in W 1,2(0, T ;H)×W 1,2(0, T ;V )×W 1,2(0, T ;V ), as n → ∞.

Outline of the proofs

The existence result in Theorem 1 is proved by combining the mathematical framework
for the Fix–Caginalp system of solid-liquid phase transitions, developed in [10], with
the analytical techniques for the KWC model of grain boundary motion, developed in
[8, 9, 13–15]. Here, the energy inequality (2.1) is deduced by multiplying the both sides
of (0.1), (0.2), and (0.3) by u, ∂tη, and ∂tθ, respectively, and then summing the resulting
variational formulas.

The regularity result in Theorem 2 is based on the linearization method applied to
the part of KWC model {(0.2),(0.3)} in the smooth case for ε > 0 (cf. [13]). In this
theorem, the linearized KWC model corresponding to a system obtained by taking the
time-differentials of the PDEs in (0.2) and (0.3). This linearization approach also serves
as the foundation for the proof of Theorem 6, which concerns the necessary optimality
condition for (OP)ε in the smooth case.

In the uniqueness result Theorem 3, the uniqueness estimate (2.2) follows from Gron-
wall’s lemma, based on the mathematical techniques developed in the previous works
[10, 13]. Furthermore, the regularity result [∂tη, ∂tθ] ∈ [V ]2, established in Theorem 2,
plays a crucial role in ensuring that the estimate (2.2) is well-defined.

Finally, the continuous dependence result in Theorem 4 is established as a consequence
of a uniform estimate of solution derived from the energy inequality (2.1), the compact-
ness theory of the Aubin–Lions (or Ascoli–Arzerà) type (cf. [16]), the weak (or weak-∗)
compactness via Alaoglu’s theorem (cf. [2]), and the Γ-convergence (cf. [7]) of the sequence
of free-energies {Fε}ε∈[0,1], based on the previous results in [8, 9, 13–15].
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3 Results for the optimal control problems

On the basis of the well-posedness results for (S)ε, we can obtain the following results for
the optimal control problem (OP)ε.

Theorem 5 (Qualitative property of (OP)ε). Under the assumptions (A0)–(A4), the
following items hold.

( I ) (Existence of optimal control) For any ε ∈ [0, 1], the optimal control problem (OP)ε
admits at least one optimal control f ∗ ∈ H .

(II) (ε-dependence of optimality) Let {[u0,ε, η0,ε]}ε∈[0,1] ⊂ V×(W0∩H3(Ω)) and {[θ0,ε, θ∗0,ε]}ε∈[0,1] ⊂
W0 ×H be sequences such that:⎧⎪⎪⎪⎨

⎪⎪⎪⎩
• {[u0,ε, η0,ε]}ε∈[0,1] is bounded in V ×H3(Ω),

• {[θ0,ε, θ∗0,ε]}ε∈[0,1] is bounded in W0 ×H,

• [θ0,ε, θ
∗
0,ε] ∈ ∂Φε(η0,ε; · ) in H ×H, for ε ∈ [0, 1].

Let {f ∗
ε }ε∈[0,1] ⊂ H be a sequence of optimal controls f ∗

ε of (OP)ε, for ε ∈ [0, 1],
which are governed by the state-system (S)ε with the initial data [u0,ε, η0,ε,θ0,ε ] and
the heat sources f ∗

ε , for ε ∈ [0, 1]. Then, for any ε0 ∈ [0, 1], there exists a sequence
{εn}∞n=1 ⊂ [0, 1] and an optimal control f ∗

0 ∈ H of (OP)ε0 , with the initial data
[u0, η0, θ0] ∈ V × (W0 ×H3(Ω))×D(Φε0(η0; · )) of the governing state-system (S)ε0 ,
such that

εn → ε0, and f ∗
εn → f ∗

0 weakly in H , as n → ∞.

Remark 5. Since Theorem 5 (I) does not include the uniqueness of the optimal control,
Theorem 5 (II) does not assert the coincidence of the optimal controls f ∗

0 and f ∗
ε0

in H .

Theorem 6 (Necessary condition of optimality in the smooth case). In addition to (A0)–
(A4), let us assume ε > 0. Let f ∗

ε ∈ H be the optimal control of (OP)ε, and let
[u∗

ε, η
∗
ε , θ

∗
ε ] ∈ [H ]3 be the solution to (S)ε for the heat source f ∗

ε . Then, it holds that:

f ∗
ε = −q∗ε in H , (3.1)

where q∗ε is the first component of the unique solution [q∗ε , p
∗
ε, z

∗
ε ] ∈ [W 1,2(0, T ;V ∗) ∩ V ]3

to the following backward parabolic linear system:〈−∂tq
∗
ε , ϕ

〉
V
+
(∇q∗ε ,∇ϕ

)
[H ]N

+
(
p∗ε, ϕ

)
H

=
(
u∗
ε − uad, ϕ

)
H
, for any ϕ ∈ V , (3.2)

〈−∂t(p
∗
ε − Lq∗ε) + α′′(η∗ε)γε(∇θ∗ε)p

∗
ε + α′

0(η
∗
ε)z

∗
ε∂tθ

∗
ε , ψ

〉
V
+
(∇p∗ε,∇ψ

)
[H ]N

(3.3)

+
(
g′(η∗ε)p

∗
ε + α′(η∗ε)∇γε(∇θ∗ε) · ∇z∗ε , ψ

)
H

=
(
η∗ε − ηad, ψ

)
H
, for any ψ ∈ V ,

〈−∂t
(
α0(η

∗
ε)z

∗
ε

)
, �

〉
V
+
(
α(η∗ε)[∇2γε](∇θ∗ε)∇z∗ε + κ∇z∗ε ,∇�

)
[H ]N

(3.4)

+
(
α′(η∗ε)p

∗
ε[∇γε](∇θ∗ε),∇�

)
[H ]N

=
(
θ∗ε − θad, �

)
H
, for any � ∈ V ,

subject to the homogeneous terminal condition:

[q∗ε(T ), p
∗
ε(T ), z

∗
ε(T )] = [0, 0, 0] in [H]3. (3.5)
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Theorem 7 (Limiting condition of optimality to the nonsmooth case). Let us assume
(A0)–(A4), and let us set:

X0 :=
{
w ∈ W 1,2(0, T ;V ) w(0) = 0 in H

}
.

Then, there exists an optimal control f ◦ ∈ H of (OP)0, in the nonsmooth case for ε = 0,
with ν◦ ∈ L∞(ΩT ), σ

◦ ∈ H , ξ◦ ∈ V ∗, Ξ◦ ∈ X∗
0, and the solution [u◦, η◦, θ◦] ∈ [H ]3 to

(S)ε for the heat source f ◦, such that:

f ◦ = −q◦ in H ,

where q◦ is the first component of a triplet [q◦, p◦, z◦] ∈ [W 1,2(0, T ;V ∗)∩V ]2×V satisfying:〈−∂tq
◦, ϕ

〉
V
+
(∇q◦,∇ϕ

)
[H ]N

+
(
p◦, ϕ

)
H

=
(
u◦ − uad, ϕ

)
H
, for any ϕ ∈ V ,

〈−∂t(p
◦ − Lq◦) + α′′(η◦)|∇θ◦|p◦ + α′

0(η
◦)ξ◦, ψ

〉
V
+
(∇p◦,∇ψ

)
[H ]N

+
(
g′(η◦)p◦ + α′(η◦)σ◦, ψ

)
H

=
(
η◦ − ηad, ψ

)
H
, for any ψ ∈ V ,

((
α0(η

◦)z◦
)
, ∂tw

)
H

+
〈
Ξ◦, w

〉
X0

+ κ
(∇z◦,∇w

)
[H ]N

+
(
α′(η◦)p◦ν◦,∇w

)
[H ]N

=
(
θ◦ − θad, w

)
H
, for any w ∈ X0,

and

|ν◦| ≤ 1 and ν◦ · ∇θ◦ = |∇θ◦|, a.e. in ΩT . (3.6)

Outline of the proofs

The previous Theorems 1–4 yield:

(� 1) the lower semi-continuity of the cost Jε, for any ε ∈ [0, 1],

(� 2) the continuous dependence of {Jε}ε∈[0,1], with respect to ε ∈ [0, 1], in the sense of
Γ-convergence on H .

Therefore, the qualitative properties stated in Theorem 5 are established by applying a
standard minimization argument applied to the cost functionals Jε, for ε ∈ [0, 1].

Meanwhile, in Theorem 6, the necessary condition of optimality for ε > 0 will be
based on the Gâteaux differential of the cost Jε. Then, for any direction h ∈ H , the
computation of directional derivative DhJε(f) at f ∈ H will be associated with the
following linearized system of the state-system (S)ε:〈

∂t(�− Lχ), ϕ
〉

V
+
(∇�,∇ϕ

)
[H ]N

=
(
h, ϕ

)
H
, for any ϕ ∈ V , (3.7)

〈
∂tχ+ α′′(η)γε(∇θ)χ, ψ

〉
V
+
(∇χ,∇ψ

)
[H ]N

(3.8)

+
(
g′(η∗)χ+ α′(η)∇γε(∇θ) · ∇ζ + �, ψ

)
H

= 0, for any ψ ∈ V ,
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〈
α0(η)∂tζ + α′

0(η)∂tθχ,�
〉

V
+
(
α(η)[∇2γε](∇θ)∇ζ + κ∇ζ,∇�

)
[H ]N

(3.9)

+
(
α′(η)χ[∇γε](∇θ),∇�

)
[H ]N

= 0, for any � ∈ V ,

subject to the homogeneous initial condition:

[�(0), χ(0), ζ(0)] = [0, 0, 0] in [H]3. (3.10)

Indeed, the backward parabolic linear system {(3.2),(3.3),(3.4)} in Theorem 6 is derived on
the basis of the adjoint system of the linearized system {(3.7),(3.8),(3.9)}. In this context,
[u, η, θ] is the solution to the state-system (S)ε for the heat source f ∈ H , and the solution
[�, χ, ζ] ∈ [W 1,2(0, T ;H) ∩ V ]3 to the linearized system {(3.7),(3.8),(3.9)} corresponds to
the linearized variable corresponding to [u, η, θ]. In particular, the homogeneous initial
condition (3.10) comes from the fixed setting of the initial data [u0, η0, θ0] of (S)ε, and it
is reflexed to the homogeneous terminal condition (3.5).

Finally, the limiting optimality condition in Theorem 7 is derived as the limit of the
conditions (3.1)–(3.5) as ε ↓ 0. In this context, the vector field ν◦ ∈ [L∞(ΩT )]

N is a
weak-∗ limit of the diffusion flux {∇γε(∇θ∗ε)}ε∈(0,1) in [L∞(ΩT )]

N , and the identity (3.6)
implies that ν◦ corresponding to the mathematical representation of the singular diffusion
flux ∇θ◦

|∇θ◦| (∈ ∂γ0(∇θ◦)) in the nonsmooth state system (S)0, for ε = 0. The functions

σ◦ ∈ H and ξ◦ ∈ V ∗ are obtained as the weak limits of the sequences {[∇γε](∇θ∗ε) ·
∇z∗ε}ε∈(0,1] and {z∗ε∂tθ∗ε}ε∈[0,1] as ε ↓ 0, respectively. However, since none of the sequences
{∂tθε}ε∈(0,1), {[∇γε](∇θ∗ε)}ε∈(0,1), {z∗ε}ε∈(0,1), and {∇z∗ε}ε∈(0,1) possesses compactness in
any strong topology, the justification of the identities σ◦ = ν◦ · ∇z◦ and ξ◦ = z◦∂tθ◦ has
not been achieved, yet.

Moreover, the element Ξ◦ ∈ X∗
0 arises as a distributional limit corresponding to the

linearization of the singular diffusion term −div
(
α(η◦) ∇θ◦

|∇θ◦|
)
. Due to the singularity of the

flux ∇θ◦
|∇θ◦| , the characterization of Ξ◦ remains a challenging open problem in this study; in

fact, no explicit conjecture has been formulated at present.
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1993. MR 1201152

[8] Akio Ito, Nobuyuki Kenmochi, and Noriaki Yamazaki, A phase-field model of grain
boundary motion, Appl. Math. 53 (2008), no. 5, 433–454. MR 2469586

[9] , Weak solutions of grain boundary motion model with singularity, Rend. Mat.
Appl. (7) 29 (2009), no. 1, 51–63. MR 2548486
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1 Introduction

When we have a system with a small parameter ε it is tempting to pass to the limit when ε goes to zero. Here,

we will consider a couple of examples of gradient flows depending on a small parameter ε. Before studying

them, we will explain the notion of a gradient flow of a functional E. The easiest starting point is when E is a

smooth real valued function over RN . Then,

ẋ = −∇E(x), x(0) = x0, (1.1)

is the gradient flow of E. In the case of a Hilbert space H , when E is defined on D(E) ⊂ H eq. (1.1)

generalizes to

u̇ = −∇HE(u), u(0) = u0, (1.2)

where ∇HE denotes the gradient of E with respect to the topology of H . The resulting equation depends

significantly on the choice of the topology of H . Here is an example, let us suppose that

E(u) =

∫
Ω
(
1

2
|∇u|2 +W (u)) dx,

where Ω ⊂ R
N , N = 1, 2, 3, is a bounded region with smooth boundary and W (u) = 1

4(u
2 − 1)2 (W could

be any smooth function with an appropriate growth). Of course, the domain of E is H1(Ω).
Let us take u0, h ∈ D(E). We may compute

d

dε
E(u0 + εh)

∣∣
ε=0

= DE(u0)h =

∫
Ω
(∇u0 · ∇h+Wu(u0)h) dx.

Now, we may find the gradient of E corresponding to different Hilbert spaces. Let us take H = L2(Ω), then

DE(u0)h = 〈∇L2E(u0), h〉L2 =

∫
Ω
ξ · h dx ∀h ∈ H1(Ω)

leads to the following conclusion,

ξ = −Δu0 +Wu(u0).

Thus, (1.2) becomes the well-known Allen-Cahn equation,

ut = Δu−Wu(u).

On the other hand, if we require H = H−1(Ω), where H−1(Ω) denotes the dual of H1(Ω), then the result is

different. Namely, we can check that

∇H−1E(u) = Δ(Δu−Wu(u)).
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As a result, eq. (1.2) becomes the well-know Cahn-Hilliard equation,

ut = Δ(−Δu+Wu(u)),

whose behavior differs significantly from the Allen-Cahn equation.

We are going to present a couple of generalizations of (1.2) based on different premises. One is based on the

analysis of the structure of the global attractor, the other one is simpler and it is suitable for convex functionals

E. Then, we present one family of functionals from each category depending on a small parameter. Our goal is

to investigate the dependence of the flows on this small parameter. We will ask different questions about these

flows.

2 A topological definition of the gradient flow and stabilization of solutions

In [9] Savina and her coworkers derived a model of quantum dots formation during the process of molecu-

lar beam epitaxy. The original model was two-dimensional, with periodic boundary condition, however, we

consider only its one-dimensional version

ht =
δ
2 |∇h|2 +Δ3h−ΔdivDWF (∇h), x ∈ T = R/LZ, t > 0

h(x, 0) = h0(x), x ∈ T.

Here, T denotes the flat torus, W is a double-well potential

W (F ) =
1

4
(F 2 − 1)4

and δ > 0 describes the intensity of the destabilizing flux of adatoms.

The answers to the basic questions about the global in time existence of strong solutions to this equation

and their uniqueness were established in [5] and [6]. In the latter paper these results were re-written in the

language of the semigroup theory.

We are interested in the asymptotic behavior of the above system. We notice that

d

dt

∫
T

h(x, t) dx =

∫
T

ht(x, t) dx =
δ

2

∫
T

|∇h|2(x, t) dx ≥ 0.

Thus, there is no hope to establish stabilization of solutions. However, the story changes significantly if we

look at the slopes of h. Thus, we set u = hx and after taking the gradient of (2) we obtain

ut = δuux +Δ3u−Δ2Wu(u), x ∈ T, t > 0,
u(x, 0 = u0(x), x ∈ T.

(2.1)

We notice that for δ = 0 equation (2.1) becomes a gradient flow

ut = −∇H−2F(u), u(0) = u0 (2.2)

of F , where F(u) =
∫
T
(12 |∇u|2+W (u)) dx. In other words, (2.1) is a perturbation of (2.2). Since stabilization

is ‘obvious’ for solutions to (2.2) we hope that the same thing for (2.1) is true.

In order to make this wish become reality we are going to present the tools, which are based on a gener-

alization of the notion of the gradient flow. We have in mind an approach, where the structure of the global

attractor matters most. Our starting observation is that if u is a solution to (1.2), then the function t �→ E(u(t))
is decreasing. As a result, the ω-limit set, ω(u0), may contain only critical points of E.

This implies that the global attractor of (1.2) cannot contain any homoclinic orbit. We hope that a small

perturbation will preserve this property. Another issue is how to prove stabilization of solutions.

Our premise is that solutions to equation (2.1) can be written as u(t) = T (t)u0, where {T (t)}t≥0 is a

strongly continuous semigroup on a Banach space Z. The notion of an attractor will play a decisive role in our

analysis, we recall it below.
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Definition 2.1. A set A ⊂ Z is the global attractor for a semigroup T (·) : Z → Z if

(i) A is compact;

(ii) A is invariant;

(iii) A attracts each bounded subset of Z.

Now, we may introduce a generalization of the gradient flow.

Definition 2.2. A semigroup T (t) : Z → Z, t ≥ 0 with a global attractor A is a gradient flow with respect to

a family S = {E0, . . . , Ek} of invariant sets provided that:

1) For any global (eternal) solution ξ : R → Z taking values in A, there exist i, j ∈ {0, . . . , k} such that

lim
t→−∞ dist (ξ(t), E i) = 0 and lim

t→∞ dist (ξ(t), Ej) = 0.

2) The collection S contains no homoclinic structures.

It turns out that this definition is good, i.e. if we have a perturbed strongly continuous semigroup of

operators, {Tδ(t)}t≥0, then Tδ is also a gradient flow. In other words, we want to show that (2.1), which is a

perturbation of (2.2) is a gradient flow according to Definition 2.2. Fortunately, we have:

Theorem 2.1. (see [1, Theorem 5.26]) Let T0(·) be a gradient flow on Z with respect to the finite collection S0

of isolated invariant sets {E0,1, . . . , E0,k} and a global attractor A0. If:

(a) for each δ ∈ (0, 1], Tδ(·) is a semigroup on Z with global attractor Aδ;

(b) {Tδ(·)}δ∈[0,1] is collectively asymptotically compact. This means that if {tn}∞n=1 is a sequence such that

tn → ∞ and {xn} ⊂ Z is any sequence such that Tδn(tn)xn is bounded, then Tδn(tn)xn contains a convergent

subsequence. In addition we assume that
⋃

δ∈[0,1]Aδ is bounded;

(c) Tδ(·) converges to T0(·), i.e. d(Tδ(t)u, T0(t)u) converges uniformly to zero as δ → 0 for u in compact

subsets of Z; and

(d) for δ ∈ (0, 1], Aδ contains a finite collection of isolated invariant sets Sδ = {Eδ,1, . . . , Eδ,k} such that

limδ→0 dist H(Eδ,j , E0,j) = 0 and there exist η > 0, δ1 ∈ (0, 1) such that for for all δ ∈ (0, δ1), if ξδ : R → Aδ

is a solution, then

sup
t∈R

dist (ξδ(t), Eδ,j) ≤ η ⇒ ξδ(t) ∈ Eδ,j for all t ∈ R.

Then, there exists δ0 > 0 such that, for all δ ∈ (0, δ0), Tδ(·) is a gradient semigroup with respect to Sδ. In

particular,

Aδ =

k⋃
i=1

W u(Eδ,i) .

Once we deduce that the above theorem is indeed applicable to (2.1), rendering this equation a gradient

flow in the sense of Definition 2.2, we will apply the following theorem:

Theorem 2.2 (see [4]). Let us the consider the problem

ż = C1z +H1(z), z(0) = z1, (2.3)

where:

(H.1) −C1 : D(C1) ⊂ Z → Z is sectorial and there is an α > 0 such that H1 : Zα → Z is of class

C1 and D(C1) = D(C1 + DH(z1)). For any z1 ∈ Zα its positive orbit of (2.3) is precompact and the ω-

limit set ω(z1) consists of equilibria of (2.3). For any z0 ∈ ω(z1), the semigroup S(t) = Sz0(t) generated by

C = C1 +DH1(z0) satisfies the hypotheses (H2), (H3) and (H4) below.

(H.2) There is a decomposition Z = Y1 ⊕X ⊕ Y2 with associated continuous projection operators P1, P0,

P2, which commute with S(t);
(H.3) The ranges X and Y2 of P0 and P2 are finite dimensional, dim X = m0, dim Y2 = m2;
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(H.4) The spectrum σ(S(1)) can be written as σ(S(1)) = σ− ∪ σ0 ∪ σ+, where σ− = σ(S(1)P1), σ0 =
σ(S(1)P0), σ+ = σ(S(1)P2) lies, respectively, inside, on, outside the unit circle centered at 0 ∈ C. Moreover,

the distance of σ− to this unit circle is positive.

In addition we assume that σ0 is either empty or it contains the only point 1, which is a simple eigenvalue

of Sz0(1). Then, there is a unique point ϕ = ϕz0 such that ω(z1) = {ϕ}.
Of course, we have to impose some restrictions on (2.1). The important one is that we may only consider a

one-dimensional version of the equation. A mild limitation is that we may consider any period L > 0 in (2.1)

except for N , a set of Lebesgue measure zero. In my talk I will show how to deduce with the help of Theorem

2.1 and Theorem 2.2 following stabilization result for solutions of (2.1).

Theorem 2.3. Let us suppose that L ∈ R+ \N , where the exceptional set N mentioned above. Then, for any

u0 ∈ H2(T1) with zero mean the corresponding solution to (2.1) stabilizes. In other words, there is a ϕ ∈ Sδ

such that

lim
t→∞u(t) = ϕ.

Moreover, for any k ∈ N the convergence above is in the Ḣk topology. Here Ḣk denotes elements of Hk with

the zero mean.

Since eq.(2.1) regularizes the data, we may improve this result by assuming u0 ∈ L̇2(T).

3 The integrated evolutionary variational inequality and convergence of gra-
dient flows

Here, we will exploit a different degeneralization of (1.1), which is based on the convex analysis. In general, if

E is merely convex, then its derivative need not exist. Let us suppose that H is a Hilbert space with the inner

product 〈·, ·〉. We recall that for any convex, lower semicontinuous functional E : H → [0,∞] we may define

its subdifferential at u, ∂E(u) as follows

∂E(u) = {ξ ∈ H : ∀w ∈ H, E(w)− E(u) ≥ 〈ξ, w − u〉}.
In general, if ∂E(u) is not empty, then it need not be a singleton. Hence, we have to replace a differential

equation (1.1) by a differential inclusion,

−ut ∈ ∂HE(u), u(0) = u0. (3.1)

We write ∂HE to stress that the form of the subdifferential depends on the topology of H .

It is well-known by the Kōmura-Brezis theory that for a convex and lower semicontinuous functional E the

inclusion (3.1) generates a strongly continuous semigroup. We call the resulting map S : D(E) → C([0, T ], X)
the gradient flow of E.

However, we would like to consider an apparently weaker notion of solution to (3.1). For this purpose, we

rewrite (3.1) for any w ∈ H as follows

E(w)− E(u) ≥ −〈ut, w − u〉 . (3.2)

Let us integrate (3.2) over (s, t), where 0 < s < t ≤ T , we obtain

(E(w)− E(u(t))(t− s) ≥
∫ t

s
(E(w)− E(u(τ)) dτ ≥ 1

2
(‖w − u(t)‖2H − ‖w − u(s)‖2H), (3.3)

where the first inequality follows from E(u(t)) ≤ E(u(s)) for t ≥ s. We will call (3.3) the integrated

evolutionary variational inequality, IEVI for short. We stress that for general data u0 ∈ D(E) we cannot take

s = 0, because ‖ut‖H need not be integrable in a neighborhood of t = 0. This is the case when u0 ∈ D(∂E).
The advantage of the IEVI is that it does not involve any time derivatives.
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An important observation is that (3.3) is equivalent to (3.2) i.e. to differential inclusion (3.2).

We would like to apply the IEVI to study a simplified geometric problem. Namely, our functional, Q is the

Dirichlet energy

Q[X] =
1

2

∫ 2π

0
|X ′(u)|2 du .

defined on Hε := H1
ε (S,R

2) and we consider the following problem

Xt = −∇HεQ, X(u, 0) = X0(u), u ∈ S, (3.4)

where S is the unit one-dimensional sphere.

As a set Hε equals to H1(S,R2), however, the inner product depends on ε. Namely, for X,Y ∈ H1(S;R2)
we set

〈X,Y 〉Hε
= 〈X,Y 〉L2 + ε2

〈
X ′, Y ′〉

L2 =

∫ 2π

0
X(u) · Y (u) + ε2X ′(u) · Y ′(u) du.

The peculiarity of problem (3.4) is that it is a linear ODE in a Hilbert space Hε. Its solvability is not an

issue. The problem is the changing base space Hε. Since it is relatively simple, the full power of theory of

Mosco-convergence along a connecting operator developed in [2] and [3] is not needed. A simple IEVI suffices,

however, we have to pay a price. Namely, we have to prove separately, that Xε the family of solutions to (3.4)

converges to a limit as ε → 0. In my talk I present the details of the convergence proof and I will show that the

limit

X = lim
ε→ Xε.

solves the limiting problem as well as we will identify it.
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On non-uniqueness of solutions to the

two-dimensional Navier-Stokes equations in the

half space

Motofumi Aoki∗ Yasunori Maekawa†

1 Introduction

In this talk we consider the two-dimensional forced Navier-Stokes equations in
the half space under the noslip boundary condition:

∂tu−Δu+ u · ∇u+∇p = F , t > 0, x ∈ R
2
+ ,

∇ · u = 0, t ≥ 0, x ∈ R
2
+ ,

u|x2=0 = 0, u|t=0 = 0.

(1)

Here x = (x1, x2)
� ∈ R

2
+ = {x ∈ R

2 | x2 > 0}, u = (u1(t, x), u2(t, x))
� is

the unknown velocity field of the fluid, p = p(t, x) is the unknown pressure
field, and F = (F1(t, x), F2(t, x))

� is a given force specified later. We use the
standard notations of derivatives; ∂j = ∂

∂xj
, ∇ = (∂1, ∂2)

�, Δ =
∑2

j=1 ∂
2
j ,

u · ∇ =
∑2

j=1 uj∂j, ∇ · u =
∑2

j=1 ∂juj.
It is well known by now that if the external force F is smooth and decays

fast enough at infinity, then there exists a global in time smooth solution to (1)
with finite energy. The uniqueness of such solutions in a time interval (0, T )
can be also obtained, under the smallness condition on some scale critical
norm, for example,

sup
0<t<T

t
1
4‖u(t, ·)‖L4(R2

+) . (2)

The concept of scale criticality is originated from the fact that if (u, p) is a
solution to (1), then

uλ(t, x) = λu(λ2t, λx) , pλ(t, x) = λ2p(λ2t, λx) (3)

∗Department of Mathematics, Graduate School of Science, Kyoto University, Kyoto 606-
8502, Japan. E-mail: aoki.motofumi.4e@kyoto-u.ac.jp

†Department of Mathematics, Graduate School of Science, Kyoto University, Kyoto 606-
8502, Japan. E-mail: maekawa.yasunori.3n@kyoto-u.ac.jp
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is a solution to (1) with F replaced by

Fλ(t, x) = λ3F (λ2t, λx) . (4)

Conventionally, the space-time norms which are invariant under the scalings
(3), (4) are called the scale critical norms for u, p, and F , respectively. As a
typical example, the norm

sup
t>0

t
3
4‖F (t, ·)‖

L
4
3 (R2

+)
(5)

is a scale critical norm for the external force F , and it is not difficult to show
that, if the norm of (5) for given F is small enough, then there exists a global
in time unique mild solution of (1) (i.e., the solution to the integral equation)
with finite energy satisfying the smallness condition on the norm (2); see,
e.g., Kozono and Shimizu [7] for more general results in this direction on the
n-dimensional Navier-Stokes equations in the whole space.

Recently, Albritton, Brué, and Colombo proved in [1] that the three-dimensional
forced Navier-Stokes equations in R3× (0, T ) admits the non-uniqueness of so-
lutions in the Lerey-Hopf class, where the non-uniqueness is achieved around
a self-similar vortex ring. The argument for the non-uniqueness in [1] makes
use of the linear instability of the self-similar profile, as in the program in-
troduced by Jia and Šverák [6]. In the two-dimensional case, Albritton and
Colombo [4] construtcted the non-unique Leray-Hopf solutions for the forced
two-dimensional Navier-Stokes equations with hypodissipation, i.e., −Δ in (1)

is replaced by (−Δ)
β
2 with 0 < β < 2, by using the approach of [1].

We note that the external force F taken in [1] belongs to BC((0, T );L1(R3)3)
and the non-unique solutions u in [1] belong to BC((0, T );L3(R3)3) (here,
BC means bounded and continuous), and the norms of u and F are large
in these scale critical spaces. It should be emphasized here that the spaces
BC((0, T );L1(R3)3) and BC((0, T );L3(R3)3) rather than BC([0, T );L1(R3)3)
and BC([0, T );L3(R3)3) (i.e., the continuity up to t = 0) are essential for the
non-uniqueness. Indeed, it is known by Okabe and Tsutsui [11] that for given
external force in BC([0, T );L1(R3)3) there exists a local in time mild solu-
tion to the three-dimensional Navier-Stokes equations, and the uniqueness of
solutions is verified in the space BC([0, T );L3,∞(R3)3) (here, L3,∞(R3) is the
weak L3 space in R

3). Recently, Zhan [15] proved that the uniqueness holds
even in BC((0, T );L3,∞(R3)3) but under the additional condition that there
exists a mild solution in BC([0, T );L3,∞(R3)3) with the same initial data and
force. The result of [15] is regarded as a kind of weak-strong uniqueness and
sharply extends the result of Lions and Masmoudi [9] (see also the book of
Lemarié-Rieusset [8]) on the uniqueness in BC([0, T );L3(R3)3) for the three-
dimensional unforced Navier-Stokes equations so that it can be applied also
to the forced Navier-Stokes equations. We also note that the non-unique so-
lutions obtained in [1] must be large in BC((0, T );L3(R3)3), for the bilinear
estimate established by Yamazaki [14] implies that the mild solutions of the
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three-dimensional Navier-Stokes equations must be unique if they are small in
L∞(0,∞;L3,∞(R3)3).

As for the initial boundary value problem, the result of the non-uniqueness
in [1] is extended by the same authors in [2] to the three-dimensional forced
Navier-Stokes equations in a smooth bounded domain under the noslip bound-
ary condition. The approach of [2] is based on the gluing method, where the
non-unique solutions in [1] are pasted strictly inside the domain using a cut-
off, and then glued to the smooth outer solutions. In particular, the large
self-similar flow, which is the source of the non-uniqueness and has a com-
pact support in the ball with radius of O(

√
t) size, is located away from the

boundary with O(1) distance around the initial time, and the presence of the
boundary plays a negligible role in the analysis. Motivated by the work of
[1, 2], in this talk we are interested in the case when the large self-similar flow
concentrates around the boundary at the initial time in the sense that the
distance between the support of the self-similar flow and the boundary tends
to zero as t → 0. In this situation it is natural to expect that the effect of
the boundary is more relevant, and indeed, we need to take into account a
kind of the boundary layer created by the large self-similar flow. To capture
the essence, we focus on the case of the flat boundary for the two-dimensional
problem as described in (1).

To state the main result, let us introduce the vorticity field ω = rot u =
∂1u2−∂2u1, and then the velocity is formally recovered from the vorticity field
by the Biot-Savart formula

K[ω] = ∇⊥(−ΔD)
−1ω , (6)

where ∇⊥ = (∂2,−∂1)
� and (−ΔD)

−1g denotes the unique solution to the
Poisson equation −Δϕ = g in R

2
+ and ϕ|x2=0 = 0, lim|x|→∞ ∇ϕ = 0. Let

ρ(x) = e
|x|2
8 and let L2

ρ(R
2
+) be the weighted L2 space defined as

L2
ρ(R

2
+) = {g ∈ L2(R2

+) | ρg ∈ L2(R2
+)} ,

〈g, g̃〉L2
ρ(R

2
+) = 〈ρg, ρg̃〉L2(R2

+) , ‖g‖L2
ρ
= ‖ρg‖L2(R2

+) .
(7)

Assumption 1.1. The velocity UE = (UE,1(x), UE,2(x)) is smooth and com-
pactly supported in R

2
+ (in particular, dist (suppUE, ∂R

2
+) > 0) and is a solu-

tion to the stationary Euler equations in R
2
+: −UE ·∇UE+∇PE = 0, ∇·UE = 0

in R
2
+. Moreover, UE is linearly unstable in the sense that the operator ΛE in

L2
ρ(R

2
+) defined as

D(ΛE) = {ω ∈ L2
ρ(R

2
+) | ∇ · (UEω) ∈ L2

ρ(R
2
+)}

ΛEω = −∇ · (UEω)−K[ω] · ∇ΩE

(8)

has an isolated eigenvalue λE with �(λE) > 0 (here, �(λ) is the real part of
the complex number λ). Here ΩE = ∂1UE,2 − ∂2UE,1 is the vorticity of the
Euler flow UE.
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Remark 1.1. (1) The transport operator Tω = −∇ · (UEω) is realized as
a skew-adjoint operator in L2(R2

+) in virtue of ∇ · UE = 0, and therefore,
it generates a bounded and strongly continuous semigroup in L2(R2

+). From
this fact we also have that, since the support of UE is compact, the growth
bound of the semigroup generated by T in the weighted space L2

ρ(R
2
+) is also

0. Since the operator Sω = −K[ω] · ∇ΩE is a compact operator in L2
ρ(R

2
+),

the set σ(ΛE)∩ {λ ∈ C | �(λ) > 0} consists of isolated eigenvalues with finite
algebraic multiplicities, where σ(A) denotes the set of the spectrum of the
operator A.
(2) Let Ocpt be a smooth bounded domain such that suppUE ⊂ Ocpt ⊂ Ocpt ⊂
R

2
+. Then the space

L2
ρ(R

2
+)|Ocpt = {ω ∈ L2

ρ(R
2
+) | suppω ⊂ Ocpt} (9)

is invariant under the action of ΛE, in the sense that if ω ∈ D(ΛE)∩L2
ρ(R

2
+)|Ocpt ,

then ΛEω ∈ L2
ρ(R

2
+)|Ocpt . It is clear that any eigenfunction of ΛE belongs to

D(ΛE) ∩ L2
ρ(R

2
+)|Ocpt . Therefore, λ is an eigenvalue of ΛE if and only if so is

for ΛE|Ocpt , where ΛE|Ocpt is the restriction of ΛE on L2
ρ(R

2
+)|Ocpt . Since the

spectrum of ΛE|Ocpt located in the right-half plane also consists of isolated
eigenvalues, we have

σ(ΛE) ∩ {λ ∈ C | �(λ) > 0} = σ(ΛE|Ocpt) ∩ {λ ∈ C | �(λ) > 0} . (10)

We have an example of UE satisfying Assumption 1.1.

Theorem 1.1. There exists UE satisfying Assumption 1.1.

As fot the proof of Theorem 1.1, let Ũ st be the unstable radial flow with
compact support in R

2 constructed in [1, Proposition 2.2], which is obtained
from Vishik’s unstable radial vortices [12, 13]; see also Albritton, Brué, Colombo,
Lellis, Giri, Janisch, and Kwon [3]. Then the unstable flow UE in the half
space, stated in Theorem 1.1, is obtained as UE = UE,R(x) := Ũ st(x1, x2 − R)
by taking R > 1 large enough.

As usual, we set L2
σ(R

2
+) = C∞

0,σ(R
2
+)

‖·‖
L2(R2+) , where C∞

0,σ(R
2
+) = {f ∈

C∞
0 (R2

+)
2 | ∇ · f = 0}. Here C∞

0 (R2
+) is the set of smooth and compactly

supported functions in R
2
+. We denote by Pσ the Helmholtz projection, i.e.,

the orthogonal projection from L2(R2
+)

2 to L2
σ(R

2
+). Let A = PσΔ be the

Stokes operator in L2
σ(R

2
+), i.e.,

D(A) = {f ∈ L2
σ(R

2
+) | f ∈ W 1,2

0 (R2
+)

2 ∩W 2,2(R2
+)

2} ,
Af = PσΔf, f ∈ D(A) .

(11)

Here W k,p(R2
+) and W k,p

0 (R2
+), k ∈ N, 1 ≤ p ≤ ∞, are the standard Sobolev

spaces. Then −A is nonnegative self-adjoint in L2
σ(R

2
+), and A generates a

strongly continuous and analytic semigroup, called the Stokes semigroup and
denoted by {etA}t≥0, in L2

σ(R
2
+).
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Definition 1.1. Let F ∈ L1
loc(0,∞;L2(R2

+)
2). We say that u is a mild solution

of (1) if u satisfies the following conditions:
(i) u ∈ L∞(0, T ;L2

σ(R
2
+)) ∩ C((0, T );L2

σ(R
2
+)) and u ∈ L2(δ, T ;W 1,2

0 (R2
+)

2) for
any 0 < δ < T < ∞.
(ii) limt→0 u(t) = 0 weakly in L2

σ(R
2
+).

(iii) For any 0 < s < t < ∞, the equality

u(t) = e(t−s)Au(s)−
∫ t

s

e(t−τ)A
Pσ∇ · (u⊗ u)(τ)dτ +

∫ t

s

e(t−τ)Δ
PσF (τ)dτ

(12)

holds.

The main result of this talk is the non-uniqueness of mild solutions stated
as follows.

Theorem 1.2. Let F = Fα = α(∂tuE −ΔuE), where α is a positive constant
and uE = 1√

t
UE(

x√
t
), and UE satisfies Assumption 1.1. Then, there exists

αE ≥ 1 such that if α ≥ αE then there exist at least two mild solutions of (1).

It is clear that the self-similar flow αuE itself is one mild solution of (1). In
the proof of Theorem 1.2, the other solution is constructed by making use of
the linear instability of αuE for large α. We note that the support of αuE(t, ·)
in R

2
+ converges to the origin as t → 0. In Theorem 1.2, taking α large is

essential in proving the non-uniqueness. Indeed, if α is small enough, then we
have the smallness such as

sup
t>0

t
3
4‖F (t, ·)‖

L
4
3 (R2

+)
≤ Cα � 1 .

Then the semigroup estimates such as ‖etAPσ∇·V ‖L4(R2
+) ≤ Ct−

3
4‖V ‖L2(R2

+) for

V ∈ L2(R2
+)

2×2 and ‖etAPσF‖L4(R2
+) ≤ Ct−

1
2‖F‖

L
4
3 (R2

+)
for F ∈ L

4
3 (R2

+)
2 enable

us to construct the unique mild solution satisfying the smallness condition for
(2). That is, αuE is the only solution of (1) satisfying the smallness condition
on the scale critical norm (2) if α is small enough.

To prove Theorem 1.2 we basically follow the approach of [1], and hence,
it is useful to introduce the self-similar variables

v(τ, ξ) = e
τ
2u(eτ , e

τ
2 ξ) , τ ∈ R , ξ = (ξ1, ξ2) ∈ R

2
+ . (13)

Then v satisfies the equations

∂τv − (Δ +
ξ

2
· ∇+

1

2
)v + v · ∇v +∇q = G , τ ∈ R , ξ ∈ R

2
+

with the divergence free condition ∇·v = 0 and the no-slip boundary condition
v|ξ2=0 = 0. Here G(τ, ξ) = e

3
2
τF (eτ , e

τ
2 ξ), and Δ and ∇ are now the differential

operators about the ξ variables. When F is chosen as in Theorem 1.2, the
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stationary flow v(τ, ξ) = αUE(ξ) clearly satisfies the equations. The other
solution is then constructed around αUE, and therefore, we are interested in
the linearized operator in the self-similar variables ξ around the profile αUE.
This motivates us to study the operator Lα defined as follows.

D(Lα) = {f ∈ L2
σ(R

2
+) | f ∈ W 1,2

0 (R2
+)

2 ∩W 2,2(R2
+)

2, ξ · ∇f ∈ L2(R2
+)

2} ,
Lαf =

1

α

(
A+

ξ

2
· ∇+

1

2

)
f − Pσ

(
UE · ∇f + f · ∇UE

)
, f ∈ D(Lα) .

(14)

Note that the parameter α originally describes the size of the external force,
while it plays a role of the viscosity coefficient in (14).

Since λE is an isolated unstable eigenvalue of ΛE, there exists rE ∈ (0,�(λE))
such that BrE(λE) \ {λE} ⊂ ρre(ΛE). Here Br(ζ) = {λ ∈ C | |λ − ζ| < r}
and ρre(A) denotes the resolvent set of the operator A. The following theorem
about the existence of unstable eigenvalues of the operator Lα is the key to
show the non-uniqueness of the nonlinear problem.

Theorem 1.3. For any ε ∈ (0, rE
2
) there exists αε ≥ 1 such that if α ≥ αε

then there exists an isolated eigenvalue λα of Lα satisfying |λα − λE| < ε. In
particular, Lα has an unstable eigenvalue λα.

Once Theorem 1.3 is proved, Theorem 1.2 follows from the similar argument
as in [1, Section 4]. Indeed, the other solution v in the self-similar variables is
constructed in the form

v(τ, ξ) = αUE + �(eαλα,maxτVlinear(ξ)) + w(τ, ξ) , (15)

where λα,max is the maximal unstable eigenvalue of Lα, Vlinear is its eigenfunc-
tion, and w is the remainder (for τ → −∞) which is constructed by solving
the perturbed Navier-Stokes equation in the self-similar variables.

As for the proof of Theorem 1.3, by considering the eigenprojection around
the eigenvalue λE of ΛE, the analysis is essentially reduced to the construction
of the solution to the resolvent problem

λv − Lαv = f (16)

for the complex number λ belonging to ρre(ΛE) and for given f such that g =
rot f ∈ L2(R2

+) and supp g is compact in R
2
+. From the condition λ ∈ ρre(ΛE)

and α � 1 it is natural to construct the solution around K[(λI − ΛE)
−1g],

which is the solution to the linearized Euler equations. This can be done as in
the whole space case if the boundary condition is slip-type, however, it is not
so straightforward if the boundary condition is noslip, due to the discrepancy
between the boundary conditions in the linearized Euler equations and in the
linearized Navier-Stokes equations. To handle this issue we follow the approach
used in the stability analysis for the Prandtl boundary layer (e.g., see Gérard-
Varet, Maekawa, and Masmoudi [5] and references therein), where we first
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solve the problem under the artificial boundary condition such as the perfect
slip boundary condition (i.e., the vorticity is zero on ∂R2

+) by analyzing the
vorticity equations, and the noslip boundary condition is then recovered by
constructing a suitable boundary layer. In constructing the boundary layer, we
make use of the advantage that the support of the profile UE(ξ) is strictly away
from the boundary in the self-similar variables. In particular, the boundary
layer can be taken independently of the equation itself. The instability in the
high frequency for the boundary layer does not appear here in virtue of the
fact that the support of the profile UE(ξ) is strictly away from the boundary,
where the observation of this kind is motivated from the work of Maekawa [10]
that verifies the Prandtl boundary layer expansion in the inviscid limit when
the initial vorticity is located away from the boundary.
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ON THE SINGULAR LIMIT OF THE WEIGHTED ALLEN-CAHN
EQUATION

KEISUKE TAKASAO
DEPARTMENT OF MATHEMATICS, GRADUATE SCHOOL OF SCIENCE, KYOTO UNIVERSITY,

KITASHIRAKAWA-OIWAKECHO SAKYO KYOTO 606-8502, JAPAN

1. Introduction

This is a joint work with Hiroki Harashima (TAIJU LIFE INSURANCE COMPANY

LIMITED). Let ε ∈ (0, 1), Ω := T
d = (R/Z)d and W (s) :=

(1− s2)2

2
. We consider the

following weighted Allen–Cahn equation:{
ε∂tϕ

ε = εΔϕε −KεW
′(ϕε)

ε
, (x, t) ∈ Ω× (0,∞),

ϕε(x, 0) = ϕε
0(x), x ∈ Ω,

(1.1)

where Kε ∈ C2(Ω) satisfies infε∈(0,1),x∈Ω Kε(x) ≥ C1 for some C1 > 0 and ϕε
0 is a smooth

given function with maxx∈Ω |ϕε
0(x)| ≤ 1 for any ε ∈ (0, 1). Roughly speaking, if Kε(x) ≡ 1,

the zero level set of the solution M ε
t = {x ∈ Ω | ϕε(x, t) = 0} converges to the mean

curvature flow, under suitable assumptions (see [3, 4, 5, 6, 10] for example). Here, the
family of hypersurfaces {Mt}t∈[0,T ) is called the mean curvature flow if

v = h on Mt, for all t ∈ (0, T ),

where v and h are the normal velocity vector and the mean curvature vector, respectively.
When Kε is independent of ε (in this case, we denote Kε by K) and K is smooth, it was

shown by [11] and [1] that {M ε
t }t∈[0,T ) converges to the mean curvature flow with transport

term {Mt}t∈[0,T ), that is, the flow satisfies

v = h− ∇⊥K
2K

on Mt, (1.2)

where ∇⊥K = (∇K ·n)n and n is the inner unit normal vector of Mt. For reasons discussed
below, (1.2) can be said to be the weighted mean curvature flow, and flows similar to (1.2)
can be seen in [8, 15], for example. Note that the flow (1.2) can also be obtained by the

Allen-Cahn equation with transport term
∇⊥K
2K

, which is different from (1.1) (see [14]).

Remark 1.1. By using the level set method, the weighted mean curvature flow (1.2) is
expressed by the (weak) solution to the following equation:

∂tu

|∇u| =
1√
K

div

(√
K

∇u

|∇u|
)

in R
d × (0,∞).

2020 Mathematics Subject Classification. Primary 35K93, Secondary 53E10.
Key words and phrases. mean curvature flow, Allen–Cahn equation, phase field method, varifolds.
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Set the Radon measure με
t on Ω by

με
t(φ) :=

∫
Ω

φ

(
ε|∇ϕε(x, t)|2

2
+Kε(x)

W (ϕε(x, t))

ε

)
dx, φ ∈ Cc(Ω),

where ϕε is the solution to (1.1). Qi and Zheng [12] proved that the family {με
t}t∈[0,∞) con-

verges to the weak solution to the flow (1.2) in the sense of Brakke, when Kε is independent
of ε and K ∈ C2(Ω) (see also [7]). The aim of this study is a generalization of [12] with
respect to the weight.

Remark 1.2. It is well-known that the mean curvature flow is the gradient flow of the
surface energy Hd−1(Mt), where Hd−1 is the (d− 1)-dimensional Hausdorff measure. When
K(x) ≡ 1, under suitable conditions, the measure με

t converges to Hd−1	Mt , that is,∫
Ω

φ dμε
t → σ

∫
Mt

φ dHd−1 for any φ ∈ Cc(Ω) as ε ↓ 0,

where σ =
∫ 1

−1

√
2W (s) ds. Since με

t(Ω) is the energy of the equation (1.1), it is natural
that με

t converges to the (weak) solution to the mean curvature flow. In the same way, the
reason why (1.2) is derived can be explained as follows: under suitable conditions we have∫

Ω

φ dμε
t → σ

∫
Mt

φ
√
K dHd−1 for any φ ∈ Cc(Ω) as ε ↓ 0

and (1.2) is the gradient flow for the energy
∫
Mt

√
K dHd−1 (see Remark 1.3 below).

Next we recall the definition of the Brakke flow. Assume that the family of smooth
hypersufaces {Mt}t∈[0,T ) has its smooth velocity vector v. Then for any smooth function
φ ∈ C1

c (Ω× [0, T )) we have

d

dt

∫
Mt

φ dHd−1 =

∫
Mt

(∇⊥φ− φh
) · v + ∂tφ dHd−1,

where h is the mean curvature. Hence, if {Mt}t∈[0,T ) is the classical solution to (1.2), it
holds that

d

dt

∫
Mt

φ
√
K dHd−1 =

∫
Mt

(∇⊥(φ
√
K)− (φ

√
K)h) · v + ∂tφ

√
K dHd−1

=

∫
Mt

[(
∇⊥φ+ φ

∇⊥K
2K

− φh

)
· v + ∂tφ

]√
K dHd−1

=

∫
Mt

[∇⊥φ · v − φ|v|2 + ∂tφ
]√

K dHd−1.

(1.3)

By this, for any φ ∈ C1
c (Ω× [0, T ); [0,∞)), we have

d

dt

∫
Mt

φ
√
K dHd−1 ≤

∫
Mt

[∇⊥φ · v − φ|v|2 + ∂tφ
]√

K dHd−1. (1.4)

This can be regarded as the generalization of Brakke’s inequality (see [2]). One can check
that {Mt}t∈[0,T ) is the classical solution to (1.2) if and only if (1.4) holds for any t ∈ (0, T )
and for any φ ∈ C1

c (Ω × [0, T ); [0,∞)) (see [16]). For the singular limit of με
t , we show

Brakke’s inequality corresponding to (1.4) in the main theorem below (see (2.3)).
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Remark 1.3. Substituting φ ≡ 1 into (1.3), we obtain

d

dt

∫
Mt

√
K dHd−1 = −

∫
Mt

|v|2
√
K dHd−1.

Therefore (1.2) is the gradient flow of the energy
∫
Mt

√
K dHd−1.

2. Main results

In this section we show the convergence of (1.1) to the Brakke flow of (1.2) for K ∈
W 2,p(Ω) with p > d

2
.

We recall the properties of the varifolds and refer to [13, 16] for more details. For d × d
matrix A = (aij) and B = (bij), we denote A · B :=

∑
i,j aijbij. For d, k ∈ N with k < d, we

define the space of k-dimensional subspace of Rd by G(d, k). Note that we often identify
S ∈ G(d, k) with the orthogonal projection matrix of Rd onto S. Set Gk(U) := U ×G(d, k)
for an open set U ⊂ R

d. We say the measure V a general k-varifold on U if V is a Radon
measure on Gk(U). We denote the set of all general k-varifolds on U by Vk(U). For
V ∈ Vk(U), we define the weight measure ‖V ‖ by

‖V ‖(φ) :=
∫
Gk(U)

φ(x) dV (x, S) for all φ ∈ Cc(U).

We say the varifold V ∈ Vk(U) rectifiable if there exist a Hk-measurable k-countably recti-
fiable set M ⊂ U and positive function θ ∈ L1

loc(Hk	M) such that

V (φ) =

∫
M

φ(x, TxM)θ(x) dHk for all φ ∈ Cc(Gk(U)),

where TxM is the approximate tangent space of M at x, with respect to θ (see [13]).
Moreover, we say V integral if θ ∈ N Hk-a.e. on M . For V ∈ Vk(U), the first variation δV
is given by

δV (X) :=

∫
Gk(U)

∇X(x) · S dV (x, S) for all X ∈ C1
c (U ;Rd).

Let δV satisfy

sup{|δV (X)| | X ∈ C1
c (U ;Rd), |X| ≤ 1, sptX ⊂ K} < ∞

for any compact set K ⊂ U . Then the domain of δV can be extended to Cc(U ;Rd) uniquely,
and the Riesz representation theorem tells us that there exist a Radon measure ‖δV ‖ and
a ‖δV ‖-measurable function σ : U → R

d such that

δV (X) =

∫
U

X · σ d‖δV ‖, for all X ∈ Cc(U).

Moreover, if ‖δV ‖ � ‖V ‖, then the Radon-Nikodym theorem implies that there exists a

measurable vector field h̃ = −d‖δV ‖
d‖V ‖ σ such that

δV (X) = −
∫
U

X(x) · h̃(x) d‖V ‖(x) for all X ∈ Cc(U ;Rd).

We say h̃ the generalized mean curvature vector of V .
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Remark 2.1. In general, the classical mean curvature vector h and the generalized mean
curvature vector h̃ do not necessarily coincide. Let M ⊂ R

d be a closed smooth hypersurface
and h be the classical mean curvature vector of M . Then for smooth function g with
infx∈Rd g(x) > 0, one can define the rectifiable varifold V ∈ Vd−1(R

d) by

V (φ) =

∫
M

φ(x, TxM)g(x) dHd−1 for all φ ∈ Cc(Gk(U)).

Then

δV (X) =

∫
M

(divMX)g dHd−1 =

∫
M

divM(gX)−∇�g ·X dHd−1

= −
∫
M

(
h+

∇�g
g

)
·X g dHd−1 = −

∫
Rd

(
h+

∇�g
g

)
·X d‖V ‖

holds for any X ∈ C1
c (R

d;Rd), where ∇�g = ∇g − ∇⊥g. Therefore the generalized mean

curvature vector h̃ for V is given by

h̃ = h+
∇�g
g

.

Substituting g =
√
K into the above formula, we obtain

h̃ = h+
∇�K
2K

. (2.1)

By using (2.1), (1.2) is rewritten to

v = h̃− ∇K

2K
on Mt. (2.2)

Next we define the weak solution to (1.2).

Definition 2.2 (Brakke flow of (1.2)). Let d ≥ 2, p > d
2
and p ≥ 4

3
in addition if d = 2.

Suppose that K ∈ W 2,p(Ω) and there exists C1 > 0 such that K(x) ≥ C1 holds for any
x ∈ Ω. Assume that a family of Radon measures {μt}t∈[0,∞) on Ω satisfies:

(1) for a.e. t ∈ [0,∞), there exists a rectifiable varifold Vt such that ‖Vt‖ = μt.
(2) for any T ∈ (0,∞),

sup
t∈(0,T ),r∈(0,1),x∈Ω

μt(Br(x))

rd−1
< ∞,

(3) for a.e. t ∈ (0,∞), δVt is locally bounded and ‖δVt‖ � ‖Vt‖,
(4) the generalized mean curvature h̃ of Vt satisfies∫ T

0

∫
Ω

|h̃|2 d‖Vt‖dt < ∞
for any T > 0.

The family {μt}t∈[0,∞) is called the Brakke flow of (1.2) if∫
Ω

φ dμt

∣∣∣t2
t=t1

≤
∫ t2

t1

∫
Ω

[
∇⊥φ− φ

(
h̃− ∇K

2K

)]
·
(
h̃− ∇K

2K

)
+ ∂tφ dμtdt (2.3)

holds for any φ ∈ C2
c (Ω× [0,∞); [0,∞)) and for any t1, t2 ∈ [0,∞) with t1 < t2.

Remark 2.3. (1) The inequality (2.3) is the generalization of (1.4) by using (2.2).
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(2) By the upper bound of the density for μt and the assumptions for K, we may define
∇K
2K

as an L2(μt;R
d) function, since there exists C = C(d, p) > 0 such that∫

|φ|2 dμ ≤
(∫

|φ| p(d−1)
d−p dμ

) 2(d−p)
p(d−1)

(μ(sptφ))
pd+p−2d
p(d−1)

≤ (CD)
2(d−p)
p(d−1)

(∫
|∇φ|p dx

) 2
p

(μ(sptφ))
pd+p−2d
p(d−1)

for any φ ∈ C1
c (R

d) and for any Radon measure μ on R
d with supx∈Rd,r>0

μ(Br(x))
ωd−1rd−1 ≤ D

by the inequality studied by [9] (see [14] for more details). The assumption for p is

used for 2 ≤ p(d−1)
d−p

(see also Remark 2.5).

Let Jδ be the standard mollifier and Ki := J1/iK for K ∈ W 2,p(Ω). Assume that ϕεi is
the solution to (1.1) when ε = εi and Kε = Ki are substituted into (1.1). The following is
the main theorem of this study.

Theorem 2.4. Assume all of the following:

(1) d ≥ 2, p > d
2
and p ≥ 4

3
in addition if d = 2.

(2) K ∈ W 2,p(Ω) and there exists C1 > 0 such that K(x) ≥ C1 holds for any x ∈ Ω.
(3) A positive sequence {εi}∞i=1 satisfies εi → 0 as i → ∞ and for some λ ∈ (0, 1

16
) it

holds that

‖∇mKi‖L∞ ≤ 1

εmλ
i

for any m = 1, 2 and for any i ∈ N.
(4) The smooth initial data ϕεi

0 satisfies the following:
(a) ‖ϕεi

0 ‖L∞ ≤ 1 for any i ∈ N.
(b) It holds that

sup
i∈N,r∈(0,1),x∈Ω

μεi
0 (Br(x))

rd−1
< ∞.

(c) There exists β ∈ (3
8
, 1
2
) such that

sup
x∈Ω

(
εi|∇ϕεi

0 (x)|2
2

−Ki(x)
W (ϕεi

0 (x))

εi

)
≤ 1

εβi
for any i ∈ N.

Then there exist a family of Radon measures {μt}t∈[0,∞) on Ω and a subsequence {εi}∞i=1

(denoted by same index) such that the following hold:

(1) For any t ≥ 0, μεi
t

∗
⇀ μt as i → ∞, that is,∫

Ω

φ dμεi
t →

∫
Ω

φ dμt for any φ ∈ Cc(Ω).

(2) {μt}t∈[0,∞) is the Brakke flow of (1.2).

Remark 2.5. (1) Let u ∈ W 1,p(Rd) with ‖∇u‖Lp(Rd) �= 0, x̃ := x/r, and ũ(x̃) := ru(x)

for r > 0. Then ‖∇x̃ũ‖Lp(Rd) = r2−d/p‖∇u‖Lp(Rd) and thus limr↓0 ‖∇x̃ũ‖Lp(Rd) = 0

if and only if p > d
2
. We use the smallness of the norm at this rescale to study the

problem. Related to this, Tonegawa and Tsukamoto [17] proved that the singular
limit of the stationary solution to the Allen-Cahn equation with given transport
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term g ∈ W 1,p(Ω;Rd) is the weak solution to the prescrived mean curvature equation

h̃ = g⊥ when p > d
2
.

(2) Theorem 2.4 is a partial generalization of the results of [12] (the integrality of 1
σ
√
K
Vt

is shown in [12] when K ∈ C2(Ω), but Theorem 2.4 does not show it). The proof of
Theorem 2.4 is provided by a revisiting of the energy estimates with respect to the
monotonicity formula obtained by [12].
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A minimizing movements approach with a level set formulation
for evolving spirals by crystalline eikonal curvature flow

Takeshi Ohtsuka1

Faculty of Informatics, Gunma University
4-2, Aramaki-machi, Maebashi-shi, Gunma 371-8310, Japan.

1. Introduction

In this talk, we propose a numerical method for the evolution of spirals in a bounded
domain Ω ⊂ R

2 by a crystalline curvature flow. We denote the evolving spirals at time
t ≥ 0 by Σ(t), and use n ∈ S1 for a continuous unit normal vector field of Σ(t) defining
the orientation of the evolution. In this evolution, the normal velocity of Σ(t) is formally
defined by

Vγ = −κγ + f, (1)

where Vγ and κγ respectively denote the normal velocity and the crystalline curvature of
Σ(t), and f is a given driving force. Each spiral in Σ(t) is attached to a stationary center
denoted by a1, . . . , aN ∈ Ω, and in the evolution of Σ(t), portions of different spirals may
merge. To describe the merger of spirals during the evolution, we formulate Σ(t) by the
level set method developed in [13, 12].

Let Ω ⊂ R
2 be a bounded domain with a smooth boundary. We remove small discs

Br(aj) = {x ∈ R
2; |x− aj| < r} from Ω, and set W = Ω \ Br(aj). We choose the radius

r > 0 small enough so that Br(ai) ∩Br(aj) = ∅ if i �= j, and Br(aj) ⊂ Ω for j = 1, . . . , N
and then ∂W is still smooth. Let mj denote a signed number of spirals associated with
aj meaning that

• |mj| curves are attached to aj as their endpoint,

• if mj > 0 (resp. mj < 0), then curves rotate around aj with counterclockwise (resp.
clockwise) rotation when Vγ > 0.

Set θ be a function defined by the formula

θ(x) =
N∑
j=1

mj arg(x− aj).

Then, Σ(t) and n are given by

Σ(t) = {x ∈ W ; u(t, x)− θ(x) ≡ 0 mod 2πZ}, n = − ∇(u− θ)

|∇(u− θ)| (2)

1This work is partly supported by JSPS KAKENHI Grant Number 21K03319. This is a joint work
with Yen-Hsi Richard Tsai(University of Texas at Austin).
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with an auxiliary function u : [0, T )×W → R and T > 0.
We refer to the survey paper [7] for the crystalline curvature flow, and the book [6]

for the level set formulation of the geometric evolution equation. According to [6], when
the surface energy of interface Σ is given by the functional∫

Σ

γ0(n)dσ

with a convex function γ0 : S
1 → (0,∞), the anisotropic curvature κγ of (2) is formally

of the form
κγ = −div

(
ξ(∇(u− θ))

)
,

where ξ = ∇γ and γ(p) = |p|γ0(p/|p|) for p �= 0. Moreover, we consider an anisotropic
normal velocity for Σ(t), which is corresponding to the Finsler metric given by γ, that is,

Vγ =
ut

γ(∇(u− θ))
.

Then, (1) is represented as

ut − γ(∇(u− θ))
{
div

(
ξ(∇(u− θ))

)
+ f

}
= 0 in (0, T )×W. (3)

The crystalline curvature is a singular and nonlocal anisotropic curvature so that the
Wulff diagram

Wγ = {p ∈ R
2 | γ◦(p) ≤ 1},

is a convex polygon, where γ◦ is the support function of {p ∈ R
2; γ(p) ≤ 1}, that is,

γ◦(p) = sup{p · q; γ(q) ≤ 1}.
In summary, we here assume that γ satisfies the following:

(A1) γ : R2 → [0,∞) is convex,

(A2) γ is positively homogeneous of degree 1,

(A3) There exists Λγ > 0 such that Λ−1
γ ≤ γ ≤ Λγ on S1,

(A4) Wγ = {p; γ◦(p) ≤ 1} is a convex polygon.

To establish (A4), it is natural to give γ◦ by a piecewise linear function of the form

γ◦(p) = max
0≤j≤Nγ−1

ñ · p, with ñj = r̃j(cos ϑ̃j, sin ϑ̃j).

However, it implies that γ is also a piecewise linear function, that is,

γ(p) = max
0≤j≤Nγ−1

nj · p with nj = rj(cosϑj, sinϑj), (4)

since γ◦◦ = γ when γ is convex. We point out that it is not immediately clear how to
make sense of (3) classically, as it involves formally taking the first and second derivatives
of γ. Therefore, we propose a new numerical algorithm to compute the solution of (3),
particularly with γ of the form (4), in the sense of a weak formulation. Here, we assume
the following for nj in (4) to guarantee (A1)–(A4):
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(W1) ϑj ∈ [ϑ0, ϑ0 + 2π] for j = 0, 1, 2, . . . , Nγ − 1,

(W2) ϑj < ϑj+1 < ϑj + π for j = 0, 1, . . . , Nγ − 1, where ϑNγ = ϑ0 + 2π,

(W3) The set {nj; j = 0, 1, 2, . . . , Nγ − 1} is minimal, i.e.,

γ◦(p) �= max{ñj · p; j �= k}
for any k ∈ {0, . . . , Nγ − 1}.

The typical example of γ and γ◦ is

γ(p) = ‖p‖�1 = |p1|+ |p2|, γ◦(p) = ‖p‖�∞ = max{|p1|, |p2|},
and thus Wγ = [−1, 1]2. They can be given by

nj =
√
2

(
cos

π(2j + 1)

4
, sin

π(2j + 1)

4

)
, ñj =

(
cos

πj

2
, sin

πj

2

)
.

The variational approach by [2, 5] is a powerful option for formulating our problem.
Almgren, Taylor and Wang [2] launched an algorithm for the isotropic mean curvature
flow by regarding it as a minimizing problem of the functional that consists of its perimeter
and deformation. This idea is also extended to the problem with driving force by [9], or
the crystalline case by [1]. Chambolle [5] proposed an algorithm combining the above idea
and a level set formulation using a signed distance function from an interface. Oberman,
Osher, Takei and Tsai [10] proposed a numerical algorithm with split Bregman method
[8] for interface motion by Chambolle’s scheme, and extend it to the crystalline case.
Thus, we extend Chambolle’s algorithm to the evolution of spirals, and apply the split
Bregman method. We also present some mathematical analysis and numerical results on
our proposed approach.

2. The proposed formulation

Chambolle’s algorithm includes the minimization of the total variation of u, interpreted as
the perimeter of each of u’s level sets, and L2 norm, which measures the deformation from
one discrete step to the next. To describe the functional measuring the deformation, this
algorithm uses the signed distance function from the interface. When we apply this idea
to our problem, the crucial difficulty is that a spiral curve is not interfacial curve, that is,
it does not divide the domain into two regions. Thus, the signed distance function does
not work well for our problem. To overcome this difficulty, we reconstruct Chambolle’s
algorithm with a general level set formulation due to [13, 12].

2.1. Proposed minimizing movements approach

Let the spiral Σ ⊂ W be given by

Σ = {x ∈ W | u(x)− θ(x) ≡ 0 mod 2πZ}
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with u ∈ C(W ). Corresponding to the level set equation defined in (3), consider the
minimizing problem of the functional

w �→
∫
W

γ(∇(w − θ))dx−
∫
W

fwdx+
1

2h

∥∥∥∥∥
w − u√

γ(∇(u− θ))

∥∥∥∥∥
2

L2

. (5)

Formally, the minimizer w∗ of the above satisfies

−div
(
ξ(∇(w∗ − θ))

)
− f +

w∗ − u

hγ(∇(u− θ))
= 0,

which implies

w∗ = u+ hγ(∇(u− θ))
{
div

(
ξ(∇(w∗ − θ))

)
+ f

}
. (6)

On the other hand, the implicit Eular scheme of (3) is of the form

u(t+ h) = u(t) + γ(∇(u(t+ h)− θ))
{
div

(
ξ(∇(u(t+ h)− θ))

)
+ f

}
. (7)

Comparing (6) and (7), we can regard w∗ as an approximation of the solution u(t+ h) of
(3) for the initial data u(t). Thus, we define

Sh(Σ) = {x ∈ W | w∗(x)− θ(x) ≡ 0 mod 2πZ}

as the result of the evolution of Σ for a short time step h > 0. We can now iterate the
stepping as follows.

(i) For given Σn (n ≥ 0) and un ∈ C(W ) satisfying

Σn = {x ∈ W ; un(x)− θ(x) ≡ 0 mod 2πZ},

compute the minimizer w∗ of (5) with u = un.

(ii) Set un+1 = w∗ and

Σn+1 = {x ∈ W ; un+1(x)− θ(x) ≡ 0 mod 2πZ}.

This algorithm can be applied even if γ is not smooth, and we can then define Σ(t) = Σn

when nh ≤ t < (n+ 1)h.

2.2. Existence of minimizing movements

To establish our proposed approach, we shall address two essential questions:

(i) the existence of the minimizer w∗ of (5),

(ii) whether the minimizer w∗ of (5) has a function ∇w∗ again.
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For the first question, we first give a rigorous definition of the functional w �→∫
W
γ(∇(w − θ))dx. Let us define Jγ : L

1(W ) → [0,∞] by

Jγ = sup

{
−
∫
W

wdivϕdx−
∫
W

∇θ · ϕdx
∣∣∣∣ ϕ ∈ C1

c (W ;R2), γ◦(ϕ) ≤ 1

}
.

See also [3] for the above definition. One can find that Jγ has standard properties for the
minimization problem, which is as the following.

Lemma 1 Assume that (A1)–(A3) hold. Then, the following hold:

(i) Jγ is convex, and Jγ ≥ 0.

(ii) If w ∈ BV (W ), then Jγ < ∞.

(iii) lim infu→v Jγ(u) ≥ Jγ(v) in L1(W ).

(iv) If w ∈ W 1,1(W ), then Jγ(w) =
∫
W
γ(∇(w − θ))dx.

According to the above result, we now define the functional (5). For given f, g ∈ L2(W )
and ψ : W → R such that ϕ/

√
ψ ∈ L2(W ) for every ϕ ∈ L2(W ), define

E(w; g) =

⎧⎨
⎩ Jγ(w)−

∫
W

fwdx+
1

2h

∥∥∥∥w − g√
ψ

∥∥∥∥
2

L2

if w ∈ L2(W ) ∩ BV (W ),

∞ otherwise.

(8)

Then, the minimization problem of (5) can be regarded as the existence of the minimizer
of E(w; g), and we obtain the following result.

Theorem 2 Let f, g ∈ L2(W ), and ψ : W → R be such that ϕ/
√
ψ ∈ L2(W ) for ev-

ery ϕ ∈ L2(W ). Assume that (A1)–(A3) hold, and there exist positive constants α,A
satisfying

0 < α < ψ < A on W. (9)

Then, there exists a unique minimizer w∗ ∈ L2(W ) ∩ BV (W ) of E(w; g).

This result is established with a standard argument. In fact, let wn be a minimizing
sequence of E(·; g). Then, one can find that wn is bounded in L2(W ) ∩ BV (W ) so that
wn includes a subsequence, which is still denoted by wn, and w∗ ∈ L2(W )∩BV (W ) such
that wn ⇀ w∗ in L2(W ) and wn → w∗ in L1(W ). Hence, w∗ is the minimizer of E by the
semicontinuity of E in L1(W ).

We next discuss on the second problem, that is, the minimizer w∗ ∈ L2(W )∩BV (W )
has a function ∇w∗ on W . According to the theory of functions of bounded variation,
there exists a Radon measure ν and a ν-measurable function σ : W → R

2 satisfying∫
W

w∗divϕdx = −
∫
W

ϕ · σdν for every ϕ ∈ C1
c (W ;R2).
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We now pick up the absolutely continuous part of the signed measures

νi(U) =

∫
U

σidν (i = 1, 2)

by Lebesgue’s decomposition theorem, which are denoted by νi
ac, respectively. Then, there

exists vi ∈ L1(W ) for i = 1, 2 such that

νi
ac(U) =

∫
U

vidx

for every Borel set U ⊂ W . Moreover, one can find that v = (v1, v2) plays the role of
∇w∗ in a weak sense, i.e., ∫

W

w∗divϕdx = −
∫
W

v · ϕdx

when w∗ ∈ W 1,1(W ). Hence, we here define the weak derivative ∇w∗ of w∗ ∈ BV (W ) by

∇w∗ = (v1, v2). (10)

To establish our algorithm, it remains to guarantee the bound (9) for ψ = γ(∇(w∗−θ)).
We here use the cut-off of it, and consequently we obtain the following result.

Theorem 3 Let f ∈ L2(W ) and u0 ∈ L2(W ) ∩ BV (W ). Let h > 0 and 0 < α < A < ∞
be constants. Then, there exists a unique sequence {un} ⊂ L2(W ) ∩ BV (W ) such that

un+1 = arg min
L2(W )∩BV (W )

E(·; un) with ψ = min{max{γ(∇un −∇θ), α}, A}.

3. Split Bregman method for the proposed algorithm

This section describes how we use the split Bregman method to efficiently construct the
minimizer of E(w; g) defined in (8).

The key idea to find w∗ is to interpret the problem as a constraint minimization
problem by dividing the dependent variable: find a minimizer (w∗, d∗) of

F (w, d) :=

∫
W

γ(d−∇θ)dx−
∫
W

fwdx+
1

2h

∥∥∥∥w − g√
ψ

∥∥∥∥
2

L2

subject to d = ∇w.

To solve this problem, we apply the Bregman iteration due to [4, 14]. Let us introduce
the Bregman distance of the form

Dp∗,q∗
F (w, d; ŵ, d̂) = F (w, d)− F (ŵ, d̂)− 〈p∗, w − ŵ〉 − 〈q∗, d− d̂〉

for p∗ ∈ ∂pF (ŵ, d̂) and q∗ ∈ ∂dF (ŵ, d̂), where

∂wF (ŵ, d̂) = {p ∈ H1(W )∗; F (w, d̂) ≥ F (ŵ, d̂)− 〈p, w − ŵ〉 for w ∈ H1(W )},
∂dF (ŵ, d̂) = {q ∈ L2(W ;R2)∗; F (ŵ, d) ≥ F (ŵ, d̂)− 〈q, d− d̂〉 for d ∈ L2(W ;R2)}.
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Then, we set

(wk+1, dk+1) = arg min
(w,d)∈H1(W )×L2(W ;R2)

{
Dpk,qk

F (w, d;wk, dk) +
μ

2
‖d−∇w‖2L2

}
,

(w0, d0) = (g, 0), pk ∈ ∂wF (wk, dk), qk ∈ ∂dF (wk, dk)

with a constant μ > 0. It should hold that (w∗, d∗) = limk→∞(wk, dk).
Since (w, d) �→ d−∇w is linear, then finding (wk+1, dk+1) of the above is rephrased as

the following:⎧⎪⎪⎨
⎪⎪⎩
(wk+1, dk+1) = arg min

(w,d)∈H1(W )×L2(W ;R2)

{
F (w, d) +

μ

2
‖d−∇w − bk‖2L2

}
,

bk+1 = bk +∇wk+1 − dk+1,

(w0, d0, b0) = (g, 0, 0).

We solve the above by the following alternate iteration:

wk
�+1 = arg min

w∈H1(W )

{
F (w, dk� ) +

μ

2
‖dk� −∇w − bk‖2L2

}
, (11)

dk�+1 = arg min
d∈L2(W ;R2)

{
F (wk

�+1, d) +
μ

2
‖d−∇wk

�+1 − bk‖2L2

}
, (12)

(wk
0 , d

k
0) = (wk, dk).

The problem (11) can be solved by solving the following Eular–Lagrange equation:

w − hμψΔw = g + hψ(f − μdiv(dk� − bk)), in W,

(dk −∇w − bk) · �ν = 0 on ∂W,

where �ν is the outer unit normal vector field of ∂W . On the other hand, the problem
defined in (12) can be solved by finding the minimizer of

d �→
∫
W

γ(d−∇θ)dx+
μ

2
‖d−∇wk

�+1 − bk‖2L2 .

It is solved by considering the minimizer of integrand, i.e.,

d(x) = arg min
d∈R2

{
γ(d−∇θ) +

μ

2
|d−∇wk

�+1(x)− bk(x)|2
}

for every x ∈ W . In the case when γ is given of the form (4) with (W1)–(W3), the above
minimizer can be found by direct calculation; see [10, 11] for details.

Let us set

F k
μ,α(w, d; g) := F (w, d) +

μ

2
‖d−∇w − bk‖2L2

=

∫
W

(γ(d−∇θ))dx−
∫
W

fwdx+
1

2h

∥∥∥∥∥
w − g√

max{γ(∇g −∇θ), α}

∥∥∥∥∥
2

L2

+
μ

2
‖d−∇w − bk‖2L2 .

(Note that, at the practical stage of numerical simulations, we just give the lower bound
of ψ by a cut-off.) Our algorithm is consequently summarized as follows.
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(i) Let an initial curve Σ0 ⊂ W and u0 ∈ C(W ) for (2) be given.

(ii) Fix parameters μ > 0, α > 0, εin, and εout.

(iii) For each time step n = 0, 1, . . . , [T/h]− 1, do the following outer loop.

(a) Set g = un, and initialize w0 = un, d
0 = b0 = 0.

(b) For each outer loop number k = 0, 1, . . ., do the following inner loop.

i. Initialize wk
0 = wk, dk0 = dk.

ii. For each inner loop number � = 0, 1, . . . and given functions (wk
� , d

k
� ), find

the minimizers wk
�+1 and dk�+1 of (11) and (12), respectively.

iii. If |F k
μ,α(w

k
�+1, d

k
�+1; un)− F k

μ,α(w
k
� , d

k
� ; un)| < εin, then break the inner loop.

Otherwise, continue ii updating the inner loop number to �+ 1.

(c) Set wk+1 = wk
�+1, d

k+1 = dk�+1, and bk+1 = bk +∇wk+1 − dk+1.

(d) |F k
μ,α(w

k+1, dk+1; un)−F k
μ,α(w

k, dk; un)| < εout, then break the outer loop. Oth-
erwise, return to (b) updating the outer loop number to k + 1.

(iv) Set un+1 = wk+1.

We conclude this section by presenting an example of numerical simulation by our ap-
proach with the following settings:⎧⎪⎪⎪⎨

⎪⎪⎪⎩

Vγ = 3(1− 0.02κγ),

γ(p) = |p1|+ |p2|, γ◦(p) = max{|p1|, |p2|},
a1 = (−0.8,−0.8), a2 = (0, 0.8), a3 = (0.8, 0),

m1 = −2, m2 = 1, m3 = 3.

Figure 1 shows the profiles of Σn and the graphs of un drawing Σn at time t = 0, 0.1, 0.2
and 0.4.
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On Kobayashi-Warren-Carter type total variation energy

with fidelity

Yoshikazu Giga∗

The University of Tokyo

1 Introduction

This is based on my joint work [GKKOS] with A. Kubo (Hokkaido University), H. Kuroda
(Hokkaido University), J. Okamoto (Kyoto University) and K. Sakakibara (Kanazawa Univer-
sity).

We consider a total variation type energy which measures jumps different from the conven-
tional total variation energy. The conventional total variation energy for a function u of bounded
total variation in a domain Ω ⊂ R

n (i.e., u ∈ BV (Ω)) can be represented as

TV (u) =

∫
Ω\Ju

|Du|+
∫
Ju

|u+ − u−| dHn−1,

where Ju denotes the (approximate) jump discontinuity of u and u± is a trace of u from each
side of Ju; here, Hn−1 denotes the n− 1 dimensional Hausdorff measure. For a precise meaning
of this formula see [AFP]. If Ω is an interval and u is monotone non-decreasing,

TV (u) =

∫
Ω\Ju

|Du|+
∑
xi∈Ju

|u(xi + 0)− u(xi − 0)| .

We consider more general total variation type energy

TVK(u) =

∫
Ω\Ju

|Du|+
∫
Ju

K
(|u+ − u−|) dHn−1,

where K(ρ) is a given strictly increasing continuous function for ρ ≥ 0 with K(0) = 0.

∗Partly supported by JSPS KAKENHI Grant Numbers JP24K00531 and JP24H00183 and by Arithmer Inc.,
Daikin Industries, Ltd. and Ebara Corporation through collaborative grants.
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We are interested in minimizing

TVKg(u) = TVK(u) + F(u), F(u) =
λ

2

∫
Ω
|u− g|2 dx

when λ > 0 is a constant and g ∈ L2(Ω) is a given function. The term F is called a fidelity
term. The functional

TVg(u) = TV (u) + F(u)

is sometimes called Rudin-Osher-Fatemi functional since the total variation flow is proposed by
[ROF] to denoise the original image whose grey-level values equals g. For TVg, there always
exists a unique minimizer since the problem a strictly convex and lower semicontinuous in L2(Ω).
For general K, we assume

(K1w) K : (0,∞) → [0,∞) is non-decreasing and lower semicontinuous;

(K2w) K is subadditive, i.e., K(ρ1 + ρ2) ≤ K(ρ1) +K(ρ2);

(K3) limρ↓0K(ρ)/ρ = 1

Theorem 1 ([GKKOS]). Let Ω be a bounded domain in R
n. Assume (K1w), (K2w) and (K3).

If g ∈ L∞(Ω), then there exists a minimizer of TVKg on BV (Ω).

This can be proved by a direct method. It is based on lower semicontinuity result [AFP,
Theorem 5.4], which is originally due to [BB] and a compact embedding BV (Ω) ⊂ L1(Ω). For
compactness, we invoke the assumption g ∈ L∞(Ω). The uniqueness of a minimizer is in general
not expected since the problem may not be strictly convex.

Our main concern is the profile of the minimizer u∗. For TVg, it is known [CCN]

Ju∗ ⊂ Jg, u+∗ (x)− u−∗ (x) ≤ g+(x)− g−(x) for Hn−1-a.e. x ∈ Ju∗

provided that g ∈ BV (Ω)∩L2(Ω). In particular, if g has no jump, so does u∗. This type of result
Ju∗ ⊂ Jg is first proved in one-dimensional setting [BF] and later extended by many authors,
[CL]; see also [GKL] for a review.

However, if K(ρ) = ρ/(1 + ρ), then we expect that the minimizer prefer a big few jumps to
many small jumps. In fact, we are able to prove in one-dimensional setting that all minimizer
must be piecewise constant if g is continuous.

Let us give a precise statement. We assume

(K1) K is continuous and strictly increasing with K(0) = 0;

(K2) For M > 0, there exists a positive constant CM such that

K(ρ1) +K(ρ2) ≥ K(ρ1 + ρ2) + CMρ1ρ2

for all ρ1, ρ2 ≥ 0 with ρ1 + ρ2 ≤ M .
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Note that (K1) is stronger than (K1w) and (K2) is stronger than (K2w).

Theorem 2 ([GKKOS]). Assume that K satisfies (K1), (K2) and (K3). For g ∈ C[a, b], let
U ∈ BV (a, b) be a minimizer of TVKg. Then U must be a piecewise constant function satisfying
inf g ≤ U ≤ sup g on [a, b]. Let m be the number of jumps of U . Then

m ≤ [(b− a)λ/AM ] + 1, AM = min (CM , cM/M)

where max g −min g ≤ M and [r] denotes the integer part. Here cM is a constant satisfying

inf
0≤ρ≤M

K(ρ)/ρ ≥ cM .

Theorem 3. Assume further that g is non-decreasing. Then U is non-decreasing and

m ≤ [(b− a)λ/CM ] + 1.

These theorems are interpreted as the upper bound for numbers of segmentation of image.
For general discontinuous g, by approximation we are able to prove the existence of piecewise
constant minimizer. Since there is no uniqueness result, there might exist a non-piecewise
constant minimizer.

2 Source of the problem

Examples of TVK are provided as a singular limit of the Kobayashi-Warren-Carter energy of the
form

Eε
KWC(u, v) :=

∫
Ω
v2|Du|+ Eε

sMM(v),

Eε
SMM(v) :=

ε

2

∫
Ω
|∇v|2 dx+

1

2ε

∫
Ω
K(v) dx;

here F (v) is a single-well potential typically of the form F (v) = (v− 1)2. In [KWC], Kobayashi,
Warren and Carter introduce a gradient flow of Eε

KWC(u, v) to model evolution of structures of
multi-grain in the materials since. The solvability of their gradient system is non-trivial because
of total variation term in Eε

KWC. There are a large literature on well-posedness; see e.g. [MSW1].
In more recent papers, the well-posedness of the system with value constraint of u in sphere or
SO(3) is discussed; see e.g. [MSW2]. This is a natural problem since u represents an average
direction of crystalline structure of the grain.

In one-dimensional setting, the Gamma limit of Eε
sMM (as ε → 0) in the graph topology is

obtained in [GOU]; see also [GOSU] for higher dimensional setting. It formally equals

E0
SMM(Ξ) =

∞∑
i=1

2
(
G(ξ−i ) +G(ξ+i )

)
, G(s) =

∣∣∣∣
∫ s

0

√
F (ξ) dξ

∣∣∣∣ ,
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if the limit of v in Ω = (a, b) equals a set-valued function Ξ of the form

Ξ(x) =

{
1, x /∈ Σ

[ξ−i , ξ
+
i ] ( 
 1) for xi ∈ Σ,

where Σ is some (at most) countable set. The Gamma limit of Eε
KWC equals

E0
KWC(u,Ξ) =

∞∑
i=1

(
(ξ−i )+

)2 ∣∣u+(xi)− u−(xi)
∣∣

+ 2
(
G(ξ−i ) +G(ξ+i )

)
+

∫
Ω\Ju

|Du|,

where ξ+ = max(ξ, 0) and xi ∈ Σ. Here for u, L1 type limit is considered. If we minimize
E0

KWC(u,Ξ) with fixed u, ξ+ must be one since [ξ−.ξ+] 
 1 and G(1) = 0. Thus

inf
Ξ

E0
KWC(u,Ξ) =

∞∑
i=1

min
ξ

(
ξ2+

∣∣u+(xi)− u−(xi)
∣∣+ 2G(ξ)

)
+

∫
Ω\Ju

|Du|

= TVK(u),

where
K(ρ) = min

ξ

(
ξ2+ρ+ 2G(ξ)

)
.

If F (v) = (v − 1)2, it is easy to see that

K(ρ) =
ρ

1 + ρ
.

By a direct calculation, this K satisfies (K2) as well as (K1) and (K3). Indeed, for ρ = ρ1 +
ρ2, ρ1, ρ2 > 0, we see

K(ρ1) +K(ρ2) =
ρ1

1 + ρ1
+

ρ2
1 + ρ2

=
ρ+ 2ρ1ρ2

1 + ρ+ ρ1ρ2

=
ρ

1 + ρ
+

(2 + ρ)ρ1ρ2
(1 + ρ)(1 + ρ+ ρ1ρ2)

≥ K(ρ) + CMρ1ρ2

with CM = 2
/
(1 +M)3 which yields (K2). In fact, we are able to prove [GKKOS] that (K2)

is fulfilled if
lim
v↑1

F ′(v)
/
(v − 1) < ∞.

This kind of singular limit problem resembles to a singular limit problem of the Ambrosio-
Tortorelli functional [AT] which yields the Mumford-Shah functional [MS] as a limit.

For a singular limit of original gradient flow, the reader is referred to [GKKOSU].
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3 Idea of the proof

Let us give a rough idea of the proof for Theorem 2. It is important to introduce coincidence
set

C =
{
x ∈ [a, b]

∣∣ U(x) = g(x)
}
.

For a minimizer U of TKKg, it is not difficult to show that U is continuous on C and outside
C, U is piecewise constant. Moreover,

supU ≤ sup g, inf U ≥ inf g (1)

Furthermore, we are able to prove that U has at most one jump on (α, β) if (α, β) ∩C = ∅ and
α, β ∈ C. Also, if α, β ∈ C is too close, then U must be monotone in (α, β); here (α, β) may
include the point in C. To show these properties, we only need to assume subadditivity of K,
i.e., (K2w) instead of (K2)

The key step in the proof of Theorem 2 is to prove that U must be constant on (α, β) if
α ∈ C and β ∈ C with α < β are too close.

Lemma 4. Assume that K satisfies (K1), (K2) and (K3). Assume that g ∈ C[a, b]. Let
U ∈ BV (a, b) be a minimizer of TVKg. Assume that U is non-decreasing. Let α, β, γ ∈ C satisfy
a ≤ α < γ < β ≤ b and U(β)− U(γ) ≥ U(γ)− U(α) > 0. Assume that (γ, β) ∩ C = ∅. Then

β − α > CM/λ

for M ≥ max[α,β] g −min[α,β] g, where CM is the constant in (K2).

We give a sketch of the proof of this lemma. Since (γ, β)∩C = ∅, there is exactly one jump
point x1 in (γ, β). We compute TVKg(U) and TVKg(v) in (α, β), where v equals U(α) on (α, x1)
and equals U(β) on (x1, β); see Figure 1. It is not difficult to prove

TVK(U)− TVK(v) ≥ K(ρ1) +K(ρ2)−K(ρ1 + ρ2) ≥ CMρ1ρ2 (2)

for ρ1 := U(γ)− U(α) ≤ ρ2 := U(β)− U(γ), since ρ1 + ρ2 ≤ M by (1). The proof for

2

λ
(F(U)−F(v)) ≥ −2ρ1ρ2(x1 − α) (3)

is more involved. It is not difficult to show∫ x

γ

{
(U − g)2 − (v − g)2

}
dx ≥ −ρ1(ρ1 + ρ2)(x1 − γ). (4)

However, the proof for ∫ γ

α

{
(U − g)2 − (v − g)2

}
dx ≥ −ρ21(γ − α) (5)
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Figure 1: the graph of U , g and v
FGUV

is more involved. If g is non-decreasing, we are able to prove

g(x)− U(x) ≤ U(x2 + 0)− U(x2 − 0) for x ∈ F,

where F = [x0, x2] ⊂ [a, b] is a maximal closed interval such that F is a constant in the interior
of F . For general F , we only get such an inequality just in the average sense, i.e.,∫ x2

x0

(g(x)− U(x)) dx ≤ (U(x2 + 0)− U(x2 − 0)) (x2 − x0) (6)

The estimate (5) follows from (6). Combing (4) and (5), we obtain (3) since ρ2 ≥ ρ1.
The estimates (2) and (3) yield

TVKg(U)− TVKg(v) ≥ ρ1ρ2 (CM − (x1 − α)λ) .

If β − α ≤ CM/λ, U cannot be a minimizer. This proves Lemma 4.
Similarly, we are able to prove that if U is continuous on (α, β) with α, β ∈ C, then U is a

constant on (α, β) even if α and β are not close. Lemma 4 and this observation yield Theorem
2.
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Semilinear parabolic equations on a simple metric graph

Shuichi JIMBO

Hokkaido University

Based on joint work with Professor Yoshihisa Morita (Ryukoku University)

§1. Introduction
A metric graph is a system consisting of line segments (of finite or infinite length) and nodes

(vertices). Each node is an endpoint of a line segment. Line segments are connected at their
endpoints and so becomes a connected topological space. The graph is imbedded in a certain
Euclidean space and so it naturally becomes a metric space by the induced distance. Each line
segment of the graph is equipped with the coordinate which is according to length parameter
and so we can consider a (well-posed) system of differential equations by prescribing adequate
conditions at each vertices. There are a lot of studies of PDEs (and ODEs) in metric graphs in
these several decades. Some of them are related with spectral theory of physical operators, heat
conductivity, wave phenomena, quantum physics and reaction diffusion in material and nerve
sciences, etc (cf. [7], [8], [20], [29], [11]). In this talk I consider a single semilinear parabolic
equation with bistable nonlinearity (Allen-Cahn equation, Nagumo equation1 )

(1.1)
∂u

∂t
= Δu+ f(u) (t > 0, x ∈ Ω)

(where Δ is the Laplacian in the graph Ω) in a simple metric graph Ω (star graph, quasi star
graph) and discuss the solutions with behaviors like travelling front in long branch of the graph.
Here we specify the bistable nonlinearity f ∈ C1(R;R) which satisfies the following condi-

tions:

(1.2)

{∃a ∈ (0, 1)s.t.f(0) = f(a) = f(1) = 0

f(s) > 0 (s < 0, a < s < 1), f(s) < 0 (0 < s < a, s > 1)

§2. Front type solution in one-dimensional space

First we consider equation (1.1) in the space R. It is written

(2.1)
∂u

∂t
=

∂2u

∂x2
+ f(u)

in an adequate time-space region (0, T ) × R. One of the well-known solutions of (2.1) is the
traveling solution which takes the form u(t, x) = φ(x− ct). Substitite it into (2.1) and get

(2.2)
d2u

dz2
+ c

dφ

dz
+ f(φ) = 0.

Here c is an unknown constant and φ is an unknown function. Since we want to consider
front-wave type solution, we give a condition at infinity point ±∞ as φ(∞) = 0, φ(−∞) = 1.
Under this condition, it is known that there exist a unique c ∈ R and a solution φ (unique up
to space shift) to (2.2) (cf. [12], [2]).

Remark. It can be easily verified that the sign of c agrees to that of
∫ 1

0
f(r)dr.

1They appear as model equations in Material science [1] and Nerve system science[24], respectively.
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Now I mention a famous result obtained in Fife-McLeod [12], [13] (which is closely related
to this talk). Consider the initial value problem of (2.1) with the condition

(2.3) u(0, x) = ϕ(x) (x ∈ R)

where ϕ is a continuous function in R.

Theorem 2.1 ([12], [13]). If ϕ is bounded and continuous in R, there exists a solution u =
u(t, x) to (2.1) (for T = ∞) and (2.3). Moreover, we assume the condition

(2.4) lim
x→−∞

ϕ(x) > a, lim
x→∞

ϕ(x) < a.

Then there exists θ ∈ R such that the solution u(t, x) satisfies the following property

(2.5) lim
t→∞

sup
x∈R

|u(t, x)− φ(x− ct+ θ)| = 0.

Remark. When we replace initial condition ϕ by ϕ+ ξ where ξ is a continuous function with

compact support, the condition (2.4) still holds. It should be emphasized that under such
change of initial condition, c and φ are unchanged (while θ may be changed) in (2.5) and so
the traveling solution φ(x− ct) is stable in some strong sense and tough.

§3. Front wave type solution in the stargraph

The stargraph (in this talk) Ω consists of finite number of several half lines connected one
another at their endpoints and it is one of the simplest graphs. One portion of the graph (one
branch) looks like the line R and one natural question is whether a sort of traveling solution in
R can exist in the stargraph, or not. We specify the stargraph. Let m ∈ N and m � 3. Ω is
expressed as

(3.1) Ω = Ω1 ∪ Ω2 ∪ · · · ∪ Ωm ∪ {O}
For j, each Ωj has a coordinate which is a variable 0 < xj < ∞. The point O agrees to the
endpoint of Ωj which is given by xj = 0, for each 1 � j � m. The equation (1.1) in Ω is
written in each Ωj (1 � j � m) with the connection condition (Kirchhoff condition) on the
nodes. Actually, for the unknown function u, we put

uj = u|Ωj
(1 � j � m)

and we have

(3.2)

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂uj

∂t
=

∂2uj

∂x2
j

+ f(uj) (t0 < t < t1, xj > 0, 1 � j � m),

u1(t, 0) = · · · = um(t, 0),
m∑
j=1

∂uj

∂xj

(t, 0) = 0 (t0 < t < t1) (Kirchhoff condition).

For the Cauchy problem for the above equation, we have the following result.

Existence: For any bounded continuous function ϕ(x), there exists a solution u = u(t, x) to
(3.2) (−∞ < t0 < t1 < ∞, x ∈ Ω) with the initial condition u(t0, x) = ϕ(x).

This result is obtained through the integral equation

u(t, x) =

∫
Ω

G(t− t0, x, y)ϕ(y)dy +

∫ t

t0

∫
Ω

G(t− s, x, y)f(u(s, y))dyds (t > t0)
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with the aid of the heat kernel (cf. T.Okada [25]). Comparison principle, super-sub solution
method and well-posedness can be proved by the aid of the argument of D. Sattinger [28].
There are several other approaches for existence theorem (cf. [3], [4]).

The main subject of this talk is to make sure that traveling front wave solution can exist in
the stargraph. Before that, we look at the existence of stationary solutions which is a coupled
system of ODEs.

Remark. If the initial condition ϕ satisfies

ϕj(∞) := lim
xj→∞

ϕj(xj) = αj ∈ {0, a, 1} (1 � j � m),

then it holds that

(3.3) uj(t,∞) = αj for t > 0 (1 � j � m).

This property is verified through the above integral equation.

§4. Stationary problem in the stargraph

We introduce the function F (u) =
∫ u

0
f(r) dr for later use in this note. Let us mention the

result about the condition about the existence of stationary problem of (3.1) under the infinity
point condition on each branch Ωj.

Theorem 4.1 ([16], [17]). Assume F (1) > 0. Let α1 = 1, α2 = · · · = αm = 0. It holds that
(I) if F (1) + ((m − 1)2 − 1)F (a) > 0, then there exists no time independent solution to (3.2),
(3.3).

(II) if F (1) + ((m − 1)2 − 1)F (a) < 0, then there exist two time independent solutions
w(1)(x), w(2)(x) to (3.2), (3.3) such that 0 < w(1)(x) < w(2)(x) < 1 (x ∈ Ω) and w(1) is
stable and w(2) is unstable.
(III) if F (1) + ((m− 1)2 − 1)F (a) = 0, then there exists one time independent solution w(3) to
(3.2), (3.3) such that 0 < w(3) < 1 and w(3) is unstable.

§5. Backward (ancient) solution in the stargraph

In this section we consider the existence of a (time-) backward solution. This solution gives
the important point of our motivation since it forms a front wave comming along a branch to
the center of graph according to the time evolution from ancient time t = −∞. In general
parabolic equation are not solvable in minus time direction and so it is not so easy to discuss
backward solution with a prescribed behavior at t = −∞.

Theorem 5.1 ([16], [17]). Assume F (1) > 0. Then there exists a solution u = u(t, x) to (3.2)
with t0 = −∞, t1 = 0 with (3.3) with α1 = 1, α2 = · · · = αm = 0 and

lim
t→−∞

sup
x1�0

|u1(t, x1)− φ(−x1 − ct)| = 0,

lim
t→−∞

sup
xj�0

|uj(t, xj)| = 0 (2 � j � m).

(Sketch of the proof) (Step 1) We make use of φ to construct a subsolution U(t, x) and a
supersolution U(t, x) which are defined in the region (t � t2, x ∈ Ω).
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Recall the function φ is the solution of (2.2) which corresponds to traveling profile in R. Set

(5.1) U(t, x) =

{
(φ(−x1 − ct− ξ(t))− p(t))+ (0 < x1 = x ∈ Ω1)

0 (0 � xj = x ∈ Ωj, 2 � j � m)

Here z+ = max(0, z). p(t) = p0e
μ(t−t2), ξ(t) = (1/β)(1/μ)(K − μ)eμ(t−t2) and positive constants

p0, μ,K, β and negative constant t2 are chosen adequately so that U becomes a subsolution in
the region (−∞, t2]× Ω.

(5.2) U(t, x) =

{
φ(−x1 − ct+ ξ(t)) + q(t) (0 < x1 = x ∈ Ω1)

φ(xj − ct− ξ(t)) + q(t) (0 � xj = x ∈ Ωj, 2 � j � m)

is similarly constructed so that U becomes a supersolution in (−∞, t2)×Ω and U(t, x) � U(t, x).

(Step 2) Let N ∈ N and consider the initial value problem (3.2) with t0 = −N and t1 = t2 with
v(−N, x) = u(−N, x). By the existence and comparison theory, we have a solution v(N)

u(t, x) � v(N)(t, x) � u(t, x) (−N � t � t2)

By the limitting argument, there exists a subsequence of {vN}∞N=1 which converges to a solution
v = v(t, x) to (3.2), (3.3) (t0 = −∞, t1 = t2), which is defined in (−∞, t2]×Ω with the required
property. �

In the case of the problem on R, Yagisita [30] constructed an interesting backward solution
which expresses an annihilation phenomenon of two fronts waves. That solution is applica-
ble to consider supersolution in the above problem. Anyway the method of subsolution and
supersolution pair is often used.

Of course this solution can be extended in time forward direction infinitely and we can get a
time entire solution v. However the limit behavior for t → ∞, depends on situation.

We have the following theorem which classifies the situation according to stationary problem
of the section 4.

Theorem 5.2 ([16], [17]). Assume F (1) > 0. The solution v = v(t, x) obtained in the above
theorem has the following asymptotic property for t → ∞ according to (I), (II), (III), as

(J) if F (1) + ((m− 1)2 − 1)F (a) > 0, then limt→∞ v(t, x) = 1,

(JJ) if F (1) + ((m− 1)2 − 1)F (a) < 0, limt→∞ v(t, x) = w(1),

(JJJ) if F (1) + ((m− 1)2 − 1)F (a) = 0, then limt→∞ v(t, x) = w(3)(x) .

In the situation of (JJ) or (JJJ), the front solution is regarded as blocked by stationary
solution.

Remark. (The work of Pauwelussen). In [26], [27], the dynamics of the semilinear parabolic
equation with discontinuous diffusion coefficient with a bistable nonlinearity f (same as that
of us) such as⎧⎨

⎩
∂u

∂t
= r(x)

∂2u

∂x2
+ f(u) (t > 0, x ∈ R \ {0})

u(t, 0− 0) = u(t, 0 + 0), (∂u/∂x)(t, 0− 0) = (∂u/∂x)(t, 0 + 0) (t > 0)
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where r(x) = 1 (x < 0), r(x) = ε > 0 (x > 0) was studied. By the change of the space
variable, it is related with the problem of the stargraph. The author gives a certain class of
initial functions and investigated the behavior of solution and saw what occurs (as t grows up)
depending on the parameter ε and got a quite clear classification. The notion of blocking was
introduced. Therefore it is a pioneering work. It has not been recognized much long time,
but eventually it is an important work since it is related to a lot of later works of front wave
propagation and blocking.

§6. Solutions in Quasi Stargraph

Adding some branches to Ω, we get a little more complicated graph (tree). I can consider
(front wave) solution phenomena which are similar to the case of stargraph but, by changing
geometry of the graph we can observe interesting dependency of the solutions.

There are several recent development [15], [18], [19], [21], [22], [23] and more.
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Singular boundary condition problems for

a class of fully nonlinear parabolic equations∗

Takashi Kagaya (Muroran Institute of Technology) †

1 Introduction

This paper is concerned with singular Dirichlet or Neumann boundary problem for fully nonlinear
differential equation. Let b > 0 and f, g ∈ C(R). We are mainly interested in the following
equation in one space dimension:⎧⎪⎨

⎪⎩
ut − f(g(ux)uxx) = 0 in (−b, b)× (0,∞), (1.1)

lim
x→±b

u(x, t) = ∞ or lim
x→±b

ux(x, t) = ±∞ for any t > 0, (1.2)

u(·, 0) = u0 in (−b, b), (1.3)

where u0 is a given continuous function in (−b, b) satisfying several assumptions to be elaborated
later, and f and g are given continuous function satisfying

(A1) f ∈ C(R) is strictly increasing with f(0) = 0 and f(s) → ±∞ as s → ±∞.

(A2) g ∈ C(R) is positive and
|s|αg(s) → Cg± as s → ±∞ (1.4)

for some exponent α ∈ R and constants Cg+, Cg− > 0.

One of the examples of the interior equation (1.1) is a p-Laplace type heat equation

ut = |Δpu+ εΔu|β1−1(Δpu+ εΔu) in (−b, b)× (0,∞), (1.5)

where p ≥ 2, β1 > 0 and ε > 0 are constants. Since Δpu+ εΔu can be re-written as

Δpu+ εΔu = {(p− 1)|ux|p−2 + ε}uxx,
it is a special case of (1.1) with

f(s) = |s|β1−1s, g(s) = (p− 1)|s|p−2 + ε

for s ∈ R. The function g satisfies (A2) with α = 2− p.
Another typical example of (1.1) is the following equation:

ut = (1 + |ux|2)
1−3β2

2 |uxx|β2−1uxx in (−b, b)× (0,∞), (1.6)

where β2 > 0 is a constant. It is a special case of (1.1) with

f(s) = |s|β2−1s, g(s) = (1 + s2)
1−3β2
2β2

for s ∈ R. The function g satisfies (A2) with α = 3 − 1
β2
. Such an equation has a geometric

interpretation: it describes the motion of a graph-like planar curve whose normal velocity equals

∗The content of this presentation includes a joint work with Qing Liu (Okinawa Institute of Science and
Technology

†E-mail: kagaya@muroran-it.ac.jp
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to the singed β2-th power of its curvature. The singular Dirichlet boundary condition

lim
x→±b

u(x, t) = ∞ for t > 0 (1.7)

depicts that the graph y = u(x, t) is a complete curve whose two ends are asymptotic to two
parallel lines x = ±b at each time t > 0. The singular Neumann boundary condition

lim
x→±b

ux(x, t) = ±∞ for t > 0 (1.8)

depicts tangential sliding behavior of the curve along the boundary x = ±b. The singed β2-th
power type curvature flow of complete graphs was studied by [1] and the results are briefly
summarized as follows:

(i) If u0 is smooth and convex, and satisfies limx→±b u0(x) = ∞, then the problem (1.6), (1.7)
and (1.3) has a unique global-in-time solution u for any β2 > 0.

(ii) If β2 > 1, then there exist traveling wave solutions to (1.6) and (1.8) formed by w(x, t) =
W (x) + ct with W ∈ C([−b, b]) ∩ C2((−b, b)) (which is bounded on [−b, b] due to W ∈
C([−b, b])) and c ∈ R. If 1

2 < β2 ≤ 1, then there exist traveling wave solutions to (1.6) and
(1.8) formed by w(x, t) = W (x) + ct with W ∈ C2((−b, b)) and c ∈ R. Furthermore, in
this case, w satisfies the singular Dirichlet boundary condition (1.7) (i.e. w is a traveling
wave solution to (1.6) and (1.7)). For each case, the traveling wave solution is unique up
to the vertical translation.

(iii) If β2 > 1
2 , then the solution u obtained in (i) locally smoothly converges to a traveling

wave solution in (−b, b) as t → ∞.

Our purpose in this presentation is to extend their theory for more general interior equation
and without assuming the boundedness, convexity of the initial function. We first summarize
properties of traveling wave solutions to (1.1) and (1.2) as follows (see [2, 3] for the proofs):

(a) If α > 2, then there exist traveling wave solutions to (1.1) and (1.8) formed by w(x, t) =
W (x) + ct with W ∈ C([−b, b]) ∩ C2((−b, b)) and c ∈ R. Furthermore, the traveling wave
is unique up to the vertical translation.

(b) If 1 < α ≤ 2, then there exist traveling wave solutions to (1.1) and (1.8) formed by
w(x, t) = W (x) + ct with W ∈ C2((−b, b)) and c ∈ R. Furthermore, the traveling wave
satisfies (1.7) and is unique up to the vertical translation.

(c) If α ≤ 1, there is no traveling wave solution to (1.1) and (1.2) formed by w(x, t) = W (x)+ct
with W ∈ C2((−b, b)) and c ∈ R.

We note that the cases (a) and (b) respectively corresponds to β2 > 1 and 1
2 < β2 ≤ 1 due to

α = 3 − 1
β2
. The above traveling wave solution is expected to be stable from the result in [1].

In this presentation, before studying the stability analysis of the traveling wave solution, the
existence of the solution to (1.1)–(1.3) is investigated. In particular, a natural question is how
the structure of the existence of solution satisfying either boundary condition in (1.2) depends
on α. The main results show that the existence of solution depends not only on α, but also on
f and the boundedness/unboundedness of the initial function u0. Therefore, we assume either
of the following conditions for the initial function u0:

(B1) u0 is of class C([−b, b])

(B2) u0 is of class C((−b, b)) and satisfies

lim
x→±b

u0(x) = ∞, lim sup
x→b

u0(x)(b− x)γ < ∞, lim sup
x→−b

u0(x)(b+ x)γ < ∞ (1.9)

for some γ > 0
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(B3) u0 is of class C((−b, b)) and satisfies

lim
x→b

(
u0(x)−D+ψγ+(b− x)

)
= Ĉ+ and lim

x→−b

(
u0(x)−D−ψγ−(b+ x)

)
= Ĉ− (1.10)

for some constants γ± ≥ 0, D± > 0 and Ĉ± ∈ R, where

ψγ(s) :=

{
s−γ if γ > 0,

− log s if γ = 0.
(1.11)

We note that (B1) yields the boundedness of u0. (B3) is a stronger assumption than (B2),
which will be needed to prove the uniqueness of the solution for the singular Dirichlet boundary
problem.

We finally remark that the solvability of the elliptic equation{
−Δu+ |∇u|p + λu = f in Ω ⊂ R

n,

u(x) = ∞ of ∂u
∂ν (x) = ∞ on ∂Ω

,

where p > 1, λ > 0 and ν is the outward pointing unit normal vector of ∂Ω, was discussed in
[4]. The solvability for either boundary problems requires, as for our problem, a case study of p
and the divergence rate f(x) → ∞ as x → x0 ∈ ∂Ω.

2 Definition of viscosity solution

Since (1.1) is a general fully nonlinear and degenerate parabolic, we need to adopt the viscosity
solution theory to discuss the existence of solution. Therefore, we also need to introduce a
boundary condition (1.2) in the viscosity sense.

For convenience of notation, hereafter we denote

Q := (−b, b)× (0,∞), Q0 := (−b, b)× [0,∞)

and let
F (p, z) := −f(g(p)z) (2.1)

for p, z ∈ R.
We fist define solutions to the singular Neumann boundary problem as follows:

Definition 2.1 (Solutions of singular Neumann problem). An upper semicontinuous function
u ∈ USC(Q) is called a subsolution of (1.1) and (1.8) if whenever there exist (x0, t0) ∈ Q and
φ ∈ C2(Q) such that u− φ attains a local maximum at (x0, t0), we have

φt(x0, t0) + F (φx(x0, t0), φxx(x0, t0)) ≤ 0.

A lower semicontinuous function u ∈ LSC(Q) is called a supersolution of (1.1) and (1.8) if the
following conditions hold:

(i) Whenever there exist (x0, t0) ∈ Q and φ ∈ C2(Q) such that u−φ attains a local minimum
at (x0, t0), we have

φt(x0, t0) + F (φx(x0, t0), φxx(x0, t0)) ≥ 0.

(ii) For any t > 0 and any function φ ∈ C2(Q), u − φ never attains a local minimum at the
point (b, t) or (−b, t).

A continuous function u ∈ C(Q) is said to be a solution of (1.1), (1.8) and (1.3) if u is both a
subsolution and a supersolution of (1.1) and (1.8) and satisfies (1.3) on [−b, b].
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Remark 2.2. For any function u ∈ C(Q)∩C1(Q) satisfying (1.8) and any function φ ∈ C2(Q),
u − φ never attains a local minimum at the point (b, t) or (−b, t) for t > 0. Indeed, letting
v(x, t) := u(x, t)− φ(x, t), we can see that

lim
x→±b

vx(x, t) = ±∞ for t > 0.

Therefore, v(·, t) is strictly increasing and strictly decreasing respectively near x = b and x = −b,
and thus v does not attain a local minimum at the points (±b, t). It yields that the condition (ii)
in the definition of supersolution in Definition is a weak boundary condition of (??).

On the other hand, if we assume u ∈ C(Q) satisfying the condition (ii) in the definition of
supersolution in Definition is of class C1(Q), then we can see that

lim sup
x↑b

ux(x, t) = ∞, lim inf
x↓−b

ux(x, t) = −∞ for t > 0.

We next define solutions to the singular Dirichlet boundary problem. To define it, we denote
by, respectively, u∗ and u∗ the upper and lower semicontinuous envelope of u defined on Q0,
that is,

u∗(x, t) := lim
r→+0

sup{u(y, s) : (y, s) ∈ Q0 ∩Br((x, t))} for (x, t) ∈ Q0, (2.2)

u∗(x, t) := lim
r→+0

inf{u(y, s) : (y, s) ∈ Q0 ∩Br((x, t))} for (x, t) ∈ Q0, (2.3)

where Br((x, t)) is the ball with center (x, t) and radius r.

Definition 2.3. An upper semicontinuous function u ∈ USC(Q0) is called a subsolution of
(1.1) and (1.7) if whenever there exist (x0, t0) ∈ Q and φ ∈ C2(Q0) such that u − φ attains a
local maximum at (x0, t0), we have

φt(x0, t0) + F (φx(x0, t0), φxx(x0, t0)) ≤ 0.

A lower semicontinuous function u ∈ LSC(Q0) is called a supersolution of (1.1) and (1.7) if
the following conditions hold:

(i) Whenever there exist (x0, t0) ∈ Q and φ ∈ C2(Q0) such that u−φ attains a local minimum
at (x0, t0), we have

φt(x0, t0) + F (φx(x0, t0), φxx(x0, t0)) ≥ 0.

(ii) For any t > 0, it holds that limx→±b u(x, t) = ∞.

A function u defined in Q0 is said to be a solution of (1.1), (1.7) and (1.3) if u∗ is a subsolution,
u∗ is a supersolution of (1.1) and (1.7), and it holds that u∗(·, 0) = u∗(·, 0) = u0 in (−b, b).

Remark 2.4. The condition u∗(·, 0) = u∗(·, 0) = u0 in (−b, b) yields

lim
(y,t)→(x,0)

u(y, t) = u0(x) for x ∈ (−b, b).

3 Main results

We first present the existence/nonexistence theory for the singular Neumann boundary prob-
lem under the initial function assumption (B1). The existence/nonexistence is related to the
threshold of boundedness of the traveling wave solutions, resulting in cases α > 2 and α ≤ 2
separately.

The following theorem is the existence result when α > 2. The asymptotic result is also
included.
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Theorem 3.1 ([[3, Theorem 1.1 and Theorem 1.4]). Let b > 0. Assume that functions f, g
satisfy (A1), (A2) with α > 2 respectively. Let u0 satisfies (B1). Then there exists a unique
viscosity solution u ∈ C([−b, b]× [0,∞)) of (1.1), (1.8) and (1.3).

Furthermore, if f−1 is Lipschitz away from s = 0, g is Lipschitz in R and u0 is convex, then
there exists a constant m ∈ R such that

sup
x∈[−b,b]

|u(x, t)− (W (x) +m+ ct)| → 0 as t → ∞,

where w(x, t) = W (x) + ct is a traveling wave solution for (1.1) and (1.8).

If α ≤ 2, we have the nonexistence result as follows:

Theorem 3.2 ([3, Theorem 1.2]). Let b > 0. Assume that functions f and g satisfy (A1) and
(A2) with α ≤ 2. Let u0 satisfies (B1). Then there exist no solutions of (1.1), (1.8) and (1.3)
in C([−b, b]× [0,∞)).

In the proof of Theorem 3.2, we use the comparison principle and construct a sequence of
subsolutions to prove that if a solution u ∈ C([−b, b]×[0,∞)) exists, then u satisfies u(±b, t) = ∞
for any t > 0 (which contradicts that u is of class C([−b, b] × [0,∞))). Since u0 is bounded in
[−b, b], the proof shows that a solution (in a different sense than the class of solutions defined
in Section 2) u to (1.1), (1.8) and (1.3) may “instantaneously” blows up at x = ±b. Therefore,
when α ≤ 2, we may expect that the singular Dirichlet boundary problem can be solved even if
u0 is bounded in (−b, b).

We next present the existence/nonexistence theory for the singular Dirichlet boundary prob-
lem. Unlike the singular Neumann boundary problem, the threshold for the existence/nonexistence
of the solution is different from the threshold for the existence/nonexistence of the traveling wave
solutions for (1.1) and (1.2). More precisely, even in the case of α ≤ 1, which is the case when
any traveling wave solutions for (1.1) and (1.2) do not exist, a solution to the singular Dirichlet
boundary problem exists, depending on a condition of f .

When α > 2, we need divergence condition of u0 as in (B2) to prove the existence of solution
as follows:

Theorem 3.3 ([2, Theorem1.1]). Let b > 0. Assume that f, g and u0 respectively satisfy (A1),
(A2) with α > 2. If u0 satisfies (B2), then there exists a viscosity solution u : (−b, b)×[0,∞) → R

to (1.1)–(1.3). If u0 satisfies (B3) with γ± ≥ 0, then the viscosity solution is continuous and
unique.

When 1 < α ≤ 2, the existence of the solution can be proved if u0 satisfies either (B1) or
(B2).

Theorem 3.4 ([2, Theorem1.2]). Let b > 0. Assume that f, g and u0 respectively satisfy
(A1), (A2) with 1 < α ≤ 2. If u0 satisfies (B1) or (B2), then there exists a viscosity solution
u : (−b, b) × [0,∞) → R to (1.1)–(1.3). If u0 satisfies (B3) with γ± ≥ 2−α

α−1 , then the viscosity
solution is continuous and unique.

In the case α ≤ 1, the existence and nonexistence of the solution to the singular Dirichlet
boundary problem depend on the divergence rate of f(s) as s → ±∞. Therefore, we assume the
following additional condition for f :

(A3) f satisfies
|s|−βf(s) → ±Cf± as s → ±∞

for some β > 0 and constants Cf+, Cf− > 0.

A typical example of f satisfying (A1) and (A3) is f(s) = |s|β−1s. Then, we have the following
result.
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Theorem 3.5 ([2, Theorem1.3]). Let b > 0. Assume that f satisfies (A1) and (A3), and assume
also g satisfies (A2) with α ≤ 1.

(a) If α < 1, β ≥ 1
1−α and u0 ∈ C((−b, b)) satisfies infx∈(−b,b) u0(x) > −∞, then there is no

viscosity solution u : (−b, b)× [0,∞) → R to (1.1)–(1.3).

(b) If α = 1 or α < 1 and β < 1
1−α , assume u0 satisfies (B1) or (B2). Then there exists a

viscosity solution u : (−b, b)× [0,∞) → R to (1.1)–(1.3).

In the proof of (a) in Theorem 3.5, we prove that u(x, t) = ∞ at any points x ∈ (−b, b)
and any time t > 0 if a viscosity solution exists, which yields formally that “instantaneous
interior blow-up” occurs. The proof suggests that the divergence of the solution to infinity at
the boundary points propagates rapidly to the interior due to the diffusion effects of the interior
equation.

As applications of these theorems, we summarize the existence and nonexistence of solutions
to the singular Dirichlet/Neumann boundary problems for the typical examples (1.5) and (1.6).
First corollary is for (1.5).

Corollary 3.6. Assume b > 0. Assume also p ≥ 2, β1 > 0 and ε > 0.

• If β1 ≥ 1
p−1 and u0 ∈ C((−b, b)) satisfies infx∈(−b,b) u0 > −∞, then there is no viscosity

solution to (1.5), (1.2) and (1.3).

• If 0 < β1 < 1
p−1 and u0 satisfies (B1) or (B2), then a viscosity solution u : (−b, b) ×

[0,∞) → R to (1.5), (1.7) and (1.3) exists.

Since (1.5) coincides with the heat equation ut = (1 + ε)uxx if β1 = 1 and p = 2, the
corollary shows that the heat equation with singular Dirichlet boundary condition does not
have any viscosity solutions.

For the signed power type curvature flow (1.6) with the singular Dirichlet boundary condition
(1.2), the existence theory in [1] requires that u0 is smooth and strictly convex in (−b, b) and
satisfies

lim
x→±b

u0(x) = ∞.

Our existence theory does not need the smoothness, convexity and, when β2 ≤ 1, the unbound-
edness of u0 although an additional assumption is necessary to obtain the uniqueness.

Corollary 3.7. Assume b > 0 and β2 > 0.

• If β2 > 1 and u0 satisfies (B1), then a viscosity solution u ∈ C([−b, b] × [0,∞)) to (1.6),
(1.8) and (1.3) exists uniquely.

• If β2 > 1 and u0 satisfies (B2), then a viscosity solution u : (−b, b)× [0,∞) → R to (1.6),
(1.7) and (1.3) exists. Furthermore, if u0 satisfies (B3) with γ± ≥ 0, then the solution is
continuous and unique.

• If 0 < β2 ≤ 1 and u0 satisfies (B1) or (B2), then a viscosity solution u : (−b, b)× [0,∞) →
R to (1.6), (1.7) and (1.3) exists. Furthermore, if 1

2 < β2 ≤ 1 and u0 satisfies (B3) with

γ± ≥ 1−β1

2β2−1 , then the solution is continuous and unique.

113



4 Outline of the proofs

We here summarize briefly the proofs of the main results. For the existence theory, Perron’s
method is used for both the singular Dirichlet and Neumann boundary problems. Therefore, we
first perturb the initial function so that it is smooth. Let u0,ε be the perturbed initial function for
ε > 0. We next construct a supersolution vε and wε starting from u0,ε. The constructability of,
in particular, this supersolution vε depends on α and f so that vε satisfies the singular Dirichlet
or Neumann boundary condition in the viscosity sense. We then can construct a solution uε
starting from uε,0 by

uε(x, t) := sup{φ(x, t) : ψ is a subsolution to (1.1) satisfying wε ≤ ψ ≤ vε}.
By using the standard stability result for the viscosity solutions, we can obtain a solution u
satisfying (1.1) and (1.3) in the viscosity sense as a limit of uε. The remained proof is to prove
that u satisfies the singular Dirichlet or Neumann boundary condition. The proof is completed
by choosing a “good” test function φ ∈ C2(Q) for the singular Neumann boundary problem and
constructing a “good” subsolution for the singular Dirichlet boundary problem (see [2, 3] for the
details).

The nonexistence theory can be proved by using a “good” sequence of subsolutions via the
comparison principle. We here discuss the theory for the singular Dirichlet boundary problem.
We first state the comparison principle which is needed to show the nonexistence theory (a) in
Theorem 3.5. One of the difficult to show the comparison principle is that supx∈(−b,b) v(x, t) −
u(x, t) is not always a bounded value and possible to diverge to ∞ for supersolution v and
subsolution u which diverge to ∞ at the boundary points x = ±b.

Proposition 4.1. Let b > 0. Assume that f, g ∈ C(R) satisfy (A1) and (A2). Let u and v be
respectively sub- and super-solution of (1.1) and (1.7). Assume u(·, t) is convex for any t ≥ 0
and u is a continuous function satisfying

ut ≤ f

(
1

1 + δ
g(ux)uxx

)
for (x, t) ∈ (−b, b)× (0,∞)

for some δ > 0. If u(·, 0) ≤ v(·, 0) in (−b, b), then u ≤ v in Q0.

Proof. Letting

uλ(x, t) := (1 + λ)u

(
x

1 + λ
,

t

1 + λ

)
for − b < x < b,

we can see that (1) uλ is a sub-solution to (1.1) for 0 < λ ≤ δ; (2) uλ(·, t) is bounded on
(−b, b) for any t ≥ 0 and λ > 0; and (3) there is a modulus of continuity ω such that uλ(·, 0) ≤
u(·, 0) + ω(λ) whether u(·, 0) is bounded on (−b, b) or limx→±b u(x, 0) = ∞. Therefore, the
standard comparison argument for the viscosity solutions yields

uλ(x, t)− ω(λ) ≤ v(x, t) for (x, t) ∈ (−b, b)× [0,∞).

Letting λ → 0, since uλ converges to u pointwise due to the continuity of u, we have the
conclusion.

We next discuss the idea of the construction of the “good” sequence of subsolutions to prove
the nonexistence theory. Let f satisfies (A1) and (A3) with β ≥ 1

1−α and g satisfies (A2) with
α < 1. Our purpose is to construct a sequence of sub-solutions vL to (1.1) which is uniformly
bounded at t = 0 and diverges to ∞ as L → ∞ on (−b, b) × (0,∞). The idea is from the
approximated inequality, which follows from the assumptions (A2) and (A3),

f(g(Vy(y))Vyy(y))

Vy
≈ Lβ+β(1−α)−1yL(1−β(1−α))−β ≥ Lβ+β(1−α)−1 =: cL
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if 0 < y ≤ 1 and L 
 1 for V (y) = y−L. The boundedness from blow holds due to 1−β(1−α) ≤ 0.
Since cL → ∞ and V (y) → ∞ as L → ∞ for 0 < y < 1, the sequence of sub-solutions can be
constructed as a shifted and scaled version of traveling functions V (cLt−x). We first define the
sequence of sub-solutions as follows:

Definition 4.2. For constants L > 0 and cL > 0, we define vL ∈ C((−b, b)× [0,∞)) as

vL(x, t) :=

⎧⎪⎨
⎪⎩

(3b−x
2b − cLt)

−L for b− 2bcLt ≤ x < b, 0 < t < 1
cL
,

1 for − b < x < b− 2bcLt, 0 ≤ t < 1
cL
,

( b−x
2b )−L for − b < x < b, t ≥ 1

cL
.

(4.1)

Then, we can prove that vL is a sub-solution to (1.1) for suitable cL and L > 0 large as
follows:

Proposition 4.3. Let b > 0, α < 1 and β ≥ 1
1−α . Assume that function f satisfies (A1) and

(A3) and function g satisfies (A2). Then, there exist L0 > 0 such that for any L ≥ L0 there
exists cL such that

lim
L→∞

cL = ∞ (4.2)

and the function vL defined by (4.1) satisfies

(vL)t ≤ f

(
1

2
g((vL)x)(vL)xx

)
on (−b, b)× (0,∞) (4.3)

in the viscosity sense.

We here omit the proof of Proposition 4.3 since the idea of proof is as above. Let us now
prove Theorem 3.5 (a).

Proof of Theorem 3.5 (a). Let M := infx∈(−b,b) u0(x). Assume that a solution u to (1.1)–(1.3)
exists. Let vL be the sequence of sub-solutions to (1.1) obtained in Proposition 4.3. Then,
from vL(·, 0)− (M + 1) ≤ u0 and the convexity of vL(·, t), we have by the comparison result in
Proposition 4.1

vL(x, t)− (M + 1) ≤ u(x, t) for (x, t) ∈ (−b, b)× (0, 1/c].

Letting L → ∞, we have u(x, t) = ∞ for (x, t) ∈ (−b, b)× (0,∞), which contradicts that u is a
function defined on (−b, b)× [0,∞).
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STABILITY OF AN EQUILIBRIUM OF THE MHD EQUATIONS
IN 3D DOMAINS WITH ARBITRARY GEOMETRY

HIDEO KOZONO, SENJO SHIMIZU, AND TAKU YANAGISAWA

1. Introduction

This article is a survey paper by authors [4].

Let Ω be a bounded domain in R
3 with smooth boundary ∂Ω. We consider the initial-

boundary value problem of the magnetohydrodynamic equations(MHD equations) in Ω;

(MHD)

⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∂u

∂t
−Δu+ u · ∇u−B · ∇B +∇(

1

2
|B|2 + p) = 0 in Ω× (0,∞),

∂B

∂t
+ rot (rot B) + rot (B × u) = 0 in Ω× (0,∞),

div u = 0, div B = 0 in Ω× (0,∞),
u = 0, B · ν = 0, rot B × ν = 0 on ∂Ω× (0,∞),
u|t=0 = u0, B|t=0 = B0 in Ω,

where ν denotes the unit outer normal vector to ∂Ω.
We first introduce the linearized operator Lr, 1 < r < ∞ with the domain D(Lr) defined by

(1.1)
{

D(Lr) = {B ∈ H2,r(Ω); rot B × ν|∂Ω = 0, B · ν|∂Ω = 0},
LrB = −ΔB = rot rot B −∇div B for B ∈ D(Lr).

It is known that Lr has a non-trivial kernel unless Ω is simply connected. Indeed, we have that

Ker(Lr) = Xhar(Ω) ≡ {h ∈ C∞(Ω̄); rot h = 0, div h = 0, h · ν|∂Ω = 0}
for all 1 < r < ∞, and hence if the domain Ω has the second Betti number N , then zero is
an eigenvalue of Lr with the multiplicity N . To get around such difficulty, we make use of the
Helmholtz–Weyl decomposition given by [3, Theorem 2.1]

Lr(Ω) = Lr
σ(Ω)⊕∇H1,r(Ω)(1.2)

= Xhar(Ω)⊕ rot V r
σ (Ω)⊕∇H1,r(Ω), 1 < r < ∞ (direct sum),(1.3)

where

Lr
σ(Ω) ≡ {v ∈ Lr(Ω); div v = 0, v · ν|∂Ω = 0},

V r
σ (Ω) ≡ {w ∈ H1,r(Ω); div w = 0, w × ν|∂Ω = 0}.

To solve (MHD) we consider an abstract setting of evolution equation on Lr
σ(Ω)×X r

σ (Ω), where

(1.4) X r
σ (Ω) ≡ rot V r

σ (Ω).

2010 Mathematics Subject Classification. 53C21, 35J57, 35Q35.
Key words and phrases. MHD equations, harmonic vector fields, Helmholtz–Weyl decomposition, equilibrium

state, stability .
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Let Rr : Lr(Ω) → X r
σ (Ω) be the projection operator along the decomposition (1.3) and

(1.4)(see, e.g., [3, Corollary 2.2]). We define the magnetic Laplace operator Lr by

(1.5)
{

D(Lr) = D(Lr) ∩ X r
σ (Ω),

LrB̄ = LrB̄ = rot rot B̄ for B̄ ∈ D(Lr),

where Lr is the same one as is defined by (1.1). Lr may be regarded as a closed operator in
X r

σ (Ω) and the projection Rr commutes with −Δ on D(Lr).

2. Preliminaries

In what follows, for 1 < r < ∞, we denote by ‖ · ‖r the usual Lr-norm on Ω. We denote by
C constants which may change from the line to line. In particular, C = C(·, · · · , ·) denotes the
constant depending only on the quantities appearing in the parenthesis.

2.1. Magnetic Laplace operator. We first investigate the operator Lr given by (1.5) on the
space X r

σ (Ω) defined by (1.4). By (1.3), X r
σ (Ω) is a closed subspace in Lr(Ω), and we may

regard X r
σ (Ω) itself as a Banach space with the Lr-norm ‖ · ‖r.

Lemma 2.1. Let 1 < r < ∞. Let Lr and Lr be operators defined by (1.1) and (1.5), respectively.
Suppose that Rr : L

r(Ω) → X r
σ (Ω) is a projection associated with (1.3) and (1.4).

(i) For the kernel Ker(Lr) of Lr, it holds that

Ker(Lr) = Xhar(Ω)

for all 1 < r < ∞.
(ii) We have RrD(Lr) = D(Lr), and it holds that

LrRr = RrLr = LrRr on D(Lr).

In particular, we have Ran(Lr) ⊂ X r
σ (Ω), where Ran(Lr) denotes the range of Lr. Furthermore,

Lr may be regarded as a densely defined closed operator in X r
σ (Ω).

(iii) It holds that
‖∇2w‖r + ‖w‖r ≤ C‖Lrw‖r, w ∈ D(Lr)

with C = C(Ω, r).

We next investigate the resolvent set ρ(−Lr) of Lr.

Proposition 2.2. Let 1 < r < ∞. We have that

ρ(−Lr) ⊂ ρ(−Lr),

and it holds that

(Lr + λ)−1Rr = Rr(Lr + λ)−1 = (Lr + λ)−1Rr on Lr(Ω)

for all λ ∈ ρ(−Lr).

Proposition 2.3. Let 1 < r < ∞. (i) There exist δ > 0 and π
2 < ω < π such that

Σω ≡ {λ ∈ C; |arg λ| < ω, λ �= 0} ∪Bδ(0) ⊂ ρ(−Lr)

(Bδ(0) ≡ {λ ∈ C; |λ| < δ}) with the estimate

‖(Lr + λ)−1‖B(X r
σ (Ω)) ≤

M

1 + |λ|
for all λ ∈ Σω ∪Bδ(0), where M > 1 is some constant depending on r.
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(ii) −Lr generates a bounded analytic semi-group {e−tLr}t>0 of class C0 in X r
σ (Ω) with the

estimate

(2.1) ‖e−tLra‖r ≤ Ce−γt‖a‖r
for all a ∈ X r

σ (Ω) and all t > 0 with some γ > 0, where C = C(Ω, r).
(iii) The fractional power Lα

r of Lr is well defined for 0 ≤ α ≤ 1, and it holds that

‖Lα
r e

−tLra‖r ≤ Ct−αe−γt‖a‖r
for all a ∈ X r

σ (Ω) and all t > 0, where γ and C are the same as in (2.1).

We next characterize the domain D(Lα
r ) of fractional powers Lα

r for 0 ≤ α ≤ 1.

Proposition 2.4. Let 1 < r < ∞. It holds that

D(Lα
r ) ⊂ [Lr(Ω), D(Lr)]α, 0 ≤ α ≤ 1

with the estimate
‖u‖H2α,r(Ω) ≤ C‖Lα

r u‖r
for all u ∈ D(Lα

r ) with C = C(Ω, r, α), where [X,Y ]α denotes the complex interpolation space
of X and Y .

The following Lr-Lq-estimates of the semi-group {e−tL}t>0 play an important role to con-
struct global solutions of (MHD).

Lemma 2.5. For every 1 < q ≤ r < ∞ there is a constant C = C(Ω, q, r) such that

‖e−tLa‖r ≤ Ct
− 3

2
( 1
q
− 1

r
)
e−γt‖a‖q,

‖∇e−tLa‖r ≤ Ct
− 3

2
( 1
q
− 1

r
)− 1

2 e−γt‖a‖q
for all a ∈ X q

σ (Ω) and all t > 0.

2.2. Abstract evolution equation. Our purpose is to show an asymptotic stability of the
nontrivial equilibrium state of the form U∗ = (0, B∗) with B∗ ∈ Xhar(Ω). It is shown that
u(x, t) ≡ 0 and B(x, t) = B∗(x) give a stationary solution of (MHD). In fact, since rot B∗ = 0,
we have an identity ∇(|B∗|2) = 2B∗ · ∇B∗, which yields that U∗ is an exact stationary solution
of (MHD). If B̄0 ≡ B0 − B∗ is an initial disturbance of B∗, then the perturbed magnetic field
B̄(x, t) ≡ B(x, t)−B∗(x) is subject to the following abstract evolution equations;

(E)

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

du

dt
+Aru+ Pr(u · ∇u)

− Pr(B∗ · ∇B̄ + B̄ · ∇B∗ + B̄ · ∇B̄) = 0 in Lr
σ(Ω)× (0,∞),

dB̄

dt
+ LrB̄ + rot (B∗ × u) + rot (B̄ × u) = 0 in X r

σ (Ω)× (0,∞),

u|t=0 = u0, B̄|t=0 = B̄0.

Here Pr : L
r(Ω) → Lr

σ(Ω) denotes the Helmholtz decomposition along (1.2) and Ar is the Stokes
operator defined by {

D(Ar) = {u ∈ H2,r(Ω); u|∂Ω = 0} ∩ Lr
σ(Ω),

Aru = −PrΔu for u ∈ D(Ar).

For more details, we refer to Giga [2].
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Let us rewrite (E) in a more abstract way. Let

Sr ≡
(

Ar KB∗
JB∗ Lr

)
with the domain D(Sr) = D(Ar)×D(Lr),

where KB∗ and JB∗ are linear operators defined by

KB∗B̄ ≡ −P (B∗ · ∇B̄ + B̄ · ∇B∗), JB∗u ≡ rot (B∗ × u).

We may regard Sr as the densely defined closed operator in Lr
σ(Ω) × X r

σ (Ω) for 1 < r < ∞.
Then we have the following proposition.

Proposition 2.6. Let 1 < r < ∞. There is a positive constant δ∗ = δ∗(r) such that if

(2.2) ‖B∗‖1 ≤ δ∗,

then the resolvent set ρ(−Sr) of −Sr contains the origin {0} and the sectorial region Σω ≡ {λ ∈
C; | arg λ| < ω, λ �= 0} for some π/2 < ω < π with the estimate

‖(Sr + λ)−1‖B(Lr
σ(Ω)×X r

σ (Ω)) ≤
Mr

1 + |λ|
for all λ ∈ Σω∪{0} with some constant Mr > 1. (B(Y ) is the class of bounded linear operators in
Y .) Hence, under the assumption (2.2), −Sr generates a bounded analytic semigroup {e−tSr}t>0

in Lr
σ(Ω)× X r

σ (Ω) with the estimate

‖e−tSrU0‖Lr
σ(Ω)×X r

σ (Ω) ≤ Ce−γt‖U0‖Lr
σ(Ω)×X r

σ (Ω)

for all U0 ∈ Lr
σ(Ω)× X r

σ (Ω) and all t > 0 with some γ > 0, where C = C(Ω, r).

We next show the Lp-Lq-type estimates of semigroup {e−tS}t>0 in Lr
σ(Ω)× X r

σ (Ω).

Lemma 2.7. For every 1 < q ≤ r < ∞ there is a constant μ(q, r) such that if

‖B∗‖1 ≤ μ,

then it holds that

‖e−tSF‖Lr
σ(Ω)×X r

σ (Ω) ≤ Ct
− 3

2
( 1
q
− 1

r
)
e−γt‖F‖Lq

σ(Ω)×X q
σ (Ω),

‖∇e−tSF‖Lr(Ω)×Lr(Ω) ≤ Ct
− 3

2
( 1
q
− 1

r
)− 1

2 e−γt‖F‖Lq
σ(Ω)×X q

σ (Ω)

for all F = (f, g) ∈ Lq
σ(Ω)× X q

σ (Ω) and all t > 0 with γ > 0 and C = C(Ω, q, r)

2.3. Nonlinear structure of rot (B × u). Finally in this section, we show that rot (B × u)
remains in X r

σ (Ω), which enables us to solve (E) for (u,B) in the product space Lr
σ(Ω)×X r

σ (Ω).

Lemma 2.8. Let u ∈ H1,r(Ω) and B ∈ H1,r(Ω) for r > 3. If either u = 0 on ∂Ω, or
u · ν = B · ν = 0 on ∂Ω, then we have that rot (B × u) ∈ X r

σ (Ω). In case r = 3, it holds that
rot (B × u) ∈ X q

σ (Ω) for all 1 < q < 3.

3. Main Theorem

For U = (u, B̄) ∈ D(Ar) × D(Lr) ⊂ Lr
σ(Ω) × X r

σ (Ω), we define the nonlinear mapping N
associated with (E) by

NU ≡ (P (u · ∇u)− P (B̄ · ∇B̄), rot (B̄ × u)).

Then we may rewrite (E) to the following evolution equation on Lr
σ(Ω)× X r

σ (Ω).

(E’)

{
dU

dt
+ SU +NU = 0 in Lr

σ(Ω)× X r
σ (Ω), 0 < t < ∞,

U(0) = U0 ≡ (u0, B̄0).
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By the Duhamel principle, we may solve (E’) by means of the following system of integral
equations:

(IE) U(t) = e−tSU0 −
∫ t

0
e−(t−τ)SNU(τ)dτ in Lr

σ(Ω)× X r
σ (Ω), 0 < t < ∞.

Our result now reads;

Theorem 3.1. For every 3 < r < ∞ there are positive constants δ∗ = δ∗(r) and δ = δ(r) such
that if B∗ ∈ Xhar(Ω), u0 ∈ L3

σ(Ω) and B̄0 ∈ X 3
σ (Ω) satisfy

‖B∗‖1 ≤ δ∗, ‖u0‖3 + ‖B̄0‖3 ≤ δ,

then there exists a unique solution U = (u, B̄) of (IE) on (0,∞) such that

u ∈ BC([0,∞);L3
σ(Ω)), t

3
2
( 1
3
− 1

r
)u ∈ BC([0,∞);Lr

σ(Ω)),

t
3
2
( 1
3
− 1

r
)+ 1

2∇u ∈ BC([0,∞);Lr(Ω)),

B̄ ∈ BC([0,∞);X 3
σ (Ω)), t

3
2
( 1
3
− 1

r
)B̄ ∈ BC([0,∞);X r

σ (Ω)),

t
3
2
( 1
3
− 1

r
)+ 1

2∇B̄ ∈ BC([0,∞);Lr(Ω)),

where BC denotes the class of bounded and continuous functions. Moreover, u and B̄ have the
following decay properties

‖u(t)‖r + ‖∇u(t)‖r = O(e−αt), ‖B̄(t)‖r + ‖∇B̄(t)‖r = O(e−αt)

with some α > 0 as t → ∞.

Remark. Our result with the formulation such as (E) is similar to that of Yoshida–Giga [7,
Theorem 6.1]. They proved the corresponding theorem on existence and uniqueness of global
solutions to the case Xhar(Ω) = {0}, i.e., Ω is a simply connected domain. See also Akiyama
[1, Theorem 3]. In a multi-connected domain, Mosconia–Solonnikov [6, Theorem 6.5] proved
a similar result to ours in the L2-setting. Monniaux [5, Theorem 3.3] treated u and B as
differential one and two forms, respectively, and also proved a similar result. Her method is
related to the de Rham–Hodge–Kodaira decomposition of differential forms on Ω. On the other
hand, our decomposition (1.3) rests on that of vector fields on Ω so that boundary conditions
of u and B in (MHD) and in [5] are necessarily different from each other.
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