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MAXIMAL SURFACES IN THE LORENTZIAN HEISENBERG GROUP

DAVID BRANDER AND SHIMPEI KOBAYASHI

ABSTRACT. The 3-dimensional Heisenberg group can be equipped with three different
types of left-invariant Lorentzian metric, according to whether the center of the Lie algebra
is spacelike, timelike or null. Using the second of these types, we study spacelike surfaces
of mean curvature zero. These surfaces with singularities are associated with harmonic
maps into the 2-sphere. We show that the generic singularities are cuspidal edge, swallow-
tail and cuspidal cross-cap. We also give the loop group construction for these surfaces, and
the criteria on the loop group potentials for the different generic singularities. Lastly, we
solve the Cauchy problem for harmonic maps into the 2-sphere using loop groups, and use
this to give a geometric characterization of the singularities. We use these results to prove
that a regular spacelike maximal disc with null boundary must have at least two cuspidal
cross-cap singularities on the boundary.

1. INTRODUCTION

1.1. Background. Surfaces of mean curvature zero in the Heisenberg group .77, equipped
with a left-invariant Riemannian metric, denoted here Nil®, have been studied by many
authors. Berdinskii and Taimanov [1]] gave a spinor type representation, similar to other
so-called integrable classes of surfaces such as constant mean curvature surfaces in space
forms. One can show ([10} [11} [7]]) that they are related to harmonic maps into the hyper-
bolic space H? as follows: the Gauss map of an immersion f into Nil® is the left translation
N = f~!n of the unit normal. The surface is called vertical at a point p if N, is parallel to
the ejep-plane. The Gauss map of a nowhere vertical minimal surface in Nil® is harmonic
into the hemisphere equipped with the hyperbolic metric, and conversely a nowhere holo-
morphic harmonic map into H? is the Gauss map of a minimal surface. This allows one to
use the theory of harmonic maps to study these surfaces (see, e.g., [5 [8]]).

If one considers now Lorentzian metrics on .77, Rahmani [22]] showed that there are
(up to homothety) three different choices of left-invariant metric (see Section @] below), g1,
g2 and g3, according to whether the 1-dimensional center of the Lie algebra is spacelike,
timelike or null in the metric. A classical Weierstrass-type representation exists for mean
curvature zero surfaces in such spaces ([[19, [6]), but the Weierstrass data need to satisty
non-trivial extra conditions; hence only simple examples of mean curvature zero surfaces
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2 DAVID BRANDER AND SHIMPEI KOBAYASHI

in these manifolds have been given. For spacelike surfaces in the case of the metric g
(see [18] and the present article), and for timelike surfaces with the metric g, (see [16]), a
relationship between harmonic maps and mean curvature zero surfaces, similar to the Rie-
mannian case exists. This allows one to use loop group methods to construct all solutions,
and, in particular, generate many more examples.

Here we will study spacelike mean curvature zero surfaces in .7’ equipped with the
metric g», denoting this space by Nil3, via the relationship with harmonic maps into S?.

1.2. Surfaces with harmonic Gauss maps. Harmonic maps from a Riemann surface into
S? are directly related to various different geometric problems, via the Gauss map. In these
cases, the passage from the harmonic Gauss map to the surface is well defined even at points
where the resulting surface is not regular (a so-called frontal), so it is natural in this context
to consider generalized surfaces with singularities.

Given a harmonic map v : M — S?, where M is a simply connected Riemann surface,
there are naturally associated:

(1) A geometrically unique constant positive Gaussian curvature K = 1, surface f.o :—
R3 (see, e.g. [3]), satisfying a compatible pair of linear PDE:

fe=ivxyv,

that has v as its Gauss map. Here z = x+iy and f; := (1/2)(df/dx—id f/dy).
(2) A pair of geometrically unique constant mean curvature H = 1/2 surfaces f= :
M — R3 that are parallel surfaces to fege» given by:

[5=frge kv

(3) A 2-dimensional family of zero mean curvature spacelike surfaces f in Nil3, to be
described below.

Conversely, such surfaces have harmonic Gauss maps.

The way that singularities appear in each case is different however: evidently f.e. is
regular if and only if the harmonic map N is also regular, by the relation f, = iN X N,.

For the second case, the CMC surface f* has derivatives:

(1.1) fi=vxwtv,  fi=-vxv i

It follows that f* only has singularities of rank zero (branch points), and these occur pre-
cisely when

Vi =TFV X V.
If v itself has rank zero at a point (i.e. v, = v, = 0), then both fT and f~ have a branch
point. If v, = Fv x v, # 0, then fi has a branch point, and, one can show, fT has an
umbilic point.

For the third case, the fact that the metric on Nil? is not isotropic means that a given
harmonic map Vv into S? can be interpreted in many geometrically distinct ways as the
Gauss map for a surface in Nil?. The Lie algebra ni[? is identified with the vector space
R3, with the center of ni[? spanned by e3. If we fix the given embedding of S? in R?, with
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the north pole pointing in the e3 direction, then we obtain a well defined mean curvature
zero surface f: M — Nil? (described below). If we apply an isometry to S?, then this has
no geometric significance to v. However, a rotation about any axis other than the e3-axis
is not an isometry of Nil3, and so there is a 2-dimensional family of surfaces f : M — Nil3
associated to the harmonic map v. As for the singularities, f will have singularities exactly
at points where Vv is perpendicular to e3, i.e. when Vv takes values in the equator in the
ejex-plane. Hence the singular set is different for each surface in the 2-parameter family

(see Figure[I} and Examples[3.9)and [3.10).
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FIGURE 1. Top: Portions of a single constant mean curvature surface of
revolution, with three different spatial orientations. Bottom: the corre-
sponding maximal surfaces in Nil3, in the same order. (Example )

1.3. Surfaces with singularities. It is well known that there are no complete maximal
surface in the Lorentzian 3-space > besides the plane. Nevertheless, such surfaces are
naturally of interest to geometers, and this motivated the definition of a maxface [23] as a
generalized surface with singularities. For maxfaces, the Gauss map is a holomorphic map
into the extended hyperbolic plane, and the surface has singularities where the Gauss map
takes values in the boundary between the two components. The generic singularities are
cuspidal edge, swallowtail and cuspidal cross-cap [12]].

In contrast to this, for maximal surfaces in Nil3, the Gauss map is a nowhere holomorphic
harmonic map into S?. However, we will show that the generic singularities are of the same
type as for maxfaces.
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1.4. Outline of this article. In Section[2]we briefly describe the Heisenberg group and the
left-invariant Lorentzian metric we will use. In Section [3| we describe the spinor represen-
tation for maximal surfaces in Nil3, the relation with harmonic maps into S?, and how to
produce all solutions via loop group methods.

In Section [] we prove that the generic singularities are cuspidal edge, swallowtail and
cuspidal cross-cap: Theorem and Theorem characterize these singularities respec-
tively in terms of the conformal Gauss map and the Abresch-Rosenberg differential. This
gives (in Theorem [4.9) a characterization of the generic singularities in the space of local
solutions.

In Section 5| we show how to solve the Cauchy problem for a harmonic map into S?
(Theorem [5.1) via loop group methods, which is of independent interest. This allows one
to construct harmonic maps with prescribed transverse derivative along any curve in the
sphere: in particular, the equator, and thus with a prescribed singular set along a curve
(Theorem [5.3). Theorem shows explicitly the relation between the geometry of the
Cauchy data and the type of generic singularity at a point.

In Section [6| we look at the geometry of the curve on the associated CMC surface that
corresponds to the equator in S? for the harmonic Gauss map. This curve gives a very
simple characterization of the generic singularities of the maximal surface in Nil?. As
an application, we show in Theorem [6.4] that a regular spacelike maximal disc with null
boundary in Nil% must have at least two cuspidal cross-caps on the boundary.

Numerics: The DPW method for harmonic maps can be implemented numerically to
compute solutions from a given potential. At the time of writing, implementations in Matlab
that allow one to compute the examples shown here, as well as any other solution with given
Cauchy data, can be found at http://davidbrander.org/software.html

2. LEFT INVARIANT METRICS ON THE HEISENBERG GROUP

The 3-dimensional Heisenberg group 77 is the group of 3 x 3 real upper-triangular ma-
trices with one’s on the diagonal. The Lie algebra § is spanned by:

010 0 0O 0 0 1
a=[0 0 0|, ma=[0 0 1|, as={0 0 o],
000 000 000
with commutators, [a),az] = a3 and [a;,a3] = |[az,a3] = 0. For this group, exponential

coordinates give a bijection exp : h — .77, with the formula:

1 x1 x3+ %X1X2
2.1 exp(xja; +xa, +x3a3) =0 1 X
0 0 1

Thus, identifying .7 with h = R?, it is common to represent .7# as R> with the group
structure that corresponds to the matrix product in /7, namely:

(x1,x2,x3) - (£1,8%2,%3) = (x1 + %1, 2+ %2, X3+ 83 + 5 (0182 — F1x2)).


http://davidbrander.org/software.html

MAXIMAL SURFACES IN THE HEISENBERG GROUP 5

Differentiating the map Ly : R* — R3, given by Ly(X) = X - X, at X = ¢ = (0,0,0), we
have:

1 0 O
dLx|. = 0 1 0},
—%xz %xl 1
so the left invariant vector fields generated by ay, a; and a3 are:
Jd x d Jd x; 0 J
2.2 Al=———— Ay= —+—— Az = —.
(2.2) ! ox; 2 dxz’ 2 0x3 + 2 dx3’ 3 0x3

2.1. Left invariant Riemannian metrics. Milnor [20] introduced a systematic study of
left invariant Riemannian metrics on Lie groups. On a connected Lie group of dimension
3, the Lie bracket is necessarily given by [u,v] = L(u X v), where L is linear and the cross-
product is defined with respect to a chosen orientation. The group is unimodular if and
only if the linear map L is self-adjoint. Using this, Milnor showed that, for the case of a 3-
dimensional unimodular Lie group G, a basis {e,e;,e3} can be chosen for the Lie algebra
that is orthonormal with respect to the given metric and for which the Lie bracket is given
by
le1,e2] = Aze3,  [e2,e3] = Aier, [e3,e1] = hren.

For the case of the Heisenberg group .77, with notation as above, since all commutators
are proportional to a3, it follows that one of the e;, which we may as well take to be e3, is
proportional to a3. Then A; = A, =0, A3 # 0, and no generality is lost by assuming that

1
er=ai, e=d, e3= a3
3

Since the orientation can be chosen so that A3 > 0, there is, up to a positive homothety, only
one left invariant metric on 7.

2.2. Left invariant Lorentzian metrics. Rahmani [22] studied the Lorentzian metric ver-
sion of this problem for 3-dimensional unimodular Lie groups, using a similar approach to
Milnor’s. Since a Lorentzian metric is not isotropic, there are more possibilities. One can
again choose an orthonormal basis for the Lie algebra, with

(e1,e1) = (e2,e2) =1, (e3,e3) = —1,

and the Lie bracket is given by [u,v] = L(u x v), where L is linear and the Lorentzian cross-
product is defined by e; X ey = —e3, €3 X e3 = €1, e3 X e] = ep. Here, also, the group is
unimodular if and only if L is self-adjoint. The different possible Lie algebra structures in
terms of the orthonormal basis are given in [22]]; among these, there are three that give the
Heisenberg group structure:

(1) [e1,e2] = [e1,e3] =0, [e2,e3] = pey.
(2) [ez,e3] = [e1,e3] =0, [e1,e2] = pe3.
(3) [e2,e3] =0, [e3,e1] = [ez,e1] =er—e3.
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These correspond to the center Span{as} of b being spacelike, timelike, or null: for the
three cases we respectively have a3 = e, a3 = les and a3 = e3 — ep. The corresponding
left invariant Lorentzian metrics are denoted respectively by g1, g» and g3. The algebra
of Killing fields is given for each case in [22]], showing that the isometry groups are of
dimension 4 for g; and g, and of dimension 6 for the case of g3. The geometry of the
metrics g1, g2 and g3 is studied further by N. Rahmani and S. Rahmani in [21]. They prove
that the metrics are nonisometric, and that g3 is flat.

3. MAXIMAL SPACELIKE SURFACES IN NIL?
In this article, we use the metric gy, in particular with u = 1, taking
e =dai, € =day, €3 = as,

as the orthonormal basis for the Lorentzian metric. In the coordinates (xj,xz,x3) for R3 =
h = ., we have from (2.2):

+ X2 8 X1 8
— =e1+ e — —e)— —e — =
axl 1 B 3, axz 2 D) 3 8X3 35
in terms of the left invariant vector fields e; = a;. Using the Lorentzian orthonormality, with
(e3,e3) = —1, this gives the metric in the coordinate frame:
| 2
g = dx% —i—dx% — (dX3 + E(XZd)q —xldxz)) .

The Levi-Civita connection V of g, is given by

Veer Veer Vees 0 %63 %ez

V62€1 V€262 quS = —%63 0 _%el

Ve3€1 Ve3€2 Ve3€3 %62 —l€1 0
Then it is easy to see the symmetric bi-linear map given by {e;,e;} = V,e;+ V., e; satisfies
{e1,e2} =0, {ei,e3}=ex and {er,e3} = —ey.

3.1. Spinor representation for spacelike conformal immersions in Nil?. We first give a
representation of an arbitrary conformal immersion into N il? in terms of a pair of generating
spinors, Wi, Y. After that, we characterize the mean curvature zero property in terms of the
spinors. An SU(2)-valued frame can be used to construct both the spinors and the harmonic
Gauss map.

Consider a conformal spacelike immersion f from a Riemann surface M into Nil3.
Choose a conformal coordinate z = x+iy € D C M in a simply connected domain D in
M and define complex valued functions @1, ¢ and ¢3 by

7V = rer + drer + dses,

where the subscript denotes the derivative with respect to z, that is, d, = %(8x —idy). Setting
®=ff,and @ = f1f, = f ' and B = fldf = ®dz+ Pdz, the Maurer-Cartan
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equation df + %[ﬁ A B] = 0 and the second fundamental form of f can be rephrased as, see
[8, Section 1.1]

3.1 D~ P, +[P,P]=0 and &+ P +{P, P} =¢"f 'H,

where e"dzdz and H denote the induced conformal metric and the mean curvature vector,
respectively. Note that - = %(8)( +idy), and u : D — R is a real-valued function on .

We now rephrase the fundamental equations in (3.1)) in terms of generating spinors. Since
f is a conformal immersion, it is easy to see that

1
(32) Of+95-95 =0 and [g1[*+|ga] 3] = Je".
The generating spinors y; and y, are defined as a solution of ¢12 + ¢22 — (}532 =0 with

0= —vi, h=i(W)’+v]), ¢ =2V,
where ¥ denotes the complex conjugate of y,. Note that yi+/dz and Yr+/dz are well
defined on M.
The conformal factor " of the induced metric (df,df) can be expressed by the spinors
V1, ¥ via the second formula at (3.2)):

¢ =4(lyi* — |wf?).

In the following, we assume the regularity condition |y;| # |y»|. A straightforward com-
putation shows that

(3.3) U T =i (23 (yiwn)er — 2R (yiwa)er — (Jyi [P+ [yl )es)
Let us denote the unit normal vector field of f by N. From (3.3)), N is given by
G4 N=c"PL f'L=2028(iy)er - 2R(yiv)er— (Wi’ + [l )es)

The support function h of f, with respect to z, (which is evidently non-vanishing for a
spacelike surface) is defined as:

(3.5) hi=(f"'Les) =2(|ya|* + |ya|).

It is straightforward to check the following theorem, see [8, Theorem 3.5] for the case of
a surface in Nil®:

Theorem 3.1. The pair of generating spinors {y1, >} satisfies the following nonlinear
Dirac equation,

Vi (9zllfz+02/1l/1> <0>
3.6 = e ,
G0 p <‘I/2> (‘32% +7y 0
where .
H
U =Y > e 4h.

Here H, " and h are the mean curvature, the conformal factor and the support function for
f respectively.
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Moreover, together with the second fundamental form, the vector r = (W1, y») satisfies
the following system

37 U= 90, =V,
where

1.0 i —w/24u/2 _ w/2 _B,—w/2

~ H,e e - 0 Be

38) 0= 2% = ‘ .
(3.8) < Be—w/Z 0 ) , vV <€W/2 IWZ_ éHze—w/Z-i-u/Z)

Here the function ¢"/? is the Dirac potential defined by

H 1
ew/2 = % = /V: Eeu/zl.*zh,

and the quadratic differential Bdz* will be called the Abresch-Rosenberg differential given
by
2iH+1
2

The unit normal f~!'N can be considered as a map into the the union of two hyperbolic
two-spaces H2 UH2 C E3 (= nil}), where (bH? (resp. H?) denotes the hyperbolic two-
space with positive (resp. negative) e3-component. Note that when |y | > |ys| (resp. |yn| >
lw1)), f~IN takes values in H? (resp. Hi). We now consider the normal Gauss map g of
the surface f as a map defined as the composition of the stereographic projection 7 from
the point (0,0, —1) with f~'N in (3.4), thatis, g = wo f !N : D — CU{eo} \ S!, (here we
identify (x,y,0) with —y -+ ix) and thus, we obtain

B= (viVa. — Vayi.) +2iH (y1¥2)*.

(3.9) =4
and f~'N can be represented by the normal Gauss map g as
FIN = o (23 (s)er = 2g)ea = (g + )es).
We now introduce a family of Maurer-Cartan forms {a*}; .«
(3.10) ot =Urdz+Vv*az,
where
Ut — <411Wz — %Hze_w/zﬂ‘/z —/l_lew/2> VA — (—iwz —ZLBe_W/z > '
A~ 1Be /2 —lw, )7 Aev/? Twz— %Hze*W/ZH‘/z

Note that U 7‘| 2—1 and V’1| 4—1 are obtained by a gauge transformation applied to U and
V in (3.8), that is Ad(G™1)(U) + G 'G, and Ad(G~1)(V) + G~'G: with the matrix G =
diag(e™"/*,e="/4). Then we characterize a spacelike maximal surface in Nil? in terms of
the family of connections d + a* and the normal Gauss map g as follows.

Theorem 3.2. Let f : D — Nil? be a conformal spacelike immersion and o* the 1-form
defined in (3.10) and g the normal Gauss map in (3.9). Then the following statements are
mutually equivalent:
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(1) f is a maximal surface.

(2) d+ a? is a family of flat connections on' D x SU (2).

(3) The normal Gauss map g for f is a nowhere holomorphic harmonic map into the
2-sphere.

The proof is almost verbatim to the case of a surface in Nil®, see for example [8]], thus
we omit.

From Theorem there exists a family of maximal surfaces {f*} 2es! parameterized
by A € S! with a pair of generating spinors {y1 (1), w2(21)} such that {y; (A1), y>(A)} a1
are the generating spinors of f = fl\ 1—1- Moreover, we can define a map F' from D into
SU(2) associated with respect to the generating spinors y; and y, for a maximal surface:

) | 1) W)
3.11) F(A) = \/|W1(7L)‘2+W/2(A)|2 (—I//z(l) ll’l(l)>

Then F will be called the extended frame of the spacelike maximal surface and the harmonic
normal Gauss map g = y; /.

Remark 3.3.

(1) Without loss of generality F (1) take values in ASU(2),.

(2) It is easy to see that the Abresch-Rosenberg differential Bdz> is holomorphic for
any maximal surface. Moreover, it is holomorphic for any spacelike constant mean
curvature surface.

(3) On the one hand, there are non-constant mean curvature surfaces which have the
holomorphic Abresch-Rosenberg differential, the so-called Hopf cylinders.

Using a logarithmic derivative of the extended frame F with respect to A, we have a
formula for a conformal maximal surface in Nil;. We now define a map

Epil = €XpoE : sUy — Nil%

by the composition of a linear isomorphism E : su, — b given by suy 3> x1E; +x2E, +
x3E3 — x1e1 +xe2 +x3e3 € b, where

1/0 —i 1/0 1 1/i 0
(3.12) El._2<_i 0)’ Ez.—z(_l 0), E3.—2<0 _l_>,

and the exponential map exp : h — Nil3 in @.1)).

Theorem 3.4. Let F be the extended frame for a spacelike maximal surface. Define maps
Jfeme and N respectively by

(3.13) feome = —iA(HF)F ' =N and N = Ad(F)E;.

Moreover, define a map f* : D — Nil? by f* :=Zm ofA"L with

(3.14) fA/l = ( fmc - ;A(alfcmc)a)

)

AeS!
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where the superscripts “o” and “d” denote the off-diagonal and diagonal part, respectively.
Then, for each A € S', the map f* is a maximal surface in Nil? and wo N is the normal
Gauss map of f*, where T is the stereographic projection from the north pole. In particular,
Vi |a—1 gives the original spacelike maximal surface up to a rigid motion.

Proof. The proof is almost identical to that of Theorem 6.1 in [8]. In fact, we can compute
the derivative of f,,. with respect to z:

azfcmc = ¢1E1 + (plE2 - i¢3E37

and a straightforward computation shows that

A 1 1
0.f* = 01E\ + 9B2 + (¢3 5% /¢2dz+ 2‘7’2/¢1dZ> E3
holds. Finally, by the linear isomorphism E, we obtain

()10t = drer + daea + Bses.
Then the maximality of f* follows immediately. U

Remark 3.5.

(1) Identifying the Lie algebra su(2) with the Euclidean 3-space E3, with orthonormal
basis in (3.12), the map fep in defines a constant mean curvature surface
with Hepme = 1/21in [E3, see for example [2]. The formula above for f,,. corresponds
to the choice f~ in Section The Gauss map g used here is holomorphic exactly
when either Ny = N x N,, or N; = 0, i.e., when the map f~ fails to be regular. So
Sfeme 18 regular for a nowhere holomorphic harmonic map.

(2) It is known that for a given nowhere holomorphic harmonic map g from a surface
M into S?, there exists a regular constant mean curvature H,,,. # O surface in the
Euclidean 3-space, [15]. In particular, the induced metric of the surface is given by

2
dSzZ 2 |azg| ’dZ‘Z'
Hepe 1+ |g‘2

Moreover, there exists an extended frame F corresponding to the nowhere holo-
morphic harmonic map g and the CMC surface, see Theorem and thus one can

define a map map f* by (3.14).

3.2. Generalized maximal surfaces. We first give an alternative proof of a result that can
be found in [18]:

Theorem 3.6. There does not exist any complete spacelike maximal surface in Nil? .

Proof. From the construction in Theorem for a spacelike maximal surface f in Nil3,
there exists a corresponding CMC surface f,,,. in the Euclidean 3-space. The metric of the
CMC surface is given by ds? = h’dzdz, where h is the support function defined in (3.3)).
Then it is easy to see that the induced metric ds*> = e"dzd? of the spacelike maximal surface
and the induced metric ds? of the corresponding CMC surface have the following relation:

(3.15) "+ 4|¢5]> = 1.
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Therefore completeness of the metric ds* implies completeness of the metric ds2. More-
over, the Gauss map of the maximal surface always takes values eithre in H2 or H2. This
implies that the corresponding normal Gauss map (through the stereographic projection to
the unit disk D or the outside of the unit disk CU {e} \ D) of the corresponding CMC
surface takes values in the upper open hemisphere or the lower open hemisphere. But ac-
cording to [13, Theorem 1], there is no complete non-minimal CMC surface that has Gauss
image contained in a hemisphere. U

From Theorem [3.4} it is natural to consider spacelike maximal surfaces in Nil; with
singularities. Since the normal Gauss map g = Y1 /> is a harmonic map into C U {eo}
minus S', it satisfies the elliptic PDE:

2g
(3.16) 8z — T\ngng =0.

By using the nonlinear Dirac equation in (3:6), we compute g, = —5(¥,)*(|g|> + 1)%,

which, by setting @ = i 52, is equivalent to

2ig,
Moreover, by the equation in (3.7) we have
i 8:8:
(3.18) —g.0=-—2""_-=B
2507 (gl + 1)

The induced metric ds*> = 4(|y1|> — |y |?)?|dz|? of a maximal surface in Nil; is written in
terms of g and ® as

(1=l e
(1+]gl?)*

Therefore, there are two possibilities to generalize maximal surfaces in Nil; as

(3.19) ds* = (1—|g|*)*|o|*|dz|* = 4|g.>

g =1 or g=0

at p € M. From the harmonic map point of view, it is natural to consider a harmonic map
into CU {eo}. The latter case, the g:(p) = 0, is equivalent to that the harmonic map g is
holomorphic at point p. It turns out that in the proof of Theorem [4.1]a holomorphic point
is always a degenerate singular point. Therefore we will, generally speaking, exclude such
points.

On the other hand, from a nowhere holomorphic harmonic map from a Riemann surface
into CU{eo}, we can define the generating spinors i, y, by (3.17) and g = v /¥,. Then
one can introduce the extended frame F(A) as in (3.11) and the Sym-formula f = f*[,_,
defined by in (3.14). Then it is clear that the map f defines a maximal surface where it has
a regular point, that is |g|> # 1. It is natural to define the following class of surfaces.

Definition 3.7 (Generalized spacelike maximal surfaces). Let g be a nowhere holomorphic
harmonic map from a Riemann surface M into CU {eo}, and a map f into Nil? as defined
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above. Then f will be called a generalized spacelike maximal surface in Nil:i’, and g will be
called the normalized Gauss map of f.

Remark 3.8.

(1) Foreach A € S, f*| 2es! 1s also a generalized spacelike maximal surface.

(2) In general, a rotation of a nowhere holomorphic harmonic map g as a map on the
2-sphere changes the corresponding generalized maximal surface completely; a
rotation around the e3-axis g gives an isometry of the surface in Nil? but other
rotations do not give isometries. Thus in Definition we choose g with some
fixed initial condition and choose the extended frame F which gives 1o N = g with
N = AdrEs|j—;.

3.3. Numeric Examples. An extended frame for any harmonic map into S?, and hence
any maximal surface in Nil3, can be constructed via the method of Dorfmeister/Pedit/Wu
(DPW) [9], from a holomorphic potential of the form:

E= Y AuoA"dz.

n=—1
Solving the ODE &, = ®¢, with an initial condition ®(z9) = I, gives a so-called complex
extended frame, and an extended frame F for a harmonic map is then obtained from &
by a pointwise Iwasawa decomposition F = B, where B, extends holomorphically, in
the parameter A, to the unit disc. To produce a nowhere holomorphic harmonic map g, or
equivalently, a regular CMC surface f,, we need the regularity condition:

(3.20) (A_1)12#0,

which corresponds to the function "/ in U* being non-zero.

Potentials corresponding to various geometric properties for CMC surfaces have been
found in numerous subsequent works, and the solutions can be computed numerically.

A major difference when using this method for maximal surfaces in the Heisenberg group
is that the action of the group SU(2) is not an isometry. Pre-multiplying an extended frame
by an element of SU (2) will result in an extended frame for a geometrically distinct solution.
Therefore, for a given potential, many different solutions are obtained, depending on the
initial condition.

Interpreting the images: In Figures|l|and [2} the surfaces are oriented with the e3-axis
directed upwards, and are colored according to whether the harmonic map takes values in
the upper or lower hemisphere. Since the singular set corresponds to the equator separating
these two hemispheres, the plot of the maximal surface in Nil3 changes color at the singular
set. The plot can, of course, appear to change color at a place where the surface has a self
intersection, for example the lower middle image in Figure 2]

Example 3.9. As is well-known, a CMC surface of revolution in R3 is obtained from a
potential of the form:
0 —aA '+ (a— 1A
&)= <(1 —a)A" ' +al 0 dz.
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The case a = 1.2 is computed and plotted in Figure [I The CMC surface is a nodoid.
On the second row we show examples of the diferent maximal surfaces in Nil] obtained
by choosing a different axis of symmetry for the nodoid. The harmonic Gauss map of
the nodoid is doubly periodic. In the figure, for each case, the singular set for the lower
surface coresponds to where the normal to the CMC surface above is perpendicular to the
Es-direction. At such points, if the Gauss map is symmetric about the equator, then a fold
singularity is created on the maximal surface (first two examples).

Example 3.10. CMC surfaces with rotationally symmetric metric can be constructed via the

potential:
_ (0 1),
s0= (3 o)r e

where k is a positive integer. For the case k = 1, in Figure 2] we display a local solution with
two different initial conditions for the SU (2)-frame.

FIGURE 2. The solutions of Example [3.10] Left: harmonic maps; mid-
dle: corresponding maximal surface in Nil3; right: corresponding CMC
surfaces in Euclidean space;

Since SU(2) acts by isometries on S? and R?, the harmonic map and the CMC surface
are unchanged (up to isometry) regardless of the initial condition, but the maximal surface
in Nil% is different. When the e3 axis is chosen as the axis of symmetry for the harmonic
map (top row in Figure 2, the maximal surface has an order 3 rotational symmetry about
the e3-axis, and has three cuspidal cross-cap singularities within the domain. When one
of the other axes is chosen as the axis of symmetry for N (bottom row), the corresponding
maximal surface is no longer symmetric and has only one cuspidal cross-cap singularity in
the domain, at the center.
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Example 3.11. Potentials of the form

where a(z) and b(z) are meromorphic are called normalized potentials. If integrated with
initial condition ®(zg) = I, then z is called the normalization point. In [4], it is shown
(Lemma 7.3) that a CMC surface has a dihedral rotational symmetry of order n about the
normalization point z = O if and only if the meromorphic functions @ and » have Laurent
expansions of the form:

a(z) = Zanjznja b(Z) = anj—Zaniz.
J J

(Thus the CMC surface in Example also has a dihedral symmetry of order k + 2).
Examples are computed and shown in Figure[3] where the initial condition is chosen so that

(1+2%,1) (1+2,2) (1+2%,2%) (1+2°,2%)

FIGURE 3. Maximal surfaces with rotational symmetry (Example [3.11]),
computed from normalized potentials with the displayed functions

(a(2),b(2)).

the ez-axis is perpendicular to the tangent plane at the point of symmetry. Thus the maximal
surface also has the dihedral symmetry. For these cases, the order n symmetric examples
apparently have n cuspidal cross-cap singularities in the domain computed (a disc around
z=0). The corresponding constant positive Gauss curvature surfaces can be found in [3]],
Figure 4.

4. GENERIC SINGULARITIES FOR MAXIMAL SURFACES IN NIL3

Generalized surface such as those studied here, where there is a well defined normal map
even at points where the surface is not immersed, are called frontals (see, e.g. [14]]). It
is of interest to classify the generic singularities of frontals for a given surface type. The
classification is done at the level of germs and up to differential equivalence, that is up
diffeomorphisms on the source and target. The generic singularity criteria for spacelike
maximal faces in Minkowski space I.> has been given in [23, Theorem 3.1], see also the
definition of "maximal faces" there and in [12, Theorem 2.4]. The generic singularities
are called cuspidal edge, cuspidal cross-cap and swallowtail. All of these singularities
correspond to a curve Y in the coordinate space, called the singular curve. The generic
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singularities are characterized by the behaviour of the normal along the singular curve.
The main ingredients needed, and which we will compute below, are the singular curve,
the Euclidean normal, and the 1-dimensional vector bundle defined by its kernel along the
singular curve. Below we will first give criteria for three standard singularities for maximal
surfaces in Nil3, and then show that these are the generic ones.

4.1. Characterization of Standard Singularities.

Theorem 4.1 (Singularity criteria). Let g be the normal Gauss map of a generalized space-
like maximal surface f in Nil?. Then the singular points of f are given by |g|*> = 1 and f is

degenerate at a singular point p if and only if
/ /
%[g ]—S[f ]+2—0,
§w §o

where I = 9, and the function ® is defined by B.17), i.e., ® = —(2ig.)/(|g|* +1)%. More-
over, f is a wave front at a singular point p if and only if R(g'/ (g*®)) # 0, and the following
criteria hold:

(1) f is o7 -equivalent to a cuspidal edge at p if and only if
/
‘K[g }750 and 3{? }7&—2.

o) o)
(2) f is o -equivalent to a swallowtail at p if and only if

!/

/

g s 1 g\
Fo (HER and 3 [aogrgnf (3 <g2w>) } #0

(3) fis o/ -equivalent to a cuspidal cross-cap at p if and only if

g 1 g\
go THER and R [(log\gw (3 <g2w>) } #0

Proof. Since the induced metric is given by (3.19), it is easy to see that f has a singular
point at p if |g|> = 1. Moreover, around a point p where g(p) = oo the induced metric can
be computed as

(18P o gz p 0= lE2 o
(P~ g

where ¢ = 1/g. The normal Gauss map is nowhere holomorphic and thus the induced metric
at the point g(p) = oo is regular. Thus the first claim follows.

The Euclidean cross product x, of f~!f, and f~! fy» where z = x+1iy, is given by
flUeoxef =2 foxe S
= |o(lg]* — 1) (23 (g)er —2%R(g)e2 + (Ig* + es)
where ® = —(2ig;)/(|g|*> + 1)? as before. Note that at a singular point we have, ®(p) =
—ig,(p)/2 # 0. Then the Euclidean unit normal f~'N, is computed by
1

£ = e (8@~ e+ (1 leP)er).

ds* = 4‘gz’2
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Thus the function p defined by f~! f, xefflfy = pf~'N, is given by

p = (g~ )]/ (1 +]gP)2 + 45

A singular point p € M is called non-degenerate if dp does not vanish at p (see [23]) and
otherwise called degenerate. It is easy to see by using |g|*> = 1 that

dp(p) =23l (4 %),

Since @ = —ig,(p)/2 is assumed non-vanishing, dp (p) vanishes if and only if (dg/g+dg/g
vanishes, which is equivalent to g’ /(g?g’) + 1 = 0. Therefore f is degenerate at a singular
point p if and only if
3(¢'/(s°8)) =R(g'/(88)) +1=0,
which is equivalent to the first conditions.
Next using g and @ at a singular point p, that is |g(p)|> = 1 or g(p) = 1/g(p), we have

fldf = (s0dz+g@dz)(3(g)er — R(g)er — e3).
Thus 1 =i/(gw) is the null-direction of d f at p. A straightforward computation shows that
dN,(p) = ———
N A I

Then the null-direction of dN, at p is proportional to

u:<&)_&.
8 8
It is known that f is a wave front [[17] if and only if det(i,n) # 0, that is,

det(p,n) =3(an) =9<{<if—if> glw} # 0.

Plugging the expression in (3.17) into this, we have the criterion for a wave front. We now
assume that f is a wave front at p, that is, R(g,/(g>®)) # 0 at a singular point p. Then the
singular curve y(¢) with y(0) = p satisfies g(y(¢))g(y(z)) = 1, and thus

® L5+ 55) =0
8 8
on the singular curve ¥(¢). Then without loss of generality, ¥ is given by

@.1) ﬂﬂ=ﬁ<<§>+§)(ﬂ0»

Then using the criterion in [17, Proposition 1.3 (1)], f has a cuspidal edge at p if and only
if

. - 07 8z ~<|g’2+1)2 _ 8z
det(%n)lt_03<m)3<gzw+z L =3 0 +2+£0,

where we use |g|? = 1. Now the relation w(p) = —ig,(p)/2 implies the conclusion.
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We now assume R(g,/(g*®)) # 0 and 3 (g./(g?®)) = —2. Then using the criterion in
[[17, Proposition 1.3 (2) |, f has a swallowtail at p if and only if

ddet(y,n)
— 0
dt =0 7
Then a straightforward computation by using a relation % li=o(|g]*>+1)%|g|2=0o0n|g|=1
shows that
ddet(y,n) 8z . 8z =
vl _g .
dt =0 g’ Z}’+ g*o ZY

Inserting the expressions in (4.1) into the above equation, we have the second criterion.
Finally we consider a criterion for cuspidal cross-caps. It is known that [[12, Corollary
1.5], f at p = y(0) is o/ -equivalent to a cuspidal cross-cap if and only if

(1) m(0) is transversal to 7(0).
(2) 2(0) =0 and £(0) #0.
Here y is defined by (see the proof of [[12, Theorem 2.4])
x = det(f.7,dN.(n),N,).

It is easy to verify that the condition (1) can be computed by

det(%n)zs(m)23< 2 )+2¢o

10

at p. Then the function } can be computed as

/
X =R <g§w> X0,

where ) is a smooth function and it is non-vanishing at p. Thus the condition (2) can be

computed by
g\ _ 8\ . & -
SR<gzw> - ER{<g2w>zH <g2w>zy}#0'

Inserting the expressions in (4.1]) into the above equation, we have the third criterion.  [J

Remark 4.2. The normal Gauss map g for a generalized spacelike maximal surface in Nil% is
nowhere holomorphic harmonic, that is gz is never zero. Therefore, the criteria in Theorem
[4.1]is different from that in [23] Theorem 3.1] and in [12, Theorem 2.4], where the normal
Gauss map g was holomorphic.

4.2. A simplified characterization. We now want to simplify the criteria in Theorem [.1]
using a normalization of the normal Gauss map g at a singular point. First we observe:

Lemma 4.3. Let g be the normal Gauss map of a generalized spacelike maximal surface,
and o = —2ig./(|g|* +1)2. At a non-holomorphic singular point we can choose a coordi-
nate z such that:

(4.2) d(gw)(p) =0, (gw)(p) = 1.
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Proof. Using the harmonic map equation (3.16) we obtain:
d(gw)(p) =3
Since w depends on the choice of coordinates, we can in fact choose coordinates to make the
above expression zero. The new coordinate ¢ is found by solving the equation dzz/ d¢? +
C(dz/d¢)? =0, where C is the value at p of (g, +g(g.)?)/&.. Since (g®)(p) #0, a constant
scaling of the coordinate finishes the proof. g

(g —gg7) dz.

Recall that by (3.18), the Abresch-Rosenberg differential Bdz?, the normal Gauss map
g, and the function ® have the following relation

i
Egz(l) =B.

Putting these expressions into Theorem 4.1 results in the following simplified statement:

Theorem 4.4. Let g be a normal Gauss map of a generalized maximal surface f in Nil3,
with coordinates chosen as in Lemma[.3| at a singular point p. Then the singular point is
degenerate if and only if

3(B)=0 and R(B)=1

at p, and f is a wave front at p if and only if 3(B) # 0. Moreover, writing | = d,, [ is
4 -equivalent at p to a:

(1) cuspidal edge if and only if R(B) # 1 and 3(B) # 0;

(2) swallowtail if and only if R(B) =1 and 3(B) # 0 and 3 (B") # 0;

(3) cuspidal cross-cap if and only if R(B) # 1, 3(B) =0 and 3 (B') # 0.

Remark 4.5. Vanishing of the derivative h; of the support function at a singular point is
related to the vanishing of (gw),. In fact the support function % can be rephrased as

0 = 4|’ (1+g)?,

and a straightforward computation, using the relations |g(p)|?> = 1 and (gw):(p) =0 at a
singular point p, implies that i,(p) = 0 is equivalent to (gw),(p) = 0.

4.3. A construction of singularities through the DPW representation. We now show
how to obtain these singularities via the DPW method described in Section[3.3] A general
holomorphic potential for the DPW method is of the form:

4.3) E(z) =) &ix)A'dz,

where &; is holomorphic and takes values in s[(2,C), and is diagonal for even values of i
and off-diagonal for odd. If & satisfies the regularity condition (3.20), we can write:

0 a2

(4.4) 571 = <b(z) 0

), a(0)£0. B(z):= —b(2)a(z).
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We now want to construct a generalized maximal spacelike surface in Nil; which has a
singularity at p. Let C be a solution of dC = C§ taking values in ASL(2,C)4 and choose
an initial condition

(4.5) C(pA) = Cp = — ( ¢ i€

ﬁ je—ic)—l  pic
that is, at p the Iwasawa decomposition is trivial C(p,A) = F(p,A) and Vi (p,A) = id.
Note that the support % in (3.5) can be computed by h = 4\%, where vy is the leading term
of (1,1)- of the expansion of V. (A) with respect to A. Thus A(p) =4 by vo(p) = 1. Since
ig® = — YV, (g = w1 /Y, ® = iY5°) is given by the product of the half-support //2 with
h, (1,1)- and (2,1)- of F in (3.11)), the map g takes value 1 at p and we have:

> €ASU(2)s, c€R,

Theorem 4.6. Let & be the potential given by and C be the solution of dC = C& with
initial condition {.5)). Then the resulting generalized spacelike maximal surface f in Nil?
through the DPW method has a singular point at p(= 0) € D and the quadratic differential
Bdz* in #@.4) becomes the Abresch-Rosenberg differential for f.

Proof. From the standard procedure of the DPW method, an extended frame F* which takes
values in ASU (2)s can be constructed by the Iwasawa decomposition of C, thatis C = FB,,
where C is the solution of dC = C& with the initial condition C(0) = Cy. Note that B takes
values in ATSL(2,C). Since the initial condition takes values in ASU (2)4, thus the B is
identity at p = 0 and thus Cy = F at 0. Thus the Gauss map g is i at 0 and therefore the
resulting surface f has a singular point at 0. Then a direct computation shows that

F7'F,=B(§/dz)B;' —B,.B}'

holds. Comparing it to U* in (3.10), B(z) in the potential in #3) is the coefficient function
of the Abresch-Rosenberg differential. U

We cannot immediately apply the criteria of Theorem 4.4|to B(z) for an arbitrary poten-
tial, because we also need the normalization conditions (.2)) to hold. In fact any harmonic

map can be represented by a normalized potential & = (b?z) agz))lfldz, as in Example

After a change of coordinate [;a(w)dw, these are included in:

Corollary 4.7. Any holomorphic potential of the form:
0 1 d .
4.6 = A d (z)A'd
“o £~ (g o) e s
satisfies the normalization given in @.2). The maximal surface f obtained by integrating

& with the initial condition .5)) has a singularity at the point z =0, and the singularity
criteria in Theoremd.4|can be applied to the coefficient function B(z).

Proof. From Theorem f has a singular point at 0. Let C be the solution of dC = C&
with the initial condition (4.5]) and consider the Birkhoff decomposition of C as

c=cC.C,,
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where C_ € A, SL(2,C)4,C. € ATSL(2,C)¢. Then C_ gives

e e (0 1Y,
4.7) E=cC" dc_<_B(Z) 0>A dz,

ie. E is a normalized potential. Now consider the Iwasawa decomposition of C_ as
C_=FV,,
where F € ASU(2)5,V+ € ATSL(2,C);. A straightforward computation shows that
FR=v. évi'—dv,v!
holds. Note that F~'F, = U* in (3.10) and it is given by

ph— ( 20ogh)e  GhAT!
—4Bh~ A" —1(logh);)’
where / is the support function and B is the Abresch-Rosenberg differential. Now taking
the holomorphic part of both sides, see for an example [24]], gives

1 N R 1~
E(logh)z = —(log?)., Zh = Vz,

where we denote the holomorphic part of 4 by & and the holomorphic part of V. by V, =
diag(¥,9~!). From these equations h is constant and in particular i, = 0. Moreover, at a
singular point z = 0, .(z = 0) = h,(z = 0,Z = 0) = 0 holds. Finally by the Remarkit is
equivalent to d,(g®)(0) = 0. Since F at z = 0 is given by {.3)), (g®)(0) = 1 clearly holds,
and thus the resulting surface f satisfies the normalization (.2)) at 0. t

FIGURE 4. Top: CMC 1/2 surfaces in E3. Bottom: the corresponding
maximal surfaces in Nil3, with, in order, cuspidal edge, swallowtail, and
cuspidal cross-cap singularities. (Example [4.8)).

Example 4.8. Local solutions for the potential and initial conditions given above at (4.6)
and (@.3) (with & = 0 for i > —1) are computed for the cases
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(1) B=2—i: cuspidal edge at z =0;

(2) B=1—i—iz: swallowtail at 7z = 0;

(3) B =2 —iz: cuspidal cross-cap at z = 0;
and displayed in Figure @ Note: let Eq denote the equator in S? perpendicular to the e3-
axis, and set C := N~ 1(Eq), and Cpne := fume(C), i.€., Come is the set on f.,. corresponding
to the singular set on then maximal surface. Then, in the images, Cy is parallel exactly
to the e3-axis at the swallowtail singularity, and perpendicular to the e3-axis at the cuspidal
cross-cap (see Theorem[@ below).

4.4. The generic singularities for maximal surfaces. To understand the generic singular-
ities for maximal surfaces, first observe that a non-holomorphic harmonic map N through
p € S? is precisely given by an initial condition Fy € SU(2), plus a normalized poten-
. 0 1
tial form: & = <—B(Z) 0
diag(i — i) and F is the SU(2) frame obtained from the potential § via the DPW method,
integrating with the initial condition ®(zo) = Fy. The frame F for N has the freedom of
right multiplication by any map in into the diagonal subgroup K, thus we can assume that
the initial condition Fy is of the form:

< r \/Weic
Fy=

> A~'dz. The map N is obtained as N = Adg E3, whre E3 =

V1 —rleic r

Conversely, given a local harmonic map N, an SU(2) frame can be chosen with an ini-
tial condition of the above form, and the normalized potential obtained via the Birkhoff
decomposition is unique and, after a change of coordinates, has the form of & above.

Thus the data for a local solution for a non-holomorphic harmonic map, and hence for a
local generalized maximal surface f in Nil3 is the triple (r,¢, B(z)) € [0,1] x R/27Z x 0(0),
where 0'(0) denotes the vector space of germs of holomorphic functions at 0. The value of
¢ has no geometric significance, since changing ¢ amounts to a rotation about the es axis,
an isometry of both S? and of Nil?. We therefore, without loss of generality, take ¢ = 0 and
regard the space of local solutions as being [0,1] x &/(0). Additionally, N takes values in
the unit circle in the eje, plane (and hence f is singular) at z = z if and only if r = 1/+/2.
Setting 6(z) = B(z) — 1 in Theorem 4.4 we obtain:

> . rel0,1], ceR/2xZ.

Theorem 4.9. The set of local generalized maximal surfaces f with f(0) = p is in one to
one correspondence with the set [0,1] X O'(zp). If (r,8) is the data for a local solution f,
then f is singular at z = zo if and only if r =1/ V2. A singularity at zg is non-degenerate if
and only if 6(z0) # 0. A non-degenerate singularity at zy is <7 -equivalent to a:

(1) cuspidal edge if and only if R8(z9) # 0 and 36(z0) # 0.

(2) swallowtail if and only if R(8(z0)) =0, 36(z0) # 0, 36'(z0) # 0,

(3) cuspidal cross-cap if and only if 38(z0) =0, R(6(z0)) # 0 and 3(8'(z0)) # 0.

Since the local solution f through p obtained from a pair (r,6) € [0,1] X &(z9) de-
pends analytically on the pair (r,d), it is reasonable to use the codimension in the space
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[0,1] x j*@(0), (where j*&(0) denotes the finite dimensional space of k-jets at 0), to define
the genericity of the local solution. At the k-jet level, an m-parameter family of local solu-
tions is given by a family: ®(s,z) = (r(s), j*8°(z)). For a cuspidal edge singularity, there is,
generically, one condition (7(s) = 1/4/2) on ®(s,—), and for both the swallowtail and cus-
pidal cross-cap there is one additional condition. In other words the space of cuspidal edges
is a co-dimension 1 submanifold whilst the other two are co-dimension 2 submanifolds. A
generic 2-parameter family of solutions intersects these spaces transversely. Therefore, at
the surface level, each of these singularity types is generic. Finally, these are the only singu-
larities in a generic family of solutions: a solution at s is singular if and only if r(s) = 1//2.
Given this, if both the real and imaginary parts of 6°(0) are non-zero then the singularity
is necessarily a cuspidal edge. Otherwise, we can have one more condition in the generic
case, and this is either 3(0°(0)) = 0, or R(5*(0)) = 0, so either a swallowtail or cuspidal
Cross cap.

5. SINGULARITIES VIA THE CAUCHY PROBLEM

5.1. The Cauchy problem for a harmonic map into S?. In view of Example it seems
interesting to compare the behaviour of the harmonic map N along the equator with the type
of singularity of the corresponding maximal surface. Such an investigation involves solving
the Cauchy problem along a curve, which we could then take to be the equator. Note that
it is common to consider Bjorling type problems (where the surface and its normal are
prescribed along a curve) as the Cauchy problem for surfaces in 3-dimensional spaces.
In the case that the Gauss map determines the surface, the problem of constructing all
solutions is similarly addressed by the Cauchy problem for the Gauss map. However, if we
are interested in singularities it is natural to use the Gauss map: for the Cauchy problem
for the surface, it is not clear what curve you should take as your initial curve, since there
are various types of "singular curve". On the other hand, the Cauchy problem for the Gauss
map along a singular curve is clear: the Gauss map takes values in the equator of the sphere.
We therefore describe next how to solve the Cauchy problem for a harmonic map into S?
via the DPW method.

Theorem 5.1. Let J be an interval, and suppose given analytic maps, Ny : J — S and
W :J — S?, such that (W,No) = 0. Then, on an open set U C C containing the real interval
J x {0}, there is a unique harmonic map N : U — S? satisfying the Cauchy conditions:

N(x,0) = No(x), Ny(x,0) = W(x).

The solution is produced via the DPW method with potential:

§(0) = 5 (((912) — DBy + Ka(QEA™ 4 285 (2)Es (k1 (2) + )En + Ka(Q)En)A) d

where K1, Ky and K3 are holomorphic extensions of the functions:

(5.1) 1 (x) = (Ng ), W (x)), K2 () = (N (x), No() x W (), ies = (W' (), No x) x W (x)).
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Conversely, any harmonic map into S* can be locally represented this way in terms of
Cauchy data along a curve.

Proof. The proof is a modification of the proof of Theorem 4.4 of [3l], replacing the Cauchy
data for a spherical surface with the Cauchy data for its harmonic Gauss map. Since a har-
monic map into S? corresponds exactly to a spherical surface, we only need to demonstrate
the formulas for x; above. An extended frame F for the solution has Maurer-Cartan form:
F~'dF = (U,A~" +Uy)dz+ (—U¢' — U,'A)dz. The Cauchy problem can be solved by find-
ing the restriction of this to the real line and then extending holomorphically to obtain the
DPW potential for the solution. The solution potential is thus a holomorphic extension of:

Fy 'dFy = (UA™ ' + U — Uy’ — U, 2)dx,

where Fy is the extended frame for the harmonic map along the curve y = 0. The frame
used in [3] satisfies:

(5.2) N=AdrE;, N,=—AdrE,, NxN,=AdpE,

where E|, E; and E3 are an orthonormal basis for su(2), chosen such that the Lie bracket
is the same as the cross-product. Since N has no branch points, we assume without loss of
generality that N, # 0. Using N, = — Adr E; along y = 0 we can write

Up = (1/2)((,1 —i)E1 + 2E»), Ue = (1/2)(x3 4 di)E3,
where k; and d are some real-valued functions. Then
W' (x) = Nyu(x,0) = — Adp([U - U",E2)), F'E=U-U"
Since U, — U,' = Kk E| + kyE; and Uy — Uy’ = K3 E3, this becomes, using along y =0,
W' (x) = —Kk1No(x) + k3No x W (x).
Similarly we obtain, along y = 0:
N'(x) = KiW (x) + KaNo (x) x W (x).
These give the claimed formulae for k;, k» and K3. O

Remark 5.2. For the purpose of numerical implementations, setting £, = off-diag(—i,—i) /2,
E, = off-diag(1,—1)/2 and E3 = diag(i, —i) /2, the above formula for & becomes:

(5.3)
_1 2K31 (K’z—l—Kli))yil-i-(Kz-i-l—K’]i)/PL
$@=g ((Kleli)k_l+(1K2K1i)7L Dk dz.

From this we see that the regularity condition a(z) # 0, which ensures that the harmonic
map is nowhere holomorphic is:

(5.4 K — K1i # 1.
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5.2. The Cauchy problem along the equator. Using Theorem we can write down a
potential for an arbitrary harmonic map N : C D Q — S? that takes the real line into a great
circle. For the case of the horizontal equator, all possible Cauchy data N and W are of the
form:

(5.5) N(x)=(cos(0(x)),sin(0(x)),0), W(x)= —cos(¢(x))V(x)+sin(¢(x))(0,0,1),
where V (x) = (—sin(6(x)),cos(0(x)),0) is the unit tangent to N, and 6(x), ¢(x) are arbi-
trary real-valued functions such that the speed

v(x) :=6'(x) #0,
for all x. The formulas at (5.1)) are here:

66 K= @)eosd@), ) = Vs, K= ()
The regularity condition (5.4) is ive® # 1, which becomes:

(Vv(])) 7& i(la —7[/2).

If we take the potential (5.3)), with these values of k;, and integrate with the identity as the
initial condition, we obtain a harmonic map N that maps the real line to a great circle in S2.
Because of the choice of frame (5.2)), and the initial condition, we can deduce that the circle
is in the plane spanned by N(0,0) = E3 and N,(0,0). To obtain a map that maps the real
line to the equator in the £ E>-plane, we need to choose a different initial condition, namely
an element Fy € SU(2) that rotates rotates this plane to the E| E»-plane. Differentiating the
formula N = Adf E3, we have

N.(0,0) = Adp[U-U',E;]

= [KE+ Kk, E;), atz =0,

= v(0)(cos(¢(0))E, —sin(¢(0))E: ).
Solving

Adg, E; = Ej, Adg, Ny(0,0) < E,
gives the initial condition:
—ia io

(5.7) Ro= \Z <_;_]e_,.a tea ) . a= (20).
In summary:
Theorem 5.3. Let v and ¢ be a pair of real analytic functions from an interval I into R,
with v(t) > 0. Let N be the harmonic map in S* given by the potential & at (5.3), with &;
given by the holomorphic extensions of the functions at (5.6). Then N maps the real line

into a great circle. If the potential is integrated with the initial condition (3.7), then this
great circle lies in the plane perpendicular to Ej.
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5.3. Singularity type via the Cauchy problem. As always, the product of 2, the (1,1)-
and (2, 1)- entries of the initial condition Ry in (5.7) with A = 1 (see the sentences before
Theorem 4.6)) gives (igw)(p), so we have

(80)(0) = ie ).

To determine the singularity type using Corollary we first remove the diagonal term in
(3.3) by the diagonal gauge D, = diag(exp(— [ik3/2dz),exp([ik3/2dz)) as C; = CDy.
Then C, satisfies dC; = C,&; as

B 0 a(z)A 1 +c(z)A
50~ (o ran o)

where
1 z 1 z
a = —exp i/ K3dz (K2*1*K1i), c= —exp i/ K3dz (K'2+1*K‘1i),
4 0 4 0
1 2 1 2
b= —exp —i/ K3dz ) (—kp—1—K7i), d=—exp —i/ K3dz ) (1 — Kk — K1i).
4 0 4 0

Scaling the coordinate [;a(w)dw by —ie®®® in the proof of Corollary gives the nor-
malization (gw)(0) = 1, and hence:

Theorem 5.4. Retain the assumptions in Theorem |5.3|and take the spacelike maximal sur-
face fin Nil{’ through the DPW method by the potential & with the initial condition in (5.7).
Then f is singular along the interval I C R containing 0. Consider the conformal change
of coordinates § = {(z) given by:

. 4

C(z)= ieil‘P(o)/ a(w)dw,
0

where a(z) is the holomorphic extension of:

a(x) = % (—v(x)sin @ (x) — 1+ iv(x) cos ¢ (x)) exp(—i(¢ (x) — ¢(0))).

Then the singularity criteria in Theorem can be applied to the coefficient function B({)
of the Abresch-Rosenberg differential B({)d{?. As a function of z, we have:

N iv(z) — e
(5.8) B({(2) = W((ZZ))_e—IW)

Note: to obtain the formula (5.8), write

BO)(AL)? = —a()b(z)(d2)? = 288"“@(@)2,

and substitute
4a(z) = (o (2) — 1 — K1 (2)i)e 9% 4b(2) = (—Ka(2) — 1 — K (2)i)e o o,

using the formulas in terms of v and ¢ at (5.6).
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Remark 5.5. At the point z = { = 0, the values that determine the singularity type are:

N 2(v+sing)sin¢
1-RB)|_ =
* )’FO 1+ 2vsing +v2’
R 2sin¢ cos @
B =
3(B)]o 1 +2vsing 41?2

According to Theorem 4.4} we have a cuspidal edge at z = 0 provided:
(CE) 0#¢(0)#£m/2 and v(0)# —sin(¢(0)).

Consider now the criteria of Theorem [.4] for cuspidal cross-cap and swallowtail singular-
ities. The condition 3(B)’ # 0, needed for both singularities, will hold generally provided
¢’(0) # 0. Assuming this, arbitrary choices of v and ¢ that make the first expression above
vanish but not the second, i.e.:

(ST) w(0) = —sin(9(0)), 0 ¢(0) # +m/2

will have a swallowtail singularity at z = 0. Likewise, choices that make the second expres-
sion vanish but not the first, i.e.:

(CO) 0(0)=%1/2,  v(0)# —sin(¢(0)),

will result in a cuspidal cross-cap singularity.

From (5.3), ¢(0) is the angle between N, and the E;E>-plane. Thus, geometrically, the
behaviour of the Gauss map at a cuspidal cross-cap is clear: if coordinates are chosen so
that N, is parallel to the equator, then the cuspidal cross-cap occurs generically if N, (0) is
parallel to the E3 axis. On the other hand, for a swallowtail, the angle between N, (0) and
the E E>-plane must be a specific value depending on the ratio v(0)/1 of the speed of Ny to
the (unit) speed of Ny, namely ¢(0) = arcsin(—v(0)).

FIGURE 5. Solutions to the geometric Cauchy problem using Theorem
[5.4] See Example[5.6] Top: swallowtail. Bottom: cuspidal cross-cap.
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Example 5.6. A local solution for a swallowtail, taking v(x) = —1/v/2 and ¢ (x) = x + /4,
and for a cuspidal cross-cap, taking v(x) = 1 and ¢ (x) = x+ /2 are computed and shown
in Figure |5l Left to right are shown the Gauss map, the maximal surface in Nil3, and the
CMC surface in R3 with the same Gauss map.

6. GEOMETRY OF THE ASSOCIATED CMC SURFACE AND AN APPLICATION

6.1. The equatorial curve on the CMC surface. Let N : D — S? be a nowhere holomor-
phic harmonic map, fix an embedding of S? into R? = su(2), and let f and f,,,. denote the
associated maximal suface in Nil3, and CMC 1/2 surface in R? respectively (see Theorem
. Asin Example let C,pe denote the set fone(C) where C C D is the preimage under
N of the equator in the E| E,-plane, which we may call the equatorial curve in the image of
Jfeme- It is the set of points on the CMC surface where the surface normal is perpendicular
to E5. The map f,. is regular, hence C,,, is a regular curve in R3.

Theorem 6.1. Let N, f and f.,,c be above, and let p be a non-degenerate singular point.
The maximal surface f has a cuspidal cross-cap singularity at p if and only if the tangent
at feme(p) to the equatorial curve is perpendicular to E3, and a swallowtail at p if and only
if the tangent is parallel to E;.

Proof. This follows from the equations (I.I] relating a CMC surface to its harmonic Gauss
map. We can always locally choose coordinates as in Theorem 5.3 with z = 0 correspond-
ing to p. Then the condition (CC), namely ¢ (0) = £7/2 and v(0) # —sin(¢(0)) is equiv-
alent to f having a cuspidal cross-cap singularity. In the notation of Section [I.2] we have
feme = [, and from (I.T)) this satisfies the equations:

fi =NxNy =Ny, fy = —NxN, —N,.

Since ¢(0) = £m/2, we have N, L N, at z =0, hence:

[ (0) [ Nx(0), and  £7(0) [| Ny(0).
Since y(x) = f~(x,0) is locally the equatorial curve, the tangent f (0) to the curve at p is
parallel to N,(0), which is perpendicular to E3. Conversely, if the tangent is perpendicular
to E3 then, by the same equations, N, must be perpendicular to Ny, so ¢(0) = +m/2. The
other condition, v(0) # —sin(¢(0)), holds because we assumed that the singular set is non-

degenerate.
For the swallowtail condition, again using the setup (5.5 of Theorem[5.3] we have:

Ne(0) =v(0)V(0),  Ny(0) = —cos(¢(0))V(0) +sin(¢(0))Es,
and N(0) x V(0) = Ej3. This give:
£7(0) = —NxN.—N,
= —(v(0) +sin(¢(0)))Es3 +cos(¢(0))V (0),

so v(0) = —sin(¢(0)) if and only if f,”(0) is parallel to V(0), or equivalently, since f~
is conformally immersed, f (0) is parallel to f, x N, i.e. parallel to V(0) x N(0) = E3.
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For the converse direction, if the equatorial curve is parallel to E3, the second condition
for the swallowtail, 0 # ¢(0) # +7/2, holds because f~ is regular, so f;~ above cannot be
Z€ro. O

6.2. Spacelike maximal discs with natural boundary. As shown in Section[3.2] there are
no complete spacelike maximal surfaces in Nil%. The simplest “global” regular surface one
can contemplate can be defined as follows:

Definition 6.2. Let S3 := {x € S? | x3 > 0}, and denote its closure by g Let D be a
contractible domain in C and N : D — S? be a nowhere holomorphic harmonic map, with
the property that N maps a closed set contained in D diffeomorphically to g Denote
by Q the open subset N *I(Si). Then the corresponding generalized maximal surface f :
QUIQ — Nil:i; is called a (spacelike) maximal disc with null boundary.

Note that the restriction f|q : Q — Nil} is a regular maximal surface, which extends to
a generalized maximal surface f: D — Nil?, and that the boundary dQ is contained in the
singular set of f.

Example 6.3. We can construct examples of a maximal disc with null boundary by taking
the DPW potential for a CMC sphere, of the form & = (g é)?t_ldz and deforming it

slightly:
0 1\, _
0= (g o)+

where £(z) is some small holomorphic function, for instance a small constant. An example
with &(z) = 0.04 is computed and shown in Figure 6]

FIGURE 6. Example [6.3] Left: Gauss Map. Middle: Maximal surface.
Right: CMC surface.

The example shown in Figure 6| has four cuspidal cross-cap singularities on the singular
curve. These correspond to the four points on the equatorial curve of the corresponding
CMC surface (right) where the tangent is horizontal, as described in Theorem [6.1] This
illustrates a general principle:

Theorem 6.4. Let f: QUIQ — Nil% be a spacelike maximal disc with null boundary.
Suppose that the boundary singular curve is non-degenerate. Then the boundary curve has
at least two cuspidal cross-cap singularities.
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Proof. The corresponding CMC surface in R? is regular, since we assumed the harmonic
Gauss map is nowhere holomorphic. The non-degeneracy assumption implies that the
boundary curve C = JdQ is a regular curve in the open set I containing QU dQ. Since
C is the inverse image under the Gauss map N of the equator, it is a closed curve, and
hence f,(C) is a regular closed curve in R®. The third component function of the curve
Y:C— R3 given by f.uc|c must have at least one local maximum and at least one local
minimum. At these points the tangent is parallel to the £ E>-plane. Hence the claim follows
from Theorem O

Remark 6.5. Theorem [6.4] rules out the existence of a spacelike maximal disc with a cus-
pidal edge as boundary. Note that for the case where the CMC surface is a sphere the
equatorial curve is everywhere parallel to the E|E>-plane. In this case the singular curve is
everywhere degenerate (since B(z) = 0). The corresponding maximal surface is a flat disc
with a fold singularity at the boundary.
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