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Abstract. In this paper, we consider the focusing, L?-supercritical and H2-subcritical
fourth-order nonlinear Schrodinger equations. We show the scattering of group-invariant
solutions below the ground state threshold, under the hypothesis that the threshold for
group-invariant solutions is less than a certain value.

1. INTRDUCTION

We consider the focusing fourth-order nonlinear Schrodinger equation
10 — A*u + pAu = —|ulPtu, (1.1)

where u = u(t,r) is a complex-valued unknown function of (t,z) € R x R% pu > 0
and p > 1. The classical mathematical model for propagation of intense laser beams in
a bulk medium with Kerr nonlinearity is given by the nonlinear Schrodinger equation.
Karpman [21], Karpman—-Shagalov [22] and Fibich-Ilan—Papanicolaou [14] studied (1.1)
to take into account the role of small fourth-order dispersion. In Fukumoto—Moffat [16],
similar equations also appear in the study of a vortex filament in an incompressible fluid.

In this article, we study the global dynamics of (1.1) in the L*-supercritical and H?-
subcritical case, where p satisfies

00 if1<d<4,

1+ 2 ifd>5.

1+§<p<{ (1.2)
There is a number of results on the global dynamics of the fourth-order nonlinear
Schrodinger equation. As for the defocusing equation

10 — A*u + pAu = |ulP~tu,
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2 FOURTH-ORDER NLS WITH GROUP INVARIANCE

Pausader [33] proved global well-posedness and scattering for all radially symmetric initial
data in H%(R?) when d > 5 and 1 < p <1+ 8/(d —4). Note that the radial assumption
in [33] is not necessary when p < 1+ 8/(d — 4) and is removed later in [31, 35] in the
remaining case, p = 1 + 8/(d — 4) when d > 8. We refer the reader to [37] for the low
dimensional L2-supercritical case: 1 < d < 4 and p > 1+ 8/d. See also [36] for the high
dimensional L2-critical case, i.e., d > 5 and p = 1 + 8/d, with L?(R%) data.

Let us turn to the focusing case (1.1). It is widely known that ground state solutions
play an important role in describing global dynamics of nonlinear dispersive equations.
This is also the case for equation (1.1). Miao—Xu—Zhao [30] and Pausader [34] proved the
global well-posedness and the scattering of (1.1) with g = 0 in the energy-critical case,
i.e., the case where d > 5 and p = 1+ 8/(d — 4), for radially symmetric initial data below
the ground state threshold. In [30, 34], the proofs are based on concentration compactness
argument in the spirit of Kenig-Merle [24].

In the inter-critical case (1.2), Guo [17] proved scattering of radially symmetric solutions
to (1.1) for d > 2 and with p satisfying (1.2), below the ground state threshold. The
argument in [17] is based on the concentration compactness argument. Dinh [9] provides
an alternative proof for a result similar to [17], avoiding the use of the concentration
compactness argument. The proof in [9] relies on the approach introduced by Dodson—
Murphy [11]. Tt is worth noting that in both [17, 9], the radial symmetry assumption is
retained, and the one-dimensional case is excluded.

In our previous work [25], we study the scattering problem for (1.1) in the one dimen-
sional case, which was missing in [9, 17], under the evenness assumption. As a result in
this study, we proved the scattering of even solutions below the ground state threshold
under the assumption that the threshold for even solutions is less than a certain con-
stant times threshold for general solutions. The argument in [25] is not limited to the
one-dimensional setting; it can be applied to a broad class of equations under evenness
assumption, or more general group-invariance assumption. As a demonstration, we im-
prove the result [9, 17] by relaxing the radial assumption. Our underlying objective is to
find a reasonable extension of our argument to the multi-dimension framework.

1.1. Sobolev space with group invariance. Let My(R) be the set of d x d matrices
with real entries. Let O(d) denote the set of d x d orthogonal matrices, i.e.

O(d) .= {R € My(R) | R"R = 7.},

where the transpose of a matrix A is written by A7 and Z; denotes the d x d identity
matrix. Note that O(1) = {£1}. We consider a subgroup G of R/27Z x O(d), where
R/27Z x O(d) is a group with the binary operation (+,-). Throughout this paper, we
assume that for any (61,G1), (02,G2) € G, G = Gy implies ; = 0. The assumption
reads as f-part is given as a function of G, and hence we can use the notation G without
confusion to denote not only a matrix but also an element of G. In the sequel, we freely
use this identification. For a subgroup G of R/277Z x O(d), we define the Sobolev space
with G-invariance by

HE = {f e H"RY) | f =Gf, VG € G},
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where Gf(z) = e (f o G N (2) = e f(G'2) for G = (0,G) € G. We remark that
the above assumption of G is a natural one since one has HE = {0} if it fails. In the
sequel, we also freely identify a subgroup of R/277Z x O(d) with a subgroup of O(d) and
denote both by G in spite of the fact that there are several possibilities on the choice of
the 6-part, as the above examples show. We also remark that the radial case corresponds
to the case d > 2 and G,q = {0} x O(d). Other simple examples of G in d = 1 are
Geven = {(0,1),(0,—1)} and Goga = {(0,1), (7, —1)}, which give even subspace and odd
subspace of Sobolev space H*(R), respectively.

Note that since the Cauchy problem of (1.1) with (1.2) is well-posed in H?(R?), it is
obvious that if the initial data uy belongs to HZ, then the corresponding solution u to
(1.1) is also G-invariant, i.e., u(t) = Gu(t) for all G € G, due to the fact that the operators
A and A? are invariant for group actions by R/27Z x O(d) and (1.1) is gauge invariant.

1.2. Main result. Solutions to (1.1) preserve the mass

M(u(t)) := lu(t, z)|*dx

Rd

and the energy
E(u(t)) := |Au(t x)|Pdr + & / IVu(t,z)|*dx — p+1/ lu(t, z)|Pd.
If u =0, the equation (1.1) is invariant under the scaling transformation

ux(t,z) = )\p%lu(/\zit, Ax), A >0.

By direct computation,

_dy 4
fre(ray = X277 ||

[[u(0)]

for all s € R. This implies that the critical exponent of homogeneous Sobolev spaces is
given by

Hs(R?)

(JIsH

. 4
S¢ i&—m 5 — P

We say that (1.1) is L*supercritical and H?-subcritical if 0 < s, < 2. This condition
holds if and only if p satisfies (1.2).

(1.1) has standing wave solutions u(t, z) = ¢“!¢(z), where w > 0 and ¢ is a solution of
the fourth-order elliptic equation

—wp — A%+ puAg + 6P o =0, € R (1.3)
For each w > 0, we define the action S,, by
Su(f) = E(f) + 5M(f).
We say that @, is a ground state solution to (1.3) if

Su(Qu) = inf{S.(¢) | ¢ € H*(R?) \ {0}, ¢ solves (1.3)}.
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Let K be the virial functional defined by
K(f) = oS (A2f ()
=2 [ Af@Pdr -+ [ V@R =355 [ @t

Then we note that every solution ¢ of (1.3) satisfies K(¢) = 0. If p satisfies (1.2), then
for all w > 0,

Su(Qu) = mf{S.(¢) | ¢ € H*(RY)\ {0}, K(¢) = 0}. (1.4)
It is known that there exists a ground state solution to (1.3) for all p > 1 and w > 0 (see
[5, 6], for instance).
In this paper, we consider the following conjecture:

Conjecture 1.1 (Scattering below the ground state threshold). Let d > 1, > 0 and p
satisfy (1.2). Suppose that ug € H*(R?) satisfies

Su(ug) < Su(Q,) and K(ug) >0 (1.5)

for some w > 0, where Q,, is a ground state solution to (1.3). Then, there exists a unique
global solution v € C(R, H*(R?)) to (1.1) with initial data u(0) = ug. Moreover, u scatters
forward and backward in time, i.e., there exist ¢~ € H?(R?) such that

lim [Ju(t) — e A #R gE | o = 0. (1.6)

t—+o0

It is known that (1.1) is locally well-posed for all initial data in H?(R?). Further,
if an initial data w satisfies (1.5), then by the variational analysis, we see that the
corresponding solution u exists globally in time and ||u|| e 2 (rxrey < 00 (see Lemma 3.4
for instance). For any interval I C R, we define a scattering size by

[ullxy == ||U||L‘§1L;(1xﬂad),

4(p—1)(p+1)

5@ -1 Lhen for all global solutions u of (1.1), the boundedness

wherer =p+1,¢1 =
of the scattering size
[l x ) < oo
implies the scattering (1.6) (see Proposition 2.8). For w > 0 and for L > 0, we define
Co(L) = sup{||ul|x) | Sw(uo) < L, K(ug) > 0},

where the supremum is taken over all solutions u to (1.1) defined on I x R? with initial
data uy € H%(R?). By using Propositions 2.7 and 2.9, we see that C,(L) is sublinear for
small L > 0 and that L — C, (L) is non-decreasing and continuous whenever C, (L) is
finite. Let

L7, :=sup{L € [0,00) | C,(L) < o0}.

Then Conjecture 1.1 is equivalent to L} = 5,(Q.). Note that L < S,(Q,,) follows from
C(S.(Qw)) = oo, which is a consequence of the fact that ||e™!Q, || x®) = co. For w > 0
and for L < 0, we define the criterion for G-invariant solutions by

Caw(L) = sup{l[ul x| Su(uo) < L, K(uo) > 0},
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where the supremum is taken over all G-invariant solutions u to (1.1) defined on I x R?
with initial data ug € H. Let

L., = sup{L € [0,00) | CalL) < oo},

By the definition, Cg (L) < C,(L) holds and hence Ly, , > L;,. Our goal in this paper
is to establish the lower bound

L*G,w Z Sw(Qw) (17>

This implies that Conjecture 1.1 holds true for any G-invariant solutions. Note that if
there exists a G-invariant ground state then one has the other inequality

L < Su(Qu),

which shows the sharpness of the criterion (1.5). However, the symmetry of the ground
states is only partially understood (see Remark 1.8, below).

For a subgroup G of R/277Z x O(d) and for w > 0, we define
Mew = inf (#Gx)Lszw,

|lz|=1

where Gz = {Gz | G € G} and G, = {G € G | Gz = x} is a subgroup of G. Our main
result is stated as follows.

Theorem 1.2 (Main result). Let d > 1, > 0 and p satisfy (1.2). Let G be a subgroup
of R/277Z x O(d) and w > 0. Then (1.7) holds true under the hypothesis L, < ma..-

Remark 1.3. We point out that by using Proposition 2.9 in Section 2, we see that
L., < mg holds in general. Hence, the hypothesis in Theorem 1.2 reads as the failure
of the identity.

Remark 1.4. The hypothesis Ly, , < mg,, implies that inf,=; #Gz > 2. Indeed, if

inf|, =1 #Gx = 1, then there exists w € R? such that |w| = 1 and #Gw = 1. Since
Gy =1{G € G | Gw = w} is a subgroup of G, we have Ly, , < Lg . Therefore,

maw < (#Gw)Lg, , < L,

which contradicts the hypothesis. Note that inf|,—; #Gx > 2 is equivalent to the condi-
tion that for all z € R?\ {0}, there exists G € G such that Gz # z.

Remark 1.5. If mg,, = oo, the hypothesis L, , < mg is not necessary in Theorem 1.2.
Indeed, if Ly, = oo, then (1.7) is clear since the action of ground states is finite. Note
that if inf ,—; #G2 = oo, then since L, , > L for all z € R?, we have

MG > (inf #Gx> L} = oc.

|z|=1

In the radial case Gyaa = {0} x O(d) with d > 2, one has infj,— #Graazr = 00 As
mentioned above, (1.7) was proved in this case. Theorem 1.2 is an extension of these
previous works. We also remark that inf|,;—; #Gz = oo is equivalent to the compactness
of the embedding HA(RY) — LP(RY) for 2 < p < 2* := 2d/(d — 2) (see [2]). In our
argument, the feature of a group G satisfying inf|;—; #Gx = oo can be characterized
as the validity of the profile decomposition without spatial translations for a bounded
sequence in HZ (see Remark 4.3).
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Remark 1.6. Recall that (1.7) is still open in the case that d = 1 and G = {0} x {1, —1},
i.e., in the case that HZ is a set of even functions in H%(R). In [25], we proved (1.7) under
the assumption that Ly , < 2L} Theorem 1.2 is an extension of this result. Indeed, for
all z # 0, we have #Gx = 2 and G, = {0} x {1} and hence m¢,, = 2L,

Remark 1.7. Inui [19] used the group-invariance assumption to obtain scattering results
for the nonlinear Schrodinger equation above the ground state threshold. In [19], it is
assumed that either #G < oo or infy—; #Gx = oo holds. Note that our result gives
a partial answer in the case that #G = oo and inf|,—; #Gx < co. An example in our
mind is the block-radial symmetry G = O(d;) X --- x O(dy) with dy + - -+ 4+ dj, = d. One
easily verifies that inf,—; #Gx = oo if min;<;<xd; > 2. On the other hand, it holds
that infj, - #Gr < oo = #G when min;<j<;, d; = 1 and max;<j<; d; > 2. Indeed, when
di =1,dy =2, and d = 3, we have #(0(1) x O(2)) = oo and

{G(x1,22,73) | G € O(1) x O(2)} = {&m1} x (22 + 22)25").

Hence, infj,—; #{Gz | G € O(1) x O(2)} = 2. The block-radial cases are also considered
in [20].

Remark 1.8. The symmetry breaking of ground states of (1.3) occurs when u < 0.
Lenzmann-Weth [28] proved that all least-action solutions to (1.3) fail to be radially
symmetric when d > 2, u < 0,1 < p <1+4/(d— 1) and w is slightly larger than u*/4
(see also [29]). However, these nonradial ground states can still be even functions. By
using the Fourier symmerization methods in [8, 27], one can prove that if p is odd and
1 <p<1+8/(d—4),, any ground state of (1.3) for w > ©?/4 must be an even function
up to a translation. It is expected that the symmetry breaking for ground states of (1.1)
does not occur in our case, i.e., when p > 0. Indeed, Boulenger-Lenzmann [7] proved
the existence of radially symmetric ground states for (1.3) when ¢ > 0 and p is an odd
integer.

Remark 1.9. It is conjectured that solutions of (1.1) with p satisfying (1.2) blows up in
finite time if the initial data ug satisfies

So(ug) < S,u(Qn) and K (ug) < 0.

It is still an open question. In the case d > 2, Boulenger-Lenzmann [7] proved finite
time blow-up for radially symmetric solutions to (1.1) with p satisfying (1.2) and p < 9.
Their proofs are based on localized virial identities for (1.1), which are analogous to virial
identities introduced by Ogawa-Tsutsumi [32] for the second-order nonlinear Schrodinger
equations. To establish the localized virial identities, the radial Sobolev inequality was
employed. Because of this, the radial assumption with d > 2 is required.

Let us briefly recall the results in [9, 17, 25].

Theorem 1.10 ([9, 17]). Let d > 2, =0 and p satisfy (1.2). Suppose that ug € H*(R?)
18 radially symmetric and satisfies
2—sc 2—sc
M (uo) e E(ug) < M(Q) > E(Q), (1.8)

luoll 2 1 Auollze < 1QNl 2 [AQIILe, (1.9)
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where Q) = Q1 is a ground state solution to (1.3) with w = 1. Then, there ezists a
unique global solution u € C(R, H*(RY)) to (1.1) with initial data u(0) = ug. Moreover,
u scatters forward and backward in time, i.e., there exist p* € H*(R?) such that

lim [Ju(t) — e ™ ¢*| g2 = 0.
t—+oo

In the case p = 0, the condition (1.8)—(1.9) is equivalent to (1.5) for some w > 0. In
9], Theorem 1.10 is also proved in the case > 0 under the similar conditions (1.8) and
(1.9), where the ground state @) and its energy E(Q)) in the threshold are defined as those
corresponding to the case p = 0. Note that when g > 0, our scattering condition in
Theorem 1.2 improves on that in the result of [9] (see Remark 3.2).

As mentioned above, the radial assumption is used in Theorem 1.10. One motivation for
the use of the radial assumption can be explained by the absence of Galilean invariance,
a characteristic property of fourth-order Schrodinger equations. In [17, 25], the proofs
of Theorem 1.10 are based on the argument introduced by Kenig-Merle [24] for proving
global well-posedness and scattering for the focusing energy-critical nonlinear Schrodinger
equation (NLS). We also refer to Holmer—Roudenko [18] for the focusing 3D cubic NLS in
the radial case. Roughly speaking, the argument begins reformulating the problem as a
variational problem, where the failure of the theorem implies the existence of a phantom
optimizer to the problem. Then, the existence of the phantom yields a contradiction,
which completes the proof of the theorem. The phantom optimizer is often referred to as
a manimal blowup solution or a critical element.

We recall that, in the case of usual second-order NLS, the scattering results is extended
to the nonradial case (see [1, 13, 10, 12, 26]). For the second-order NLS, by using the
Galilean invariance of the equation, one can control the spatial shift of a critical element,
which enables the contradiction argument via the virial identity. However, in the fourth-
order case, the lack of the Galilean invariance makes control of the spatial shift hard. The
radial assumption immediately stems this step. In the previous study [17], which follows
the argument in [18], the following radial Sobolev inequality was employed to show the
spatial localization of a critical element: Let f € H'(R?) be radially symmetric. Then for
all R > 0,

1 1

[f 1z (jaf>r) < CRi%Hf|‘1§2(|x\>3)|’VfHZ2(|x\>R)a (1.10)
where C'is a constant independent of f and R. When d > 2, the above estimate (1.10)
implies that radially symmetric functions enjoy the stronger spatial decay as |z| — oc.
This improvement makes the analysis simpler in several respects. For instance, one may
deduce that no spatial translation is involved in the linear profile decomposition for se-
quences of radially symmetric functions. We remark that (1.10) is also used in [9] to
control the error of a localized virial identity.

In one dimensional case, however, there is no advantage in view of the uniform decay
property such as (1.10). In our previous work [25], we proved Theorem 1.10 for d = 1
under the additional assumption that L7, < 2L*, where L}, = Lg, with G = {0} X
{1,—1} and L* = L}. The main ingredient of the proof in [25] is to establish the profile
decomposition for even functions in H?(R). It follows from the evenness assumption that
if there exist profiles with an unbounded space shift, such profiles must appear as a pair.
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By using this fact together with the assumption L} ., < 2L*, we see that the action of

even
each profile in the decomposition of the sequence optimizing L’ . is less than L* if it has

even
an unbounded space shift. Then the solution with such a profile as initial data scatters,
which leads to contradiction. Consequently, we can construct a critical element that does
not shift.

In the proof of Theorem 1.2, we extend the argument in [25] to the case of group-
invariance setting in general spatial dimensions. For a sequence of G-invariant functions
in H?(RY), we derive the profile decomposition, in which each profile with an unbounded
spatial shift is G,,-invariant and appears as a pair of #Gw profiles for some w € S
Moreover, we see that each of these pairs is G-invariant. By using this profile decomposi-
tion and applying the concentration compactness argument, we can show that a sequence
optimizing Lg, , is consist of only one pair of profiles. At this point, however, there are
#Gw profiles in the pair. If Ly, , < mg,, then the action of each profile is less than
Lg,, .» which leads to contradiction. Therefore, we can assume that the critical element
does not shift in the proof of Theorem 1.2.

The rest of the paper is organized as follows: In Section 2, we recall the Strichartz type
estimates for the linear fourth-order Schrodinger equation. We also give a small data
theory and prove a long-time perturbation theory. In Section 3, we study the ground
state (), and give some lemmas. In Section 4, we establish a linear profile decomposition
for a sequence {f,} of G-invariant functions uniformly bounded in H*(R?). In Section
5, we construct a critical solution, which is a target counter example in contradiction
argument. Finally, in Section 6, we prove Theorem 1.2 by contradiction.

2. PRELIMINARIES
We consider the linear fourth-order Schrodinger equation
10w — A%u + pAu = 0, (t,r) € R x RY,
{u(O, x) = up(x), r € R
The linear propagator associated with (2.1) is given by
MO —ut) o 1 [ it ale?) f(,g)] 7

~

where Ff = f is the Fourier transform of f and F~!'f is the inverse Fourier transform of
f_ Since |e_it(|§|4+u‘£|2)| = 1’

—q 2_
e D fl 2 = 11F 2o (2:2)

Ben-Artzi-Koch—Saut [3] studied the dispersive estimates for Schrodinger equations with
fourth-order dispersion. Applying their result, for ;1 > 0, we have

—_it(A2— _d
e AR Fl poe S E75 | £l (2.3)
and

o, —it(A%— —d
|07 D fl e S 2NN, (2.4)
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for all a € Z¢ such that |a| = d. Interpolating (2.2) and (2.3), for 2 < r < oo,
e S i ] 1 (2:5)

From the above dispersive estimates, we obtain the following two types of Strichartz
estimate.

Lemma 2.1 (Strichartz estimates for biharmonic admissible pairs). Letd > 1 and p > 0.
Suppose that pairs (q1,71) and (qa,72) satisfy
QSQj7Tj§007 (QJvrjad)#<2aoov4) and %+%:%7 fOT’jzl,Z. (26>
Then for any I C R and ty € 1,
He—it(Az—uA

Proof. We can prove Lemma 2.1 by using (2.5) and the theorem in Keel-Tao [23]. O

)fHLfngl(Ide) 5 HfHLg(Rd),

S 1)

~Y

ab vl .
L,2L,2(IxRd
LIV LI (IxRY) o La® (IXR)

t
/ e”'(t’s)(AQ’“A)F(s)ds

to

Lemma 2.2 (Strichartz estimates for Schrédinger admissible pairs). Let d > 1 and p > 0.
Suppose that pairs (q1,71) and (qa,72) satisfy

2 <gj,r; <00, (gjrj,d)#(2,00,2) and q%_—F Tij = %, for j=1,2.
Then for any I C R and ty € I,
—q 2_ -2
e A #A)fHLZlL;l(Ide) SV qlf”Lg(Rdw

¢
/ e_i(t_s)(AQ_“A)F(s)ds

2 2
< _2_2
o ~ |||V| a qQF“L;z’QL;’Q .

(IxR%)

LV Ly (IxRE)

Proof. Lemma 2.2 follows from (2.4) and the theorem in Keel-Tao [23]. O

Corollary 2.3. Let d > 3 and pn > 0. Suppose that (q,r) satisfies (2.6) without indices.
Then, for any I C R and tg € 1,

t
HA/ IO F(s)ds SIVEN e
to LILT (IxRA) LILIH? (IxR)

Proof. Corollary 2.3 follows from the Sobolev inequality and Lemma 2.2. U

From the above Strichartz estimates, we have the following local well-posedness for
H%-initial data.

Proposition 2.4 (Local well-posedness in H?). Let d > 1, u > 0. Suppose

{p22 ifd=1,2,

L+ 2<p<l+g fd=3
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Then, for any uy € H*(R?), there exist T, T* € (0,00) and a unique solution u to (1.1)
with initial data u(0) = ug such that

u€ C((~T, T, H*(RY)) N LY

loc

(=T, %), W*"(R7))

for all (q,r) satisfying (2.6). Furthermore, we can choose T, and T* to be non-increasing
functions of ||uo||gz. Moreover, u satisfies M(u(t)) = M(ug) and E(u(t)) = E(ug) for all
te (=T, T%).

Proof. See [9]. O

To prove the scattering result, we need the following Kato type inhomogeneous Strichartz
estimate.

Lemma 2.5 (Kato type estimates). Let d > 1 and p > 0. Suppose that qi,q2 and r

satisfy
< 00 if1<d<3,

l<qi,gpo <00, 2<r{ <0 if d =4,
<2L ifd>5
and
d
Lpl_dg_2) (2.7)
Then for any I C R and ty € I,

t
—i(t—s)(A%—pA)
e F(s)ds SF o . 2.8
/to () L9 L (IxRY) | HLZZLQI(IXW) 29
Proof. By using (2.5), we have
t t
/ e”'(t’s)(AQ’“A)F(s)dS 5/ e’i(t’S)(AZ’“A)F(s)‘ ds
to Lr to Lz
t d 1 2
S [ 1= s BIFE) s
to
Hence, from the Hardy-Littlewood-Sobolev inequality and (2.7), we obtain (2.8). O
Throughout this paper, for 1 +8/d <p <1+ 8/(d —4); we fix
_ A=D1+l _ _4p-D(p+1)
0= 3@’ © = @p-nop-n-5
Then (g, r) satisfies § + ¢ =% and (¢:,7) and (go, r) satisfy
4 ,d_ 4 _d 4, d_ 4 _ d
q_1+;_pTl_2_SC’ q_2+;_d_pTl_§+SC'
In particular, we have qil + qig = %(1 — %) For any time interval I C R, we define function

space X (I) with norm

lullx) = ||u||L‘“Lg(1de)~
t
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We also define

||F||N([) = ||F||LZ/2LQI([><Rd)‘

Lemma 2.6 (Nonlinear estimate). Let ty € R and let I be a time interval which contains
to. Then

Proof. By using Lemma 2.5,

t
/ei(ts)(AQ“A)(uv)(s)ds

to

5 ||u||LglL;'(I><Rd) HUHLgl/(P*l)L;/(p—l)(IXRd)'
X(I)

t
/ e i(t=s)(A%—pd) (uv)(s)ds S luv|| v
to X
Since ¢4 = % = q/p and r’ = ’%1 = r/p, by using the Hélder inequality, we
have
Juv|ny < HuHLglL;(IXRd)HUHLgl/(Pfl)L;/(pfl)(IXRd)'
This completes the proof of Lemma 2.6. U

By using Lemma 2.6, we have the following small data theory.

Proposition 2.7 (Small data). Let d > 1, p > 0 and let p satisfy (1.2). There exists
small 6sq > 0 such that the following holds. Let I be a time interval which contains to. If
ug € H*(R) satisfies

—it(A2—uA)

e uo | x (1) < dsa;

then there exists a unique solution u € X (I) to (1.1) with initial data u(ty) = uy. More-
over,

<2 H e—it(AQ—MA)

||U||X(I) Uo||X(1)'

Proof. We can prove Proposition 2.7 by using Lemma 2.6 and applying the standard
contraction mapping principle. 0

In the proof of Theorem 1.2, we will use the following scattering criterion.

Proposition 2.8 (H?-scattering). Let d > 1, u > 0 and let p satisfy (1.2). Ifu €
C(R, H*(R?)) is a global solution to (1.1) and satisfies

Jullx@ < oo, and |ull e p2@xmra) < 00,
then u scatters forward and backward in time.

Proof. See [9] for the details. O

The following long-time perturbation theory plays crucial role in the concentration
compactness argument (in Section 5).
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Proposition 2.9 (Long-time perturbation theory). Let d > 1, p > 0 and let p satisfy
(1.2). For each A > 1, there exist §g = 6o(A) < 1 and C = C(A) > 1 such that the
following holds. Let I C R be a compact time interval, and let @ € C(I, H*(R?)) be an
approzimate solution of (1.1) in the sense that

10y — AT+ pAT = —|aP "+ e,

for some e € N(I). Let tg € I and up € H*(RY). If
lallxay <A, lellvay <0

and

e =BT (G tg) — )| x(r) < 6
for some 6 € (0,0y], then there exists a solution u € C(I, H*(R?)) to (1.1) such that
u(ty) = ug. Moreover, u satisfies

|lu — @l x < C6.
Proof. Put u =@+ w and let F(z) = |2[P~!2. If w solves the equation
i0hw — A*w + pAw = F(i +w) — F(i) — e (2.9)

with initial data w(tg) = ug — u(tg), then u solves (1.1) with initial data u(tg) = wo.
Without loss of generality, we may assume inf / = ¢y. Since ||@||x) < A, we can partition
I into N = N(A) intervals I; = [t;,t;41] such that for each j,

[allxy <m

for some 1 > 0 sufficiently small to be chosen later. The integral equation of (2.9) with
initial time ¢; is given by

t
w(t) = e A =AY (¢ ) — z/ ¢ =N =B [P(§ 4 w) — F(@) — €](s)ds.  (2.10)
tj

We define
@;(w)(t) 1= e IS Ny 1)

t

— z/ e =)A= R (G 4+ w) — F(@) — €](s)ds,
tj

and let

Bj = [|e A 18y ()] )

Then by using Lemma 2.5, we have
195 (w)lxqzy) < e E 10w ()| xqsy + el (i + w) = F(@)| nay
+ cllellvay)
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where ¢ is a constant depending on r = p + 1. By Lemma 2.6,
|F (i +w) = F@)llvay S (lalbxa) + lwllxan)” lellxa)
S 0+ lwllxay)”™ lwlxay. (2.12)
Let
X, = {u € X(I) | Jullxqy < 2(B; + )},
If n and B; + ¢d are sufficiently small, then from (2.11) and (2.12) we have
1@ (w)lx(z,) < 2(Bj + )

for all w € X, and so ®;(w) € X;. Moreover, if n and B; + ¢d are sufficiently small, for
all wy, wy € X; we have

@ (w1) — @;j(w2)|x(r,) < | F(a+wy) — F(i+ws) | vy < gllwr — wallxy)

and so ®; : X; — X is a contraction mapping. Hence, applying the fixed point theorem,
there exists an unique w € X; such that ®;(w) = w. Now take t = ¢;;; in (2.10) and
apply e~ ii=ti+1)(A%=ud) ¢4 hoth side to obtain

e Ut ATy (1) = T HIAT 1Ay (1)
tivr 2
y / eI P (i 4 w) — F(@1) — ¢] (s)ds.
tj

Since the above Duhamel integral is confined to I; = [t;,¢;41], by using Lemma 2.5, we
have

Bj+1 S Bj + co + CHF(& + 'lU) — F<ﬁ')||N(I]) S 2(B] + 05),

if n and B; + ¢d are sufficiently small. Iterating this, we obtain

J
Bj < 2By+cdy 28 <206 +2(20 - 1)ed
k=1

for all 0 < j < N — 1. Thus, we can take 6 = §(IV) > 0 sufficiently small so that by an
inductive argument, we get w € X; such that ®;(w) = w for all 0 < j < N —1. Therefore,
we obtain a solution w of (2.9) such that

|lwllx () < 2(B; + ¢d) < 27716 4 2(271 — 1)cs
for all 0 < j < N — 1. Hence,

N—
wl|x (1 2ﬂ+1+22ﬂ+1 1)c).
(D
7=0

This completes the proof of Proposition 2.9. 0
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3. VARIATIONAL ANALYSIS

In this section, we prepare some variational lemmas.

Lemma 3.1 (Variational characterization of ground states). Let d > 1, u > 0 and p
satisfy (1.2). Let w > 0 and @, be a ground state of (1.3). Then,

Su(Qu) = f{S,(9) | ¢ € H*(RY)\ {0}, K(¢) <0},

where

SW(Cb) = S,(0) — d(p— 1)K(¢)
_ / Agde + (% + 72 / VoPdr + ¢ / 16[2dz.

Proof. By the definition of S,,, we see that if K(¢) = 0, then S,(¢) = S,,(¢). Hence, we
have

Su(Qu) = nf{S.(9) | ¢ € H*(RY)\ {0}, K(¢) < 0}. (3.1)
Let ¢ be such that K(¢) < 0. For any A > 0, we have

E(\g) =\ (2 / 1Adfdr + g / d |v¢|2dx) N / |+ dz.
Since K (¢) < 0, there exists 0 < A9 < 1 such that K(\y¢) = 0. Thus,
Su(Qu) < Su(Mod) = Su(Mod) = AjSu(9) < Sul(®).

Therefore, we obtain

8u(Qu) < nf{Su(0) | ¢ € H*(R)\ {0}, K(9) <0}, (32)
Lemma 3.1 follows from (3.1) and (3.2). O

Remark 3.2. Suppose that > 0 and vy € H?(R?)\ {0} satisfies the scattering condition
of the result in [9], that is,

2—sc
" (uo) Blug) < M= (Q)Eo(Q), (3-3)
2 Sc
T1AQ .2, (3-4)
where @ is a ground state solution of (1.3) with =0, w =1, and Ey(Q) = 1 [ |AQ|* —
ﬁ [ 1Q[PTt. Then, there exists w > 0 and a ground state solution Q,, of (1.3) such that
ug satisfies (1.5). Indeed, taking w = % and using (3.3), we have

2—sc Sc 2—sc Sc
wM (u "2 (E(u 2 wM "2 ([ E 2
Sulwo) = (5) T (P) T < (5318) T (@) " (35)
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Let Sow, gO,w and K, be functionals corresponding to the case p = 0. Let Ny, be a
functional defined by

N07w(f) = inf So’w<T)\f) = SO’M(TAf> Y 1
A0 ‘A(m\_)é{&”)z

2—sc Sc
_ (weM()) 2 [(EH))?
_ (2(2_86)) ( o ) , (3.6)

where (T\f)(z) = )\ﬁf()\a:). From (3.5) and (3.6), we have S, (up) < Npo(Q). Let

Qow(x) := wﬁQ(wix). Then, Qo is a ground state of (1.3) with u = 0 and Ny, (Qo ) =
Now(Q). Hence, we obtain

Sew(uo) < Now(Qow) = So.w(Qow)-
Since Ko(Qu) = —p [ [VQu[* <0, from Lemma 3.1 we have
SO,w(QO,w) < SO,w(Qw) < Sw(@w) = Sw(@w)

Therefore, S, (up) < S.(Q.). Similarly, we can show S, (ug) < S,(Q.,), and so K (ug) > 0
by Lemma 3.1. Note that the equality of Sy, (Qow) < S.(Q.) holds if and only if 4 = 0.
This implies that when p > 0, there exists ug such that (1.5) holds for some w > 0 and
(3.3)—(3.4) does not hold.

From (1.4) and conservation laws, for each w > 0, the set of functions satisfying (1.5)
is invariant under the flow of (1.1).

Lemma 3.3 (Invariant set). Letd > 1, > 0 and p satisfy (1.2). Let w > 0 and Q,, be a
ground state of (1.3). Letu € C(I, H*(R?)) be a solution to (1.1). If S,(u(to)) < S,(Q.)
and K (u(ty)) > 0 for some ty € I, then S,(u(t)) < Su(Qw) and K(u(t)) > 0 for allt € I.

Proof. Suppose that S, (u(ty)) < S,(Q.) and K(u(tg)) > 0 for some ty € I. Then,
by the conservation laws, we have S, (u(t)) = S,(u(ty)) < Su(Qu) for all ¢t € . If
K(u(t;)) < 0 for some t; € I, then by the continuity of K (u(t)), there exists to € I
such that K(u(ty)) = 0. From (1.4) this implies that S, (u(t2)) > S,(Q.), which is a
contradiction. O

To prove rigidity for a critical element in Section 6, we use the following coercivity
lemma.

Lemma 3.4 (Coercivity). Let d > 1, p > 0 and p satisfy (1.2). Let w > 0 and Q,, be a
ground state of (1.3). Letu € C(I, H*(R%)) be a solution to (1.1). If S,(u(to)) < S,(Q.)
and K (u(ty)) > 0 for some ty € I, then u exists globally in time, i.e., I = R. Moreover,
there exists a constant § > 0 such that for all t € R,

K(u(t) > o([|Au(®)][Z2 + pllVu()12)- (3.7)
Proof. From Lemma 3.3 we have K (u(t)) > 0 for all ¢t € I. Hence,
Su(u(t)) = Su(u) = 52 K (u(t)) < Su(u) < S.(Qu)

d(p—1)
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for all t € I. This implies that ||u(t)|| g2 is uniformly bounded in ¢ € I, which proves the
global existence. Now we will prove (6.6). Let

1
_ (Su@u)) 7
A o (T(IL)) > 1-

By using K (u(t)) > 0, we have

1

5 (Qw) T 8uQu) |
)\ — _ w w < ( ~w w )p
(mu(tmﬁmwm) S (u(t))

for all t € R. Hence,
Su(u(t)) < NS, (ult)) < WS, (u(t)) < Su(Qu)
for all t € R. From Lemma 3.1, this implies that K (Au(t)) > 0. Thus, we obtain
K (u(t)) = A" E () + (1= A""D) 2l Au(t) |72 + ul Vu(t)]72)
> (1= AT (| Au®)]72 + ul Vu®)]72)
for all £ € R. This completes the proof of Lemma 3.4. O

4. PROFILE DECOMPOSITION

In this section, we derive a linear profile decomposition of a sequence of G-invariant
functions for the biharmonic Schrodinger propagator.

Proposition 4.1 (Profile decomposition for a sequence of G-invariant functions). Let
d>1, p >0 and p satisfy (1.2). Let G be a subgroup of R/27Z x O(d). Let {f.} be a
sequence of G-invariant functions uniformly bounded in H%. Passing to a subsequence if
necessary, there exists J* € {0,1,...} U{oo} and for each j € [1, J*|, there ezist a subgroup
G’ of G, a GI-invariant function ¢/ € HZ; \ {0} and a sequence (], z3) € R x R with

nr'n

the followmg properties: For each j € [1,J*], NI := #(G/G?) < oo, and so, there exist
1,6 € @ such that G =y, GLGY and GLGI N GIGI = O for any k # 1. For each
1< J < J* we have the decomposition
Z AT () + R (x), (4.1)
j=1

where for each j € [1,J], ¥ is given by

N
=> Gl [ -], (42)
k=1
and R! is a remainder term. Furthermore, the following properties hold:
(1)

thl lim sup ||e (4"~ R xry = 0. (4.3)

n—oo
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(ii) For each j € [1,J*], either x], = 0 or lim, o |2),| = 00 holds and either t}, = 0,

lim,, oot/ = —00 or lim, ,o t) = 400 holds. If 1 < j # k < J*, then for all
Gg,¢g e€d,
: J 4k i _ ok —
i {1 23]+ Ig ~ G'ak]} = o0 (11
(iii) If 7 = 0, then G =G, NN =1 and ) = ¢. If |2)| — oo, then we may
assume that i—j"‘ converges to wi € ST = {z € RY | |z| = 1}. In this case,
G' =Gy ={G € G| Guw =w'} and N7 = #Guw!. Moreover, ) is G-invariant
and
VI(-+Gal) = G weakly in H*(RY)  for all G € G, (4.5)
T 10312, = (RGuI I, for all 0< <2,

(iv) For each 1 < J < J*,

J
lim {an||2~s = N, - ||Ri||2~s} =0 forall 0<s<2. (4.7)
n—oo

j=1
Remark 4.2. In [19], the similar profile decomposition for G-invariant functions for the
second-order Schrodinger propagator is obtained under the assumption that #G < oo.

Remark 4.3. If |27 | — oo, then inf,_; #Gz < #Guw’ < oo. Therefore, if inf),_; #Gx =
00, then x/ = 0 for all j € [1, J*].

To prove Proposition 4.1, we prepare some lemmas.

Lemma 4.4. Let f € H*(R?), and let {(t,,z,)} C R x R? be such that |t,| + |x,| — oc.
Then,

efitn(AL#A)f(x +x,) — 0 weakly in H*(RY).

Proof. Lemma 4.4 can be proved by using a density argument and (2.5). We omit the
detail. U

Lemma 4.5. Let G be a subgroup of R/27Z x O(d) and { f,} be a sequence of G-invariant
functions uniformly bounded in HZ. Suppose that there exists a function ¢ € H*(R?)\ {0}
and a sequence (t,,r,) € R x R such that

eI (a4 @) = ¢ weakly in H(RY) (48)

and |z,| — o0 as n — oco. Then passing to a subsequence, we may assume that =

converges to some w € S¥1. Moreover, #Gw < o0o.

Proof. Since |z,| — oo, we may assume that x, # 0 and € S9-1. Hence, passing to

Tn

a subsequence if necessary, (o] converges to some w € S?1. Then we may assume that
n

T, = |z, w for sufficiently large n.
Now we prove #Gw < oo by contradiction argument. For z € R? and » > 0, we define

m(x,r) := sup{N € N | there exists Gi,...,Gy € G
such that B,.(G; 'v) N B,.(G; 'z) = 0, for all k # [}.



18 FOURTH-ORDER NLS WITH GROUP INVARIANCE

Suppose that #Gw = oo. Then for each r > 0, we have

lim m(z,,r) = oo.
n—o0

Hence, since f, is G-invariant and uniformly bounded in H?(R?), if n is sufficiently large,
then

[ fnll g2

[l 2B, 20)) < miarsy <€

By using (4.8), for any r > 0 we obtain

01l 2B, (0)) < limsup || full 2B, 20)) < €

n—o0

On the other hand, taking r > 0 sufficiently large, we have

Dl 2R\ B, 0)) < €-

Therefore, we have ||¢|| g2 < 2¢ for any € > 0, which is a contradiction. O

Lemma 4.6. Let d > 1, > 0 and p satisfy (1.2). Let {f,} be a sequence of functions
in H?(R?). Suppose that

A= lim |[fullgz <00 and e:= lim [[e "™ F 1 s > 0. (4.9)
— 00 n—o0 LtooLgc 4
Then, passing to a subsequence, there exist a function ¢ € H?*(RY) and a sequence
{(tn,7,)} C R x R? such that
e (AT (4 3)) — ¢ weakly in H?(RY),

61l 2 A ()

Proof. (4.9) implies that for sufficiently large n,
[ falliz <24 and e A0 £ 4 >

=
=T — 2

t T

(d+2)(p—1)-8
d(p—1)—8

(4.10)

Let r > 1 to be chosen later, and let x(z) be a smooth radial function such that x(¢§) =1
for 2 <[¢] <7 and x(§) is supported in o= < || < 2r. By the Sobolev embedding,

e "8y fIP g S [ 6= RO PIT O P
LtooL?* Rd

S 250/; 2d + 256/; 2d
/mgim Fu©)Pde / €5 o (€)Pde

[€]=r

S ,,,._250

fallze + 72 £l -
Hence, from (4.10) there exists ¢; > 0 such that for sufficiently large n, we have

||€—it(A2—HA)fn — y * e—it(A2—“A)fn|| sy < ClAT’_ min{sc,Q—sc}‘
LeL, 1

1 —_— .
Thus, taking r = max{1, (444)mnte2=c } 5o that ¢y A~ ™nlse2=se) < £ from (4.10) we
obtain

e AT F ) >
Loo 4

NS

t T
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On the other hand, by the Holder inequality, we obtain

. . d(p—1)—8
||X * e_lt(AQ_MA)f”HLOOLd(p*l) < ||X * e—zt(A2_uA)fn||z<£L12 ||X e —it(A2 “A)f || d(p 1
o d(p—1)—8
Ad(P 1>Hx*e_”(A —pA) anLd(p 0
Therefore, we have
i _d(p—1)
HX*eﬂt(ALuA)anL?OI > A( )d(p -8
This implies that there exists (t,,z,) € R x R? such that
; e
|X* e—ztn(A2_NA) (wn)| > A( ) (-8 (4.11)

Let g, = e =D f (). Then |gnllaz = ||fullmz < 2A. Hence, there exists
¢ € H*RY) and g, — ¢ weakly in H%(RY). By the Holder inequality and the Sobolev
inequality and using (4.11), we have

Xl o1 ll9]

frse 210G @) r2] = T [{X gn) r2]
= lim

/ x(z)e BB £ (0 4 2 Yda

= Jim [y e O f )

n—oo

> A(2)T0s (4.12)

d(p—>5 2(p—5)

) _2(p—3)
Since [[x|| py S S (2)%07F, from (4.12) we have

(d+2)(p—1)-8
H¢| Hse z A (%) dp-1)—8

This completes the proof of Lemma 4.6. 0

Proof of Proposition 4.1. For uniformly bounded sequences {f,} C H?(R%), we define
H(tn,2n)} C R x R? 5.t
V{f.}) :={ ¢ € H*(R?) | passing to a subsequence,
e~ (AP B £ (14 ) — ¢ weakly in H?(RY).

and

n({fn}) = sup ||9f>HH2

deV({fn}

Then, we note that n({f,}) < limsup,_, || fal/32. To prove Proposition 4.1, we first show
the decomposition (4.1) with the property (i) replaced by

Jim n({R,}) =0, (4.13)

and with properties (ii), (iii) and (iv). We will extract ¢’, ¢/, 27 by an inductive process.

yno
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Set RY := f,. It n({f.}) = 0, then the proof is complete with J* = 0. If not, by the
definition of n({f,}), there exists ¢* € V({f,}) such that

1¢* 12 > 3n({fa}) >0

In particular, ¢! # 0. Moreover, by the definition of V({f,}), there exists {(t},z})} C
R x R? such that

e (AT (g4 gl) — ¢! weakly in H2(RY). (4.14)
Passing to a subsequence, one may suppose that either limn — oo|zl| = co or 2} — 2! €
R? as n — co. We claim that one can choose x} = 0 in the latter case. This is because

(eI £ ) g = (e AR L () (- + )
=" (- + 7)) u2
= <¢1( + $1)>¢>H2

as n — oo, for all ¢ € C°(R?). This implies that (4.14) is valid with the choice z} =
with the modification ¢! — ¢'(- — x'). The claim is proved. Similarly, one verifies that
either lim,, . |t}| = oo or ¢} = 0 holds, by passing to a subsequence if necessary.

Since f,, is G-invariant, from (4.14) we have

et (A2 —pA) Gt x4+ 2l) = ¢! weakly in H2(R? 4.15

for all G € G. If 2z} = 0, then (4.15) implies that ¢' is G-invariant. In this case,
we set G! = G, N! = 1 and plo= ot If \:c,ll\ — 00, then passing to a subsequence,

we may assume that iz 1‘ converges to some w! € S¥ and zl = |zl|w!. In this case,

we let G' be a subgroup of G defined by G! = G,n = {G € G | Gw' = w'} and
N' := #(G/G"). Then from (4.15), we see that ¢' is G'-invariant. From Lemma 4.5,
we have N!' = #(G/G") = #Gw' < oo, and hence, there exist G, ...,Gx1 € G such that

G =Y, GIG" and GIG' NGIG' = for any k # I. We define

ng (z —a})].

Then 1. is G-invariant. Indeed,

Nt Nt
Gy =Y GGe' (w — ) = Y (GGio")(x — GGia}).
k=1 k=1
Since G = ivll ngl for all 1 < k < N, there exist G’ € G' and Qllk such that

GG = G/ G'. Hence, by using 'z,

Nl

Gun=> (Ghd")(x—Gla)) = Zglk x—al)] =),

k=1

|zt |G'w! =z} and G'¢' = ¢!, we have
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where the last equality follows from the fact that k +— Qllk is injective. Further, for each
G € G, there exists G} such that Gz = G}z}. Since |Glzl — Glzl| — oo for any k # I,
we have

Nl
Un(z+Gry) =Y (Gio") (@ +Gla) — Giay) = Glo' = Go',
k=1
where the last equality follows from the fact that G7'G! € G' and ¢' is G'-invariant.
Furthermore, since |G}zl — Glol| — oo for any 1 < k #1 < N', we have

T 3%, = N0,
+1im 2 Y (Gio', Gl (w — (Gl — Ghan)) g

n—oo
1<k<I<N!?
= (#Guw")||o"[[%..
Set Rl := f, — en(&’=18)yl Then R! is G-invariant and we have
il (A2— il (A2
£l — ||erz||2~s = 2 f, €AY o — [ BT A LR

= 23 (e A (G )+ w), 0 — L2
- (#Gu)|6!2

Hs:

H.s

Hence, the properties (iii) and (iv) in Proposition 4.1 hold for J = 1.

Let Jy > 1 be fixed. We suppose that for all 1 < J < Jy we have the decomposition (4.1)
with the properties (iii) and (iv), and also suppose that (4.4) holds for any 1 < j # k < J,.
If n({R*}) = 0, then we stop the induction and set J* = Jy. If n({R}) > 0, then by
the definition of n({R}), we find ¢70* € V({R/}) such that

l" M= = gn({R;"}) > 0. (4.16)
Moreover, there exist { (07!, zJ0+1)} € R x R? such that
e_itiOH(AZ_“A)R;{O(x + 20Ty —~ ¢t weakly in H2(RY).

Arguing as above, passing to a subsequence if necessary, we see that {t071} and {z/0+1}
satisfy the alternative in the property (ii).
Since R’ is G-invariant, we have

e~ T (AP iA) (GTIRI0Y (1 4 o1y s oo+ yealy in H2(RY) (4.17)

for all G € G. If 20! = 0, then (4.17) implies that ¢7°*! is G-invariant. In this case,
we set Gt = G, Nt = 1 and 0! = ¢l If |20t — oo, then passing to a

J0+1
subsequence, we may assume that = Joﬂ‘ converges to some w’t! € §¥7! and gt =

|zJo w0 Tn this case, we let G7T! be a subgroup of G defined by G = G, 011 =
{G € G| GwhT = whT} and Nt .= 4(G/G7T). Then from (4.17), we see that
¢t is GPtlinvariant. From Lemma 4.5, we have N7t = 4(G /G = #Guw'ot! <
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. NJo+1
oo, and hence, there exist Gt ...,Q;{;{fgil € G such that G = (J,_, G*"'G/*! and

gl;lo—i-lGJoJrl N glJo-i-lGJOJrl = () for any k # [. We define

NJ0+1

(@) = 32 G (o - )

k=1
Then 0! is G-invariant and
Gt (@ 4 G ) =GPt forall G € G,

3 Jo+1 2. —_ Jo+1 Jo+1

2‘
e
1o+l A2 . . .
We set R0+! .= RJo — eitn’ (A%=nB)y)Jot1(g) . Then R0+ is G-invariant and we have

IR W5 = 1R, — (#Gw ™) [lo" ™

Iterating this, we obtain (4.7) for J = Jy + 1. Hence, we have the decomposition (4.1)
with properties (iii) and (iv) for J = Jy + 1.

To prove (4.4) for all 1 < j # k < Jy + 1, it suffices to claim that for all 1 < 7 < Jy
and for all G, G’ € G,

|t — 0% |Gl — G'alo T 5 . (4.18)

Suppose that there exists 1 < jo < Jy and G, G’ € G such that |t/ — 0T} and |Gzdo —
G'zJo*1| are finite. Then passing to a subsequence, we may assume that

to — ot 5ty and Gl — Gzt — a. (4.19)

By using ¥(z +270) — ¢%, we have e~#%(4*=#2) Rio (3 4 z0) — 0. Hence, from (4.19) we
have

. . Jo+1 2 .
w-lim e’ (ATRA) R0 (g 4 G Tot Ly
n—oo

= w-lim ei(tz{)_tiOJrl)(A?_uA) e—itiO(AQ_MA)g[RzLO(‘ + ZL’?.LO)] (l’ . (gl,zlo . g/x’io—&-l))

n—oo
= 0.
Thus, if jo = Jy, then ¢+t = 0. If Jy > 2 and 1 < jo < Jy — 1, using the inductive
relation R0 = Rio — Z}IOZ ot et (A*=nB)y)J e have
Il — i —it) 0T A2 uA) o /o Jo+1
Ggo w-lim e R (x4 G'z;" ™)
= welim e~ (A7) pio (z + Gz ™)
n—oo n n
Jo j Jo+1
_ Z wolim et =t NA2=pd) i (3 4 G o1
Jo

Jo+1

© 3 et g gt
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Since |zJ — Gzdo| + |t), — 19| — oo for all jop + 1 < j < Jy, from (4.19) and Lemma 4.4,

W%hmG it 2_“A)¢ZL(I + Gt

i(th—20T 1y (

S o] — (2], — G )

— welim et 2T (A2 —pn) ei(tib—tfP)(AQ—uA)gﬁi(, — (21 — G2I))| (x — (Gl — G'zot))
n— oo

=0

for all jo+1 < j < Jy. Hence, G'¢/o*! = 0. This contradicts (4.16) and so we have proved
that (4.4) holds for all 1 < j #k < Jy + L.

If n({RJ*'}) = 0, we stop the induction and set J* = Jy + 1. In this case, (4.13) holds
automatically. If n({R;>™'}) > 0, we continue the induction. If the inductive process does
not terminate in finitely many steps, we set J* = co. In this case, from (4.7) we have

J

Jim hmsupz |97 |72 < hmsup | full 32 < 00
Jj=1
This together with (4.6) implies that (#Guw?)||¢?||%, — 0 as j — oco. Since #Guw’ > 1
for all j > 1, we have ||¢/||g= — 0 as j — oco. Thus, by using [|¢/||z2 > in({R7}), we
obtain (4.13).
Now we will prove the property (i) in Proposition 4.1. Note by the interpolation, the

Strichartz estimate (Lemma 2.1) and the Sobolev inequality, it suffices to show

hr51 limsup [le A=A RI|| = 0. (4.20)

n—00 L¥L, 4 (RxR4)

= w-lime
n—oo

For each 0 < J < J*, let

A =1i R’ d z;:=1 —iHATRA RY
J 13;5031)” wllm2 and g5 13;8;}1)”6 IILOOLT(Md)

Applying Lemma 4.6, there exist ¢/*' € H?>(R?) and {(£/*1,#/71)} € R x R? such that

e_ﬁ#l(ﬁ_“A)Ri(x + 7/ = ¢/ weakly in H?(RY)
and
. (d-l‘i-(2)(17;1)8—8 2(p—1)  (d+2)(p—1)—8
p—1)— T d(p—1)—8 d(p—1)—8
16" e 2 As (52) = AT (4:21)
Since ¢/t € V({R/}), by using (4.13),
16" loe S 116"z < n({B}) =0 as J = J" (422)
Since ||RIH%. = [|R|1%2 — |7 |32 + o(1), we see Ajiq < Aj. In particular, A; <
Ap = limsup,,_, . || fullz2 < oo for all 0 < J < J*. Hence, (4.21) and (4.22) imply ¢; — 0
as J — J* and so (4.20) follows. O

Corollary 4.7. In the situation of Proposition 4.1, for each 1 < J < J* we have

J
Jim {anH’Zﬂl =) [l Ay, — HRiH’Lﬂl} =0,
j=1
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where for all j € [1,J%],
: ith(A2—puA), G p+l I\ 1| oith (A2—pA) g1 p+1
T 40783 o4, (G oSt

Proof. Corollary 4.7 can be proved by using (4.4), (4.6) and (4.7) and by applying the
dispersive estimate (2.5). O

5. CONCENTRATION COMPACTNESS

In this section, we construct a critical G-invariant solution u of (1.1) that satisfies
Su(u) = Lg,,, under the assumption that Lg , < S,(Q.). To do this, we need the
additional hypothesis Lg , < mg .

Lemma 5.1 (Concentration compactness). Let d > 1, u > 0 and p satisfy (1.2). Let G
be a subgroup of R/27Z x O(d) and w > 0. Suppose L, , < S,(Qu), and let {u,} be a
sequence of global G-invariant solutions to (1.1) with initial data u, € HZ such that

Su(un) = LG,  K(uno) >0
and there exists {t,} C R such that
Jim | x((—oo)) = 1M {Jten|x (110, 400)) = 00

If Lg,, < mgw, then there exists a G-invariant function ¢ € HZ, such that passing to a
subsequence, u,(t,) converges to ¢ strongly in H?*(RY).

Proof. Since Lf; , < S,(Q.), from Lemma 3.3 we have K (u,(t)) > 0 for all t € R. Thus,

by using time translation symmetry, we may assume ¢, = 0 without loss of generality.
Then
T | x ((oo0p = T Jun | x(0,400)) = 00 (5.1)

Applying Proposition 4.1 and Corollary 4.7 to u,(0), passing to a subsequence if necessary,
for each 1 < J < J* we have a decomposition

J
wn(0) = By 1 R,
j=1

with
J
M(up) = M(}) + M(R)) + o(1), (5.2)
j=1
J .
E(u,) = BE(e™& 1847y 4+ E(R]) + o(1), (5.3)
j=1
J
[ (O)I% =D NI + IR +o(1) for 0<s<2, (5.4)
j=1
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where o(1) — 0 as n — oo for each 1 < J < J*. Note that for all j € [1,J*], ¥ and R/
are G-invariant. From (5.2) and (5.3), we have

n—oo

J
lim st(eit “HANYTY 4 lim S, (R)) = lim S,(u,) = Lg, < Su(Qu).  (5.5)
=1

Since K (u,(0)) > 0, we have
lim S, (u,(0)) < lim S, (un(0)) = LY, < Su(Qu) = Su(Qu)-
n—o00 n—00 ’

Hence, from (5.4), we have

lim ZS (1) + hm So(R)) = lim S, (un(0)) < S,(Qu).
Thus, for n sufficiently large, So(¥) < S,(Q.) for each j € [1,.J*], and so, by Lemma
3.1, we have K (en(&*=#8)y7) > ( for each j € [1,.J*]. Therefore, we see that for each
J €L, J7,

lim sup S, (4 #2)7) > 8, () > (5.6)

n—oo

Similarly, we have
limsup S, (R)) > 0.

n—oo

Now we consider the following three cases: J* =0, J* =1 and J* > 2. We will show
that the first case and the third case lead to contradiction. In the second case, we will
get desired ¢ € HE.

Case 1: J* = 0. In this case, by (4.3), we have

limsup [|le ™A 8, (0)|| x @) = limsup [|e "4 RO x ) = 0.
n—oo n—00

Hence, for n sufficiently large, we obtain
e~ A1 80, (0) | x @) < dua
Thus, by using Proposition 2.7, we have
letnllxry < 2lle™ A, (0) | xmy < 2600

This contradicts (5.1) and so J* = 0 does not occur.

Case 2: J* = 1. In this case, we can write
u’l’b(0> = eitn(A2_H‘A)¢n + Rn

From the property (ii) in Proposition 4.1, either t,, = 0, lim,,_,o, t,, = —o0 or lim,, _, t,, =
+o00 holds. If t, — —o0, then by the Strichartz estimate and the monotone convergence
theorem,

77, n 2- — — -
e A 1A x(0400)) = 1€ A T | (et ton)) — O
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as n — o0o. Hence, from (4.3), we have

lim sup [|e A", (0) | x(jo,+00)) = O-
n—oo

Thus, by Proposition 2.7, for n sufficiently large, we obtain
[[tn | x(0,400)) < 205a-

This contradicts (5.1) and so ¢, — —oo does not occur. By the similar argument, ¢, —
+o00 does not occur. Therefore, we may assume that ¢, = 0. Thus, we have

un(0) = ¥p + Ry,
We claim that limsup,, ., S.(¢n) = L§,,- To prove this, suppose that
lim sup S, (¥n) < Lg,

n—oo

and let v, be a solution to (1.1) such that v, (0) = 1,. Since v, is G-invariant, we see that
vy is also G-invariant. Then by the definition of Lg, ,, we have lim sup,, . [|vn||x®) < 0o
Let

Un(t) := v, (t) + emMA A
and

en 1= 104ty — A%y, + pATy, + |U,|P iy,

= |un|p’1ﬂn — |vn|p’11)n.

Then u,(0) = u,(0) and by Lemma 2.6, we have

. P .
||en||N(R) < (H%HX(R) + He_Zt(Az_MA)RnHX(R)) ||e—zt(A2_uA)Rn”X(R).

Hence, by using limsup,,_,.. |vn]|x@ < oo and limsup,, .. [le" @ #YR, [ x@ = 0, we
obtain

limsup [l || nr) = 0.
n— oo

Thus, by using Proposition 2.9,
[un|x @) < llin]lx @) + o(1) (5.7)

as n — 00. Since ||| x@ < [|vnllx®) + |]6_”(A2_“A)Rn||X(R) < oo for sufficiently large
n, (5.7) contradicts (5.1), and so, limsup,, . Su(¢¥n) = Lg,. Therefore, we see that
limsup,,_,, Sw(R,) =0, and thus, u,(0) = ¥, + o(1) in H?(R?) as n — oo.

From Proposition 4.1, there exist ¢ € H*(R%), z,, € R and Gy, ..., Gy € G such that

b= Gelor — 2]

k=1

and the following properties hold: Either x,, = 0 or |z, | — oo. If 2, =0, then N = 1 and
¥, = ¢. If |x,| — oo, then we may assume that 2= — w € S ! and N = #Gw < co.

|nl
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Moreover, |Gyz, — Gix,| — 0 for any 1 < k # 1 < N. Now we claim that =, = 0. If
|z,| = o0, then from Proposition 4.1 and Corollary 4.7, we have

(#Gw)S,,(¢) = limsup S, (¢,) = L, <mgw < (#Gw)ngyw. (5.8)

n—oo

This implies that S,,(¢) < Lg, - Similarly, we have K(¢) > 0. Let v be a solution to
(1.1) such that v(0) = ¢. Then by the definition of Ly, ,, we have [[v||x®) < oco. We
define

and

en = 1041y — A%y, + pAiy, + |, [P,
N
= Jin [ i — Y 1Gro(t @ — Grrn) [P Grv(t, T — Gr).
k=1

Then, by using ||v||x®) < oo and N < oo, we obtain
[tn ]| x @) < NlJvllx@ < oo
Since |Gz, — Gix,| — 0 for any 1 < k # 1 < N, we have
leallvey S > Gv(t, — Gean) |G (t, x — G P | vy
1<kAI<N
— 0

as n — oo. Thus, by Proposition 2.9, we have |lu,| x®) < oo for sufficiently large n,
which contradicts (5.1). Therefore, z,, = 0, and so, N = 1 and 1,, = ¢. Consequently,

u,(0) converges to a function ¢ strongly in H?(R?). In particular, ¢ is G-invariant. The
proof of Lemma 5.1 is complete if we have proved that J* > 2 does not occur.

Case 3: J* > 2. In this case, there exist more than one profiles, and from (5.5) and
(5.6) there exists € > 0 such that

0 < limsup Sw(e“gl(AQ’“A)wﬁ;) <Lg,—¢ (5.9)

n—oo
for all 1 < j < J*. From the property (ii) in Proposition 4.1, for each 1 < j < J*, t
has a limit ¢} € {—00,0,00} as n — co. By using Lemma 2.7, we can define an unique
solution w’ of (1.1) such that

Wl (0) = eitn(A%=nd)yi (5.10)
From (5.9) and (5.10) we have
limsup S, (w)) < L, — € < Su(Qu)-

n—oo
For n sufficiently large, by using K(eit%(AL“A)wfl) > 0 and (5.10), we have
K(w?(0)) > 0.
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Hence, by Lemma 3.4, we see that w/ exists globally in time if n is sufficiently large. From
(5.5) and limsup,,_,., S.(R;) > 0, we have

lim supZS w] — lim SupZS 'Ltn(A uA)W) L -

n—o0 n—o0

Since Cg,, is sublinear around 0 and bounded on [0, L, |, we have

hmsupZHwﬁLHx(R < hmsupZCGw L(w)))

Sty limsup Z S (w?)

< 1. (5.11)

NLZ;,o.Na

From Proposmon 4.1, for each j € [1,J*], there exist ¢/ € H?*(RY), 2/ € R? and
J....,G., € G such that

=S G e 2]

and the following properties hold: For each j € [1,J*], either 27, = 0 or |x| — oo. If

) =0, then N =1 and ¢J = ¢/. If |2/ | — oo, then we may assume that mn| —wl €

S9! and N7 = #Guw’. Moreover, |Glal — Glai| — 0 for any 1 < k # 1 < N7. By using
Proposition 2.7, we find an unique solution v7 of (1.1) defined on a neighborhood of —t
such that

|07 (—t0) — eMn (A=) il 0 5 0 as n — oo. (5.12)

Note that for each j € [1, J*],

= NI

lim sup ||@/)fl 2

n—0o0

H.s?

lim sup Heiti;(ALuA)w‘L”I;il — NY Heitﬁg(ALuA)(ﬁj ||I£ﬁ1
n—oo

Hence, S, (v7) < S,(Q.) and K(v/(—#))) > 0. Thus, from Lemma 3.4, v/ exists globally
in time. Let

NI
v = S Gt~ o — )
k=

and let
el = 0! — AQUJ + pAvl + [l [Pl

_ ZF (Gl (t —t), 2 — 1)),
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where F'(z) = |z|[P7!2 for z € C. Then by (5.12), we have
[0,(0) = w012 = [[0(0) — €& #2110 0 as = o0 (5.13)
and by using the property that |Gl — Glal| — 0 for any 1 < k # [ < N7, we have
leZ | n@w) — 0 asn — oo,

Hence, by Proposition 2.9, for each 1 < J < J*, we can take n sufficiently large so that
1

0] — wl || x@) < i

for all 1 < j < J. Thus, by using (5.11), we have

1
hmsupz vl x@) S thUPZ ( Jwi || ) + j)

n—o0 n—oo

<o o1 (5.14)
For each 1 < J < J* we define

J
= J o —it(A2—pA) pJ
Uy = E v, +e R;.
=1

Then

<

~ i —i 2_
1) I x @y < > Ivdllx + e & YR xw). (5.15)

Therefore, from (4.3) and (5.14), we obtain

hrg lim sup ||| x &) < 1. (5.16)

*
n—00 NLG’WE

For each 1 < J < J*, we define
— 0] — A?u) + pAa! + \aﬂp—le:r’

J
—F(Zvj+e A2 —pd) p > Z (v7),

7j=1

where F(z) = |z|p*12 for z € C. Since

F Zvﬂ+e‘M R ) (Zv7>

p—1
+ ‘efit(AQﬁuA)Ri‘pfl |efzt (A2 f,uA)R;”

N(R)

AN

N(R)

—i —it(A%—
S (ZH%HX(R)HIe ) R"HX(R) le™ &Y Ry || x(m),
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from (4.3) and (5.14), we have

J J
P - r (3)

j=1 j=1

= 0.
N(R)

lim lim sup
J=I* oo

For each 1 < J < J* using (4.4), we can take n sufficiently large so that

11,k r—1 1
2 M e <
=] =
Hence, we obtain

r (Z ) SR

SCr > ok v = 0s(1).

j=1 j=1 N(R) 1<jAk<T
Therefore, we get
Jim_ lim sup [le; | v = 0. (5.17)
From (5.13) we have
J
@) (0) = v (0) + Ry = un(0) + 0s(1) (5.18)
j=1

as n — oo in H?(R?). From (5.16), (5.17) and (5.18), using Proposition 2.9, we have

lim sup ||, || x @ < lim limsup H@{HX(R) SL*Gmg 1.
n—00 J=J* nosoo ’
This contradicts (5.1) and so J* > 2 does not occur. O

Proposition 5.2 (Existence and precompactness of critical solution). Let d > 1, > 0
and p satisfy (1.2). Let G be a subgroup of R/27Z x O(d) and w > 0. Suppose Lg, , <
Su(Qu). If L, < ma, then there exists ¢ € HE such that

Su(¢) = Lg,, and K(¢) > 0. (5.19)
Let u be a solution to (1.1) with initial data ¢. Then
[l x(—oo0) = [l x(10,400)) = 00 (5.20)
Moreover, {u(t) | t € R} is precompact in H?(R?).

Proof. Since Cg (L) : [0, L) — [0,00) is continuous, non-decreasing and Cg (L ,,) =
oo, we can take L, such that Cg.(L,) = n and L, /' L, as n — oo. Then by the
definition of Cg ., (Ly), there exists a sequence of G-invariant solutions w,, to (1.1) with a
initial data u,o € Hg such that

Loy <Sy(up) <Ly, K(uno) >0 (5.21)
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and [|u, || x®) > n — i Let f(£) := ||un]|x((—oou)- Then f(—o0) =0 and f(+o0) >n — 1.

Since f(t) is continuous, we find ¢, € R such that 1(n — 1) < f(¢,) < 1(n — 3). Then
[tnllx ((—ootal) = f(ta) = 3(n = 3) = o0,
tnll sy = il ey — £(0) > (n— 1) = o0,

Moreover, by Lemma 3.3,

K (un(t,)) > 0. (5.22)

Applying Lemma 5.1, there exists ¢ € HZ such that u,(t,) — ¢ in H*(R?) as n — oo.
From this strong convergence, (5.21) and (5.22), we have (5.19). Let u be a solution to
(1.1) with initial data ¢. Then by using Propsition 2.9, we obtain (5.20).

Finally, we prove that {u(t) | t € R} is precompact in H?*(RY). Take a sequence
{t } C R. Then from (5.20) we have

lellx (oot = ullx (e, ooy = 00
Applying Lemma 5.1 again, there exists ¢/ € H?(R?) such that u(¢/,) has a subsequence
that converges ¢’ in H?(R?). This completes the proof of Proposition 5.2. O]
6. RIGIDITY

In this section, we will complete the proof of Theorem 1.2. We first prepare the following
Lemma, in which precompactness in H2(R%) implies tightness in H?(R?).

Lemma 6.1 (Tightness in H?). Let u be a global solution to (1.1) such that {u(t) | t € R}
is precompact in H*(R?). Then for all n > 0, there exists Ry > 0 such that for all R > Ry
and for all t € R,

/ lu(t, 2)|? + |Vu(t, z)|* + |Au(t, z)*dz < n.
o>

Proof. Suppose that Lemma 6.1 does not hold. Then there exist ny > 0, R, > 0 and
t, € R such that R,, — oo and

/ [u(tn, 2)[* + |Vu(t,2)|* + |Au(t,, z)[Pdz > no (6.1)
|z|>Rn

for all n. Since {u(t) | t € R} is precompact in H?(R?), there exists ¢ € H?(R?) such
that u(t,) has a subsequence that converges ¢ in H?(R?). In particular, there exists n;
such that

u(tn) — ¢ll3e < % (6.2)
for all n > nq. On the other hand, since R,, — 0o, there exists ny such that
/| O+ VO + Ao e < (6.3
z|>Rn,

for all n > ny. By the triangle inequality, (6.2) and (6.3) contradict (6.1) when n >
max{ni, na}. O
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Next, we show that there is no nontrivial solution which has a precompcat orbit in
H?(RY) and satisfies (1.5). To prove this, we use the localized virial identity associated
with fourth-order nonlinear Schrédinger equation (1.1) (see Lemma A.1).

Proposition 6.2 (Rigidity). Let d > 1, u > 0 and p satisfy (1.2). Let u be a solution to
(1.1) with initial data ug such that

So(u) < S,(Qn) and K(ug) >0 (6.4)
and {u(t) | t € R} is precompact in H*(RY). Then ug = 0.

Proof. Suppose ug # 0. From (6.4) and Lemma 3.4, u exists globally in time. In
particular, K (u(t)) > 0 for all t € R and

sup |lu(t) ||} < oo. (6.5)
teR

Moreover, from Lemma 3.1, there exists 0 > 0 such that for all t € R,
K (u(t)) > o([[Au(t)[[72 + pl Vu(t)[|72) = 20E(w). (6.6)
Since K (u(t)) > 0 for all ¢ € R, we have
E(u(t)) = 1K (u(t)) + 4 Vu(t) 72 + 525 lu(@) 155

4(p+1)

> e u()l7 (6.7)

for all t € R. In particular, E(u) = E(ug) > 0. Let ¢ € C§°(]0,00)) be a non-increasing
function and such that ¥(s) =1 for 0 < s <1 and ¥(s) = 0 for s > 2. For each R > 0,

we define
2l
:Rz/ / W(s)dsdr
0 0

Mg(t):=2Im [ a(t,z)VUg(x) - Vu(t, z)dz.

R4

and

Then by the Holder inequality,

|Mp(t)] S Rllu()] 2| Vu(t) |2 < RlJu(t)|3e (6.8)

for all £ € R. From Lemma A.1, we obtain
4 Mp(t) = 4K (u(t)) + An(t) + Ba(b), (6.9)
where
Al S [ 1But.a) + ulVu(t, o) da
j2|>R
+ R Vu@) |72 + (wR™ + R™)||lu(t)||7-

and

Br(t) >0
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for all t € R. Since {u(t) | t € R} is precompact in H*(R?), from Lemma 6.1 and (6.5)
there exists Ry > 0 such that for all £ € R,

| AR, ()] < 40E(u).
Hence, from (6.6), (6.7) and (6.9), we obtain
4 Mpy(t) > 46 E(u) > 20l flug |71,
for all t € R. By using (6.8), for any time interval I C R we have

[ luolfri S Sup [ M, ()] S Fo sup () [[2-
€
From (6.5), this contradicts uy # 0 for sufficiently large |I]. O

Proof of Theorem 1.2. Let G be a subgroup of R/27Z x O(d) and w > 0. Assume
Lg ., < mgw. To prove Theorem 1.2 by contradiction argument, suppose that Lg , <
Sw(Qu). Then from Proposition 5.2, there exists a global G-invariant solution u of (1.1)
with an initial data ug such that

Su(u) < Su(Quw),  K(ug) >0
and
[l x ((~o00) = llullx(0,450)) = 00 (6.10)
Moreover, {u(t) | t € R} is precompact in H*(R). By using Proposition 6.2, uy = 0.
Hence, u = 0 which contradicts (6.10). Thus, L , > S.(Q.). O
APPENDIX A. LOCALIZED VIRIAL IDENTITY

In this appendix, we recall the localized virial identity for (1.1). In [7], the localized
virial identity associated with (1.1) was established to prove blow-up results for (1.1). We
remark that in [7], only radially symmetric solutions of (1.1) were treated.

Let ¢ be a smooth function defined on [0,00) such that ¥(s) = 1 for 0 < s < 1,
¥(s) =0 for s > 2 and ¢'(s) <0 for s > 0. For R > 0, we define

:RQ/O%| /Orzp(s)dsdr.

Then,

IV Wg|Le S RP (A.1)
for all j > 1. Let we denote radial derivative by 8, = £ with r = |z|. Since 1(s) =1 for
0 <s <1, we see that

la|
0 _ ) — gfﬂ / " p(s)ds —1=0, (A2)

gt (s ()1} fosp) o o
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for |z] < R. Moreover, since ¢’ is a non-increasing function, we see that

Py — 2n — B 0’2 [1/, (%) _ ¢(3)} ds < 0 (A.4)

for all . For u € C(I, H*(R?)) and R > 0, we define the localized virial quantity Mg(t)
by

Mg(t):==2Im [ a(t,z)VVg(z) - Vu(t,z)dx.

R4

Lemma A.1. Let d > 1, u > 0. Suppose that u € C(I, H*(R?)) is a solution to (1.1).
Then for R > 0 and for allt € I,

#Mp(t) = 4K (u(t)) + Ag(t) + Bg(t),
where
Al S [ [8ult, o) + [Vu(t,n)Pds
|z[>R
+ R Vu(t)l[7: + (R + pR7)u(t)]|72,
Bg(t) > 0.
Proof. Define an operator Z by Z := (VV¥pg) -V + V- (VUpg). By using (1.1),
aMr(t) = (u|[A% Z]u) + (ul[-pA, Z]u) + (ul[=[ul"~, Z]u),

where (-|-) denote the real part of L2-inner product and [A, B] = AB — BA. To estimate
(u|[A%, Z|u) and (u|[—ud, Z]u), we use two commutator identities. First, we have

(A, Z] = 40k (0 Y r) D) + (AW R). (A.5)

Second, by using the fact that AA + AA = 0, A0y + [0k, [Ok, A]] for an operator A, we
have

A2, 7] = A[A, Z] + A, Z)A
= 20k[A, Z|0k + [0k, [0k, [A, Z]]]

By using (A.6), we integrate by parts to obtain
(u|[A2, Z]u> = 8Re/8klﬂ(8lm\IIR)8mku — 4Re/6kﬂ(8klA\IfR)81u

—9Re / OT(A2 ) O + / (AT )l

Since

OuVr = <5k1 - M) BE 4 e W, (A7)

> ) |l
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we have

Re/@km(alm\PR)amku

8/ |Aul® + (a’i;’{ — 1) |Aul|? + <8f

From (A.1), we have

VR x| 2
) Iy - Vol
‘/3kﬂ(3klA‘I’R)3lU S NOAT R L[ Vu®)]7: S R7?|[Vu(t)|7s,

] / (AU )| < A2 1= [Vu(t)|2 < B2 Vu(t)|.

Y

V(A?’\PR)IUJ2 S NA | e Ju)172 S B u(t)]7=.
Thus, we have
(u|[a%, 2
/ \AuP (2 1) [l 4 (0705 — 222) | - Voo

2IIVU( )||L2 + R u(t)]1Z2)- (A.8)

By using (A.5), we integrate by parts to obtain
(=, Z]u) = 4 Re / O (O 1) + 1 / (AT ) [u]?.
By using (A.7) again, we have
411 Re / Opt(O VW R)Ou
|| ||

- 4u/ V2 + (258 — 1) [Val + (9205 — 2%2) |2 Vul?.

From (A.1), we have

TS
Thus, we have

(ul[=pA, Z]u)

— 4 [ 190 + (2

+O(uR*|[u(t)I72).

S AR pellu)lZ S B2 [lu(®)]Z2-

~

. 1) Vul? + (83\113 - MR) |2 - Vuf?

|| ||




36 FOURTH-ORDER NLS WITH GROUP INVARIANCE
We integrate by parts to get
(ul[—ulf~, Z]u) = 2/IUIQV\I’R-V(IUI’H)
2 / N
) / A+ (AT g — d)|uf"*. (A.10)

Therefore, from (A.8), (A.9) and (A.10), we obtain

M) =8 [ 80P+ [ 1Va = 2250 [t s An(e) + Batt)

— 4K (u(t)) + Ar(t) + Ba(t), (A.11)
where
An(t) =8 [ (5 1) sl + (3B~ 250 |- Do
+4u/ (8% - 1) Vul? + (82‘11 2. ) & Vul?
+ O(R72||Vu(t)|22 + (1R + R7H)|lu(t)|122)
and

B(t) = — 2220 / (AWg — d)fuf?*,

From (A.2) and (A.3), we have

Al S [ IBu(t )+ [Vult,z)Pdo
le[>R
+ R Vu(t)l[7: + (uR™* + R7)|lu(t)][7. (A12)
By using (A.7) with £ = [ and (A.4), we have

AUp—d=d (2% —1) + (9w - %48 <0,

||
Hence,
Bgr(t) > 0. (A.13)

Lemma A.1 follows from (A.11), (A.12) and (A.13). O
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