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Chapter 1
Introduction

1.1 Background

1.1.1 Truth as Provability

Tarski’s formal definition of truth [61] was the first step towards various math-
ematical studies of consistent truth definitions and their axiomatisations. As is
well known, Tarski’s method is to define the truth of a sentence inductively with
respect to its logical complexity. In particular, a negated sentence ¬A is defined
to be true if and only if A is not true. Over classical logic, this definition means
the principle of bivalence, i.e., that every (declarative) sentence is either true or
false. This principle has often been associated with the concept of truth, and it
has been criticised from the viewpoint of anti-realism or verificationism (see, e.g.,
[16]).

On the other hand, some literature (e.g., [12, 20, 46]) on formal truth gives
interpretations of truth as provability in some sense. In general, such an interpre-
tation comprises rules R of the following form:

B0 is true · · · Bn is true · · ·
A is true (R)

,

which says that if the truths of B0 to Bn (and more) are established, then the truth
of A is established. Of course, this does not necessarily mean that the concept of
truth characterised by such rules escapes the criticism of anti-realism. Similarly,
perhaps such rules can be too complicated for us to learn. Nevertheless, such
an understanding of truth as provability can provide an explanation, albeit in an
idealised sense, of how we grasp the notion of truth and come to know the truth
of a sentence in a bottom-up manner. The general aim of this thesis is therefore
to consider to what extent and in what sense various theories of truth, including
Tarskian classical truth, can be understood as provability.

1



2 Chapter 1. Introduction

1.1.2 Proof-Theoretic Strength of Axiomatic Truth

Just as Tarski’s truth definition provides an extension of the truth predicate, set-
theoretic definitions of truth are essential for the construction of a consistent notion
of truth. On the other hand, if we consider truth to be a simple and basic notion
that can be understood without depending on set-theoretic knowledge, then it is
also important to study how such truth definitions can be axiomatised as formal
systems for the truth predicate T(x). Therefore, the principal focus of this thesis
is not on the set-theoretic interpretations of truth as provability itself, but rather
on the investigation of axiomatic theories of truth that have such interpretations.

Furthermore, while axiomatic truth theories can be given for various formal
systems that are expressively rich enough to describe their own syntax, this thesis
will only consider truth theories over the theory of first-order arithmetic PA (Peano
arithmetic) or its equivalent. This is because there is a standard model for PA and
our intuition about what arithmetical statements are true works relatively well. It
is also because arithmetic is itself one of the main subjects of mathematics, and
because various basic techniques have been established for formulating axiomatic
truth theories and studying their properties (see, e.g., [27]). In addition, for many
consistent theories that contain PA, research on ordinal analysis, which aims to ex-
press their consistency strength in terms of ordinal numbers (called proof-theoretic
ordinals), has been developed (for an overview, see [54]).

Let us now give a few more explanations about ordinal analysis. For small
ordinal numbers, it is well known that they can be coded by natural numbers,
and the basic relations and operations on those ordinals are then expressible as
(primitive recursive) predicates and functions on natural numbers. In fact, such a
coding can be given in a theory that contains or interprets PA. However, as long
as the theory is recursively axiomatisable and consistent, it cannot derive all the
important facts about those ordinal numbers because of Gödel’s incompleteness
theorem. In particular, it is not clear up to how large an ordinal number the theory
can derive its well-foundedness. More generally, for a given primitive recursive
relation ≺, the theory can express its well-foundedness by a suitable axiom or a
schema TI(≺). Then, we can define the proof-theoretic ordinal of the theory as the
supremum of the order-type of primitive recursive relations such that the theory
can derive their well-foundedness. For example, as Gentzen [25] proved, the proof-
theoretic ordinal of PA is ε0, the least epsilon ordinal (see Chapter 2 for further
details). Starting from PA, studies have been carried out on various extensions of
PA to identify their proof-theoretic ordinals (for more details, see, e.g., [53]).

In the field of axiomatic truth theory, too, identifying the proof-theoretic or-
dinal of a given truth theory has been one of the most important tasks (cf. [30]).
Therefore, for the various axiomatic truth theories introduced in this thesis, our
main results are to determine their proof-theoretic ordinals. We also remark that,
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as we will see in this thesis, the interpretation of truth as provability is, in many
cases, useful to determine the upper bound of the proof-theoretic ordinal of a given
truth theory.

The ordinal analysis of axiomatic truth theories is also an important study
for the elucidation of the notion of truth. First, again by Gödel’s incomplete-
ness theorem, there exist arithmetic statements that should be true but cannot be
shown from PA. So, if it is possible to derive some such statements in axiomatic
truth theory, then the notion of truth is useful for justifying arithmetical state-
ments to some extent. Ordinal analysis is important for this purpose because,
in many cases, it also reveals how many new arithmetical statements the theory
can derive. Second, the proof-theoretic strength of axiomatic truth theories is also
related to more philosophical motivations concerning truth. Deflationism on truth
can be roughly summarised as a position that does not recognise any substantial
content or value in truth, and one formulation of this requires the following of
deflationists: axiomatic truth theories should be conservative extensions over the
base theory, i.e., new statements of the language of the base theory should not
be derivable (cf. [58]). It is therefore an important question for deflationism to
elucidate whether a given theory is a conservation extension and, if not, why not.
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1.2 Outline of Thesis

Based on the above motivation, we explain what results are achieved in this thesis.

1.2.1 Interpreting Truth as Recursive Provability

Friedman and Sheard [20] formulated nine axiomatic truth theories A to I and
showed their consistency model-theoretically. After that, Leigh and Rathjen [50]
gave a cut-elimination argument for determining the proof-theoretic strength of
each of E,F,G, and I. The key idea there is that when TpAq (the truth of A) is
proved, we obtain the recursive provability of A in some infinite sequent calcu-
lus. Here, recursive means that the proof of A is regarded as a labelled infinite
branching tree, and the labels of each node can be computed by some (partial)
recursive function. Since recursive derivations can be identified with the code of
the recursive function, they claim that this interpretation can be formalised in a
weak extension of PA, thereby providing an upper bound of the proof-theoretic
ordinal.

In Chapter 3, we revisit the proof by Leigh and Rathjen [50] and show that it
contains a flaw. They claim that the truth of a sentence can be interpreted as the
recursive provability of the sentence itself, but a mistake here is that they interpret
it in terms of mere provability. Instead, we prove that proof-theoretic strength can
be obtained by giving a specific procedure that computes a recursive proof of the
sentence. As a result, truth-as-recursive-provability interpretations for E,F,G, and
I succeed, and thus it is shown that the proof-theoretic ordinals given by Leigh
and Rathjen are indeed correct. Furthermore, we show that the upper bound
for FS(= D), another one of the Friedman–Sheard systems, can be obtained in a
similar manner. However, it is also observed that the truth as recursive provability
for FS is more restricted than for E,F,G, and I because FS is fully in line with the
Tarskian truth definition.

1.2.2 Interpreting Truth as Classical Realisability

Whilst a fully Tarskian theory, such as FS, is quite natural as a theory of truth,
it is often incompatible with the idea of truth as provability, as we see at the
end of Chapter 3. In particular, as we explained above, the axiom for negation
states that any sentence is either true or false, but it is clear that this leads to
contradictions in many cases, given the liar paradox. The aim of Chapter 4,
therefore, is to give a formal theory that relies on realisability as a weakened
notion of proof. Computational interpretations of classical theories are given in
several studies (e.g., [2, 3, 4, 7, 8, 9, 47, 48, 49]), but in particular, we consider the
interpretation of classical realisability given by Krivine [47, 48, 49]. The advantage
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of Krivine’s interpretation is that the notion of arithmetical truth in the standard
model can be regarded as a special case of classical realisability, whence Krivine’s
framework is a generalisation of Tarski’s truth. Therefore, the formalisation of
classical realisability is expected to be a generalised framework of axiomatic truth
theory based on the traditional Tarskian truth. In Chapter 4, as a first step
towards a formalisation of classical realisability, we first formulate a Tarskian non-
self-referential formal theory CR and consider its proof-theoretic properties. In
particular, we prove that CT itself is conservative over PA. We also show that it
can be regarded as Tarskian truth theory CT under certain assumptions, and thus
our theory can be regarded as a generalisation of axiomatic truth. We further
generalise this to a self-referential theory FSR and consider its proof-theoretic
properties. Similarly, FSR itself is shown to be conservative over PA.

1.2.3 Interpreting Truth as Frege Structure with Universes

Truths interpreted as provability and their axiomatisation are suited to the goal
of justifying the unproved true sentences in a bottom-up way. The question that
arises is: how proof-theoretically strong an axiomatic truth theory can be obtained
in this way? As one way of strengthening a given truth theory, the idea of iterating
truth predicates has been proposed in the literature [23, 37]. This is based on the
following intuition. For a base theory B of an object language L, its truth theory
S0 can be constructed using the truth predicate T0(x). Now, regarding this new
theory S0 of language L ∪ {T0} as the base theory, a new truth theory S1 can be
constructed by using a new truth predicate T1 for it. This process can be repeated
a transfinite number of times, yielding a strong truth theory according to the
number of times it is iterated. To the author’s knowledge, the theory Aut(VF) by
Fujimoto [23] is currently the strongest theory obtained by this method. The aim
of Chapter 5 is therefore to give even stronger results based on this approach. To
this end, we adopt a framework called the Frege structure by Aczel [1]. As a formal
system, this can be regarded as an axiomatic truth theory over a base theory of
TON, which is a formal theory expressing combinatory logic. The Frege structure is
superior to PA as a base theory in that it can easily express set-theoretic concepts.
However, as is well known, TON and PA are relatively interpretable to each other,
so the difference between the Frege structure and axiomatic truth theory over PA
can be understood simply as a way of representation. Corresponding to iterations
of truth predicates is the idea of universes in Frege structure. Each universe
represents a pseudo-truth predicate, and by a principle called the limit axiom [14],
a stronger universe can be generated from an existing one. The following results
are obtained: The extension of KF, the Kripke–Feferman system, by the limit
axiom was given by Cantini [14] and Kahle [41]. Then, we give its two extensions.
For a system PT, the system based on Aczel’s Frege structure, we give the same
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results as for KF. Finally, we extend VF, the supervaluation-style Frege structure,
by the limit axiom. All of these five systems are shown to be proof-theoretically
equivalent to each other and stronger than Aut(VF). To the best of the author’s
knowledge, these systems are the strongest among theories that are obtained in a
bottom-up manner.



Chapter 2
Formal Theories of Truth

This chapter introduces famous axiomatic theories of truth that are treated in this
thesis. After introducing necessary notation and conventions in the next section,
we first define a non-self-referential theory CT that is based on Tarski’s well-known
truth definition (Section 2.2). Section 2.3 introduces a self-referential approach by
Friedman and Sheard [20]. In Section 2.4, we introduce several self-referential
theories related to Kripke’s truth theory [46].

2.1 Notation and Conventions
We introduce abbreviations for common formal concepts concerning coding and
recursive functions. We denote by L the first-order language of PA. The logical
symbols of L are ¬,∧,∨,→, ∀,∃, and =. We introduce a convention:

• ∀xA means that ∀x and A are strongly connected. Thus, ∀xA ∧B should be
understood as (∀xA) ∧B.

• In contrast, ∀x. A means that ∀x and A are separated. Thus, ∀x. A∧B means
∀x(A ∧B).

• Similarly, A→ . B means that A and B are separated.

The non-logical symbols of L are a constant symbol 0, the constant zero func-
tion Z(x), and the successor function x + 1. The system PA has the following
defining axioms of these symbols:

• Z(x) = 0.

• x+ 1 = y + 1→ x = y.

• x 6= 0↔ ∃y(x = y + 1).

In addition, L has the following function symbols for primitive recursive func-
tions:

7
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Projection P k
i is a k-ary function symbol of L for each 1 ≤ k, i.

Composition If g is an m-ary function symbol of L and h1, . . . , hm are k-ary
function symbols of L, then Cg,h1,...,hm is a k-ary function symbol of L.

Primitive Recursion If g is a k-ary function symbol of L and h is a k + 2-ary
function symbol of L, then Rg,h is a k + 1-ary function symbol of L.

The system PA has the following defining axioms of these symbols:

• P k
i (x1, . . . , xk) = xi.

• Cg,h1,...,hm(x1, . . . , xk) = g(h1(x1, . . . , xk), . . . , hm(x1, . . . , xk)).

• Rg,h(0, x1, . . . , xk) = g(x1, . . . , xk).

• Rg,h(y + 1, x1, . . . , xk) = h(y,Rg,h(y, x1, . . . , xk), x1, . . . , xk).

Finally, PA has the schema of mathematical induction:

A(0) ∧ ∀x(A(x)→ A(x+ 1))→ . ∀xA(x), for each L-formula A(x).

In this thesis, when we are considering some expanded language L′ ⊇ L, we
assume that PA formulated for L′ has the schema of mathematical induction for
all L′-formulas.

Using the successor function x + 1, we can define numerals 0, 1, 2, . . . . Thus,
we identify natural numbers n with the corresponding numeral n.

The primitive recursive pairing function is denoted 〈·, ·〉 with projection func-
tions (·)0 and (·)1 satisfying (〈x, y〉)0 = x and (〈x, y〉)1 = y. Sequences are treated
as iterated pairing: 〈x0, x1, . . . , xk〉 := 〈x0, 〈x1, . . . , xk〉〉. Based on these construc-
tors, each finite extension of L is associated a fixed Gödel coding (denoted peq,
where e is a finite string of symbols of the extended language) for which the ba-
sic syntactic constructions are primitive recursive. In particular, L has a unary
function symbol num expressing the mapping n 7→ pnq. In addition, L contains
a binary function symbol sub(x, y) representing the mapping pA(x)q, n 7→ pA(n)q
in the case that x is the only free variable of A(x); the binary function symbols
x =̇ y, x →̇ y, and ∀̇xy; and a unary function symbol Ṫx representing, respectively,
the operations psq, ptq 7→ ps = tq, pAq, pBq 7→ pA→ Bq, pxq, pAq 7→ p∀xAq,
and psq 7→ pT(s)q. These operations will sometimes be omitted, and we write
ps = tq and pA→ Bq for =̇(psq, ptq) and →̇(pAq, pBq), etc. The function sym-
bols x∧̇y, x∨̇y, ¬̇x, and ∃̇xy are similarly defined.

We introduce a number of abbreviations for L-expressions corresponding to
common properties or operations on Gödel codes. The property of being the code
of a variable is expressed by the formula Var(x), ClTerm(x) denotes the formula
expressing that x is a code of a closed L-term, and for a fixed expansion L′ of



2.1. Notation and Conventions 9

L, SentL′(x) expresses that x is the code of a sentence. The concepts above are
primitive recursively definable, meaning that the representing L-formula is simply
an equation between L-terms. Given a formula A(x) with at most x being free,
pA(ẋ)q abbreviates the term sub(pA(x)q, x) expressing the code of the formula
A(n), where n is the value of x. For sequences ~x of variables, pA(~̇x)q is defined
similarly.

Quantification over codes is associated with similar abbreviations:

• ∀pAq ∈ SentL′ . B(pAq) abbreviates ∀x(SentL′(x)→ B(x)).

• ∀pAq ∈ SentL′ . B(pTpAqq) abbreviates ∀x(SentL′(x)→ B(Ṫ(num(x)))).

• ∀psq. B(psq) abbreviates ∀x(ClTerm(x)→ B(x)).

• ∀pAvq ∈ SentL′ . B(v, pAq) abbr. ∀x∀v(Var(v) ∧ SentL′(∀̇vx) → B(v, x)),
namely quantification relative to codes of formulas with at most one distin-
guished variable free.

The set of partial recursive functions is defined to be the least class that con-
tains the zero constant, the successor, and the projection functions, and it is
closed under composition, primitive recursion, and minimisation: if a total func-
tion f : Nk+1 → N is a partial recursive function, then the function g : Nk → N
defined by the following is a partial recursive function: g(x1, . . . , xk) = y if and only
if y is the least such that f(x1, . . . , xk, y) = 0 and for all y′ < y, f(x1, . . . , xk, y

′) is
defined and is > 0.

Although L does not have all the symbols for partial recursive functions, they
can be expressed in L via the Kleene ‘T predicate’ method. The ternary relation
x · y ' z expresses that the result of evaluating the x-th partial recursive function
on input y terminates with output z. Note that this relation has a Σ0

1 definition in
PA as the formula ∃w(T (x, y, w) ∧ (w)0 = z), where T is some primitive recursive
predicate. 1 It will be notationally convenient to use x · y in place of a term (with
the obvious interpretation), though the use of this abbreviation will be constrained
to contexts in which the potential for confusion is minimal.

With the above ternary relation, we can express the property of two closed
terms having equal value via a Σ0

1-formula Eq(y, z). That is, Eq(y, z) expresses
that y and z are codes of closed L-terms s and t, respectively, such that s = t is a
true equation.

To measure proof-theoretic ordinals, we require an ordinal notation system OT
for predicative ordinal numbers. We use several facts about OT (for the proof,
see, e.g., [54, Chapter 3]). A formula x ∈ OT is defined as meaning that x is a

1Here, an L-formula A is Σ0
1 if A is of the form ∃xB for some quantifier-free formula B. Also,

a predicate is primitive recursive, when its characteristic function is primitive recursive. In L,
each primitive recursive predicate can be expressed as some equation.
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representation of an ordinal number in OT. Let α, β, and γ range over the ordinal
numbers in OT . Thus, ∀αA(α) abbreviates ∀x(x ∈ OT → A(x)). By the standard
method, we can define relations and operations on OT. Let < be the less-than
relation, 0 is zero as the ordinal number, α ∈ Suc means that α is a successor
ordinal, α ∈ Lim says that α is a limit ordinal, + is the ordinal addition, ϕxy
is a binary ordinal function, called the Veblen function, and the binary primitive
recursive function [α]x returns the x-th element of the fundamental sequence for
α. For these symbols, the following notations and facts are used in this thesis:

• Let ωα := ϕ0α and 1 := ω0.

• [ωα]n =

{
ωα−1 × n if α ∈ Suc,
ω[α]n if α ∈ Lim.

• Let ωn(α) :=

{
α if n = 0,

ωωn−1(α) if n > 0.

• Let εα := ϕ1α.

• [εα]n =


ωn(1) if α = 0,

ωn(εα−1 + 1) if α ∈ Suc,
ε[α]n if α ∈ Lim.

• If α0 ≤ α1 and β0 ≤ β1, then it holds that ϕα0β0 ≤ ϕα1β1.

• If α < β, then it holds that ϕα(ϕβγ) = ϕβγ. Thus, ϕβγ is a fixed point of
the function ϕα(x).

• We sometimes use natural sum x#y, a binary function on ordinals such that

– α#β = β#α;
– if α0 < α, then α0#β < α#β.

The T-free consequences of many axiomatic truth theories can be expressed us-
ing some transfinite induction schema. For an L-formula A(x) and an ordinal α, we
define the formula TI(A,α) = ProgλxA(x)→ A(α), where ProgλxA(x) = ∀α(∀β <
α(A(β))→ A(α)). Then, we define the schema: TI(α) = {TI(A,α) |A is an L-formula}.
In addition, let TI(< α) :=

⋃
β<α TI(β). Finally, let the L-theory PA + TI(< α) be

the extension of PA with the schema TI(< α).

2.2 Compositional Truth CT

Tarski’s well-known solution to the liar paradox [61] is to say nothing about the
truth of sentences containing the truth predicate. In our setting, this means that



2.2. Compositional Truth CT 11

we only consider the truth of L-sentences, thanks to which the extension of the
truth predicate can be constructed inductively:

Definition 1. Let s and t be any closed terms; let A,B be any L-sentences; and
let A(x) be any L-formula in which only x is free. The set TCT ⊆ N is defined by
induction on the logical complexity of sentences:

1. ps = tq ∈ TCT iff sN = tN.

2. p¬Aq ∈ TCT iff pAq /∈ TCT .
3. pA ∧Bq ∈ TCT iff pAq ∈ TCT and pBq ∈ TCT .
4. pA ∨Bq ∈ TCT iff pAq ∈ TCT or pBq ∈ TCT .
5. pA→ Bq ∈ TCT iff pAq ∈ TCT implies pBq ∈ TCT .
6. p∀xA(x)q ∈ TCT iff pA(n)q ∈ TCT for every n ∈ N.
7. p∃xA(x)q ∈ TCT iff pA(n)q ∈ TCT for some n ∈ N.

Based on the construction of TCT , the corresponding formal LT-theory CT is
defined such that 〈N,TCT 〉 |= CT holds.

Definition 2. (CT) The LT-theory CT (compositional truth) consists of PA for-
mulated for the language LT plus the following axioms.

(CT=) ∀psq, ptq. Tps = tq↔ Eq(psq, ptq).

(CT¬) ∀pAq ∈ SentL. Tp¬Aq↔ ¬TpAq.

(CT∧) ∀pAq, pBq ∈ SentL. TpA ∧Bq↔ (TpAq ∧ TpBq).

(CT∨) ∀pAq, pBq ∈ SentL. TpA ∨Bq↔ (TpAq ∨ TpBq).

(CT→) ∀pAq, pBq ∈ SentL. TpA→ Bq↔ (TpAq→ TpBq).

(CT∀) ∀pAxq ∈ SentL. Tp∀xA(x)q↔ ∀vTpA(v̇)q.

(CT∃) ∀pAxq ∈ SentL. Tp∃xA(x)q↔ ∃vTpA(v̇)q.

We mention that CT satisfies Tarski’s Convention T [61, pp. 187–188] for for-
mulas in L:

Fact 3. The Tarski-biconditional is derivable in CT for every formula of L. That
is, for each formula A(x1, . . . , xk) of L in which only the distinguished variables
occur free, we have

CT ` ∀x1, . . . , xk(TpA(ẋ1, . . . , ẋk)q↔ A(x1, . . . , xk)).
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2.3 Friedman–Sheard Truths
Friedman and Sheard’s approach to the liar paradox in [20] is to list the natural
axioms and rules that the truth predicate should satisfy, and then to identify the
(maximally) consistent combinations among them. First, an LT-theory BaseT is
defined as the common base theory.

Definition 4. Let an LT-theory PAT be Peano arithmetic with the induction
schema for all LT-sentences, and BaseT be PAT augmented with the following
axioms:

(T-Imp) ∀pAq, pBq ∈ SentLT . TpAq ∧ TpA→ Bq→ TpBq,

(T-Val) ∀pAq ∈ SentLT . val(pAq)→ TpAq,

(T-PRE) ∀pAq ∈ SentLT . AxPRE(pAq)→ TpAq,

where val(x) denotes that x is a logically valid sentence of LT, and AxPRE(x) is a
defined relation symbol denoting that x is a true equation of L.

Over BaseT, the additional principles displayed in Table 2.1 are considered.
Note that the axiom schemata (T-In) and (T-Out) allow any LT-sentence as A.
The same applies to the rules (T-Intro) to (¬T-Elim). In addition, the axioms from
(T-Rep) to (∃-Inf) are shorthand for universal statements. For instance, the axiom
(T-Rep) has precisely the form: ∀pAq ∈ SentLT . TpAq→ TpTpAqq. Finally, the
axiom (T-Cons) usually has the following form (cf. [20, 50]):

∀pAq ∈ SentLT . ¬(TpAq ∧ Tp¬Aq),

which is equivalent to our version over BaseT.
As a result, Friedman and Sheard proved that there are nine maximally consis-

tent systems A to I. Thus, each system would be inconsistent if it were extended
by any one of the remaining principles. In other words, any consistent combination
is a subtheory of one of A to I.

Definition 5. The systems A to I consist of BaseT and the following principles,
respectively:

A. (T-In), (T-Rep), (T-Del), (T-Comp), (∀-Inf), (∃-Inf), (T-Intro), (¬T-Elim)

B. (T-Rep), (T-Cons), (T-Comp), (∀-Inf), (∃-Inf)

C. (T-Del), (T-Cons), (T-Comp), (∀-Inf), (∃-Inf)

D. (T-Cons), (T-Comp), (∀-Inf), (∃-Inf), (T-Intro), (T-Elim), (¬T-Intro), (¬T-Elim)
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Table 2.1: Principles of truth
Name Axiom Schema
(T-In) A→ TpAq
(T-Out) TpAq→ A
Name Axiom

(T-Rep) TpAq→ TpTpAqq
(T-Del) TpTpAqq→ TpAq

(T-Cons) ¬Tp⊥q
(T-Comp) TpAq ∨ Tp¬Aq

(∀-Inf) ∀vTpA(v̇)q→ Tp∀xA(x)q
(∃-Inf) Tp∃xA(x)q→ ∃vTpA(v̇)q
Name Rule of Inference

(T-Intro) From A infer TpAq
(T-Elim) From TpAq infer A

(¬T-Intro) From ¬A infer ¬TpAq
(¬T-Elim) From ¬TpAq infer ¬A

E. (T-Del), (T-Cons), (∀-Inf), (T-Intro), (T-Elim), (¬T-Intro)

F. (T-Del), (∀-Inf), (T-Intro), (T-Elim), (¬T-Elim)

G. (T-Rep), (∀-Inf), (T-Intro), (T-Elim), (¬T-Elim)

H. (T-Out), (T-Rep), (T-Del), (T-Cons), (∀-Inf), (T-Elim), (¬T-Intro)

I. (T-Rep), (T-Del), (∀-Inf), (T-Elim), (¬T-Elim)

The consistency proof of H is given by interpreting truth as provability in an
infinitary Hilbert system (see Section 2.4.3). Cantini [12] determined the proof-
theoretic strength of H by interpreting truth as provability in an infinitary sequent
calculus (see also Section 5.6 of Chapter 5). A proof-theoretic analysis of D is
given by Halbach [28]. The other systems are proof-theoretically analysed by
Leigh and Rathjen [50]. In Chapter 3, the upper-bound proofs of D,E,F,G, and I
are reconsidered.

2.3.1 Truth as Satisfaction: FS

As Halbach [28] proves, the system D is deductively equivalent to a fully com-
positional theory, called FS. As Chapter 4 considers a formal theory of classical
realisability that is motivated by FS, we present FS here.
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Definition 6. (GCT) The LT-theory GCT (compositional truth) consists of PA
formulated for the language LT plus the following axioms.

(GCT=) ∀psq, ptq. Tps = tq↔ Eq(psq, ptq).

(GCT¬) ∀pAq ∈ SentLT . Tp¬Aq↔ ¬TpAq.

(GCT∧) ∀pAq, pBq ∈ SentLT . TpA ∧Bq↔ (TpAq ∧ TpBq).

(GCT∨) ∀pAq, pBq ∈ SentLT . TpA ∨Bq↔ (TpAq ∨ TpBq).

(GCT→) ∀pAq, pBq ∈ SentLT . TpA→ Bq↔ (TpAq→ TpBq).

(GCT∀) ∀pAxq ∈ SentLT . Tp∀xA(x)q↔ ∀vTpA(v̇)q.

(GCT∃) ∀pAxq ∈ SentLT . Tp∃xA(x)q↔ ∃vTpA(v̇)q.

Definition 7. (FS) The LT-theory FS is obtained by extending GCT by the rules
T-Intro and T-Elim:

A
TpAq T-Intro

,
TpAq
A

T-Elim
.

Finally, we introduce Friedman and Sheard’s model of FS, called the revision
model. The revision operator Γ : N→ N is defined as follows:

Γ(S) := {pAq ∈ N | 〈N, S〉 |= A}.

We define a series of operators Γn(S) inductively:

Γ0(S) := S,

Γn+1(S) := Γ(Γn(S)).

Then, by induction on the length of derivation in FS, we can prove the following:

Proposition 8. Take any S ⊆ N and assume FS ` A for an LT-formula A. Then,
there exists a number n such that for all m ≥ n, it holds that 〈N,Γm(S)〉 |= A∀

where A∀ is a universal closure of A.

The consistency of FS follows by this proposition: we assume FS ` ⊥; then,
there exists a number n such that for all m ≥ n, it holds that 〈N,Γm(S)〉 |= ⊥.
Since ⊥ is an L-sentence, we get N |= ⊥, a contradiction. Thus, we have FS 6` ⊥.
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2.4 Kripke-Style Truths
In this section, we introduce some well-known semantic definitions of truth and
their axiomatisations that are based on three-valued logics. The main feature of
these approaches is that, in addition to true/false, a third value (undetermined),
is allowed. This makes problematic sentences such as λ undetermined, and thus
the paradox is avoided. Extensions of these systems are studied in Chapter 5.

2.4.1 Strong Kleene Schema: KF

For a self-referential definition of truth, Kripke [46] proposes to separate the inside
from the outside of the truth predicate. The extension of truth is then constructed
as (the least) fixed point of the monotone operator based on a three-valued logic,
while the outer logic obeys classical logic. In particular, Kripke preferred Strong
Kleene three-valued logic, under which a complex sentence is evaluated from its
subsentences according to the displayed truth table.

¬
T F
U U
F T

∨ T U F
T T T T
U T U U
F T U F

∧ T U F
T T U F
U U U F
F F F F

→ T U F
T T U F
U T U U
F T T T

In the table, falsity is defined as truth of negation, so a sentence A is false (F)
if and only if ¬A is true (T). The evaluation of conjunctive sentences is as follows:
a sentence A ∨ B is true (T) when either A or B is true; A ∨ B is false (F) when
both A and B are false; A ∨ B is undetermined (U) in the other cases. As for
universal sentences, ∀xA(x) is true when A(n) is true for every n ∈ N; ∀xA(x)
is false when A(n) is false for some n ∈ N; ∀xA(x) is undetermined in the other
cases. Note that the disjunction, the conditional, and the existential quantifier
are definable: A ∨ B :≡ ¬(¬A ∧ ¬B); A → B :≡ ¬A ∨ B; ∃xA(x) :≡ ¬∀x¬A(x).
Finally, the evaluation of the truth predicate is very natural: TpAq is true when
A is true; TpAq is false when A is false; TpAq is undetermined in the other cases.2

To see Kripke’s definition of truth in terms of truth-as-provability, let us
rephrase the above truth table in the form of an infinitary proof system.

Definition 9. Kripke’s truth set TSK is defined as the set of all codes pAq such
that A is derived in the system in Table 2.2.

It is clear that the converse direction of each rule also holds in TSK . For
example, if pTpAqq ∈ TSK , then so does pAq ∈ TSK . Therefore, we can easily

2Many studies (e.g., [30]) also add an axiom saying that T(t) is false if t does not denote any
sentence A. However, it does not increase the proof-theoretic strength of our version.
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Table 2.2: Kripke’s truth set TSK

sN = tN

s = t
(=),

sN 6= tN

s 6= t
(6=),

A
¬¬A (¬¬),

A
TpAq

(T),
¬A
¬TpAq

(¬T),
A0 A1

A0 ∧ A1
(∧),

¬Ai (i ≤ 1)

¬(A0 ∧ A1)
(¬∧)

,
· · ·A(n) · · · (n ∈ N)

∀xA(x)
(∀)

,
¬A(n)

¬∀xA(x)
(¬∀)

.

The rules for ∨, →, and ∃ are similarly defined.

show that the classical model 〈N,TSK〉 satisfies the following LT-theory KF, which
was first introduced by Feferman [18].

Definition 10. (cf. [11, 18]) The theory KF is given by PA and the following ax-
ioms: 3

K= ∀psq, ptq. Tps = tq↔ Eq(psq, ptq),

K6= ∀psq, ptq. Tps 6= tq↔ ¬Eq(psq, ptq),

K¬¬ ∀pAq ∈ SentLT . Tp¬¬Aq↔ TpAq,

K∧ ∀pAq, pBq ∈ SentLT . TpA ∧Bq↔ [TpAq ∧ TpBq],

K¬∧ ∀pAq, pBq ∈ SentLT . Tp¬(A ∧B)q↔ [Tp¬Aq ∨ Tp¬Bq],

K∀ ∀pAxq ∈ SentLT . Tp∀xA(x)q↔ ∀vTpA(v̇)q,

K¬∀ ∀pAxq ∈ SentLT . Tp¬∀xA(x)q↔ ∃vTp¬A(v̇)q,

KT ∀pAq ∈ SentLT . TpTpAqq↔ TpAq,

K¬T ∀pAq ∈ SentLT . Tp¬TpAqq↔ Tp¬Aq.
3The axioms for ∨,∃ are similarly defined. Instead, we could omit and derive these axioms

from K3–K7 by defining (x ∨̇ y) and (∃̇vx) as abbreviations of ¬̇((¬̇x) ∧̇ (¬̇y)) and ¬̇(∀̇v(¬̇x)),
respectively.



2.4. Kripke-Style Truths 17

2.4.2 Aczel–Feferman Schema: DT

In [19], Feferman introduces another Kripke-style theory DT. Motivated by Russell
[55], Feferman argues that the truth predicate should be applied only to determi-
nate (meaningful) sentences, and that determinateness should be characterised
inductively:

• Every equation s = t is determinate.

• TpAq is determinate iff A is determinate.

• ¬A is determinate iff A is determinate.

• For • ∈ {∧,∨}, A •B is determinate iff both A and B are determinate.

• For Q ∈ {∀,∃}, QxA(x) is determinate iff A(n) is determinate for all n ∈ N.
• A → B is determinate iff A is determinate and truth of A implies determi-
nateness of B.

In the above, only the conditional has a special definition, for the determinate-
ness of A → B is not defined simply as that of ¬A ∨ B. This is necessary to be
able to validate natural universal statements, such as ‘Every L-consequence of PA
is true’ [19, p. 208].

In Feferman’s definition, the predicate D(x) for determinateness is definable
as T(x) ∨ T(¬̇x), which means that x is determined to be true or false. Then,
the above definition is formalisable by using the predicate D(x). Furthermore, by
adding the compositional axioms restricted to determinate sentences, an LT-theory
DT is obtained:

Definition 11. Let D(x) :≡ T(x) ∨ T(¬̇x). The theory DT is given by PA aug-
mented with the following axioms:

D= ∀psq, ptq. Dps = tq,

D¬ ∀pAq ∈ SentLT . Dp¬Aq↔ DpAq,

D∧ ∀pAq, pBq ∈ SentLT . DpA ∧Bq↔ [DpAq ∧DpBq],

D→ ∀pAq, pBq ∈ SentLT . DpA→ Bq↔ [DpAq ∧ {TpAq→ DpBq}],

D∀ ∀pAxq ∈ SentLT . Dp∀xA(x)q↔ ∀vDpA(v̇)q,

DT ∀pAq ∈ SentLT . DpTpAqq↔ DpAq,

DT= ∀psq, ptq. Tps = tq↔ Eq(psq, ptq),
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DT¬ ∀pAq ∈ SentLT . Dp¬Aq→ . Tp¬Aq↔ ¬TpAq,

DT∧ ∀pAq, pBq ∈ SentLT . DpA ∧Bq→ . TpA ∧Bq↔ [TpAq ∧ TpBq],

DT→ ∀pAq, pBq ∈ SentLT . DpA→ Bq→ . TpA→ Bq↔ [TpAq→ TpBq],

DT∀ ∀pAxq ∈ SentLT . Dp∀xA(x)q→ . Tp∀xA(x)q↔ ∀vTpA(v̇)q,

DTT ∀pAq ∈ SentLT . DpAq→ . TpTpAqq↔ TpAq.

The axioms for ∨ and ∃ are similar.

As Feferman requires, the Tarski-schema restricted to determinate sentences is
indeed derivable:

Corollary 12. ([19, Theorem 1]) In DT, the following is derivable for every LT-
sentence A:

DpAq→ . TpAq↔ A.

Proof. The proof is by induction on A. We only consider the conditional case
A :≡ B → C. Thus, we assume DpB → Cq. Then, by the axiom (D→), we have
DpBq and TpBq→ DpCq. Thus, by the induction hypothesis, we get TpBq↔ B
and TpBq → . TpCq ↔ C. Combining them with the axiom (DT→) yields
TpB → Cq↔ . B → C, as required. �

Just as KF is based on Strong Kleene logic, DT can be understood as based
on Aczel–Feferman logic, a variant of Weak Kleene logic that has the truth table
below. Thus, similar to TSK , an extension TAF of the truth predicate of DT can
be constructed.

¬
T F
U U
F T

∨ T U F
T T U T
U U U U
F T U F

∧ T U F
T T U F
U U U U
F F U F

→ T U F
T T U F
U U U U
F T T T

Finally, it should be noted that before [19], Aczel [1] defines a (semantic) system
similar to DT. The axiomatisation of Aczel’s system is discussed in Section 5.4 of
Chapter 5.
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2.4.3 Supervaluation Schema: VF

Kripke [46, p. 711] also suggest a truth theory based on van Fraassen’s supervalua-
tion interpretation [65]. This idea is comprehensively investigated by Cantini [12],
who provides proof theory and model theory of an axiomatisation VF. As Cantini
remarks [12, p. 258], Cantini’s VF is an L-conservative extension of H, one of the
Friedman–Sheard systems (Definition 5). For simplicity, we define VF just as H
here.

Definition 13. The LT-theory VF consists of BaseT and the following axioms:

(T-Out) TpAq→ A;

(Rep) ∀pAq ∈ SentLT . TpAq→ TpTpAqq;

(Del) ∀pAq ∈ SentLT . TpTpAqq→ TpAq;

(T-Cons) ∀pAq ∈ SentLT . ¬(TpAq ∧ Tp¬Aq);

(∀-Inf) ∀pAxq ∈ SentLT . ∀nTpA(ṅ)q→ Tp∀xA(x)q.

Note that (T-Elim) and (¬T-Intro) are derivable from VF, so they are omitted.

As a model for VF(= H), Friedman and Sheard [20, p. 13] interpret the truth
predicate as provability in an infinitary Hilbert system. Let Th∞ be PA closed
under the rule (T-Intro) and the omega rule (if A(n) is derived for every n ∈ N,
then ∀xA(x) is derivable). We let Th∞ ` A mean that A is derivable in Th∞.
Then, we can prove the following:

Proposition 14. ([20, p. 13]) 1. Th∞ is consistent.

2. If Th∞ ` A, then 〈N,Th∞〉 |= A.

From this proposition, we easily obtain 〈N,Th∞〉 |= VF. For example, the axiom
(T-Cons) intuitively states that Th∞ does not derive a contradiction, which is
exactly what item 1 of the above proposition says. Thus, the truth predicate of
VF can be understood as the provability in Th∞.

To determinate the proof-theoretic strength of a system, as is defined for VF in
[12, Section 4], it is often more useful to give a truth-as-provability interpretation
in the form of a sequent calculus than a Hilbert system. Sequent calculi for various
truth theories are given in Chapter 3. Moreover, an extension of Cantini’s sequent
calculus for VF as a Frege structure is presented in Section 5.6 of Chapter 5.





Chapter 3
Truth as Recursive Provability for Friedman–
Sheard Theories

In Chapter 2, we introduced various consistent truth theories. For the proof-
theoretic purpose, however, it is important to know how strong a metatheory is
required to provide such a consistency proof. In particular, Leigh and Rathjen
[50] interpret truth as recursive provability in an infinitary sequent calculus and
give cut elimination arguments, in order to determine the proof-theoretic ordinal
of the Friedman–Sheard systems E,F,G, and I. In Section 3.1, we explain their
proof in detail and point out a flaw therein. In Section 3.2, we modify their proof
and verify that their proof-theoretic ordinals are indeed correct. In Section 3.3,
we show that it is possible to give a truth-as-provability interpretation to FS in a
restricted sense.

The content of Section 3.3 is based on [31].

3.1 Ordinal Analysis by Cut Elimination

The ordinal analysis for some Friedman–Sheard systems in [50] is based on the
cut elimination argument, which is an extension of that for PA. Therefore, in
Section 3.1.1, in order to explain Leigh and Rathjen’s proof, we will first introduce
the well-known cut elimination argument for PA. In Section 3.1.2, we examine in
detail the proof by Leigh and Rathjen and observe that this is insufficient to give
the proof-theoretic upper bound.

3.1.1 Cut Elimination for PA

Following the standard literature (cf. [50, 54, 57]), we give a cut elimination argu-
ment for PA. For that purpose, we first define an infinitary proof system PA∞ in
which PA can be embedded. The system PA∞ is formulated as an ordinary Tait
calculus, and hence, each formula is identified with its negation normal form. For

21
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any LT-formula A, let |A| be the number of the logical symbols except ¬ occurring
in A. In particular, |¬¬A| = |¬A| = |A| holds for every formula A. An (LT)-
sequent Γ is a finite set of LT-sentences. 1 For the sequents Γ,∆ and a sentence
A, we let Γ,∆ and Γ,A represent the sequents Γ ∪∆ and Γ ∪ {A}, respectively.

Definition 15. (System PA∞) By induction on α ∈ OT and k ∈ N, we define a
derivation relation (PA∞) k

α
Γ for an LT-sequent Γ . The relation k

α
Γ informally

means that the sequent Γ is derived with the length α and with the cut-rank k.
The system PA∞ comprises Basic axioms and Basic rules displayed in Table 3.1.
Note that in each of the axioms and rules, the displayed sentences in the conclusion
are called the principal sentences of the axiom or rule. The other part Γ is called
the context of the axiom or rule.

Table 3.1: System PA∞

Basic axioms

(Ax.1) k

α
Γ,A, if A is a true L-literal.

(Ax.2) k

α
Γ,¬Ts,Tt, if sN = tN.

Basic rules (assume: αi < α for i ∈ N)

k

α0
Γ,A0, A1

k

α
Γ,A0 ∨ A1

(∨) k

α0
Γ,A0 k

α1
Γ,A1

k

α
Γ,A0 ∧ A1

(∧)

k

α0
Γ,A(i)

k

α
Γ, ∃xA

(∃)
. . . k

αi
Γ,A(i) . . . (i ∈ N)

k

α
Γ, ∀xA

(∀)

k

α0
Γ,A k

α1
Γ,¬A

k

α
Γ

(cut)
, where |A| < k.

The following lemma is proved almost in the same way as the standard sequent
calculus LK of classical first-order logic.

1As all of the theories considered in the later subsections are formulated in LLT
, we consider

sequents with the truth predicate here.
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Lemma 16. The following basic properties hold in PA∞.

1. (Weakening) If k

α
Γ , then l

β
∆ for any α ≤ β, Γ ⊆ ∆, and k ≤ l.

2. (∧-Inversion) If k

α
Γ,A0 ∧ A1, then k

α
Γ,Ai for every i ≤ 1.

3. (∀-Inversion) If k

α
Γ, ∀xA(x), then k

α
Γ,A(n̄) for every n ∈ N.

4. (∨-exportation) If k

α
Γ,A ∨B, then k

α
Γ,A,B.

5. (False Literal) If k

α
Γ,A for a false L-literal A, then k

α
Γ .

6. (Substitution) If k

α
Γ,A(s) and sN = tN, then k

α
Γ,A(t).

For an LT-formula A, let A∀ be its universal closure.

Lemma 17. (Embedding Lemma) Let A be any LT-formula. If PA ` A, then
PA∞ k

α
A∀ for some k ∈ N and α < ω + ω.

Proof. The proof is by induction on the length of the derivation of A in PA. We
can prove the claim essentially in the same way as the translation of the Hilbert
system of classical first-order logic into the sequent calculus LK.

As the base case, we consider the induction axiom [A(0) ∧ ∀x(A(x) → A(x +
1))] → ∀xA(x). First, by induction on |A|, we can derive the law of excluded
middle (LEM) with a finite length: 0

<ω
A,¬A. To derive the induction axiom, we

deduce ¬A(0),¬∀x(A(x)→ A(x+ 1)), A(n) by induction on n. The case n = 0 is
obtained by (LEM) and Weakening. The inductive step is derived as follows:

ind. hyp.

0

<ω ¬A(0),¬∀x(A(x)→ A(x+ 1)), A(n)

LEM

0

<ω ¬A(n+ 1), A(n+ 1)

0

<ω ¬A(0),¬∀x(A(x)→ A(x+ 1)), A(n) ∧ ¬A(n+ 1), A(n+ 1)
(∧)

0

<ω ¬A(0),¬∀x(A(x)→ A(x+ 1)), A(n+ 1)
(∃)

Here, we used Weakening implicitly. Finally, the induction axiom is inferred by
(∀):

· · · 0

<ω ¬A(0),¬∀x(A(x)→ A(x+ 1)), A(n) · · ·

0
ω ¬A(0),¬∀x(A(x)→ A(x+ 1)),∀xA(x)

(∀)

0

ω+2
[A(0) ∧ ∀x(A(x)→ A(x+ 1))]→ ∀xA(x)

(∨)×2

The other axioms and the inductive step are similarly treated. �

For α, β ∈ OT, let α#β be the natural sum of α and β.
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Lemma 18. (Reduction Lemma) In PA∞, the following holds:

If k

α
Γ,A and k

β
∆,¬A hold with |A| = k, then k

α#β
Γ,∆.

Proof. Again, the proof is similar to the standard cut elimination proof in LK
(e.g., [57, p. 874]). We prove the claim by induction on α#β. We divide the cases
by whether A and ¬A are active in the last inference of the derivation, respectively.

Case I: either A or ¬A is not principal. By symmetry, we may assume that
A is not active. For example, we consider the case where Γ,A is derived by a
rule R from the unique premise Γ ′, A:

k0

α0
Γ ′, A

k

α
Γ,A

(R)
.

Since α0#β < α#β, we can apply the induction hypothesis to k0

α0
Γ ′, A and

k

β
∆,¬A. Thus, we obtain k

α0#β
Γ ′, ∆. Therefore, the conclusion k

α#β
Γ,∆

follows by (R) and Weakening.

Case II: both A and ¬A are principal.

Case IIa |A| > 0: For example, we consider the case A ≡ ∀xB(x) and the
following derivations:

· · · k

αi
Γ,B(i) · · · (i ∈ N)

k

α
Γ, ∀xB(x)

(∀)
,

k

βn
∆,¬∀xB(x),¬B(n)

k

β
∆,¬∀xB(x)

(∃)
.

By the induction hypothesis, we deduce k

α#βn
Γ,∆,¬B(n). Since |B(n)| <

|∀xB(x)| = k, we can apply (cut) to k

α#βn
Γ,∆,¬B(n) and k

αn
Γ,B(n).

Thus, it follows that k

max(αn,α#βn)+1
Γ,∆. As max(αn, α#βn) + 1 ≤ α#β,

the conclusion k

α#β
Γ,∆ is obtained by Weakening.

Case IIb |A| = 0: If A is a literal of L, then the conclusion is clear by False
Literal and Weakening of Lemma 16. Thus, we may assume A ≡ T(s). Then,
by the definition of PA∞, ¬A ≡ ¬T(s) can only be active in the axiom (Ax.2),
hence ∆,¬T(s) is an instance of (Ax.2). This means that T(t) ∈ ∆ for some
tN = sN. Therefore, the conclusion k

α#β
Γ,∆ is derivable from k

α
Γ,A by

Substitution and Weakening of Lemma 16.

�

From Reduction Lemma, we obtain cut elimination for PA∞.
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Lemma 19. (Cut Elimination) In PA∞, the following holds:

If k+1

α
Γ , then k

ωα
Γ .

Lemma 20. (Consistency of PA) Every L-theorem of PA is true in N.

Proof. Taking any L-sentence A, we assume PA ` A. Then, by Embedding Lemma
(Lemma 17), we have PA∞ k

α
A for some k ∈ N and α < ω + ω. Thus, Cut

Elimination (Lemma 19) yields PA∞ 0

ωk(α)
A. By transfinite induction up to α,

we can easily show that if 0
α
Γ , then Γ is not empty and at least one of Γ is true

in N. Therefore, it follows that A is true in N. �

While the consistency of PA follows more directly from the definition of N,
the above cut elimination argument is more suitable for formalisation in a weak
arithmetic, such as PA. For that purpose, we consider recursive derivations, for
PA is not expressively rich enough to express arbitrary derivations of PA∞.

Definition 21. (PA∞rec) We define a code d of PA∞rec inductively.

(Ax.1) IfA is a true L-literal, then we say that the sequence d = 〈pAx.1q, α, k, Γ, {A}〉
is a code of PA∞rec, where pAx.1q is the name of the rule (Ax.1) (called the main
rule of d); α is any ordinal number (called the length of d); k is any natural
number (called the cut rank of d); Γ is any sequent (called the context of d);
{A} is a single sequent (A is called the principal sentence of d). In addition,
the sequent Γ,A is called the end sequent of d.

(Ax.2) If sN = tN, then the sequence d = 〈pAx.2q, α, k, Γ, {¬Ts,Tt}〉 is a code of
PA∞rec. Note that the principal sentences of d are ¬Ts and Tt. Also, the end
sequent of d is Γ,¬Ts,Tt.

(∧) Let d0 and d1 be codes of PA∞rec. Then, the sequence d = 〈p∧q, α, k, Γ, {A0 ∧
A1}, d0, d1〉 is a code of PA∞rec, if the following hold:

• The length of d0 and d1 are less than α.
• The cut rank of d0 and d1 is k.
• The end sequent of d0 is Γ,A0.
• The end sequent of d1 is Γ,A1.

Note that the principal sentence of d is A0 ∧A1. We say that d0 and d1 are the
subderivations of d.
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(∀) Let e be the code of a recursive function that enumerates codes d0, d1, · · · , dn, · · ·
of PA∞rec. Then, the sequence d = 〈p∀q, α, k, Γ, {∀xA(x)}, e〉 is a code of PA∞rec,
if the following hold for every n ∈ N:

• The length of dn is less than α.
• The cut rank of dn is k.
• The end sequent of dn is Γ,A(n).

Here, the subderivations of d are d0, d1, · · · , dn, · · · .

The definitions for the other rules (∨), (∃), and (cut) are similar.

By the above definition, each code d of PA∞rec can be seen as expressing some
derivation of PA∞. Moreover, the premises of each omega rule are recursively enu-
merated; thus, they are expressible as (the code of) a recursive function. Thanks
to this requirement, the above definition is formalisable in PA. In particular, we
can define an L-formula d k

α
Γ expressing that d is a code of PA∞rec such that the

length is α, the cut rank is k, and the end sequent is Γ . We mean by PA∞rec k

α
Γ

that there exists a code d that satisfies d k

α
Γ .

Under the above preparation on recursive derivations, the formalisation of the
consistency proof proceeds as follows:

1. Taking any L-sentence A, we assume PA ` A. We take the code d of this
finite derivation. Thus, BewPA(d, pAq) is true in N.

2. A close look at the proof of Embedding Lemma (Lemma 17) shows that there
exists a (partial) recursive function Fembd(x) such that Fembd(d) k

α
A is true,

where the length α and the cut rank k are computable from Fembd(d).

3. Similarly, there exists a (partial) recursive function Fcut(x) that satisfies:

Fcut(Fembd(d)) 0

ωk(α)
A.

4. It is well known that PA can, for each k ∈ N, define a partial truth predi-
cate Tk(x), meaning that x is (the code of) a true L-sentence whose logical
complexity is less than k. Now, we can formalise the consistency proof of PA
(Lemma 20) as follows. We take any ordinal number β and a natural number
k. Then, the following is obtained:

PA + TI(β) ` ∀β0 < β.∀pΓq ∈ SeqkL. (PA∞rec 0

β
Γ )→ ∃pB ∈ Γq. Tk(pBq),

where SeqkL denotes L-sequents such that the logical complexity of each mem-
ber is less than k; ∃pB ∈ Γq means that there exists a sentence B of Γ .
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5. Since ωk(α) < ε0 and transfinite induction up to ε0 is available in PA, we have
PA ` A.

Note that for the above proof to be successful, each derivation of PA has
to be transformed into that of PA∞rec in an effective (computable) way. In fact,
Fcut(Fembd(x)) is such a (partial) recursive function. In the next subsection 3.1.2,
we will see that this is a serious problem in Leigh and Rathjen’s upper-bound
proofs of the Friedman–Sheard theories. A solution will then be presented.

3.1.2 Leigh and Rathjen’s Analysis for Friedman–Sheard
Systems

In [50], Leigh and Rathjen give cut elimination arguments to obtain upper bounds
of the systems E,F,G, and I of the Friedman–Sheard theories. For S ∈ {E,F,G, I},
the proof generally proceeds as follows. Assume S ` A for an L-sentence A. Then,
similar to for PA in Section 3.1.1, the derivation is embedded into a corresponding
sequent calculus S∞; thus, we have S∞ ` A. Therefore, to show the soundness
of S, it suffices to verify the soundness of S∞. Finally, by running the argument
in a recursive system S∞rec, the soundness proof is formalisable within a suitable
extension T of Peano arithmetic. As a result, we obtain T ` A; thus, T gives
an upper bound of S. Leigh and Rathjen do not provide a complete explanation
about how to conduct the proof in S∞rec, but that is exactly where the problem
lies. In the present subsection, we take G as an example, in order to observe the
problem in detail.

Here, let us repeat the definition of G.

Definition 22. (System G [50]) An LT-theory G consists of BaseT with the fol-
lowing axioms and rules:

(Rep) ∀pAq ∈ SentLT . TpAq→ TpTpAqq;

(T∀) ∀pAxq ∈ SentLT . ∀vTpA(v̇)q→ Tp∀xA(x)q;

(T-Intro) from A infer TpAq;

(T-Elim) from TpAq infer A;

(¬T-Elim) from ¬TpAq infer ¬A.

To obtain the upper bound of G, [50] embeds G into the corresponding infinitary
system G∞, in which the cut elimination theorem holds. Instead of explicitly
having the rule T-Elim in G∞, [50] proved the admissibility of T-Elim. To put it
more precisely, they showed a kind of soundness : when a T-positive sequent Γ is
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derived, then Γ is satisfied under the interpretation of TpAq as the derivability
of A in G∞. In particular, if TpAq is derived, then A is also derivable by the
soundness. This means the admissibility of T-Elim.

Definition 23. (System G∞ (cf. [50, Definition 3.16])) The derivation system G∞

consists of the basic axioms, the basic rules, and the truth rules in Table 3.2.

Table 3.2: System G∞

Truth rules (assume: αi < α for i ∈ N)

k

α0
A

k

α
Γ,TpAq

(T-Intro) k

α0
Γ,TpAq k

α1
Γ,TpA→ Bq

k

α
Γ,TpBq

(T→)

. . . k

αi
Γ,TpA(i)q . . . (i ∈ N)

k

α
Γ,Tp∀xAq

(T∀)
k

α0
Γ,TpAq

k

α
Γ,TpTpAqq

(Rep)

Similarly to PA∞rec (Definition 21), the recursive system G∞rec is defined to be G∞,
in which only recursive derivations are allowed. When we do not care whether it
is G∞ or G∞rec, we shall write G∞(rec).

Basic properties and cut elimination for G∞ (and also for G∞rec) are shown by
[50]:

Lemma 24. The following basic properties hold in G∞(rec).

1. (Weakening) If k

α
Γ , then l

β
∆ for any α ≤ β, Γ ⊆ ∆, and k ≤ l.

2. (∧-Inversion) If k

α
Γ,A0 ∧ A1, then k

α
Γ,Ai for every i ≤ 1.

3. (∀-Inversion) If k

α
Γ, ∀xA(x), then k

α
Γ,A(n̄) for every n ∈ N.

4. (∨-exportation) If k

α
Γ,A ∨B, then k

α
Γ,A,B.

5. (False Literal) If k

α
Γ,A for a false L-literal A, then k

α
Γ .

6. (Substitution) If k

α
Γ,A(s) and sN = tN, then k

α
Γ,A(t).

Lemma 25. (Reduction Lemma for G∞(rec) [50, Lemma 3.19]) In G∞(rec), the follow-
ing holds:

If k

α
Γ,A and k

β
∆,¬A hold with |A| = k, then k

α#β
Γ,∆.



3.1. Ordinal Analysis by Cut Elimination 29

Proof. We extend the proof for PA∞(rec) (Lemma 18). Thus, the claim is shown by
induction on α#β, and we divide the cases by whether A and ¬A are principal in
the last inference rule of the derivation, respectively.

Case I: either A or ¬A is not principal. Although the proof is almost the same
as for Case I of Lemma 18, we have to be careful when A is derived by T-Intro:

k

α0
B

k

α
Γ ′,TpBq, A

T-Intro
, where Γ = Γ ′ ∪ {TpBq}.

In this case, we can directly derive k

α#β
Γ,∆ from k

α0
B by T-Intro.

Case II: both A and ¬A are principal.

Case IIa: |A| > 0. Since none of Truth rules of G∞(rec) have the principal sen-
tence that has the logical complexity > 0, the proof is exactly the same as
for Case IIa of Lemma 18.

Case IIb: |A| = 0. It suffices to consider the case A ≡ T(s). Then, ¬A ≡
¬T(s) is principal only when ∆,¬T(s) is an instance of (Ax.2), and hence
T(t) is contained in ∆ for some tN = sN. Thus, k

α#β
Γ,∆ is obtained from

k

α
Γ,A by Substitution and Weakening for G∞(rec).

�

Remark 26. For the proof of Reduction Lemma for G∞(rec) to succeed, it is im-
portant that the additional rules of G∞(rec) have only the atomic principal sentence.
That is the reason why Leigh and Rathjen [50] do not add the rule T-Elim to G∞(rec)
explicitly.

Lemma 27. (Cut elimination for G∞(rec)) The following is admissible:

0
α
Γ,A 0

β
∆,¬A

0

ω|A|(α#β)
Γ,∆ .

As is explained in Remark 26, the system G∞(rec) does not have the rule T-Elim.
Thus, to prove Embedding Lemma, we must show the admissibility of T-Elim.

Definition 28. (Basic T-positive sequent) A basic T-positive sequent Γ is of the
following form:

TpA0q,TpA1q, · · · ,TpAmq.
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Proposition 29. (Soundness of G∞ (cf. [50, Lemma 3.23])) Let Γ be basic T-positive.
If 0

α
Γ, then it follows that 0

ϕ1α
A for some TpAq ∈ Γ.

Proof. The proof is by induction on α. We divide the cases by the last inference
rule of the derivation.

T-Intro. Assume that 0
α
Γ ′,TpAq is derived from 0

α0
A, where Γ = Γ ′ ∪ {TpAq}.

In this case, 0

ϕ1α
A is obtained by Weakening.

Rep. For Γ = Γ ′ ∪ {TpTpAqq}, we assume that 0
α
Γ ′,TpTpAqq is derived from

0

α0
Γ ′,TpAq by (Rep). Then, by the induction hypothesis, we have 0

ϕ1α0
B

for some TpBq ∈ Γ ′ ∪ {TpAq}. If TpBq ∈ Γ ′ ⊆ Γ , then 0

ϕ1α
B follows by

Weakening. If TpBq = TpAq, then we obtain 0

ϕ1α
TpAq by T-Intro.

The other cases are similar. Note that we do not have to consider the cut rule, for
the cut rank is 0. �

From Soundness of G∞, we can immediately conclude the admissibility of
(T-Elim). Therefore, if G ` B, then G∞ ` B. Moreover, if B does not contain
the truth predicate, then the cut eliminability of G∞ implies that B is derivable
in PA∞. Thus, B is proved to be arithmetically true.

As the final step of the upper-bound proof of G, [50, Corollary 3.27] claims
that all the above arguments hold for G∞rec, and thus they are formalisable in
Peano arithmetic expanded with a suitable transfinite induction schema. However,
as far as their comments are literally understood, there is a counterexample to
formalisability. As the consequence of the above Soundness, if G∞ ` TpAq∨TpBq,
then it follows that G∞ ` TpAq or G∞ ` TpBq. This is called the truth disjunction
property in [21]. If this property holds also for G∞rec, we can further show that
the truth disjunction property holds for G itself. However, in the presence of the
axiom (∀-Inf), this property should fail for any recursively enumerable system ([21,
Proposition 1.2]). Therefore, soundness is false for G∞rec though it is true for G∞. I
also give a concrete counterexample to the Soundness of G∞rec.

Proposition 30. (Counterexample to Soundness of G∞rec) 1. For any L-sentence
A, there exists a proof of the sequent TpAq,Tp¬Aq with length α < ω in G∞rec.

2. There is an L-sentence B such that neither B nor ¬B is derivable in G∞rec with
length ϕ1ω.

3. Thus, there is an L-sentence B such that G∞rec 0
ω

TpBq,Tp¬Bq, whereas
G∞rec 6 0

ϕ1ω
B and G∞rec 6 0

ϕ1ω ¬B.

Proof.
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1 By induction on A. For example, the case A ≡ ∀xB(x) is proved as follows:

...
TpB(n)q,Tp¬B(n)q

IH

...
¬B(n)→ ¬∀xB(x)

by logic

TpB(n)q,Tp¬B(n)→ ¬∀xB(x)q
(T-Intro)

· · ·TpB(n)q,Tp¬∀xB(x)q · · · (T→)

Tp∀xB(x)q,Tp¬∀xB(x)q
(T∀)

2 Let BewG∞rec(x, y) be a derivability predicate for G∞rec, meaning that x is derivable
with length y in G∞rec. By Gödel’s lemma, let B be an L-sentence such that B ↔
¬BewG∞rec(pBq, ϕ1ω); thus, B asserts that B is not derivable with the length
ϕ1ω. If G∞rec

ϕ1ω
B, then BewG∞rec(pBq, ϕ1ω) is true, and thus, ¬B is true.

However, we can easily show that any L-sentence cut freely derivable in G∞(rec)

is true in N; thus, B should also be true, a contradiction. Therefore, G∞rec 6
ϕ1ω

B. Next, if G∞rec
ϕ1ω ¬B, then we also have G∞rec

ϕ1ω+1
BewG∞rec(pBq, ϕ1ω).

Thus, again by the L-soundness of G∞rec, it follows that BewG∞rec(pBq, ϕ1ω) is
true, which implies G∞rec

ϕ1ω
B. This, combined with the current assumption

G∞rec
ϕ1ω ¬B, implies that G∞rec is inconsistent, which contradicts the consistency

of G∞(rec). Therefore, G∞rec 6
ϕ1ω ¬B. In summary, neither B nor ¬B is derivable

with length ϕ1ω.

3 Item 3 is an immediate consequence of items 1 and 2.

�

The above counterexample means that Soundness (Proposition 29) fails for
G∞rec, and hence, it is not clear whether the admissibility of T-Elim holds in G∞rec.
However, as we have seen in Section 3.1.1, embedding into the recursive system is
required for the upper-bound proof. In addition, the same problem occurs also in
the other systems E,F, and I. In the next subsection, to solve this problem, we
instead prove that a property weaker than Soundness is sufficient for the admissi-
bility proof of T-Elim.

3.2 Reconsidering Upper Bounds of E, F,G, and I

In Section 3.2.1, by modifying Leigh and Rathjen’s original proof, we verify that
their ordinal bound ϕ20 for G is correct. In Section 3.2.2, the system I is addressed.
The analyses of F (Section 3.2.3) and E (Section 3.2.4) are more complicated than
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those of G and I. In particular, we need to present the derivation systems for them
as labelled calculi.

In conclusion, the results of Section 3.2 are summarised as follows:

Theorem 34 (cf. [50, Corollary 3.27]) G ≤ PA + TI(< ϕ20).

Theorem 48 (cf. [50, Corollary 3.35]) I ≤ PA + TI(< ϕ20).

Theorem 63 (cf. [50, Theorem 3.15]) F ≤ PA + TI(< ϕω0).

Theorem 73 (cf. [50, Theorem 3.45]) E ≤ PA + TI(< ϕω0).

Note that Leigh and Rathjen [50] also give the lower-bound proofs for G, I,F,
and E. Thus, each of the above ordinal numbers is an exact proof-theoretic ordinal.

3.2.1 An Analysis of G

In the previous section, we showed that the truth disjunction property is too strong
to determine the proof-theoretic upper bound. As a solution, I shall use a weaker
property, strong disquotability. To illustrate this, let us reconsider what property
must be established to show the admissibility of (T-Elim). Thus, we assume that
TpAq is derived. Then, our purpose is to disquote it, i.e., to derive A. Now,
the premises of TpAq do not always consist of only one sentence. For instance,
consider the following derivation of A ≡ TpBq:

...
` TpTpBqq,TpBq
` TpTpBqq

Rep

To derive TpBq, we want to use the induction hypothesis for the premise `
TpTpBqq,TpBq. But how? Our idea is to disquote TpTpBqq only:

` TpTpBqq,TpBq
disquote only TpTpBqq

=⇒ ` TpBq,TpBq

In general, for a basic T-positive sequent TpA0q,TpA1q, · · · ,TpAnq, it is suffi-
cient that any of its subsets is disquotable. If this is the case, then I shall say that
this sequent is strongly disquotable. If all the derived basic T-positive sequents
are strongly disquotable in a derivation system, then I shall say that the system
is strongly disquotable. We can easily observe that strong disquotability is weaker
than the truth disjunction property in the presence of T-Intro. Thus, my aim is to
show the strong disquotability of G∞rec, in a way formalisable in PA + TI(< ϕ20).
Then, we can obtain the admissibility of T-Elim in G∞rec, provably in PA+TI(< ϕ20).
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Definition 31. (Disquotation for G) Let Γ be a basic T-positive sequent of the
following form:

TpA0q,TpA1q, · · · ,TpAmq.
Then, let the disquotation Disq(Γ ) of Γ be the sequent:

A0, A1, · · ·Am.

Lemma 32. (Strong disquotation for G∞(rec)) Let Γ,∆ be basic T-positive. If G∞rec 0
α

Γ,∆ then G∞rec 0

ϕ1α
Γ,Disq(∆).

In particular, there exists a partial recursive function FSD(x, y) such that if
d 0

α
Γ,∆, then FSD(d, p∆q) 0

ϕ1α
Γ,Disq(∆) holds.

Proof. To construct a required function FSD(x, y), we divide the cases by the last
rule of the derivation. The most non-trivial case is where there are infinitely many
premises, so we concentrate on the rule (T∀).

(T∀) For Γ,∆ = Σ ′ ∪ {Tp∀xA(x)q}, we assume that the recursive derivation d is
of the following form:

... dn
· · · 0

αn
Σ ′,TpA(n)q · · · (n ∈ N)

0
α
Σ ′,Tp∀xA(x)q

(Rep)
,

where dn is a subderivation of d for each n ∈ N. Note that since d is a recursive
derivation, we have a recursive function that enumerates d0, d1, · · · , dn, · · · .

1. If Tp∀xA(x)q ∈ ∆, then we have ∆ = (Σ ′∩∆)∪{Tp∀xA(x)q}, and hence,
Disq(∆) = Disq(Σ ′ ∩∆) ∪ {∀xA(x)}.
By the induction hypothesis for dn, we obtain:

FSD(dn, p(Σ
′ ∩∆) ∪ {TpA(n)q}q) 0

ϕ1αn
Σ ′ ∩ Γ,A(n), Disq(Σ ′ ∩∆).

By Weakening, it follows that:

FSD(dn, p(Σ
′ ∩∆) ∪ {TpA(n)q}q) 0

ϕ1αn
Γ,A(n), Disq(Σ ′ ∩∆).

Now, we have a recursive function that returns the value FSD(dn, p(Σ ′ ∩
∆)∪{TpA(n)q}q) for each n. Thus, by the rule (∀) we can define the value
of FSD(d, p∆q) so that:

FSD(d, p∆q) 0

ϕ1α
Γ, ∀xA(x), Disq(Σ ′ ∩∆).

As ∆ = (Σ ′ ∩∆) ∪ {Tp∀xA(x)q}, this is equivalent to:

FSD(d, p∆q) 0

ϕ1α
Γ,Disq(∆).
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2. If Tp∀xA(x)q /∈ ∆, then Tp∀xA(x)q ∈ Γ .
By the induction hypothesis for dn, we obtain:

FSD(dn, pΣ
′ ∩∆q) 0

ϕ1αn
Σ ′ ∩ Γ,TpA(n)q, Disq(Σ ′ ∩∆).

As above, we have a recursive function that returns the value FSD(dn, pΣ ′∩
∆q) for each n. Therefore, by (T∀), we have a recursive derivation e:

e 0

ϕ1α
Σ ′ ∩ Γ,Tp∀xA(x)q, Disq(Σ ′ ∩∆).

Thus, by Weakening, we can recursively define the value of FSD(d, p∆q)
such that:

FSD(d, p∆q) 0

ϕ1α
Γ,Disq(∆).

The other cases are easier. �

From the strong disquotability of G∞rec, the admissibility of T-Elim directly
follows, and so does Embedding Lemma of G:

Lemma 33. (Embedding of G) If G ` A, then it follows that G∞rec 0
α
A for some

α < ϕ20.

Theorem 34. (Upper bound of G) Let A be an L-sentence.
If G ` A, then PA + TI(< ϕ20) ` A.

3.2.2 An Analysis of I

Definition 35. (System I) An LT-theory I consists of BaseT with the following
axioms and rules:

(Rep) ∀pAq ∈ SentLT . TpAq→ TpTpAqq;

(Del) ∀pAq ∈ SentLT . TpTpAqq→ TpAq;

(T∀) ∀pAxq ∈ SentLT . ∀vTpA(v̇)q→ Tp∀xA(x)q;

(T-Elim) from TpAq infer A.

(¬T-Elim) from ¬TpAq infer ¬A.

Similar to G∞, Leigh and Rathjen [50, Definition 3.28] define an infinitary
system (which we denote as I∞L&R) in which I is embeddable. First, let us briefly
observe that I∞L&R has the same problem as G∞.
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Definition 36. (System PA∞T and I∞L&R) The derivation system PA∞T consists of
PA∞ (Definition 15) with the rule T-Intro of G∞ (Definition 23). The calculus I∞L&R

is obtained from G∞ by eliminating the rule T-Intro and instead adding the axiom
(Ax.3) and the rule (Del):

PA∞T 0
α
A

k

α
Γ,TpAq

(Ax.3)
,

k

α
Γ,TpTpAqq

k

α
Γ,TpAq

(Del)
.

Note that (Ax.3) says that if A is derived in PA∞T , then Γ,TpAq is derived in I∞L&R.
In addition, it is easy to prove that PA∞T is a subsystem of I∞L&R [50, Proposi-
tion 3.29].

Similar to G∞, it is shown in [50] that the basic properties (Lemma 24) and
Cut Elimination (Lemma 27) hold in both PA∞T and I∞L&R. Thus, the remaining
task is to show the admissibility of T-Elim and ¬T-Elim. To prove the former, they
showed the following:

Proposition 37. (Soundness of I∞L&R [50, Lemma 3.32] ) Assume that Γ is basic
T-positive. If I∞L&R 0

α
Γ, then it follows that PA∞T 0

ϕ1α
A for some TpAq ∈ Γ.

From this proposition, the admissibility of T-Elim follows, because PA∞T is a
subsystem of I∞L&R. But again, the problem is that its recursive version is false. In
fact, exactly the same counterexample as for G∞rec (Proposition 30) applies.

To solve this, we now define an infinitary system I∞(rec) in which I is embeddable.
Although the recursive version of Proposition 37 is false, our proof is essentially
based on Leigh and Rathjen’s original argument. To be more precise, the truth
predicate in I∞(rec) intuitively represents the sequent calculus PA∞T itself; thus, the
truth predicate now applies not to sentences, but to sequents. Since a sequent is
a finite set of sentences, it can be coded by an appropriate Gödel numbering.

As is the case with G∞rec, the basic properties, Cut Elimination, and Disquo-
tation for the recursive version of both PA∞T and I∞ are provable in an effective
manner.

Definition 38. (System I∞(rec)) The derivation system I∞ consists of PA∞ and the
truth rules in Table 3.3. The calculus I∞rec is a subsystem of I∞ in which only
recursive derivations are allowed.

Lemma 39. The following basic properties hold in I∞(rec).

1. (Weakening) If k

α
Γ , then l

β
∆ for any α ≤ β, Γ ⊆ ∆, and k ≤ l.

2. (∧-Inversion) If k

α
Γ,A0 ∧ A1, then k

α
Γ,Ai for every i ≤ 1.
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Table 3.3: System I∞

Truth rules (assume: αi < α for i ∈ N)

(TAx.1) k

α
Γ,Tp∆,Aq, if A is a true arithmetical literal.

(TAx.2) k

α
Γ,Tp∆,¬Ts,Ttq, if sN = tN.

k

α0
Γ,Tp∆,A0, A1q

k

α
Γ,Tp∆,A0 ∨ A1q

(T∨)
k

α0
Γ,Tp∆,A0q k

α1
Γ,Tp∆,A1q

k

α
Γ,Tp∆,A0 ∧ A1q

(T∧)

k

α0
Γ,Tp∆,A(i)q

k

α
Γ,Tp∆,∃xAq

(T∃)
. . . k

αi
Γ,Tp∆,A(i)q . . . (i ∈ N)

k

α
Γ,Tp∆,∀xAq

(T∀)

k

α0
Γ,Tp∆,Aq k

α1
Γ,Tp∆,¬Aq

k

α
Γ,Tp∆q

(Tcut)

k

α0
Γ,TpAq

k

α
Γ,Tp∆,TpAqq

(Rep) k

α0
Γ,TpTpAqq

k

α
Γ,Tp∆,Aq

(Del)
.

3. (∀-Inversion) If k

α
Γ, ∀xA(x), then k

α
Γ,A(n̄) for every n ∈ N.

4. (∨-Exportation) If k

α
Γ,A ∨B, then k

α
Γ,A,B.

5. (False Literal) If k

α
Γ,A for a false L-literal A, then k

α
Γ .

6. (Substitution) If k

α
Γ,A(s) and sN = tN, then k

α
Γ,A(t).

The system I∞ is defined such that the principal sentence of each truth rule is
atomic. Thus, as is noted in Remark 26, Cut elimination is provable in the same
way as for G∞(rec).

Lemma 40. (Cut Elimination for I∞(rec)) The following is admissible:

0
α
Γ,A 0

β
∆,¬A

0

ω|A|(α#β)
Γ,∆ .

Next, we aim to show the admissibility of T-Elim. If I∞(rec) does not have the
rule (Del), then the system can be roughly seen as a subsystem of G∞(rec), and thus,
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we can show the strong disquotability, similar to Lemma 32. But, the elimination
of (Del) intuitively means that the inside of the truth predicate, i.e., PA∞T , admits
the rule T-Elim. Since PA∞T is a proper subsystem of G∞, we can show this in the
same way as for G∞.

Definition 41. (Basic T-positive sequent for I) Let∆0, ∆1, · · ·∆m be sequents. A
basic T-positive sequent Γ is of the following form:

Tp∆0q,Tp∆1q, · · · ,Tp∆mq.

For this Γ, let the disquotation Disq(Γ ) be the sequent:

∆0, ∆1, · · ·∆m.

Definition 42. 1. -Tcut

α
Γ means that Γ is derived without (cut) nor (Tcut).

2. -Tcut,-Del

α
Γ means that -Tcut

α
Γ is obtained without (Del).

The basic properties and Cut Elimination hold inside the truth predicate, the
proofs of which are almost the same as for G∞(rec).

Lemma 43. (Tcut-Weakening for I∞(rec)) Let Γ be a basic T-positive sequent, and
we take any sequents ∆ and ∆′ such that ∆ ⊆ ∆′. If -Tcut,-Del

α
Γ,Tp∆q, then

-Tcut,-Del

α
Γ,Tp∆′q.

Lemma 44. (Tcut-Elimination for I∞(rec)) Let Γ be basic T-positive. The following
is admissible:

-Tcut,-Del

α0
Γ,Tp∆,Aq -Tcut,-Del

α1
Γ,TpΣ,¬Aq

-Tcut,-Del

ω|A|(α0#α1)
Γ,Tp∆,Σq .

Lemma 45. (Elimination of Tcut and Del) Let Γ,∆ be basic T-positive.

1. If I∞(rec) -Tcut,-Del

α
Γ,Tp∆q, then I∞(rec) -Tcut,-Del

α
Γ,TpDisq(∆)q.

2. If I∞(rec) 0
α
Γ, then I∞(rec) -Tcut,-Del

ϕ1α
Γ.

Proof. Although we consider only I∞, it should be clear from the proof that the
result holds also in I∞rec, similar to Lemma 32.
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1. By induction on α. We write ∆ := TpA0q, · · · ,TpAmq. Assume -Tcut,-Del

α

Γ,TpTpA0q, · · · ,TpAmqq.We consider the case where TpTpA0q, · · · ,TpAmqq
is principal in the last rule of the derivation. This is possible only when the
rule (Rep) is applied:

-Tcut,-Del

α0
Γ,TpAmq

-Tcut,-Del

α
Γ,TpTpA0q, · · · ,TpAm−1q,TpAmqq

(Rep)
.

Then, using Weakening and Tcut-Weakening, the claim is obvious from the
induction hypothesis.

2. By induction on α. The important cases are where (Tcut) or (Del) is the last
rule of the derivation.
(Del) Assume the following derivation:

0

α0
Γ ′,TpTpAqq

0
α
Γ ′,TpΣ,Aq

(Del)
,

where Γ = Γ ′ ∪ {TpΣ,Aq}.
By the induction hypothesis, we have:

-Tcut,-Del

ϕ1α0
Γ ′,TpTpAqq.

Thus, by item 1 of this lemma, it follows that:

-Tcut,-Del

ϕ1α0
Γ ′,TpAq.

Therefore, Weakening and Tcut-Weakening imply the claim:

-Tcut,-Del

ϕ1α
Γ ′,TpΣ,Aq.

�

Lemma 46. (Admissibility of T-Elim) If I∞(rec) 0
α

Tp{A}q, then I∞(rec) 0

ϕ1(ϕ1α)
A.

Proof. Assume 0
α

Tp{A}q. By Lemma 45, we have -Tcut,-Del

ϕ1(α)
Tp{A}q. Since this

derivation does not contain (Del), it can be seen as in G∞. Thus, by the same proof
as for Lemma 32, we obtain 0

ϕ1(ϕ1α)
A in I∞. �

The truth predicate of I∞(rec) represents sequents, not sentences. Thus, to embed
I into I∞rec, we use an L-preserving translation Aseq as (T(x))seq :≡ T({x}), where
the primitive recursive function {x} returns (the code of) the sequent {A} for the
code x = pAq of a sentence.
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Lemma 47. (Embedding of I) If I ` A, then for some α < ϕ20, we have I∞rec 0
α

Aseq.

Theorem 48. (Upper-bound of I) Let A be an L-sentence.
If I ` A, then PA + TI(< ϕ20) ` A.

3.2.3 An Analysis of F

Definition 49. (System F) An LT-theory F consists of BaseT with the following
axioms and rules:

(Del) ∀pAq ∈ SentLT . TpTpAqq→ TpAq;

(T∀) ∀pAxq ∈ SentLT . ∀vTpA(v̇)q→ Tp∀xA(x)q;

(T-Intro) from A infer TpAq;

(T-Elim) from TpAq infer A;

(¬T-Elim) from ¬TpAq infer ¬A.

To analyse F, Leigh and Rathjen [50] define a system (which we call F∞L&R) in
which the T-Intro-rank is recorded.

Definition 50. (System F∞L&R [50, Definition 3.3]) The derivation system F∞L&R con-
sists of PA∞ with the truth rules in Table 3.4. In each derivation k,m

α
Γ , the natural

number m denotes the T-Intro-rank, i.e., the number of applications of the rule
(T-Intro) in the derivation. This rank increases only when the rule (T-Intro) is
applied.

For F∞L&R, the basic properties and Cut Elimination are proved in [50]. To show
the admissibility of T-Elim, they also give the following soundness result:

Proposition 51. (Soundness of F∞L&R [50, Lemma 3.10] ) Assume that Γ is basic
T-positive. If F∞L&R 0,n+1

α
Γ, then it follows that F∞L&R 0,n

ϕ(n+1)α
A for some TpAq ∈

Γ.

Proof. By induction on n and α. To see why T-Intro-rank has to be recorded, we
consider the case where Γ is derived by (Del). So, for Γ = Γ ′∪{TpAq}, we assume
the following derivation:

0,n+1

α0
Γ ′,TpTpAqq

0,n+1
α

Γ ′,TpAq
(Del)

.
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Table 3.4: System F∞L&R

Truth rules (assume: m0 < m and αi < α for i ∈ N)

k,m0

α0
A

k,m

α
Γ,TpAq

(T-Intro)
k,m

α0
Γ,TpAq k,m

α1
Γ,TpA→ Bq

k,m

α
Γ,TpBq

(T→)

. . . k,m

αi
Γ,TpA(i)q . . . (i ∈ N)

k,m

α
Γ,Tp∀xAq

(T∀)
k,m

α
Γ,TpTpAqq

k,m

α0
Γ,TpAq

(Del)

By the sub-induction hypothesis, we get 0,n

ϕ(n+1)α0
B for some TpBq ∈ Γ ′ ∪

{TpTpAqq}. If TpBq ∈ Γ ′, then the claim is obvious by Weakening. Thus,
we may suppose B ≡ TpAq. Note that from the definition of F∞L&R, a basic T-
positive sequent is derivable only when the T-Intro-rank is larger than 0. Therefore,
we have n > 0, and hence, we can use the main induction hypothesis to obtain

0,n−1

ϕn(ϕ(n+1)α0)
A. Since ϕn(ϕ(n+ 1)α0) = ϕ(n+ 1)α0 < ϕ(n+ 1)α, the claim follows

by Weakening. �

As for the recursive version (F∞L&R)rec of F∞L&R, we have the following counterex-
ample:

Proposition 52. (Counterexample to Soundness of (F∞L&R)rec) 1. For any L-sentence
A, there exists a proof of the sequent TpAq,Tp¬Aq with length α < ω and
with the T-Intro-rank = 1 in (F∞L&R)rec.

2. There is an L-sentence B such that neither B nor ¬B is derivable in (F∞L&R)rec
with length ϕ1ω.

3. Thus, there is an L-sentence B such that (F∞L&R)rec 0,1
ω

TpBq,Tp¬Bq, whereas
(F∞L&R)rec 6 0,n

ϕ1ω
B and (F∞L&R)rec 6 0,n

ϕ1ω ¬B for any n.

Thus, to determine the upper bound of F, we need a recursive procedure that
transforms each derivation of TpAq into that of A. Let us consider the following
case:

` TpAq,TpTpBqq
` TpAq,TpBq

(Del)

To show the strong disquotability as for G∞rec, we need to obtain derivations of
three sequents, A,TpBq and TpAq, B and A,B,. As an example, we want to get
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TpAq, B as follows: by applying IH to the premise, we have TpAq,TpBq, and
then one more application of IH should give TpAq, B.

As we have seen in the proof of Proposition 51, we can indeed apply the in-
duction hypothesis twice, by considering the T-Intro-rank. However, T-Intro rank
might not be useful when considering recursive derivations. Consider the following
derivation:

n
A

n+1
TpAq,TpTpBqq

T-Intro

n+1
TpAq,TpBq

Del

In this case, we cannot achieve TpAq,TpBq with a T-Intro rank ≤ n. Although
TpAq, B is luckily obtained directly from A by T-Intro, the problem here is that
we need to get the required sequent TpAq, B in a computable way. If we want
to give a recursive procedure, then the operation at each step has to be uniquely
determined without trial and error.

To resolve this problem, I will present F∞ as a labelled sequent system as
follows:

` n : A
` n+ 1 : TpAq,m : TpTpBqq T-Intro

` n+ 1 : TpAq,m : TpBq Del

Informally speaking, this system assigns T-Intro rank to each formula in the se-
quent.

To give a sketch of the proof of strong disquotability, I here explain the deriva-
tion system in more detail. If the rule Del is not used, then the system is a
subsystem of G∞, and thus, it is easy to show the strong disquotabiliy of the sys-
tem. Thus, my strategy is to eliminate applications of Del. Since we consider a
labelled system, the rule Del is now indexed:

Γ, n : TpTpAqq
Γ, n : TpAq

Deln.

Therefore, we will eliminate applications of Deln by induction on n. For this
purpose, it is useful to keep the information about what indices for Del are used
in the derivation.

For the above reasons, we shall present derivations as the following form:

S,k

α
Γ,

where Γ consists of labelled sentences of the form n : A; a natural number k is
the cut-rank; an ordinal α is the derivation length; and a finite set S of natural
numbers indicates that Deln may occur in the derivation only if n ∈ S or T-Intro
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is applied below Deln. 2 For example, the following is a correct derivation:

...

{2},k
α

2 : TpTpAqq

{2},k
α+1

2 : TpAq
Del2

{3,5},k
α+2

3 : TpTpAqq
T-Intro

{3,5},k
α+3

3 : TpAq
Del3

In this derivation, although 2 /∈ {3, 5}, the rule Del2 can occur above T-Intro,
because 2 ∈ {2}.

Let A be an arithmetical sentence. The upper-bound proof of F proceeds as
follows:

1. F ` A
2. F∞rec S,k

α
n : A, for some S ⊆fin N, some n, k ∈ N, and some α < ϕω0

(∵ Embedding Lemma (Lemma 62))

3. F∞rec S,0

ωk(α)
n : A

(∵ Cut elimination (Lemma 57))

4. PA + TI(< ϕω0) ` A
(∵ formalising the above argument in PA + TI(< ϕω0))

Thus, we have F ≤ PA + TI(< ϕω0), as desired.
To show Embedding Lemma, the admissibility of T-Elim is proved as follows:

1. F∞ S,0

α
n : TpAq

2. F∞
S\{0,1,··· ,n},0
ϕ(n+1)α

n : TpAq
(∵ Del-Elimination (Lemma 60), which states that n : TpAq is derivable
without using Del0,Del1, · · · ,Deln)

3. F∞
S\{n},0

ϕ1(ϕ(n+1)α)
n− 1 : A

(∵ Disquotation (Lemma 59), which states that we can disquote n : TpAq
without using Del0, Del1, · · · , Deln−1. )

Definition 53. (Labelled sequents) A labelled sequent Γ is a finite set of labelled
LT-sentences of the form n : A, where n ∈ N. For a normal sequent ∆, we define
a labelled sequent n : ∆ as {n : A | A ∈ ∆}.

2Here, we use the notion of finite sets of natural numbers. Nevertheless, concepts and op-
erations on finite sets can be formalised in weak arithmetic, such as PA. Thus, they are not
problematic for the proof-theoretic purpose. For more details, see [27].
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Definition 54. (System F∞) The labelled derivation system F∞ comprises the la-
belled version of PA∞ in Table 3.5 and the truth rules in Table 3.6. The system
F∞rec is a subsystem of F∞ in which only recursive derivations are allowed.

Table 3.5: Labelled PA∞

Basic axioms

(Ax.1) S,k

α
Γ, n : A, if A is a true arithmetical literal.

(Ax.2) S,k

α
Γ, n : ¬Ts, n : Tt, if sN = tN.

Basic rules (assume: αi < α for i ∈ N)

S,k

α0
Γ, n : A0, n : A1

S,k

α
Γ, n : A0 ∨ A1

(∨)
S,k

α0
Γ, n : A0 S,k

α1
Γ, n : A1

S,k

α
Γ, n : A0 ∧ A1

(∧)

S,k

α0
Γ, n : A(i)

S,k

α
Γ, n : ∃xA

(∃)
. . . S,k

αi
Γ, n : A(i) . . . (i ∈ N)

S,k

α
Γ, n : ∀xA

(∀)

S,k

α0
Γ, n : A S,k

α1
Γ, n : ¬A

S,k

α
Γ

(cut)
, where |A| < k.

First, we remark that the basic properties hold even in the labelled system. In
particular, we have three kinds of Weakening for F∞(rec).

Lemma 55. (Weakening) The following three types of Weakening hold in F∞(rec).

1. Assume S,k

α
Γ and take arbitrary S ′ ⊇ S, k′ ≥ k, and α′ ≥ α. Then, it holds

that
S′,k′
α′

Γ, n : A.

2. Assume S,k

α
n : Γ and take arbitrary n′ ≥ n. If n′ ∈ S, then it holds that

S,k

α
n′ : Γ.

3. Assume S,k

α
Γ, n : A. If n /∈ S and n′ ≥ n, then it holds that S,k

α
Γ, n′ : A.

Lemma 56. The following basic properties hold in F∞(rec).
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Table 3.6: System F∞

Truth rules (assume: αi < α for i ∈ N)

S0,k

α0
n0 : A

S,k

α
Γ, n : TpAq

(T-Intro)
, for any n > n0 and any S ⊆fin N.

S,k

α0
Γ, n : TpAq S,k

α1
Γ, n : TpA→ Bq

S,k

α
Γ, n : TpBq

(T→)

. . . S,k

αi
Γ, n : TpA(i)q . . . (i ∈ N)

S,k

α
Γ, n : Tp∀xAq

(T∀)

S,k

α0
Γ, n : TpTpAqq

S,k

α
Γ, n : TpAq

(Deln)
, where n ∈ S.

1. (∧-Inversion) If S,k

α
Γ, n : A0 ∧ A1, then S,k

α
Γ, n : Ai for every i ≤ 1.

2. (∀-Inversion) If S,k

α
Γ, n : ∀xA(x), then S,k

α
Γ, n : A(i) for every i ∈ N.

3. (∨-Exportation) If S,k

α
Γ, n : A ∨B, then S,k

α
Γ, n : A, n : B.

4. (False Literal) If S,k

α
Γ, n : A for a false L-literal A, then S,k

α
Γ .

5. (Substitution) If S,k

α
Γ, n : A(s) and sN = tN, then S,k

α
Γ, n : A(t).

Lemma 57. (Cut Elimination) For any n ∈ N, the following is admissible:

S,0

α
Γ, n : A S,0

β
∆,n : ¬A

S,0

ω|A|(α#β)
Γ,∆ .

Definition 58. (Labelled basic T-positive sequent) A labelled basic T-positive se-
quent is of the following form:

n0 : TpA0q, n1 : TpA1q, · · · , nm : TpAmq.

For a sequent Γ := {TpA0q,TpA1q, · · · ,TpAmq}, recall that the disquotation
Disq(Γ ) of Γ is the sequent {A0, A1, · · · , Am}. We also define a labelled sequent
n : Disq(Γ ) as {n : A | A ∈ Disq(Γ )}.
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Lemma 59. (Disquotation for F∞(rec)) Assume 0 < n /∈ S; let Γ, n : ∆ be a labelled
basic T-positive sequent; define a set S ′ := S ∪ {0, 1, . . . , n − 1}. If S,0

α
Γ, n : ∆,

then we have
S′,0

ϕ1α
Γ, n− 1 : Disq(∆).

Proof. By induction on α.We remark that because 0 < n /∈ S, the labelled sequent
Γ, n : ∆ is obtained by a rule other than Deln.

As an example, we consider the following case:

S0,0

α0
m : A

S,0

α
Γ, n : ∆′, n : TpAq

(T-Intro)
,

where ∆ = ∆′ ∪ {TpAq} and m < n.
Here, S0 may contain natural numbers larger than m, but it is easy to show

that {0,1,··· ,m},0
α0

m : A. Therefore, by item 3 of Weakening, it follows that
S′,0

ϕ1α

Γ, n− 1 : Disq(∆). �

Lemma 60. (Del-Elimination for F∞(rec)) Assume that Γ is a labelled basic T-positive
sequent.

1. If S,0

α
Γ, 0 : TpAq, then S,0

α
Γ.

2. If S,0

α
Γ, then

S\{0,1,··· ,n},0
ϕ(n+1)α

Γ.

Proof.

1. For a labelled basic T-positive sequent Γ, let Γ ′ be the subset of Γ that consists
of all and only sentences with a non-zero label. By induction on α, we can
show the claim: for every labelled T-positive sequent Γ , if S,0

α
Γ , then S,0

α
Γ ′.

Therefore, the required claim follows.

2. By induction on n and α. If n = 0, from item 1, we obtain S,0

α
Γ ′, where Γ ′

is the result of eliminating from Γ all sentences with the label 0. As long as
we only see below the applications of T-Intro, the rule Del0 is not used in the
derivation S,0

α
Γ ′. Therefore, we get

S\{0},0
α

Γ ′. Thus, by item 1 of Weakening

Lemma (Lemma 55), we have
S\{0},0
ϕ1α

Γ.
Now we assume n > 0. As in the important case, we consider the situation
where S,0

α
Γ is obtained by (Deln):

S,0

α0
Γ ′, n : TpTpAqq

S,0

α
Γ ′, n : TpAq

(Deln)
,
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where Γ = Γ ′ ∪ {n : TpAq}.
We can assume {0, 1, · · · , n− 1} ⊆ S. Then, by the sub IH, we have

S\{0,1,··· ,n},0
ϕ(n+1)α0

Γ ′, n : TpTpAqq.

Thus, Disquotation Lemma (Lemma 59) yields that

S\{n},0
ϕ1(ϕ(n+1)α0)

Γ ′, n− 1 : TpAq.

Therefore, from the main IH, we obtain:

S\{0,1,··· ,n},0
ϕn(ϕ1(ϕ(n+1)α0))

Γ ′, n− 1 : TpAq.

As ϕn(ϕ1(ϕ(n + 1)α0)) = ϕ(n + 1)α0 < ϕ(n + 1)α, it follows by item 3 of
Weakening (Lemma 55) that

S\{0,1,··· ,n},0
ϕ(n+1)α

Γ, as required.

�

As I explained above, we now immediately have the upper bound of F.

Lemma 61. (Admissibility of T-Elim)
If F∞(rec) S,0

α
n : TpAq, then F∞(rec) S∪{0,1,··· ,n−1},0

ϕ(n+1)α
n− 1 : A.

Proof. If S,0

α
n : TpAq, then n cannot be 0. By Del-Elimination (Lemma 60), we

have
S\{0,1,··· ,n},0
ϕ(n+1)α

n : TpAq. Thus, Disquotation (Lemma 59) implies

S∪{0,1,··· ,n−1},0
ϕ1(ϕ(n+1)α)

n− 1 : A.

Since n+ 1 > 1, we have ϕ1(ϕ(n+ 1)α) = ϕ(n+ 1)α. �

Lemma 62. (Embedding of F) If F ` A, then we have F∞rec {0,1,··· ,n},0
α

n : A for
some n and α.

Theorem 63. (Upper-bound of F) Let A be an L-sentence.
If F ` A, then PA + TI(< ϕω0) ` A.

Proof. The proof is by formalising the above lemmata. In particular, given a
derivation of TpAq in F∞rec, the above proof gives a particular derivation of A in
F∞rec. �
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3.2.4 An Analysis of E

Finally, we consider the system E. Note that Leigh and Rathjen’s proof faces the
same problem as F (Proposition 52), so we need to modify the proof. Since E has
(T-Intro) and (Del), we again need a labelled system for E, similar to F∞(rec). More-
over, E has the axiom (T-Cons), which makes the analysis of E more complicated.

Definition 64. (System E [50]) An LT-theory E consists of BaseT with the fol-
lowing axioms and rules:

(Del) ∀pAq ∈ SentLT . TpTpAqq→ TpAq;

(T∀) ∀pAxq ∈ SentLT . ∀vTpA(v̇)q→ Tp∀xA(x)q;

(T-Cons) ¬Tp⊥q;

(T-Intro) from A infer TpAq;

(T-Elim) from TpAq infer A.

Similar to F∞(rec), we formulate E∞(rec) as a labelled system. However, due to the
axiom (T-Cons), we impose a condition on labels in the rules (cut) and (T-Cons).

Let n be a natural number and Γ be a labelled sequent. We write n ∈ Γ, when
there exists a sentence A such that n : A ∈ Γ.

Definition 65. (System E∞(rec)) The labelled system E∞ is almost the same as F∞,
though the cut rule is now restricted to the following form:

S,k

α0
Γ, n : A S,k

α1
Γ, n : ¬A

S,k

α
Γ

(cut)
, where α0, α1 < α, |A| < k and n ∈ Γ.

In addition, E∞ has the rule (T-Cons) :

S,k

α0
Γ, n : Tp⊥q

S,k

α
Γ

(T-Cons)
, where α0 < α and n ∈ Γ.

Similar to F∞(rec), we observe that all of the basic properties (Lemma 56), Weak-
ening (Lemma 55), Cut Elimination, Disquotation, Admissibility of T-Elim, and
Embedding Lemma hold in E∞(rec). We restate the claims:

Lemma 66. (Weakening for E∞(rec)) 1. Assume S,k

α
Γ and take arbitrary S ′ ⊇

S, k′ ≥ k, and α′ ≥ α. Then, it holds that
S′,k′
α′

Γ, n : A.
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2. Assume S,k

α
n : Γ and take arbitrary n′ ≥ n. If n′ ∈ S, then it holds that

S,k

α
n′ : Γ.

3. Assume S,k

α
Γ, n : A. If n /∈ S and n′ ≥ n, then it holds that S,k

α
Γ, n′ : A.

Proof. In the same way as in the proof of Lemma 55, we show each claim by
induction on α. Thus, it is enough to check the cases where (T-Cons) is related.

1. Taking arbitrary S ′ ⊇ S, k′ ≥ k, and α′ ≥ α, we assume that the derivation
of Γ is of the following form:

S,k

α0
Γ,m : Tp⊥q

S,k

α
Γ

(T-Cons)
,

where m ∈ Γ.
By the induction hypothesis, we have

S′,k′
α0

Γ,m : Tp⊥q, n : A. Since α0 < α′

and m ∈ Γ ⊆ Γ ∪ {n : A}, we obtain the claim
S′,k′
α′

Γ, n : A by (T-Cons).

2. Similar to item 1.

3. We assume that the derivation of Γ, n : A is of the following form:

S,k

α0
Γ, n : A,m : Tp⊥q

S,k

α
Γ, n : A

(T-Cons)
,

where m ∈ Γ or m = n.
We also suppose n /∈ S and n′ ≥ n; then, we need to show S,k

α
Γ, n′ : A.

If m = n, then by applying the induction hypothesis twice, we have S,k

α0
Γ, n′ :

A, n′ : Tp⊥q. Since n′ ∈ Γ∪{n′ : A}, we obtain by (T-Cons) that S,k

α
Γ, n′ : A,

as desired.
If m ∈ Γ , then we apply the induction hypothesis to get S,k

α0
Γ, n′ : A,m :

Tp⊥q. Since m ∈ Γ , we have S,k

α0
Γ, n′ : A by (T-Cons).

�

Lemma 67. (Cut Elimination for E∞(rec)) For any n ∈ N, the following is admissi-
ble:

S,0

α
Γ, n : A S,0

β
∆,n : ¬A

S,0

ω|A|(α#β)
Γ,∆ , where n ∈ Γ,∆.
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Proof. Except for the cases where new rules are used, the proof is almost the
same as for Lemma 57. Therefore, we consider only the case where (T-Cons) is
concerned. The case of (cut) is similarly treated.

We assume that the left premise is derived by (T-Cons):

S,0

α0
Γ, n : A,m : Tp⊥q

S,0

α
Γ, n : A

(T-Cons)

where n ∈ Γ,∆ and m ∈ Γ ∪ {n : A}.
By the induction hypothesis, we have S,0

ω|A|(α0#β)
Γ,m : Tp⊥q, ∆. Since m ∈

Γ,∆, it follows by (T-Cons) that S,0

ω|A|(α#β)
Γ,∆. �

To analyse E∞(rec), we slightly modify the definition of labelled basic T-positivity.

Definition 68. (Labelled basic T-positive sequent for E) A labelled sequent is ba-
sic T-positive if it consists of either one of the following forms:

• n : TpAq,

• n : B for an L-sentence B.

We take a sequent Γ := {TpA0q,TpA1q, · · · ,TpAmq, B0, · · ·Bl} for L-sentences
B0, · · · , Bl. Let the disquotation Disq(Γ ) of Γ be the set {A0, A1, · · · , Am, B0, · · ·Bl}.
Also, we define a labelled sequent n : Disq(Γ ) := {n : A | A ∈ Disq(Γ )}.

Lemma 69. (Disquotation for E∞(rec)) Assume 0 < n /∈ S; let a labelled sequent
Γ, n : ∆ be basic T-positive; define a set S ′ := S∪{0, 1, . . . , n−1}. If S,0

α
Γ, n : ∆,

then we have
S′,0

ϕ1α
Γ, n− 1 : Disq(∆).

Proof. The proof is almost the same as for Lemma 59.

(T-Intro) Recall the case of (T-Intro):

S0,0

α0
m : A

S,0

α
Γ, n : ∆′, n : TpAq

(T-Intro)
,

where ∆ = ∆′ ∪ {TpAq} and m < n.

Owing to the condition on (T-Cons), we can show {0,1,··· ,m},0
α0

m : A, similar to

the case of F∞.3 Thus, by Weakening, we have
S′,0

ϕ1α
Γ, n− 1 : Disq(∆).

3Conversely, if it were not for the condition, the indices of (T-Cons) used in the derivation
might be arbitrarily large, and thus, it could not be assured that {0,1,··· ,m},0

α0
m : A.
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(T-Cons) we next consider the case where S,0

α
Γ, n : ∆ is derived by (T-Cons):

S,0

α0
Γ, n : ∆,m : Tp⊥q

S,0

α
Γ, n : ∆

(T-Cons)
,

where m ∈ Γ or m = n.

If m ∈ Γ, the claim immediately follows by the induction hypothesis. Thus, we
can assume m = n. By the induction hypothesis, we obtain:

S′,0

ϕ1α0
Γ, n− 1 : Disq(∆), n− 1 : ⊥.

By False Literal and item 1 of Weakening Lemma, we also have the required
claim:

S′,0

ϕ1α
Γ, n− 1 : Disq(∆).

�

Lemma 70. (Del-Elimination for E∞(rec)) Assume that a labelled sequent Γ is basic
T-positive.

1. If S,0

α
Γ, 0 : TpAq, then S,0

α
Γ.

2. If S,0

α
Γ, then

S\{0,1,··· ,n},0
ϕ(n+1)α

Γ.

Proof. The proof is exactly the same as for Lemma 60. �

Lemma 71. (Admissibility of T-Elim for E∞(rec)) If S,0

α
n : TpAq, then

S∪{0,1,··· ,n−1},0
ϕ(n+1)α

n− 1 : A.

Lemma 72. (Embedding for E∞(rec)) If E ` A, then for some n and α, we have
E∞(rec) {0,1,··· ,n},0

α
n : A.

Proof. The proof is almost the same as for Lemma 62. We only have to care about
the additional conditions on (cut) and (T-Cons). For example, we treat the case of
Modus Ponens.

Assume that E ` C is derived from the premises E ` B and E ` B → C. By
the induction hypothesis, we have

E∞(rec) {0,1,··· ,n},0
α

n : B and E∞(rec) {0,1,··· ,n′},0
α′

n′ : B → C.
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Let m := max(n, n′) and β := max(α, α′). Then, by Weakening, we obtain

E∞(rec) {0,1,··· ,m},0
β

m : B and E∞(rec) {0,1,··· ,m},0
β

m : ¬B,m : C.

Therefore, Cut Elimination yields

E∞(rec) {0,1,··· ,m},0
ω|B|(β)

m : C.

�

Due to the rule (T-Cons), the proof of Theorem 63 does not work well for E.
Nevertheless, thanks to the additional conditions on (cut) and (T-Cons), we can
eliminate applications of T-Intro, which makes the analysis of E much easier.

Theorem 73. (Upper Bound of E) Let A be an L-sentence.
If E ` A, then PA + TI(< ϕω0) ` A.

Proof. Assume that an L-sentence A is derived in E, then by Embedding Lemma
(Lemma 72), we have E∞rec {0,1,··· ,n},0

α
n : A, for some n and α. Since A, as a sequent,

is basic T-positive, it follows by Del-elimination (Lemma 70) that E∞rec ∅,0
ϕ(n+1)α

n :

A. Similarly, by Disquotation Lemma, we obtain E∞rec {0,1,··· ,n−1},0
ϕ1(ϕ(n+1)α)

n − 1 : A.

Therefore, iterating this process yields E∞rec ∅,0
β

0 : A for some β < ϕω0. However,
by the condition on (T-Cons), this means that A is derived without (Del) nor
(T-Intro), and thus, this derivation can be seen as one in, e.g., the system G∞rec.
Therefore, similar to Theorem 34, this is formalisable in PA + TI(< ϕω0). In
conclusion, we obtain PA + TI(< ϕω0) ` A. �

3.3 Upper Bound of FS
In Section 3.2, we observed that the truth disjunction property does not hold in
any of G∞rec, I∞rec,F∞rec, and E∞rec, even when considering only L-sentences:

Truth disjunction property. If ` TpAq ∨ TpBq, then ` TpAq or ` TpBq.

In this section, we show that the situation is even more restrictive in the pres-
ence of the axiom T-Comp: TpAq ∨ Tp¬Aq. More precisely, taking FS as an
example, we prove that the infinitary system FS∞ for FS does not satisfy the
truth disjunction property, whether it is recursive or not (Remark 84). On the
other hand, FS is shown to satisfy disquotability, a property weaker than strong
disquotability. Using this property, we give a direct upper-bound proof of FS.

In this section, we adopt Definition 5 as the definition of FS.
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Definition 74. (System FS [50]) An LT-theory FS consists of BaseT with the fol-
lowing axioms and rules:

(T∀) ∀pAxq ∈ SentLT . ∀vTpA(v̇)q→ Tp∀xA(x)q;

(T-Cons) ¬Tp⊥q;

(T-Comp) ∀pAq ∈ SentLT . TpAq ∨ Tp¬Aq;

(T-Intro) from A infer TpAq;

(T-Elim) from TpAq infer A.

Definition 75. (System FS∞) The (non-labelled) derivation system FS∞ consists
of PA∞ with Truth axiom and Truth rules in Table 3.7. The system FS∞rec is a
subsystem of FS∞ in which only recursive derivations are allowed.

Table 3.7: System FS∞

Truth axiom

(T-Comp) k,m

α
Γ,TpAq,Tp¬Aq

Truth rules (assume: αi < α for i ∈ N)

k,m0

α0
A

k,m

α
Γ,TpAq

(T-Intro)
k,m

α0
Γ,TpAq k,m

α1
Γ,TpA→ Bq

k,m

α
Γ,TpBq

(T→)

. . . k,m

αi
Γ,TpA(i)q . . . (i ∈ N)

k,m

α
Γ,Tp∀xAq

(T∀)
k,m

α0
Γ,Tp⊥q

k,m

α
Γ

(T-Cons)

In FS∞(rec), BaseT, (T-Cons), (T-Comp), (∀-Inf), and (T-Intro) are explicitly cov-
ered. On the other hand, (∃-Inf), (¬T-Intro), and (¬T-Elim) are known to be
derivable from the other axioms and rules of D (see [28, p. 316]). Thus, it suffices
to show the admissibility of (T-Elim).

The basic properties in Lemma ref and Cut-Elimination for FS∞(rec) (Lemma 78)
hold in the same way as for G∞(rec).
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Lemma 76. The following basic properties hold in FS∞(rec):

1. (Weakening) If k,m

α
Γ , α ≤ β, k ≤ l and m ≤ n, then l,n

β
∆ for Γ ⊆ ∆.

2. (∧-Inversion) If k,m

α
Γ,A0 ∧ A1, then k,m

α
Γ,Ai for every i ≤ 1.

3. (∀-Inversion) If k,m

α
Γ, ∀xA(x), then k,m

α
Γ,A(n̄) for every n ∈ N.

4. (∨-exportation) If k,m

α
Γ,A ∨B, then k,m

α
Γ,A,B.

5. (False Literal) If k,m

α
Γ,A for a false L-literal A, then k,m

α
Γ .

6. (Substitution) If k,m

α
Γ,A(s) and sN = tN, then k,m

α
Γ,A(t).

Lemma 77. (Reduction Lemma for FS∞(rec)) If k,m

α
Γ,A, k,m

β
∆,¬A and |A| = k,

then k,m

α#β
Γ,∆.

Proof. The proof is again by induction on α#β and is almost the same as for the
systems E,F,G, and I in Section 3.2. We consider only the case where both A
and ¬A are principal and |A| = k = 0. The proof is almost the same as that
for G∞(rec) in Lemma 27. As a new case, we suppose that Γ,A is an instance of
(T-Comp). Then, A must be of the form T(t) and ∆,¬A is an instance of (Ax.2),
as ¬T(t) can be principal only in (Ax.2). Therefore, A is contained in ∆, and thus
the conclusion follows from k,m

α
Γ,A by Weakening (Lemma 76).

�

Lemma 78. (Cut Elimination for FS∞(rec)) If FS∞(rec) k+1,m

α
Γ , then FS∞(rec) k,m

ωα
Γ .

To prove Embedding Lemma for FS, the next step is to show the admissibility of
(T-Elim). This task is achieved by proving the disquotability for FS∞(rec).

Definition 79. Similar to Definition 68, we define a basic T-positive sequent for
FS to be a sequent Γ of the form TpA1q, ..., TpAaq, B1, ..., Bb, where B1, ..., Bb

are L-sentences.
For such a Γ , we define its disquotation Disq(Γ ) as the following sequent:

A1, ..., Aa, B1, ..., Bb.

Lemma 80. (Disquotation) Let Γ be a basic T-positive sequent, and Disq(Γ )
be the disquotation of Γ . Then, for each natural number m and α ∈ OT, the
following hold in FS∞(rec):

1. If 0,m+1
α

Γ , then 0,m

εα
Disq(Γ ).



54 Chapter 3. Truth as Recursive Provability for Friedman–Sheard Theories

2. (T-Elim) If 0,m+1
α

TpAq, then 0,m

εα
A.

Proof. Item 2 is an immediate consequence of Item 1 because the sequent {TpAq}
is itself basic T-positive. Thus, it suffices to prove Item 1. The proof is by induction
on α, as with the proof of Strong disquotation for G∞(rec) (Lemma 32). We only
adress (T-Comp) and (T-Intro).

(T-Comp) Assume that 0,m+1
α

Γ,TpAq,Tp¬Aq is derived as an instance of (T-
Comp). Letting Disq(Γ ) be the disquotation of Γ , we have 0,0

ω
Disq(Γ ), A,¬A

(cf. Lemma 17). Because ω < εα, the conclusion follows byWeakening (Lemma 76).

(T-Intro) For α′ < αand n < m + 1, assume that 0,m+1
α

Γ,TpAq is derived from

0,n
α′

A. Letting the disquotation of Γ be Disq(Γ ), then the disquotation of
Γ,TpAq is Disq(Γ ), A. Hence, by Weakening (Lemma 76), we directly have

0,m

εα
Disq(Γ ), A from the assumption.

�

Similar to for G∞(rec) (Lemma 33), we obtain Embedding Lemma for FS∞(rec).

Lemma 81. (Embedding Lemma) For each LT-formula A and the universal clo-
sure A∀, if FS ` A, then FS∞(rec) 0,m

α
A∀ for some α < ϕ20 and m ∈ N.

Since FS∞(rec) has (T-Cons), Cut elimination is not enough to obtain the upper
bound of FS. Thus, we next want to eliminate applications of (T-Cons).

Lemma 82. (T-Cons Elimination) For any natural number m, basic T-positive
sequent ∆, and L-sequent Γ , the following holds:

1. If FS∞(rec) 0,0
α
∆, then PA∞(rec) 0

εα
Disq(∆).

2. If FS∞(rec) 0,m
α

Γ , then PA∞(rec) 0

εm+1(α)
Γ .

Proof.

1. The proof is almost the same as for the item 1 of Lemma 80. In particular,
since T-Intro is not used in the derivation of ∆, its disquotation Disq(∆) is
derivable in PA∞(rec).

2. We prove the claim by induction ofm and α. The casem = 0 is a consequence
of the item 1. Thus, we can assume m > 0. If Γ is an axiom, then that must
be an instance of (Ax.1), and thus Γ is derivable in PA∞(rec), too. If Γ is
derived by one of the rules of PA∞(rec), then its premises are also L-sequents.
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Therefore, by the sub-induction hypothesis and the same rule, we obtain the
required conclusion. Finally, we assume that FS∞(rec) 0,m

α
Γ is obtained by

(T-Cons) from the premise FS∞(rec) 0,m

α0
Γ,Tp⊥q. As Γ,Tp⊥q is basic T-

positive, Lemma 80 yields that FS∞(rec) 0,m−1

εα0
Γ,⊥. Here, ⊥ is eliminable by

False literal (Lemma 76), and hence we also have FS∞(rec) 0,m−1

εα0
Γ . Thus, by

the main-induction hypothesis, it follows that PA∞(rec) 0

εm+1(α0)
Γ , from which

we conclude that PA∞(rec) 0

εm+1(α)
Γ .

The other cases are impossible, thus the proof completes.

�

To conclude, we obtain another proof of Halbach’s ordinal analysis for FS [28]:

Theorem 83. Any L-sentence provable in FS is a theorem of PA + TI(< ϕ20).

Proof. Assume that an L-sentence A is derived in FS. Then, by Embedding
Lemma, we have FS∞rec 0,m

α
A for some α < ϕ20 and m ∈ N. Thus, by T-Cons

Elimination, we have PA∞rec 0

εm+1(α)
A. Because εm+1(α) < ϕ20, this can be for-

malised in PA + TI(< ϕ20), whence it follows that PA + TI(< ϕ20) ` A.
�

Remark 84. Finally, we observe that both the truth disjunction property and
strong disquotability fail in FS∞. Since FS∞ has the rule T-Intro, the truth dis-
junction property implies strong disquotability. Thus, it suffices to prove the failure
of strong disquotability. For the liar sentence λ, we have FS∞ ` Tpλq∨Tp¬λq by
T-Comp and (∨). Thus, strong disquotability requires the derivability of Tpλq,¬λ;
and thus, we have FS∞ ` Tpλq. As FS∞ is closed under T-Elim (Lemma 80), it fol-
lows that FS∞ ` λ. Therefore, FS∞ is inconsistent, which contradicts Lemma 82.
In conclusion, strong disquotability must fail in FS∞.





Chapter 4
Truth as Classical Realisability

In Section 3.3 of Chapter 3, we observed that the axiom TpAq ∨ Tp¬Aq is
in general incompatible with truth-as-provability interpretation. To put it an-
other way, this implies that it is challenging to understand the truth predicate of
Tarskian fully compositional theory like FS as provability. Nevertheless, authors
(cf. [2, 3, 4, 7, 8, 9, 47, 48, 49]) provide realisability (computational) interpretations
for classical principles that ensure the soundness of classical theories such as PA.
Therefore, by adopting such a semantic framework as an alternative to Tarskian
truth definition, we can expect to obtain fully-compositional axiomatic theories
based on realisability, a weak notion of provability.

As a famous semantic framework for classical theories, Krivine formulated clas-
sical realisability [47, 48, 49], which is a classical version of Kleene’s intuitionistic
realisability [45]. 1 In the following, we briefly explain Krivine’s classical real-
isability. There are two kinds of syntactic expressions, terms t, which represent
programs, and stacks π, which represent evaluation contexts. A process t ? π is a
pair of a term t and a stack π. In addition, we fix a set ⊥⊥ (pole) of processes that
is closed under several evaluation rules for processes. Then, for each sentence A,
the set |A|⊥⊥ (realisers) of terms and the set ‖A‖⊥⊥ (refuters) of stacks are defined
inductively such that t ? π ∈ ⊥⊥ for any t ∈ |A|⊥⊥ and π ∈ ‖A‖⊥⊥. Here, a term
t universally realises A if t ∈ |A|⊥⊥ for every pole ⊥⊥. Then, Krivine proved that
each theorem of second-order arithmetic is universally realisable.2 In particular,
we can take the empty set ∅ as a pole, and it is easy to show that if |A|∅ is not
empty, then A is true in the standard model N of arithmetic. In summary, uni-
versal realisability implies truth in N; thus, Tarskian truth can be positioned in

1Kleene’s realisability is regerded as one formalisation of the so-called Brouwer–Heyting–
Kolmogorov-interpretation, an intuitionist (constructivist) reading of the logical symbols. For
more details, see, e.g., [62]

2Moreover, Krivine’s classical realisability can be given to other strong theories, such as
Zermelo–Fraenkel set theory [47].
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Krivine’s general framework. In summary, the inclusion relations are as follows:

provability in second-order arithmetic ⊂ universal realisability ⊂ truth in N

The purpose of this chapter is to axiomatise fully compositional theories for
Krivine’s classical realisability in a similar manner to CT and FS (see Chapter 2)
for Tarskian truth definition. To clarify the relationship with the corresponding
truth theories, we formulate realisability theories over PA. As clarified in the above
explanation of Krivine’s realisability, we require additional vocabularies for a pole
⊥⊥ and the relations t ∈ |A|⊥⊥ and π ∈ ‖A‖⊥⊥. With the help of Gödel-numbering,
they can be expressed by a unary predicate x ∈ ⊥⊥ and binary predicates xTy and
xFy, respectively. Although Krivine’s realisability uses λ-terms to express terms,
stacks, and processes, we define realisers and refuters as natural numbers, similar
to Kleene’s number realisability. Since our base theory is PA, this modification
can simplify the formulation substantially (Section 4.2.1).

The remainder of this chapter is organised as follows. Section 4.1 is devoted
to technical preliminaries required in this chapter. In Section 4.2 we define clas-
sical number realisability as a combination of Krivine’s classical realisability and
Kleene’s intuitionistic number realisability. By formalising our realisability, we
obtain a first-order theory CR of compositional realisability (Definition 90). In
Section 4.3, we observe that our classical number realisability can realise every
theorem of PA, which is formalisable in CR (Theorem 96). Then, in Section 4.4,
we study the proof-theoretic strength of CR. First, CR is shown to be conserva-
tive over PA (Proposition 97). Then, we formulate a kind of reflection principle
under which CR essentially amounts to CT (Proposition 100). We also consider a
weaker reflection principle that is sound with respect to any pole, and we prove
that the principle can make CR as strong as CT (Theorem 103). In Section 4.5,
we generalise CR to a Friedman–Sheard-style system FSR for realisability.

The content of this chapter is based on the co-authored paper [33]. The author’s
contribution is as follows. The author first defined a formal theory of classical
realisability, which was more like Krivine’s original formulation than the current
one. Subsequently, through discussions with the second author of [33], the author
of this thesis reformulated it into a form of number realisability, as given in this
chapter. In addition, a further improvement of the formulation was given by the
second author of [33] (see Remark 91). The proof-theoretic results are given by
the author of this thesis through discussions with the second author.

4.1 Preliminaries
This section explains necessary notation and conventions, most of which are iden-
tical to those in Chapter 2. The main difference is that only =, →, and ∀ are now
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allowed as logical symbols.

4.1.1 Conventions and Notations

We introduce abbreviations for common formal concepts concerning coding and
recursive functions. We denote by L the first-order language of PA. The logical
symbols of L are →, ∀ and =. The non-logical symbols are a constant symbol 0
and the function symbols for all primitive recursive functions. In particular, L has
the successor function x+ 1, with which we can define numerals 0, 1, 2, . . . . Thus,
we identify natural numbers with the corresponding numeral. We also employ the
false equation 0 = 1 as the propositional constant ⊥ for contradiction, and then
the other logical symbols are defined in a standard manner, e.g., ¬A = A→ ⊥.

The primitive recursive pairing function is denoted 〈·, ·〉 with projection func-
tions (·)0 and (·)1 satisfying (〈x, y〉)0 = x and (〈x, y〉)1 = y. Sequences are treated
as iterated pairing: 〈x0, x1, . . . , xk〉 := 〈x0, 〈x1, . . . , xk〉〉. Based on these construc-
tors, each finite extension of L is associated a fixed Gödel coding (denoted peq
where e is a finite string of symbols of the extended language) for which the basic
syntactic constructions are primitive recursive. In particular, L contains a binary
function symbol sub representing the mapping pA(x)q, n 7→ pA(n)q in the case that
x is the only free variable of A(x), and binary function symbols =̇, →̇ and ∀̇ rep-
resenting, respectively, the operations psq, ptq 7→ ps = tq, pAq, pBq 7→ pA→ Bq
and pxq, pAq 7→ p∀xAq. These operations will sometimes be omitted and we write
ps = tq and pA→ Bq for =̇(psq, ptq) and →̇(pAq, pBq), etc.

We introduce a number of abbreviations for L-expressions corresponding to
common properties or operations on Gödel codes. The property of being the code
of a variable is expressed by the formula Var(x), ClTerm(x) denotes the formula
expressing that x is a code of a closed L-term, and for a fixed extension L′ of
L, SentL′(x) expresses that x is the code of a sentence. The concepts above are
primitive recursively definable meaning that the representing L-formula is simply
an equation between L-terms. Given a formula A(x) with at most x is free, pA(ẋ)q
abbreviates the term sub(pA(x)q, x) expressing the code of the formula A(n) where
n is the value of x. For sequences ~x of variables, pA(~̇x)q is defined similarly.

Quantification over codes is associated similar abbreviations:

• ∀pAq ∈ SentL′ . B(pAq) abbreviates ∀x(SentL′(x)→ B(x)).

• ∀psq. B(psq) abbreviates ∀x(ClTerm(x)→ B(x)).

• ∀pAvq ∈ SentL′ . B(v, pAq) abbr. ∀x∀v(Var(v) ∧ SentL′(∀̇vx) → B(v, x)),
namely quantification relative to codes of formulas with at most one distin-
guished variable free.
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Partial recursive functions can be expressed in L via the Kleene ‘T predicate’
method. The ternary relation x · y ' z expresses that the result of evaluating the
x-th partial recursive function on input y terminates with output z. Note that this
relation has a Σ0

1 definition in PA as a formula ∃w(T (x, y, w) ∧ (w)0 = z) where
T is primitive recursive. It will be notationally convenient to use x · y in place of
a term (with the obvious interpretation) though use of this abbreviation will be
constrained to contexts in which potential for confusion is minimal.

With the above ternary relation we can express the property of two closed
terms having equal value, via a Σ0

1-formula Eq(y, z). That is, Eq(y, z) expresses
that y and z are codes of closed L-terms s and t respectively such that s = t is a
true equation.

4.1.2 Classical Compositional Truth

Tarskian truth for L is characterised inductively in the standard manner:

• A closed equation s = t is true iff s and t denote the same value in N;
• A→ B is true iff if A is true, then B is true;

• ∀xA(x) is true iff A(s) is true for all closed terms s.

Quantification over L-sentences and the operations on syntax implicit in the
above clauses can be expressed via a Gödel-numbering. Thus, employing a unary
(truth) predicate T, a formal system CT can be defined corresponding, in a
straightforward manner, to the Tarskian truth clauses.

Definition 85. (CT) For a unary predicate T, let LT = L ∪ {T}. The LT-theory
CT (compositional truth) consists of PA formulated for the language LT plus the
following three axioms.

(CT=) ∀psq, ptq. Tps = tq↔ Eq(s, t).

(CT→) ∀pAq, pBq ∈ SentL. TpA→ Bq↔ (TpAq→ TpBq).

(CT∀) ∀pAvq ∈ SentL. Tp∀xA(x)q↔ ∀vTpA(v̇)q.

Two consequences of the above axioms are of particular relevance. The first
is the observation that CT staisfies Tarski’s Convention T [61, pp. 187–188] for
formulas in L:

Lemma 86. The Tarski-biconditional is derivable in CT for every formula of L.
That is, for each formula A(x1, . . . , xk) of L in which only the distinguished vari-
ables occur free, we have

CT ` ∀x1, . . . , xk(TpA(ẋ1, . . . , ẋk)q↔ A(x1, . . . , xk)).
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Second is the ‘term regularity principle’ stating that the truth value of each
formula depends only on the value of terms and not their ‘structure’. Let subt be
a primitive recursive function function such that subt : pA(x)q, pxq, psq 7→ pA(s)q
for each formula A, variable x and term s.

Lemma 87. Provable in CT is the term regularity principle:

∀psq∀ptq∀pAvq ∈ SentL. Eq(psq, ptq)→ (TpA(s)q→ TpA(t)q)

where the term pA(s)q is shorthand for subt(pAq, v, psq), and pA(t)q likewise.

4.2 Classical Realisability
We present a classical number realisability interpretation for PA and the corre-
sponding axiomatic theory CR.

4.2.1 Classical Number Realisability

We introduce a realisability interpretation for PA based on Krivine’s classical re-
alisability. For our setting we require several modifications from Krivine’s original
definition. The first modification is about realisers. In Krivine’s formulation, re-
alisers are essentially lambda terms (cf. [52]). As we seek to formalise realisability
over PA, it is natural to assume that realisers are natural numbers, similar to
Kleene’s number realisability for the intuitionistic arithmetic [45].

Second, we must define the realisability and refutability conditions explicitly
for equality. In the language of second-order arithmetic, the equality a = b between
a and b is definable by Leibniz equality ∀X(a ∈ X → b ∈ X), which in Krivine’s
definition, determines the realisability and refutability conditions of the equation
uniquely. For a first-order language, equality is a primitive logical symbol and it
is a matter of choice what constitutes a refutation of a closed equation. In some
sense, we take the most naive approach motivated by Kleene and Krivine’s choices:
a true equation is refuted by every element of the pole ⊥⊥ ⊆ N and a false equation
by every natural number. Although a natural question, we do not delve into the
possibility of other definitions.

The third modification involves the interpretation of the first-order universal
quantifier ∀x. In Krivine’s definition, it is interpreted uniformly, i.e., a term t
realises a universal sentence ∀xA when t realises every instance A(n). This def-
inition is sufficient for the interpretation of second-order arithmetic because the
set of natural numbers N is definable so the axiom of induction does not need to
be realised explicitly. In contrast, in case of the first-order arithmetic, realisers of
induction must be presented and the uniform interpretation is not ideal for this
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purpose. As an alternative, we use Kleene’s interpretation, where a realiser of a
universal sentence ∀xA is, in essence, the code of a recursive function that maps
each natural number n to a realiser of A(n). The modifier ‘in essence’ above is
merely because it is the notion of ‘refuter’ (not ‘realiser’) which is primitive. The
relation between the two in the case of quantifiers is qualified in Lemma 94.

In light of the above remarks, we introduce the following definitions.

Definition 88. A pole ⊥⊥ is a subset of N such that it is conversely closed under
computation: for all e,m, n ∈ N, if e ·m ' n and n ∈ ⊥⊥, then 〈e,m〉 ∈ ⊥⊥.

Note that the empty set ∅ and natural numbers N trivially satisfy the above
condition; thus, they are poles.

Given a pole ⊥⊥ and L-sentence A, we define sets ‖A‖⊥⊥, |A|⊥⊥ ⊆ N of, respec-
tively, refutations (or a counter-proofs) and realisations (or proofs) of A. The
sets are defined such that every pair 〈n,m〉 ∈ |A|⊥⊥ × ‖A‖⊥⊥ of a realisation and
a refutation is an element of the pole ⊥⊥. Thus, ⊥⊥ can be seen as the set of
contradictions.

Definition 89. Fix a pole ⊥⊥. For each L-sentence A, the sets |A|⊥⊥, ‖A‖⊥⊥ ⊆ N
are defined as follows. The set |A|⊥⊥ is defined directly from ‖A‖⊥⊥:

|A|⊥⊥ = {n ∈ N | ∀m ∈ ‖A‖⊥⊥. 〈n,m〉 ∈ ⊥⊥}.

The set ‖A‖⊥⊥ is defined inductively:

• ‖s = t‖⊥⊥ =

{
N, if N 6|= s = t,

⊥⊥, otherwise.

• ‖A→ B‖⊥⊥ = {n | (n)0 ∈ |A|⊥⊥ and (n)1 ∈ ‖B‖⊥⊥}.

• ‖∀xA‖⊥⊥ = {n | (n)1 ∈ ‖A((n)0)‖⊥⊥}.

The motivation for the definitions of ‖A‖⊥⊥ and |A|⊥⊥ should be clear. A false
equation is refuted by every number whereas a true equation is refuted only by
‘contradictions’, i.e., elements of the pole. A refutation of A→ B is a pair 〈m,n〉
for which m realises A and n refutes B. A refutation of ∀xA is a pair 〈m,n〉 such
that n refutes A(m). Finally, a realiser of A is a number n that contradicts all
refutations of A, i.e., 〈n,m〉 ∈ ⊥⊥ for every m ∈ ‖A‖⊥⊥. In particular, the closure
condition on poles implies that every partial recursive function e : ‖A‖⊥⊥ → ⊥⊥ is
a realiser of A: if for every n ∈ ‖A‖⊥⊥, e · n is defined and an element of ⊥⊥ then,
by definition, 〈e, n〉 ∈ ⊥⊥ for every n ∈ ‖A‖⊥⊥. It is also clear that every realiser of
A induces a canonical partial recursive function mapping ‖A‖⊥⊥ to ⊥⊥.
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4.2.2 Compositional Theory for Realisability

A corollary of Tarski’s undefinability of truth, the language of PA is insufficient to
express classical realisability fully without expanding the non-logical vocabulary.
Let LR extend L by three new predicate symbols:

• a unary predicate ⊥⊥ for a pole (written x ∈ ⊥⊥);
• a binary predicate F for refutation (written xFy);

• a binary predicate T for realisation (written xTy).3

Definition 90. (Compositional Realisability) The LR-theory CR extends PA for-
mulated over LR by the universal closures of the following axioms:

(Ax⊥⊥) ∀x, y, z(x · y ' z → (z ∈ ⊥⊥ → 〈x, y〉 ∈ ⊥⊥))

(AxT) ∀pAq ∈ SentL ∀a(aTpAq↔ ∀b(bFpAq→ 〈a, b〉 ∈ ⊥⊥))

(CR=) ∀psq, ptq∀a(aFps = tq↔ (Eq(psq, ptq)→ a ∈ ⊥⊥))

(CR→) ∀pAq, pBq ∈ SentL ∀a(aFpA→ Bq↔ ((a)0TpAq ∧ (a)1FpBq))

(CR∀) ∀pAvq ∈ SentL ∀a(aFp∀̇vAq↔ (a)1F(sub(pAq, (a)0)))

Remark 91. The universal closure of the axiom (CR=) is equivalent to the con-
junction of the following:

(CR=1) ∀psq∀ptq(¬Eq(psq, ptq)→ ∀a. aFps = tq);

(CR=2) ∀psq∀ptq(Eq(psq, ptq)→ ∀a(aFps = tq↔ a ∈ ⊥⊥)).

A straightforward formal induction in CR verifies the term regularity principle
for refutations (cf. Lemma 87).

Proposition 92. Refutations are provably invariant under term values:

CR ` ∀psq∀ptq∀pAvq ∈ SentL. Eq(psq, ptq)→ ∀x(xFpA(s)q→ xFpA(t)q).

We provide a model of CR based on classical number realisability. First, the
interpretation of the vocabularies of L is naturally given by the standard model
N of arithmetic. Second, we fix any pole ⊥⊥ ⊆ N for the interpretation of the
predicate x ∈ ⊥⊥. The sets T⊥⊥,F⊥⊥ ⊆ N × N (for the interpretations of xTy and
xFy, respectively) are defined by the sets |A|⊥⊥ and ‖A‖⊥⊥ in Definition 89:

3Although T is definable by F and ⊥⊥, we introduce T as a primitive to simplify the notation.
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T⊥⊥ := {(n,m) ∈ N2 | m is a code of an L-sentence A and n ∈ |A|⊥⊥},
F⊥⊥ := {(n,m) ∈ N2 | m is a code of an L-sentence A and n ∈ ‖A‖⊥⊥}.

Then, the following is clear.

Proposition 93. Fix any pole ⊥⊥ and take any LR-sentence A. If CR ` A, then
the LR-model 〈N,⊥⊥,T⊥⊥,F⊥⊥〉 satisfies A.

4.3 Formalised Realisation of Peano Arithmetic
We demonstrate that the theory of classical number realisability realises every
theorem of PA. In particular, we observe that this is formalisable in CR. For that
purpose, the following lemmas are useful.

Lemma 94. There exist numbers k→, k∀ and ksub such that

1. CR ` ∀pAq, pBq ∈ SentL∀a, b(aTpA→ Bq ∧ bTpAq→ (k→ · 〈a, b〉)TpBq).
2. CR ` ∀pAxq ∈ SentL. (∀x. (a · x)TpA(ẋ)q)→ (k∀ · a)Tp∀xAq.
3. CR ` ∀pAxq ∈ SentL∀a(aTp∀̇xAq→ ∀y(ksub · 〈a, y〉)TpA(ẏ)q).

The meaning of these functions should be clear, i.e., k→ computes a realiser of B
from those for A→ B and A, and k∀ expresses that if there exists a procedure that
computes every instance A(n), then ∀xA is realised. Conversely, ksub computes a
realiser of A(n) for each n.
Proof.

1. Let k→ be such that k→ · 〈a, b〉 ' λx.〈a, b, x〉. To show that k→ is the required
one, we take any L-sentence A → B and assume aTpA → Bq and bTpAq.
Then, we must show (k→ ·〈a, b〉)TpBq. By the axiom (AxT), taking any c such
that cFpBq, we prove 〈k→ ·〈a, b〉, c〉 ∈ ⊥⊥. As (k→ ·〈a, b〉)·c ' 〈a, b, c〉, it is suffi-
cient by the axiom (Ax⊥⊥) to show that 〈a, b, c〉 is in ⊥⊥. From the assumptions
bTpAq and cFpBq, as well as the axiom (AxT), we obtain 〈b, c〉FpA → Bq.
Thus, (AxT) yields that 〈a, b, c〉 = 〈a, 〈b, c〉〉 ∈ ⊥⊥.

2. Let k∀ be such that k∀ · a ' λx.〈a · (x)0, (x)1〉. To prove that this k∀ is the
required one, we take any a and any L-sentence ∀xA. Then, under the assump-
tion that a is total and ∀x. (a·x)TpA(ẋ)q holds, we must show (k∀ ·a)Tp∀xAq.
By the axiom (AxT), taking any b such that bFp∀xAq, we prove 〈k∀ ·a, b〉 ∈ ⊥⊥.
As (k∀ ·a)·b ' 〈a·(b)0, (b)1〉, it is sufficient by the axiom (Ax⊥⊥) to show the lat-
ter is in ⊥⊥. From the assumption, we obtain the formula (a · (b)0)TpA((ḃ)0)q.
In addition, by the axiom (CR∀), we have (b)1FpA((ḃ)0)q. Thus, the axiom
(AxT) implies 〈a · (b)0, (b)1〉 ∈ ⊥⊥.
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3. Let ksub be such that ksub ·〈a, b〉 ' λc.〈a, b, c〉, and we show that this function is
a required one. Thus, taking any p∀xA(x)q ∈ SentL and any a, b, c, we assume
aTp∀xAq and cFpA(ḃ)q. Then, by the axiom (CR∀), we obtain 〈b, c〉Fp∀xAq.
Thus, it follows that 〈a, b, c〉 ∈ ⊥⊥ by the axiom (AxT). Therefore, the axiom
(Ax⊥⊥) implies that 〈ksub · 〈a, b〉, c〉 ∈ ⊥⊥. Here, the c is arbitrary; thus, we
obtain (ksub · 〈a, b〉)TpA(ḃ)q again by (AxT).

�

Lemma 95. There are numbers kπ and k⊥⊥ such that

1. CR ` ∀pAq, pBq ∈ SentL. ∀a(aFpAq→ (kπ · a)TpA→ Bq).

2. CR ` ∀a(a ∈ ⊥⊥ → ∀pAq ∈ SentL. (k⊥⊥ · a)TpAq).

Proof.

1. Let kπ := λa.λb.〈(b)0, a〉. We prove that this kπ is the required number. By
taking any a and any L-sentence A→ B, we assume aFpAq. To demonstrate
that (kπ · a)TpA → Bq, we take any b such that bFpA → Bq, and then we
must prove 〈kπ · a, b〉 ∈ ⊥⊥. By the supposition bFpA → Bq and the axiom
(CT→), it follows that (b)0TpAq. Thus, we obtain (kπ · a) · b ' 〈(b)0, a〉 ∈ ⊥⊥,
which implies 〈kπ · a, b〉 ∈ ⊥⊥ by the axiom (Ax⊥⊥).

2. Assuming a ∈ ⊥⊥, we define a number k⊥⊥ := λa.λb.a. To show (k⊥⊥ · a)TpAq,
we take any b such that bFpAq. Then, (k⊥⊥ · a) · b ' a ∈ ⊥⊥; thus, the axiom
(Ax⊥⊥) implies 〈k⊥⊥ · a, b〉 ∈ ⊥⊥. Therefore, (k⊥⊥ · a)TpAq holds by the axiom
(AxT).

�

Note that the above kπ is the CPS translation of call with current continuation
(cf. [26, 48]). Using kπ, we can define a realiser for Peirce’s law. In Krivine’s
formulation, Peirce’s law is realised by the constant symbol cc. Thus, our formu-
lation is more similar to Oliva and Streicher’s formulation of classical realisability
[52] in that these constants are definable, i.e., they are not introduced as primitive
symbols.

With the above preparations, we can now show the formalised realisability of
PA.

Theorem 96. We assume that PA is formulated in the language L. For each L-
sentence A, if PA ` A, then there exists a closed term s such that CR ` sTpAq.
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Moreover, this claim is formally expressible in CR, i.e., we can find a number kPA
such that:

CR ` ∀x∀pAq ∈ SentL. BewPA(x, pAq)→ (kPA · x)TpAq,

where BewPA(x, y) is a canonical provability predicate for PA expressing means
that x is a code of the proof of a sentence y.

Proof. The proof is by induction on the length of the derivation of A in PA. Here,
we divide the cases by the last axiom or rule.

Peirce’s law. Assume that A = ((B → C) → B) → B. According to Lem-
mas 94 and 95, we define a term s as follows:

s = λb.〈k→ · 〈(b)0, kπ · (b)1〉, (b)1〉.

We show that sTp((B → C) → B) → Bq. Thus, taking any b satisfying
bFp((B → C) → B) → Bq, we prove 〈s, b〉 ∈ ⊥⊥. By the axiom (Ax⊥⊥), it
is sufficient to show 〈k→ · 〈(b)0, kπ · (b)1〉, (b)1〉 ∈ ⊥⊥. From the axiom (CR→),
we obtain (b)0Tp(B → C) → Bq and (b)1FpBq. Thus, by Lemma 95, we
obtain (kπ · (b)1)TpB → Cq, which implies that (k→ · 〈(b)0, kπ · (b)1〉)TpBq by
Lemma 94. Thus, by the axiom (AxT), we can derive the required formula
〈k→ · 〈(b)0, (kπ · (b)1)〉, (b)1〉 ∈ ⊥⊥.

Induction schema. Assume A = B(0) → (∀x(B(x) → B(x + 1)) → ∀xB(x)).
We take any bFpB(0)→ (∀x(B(x)→ B(x+ 1))→ ∀xB(x))q. Then, we obtain
the following:

• (b)0TpB(0)q;
• ((b)1)0Tp∀x(B(x)→ B(x+ 1))q;
• ((b)1)1Fp∀x(B(x))q.

By the recursion theorem, choose a number k such that

1. (k · b) · 0 ' (b)0

2. (k · b) · (n+ 1) ' k→ · 〈ksub · 〈((b)1)0, n〉, (k · b) · n〉 for each n.

Then, we obtain ∀x. ((k · b) · x)TpB(ẋ)q; thus, Lemma 94 yields the formula
〈k∀ · (k · b), ((b)1)1〉 ∈ ⊥⊥. Therefore, for the term s := λb.〈k∀ · (k · b), ((b)1)1〉, we
have 〈s, b〉 ∈ ⊥⊥ by the axiom (Ax⊥⊥), and thus sTpAq follows.

Note that the other cases are treated in a similar manner. �
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4.4 Proof-Theoretic Strength of Compositional Re-
alisability

In Section 4.3, we observed that CR is expressively strong enough to formalise
the classical number realisability. In the following, we turn to the proof-theoretic
strength of CR and its relationship with CT. First, we show the conservativity of
CR over PA.

Proposition 97. CR is conservative over PA.

Proof. We define a translation T : LR → L such that the vocabularies of L are
unchanged, and then we show the following:

for LR-formula A, if CR ` A, then PA ` T (A).

If A ∈ L, we have T (A) = A; thus, the conservativity follows.
The translation T is defined as follows:

• T (s = t) = s = t;

• T (s ∈ ⊥⊥) = T (sFt) = T (sTt) = (0 = 0);

• T commutes with the logical symbols.

Roughly speaking, each pair is contradictory, and each sentence is realised and
refuted by every number under this interpretation. Therefore, we can easily see
that the translation of each axiom of CR is derivable in PA. �

4.4.1 Compositional Realisability as Compositional Truth

Although CR itself is proof-theoretically weak, here, we show that some assumption
on the pole provides CR with the same strength as CT.

Lemma 98. Let ⊥⊥ = ∅ denote the sentence ¬∃x(x ∈ ⊥⊥), and let CR∅ be CR
augmented with ⊥⊥ = ∅. Then, CR∅ can define the truth prediate of CT as, e.g.,
the predicate 0Tx. In other words, CR∅ derives the following:

(CT=)′ ∀psq, ptq(0Tps = tq↔ Eq(psq, ptq))

(CT→)′ ∀pAq, pBq ∈ SentL (0TpA→ Bq↔ (0TpAq→ 0TpBq))

(CT∀)
′ ∀pAxq ∈ SentL(0Tp∀xAq↔ ∀x 0TpA(ẋ)q).

Therefore, every L-theorem of CT is derivable in CR∅.
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Proof. By ⊥⊥ = ∅ and the axiom (AxT), we easily obtain the following:

0TpAq↔ ∀b(¬bFpAq).

With this, we can derive the formulas (CT=)′, (CT→)′, and (CT∀)
′.

(CT=)′ In CR∅, we deduce as follows.

0Tps = tq⇔ ∀b(¬bFps = tq) by (AxT) and ⊥⊥ = ∅
⇒ Eq(s, t) by (CR=1)
⇒ ∀b(¬bFps = tq) by (CR=2) and ⊥⊥ = ∅

(CT∀)
′

0Tp∀xAq⇔ ∀b¬bFp∀xAq by (AxT) and ⊥⊥ = ∅
⇔ ∀b¬((b)1F(sub(pAq, (b)0))) by (CR∀)

⇔ ∀x∀y ¬(yFpA(ẋ)q)

⇔ ∀x 0TpA(ẋ)q by (AxT) and ⊥⊥ = ∅

The other cases are similar. �

Thus, the assumption ⊥⊥ = ∅ reduces truth to realisability. Next, we give
another characterisation of this assumption using a kind of reflection principle
stating that realisability is subsumed by truth.

Lemma 99. Over CR, the following are equivalent.

1. The reflection schema: ∃x(xTpAq)→ A for every L-sentence A.
2. The axiom: ⊥⊥ = ∅.

Proof.

(1)⇒ (2): Assume for a contradiction that a ∈ ⊥⊥ for some a. Then, k⊥⊥ ·a verifies
every L-sentence by Lemma 95. Thus, the schema (1) implies every sentence,
a contradiction. Therefore, the axiom (2) : ⊥⊥ = ∅ follows.

(2)⇒ (1): As shown in Lemma 98, CR with ⊥⊥ = ∅ can define the truth predicate
of CT as 0Tx. Thus, similar to Lemma 86, we obtain 0TpAq → A for every
L-sentence A. Therefore, we also have schema (1).

�
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Proposition 100. The theories CR∅, CR with the reflection schema, and CT have
exactly the same L-consequences.

Proof. In Lemma 98, we observed that CT is interpretable in CR∅; thus, it is
interpretable in CR with the reflection schema (Lemma 99).

For the converse direction, we note that the model construction of CR in Propo-
sition 93 is also applicable to CR∅ and is formalisable in the theory ACA, the second-
order system for arithmetical comprehension, which has the same L-consequences
as CT (for the proof, see, e.g., [30]). �

4.4.2 Compositional Realisability with the Reflection Rule

Although CR∅ (or equivalently CR with the reflection schema) and CT have the
same proof-theoretic strength, CR∅ is satisfied only when the pole ⊥⊥ is empty.
Thus, our next goal is to find a principle that is compatible with any choice of the
pole. Here, our suggestion is to weaken the reflection schema to the rule form.

Definition 101. (CR+) The LR-theory CR+ is the extension of CR with the re-
flection rule:

sTpAq
A

for every closed term s and L-sentence A.
Note that sTpAq must be derived without assumptions.

Proposition 102. Let A be any LR-sentence and assume that CR+ ` A. Then,
we have 〈N,⊥⊥,T⊥⊥,F⊥⊥〉 |= A for any pole ⊥⊥. Here, 〈N,⊥⊥,T⊥⊥,F⊥⊥〉 is an LR-model
in which the vocabularies of L are interpreted in the standard model N, ⊥⊥ is for
the symbol x ∈ ⊥⊥, T⊥⊥ is for xTy, and F⊥⊥ is for xFy.

Proof. The proof is by induction on the derivation of A. Since the other cases are
already contained in the proof of Proposition 93, it is sufficient to consider the case
of the reflection rule. Therefore, we assume that an L-sentence A is derived by the
reflection rule from sTpAq for some closed term s. By the induction hypothesis,
it follows that 〈N,⊥⊥,T⊥⊥,F⊥⊥〉 |= sTpAq for any pole ⊥⊥. Thus, particularly for
the empty pole ⊥⊥ = ∅, we obtain 〈N, ∅,T⊥⊥,F⊥⊥〉 |= A by Proposition 93 and
Lemma 99. As A is an L-sentence, we also have 〈N,⊥⊥,T⊥⊥,F⊥⊥〉 |= A for any pole
⊥⊥. �

In the remainder of this section, we prove that CR+ has the same proof-theoretic
strength as CT and CR∅. The upper bound of CR+ is obvious: Lemma 99 and
Proposition 102 establish that CR+ is a proper subtheory of CR∅. The lower-bound
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argument is more difficult because CR+ is not expressively rich enough to interpret
CT. Instead we can proceed directly through a well-ordering proof for CR+ by
showing that the principle of transfinite induction for L-formulas is provable for
each ordinal below εε0 . The argument is, essentially, just the extraction of the
computational content of the standard well-ordering proof for CT (for the detailed
proof, see Section 4.4.3).

As a result, we can determine the proof-theoretic strength of CR+.

Theorem 103. CR+ has exactly the same L-theorems as CT and CR∅.

4.4.3 Well-Ordering Proof in Compositional Realisability

Here, we determine the proof-theoretic strength of CR+. However, in contrast to
CR∅, CR+ is not sufficiently expressively strong to relatively interpret CT. Thus,
we provide a well-ordering proof of CR+, from which we can conclude that CR+

derives the same L-consequences as both CT and CR∅.
For this purpose, we require an ordinal notation system OT for predicative

ordinal numbers. We use several facts about OT (for the proof, see, e.g., [54]).
A formula x ∈ OT is defined as meaning that x is a representation of an ordinal
number in OT. Let α, β, and γ range over the ordinal numbers in OT . Thus,
∀αA(α) abbreviates ∀x(x ∈ OT → A(x)). By the standard method, we can define
relations and operations on OT. Let < be the less-than relation, 0 is zero as the
ordinal number, α ∈ Suc means that α is a successor ordinal, α ∈ Lim says
that α is a limit ordinal, + is the ordinal addition, ϕxy is the Veblen function,
and the binary primitive recursive function [α]x returns the x-th element of the
fundamental sequence for α. For these symbols, the following notations and facts
are used in this paper:

• Let ωα := ϕ0α and 1 := ω0.

• [ωα]n =

{
ωα−1 × n if α ∈ Suc,
ω[α]n if α ∈ Lim.

• Let ωn(α) :=

{
α if n = 0,

ωωn−1(α) if n > 0.

• Let εα := ϕ1α.

• [εα]n =


ωn(1) if α = 0,

ωn(εα−1 + 1) if α ∈ Suc,
ε[α]n if α ∈ Lim.
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The T-free consequences of CT can be expressed using some transfinite induc-
tion schema. For an L-formula A(x) and an ordinal α, we define the formula
TI(A,α) = ProgλxA(x) → A(α), where ProgλxA(x) = ∀α(∀β < α(A(β)) →
A(α)). Then, we define the schema: TI(α) = {TI(A, β) | A is an L-formula}. In
addition, let TI(< α) :=

⋃
β<α TI(β). Finally, let the L-theory PA+TI(< α) be the

extension of PA with the schema TI(< α).
The following is well-known (see, e.g., [30, Theorem 8.35]):

Theorem 104. The theory CT derives the same L-formulae as PA + TI(< εε0).

According to this fact, it is sufficient to show that the schema TI(< εε0) is
derivable in CR+. To this end, in Lemma 107, we prove that each instance of
TI(< εε0) is realisable in CR. Then, CR+ can derive TI(< εε0) itself according to
the reflection rule.

The proof is essentially based on the standard well-ordering proof of CT (cf. [51,
Lemma 3.11]). So, we briefly sketch the outline of the proof in CT. Let I0(α) =
∀pAq ∈ SentL. TpTI(A, α̇)q, which expresses the schema TI(α) as a single state-
ment. In PA, we can derive the schemata TI(0), TI(α+ 1) from TI(α), and TI(ωα)
from TI(α), respectively (e.g., see [54, Section 7.4]). By formalising these re-
sults, CT can derive I0(ε0). Furthermore, by generalising this argument in CT,
we can derive I0(εα) → I0(εα+1). In addition, CT derives α ∈ Lim → {[∀β <
αI0(εβ)] → I0(εα)}. These facts together mean that I0(εx) is progressive, i.e.,
CT ` ProgλxI0(εx). Since CT can derive the transfinite induction for I0(εx) up
to ε0, the schema TI(< εε0) is obtained in CT, as required. To emulate this proof
within CR, we must extract the computational content of the proof. For exam-
ple, it is necessary to explicitly give a partial recursive function that computes a
realiser of TI(α + 1) from that of TI(α).

We define I0(e, α) = ∀pAq ∈ SentL. (e · pAq)TpTI(A, α̇)q, which means that e
computes a realiser of the transfinite induction TI(A,α) for each L-sentence A.

Lemma 105. 1. There exists a number k0 such that:

CR ` I0(k0, 0).

2. There exists a number ksuc such that:

CR ` I0(e, α)→ I0(ksuc · 〈e, α〉, α + 1).

3. There exists a number kω such that:

CR ` I0(e, α)→ I0(kω · 〈e, α〉, ωα).

4. There exists a number klim such that:

CR ` α ∈ Lim→ [∀nI0(e · n, [α]n)→ I0(klim · 〈e, α〉, α)].
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Note that k0 realises the schema TI(0); ksuc realises TI(α + 1) from TI(α); kω
realises TI(ωα) from TI(α); klim realises TI(α) for a limit ordinal α if each TI([α]n)
is realised.
Proof.

1. For every L-formula A, we can primitive recursively find a proof of TI(A, 0)q)
in PA. Thus, by Theorem 96, there exists a required k0.

2. In PA, we can primitive recursively find a proof of ∀α(TI(A,α)→ TI(A,α+1))
for each L-formula A. Thus, by Theorem 96, there exists a number k such
that CR ` ((k ·α) · pAq)TpTI(A,α)→ TI(A,α+ 1)q. For this k, we define ksuc
to be such that for any L-sentence A,

(ksuc · 〈e, α〉) · pAq ' k→ · 〈(k · α) · pAq, e · pAq〉.

Then, if e satisfies I0(e, α), we have ((ksuc · 〈e, α〉) · pAq)TpTI(A, α̇ + 1)q, as
required.

3. For every L-formula A, there exists an L-formula A′ such that we can primitive
recursively find a proof of ∀α(TI(A′, α)→ TI(A, ωα)) in PA. Thus, similar to
the proof of the item 2, there is a required function kω.

4. We assume ∀nI0(e · n, [α]n). From this e, we can primitive recursively define
k† such that:

∀pAq ∈ SentL. ((k† · 〈e, α〉) · pAq)Tp∀β < α̇TI(A, β)q.

In addition, for each L-formula A, we obtain ∀β < αTI(A, β) → TI(A,α) in
PA; thus, according to Thorem 96, we take a number k‡ such that:

((k‡ · α) · pAq)Tp∀β < α̇TI(A, β)→ TI(A, α̇)q.

Now, we define klim such that:

(klim · 〈e, α〉) · pAq ' k→ · 〈(k‡ · α) · pAq, (k† · 〈e, α〉) · pAq〉.

We then obtain ((klim · 〈e, α〉) · pAq)TpTI(A, α̇)q, as required.

�

The following lemma shows the progressiveness of the epsilon function.

Lemma 106. 1. There exists a number kε_0 such that:

CR ` I0(kε_0, ε0).
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2. There exists a number kε_suc such that:

CR ` I0(e, εα)→ I0(kε_suc · 〈e, α〉, εα+1).

3. There exists a number kε such that:

CR ` ProgλαI0(kε · α, εα).

Proof.

1. We define a number k as follows:{
k · 0 :' ksuc · 〈k0, 0〉,
k · (n+ 1) :' kω · 〈k · n, [ε0]n) for each n.

Then, we clearly have CR ` ∀n(I0(k ·n, [ε0]n), hence by item 4 in Lemma 105,
the number kε_0 := klim · 〈k, ε0〉 is the required one.

2. The proof is nearly the same as that of item 1.

3. For an ordinal α and a number e, let e[α] be such that e[α] ·n :' e · [α]n. Here,
kε is defined as follows:
kε · 0 :' kε_0

kε · (α + 1) :' kε_suc · 〈kε · α, α〉
kε · α :' klim · 〈kε[α], εα〉 for α ∈ Lim.

Then, to show the claim,we take any α and assume ∀β < αI0(kε · β, εβ).

• If α = 0, then the conclusion I0(kε · α, εα) is clear by item 1.
• If α ∈ Suc, then by the assumption, we obtain I0(kε · (α− 1), εα−1); thus,

we obtain the conclusion by item 2.
• If α ∈ Lim, then we obtain I0(kε[α] · n, ε[α]n) for each n. Here, since

[εα]n = ε[α]n , Lemma 105 implies that I0(klim · 〈kε[α], εα〉, εα〉; thus, it
follows that I0(kε · α, εα).

�

Lemma 107. For each L-formula A and for each ordinal number α < εε0 , we can
find a term s such that CR ` sTpTI(A,α)q.

Proof. We fix any ordinal α < εε0 , and then there exists an ordinal β < ε0 such
that α ≤ εβ < εε0 . Thus, by taking any L-formula A, it is sufficient to prove
((kε · β) · pAq)TpTI(A, εβ)q because we can primitive recursively find a required
term s from the term (kε · β) · pAq.

Since PA derives any transfinite induction for β < ε0, we have TI(I0(kε·x, εx), β).
Therefore, according to item 3 in Lemma 106, we have I0(kε ·β, εβ). Thus, it follows
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that ((kε · β) · pAq)TpTI(A, εβ)q, as desired. �

By Lemma 107 and the reflection rule, CR+ yields the formula TI(A,α) for
each L-formula A and α < εε0 . Thus, CR+ derives every theorem of PA + TI(<
εε0). Therefore, according to Proposition 100 and Theorem 104, the proof of
Theorem 103 is completed.

4.5 Friedman–Sheard-Style Realisability

Starting from the typed theory CR for realisability, it seems natural to extend
it to type-free theories. In this section, we formulate a Friedman-Sheard-style
theory FSR for classical realisability and study its proof-theoretic properties. In
particular, we show that FSR has a nice property, self realisability, which states
that if A is derived, then A is realisable provably in the same system.

4.5.1 Friedman–Sheard Realisability FSR

In this subsection, we want to formulate a self-referential system of classical real-
isability. For this purpose, let us refer to the case of truth theory. Recall that the
system FS (Definition 7) consists of the compositional axioms, where the range
of quantification of sentences is not only L, but also LT. In addition, FS has the
introduction and elimination rules for the truth predicate. Here, we restate the
definition for the current language:

Definition 108. (cf. Definition 7) The LT-theory GCT (generalised compositional
truth) consists of PA and the following axioms:

(GCT=) ∀psq, ptq. Tps = tq↔ Eq(psq, ptq);

(GCT→) ∀pAq, pBq ∈ SentLT . TpA→ Bq↔ (TpAq→ TpBq);

(GCT∀) ∀pAxq ∈ SentLT . Tp∀xAq↔ ∀vTpA(v̇)q.

The LT-theory FS (Friedman-Sheard theory of truth) is the extension of GCT with
the following rules: for each LT-sentence A,

A
TpAq

(NEC) TpAq
A

(CONEC)
.

In contrast to the axiom (GCT=), the Tarski-biconditional for the truth predi-
cate yields a paradox:
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Fact 109. ([20]) 1. GCT with the following axiom is inconsistent:

∀pAq ∈ SentLT(TpT(
˙︷︸︸︷
pAq)q↔ TpAq).

2. GCT with the following schema is inconsistent:

TpAq→ A, for each LT-sentence A.

Based on GCT, we define its realisability version GCR :

Definition 110. (GCR) An LR-theory GCR (generalised compositional realisabil-
ity) consists of PA and the universal closures of the following axioms:

(Ax⊥⊥) T (a, b, c)→ (U(c) ∈ ⊥⊥ → 〈a, b〉 ∈ ⊥⊥)

(AxT) ∀pAq ∈ SentLR . aTpAq↔ ∀b(bFpAq→ 〈a, b〉 ∈ ⊥⊥)

(GCRreg) ∀psq, ptq∀pAxq ∈ SentLR . Eq(psq, ptq)→ [aFpA(s)q→ aFpA(t)q]

(GCRP1) ¬P (−→x )→ aFpP (−̇→x )q

(GCRP2) P (−→x )→ (aFpP (−̇→x )q↔ a ∈ ⊥⊥)

(GCR→) ∀pAq, pBq ∈ SentLR . aFpA→ Bq↔ [(a)0TpAq ∧ (a)1FpBq]

(GCR∀) ∀pAxq ∈ SentLR . aFp∀xAq↔ (a)1FpA((ȧ)0)q

Here, P is an atomic predicate of L ∪ {⊥⊥}.

Note that the above axiom (Ax⊥⊥) is exactly the same as in Definition 90, but
we have chosen not to use abbreviations because its precise form is important to
prove the realisability of (Ax⊥⊥) in Lemma 118. Similarly, to simplify the proof of
Lemmata 121 and 122, we separate the axioms for atomic predicates into (GCRP1)
and (GCRP2) (cf. Remark 91). Because of this choice, the term regularity principle
(GCRreg) (Proposition 92) needs to be explicitly added as an axiom.

As is clear from the above definition, GCR is just an generalisation of CR in
that each axiom of GCR ranges over every LR-sentences. Thus, by the same proof,
all the results in CR, except Lemma 99 and Proposition 100, hold also in GCR by
replacing the range of quantification of sentences from L to LR. Because of that,
even in GCR, we shall sloppily use the result for CR.

Similar to the case of truth theory (Fact 109), the next proposition shows that
we need to treat T and F differently from the atomic predicates of L. That is the
reason why Lemma 99 cannot be generalised to LR-sentences.
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Proposition 111. 1. Let GCR′ be the extension of GCR with the following ax-
ioms:

(GCRF1) ∀pAq ∈ SentLR . ¬bFpAq→ aFpḃF(
˙︷︸︸︷
pAq)q,

(GCRF2) ∀pAq ∈ SentLR . bFpAq→ (aFpḃF(
˙︷︸︸︷
pAq)q↔ a ∈ ⊥⊥).

Then, GCR′ ` ⊥⊥ 6= ∅.
2. The extension of GCR with the following reflection schema is inconsistent:

∃x(xTpAq)→ A, for each LR-sentence A.

Proof.

1. For a contradiction, we suppose ⊥⊥ = ∅ in GCR′. Then, in the same way as
for the proof of Lemma 99, we can define the truth predicate T(x) of GCT as
0T(x). In addition, from the axioms (GCRF1) and (GCRF2), we derive in GCR:

∀pAq ∈ SentLT . 0Tp0T(
˙︷︸︸︷
pAq)q↔ 0TpAq.

Thus, by Fact 109, we obtain a contradiction, and hence ⊥⊥ 6= ∅.
2. Similarly to Lemma 99, the reflection schema implies in GCR that ⊥⊥ = ∅.

Thus, in the same way as for the item 1, the truth predicate T(x) of GCT is
definable as 0T(x). Furthermore, the reflection schema implies the schema:

0TpAq→ A, for each LR-sentence A.

Therefore, by Fact 109, we obtain a contradiction.

�

In the remaining part of this subsection, we formulate counterparts of the rules
(NEC) and (CONEC). The rule (NEC) informally says that from the truth of A, we
can infer the formal truth of A. Based on this idea, we firstly define realisability
in the form of an explicit LR-formula n ∈ |A|. Then, the realisability version of
(NEC) should allow an inference from the explicit realisability n ∈ |A| to the formal
realisability nTpAq. The rule (CONEC) is similarly treated.

Definition 112. (Explicit realisation) For each term s and LR-formula A, we in-
ductively define LR-formulas s ∈ |A| and s ∈ ‖A‖, with renaming bound variables
in A if necessary.

• s ∈ ‖P‖ :≡ P → s ∈ ⊥⊥, if P ∈ L ∪ {⊥⊥};
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• s ∈ ‖tFu‖ :≡ sF(t∈̇‖u‖);
• s ∈ ‖tTu‖ :≡ sF(t∈̇|u|);
• s ∈ ‖A→ B‖ :≡ (s)0 ∈ |A| ∧ (s)1 ∈ ‖B‖;
• s ∈ ‖∀xA(x)‖ :≡ (s)1 ∈ ‖A((s)0)‖;
• s ∈ |A| :≡ ∀a(a ∈ ‖A‖ → 〈s, a〉 ∈ ⊥⊥) for a fresh variable a.

Here, x∈̇|y| is a binary primitive recursive function symbol such that PA derives
x∈̇|pAq| = pẋ ∈ Aq for any LR-sentence A. The existence of such a function is
assured by the primitive recursion theorem. Another binary primitive recursive
function symbol x∈̇‖y‖ is similarly defined.

We can easily verify the next substitution lemma:

Lemma 113. 1. For every terms s, t and LR-formula A, we have:

(a) PA ` (t ∈ ‖A‖)[x/s] ↔ t[x/s] ∈ ‖A[x/s]‖,
(b) PA ` (t ∈ |A|)[x/s] ↔ t[x/s] ∈ |A[x/s])|.
Here, B[x/s] is a substitution of s into the free occurrences of x in B.

2. For every terms s, t and LR-formula A, we have:

(a) PA ` s = t→ (x ∈ ‖A(s)‖ → x ∈ ‖A(t)‖).
(b) PA ` s = t→ (x ∈ |A(s)| → x ∈ |A(t)|).

The next lemma shows that explicit realisability and formal realisability are
equivalent for L.

Lemma 114. 1. Let P (−→y ) be an atomic formula of L ∪ {⊥⊥}.

(a) GCR ` xFpP (−̇→y )q↔ x ∈ ‖P (−→y )‖.
(b) GCR ` xTpP (−̇→y )q↔ x ∈ |P (−→y )|.

2. For every terms s, t, we have:

(a) GCR ` x ∈ |sFt| ↔ xT(s∈̇‖t‖),
(b) GCR ` x ∈ |sTt| ↔ xT(s∈̇|t|).

Proof.

1. As the proof for the second item is similar, we consider only the first. So,
taking any x and y, we derive in GCR as follows:

xFpP (−̇→y )q⇔ P (−→y )→ x ∈ ⊥⊥ (by (GCRP1) and (GCRP2))
⇔ x ∈ ‖P (−→y )‖. (by def. of ‖P‖)
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2. We consider the first item. We derive in GCR as follows:

x ∈ |sFt| ⇔ ∀a(a ∈ ‖sFt‖ → 〈x, a〉 ∈ ⊥⊥) (by def. of |F|)
⇔ ∀a(aF(s∈̇‖t‖)→ 〈x, a〉 ∈ ⊥⊥) (by def. of ‖F‖)
⇔ xT(s∈̇‖t‖). (by (AxT))

�

Definition 115. (FSR) An LR-theory FSR (Friedman–sheard theory for realis-
ability) consists of GCR with the two rules.

s ∈ |A|
sTpAq

(NECR)
sTpAq
s ∈ |A| (CONECR)

,

for every closed term s and every LR-sentence A.

4.5.2 Revision Model for FSR

Before the proof-theoretic consideration of FSR, we give a model of FSR. Similar
to Proposition 8, we construct a revisional model, in which the evaluation of each
sentence changes at each step.

First, we fix any pole ⊥⊥ ⊆ N. Then, given a set F⊥⊥ ⊆ N × N for the inter-
pretation of F, the interpretation T⊥⊥ ⊆ N × N of T can be defined by ⊥⊥ and
F⊥⊥:

T⊥⊥ := {(n, pAq) ∈ N× SentLR | ∀m ∈ N((m, pAq) ∈ F⊥⊥ ⇒ 〈n,m〉 ∈ ⊥⊥)}.

Thus, for a set F⊥⊥, we shall express the above LR-model simply by 〈F⊥⊥〉.
For a set F⊥⊥ ⊆ N× N, the revision operator Γ is defined as follows:

Γ(F⊥⊥) := {(n, pAq) ∈ N× SentLR | 〈F⊥⊥〉 |= n ∈ ‖A‖}.

Then, we inductively define a series of models Γn(F⊥⊥):

Γ0(F⊥⊥) := F⊥⊥,
Γn+1(F⊥⊥) := Γ(Γn(F⊥⊥)).

Proposition 116. Take any F⊥⊥ ⊆ N×N and assume FSR ` A for an LR-formula.
Then, there exists a number n such that for allm ≥ n, it holds that 〈Γm(F⊥⊥)〉 |= A∀

where A∀ is a universal closure of A.

Proof. The proof is by induction on the derivation, so assume FSR ` A. We divide
the cases by the last axiom or rule of the derivation.
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(AxT) Suppose that A is the axiom (AxT):

∀pBq ∈ SentLR{aTpBq↔ ∀b(bFpBq→ 〈a, b〉 ∈ ⊥⊥)},

then for all m ≥ 1, we can show 〈Γm(F⊥⊥)〉 |= A∀. Taking any m ≥ 1, pBq ∈
SentLR , and a ∈ N, we have:

〈Γm(F⊥⊥)〉 |= aTpBq⇔ ∀b ∈ N((b, pBq) ∈ Γm(F⊥⊥)⇒ 〈a, b〉 ∈ ⊥⊥)

⇔ 〈Γm(F⊥⊥)〉 |= ∀b(bFpBq→ 〈a, b〉 ∈ ⊥⊥).

Thus, it follows that 〈Γm(F⊥⊥)〉 |= (AxT)∀.

(NECR) Suppose that A :≡ sTpBq is obtained from s ∈ |B|. Then, by induction
hypothesis we have a number n such that for all m ≥ n,

〈Γm(F⊥⊥)〉 |= s ∈ |B|
⇔ 〈Γm(F⊥⊥)〉 |= ∀b(b ∈ ‖B‖ → 〈s, b〉 ∈ ⊥⊥)

⇔ 〈Γm+1(F⊥⊥)〉 |= ∀b(bFpBq→ 〈s, b〉 ∈ ⊥⊥).

Since 〈Γm+1(F⊥⊥)〉 |= (AxT)∀, we also get 〈Γm+1(F⊥⊥)〉 |= sTpBq, which is true
for all m ≥ n.

The other cases are similarly proved. �

4.5.3 Proof Theory of FSR

In this subsection, we show that FSR is self-realisable, that is, for any theorem A
of FSR, we can find a term s such that FSR ` s ∈ |A| (Theorem 125). Finally,
conservativity of FSR (Proposition 126) and some open problems are mentioned.

Lemma 117. (Realisation of PA) For every LR-formula A, if PA ` A, then there
exists a term s such that GCR ` s ∈ |A|.

Proof. By induction on the length of the derivation of A, we can give the required
term in the same way as the proof of Lemma 96. �

Lemma 118. (Realisation of (Ax⊥⊥)) There exists a term s such that GCR ` s ∈
|(Ax⊥⊥)|.



80 Chapter 4. Truth as Classical Realisability

Proof. Taking any a, b and c, we want to find a term that realises the following:

T (a, b, c)→ (U(c) ∈ ⊥⊥ → 〈a, b〉 ∈ ⊥⊥).

We will show that a term f := λu.〈(u)0, ((u)1)0, ((u)1)1〉 realises A. That is, we
want to get:

f ∈ |T (a, b, c)→ (U(c) ∈ ⊥⊥ → 〈a, b〉 ∈ ⊥⊥)|.

Take any term u which refutes A, that is,

u ∈ ‖T (a, b, c)→ (U(c) ∈ ⊥⊥ → 〈a, b〉 ∈ ⊥⊥)‖.

Thus, we need to show 〈f, u〉 ∈ ⊥⊥. For this, we prove that 〈(u)0, ((u)1)0, ((u)1)1〉 ∈
⊥⊥. Then, we have 〈f, u〉 ∈ ⊥⊥ by the axiom (Ax⊥⊥).

By the definition of ‖A‖, we have:

(u)0 ∈ |T (a, b, c)|, (4.1)
(u)1 ∈ ‖U(c) ∈ ⊥⊥ → 〈a, b〉 ∈ ⊥⊥‖. (4.2)

Similarly, (4.2) is equivalent to:

((u)1)0 ∈ |U(c) ∈ ⊥⊥|, (4.3)
((u)1)1 ∈ ‖〈a, b〉 ∈ ⊥⊥‖. (4.4)

To verify 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥, we divide the cases by whether T (a, b, c)
and U(c) ∈ ⊥⊥ hold or not.

• If T (a, b, c) is not true, then we have 〈((u)1)0, ((u)1)1〉 ∈ ‖T (a, b, c)‖ and thus
by (4.1), we also get 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥, as required.

• Thus, we can assume that T (a, b, c) is true. Then, by (4.1) we have ∀w(w ∈
⊥⊥ → 〈(u)0, w〉 ∈ ⊥⊥). In addition, if U(c) ∈ ⊥⊥ is not true, then 〈((u)1)0, ((u)1)1〉 ∈
⊥⊥ by (4.3), and hence 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥.

• Thus, we can further suppose that U(c) ∈ ⊥⊥ is true, then we similarly have
∀w(w ∈ ⊥⊥ → 〈((u)1)0, w〉 ∈ ⊥⊥). Moreover, it follows that 〈a, b〉 ∈ ⊥⊥ by
the axiom (Ax⊥⊥). Thus, from (4.4) we have ((u)1)1 ∈ ⊥⊥, which implies
〈((u)1)0, ((u)1)1〉 ∈ ⊥⊥, which in turn yields 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥.

Therefore, in any case, we obtain 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥. �

Lemma 119. (Realisation of (AxT)) There exists a term s such that GCR ` s ∈
|(AxT)|.
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Proof. Taking any x, we want to find a realiser for the following:

SentLR(x)→ [aTx↔ ∀b(bFx→ 〈a, b〉 ∈ ⊥⊥)].

If SentLR(x) does not hold, the above formula is derivable in PA. Thus, by Lemma 117,
we can primitive recursively give a realiser for the formula. Therefore, taking any
code pAq of an LR-sentence, it suffices to consider the following:

aTpAq↔ ∀b(bFpAq→ 〈a, b〉 ∈ ⊥⊥).

As the realisability is closed under logic, we separate the formula into the following:

1. aTpAq→ (bFpAq→ 〈a, b〉 ∈ ⊥⊥) for any fixed b;

2. ∀b(bFpAq→ 〈a, b〉 ∈ ⊥⊥)→ aTpAq.

1. Take any u ∈ ‖aTpAq→ (bFpAq→ 〈a, b〉 ∈ ⊥⊥)‖, then we have:

(u)0 ∈ |aTpAq|, (4.5)
((u)1)0 ∈ |bFpAq|, (4.6)
((u)1)1 ∈ ‖〈a, b〉 ∈ ⊥⊥‖. (4.7)

Then, we want to find a procedure f such that 〈f, u〉 ∈ ⊥⊥.
From (4.5) and (4.6), we have:

(u)0Tp∀b(b ∈ ‖A‖ → 〈ȧ, b〉 ∈ ⊥⊥q, (4.8)

((u)1)0Tpḃ ∈ ‖A‖q. (4.9)

Thus, by Lemma 94, we obtain:

(k→ · 〈ksub · 〈(u)0, b〉, ((u)1)0)〉)Tp〈ȧ, ḃ〉 ∈ ⊥⊥q. (4.10)

From (4.7) and Lemma 114, we have:

((u)1)1Fp〈ȧ, ḃ〉 ∈ ⊥⊥q. (4.11)

Thus by (4.10), (4.11), and the axiom (AxT), we have

〈k→ · 〈ksub · 〈(u)0, b〉, ((u)1)0〉, ((u)1)1〉 ∈ ⊥⊥.

Now, let f be such that f · b :' λu.〈k→ · 〈ksub · 〈(u)0, b〉, ((u)1)0〉, ((u)1)1〉, then
we can show 〈f · b, u〉 ∈ ⊥⊥ with the help of (Ax⊥⊥).
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2. Take any u such that:

(u)0 ∈ |∀b(bFpAq→ 〈a, b〉 ∈ ⊥⊥)|, (4.12)
(u)1 ∈ ‖aTpAq‖. (4.13)

Then, we want to find a procedure g such that 〈g, u〉 ∈ ⊥⊥.
From (4.12), we have for all b and w,

w ∈ |bFpAq| → (k→ · 〈ksub · 〈(u)0, b〉, w〉) ∈ |〈a, b〉 ∈ ⊥⊥|. (4.14)

From (4.13) we have:

(u)1Fp∀b(b ∈ ‖A‖ → 〈ȧ, b〉 ∈ ⊥⊥)q. (4.15)

Thus, by the axioms (GCR∀) and (GCR→), it follows that:

(((u)1)1)0Tp((u̇)1)0 ∈ ‖A‖q, (4.16)
(((u)1)1)1Fp〈ȧ, ((u̇)1)0〉 ∈ ⊥⊥q. (4.17)

By (4.14) and (4.16), we obtain:

(k→ · 〈ksub · 〈(u)0, ((u)1)0〉, (((u)1)1)0〉) ∈ |〈a, ((u)1)0〉 ∈ ⊥⊥|. (4.18)

By (4.18) and Lemma 114, we also have:

(k→ · 〈ksub · 〈(u)0, ((u)1)0〉, (((u)1)1)0〉)Tp〈ȧ, ((u̇)1)0〉 ∈ ⊥⊥q. (4.19)

Therefore, by (4.17) and (4.19), we obtain a contradictory pair:

〈k→ · 〈ksub · 〈(u)0, ((u)1)0〉, (((u)1)1)0〉, (((u)1)1)1〉 ∈ ⊥⊥.

Thus, define g := λu.〈k→ · 〈ksub · 〈(u)0, ((u)1)0〉, (((u)1)1)0〉, (((u)1)1)1〉.

�

Lemma 120. (Realisation of (GCRreg)) There exists a term s such that GCR `
s ∈ |(GCRreg)|.

Proof. Here, the exact form of the formula Eq(y, z) is required. Since Eq(y, z)
is Σ1-formula, we shall rephase it in the form ∃xEq′(x, y, z), where Eq′(x, y, z) is
some atomic predicate of L.

Take any x ∈ N, any ps = tq, pA(0)q ∈ SentLR , and any a ∈ N. Then, similar
to the proof of Lemma 119, it suffices to find a realiser of the following:

Eq′(x, psq, ptq)→ (aFpA(s)q→ aFpA(t)q).
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Thus, we take any u such that:

(u)0 ∈ |Eq′(x, psq, ptq)|, (4.20)
((u)1)0 ∈ |aFpA(s)q|, (4.21)
((u)1)1 ∈ ‖aFpA(t)q‖. (4.22)

We will show that f := λu.〈(u)0, ((u)1)0, ((u)1)1〉 satisfies 〈f, u〉 ∈ ⊥⊥. So, by the
axiom (Ax⊥⊥), it is enough to prove 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥.

If the atomic L-formula Eq′(x, psq, ptq) is false, then by (4.20), (u)0 contradics
any number, that is, we have 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥, as required. Therefore,
we assume Eq′(x, psq, ptq) is true. Hence, (4.20) implies that in order to show
〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥, we need to prove 〈((u)1)0, ((u)1)1〉 ∈ ⊥⊥.

By (4.21) and (4.22), we respectively obtain:

((u)1)0Tpȧ ∈ ‖A(s)‖q, (4.23)
((u)1)1Fpȧ ∈ ‖A(t)‖q. (4.24)

Since we now assume Eq′(x, psq, ptq), by (4.24) and the axiom GCRreg, we obtain:

((u)1)1Fpȧ ∈ ‖A(s)‖q. (4.25)

Therefore, from (4.23), (4.25), and the axiom (GCRT), it follows that 〈((u)1)0, ((u)1)1〉 ∈
⊥⊥, which implies 〈(u)0, ((u)1)0, ((u)1)1〉 ∈ ⊥⊥, as desired. �

Lemma 121. (Realisation of (GCRP1)) There exists a term s such that GCR `
s ∈ |(GCRP1)|.

Proof. Take any u such that:

(u)0 ∈ |¬P (−→x )|, (4.26)

(u)1 ∈ ‖aFpP (−̇→x )q‖. (4.27)

In order to show that f := λu.〈(u)0, (u)1〉 satisfies 〈f, u〉 ∈ ⊥⊥, we prove 〈(u)0, (u)1〉 ∈
⊥⊥.

(4.26) is equivalent to:

∀w((w)0 ∈ |P (−→x )| → [(w)1 ∈ ‖⊥‖ → 〈(u)0, w〉 ∈ ⊥⊥]), (4.28)

where recall that ¬A :≡ A → ⊥, and the falsehood ⊥ is defined as some false
equation. Moreover, from (4.27), Lemm 114, and the axiom (GCR→), we can
deduce the following:

(u)1 ∈ ‖aFpP (−̇→x )q‖ ⇔ (u)1FpP (−̇→x )→ ȧ ∈ ⊥⊥q

⇔ ((u)1)0TpP (−̇→x )q ∧ ((u)1)1Fpȧ ∈ ⊥⊥q
⇒ ((u)1)0 ∈ |P (−→x )| ∧ ((u)1)1 ∈ ‖⊥‖. (4.29)
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Thus, by (4.28) and (4.29), we have 〈(u)0, (u)1〉 ∈ ⊥⊥. �

Lemma 122. (Realisation of (GCRP2)) There exists a term s such that GCR `
s ∈ |(GCRP2)|.

Proof. The proof is similar to for (GCRP1). �

Lemma 123. (Realisation of (GCR→)) For any number a and any code pA→ Bq
of an LR-sentence, all the following are realisable in GCR:

1. aFpA→ Bq→ (a)0TpAq,

2. aFpA→ Bq→ (a)1FpBq,

3. (a)0TpAq→ [(a)1FpBq→ aFpA→ Bq].

Therefore, we can give a term that realises (GCR→).

Proof.

1. Take any u such that (u)0 ∈ |aFpA → Bq| and (u)1 ∈ ‖(a)0TpAq‖, then we
have (u)0Tpȧ ∈ ‖A → B‖q and (u)1Fp(ȧ)0 ∈ |A|q. By Lemma 96, we obtain
a number w such that wTp(ȧ)0 ∈ |A| ∧ (ȧ)1 ∈ ‖B‖ → (ȧ)0 ∈ |A|q, from which
and (u)0Tp(ȧ)0 ∈ |A| ∧ (ȧ)1 ∈ ‖B‖q, we get (k→ · 〈w, (u)0〉)Tp(ȧ)0 ∈ |A|q.
Thus, 〈〈k→ · 〈w, (u)0〉, (u)1〉 ∈ ⊥⊥ by the axiom (AxT). Therefore, the term
f := λu.〈〈k→ · 〈w, (u)0〉, (u)1〉 satisfies 〈f, u〉 ∈ ⊥⊥.

2. Similarly to the proof of the item 1.
3. Take any u such that:

(u)0Tp(ȧ)0 ∈ |A|q, (4.30)
((u)1)0Tp(ȧ)1 ∈ ‖B‖q, (4.31)
((u)1)1Fpȧ ∈ ‖A→ B‖q. (4.32)

By Lemma 96, we obtain a number w such that

wTp(ȧ)0 ∈ |A| → ((ȧ)1 ∈ ‖B‖ → [(ȧ)0 ∈ |A| ∧ (ȧ)1 ∈ ‖B‖])q. (4.33)

Thus, from (4.30) and (4.31), we obtain:

(k→ · 〈k→ · 〈w, (u)0〉, ((u)1)0〉)Tp(ȧ)0 ∈ |A| ∧ (ȧ)1 ∈ ‖B‖q. (4.34)

On the other hand, (4.32) is equivalent to:

((u)1)1Fp(ȧ)0 ∈ |A| ∧ (ȧ)1 ∈ ‖B‖q. (4.35)

Thus, we have 〈k→ · 〈k→ · 〈w, (u)0〉, ((u)1)0〉, ((u)1)1〉 ∈ ⊥⊥. Therefore, we can
employ g := λu.〈k→ · 〈k→ · 〈w, (u)0〉, ((u)1)0〉, ((u)1)1〉 as a required realiser.



4.5. Friedman–Sheard-Style Realisability 85

�

Lemma 124. (Realisation of (GCR∀)) There exists a term s such that GCR ` s ∈
|(GCR∀)|.

Proof. The proof is similar to for (GCR→). �

Theorem 125. For each LR-formula A, if FSR ` A, then there exists a term s
such that FSR ` s ∈ |A|.

Proof. The proof is by induction on the derivation length of A. Assume that
FSR ` A. If A is obtained by the axioms of GCR, then we already have an answer
by the above lemmata. Thus, the remaining cases are (NECR) and (CONECR).

(NECR) Assume that A :≡ sTpBq is derived from s ∈ |B|. Then, by induction
hypothesis, we have some term t such that FSR ` t ∈ |s ∈ |B||. Thus, by
(NECR) we deduce tTpṡ ∈ |B|q, which is t ∈ |sTpBq|, and hence t is a required
term.

(CONECR) Assume that A :≡ s ∈ |B| is derived from sTpBq. Then, by induction
hypothesis, we have some term t such that FSR ` t ∈ |sTpBq|. Thus, by
(CONECR) we deduce t ∈ |s ∈ |B||, and hence, t is a required term.

�

Finally, we mention the proof-theoretic strength of FSR.

Proposition 126. FSR is conservative over PA.

Proof. The same translation T as in Proposition 97 gives an interpretation of FSR
into PA. Note that we trivially have PA ` T (s ∈ |A|) for every term s and formula
A. �

Definition 127. (GCR+) An LR-theory GCR+ is the extension of GCR with the
reflection rule:

sTpAq
A ,

for every closed term s and every L-sentence A.
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Note that the sentence A in the reflection rule of GCR+ is restricted to L.
Thanks to this condition, we can easily extend the soundness result (Proposi-
tion 116) to GCR+. Now, let GCR++ be an extension of GCR+ such that the
reflection rule allows arbitrary LR-sentences. In contrast to GCR+, it is no longer
clear whether Proposition 116 holds for GCR++, i.e., GCR++ is sound with respect
to any choice of the pole, or not.

We conclude this chapter by listing two open problems on the proof-theoretic
strength.

Conjecture 128. 1. GCR+ is proof-theoretically equivalent to FS.

2. GCR++ is consistent. In particular, it is proof-theoretically equivalent to FS.

.



Chapter 5
Universes for Frege Structure

In this chapter, we turn to the question of how strong an axiomatic truth theory
can be obtained in a bottom-up manner. For this purpose, this chapter considers
theories of Frege structure. The framework of Frege structure, which is introduced
by Aczel [1], is essentially a model of lambda calculus augmented with the notions
of truth and proposition. While Aczel’s study was model-theoretic, Frege structure
can be seen as an axiomatic theory of truth formulated over an applicative theory
(see Section 5.1). In addition, depending on what kinds of truth and proposi-
tion are assumed, various theories of Frege structure have been proposed (for an
overview, see, e.g., [14]). To analyse Frege structure proof-theoretically, it is useful
to use results of another applicative framework, explicit mathematics [17]. Explicit
mathematics is classified as an intensional set theory, in which types, second-order
objects for sets, are generated by individual terms, called names.

Although these two frameworks are different at a glance, there are, as Aczel
anticipated [1, p. 34], various technical correspondences between them. In partic-
ular, for various systems of explicit mathematics, we can find proof-theoretically
equivalent theories of Frege structure, as displayed in Table 5, where EM is a sys-
tem of explicit mathematics (see Definition 131); EMU is an extension of EM by
universes (cf. [60]); NEM is an extension of EM by name induction (cf. [43]); T0 is
an extension of EM by inductive generations (see Definition 133); KF and PT are
theories of Frege structure based on Kripke-Feferman logic and Aczel-Feferman
logic, respectively (see Definition 135 and 156); KFU and PTU are respectively
extensions of KF and PT by universes (see Definition 137 and 159); and VF is a
theory of Frege structure based on supervaluation logic (see Definition 171). The
table also contains the corresponding subsystems of second-order arithmetic and
their proof-theoretic ordinals. The system Σ1

1-AC has the schema Σ1
1 axiom of

choice; ATR + (Σ1
1-DC) consists of the arithmetical transfinite recursion ATR with

the Σ1
1 dependent choice; Π1

1-CA–
0 is the parameter-free Π1

1 comprehension schema;
and ∆1

2-CA + BI is the ∆1
2 comprehension schema with the bar induction. For

details of their proof-theoretic ordinals, see, e.g., [37, 53]).

87



88 Chapter 5. Universes for Frege Structure

Table 5.1: Applicative theories
Ordinal strength Explicit mathematics Frege structure Second-order arithmetic

ψΩ(εI+1) T0 ? ∆1
2-CA + BI

ψΩ(εΩ+1) NEM VF Π1
1-CA–

0

ϕ1ε00 EMU KFU,PTU ATR + (Σ1
1-DC)

ϕε00 EM KF,PT Σ1
1-AC

As the table shows, the correspondence between explicit mathematics and
Frege structure has so far been obtained only up to the strength of (Π1

1-CA)–
0.

Therefore, this chapter aims to provide well-motivated theories of Frege structure
proof-theoretically equivalent to T0. This task is also in line with our purpose of
obtaining strong truth theories. As far as the author knows, Fujimoto’s system
Aut(VF) [23], which is essentially a significant extension of VF in Definition 13, is
so far the strongest among well-motivated truth theories. Since the strength of
Aut(VF) lies strictly between ∆1

2-CA and ∆1
2-CA+BI, the author believes that the

theories proposed in this chapter break the record, though our base theory is not
PA. 1

There is another reason to seek for stronger truth theories. Halbach [29] argues
that an expressively strong truth theory can, to some extent, reduce ontological
assumptions on sets to semantic assumptions. Thus, perhaps such a theory, if
it is well motivated, can take the place of set theory as a foundation for a large
part of mathematics. Moreover, since T0 is expressively rich enough to interpret
various set theories (cf. [44, 63, 64]), we can expect our theories of Frege structure
to contribute to Halbach’s programme.

The structure of this chapter is as follows: In Section 5.1, we define the total
applicative theory TON as the common base theory of explicit mathematics and
Frege structure. We also define the theories of explicit mathematics, EM and its
extension T0. In Section 5.2, following Kahle’s formulation [40, 41], we introduce
Kripke-Feferman-style theories of Frege structure, KF and its extension KFU. In
Section 5.3, we expand KFU by the proposition induction schema, to obtain a
theory KFUPI that is as strong as T0. In Section 5.4, we consider Aczel-Feferman-
style theories of Frege structure, PT and its extension PTU. In conclusion, we
can obtain a theory PTUPI that has the same strength as T0. In Section 5.5,
we formulate an alternative principle least universes schema, and then we show
that this also gives the strength of T0 to both KFU and PTU. In Section 5.6,
we introduce a supervaluation-style Frege structure essentially based on Kahle’s

1However, the author must mention that Cantini gave a recursion-theoretically motivated
system of Frege structure which is at least as strong as T0 [14, p. 253]. Over Peano arithmetic,
Schindler [56] formulated a disquotational truth theory of the same consistency strength as the
full second-order arithmetic.
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formulation [40]. Then, following Kahle’s suggestion [40, p. 124], we extend VF by
universes and prove that the resulting theory VFU is proof-theoretically equivalent
to T0. Therefore, one of Kahle’s open questions is solved.

The content of this chapter is based on [32].

5.1 Explicit Mathematics
This section defines Feferman’s system T0 of explicit mathematics. We first define
the total applicative theory TON, which, in this chapter, is used as the common
base theory of explicit mathematics and Frege structure.

5.1.1 Total Applicative Theory

The first-order language L for the total operational theory (TON) (see, e.g. [41])
consists of the standard logical symbols, individual variables (x, y, z, x0, x1, · · · , a, b,
c, f, g, h, · · · ), individual constants k, s (combinators), p, p0, p1 (pairing and projec-
tions), 0 (zero), sN (successor), pN (predecessor), dN (definition by numerical cases),
a binary function symbol App(x, y) (application), and a unary predicate N(x) (nat-
ural numbers). Formulae of L are constructed from atomic formulae by the logical
symbols ¬A, A∧B, A→ B, and ∀x. A. We assume that ∨ and ∃ are defined in a
standard manner, whereas→ is given as a primitive symbol. The meaning of each
symbol is clear from its defining axioms below.

We shall use the following abbreviations in this chapter:

1. ab := (ab) := App(a, b).

2. a1a2a3 . . . an :≡ ((· · · ((a1a2)a3 · · · )an).

3. (x, y) := pxy.

4. (x)i := pix for i ∈ {0, 1}.
5. s 6= t := ¬(s = t).

6. ∀x0, x1, . . . xn. A :≡ ∀x0.∀x1. . . .∀xn. A.

Definition 129. The L-theory TON consists of the following axioms:

• kab = a,

• sabc = ac(bc),

• (a, b)0 = a ∧ (a, b)1 = b,

• N(0) ∧ ∀x. N(x)→ N(sNx),

• ∀x. N(x)→ sNx 6= 0 ∧ pN(sNx) = x,
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• ∀x. N(x) ∧ x 6= 0→ N(pNx) ∧ sN(pNx) = x,

• N(a) ∧ N(b) ∧ a = b→ dNuvab = u,

• N(a) ∧ N(b) ∧ a 6= b→ dNuvab = v,

• A(0) ∧ [∀x. N(x) ∧A(x)→ A(sNx)]→ ∀x. N(x)→ A(x), for every L-formula
A.

In this chapter, we will repeatedly use the following well-known fact :

Fact 130. (cf. [14, p. 16])

λ-abstraction. For each variable x and an L-term t, we can find a term λx.t such
that TON ` (λx.t)x = t.

Recursion. There is a term rec such that TON ` ∀f. recf = f(recf).

5.1.2 Explicit Mathematics

We define systems of explicit mathematics over TON. Usually, theories of explicit
mathematics are defined in second-order language. For simplicity, however, we
shall formulate them as first-order ones, similar to [34].

The first-order language LEM of explicit mathematics is an extension of L with
two predicates: a unary predicate symbol R(x), meaning that x represents a set,
and a binary predicate symbol x ∈ y, meaning that x is contained in y. We define
∀x ∈ y. A(x) to be ∀x. x ∈ y → A(x). In addition, LEM has individual constant
symbols, called generators : int (intersection), j (join), nat (natural numbers), id
(identity), co (complements), dom (domain), inv (inversion), and i (inductive gen-
erations).

Definition 131. The LEM -theory EM consists of the following axioms:

Natural numbers. R(nat) ∧ ∀x. x ∈ nat↔ N(x).

Identity. R(id) ∧ ∀x. x ∈ id↔ ∃y. x = (y, y).

Complements. R(x)→ R(co(x)) ∧ ∀y. y ∈ co(x)↔ y /∈ x.

Intersections. R(x) ∧ R(y)→ R(int(x, y)) ∧ ∀z. z ∈ int(x, y)↔ z ∈ x ∧ z ∈ y.

Domains. R(a)→ R(dom(a)) ∧ ∀x. x ∈ dom(a)↔ ∃y. (x, y) ∈ a.

Inverse images. R(a)→ R(inv(a, f)) ∧ ∀x. x ∈ inv(a, f)↔ fx ∈ a.
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Joins. R(x) ∧ [∀y ∈ x. R(fy)]→ R(j(x, f)) ∧ Σ(x, f, j(x, f)), where

Σ(x, f, y) :≡ ∀u. u ∈ y ↔ ∃v, w. u = (v, w) ∧ v ∈ x ∧ w ∈ fv.

The above axioms explain how a new set is generated from existing ones. For
instance, the join axiom says that given a set x and a function f whose domain is
x, there exists the disjoint union j(x, f) of the range of f .

Fact 132. (cf. [6]) EM is proof-theoretically equivalent to Σ1
1-AC.

5.1.3 Universes and Inductive Generations

A universe in explicit mathematics is a set that is closed under the name-generating
operations in Definition 131. More formally, the fact that a is a universe is ex-
pressed by the formula:

U(a) :≡ [∀b. C(a, b)→ b ∈ a]→ ∀b ∈ a. R(b),

where C(a, b) is the disjunction of the following:

1. a = nat ∨ a = id,

2. ∃x. b = co(x) ∧ x ∈ a,
3. ∃x, y. b = int(x, y) ∧ x ∈ a ∧ y ∈ a,
4. ∃x. b = dom(x) ∧ x ∈ a,
5. ∃f, x. b = inv(x, f) ∧ x ∈ a,
6. ∃f, x. b = join(x, f) ∧ x ∈ a ∧ ∀y ∈ x.fy ∈ a.

Of course, we require an additional axiom to assure the existence of universes.
Here, we introduce the limit axiom [60]. For a new constant symbol l, the limit
axiom is the following:

R(x)→ R(lx) ∧ x ∈ lx.

Then, the system EMU is defined as EM equipped with the limit axiom. From
Strahm’s proof [60, Theorem 15], it follows that EMU is proof-theoretically equiv-
alent to ÎD<ε0 , the arithmetical fixed-point theory iterated up to ε0. While the
proof-theoretic strength of EMU is beyond the range of predicativity, that is, its
proof-theoretic ordinal is larger than the Feferman–Schütte ordinal Γ0, it is still
weaker than impredicative theories, such as the theory ID1 of arithmetical induc-
tive definitions (for the definition, see [54]). Therefore, the strength of EMU is
called metapredicative [60].
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Feferman [17] formulated a highly strong principle for explicit mathematics
called inductive generation:

R(a) ∧ R(b)→ R(i(a, b)) ∧ Closed(a, b, i(a, b)). (IG.1)
R(a) ∧ R(b) ∧ Closed(a, b, A)→ ∀x ∈ i(a, b). A(x), (IG.2)

where A is any formula, and

• y <b x :≡ (y, x) ∈ b;
• Closed(a, b, A(•)) :≡ ∀x ∈ a. [∀y ∈ a. y <b x→ A(y)]→ A(x).

Definition 133. The LEM -theory T0 consists of EM with (IG.1) and (IG.2).

The proof-theoretic strength of T0 is far beyond EMU.

Fact 134. ([35]) T0 is proof-theoretically equivalent to ∆1
2-CA + BI.

5.2 Frege Structure by Strong Kleene Schema
In this section, we introduce the Kripke–Feferman theory KF of Frege structure
and its extension by universes. We first define the base language LFS over which
our theories of Frege structure are formulated.

The language LFS is L augmented with the following symbols:

• individual constants =̇, ¬̇, ∧̇, →̇, ∀̇, Ṅ, l;
• unary predicates T(x),U(x).

Here, T(x) is intended to mean the truth predicate; U(x) means that x is a universe
(see below for more details); and the constant l is used to generate universes,
similar to the one in explicit mathematics. The other individual constants are
used as sentence-constructing operators. For example, the term x∧̇y := ∧̇(x, y)
informally denotes (the code of) a conjunctive sentence consisting of x and y. We
can similarly understand the terms ¬̇x, Ṅx, and ∀̇f . We also use the notations
(x=̇y) := (=̇(x, y)) and (x→̇y) := (→̇(x, y)), whose informal meaning should be
clear.

5.2.1 System KF

The theory KF, as a theory of truth, is as defined in Definition 10. Cantini [13]
later formulated KF as a theory of Frege structure. Recall that in KF, each sentence
is monotonically evaluated based on the Strong Kleene evaluation, as displayed in
the following truth table. Note that the conditional A→ B is definable as ¬A∨B.
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¬
T F
U U
F T

∨ T U F
T T T T
U T U U
F T U F

∧ T U F
T T U F
U U U F
F F F F

→ T U F
T T U F
U T U U
F T T T

The Kripke–Feferman system, as an LFS-theory, is defined straightforwardly
from the above table.

Definition 135. (cf. [14, 15, 40, 41]) The LFS-theory KF[TON] has TON with
the full induction schema for LFS and (the universal closure of) the following
axioms:

Compositional axioms.

(K=) T(x=̇y)↔ x = y

(K6=) T(¬̇(x=̇y))↔ x 6= y

(KN) T(Ṅx)↔ N(x)

(K¬N) T(¬̇(Ṅx))↔ ¬N(x)

(K¬¬) T(¬̇(¬̇x))↔ T(x)

(K∧) T(x∧̇y)↔ T(x) ∧ T(y)

(K¬∧) T(¬̇(x∧̇y))↔ T(¬̇x) ∨ T(¬̇y)

(K→) T(x→̇y)↔ T(¬̇x) ∨ T(y)

(K¬→) T(¬̇(x→̇y))↔ T(x) ∧ T(¬̇y)

(K∀) T(∀̇f)↔ ∀x. T(fx)

(K¬∀) T(¬̇(∀̇f))↔ ∃x. T(¬̇(fx))

Consistency.

(T-Cons) ¬[T(x) ∧ T(¬̇x)]

In this chapter, we express KF[TON] simply as KF, for there is no room for confu-
sion with that of Definition 10.

The system KF is proof-theoretically stronger than TON. In particular, KF can
relatively interpret EM. To see this, we define a translation ′ : LEM → LFS. First,
the vocabularies of L are unchanged. Second, we define (x ∈ y)′ to be T(yx),
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which can be read as ‘y is true at x.’ As for the translation of R(x), we define
predicates C(f) and P(x), where P(x) means that x is a proposition, that is, x is
determined to be true or false; and C(f) means that f is a class (propositional
function), that is, fx is a proposition for every object x.

C(f) := ∀x. P(fx) := ∀x. T(fx) ∨ T(¬̇(fx)).

Then, we let R′(x) :≡ C(x). Finally, as is remarked in [14, p. 59], for each generator
of LEM , we can find a term such that the translation of the defining axiom of c
in EM is derivable in KF (see also the proof of Lemma 177). To summarise, the
following is obtained (for the proof, see [14, pp. 57–59]):

Fact 136. For each LEM -formula A, if EM ` A, then KF ` A′.

We also remark that EM and KF are proof-theoretically equivalent (for the
proof, see, e.g., [14, Section 57]).

5.2.2 Universes for KF

In order to strengthen a given truth theory, iterating truth predicates is effective
in many cases (cf. [18, 37, 23]). In the framework of Frege structure, an analogous
idea is realisable by using the notion of universes (cf. [14, 41]). Following [41], we
let f @ g (g reflects on f) be the following formula:

[∀x. T(fx)→ T(g(fx))] ∧ [∀x. T(¬̇fx)→ T(g(¬̇fx))].

The predicate f @ g informally means that both positive and negative facts about
f are expressed as positive statements within g.

Definition 137. (cf. [40, 41]) The LFS-theory KFU has TON and (the universal
closure of) the following axioms:

Compositional axioms in U.

(U=) U(u)→ ∀x, y. T(u(x=̇y))↔ x = y

(U6=) U(u)→ ∀x, y. T(u(¬̇(x=̇y)))↔ x 6= y

(UN) U(u)→ ∀x. T(u(Ṅx))↔ N(x)

(U¬N) U(u)→ ∀x. T(u(¬̇(Ṅx)))↔ ¬N(x)

(U¬¬) U(u)→ ∀x. T(u(¬̇(¬̇x)))↔ T(ux)

(U∧) U(u)→ ∀x, y. T(u(x∧̇y))↔ T(ux) ∧ T(uy)
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(U¬∧) U(u)→ ∀x, y. T(u(¬̇(x∧̇y)))↔ T(u(¬̇x)) ∨ T(u(¬̇y))

(U→) U(u)→ ∀x, y. T(u(x→̇y))↔ T(u(¬̇x)) ∨ T(uy)

(U¬→) U(u)→ ∀x, y. T(u(¬̇(x→̇y)))↔ T(ux) ∧ T(u(¬̇y))

(U∀) U(u)→ ∀f. T(u(∀̇f))↔ ∀x. T(u(fx))

(U¬∀) U(u)→ ∀f. T(u(¬̇(∀̇f)))↔ ∃x. T(u(¬̇(fx)))

Consistency in U.

(U-Cons) U(u)→ ∀x. ¬[T(ux) ∧ T(u(¬̇x))]

Structural properties of U.

(U-Class) U(u)→ C(u)

(U-True) U(u)→ ∀x. T(ux)→ T(x)

(Lim) C(f)→ U(lf) ∧ f @ lf

In the above definition, the predicate U(u) indicates that u is a universe. The
compositional axioms and the consistency axiom for U ensures that each universe
satisfies the axioms of KF; thus, universes work as quasi-truth predicates. Of
course, KF-axioms relativised to universes do not have any logical strength unless
we do not further postulate the existence of universes. Thus, we added the axiom
(Lim) in Definition 137, which generates an infinite series of universes: u0 @ u1 @
u2 @ · · · @ un @ · · · . This roughly corresponds to a hierarchy of infinitely iterated
truth predicates for KF, whence the strength of KFU exceeds that of KF. Moreover,
Kahle [41, Proposition 14] showed that KFU is a proper extension of KF:

Fact 138. KF is a subtheory of KFU.

In particular, KFU is shown to be proof-theoretically equivalent to EMU ([41,
Theorem 33]):

Fact 139. KFU and EMU have the same L-theorems.

5.3 Proposition Induction for Strong Kleene: KFUPI
While adding universes makes KF stronger, KFU falls within metapredicativity in
strength, so it is still much weaker than impredicative theories such as Π1

1-CA–
0.

This section aims to propose a stronger principle that gives the same strength as
T0.
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For our first attempt, we shall borrow an idea from the system NAI of explicit
mathematics in [38]. In the system EMU, names are inductively generated by
several axioms, such as join and the limit axiom. The system NAI is then defined as
an extension of EMU with induction principles requiring that the whole universe of
names only contains those inductively generated by these axioms. Despite lacking
inductive generations, NAI is shown to be proof-theoretically equivalent to T0 [38,
Conclusion 25]. Since class in Frege structure is an analogue of name in explicit
mathematics, we can expect to get a theory of Frege structure equivalent to T0 by
considering an induction principle for classes or propositions.

5.3.1 Proposition Induction

How, then, should we inductively characterise propositions in KF? For example, let
us consider the conjunction. In the Strong Kleene schema, A ∧B is a proposition
when both A and B are propositions. In fact, we can derive P(x)∧P(y)→ P(x∧̇y)
in KF. On the other hand, once we establish the falsity of either A or B, the
conjunction A ∧ B is determined to be false regardless of the other conjunct.
This could be expressed, for example, as ([P(x) ∧ T(¬̇x)] ∨ [P(y) ∧ T(¬̇y)]) →
P(x∧̇y), which is indeed provable in KF. So, in KF, we can characterise conjunctive
propositions in two ways. Understanding the other logical symbols similarly, we
can characterise propositions for KF as follows:

Lemma 140. KF derives the following:

1. P(x=̇y) ∧ P(Ṅx),

2. P(¬̇x)↔ P(x),

3. P(x∧̇y)↔ [P(x) ∧ P(y)] ∨ [P(x) ∧ T(¬̇x)] ∨ [P(y) ∧ T(¬̇y)],

4. P(x→̇y)↔ [P(x) ∧ P(y)] ∨ [P(x) ∧ T(¬̇x)] ∨ [P(y) ∧ T(y)],

5. P(∀̇f)↔ [∀x. P(fx)] ∨ [∃y. P(fy) ∧ T(¬̇(fy))].

Remark 141. This inductive characterisation of propositions is nearly the same
as that of determinateness in [24], where Halbach and Fujimoto advocate the
definition by appealing to the function of truth as a generalising device [24, pp. 222–
223]. We also remark that in KF, it might also be natural to treat each proposition
and its negation independently. For instance, in the Strong Kleene evaluation,
¬(A ∧ B) is true when either ¬A or ¬B is true. So, whether ¬(A ∧ B) is a
proposition can be determined by ¬A and ¬B, rather than by A ∧ B. Formally
speaking, KF derives:

P(¬̇(x∧̇y))↔ [P(¬̇x) ∧ P(¬̇y)] ∨ [P(¬̇x) ∧ T(¬̇x)] ∨ [P(¬̇y) ∧ T(¬̇y)].
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The same remark applies to the other negated propositions ¬¬A, ¬(A→ B), and
¬∀x. A.

Finally, the axiom (Lim) generates a new class lf from a given class f . In
particular, we have:

KFU ` C(f)→ ∀x. P(lfx).

In summary, we can express the above construction of propositions in KFU by
a single operator A . For each LFS-formula B and a free variable x, the formula
A (B(•), x) 2 is the disjunction of the following:

1. ∃y, z. x = (y=̇z) ∧ y = z

2. ∃y. x = (Ṅy) ∧ N(y)

3. ∃y. x = ¬̇y ∧B(y)

4. ∃y, z. x = y∧̇z ∧ {[B(y) ∧B(z)] ∨ [B(y) ∧ T(¬̇y)] ∨ [B(z) ∧ T(¬̇z)]}
5. ∃y, z. x = y→̇z ∧ {[B(y) ∧B(z)] ∨ [B(y) ∧ T(¬̇y)] ∨ [B(z) ∧ T(z)]}
6. ∃g. x = ∀̇g ∧ {[∀y. B(gy)] ∨ ∃y. B(gy) ∧ T(¬̇(gy))}
7. ∃f, y. x = lfy ∧ ∀z. B(fz)

Then, the proposition induction schema (PI) is given by:

[∀x. A (B(•), x)→ B(x)]→ ∀x. P(x)→ B(x), (PI)

for all LFS-formulas B(x).
The schema (PI) assures that all propositions are obtained by the inductive

construction as explained above.
For the proof-theoretic purposes, we also need the following axioms.

Definition 142. The schema (UG) consists of axioms asserting that each constant
symbol in {=̇, ¬̇, ∧̇, →̇, ∀̇, Ṅ, l} can be uniquely decomposed. For example, (UG) has
the following:

∧̇ 6= ¬̇,

∧̇a = ∧̇b→ a = b.

With the help of (UG), we can verify in KFU that P(x) is an A -closure:

KFU + (UG) ` ∀x. A (P(•), x)→ P(x).

Definition 143. The LFS-theory KFUPI is KFU with the schemata (UG) and (PI).
2Here, • means every occurrence of some fixed free variable (placeholder).
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5.3.2 Lower Bound of KFUPI

The remainder of this section is devoted to the proof-theoretic analysis of KFUPI.
In this subsection, we give a relative interpretation of T0 into KFUPI by extending
the translation ′ used in Fact 136. For each symbol except i, we can employ the
same interpretation as given in the proof of Fact 136. In particular, recall that
the predicate R(f) is interpreted as C(f), namely the statement that f is a class.
Moreover, x ∈ y is interpreted as the formula T(yx). For readability, we sometimes
refer to T(yx) as x∈̇y. Also, ∀x∈̇y. A(x) means ∀x. x∈̇y → A(x). Finally, we want
to interpret the inductive generation i as an appropriate term acc. In other words,
we need to find a term acc such that KFUPI derives the translation of the axioms
(IG.1) and (IG.2) in Definition 133:

(IG.1)′ C(a) ∧ C(b)→ C(acc(a, b)) ∧ Closed′(a, b,T(acc(a, b)(•)));

(IG.2)′ C(a) ∧ C(b) ∧ Closed′(a, b, A(•))→ ∀x∈̇acc(a, b). A(x),

where A is any LFS-formula. We used the notations:

• y<̇bx :≡ (y, x)∈̇b :≡ T(b(y, x));

• Closed′(a, b, A(•)) :≡ ∀x∈̇a. [∀y∈̇a. y<̇bx→ A(y)]→ A(x).

We essentially follow the proof of the lower bound of LUN ([38, pp. 153-156]),
to derive the above formulas. Roughly speaking, the interpretations of (IG.1) and
(IG.2) are derivable by (L1) and (L2), respectively. Let ⊕ be a term such that

⊕(u, v) = λz.[((z)0=̇0∧̇u((z)1)) ∨̇ (¬̇((z)0=̇0)∧̇v((z)1))],

which represents the disjoint sum of u and v. By recursion, we can construct a
term t such that

t(u, v, w) = ∀̇y(⊕(u, v)(0, y)→̇[⊕(u, v)(1, (y, w))→̇t(u, v, y)]).

The term t(u, v, w) informally says that in u, every v-predecessor y of w satisfies
t(u, v, y). Of course, t(u, v, w) is not, in general, a proposition even if u and v are
classes; hence, we cannot simply employ t as the interpretation of i. Nevertheless,
by attaching the limit constant l to t, we can treat t as a proposition. Thus, for
the interpretation of i, we further define a term acc such that

acc(u, v)x =
(
⊕(u, v)(0, x)

)
∧̇
(
∀̇y(⊕(u, v)(0, y)→̇[⊕(u, v)(1, (y, x))→̇(l(⊕(u, v))(t(u, v, y))])

)
.

By the following lemma, the term acc(a, b) is indeed a class whenever a and b
are classes, so the first conjunct of (IG.1)′ is derived.

Lemma 144. KFU ` C(a) ∧ C(b)→ C(⊕(a, b)) ∧ C(acc(a, b)).
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Proof. Assume C(a)∧C(b). First, taking any z, we show that ⊕(a, b)z is a propo-
sition in order to show that ⊕(a, b) is a class. By the definition of ⊕, ⊕(a, b)z is
of the form:

((z)0=̇0∧̇a((z)1)) ∨̇ (¬̇((z)0=̇0)∧̇b((z)1)).

Here, (z)0=̇0 and ¬̇((z)0=̇0) are propositions by Lemma 140, and a((z)1) and
b((z)1) are also propositions by the assumption C(a) ∧ C(b). Therefore, ⊕(a, b)z
is a proposition, again by Lemma 140. Since z is arbitrary, ⊕(a, b) is a class, and
thus so is l(⊕(a, b)) by the axiom (Lim). Second, we deduce that acc(a, b)x is a
proposition for any x. Recall that acc(a, b)x is of the form

⊕(a, b)(0, x)∧̇∀̇y(⊕(a, b)(0, y)→̇[⊕(a, b)(1, (y, x))→̇(l(⊕(a, b))(t(a, b, y)))]).

Since we have shown that ⊕(a, b) and l(⊕(a, b)) are classes, Lemma 140 implies
that acc(a, b)x is a propositon, as required. �

The following is the second half of (IG.1)′.

Lemma 145. Recall: Closed′(a, b, B(•)) :≡ ∀x∈̇a. [∀y∈̇a. y<̇bx→ A(y)]→ A(x).
Then, KFU ` C(a) ∧ C(b)→ Closed′(a, b,T(acc(a, b)(•))).

Informally, this lemma says that if every b-predecessor of x is contained in the
b-accessible part of a, then x is also contained in the b-accessible part of a.
Proof. Assume C(a) and C(b). Taking any c, we further assume that T(ac) and
∀y. T(ay)→ T(b(y, c))→ T(acc(a, b)y), then we have to derive T(acc(a, b)c). The
first conjunct T(⊕(a, b)(0, c)) of T(acc(a, b)c) is equivalent to T(ac) in KF and is
nothing but one of the assumptions. To derive the second conjunct of T(acc(a, b)c),
we take any d, and we will derive:

T((⊕(a, b)(0, d))→̇(⊕(a, b)(1, (d, c))→̇(l(⊕(a, b))t(a, b, d)))). (5.1)

Then, the axioms of KF yield the desired conclusion.
Since the term ⊕(a, b) is a class by Lemma 144 and is reflected by l(⊕(a, b)),

the axioms of KF imply that the formula (5.1) is equivalent to:

T(⊕(a, b)(0, d))→ T(⊕(a, b)(1, (d, c)))→ T(l(⊕(a, b))t(a, b, d)).

Hence, we suppose that T(⊕(a, b)(0, d)) and T(⊕(a, b)(1, (d, c))) in order to derive
T(l(⊕(a, b))t(a, b, d)). These suppositions are equivalent to T(ad) and T(b(d, c)),
respectively; thus, letting y := d, the initial assumption ∀y. T(ay)→ T(b(y, c))→
T(acc(a, b)y) implies T(acc(a, b)d), and hence

T(∀̇y(⊕(a, b)(0, y)→̇(⊕(a, b)(1, (y, d))→̇(l(⊕(a, b))t(a, b, y)))))
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by the definition of acc. By the axioms (K∀) and (K→), we have

∀y. T(⊕(a, b)(0, y))→ T(⊕(a, b)(1, (y, d)))→ T(l(⊕(a, b))t(a, b, y)).

As ⊕(a, b) is a class, the axioms (U-True) and (Lim) imply that

∀y. T(l(⊕(a, b))(¬̇(⊕(a, b)(0, y)))) ∨ T(l(⊕(a, b))(¬̇(⊕(a, b)(1, (y, d)))))

∨T(l(⊕(a, b))t(a, b, y)).

Therefore, by using the axioms (U→) and (U∀), we obtain

T(l(⊕(a, b))(∀̇y(⊕(a, b)(0, y)→̇(⊕(a, b)(1, (y, d))→̇t(a, b, y))))),

which is nothing but the desired formula T(l(⊕(a, b))t(a, b, d)). Therefore, the
formula (5.1) is derived. �

Finally, we want to derive (IG.2)′ :

C(a) ∧ C(b) ∧ Closed′(a, b, A(•))→ ∀x. T(acc(a, b)x)→ A(x).

The author shall roughly explain the basic idea of the proof, which is essentially
based on a standard technique found in, e.g., [10, 15, 38, 43]. Taking any x,
we want to deduce A(x) from the assumptions C(a),C(b),Closed′(a, b, A(•)) and
T(acc(a, b)x). By the definition of t and acc, the last assumption implies that
t(a, b, x) is true, and hence is a proposition. In addition, by Lemma 147 below,
whether A(x) holds or not can be reduced to whether t(a, b, x) is a proposition.
Therefore, A(x) follows, as required.

We require the following lemma for the proof of Lemma 147.

Lemma 146. KFU derives the following:

C(u) ∧ C(v) ∧ w∈̇acc(u, v)→ ∀x∈̇u. x<̇vw → x∈̇acc(u, v).

Informally, it says that if w is contained in the v-accessible part of u, then its
every v-predecessor x in u also belongs in the v-accessible part of u.
Proof. Assume C(u),C(v), and w∈̇acc(u, v). In addition, we take any x such that
x∈̇u and x<̇vw. Then, our purpose is to derive x∈̇acc(u, v). Recall that w∈̇acc(u, v)
is the following formula:

T(⊕(u, v)(0, w))∧̇∀̇y(⊕(u, v)(0, y)→̇[⊕(u, v)(1, (y, w))→̇(l(⊕(u, v))(t(u, v, y)))]).

Thus, in a similar way as the proof of Lemma 145, we obtain:

∀y. T(⊕(u, v)(0, y))→ T(⊕(u, v)(1, (y, w)))→ T(l(⊕(u, v))(t(u, v, y)))).
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For y := x, it follows from the assumptions that T(l(⊕(u, v))(t(u, v, x)))). There-
fore, from the definition of t(u, v, x), we similarly have:

∀y. T(⊕(u, v)(0, y))→ T(⊕(u, v)(1, (y, x)))→ T(l(⊕(u, v))(t(u, v, y)))).

Since ⊕(u, v) is a class, we obtain:

T(∀̇y(⊕(u, v)(0, y)→̇[⊕(u, v)(1, (y, x))→̇(l(⊕(u, v))(t(u, v, y)))]).

Moreover, by the assumption, we also have T(⊕(u, v)(0, x)); thus (K∧) yields
x∈̇acc(u, v), as required. �

Lemma 147. For an LFS-formula A(x), define BA(u, v, w) to be the formula
∀x. T(acc(u, v)x) → FA(u, v, w, x), where FA(u, v, w, x) is the conjunction of the
following formulas:

1. w = t(u, v, x) → A(x),

2. ∀z. w = {(⊕(u, v)(1, (z, x)))→̇(t(u, v, z))} → T(⊕(u, v)(1, (z, x)))→ A(z),

3. ∀z. w = {(⊕(u, v)(0, z))→̇(⊕(u, v)(1, (z, x))→̇t(u, v, z))} → T(⊕(u, v)(0, z))→
T(⊕(u, v)(1, (z, x)))→ A(z).

Then, KFUPI derives the following:

C(u) ∧ C(v) ∧ Closed′(u, v, A(•))→ ∀w. A (BA(u, v, •), w)→ BA(u, v, w).

Proof. Assume C(u),C(v),Closed′(u, v, A(•)) and A (BA(u, v, •), w). Then, we need
to proveBA(u, v, w). So, taking any x such that T(acc(u, v)x), we show FA(u, v, w, x).
The proof is mainly divided into three cases according to the form of w.

1. Assume w = t(u, v, x) := ∀̇z(⊕(u, v)(0, z)→̇(⊕(u, v)(1, (z, x))→̇t(u, v, z))).
Then, we have to show A(x). Now, w is of the universal form ∀̇f , thus by
the definition of A (BA(u, v, •), w) and (UG), we have:

[∀z. BA(u, v, fz)] ∨ ∃z. BA(u, v, fz) ∧ T(¬̇(fz)).

However, in a similar manner to the proof of Lemma 145, the assumption
T(acc(u, v)x) implies, in KFU, ∀z. T(fz); that is,

∀z. T(⊕(u, v)(0, z)→̇(⊕(u, v)(1, (z, x))→̇t(u, v, z))).

Thus, ∃z. T(¬̇(fz)) is false by (T-Cons). Therefore, it follows that ∀z. BA(u, v, fz).
Then, the assumption acc(u, v)x yields ∀z. FA(u, v, fz, x). Since fz is of the
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conditional form, the third conjunct of FA(u, v, fz, x) is applied, and thus, for
all z, we have:

T(⊕(u, v)(0, z))→ T(⊕(u, v)(1, (z, x)))→ A(z),

which is equivalent to ∀z∈̇u. z<̇vx → A(z). Because T(acc(u, v)x) implies
x∈̇u, the assumption Closed′(u, v, A(•)) implies the formula A(x), as required.

2. Taking any z, we assume w = (⊕(u, v)(1, (z, x)))→̇t(u, v, z). Then, we will de-
duce T(⊕(u, v)(1, (z, x)))→ A(z). Thus, similar to the case of w = t(u, v, x),
the assumption A (BA(u, v, •), w) implies the following:

T(⊕(u, v)(1, (z, x)))→ BA(u, v, t(u, v, z)). (5.2)

By the assumption T(acc(u, v)x) and Lemma 146, we have T(acc(u, v)z).
Therefore, (5.2) implies:

T(⊕(u, v)(1, (z, x)))→ FA(u, v, t(u, v, z), z).

Thus, the first conjunct of FA(u, v, t(u, v, z), z) is applied, and we get

T(⊕(u, v)(1, (z, x)))→ A(z).

3. The case w = ⊕(u, v)(0, z)→̇(⊕(u, v)(1, (z, x))→̇t(u, v, z)) is similarly proved
as the second case.

4. If w is of the other form, we trivially have BA(u, v, w).

�

Using the above lemma, we can derive (IG.2)′.

Lemma 148. KFUPI derives the following:

C(a) ∧ C(b) ∧ Closed(a, b, A)→ ∀x. T(acc(a, b)x)→ A(x).

Proof. We assume C(a),C(b), Closed(a, b, A) and T(acc(a, b)c) for an arbitrary c.
Then, we have to derive A(c). From the assumptions and Lemma 147, we obtain
∀w. A (BA(u, v, •), w)→ BA(u, v, w). Thus, (PI) yields:

∀x. P(x)→ BA(a, b, x).

Letting x := t(a, b, c), we want to show P(t(a, b, c)), from which BA(a, b, t(a, b, c))
follows. Then, we can immediately obtain the conclusion A(c) by the assumption
T(acc(a, b)c) and the definition of BA.
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In order to prove P(t(a, b, c)), it suffices to derive the following:

∀y. T(⊕(a, b)(0, y))→ T(⊕(a, b)(1, (y, c)))→ T(t(a, b, y)). (5.3)

In fact, this formula implies, in KFU, T(t(a, b, c)) and thus P(t(a, b, c)) because
⊕(a, b) is a class. However, the formula (5.3) follows from the assumption
T(acc(a, b)c). �

To summarise, we obtain the interpretation of T0 into KFUPI, in which L-
vocabularies are preserved.

Theorem 149. For each LEM -sentence A, if T0 ` A, then KFUPI ` A′.

5.3.3 Kahle’s Model for KFU

In this subsection, we introduce Kahle’s model construction for KFU [41, pp. 214-
215] and observe that this model also satisfies KFUPI. The upper-bound proof of
KFUPI in Section 5.3.4 is essentially based on this model.

First, the base theory TON is interpreted by the closed total term model CT T
(e.g. [14, p. 26]); the domain of CT T is the set of all closed L-terms; the constant
symbols are interpreted as themselves; the application function App(x, y) is defined
to be the juxtaposition of x and y; and it is defined that the equation x = y holds
when x and y are β-equivalent in the standard sense. Then, N(x) holds when x
reduces to a numeral. To interpret the predicates T and U, we define an operator
Φ(X, Y, a, α) for an ordinal number α :

1. a ∈ Y,
2. ∃b, c. α = 0 ∧ a = (b=̇c) ∧ b = c,

3. ∃b, c. α = 0 ∧ a = ¬̇(b=̇c) ∧ b 6= c,

4. ∃b. α = 0 ∧ a = Ṅb ∧ N(b),

5. ∃b. α = 0 ∧ a = ¬̇(Ṅb) ∧ ¬N(b),

6. ∃b. a = ¬̇(¬̇b) ∧ a /∈ Y ∧ b ∈ X,
7. ∃b, c. a = (b∧̇c) ∧ a /∈ Y ∧ b ∈ X ∧ c ∈ X,
8. ∃b, c. a = ¬̇(b∧̇c) ∧ a /∈ Y ∧ [¬̇b ∈ X ∨ ¬̇c ∈ X],

9. ∃b, c. a = (b→̇c) ∧ a /∈ Y ∧ [¬̇b ∈ X ∨ c ∈ X],

10. ∃b, c. a = ¬̇(b→̇c) ∧ a /∈ Y ∧ b ∈ X ∧ ¬̇c ∈ X,
11. ∃f. a = (∀̇f) ∧ a /∈ Y ∧ ∀x. fx ∈ X,
12. ∃f. a = ¬̇(∀̇f) ∧ a /∈ Y ∧ ∃x. ¬̇(fx) ∈ X,
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13. ∃b, c. α ∈ Suc∧ a = lbc∧ a /∈ Y ∧ ¬̇a /∈ Y ∧ [∀x. bx ∈ Y ∨ ¬̇(bx) ∈ Y ]∧ c ∈ Y,
14. ∃b, c. α ∈ Suc∧a = ¬̇(lbc)∧a /∈ Y ∧¬̇a /∈ Y ∧ [∀x. bx ∈ Y ∨¬̇(bx) ∈ Y ]∧c /∈ Y,

where α ∈ Suc means that α is a successor ordinal.
A Φ-sequence (Zα) of least fixed points Zα is defined as follows:

1. Z0 := ∅.
2. Zα+1 := the least fixed point of Φ(X,Zα, x, α + 1).

3. Zα := the least fixed point of Φ(X,
⋃
β<α Zβ, x, α), for a limit ordinal α.

Since this sequence (Zα) is monotonically increasing, we eventually reach the least
ordinal ι such that Zι = Zι+1.

3

Then, we interpret T(t) as t ∈ Zι, and U(u) as ∃f. u = lf ∧ ∀x. fx ∈ Zι ∨
¬̇(fx) ∈ Zι. Combining this with the above interpretation, we obtain an LFS-
modelMKF.

Proposition 150. MKF |= KFUPI.

Proof. Kahle [41, p. 215] already showedMKF |= KFU+(UG); thus, we concentrate
on the schema (PI):

[∀x. A (B(•), x)→ B(x)]→ ∀x. P(x)→ B(x).

We take any LFS-formula B such thatMKF |= ∀x. A (B(•), x)→ B(x). Then, by
induction on α ≤ ι, we prove that if x ∈ Zα or ¬̇x ∈ Zα, thenMKF |= B(x).

For example, we consider the case x = lfy with ¬̇(lfy) ∈ Zα. Then, we must
showMKF |= B(lfy). By the definition of the operator Φ, the crucial case is when
α is the least successor ordinal such that ∀z. fz ∈

⋃
β<α Zβ ∨ ¬̇(fz) ∈

⋃
β<α Zβ.

Thus, by the induction hypothesis, we obtain MKF |= ∀x. B(fz). Since B is
A -closed, it follows thatMKF |= B(lfy). The other cases are similarly proved by
using subinduction on the construction of Zα. �

Remark 151. As Kahle remarks [41, p. 215], the model MKF also satisfies the
following principles:

(U-Tran) U(u) ∧ U(v)→ [T(v(ux))→ T(vx)].

(U-Dir) U(u) ∧ U(v)→ ∃w. U(w) ∧ u @ w ∧ v @ w.

3In fact, this ordinal ι is identical to the first recursively inaccessible ordinal, for the definition
of which, see, e.g. [5].
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(U-Nor) U(u)→ ∃f. C(f) ∧ u = lf.

(U-Lin) U(u) ∧ U(v)→ u @ v ∨ v @ u ∨ ∀x.x∈̇u↔ x∈̇v.

Therefore, Proposition 150 also verifies the consistency of KFUPI + (U-Tran) +
(U-Dir) + (U-Nor) + (U-Lin).

5.3.4 Upper Bound of KFUPI

In order to obtain the upper bound of KFUPI, we interpret the truth predicate of
KFUPI as the least fixed point of a non-monotone operator which is almost the
same as Φ in Section 5.3.3. In the operator Φ, the truth condition of ¬̇(lbc) for a
class b was characterised as the non-truth of c, where non-monotonicity concerns.
That is why monotone inductive operators are not enough to formaliseMKF. Thus,
we use the theory FID([POS,QF]) of non-monotone inductive definition in [36].

Let L′ be an language of Peano arithmetic (PA) that contains symbols for all
primitive recursive functions. Let L′(X) be the extension of L′ with a new unary
predicate symbol x ∈ X. An operator form B(X, u) is an L′(X)-formula in which
at most one variable u occurs freely. We write B(A, u) as the result of replacing
each occurrence of t ∈ X by a formula A(t). An operator form B(X, u) is in POS
if X occurs only positively in B; an operator form B(X, u) is in QF if it contains
no quantifier. We consider the particular operators A0 ∈ POS and A1 ∈ QF, which
are defined below. Then, the operator A is defined to be the following formula:

A(X, u) := A0(X, u) ∨ ([∀x. A0(X, x)→ x ∈ X] ∧ A1(X, u)).

Let the two-sorted language LK be the extension of L′ with ordinal variables
α, β, . . . , a binary relation symbol < on the ordinals, and the binary relation
symbol PA for the above operator A.

We shall use the following notations:

• Pα
A(s) := PA(α, s),

• P<α
A (s) := ∃ξ < α. Pξ

A(s),

• PA(s) := ∃α. Pα
A(s).

Definition 152. The LK-theory FID([POS,QF]) consists of PA with the full in-
duction schema for LK and the following axioms:4

1. α ≮ α ∧ (α < β ∧ β < γ → α < γ) ∧ (α < β ∨ α = β ∨ α > β).

2. (OP.1) Pα
A(s)↔ P<α

A (s) ∨ A(P<α
A , s),

4In contrast to Jäger and Studer’s formulation of FID([POS,QF]) in [36], we now consider
only one operator form A for simplicity.
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(OP.2) A(PA, s)→ PA(s).

3. [∀ξ. {∀η < ξ. A(η)} → A(ξ)]→ ∀ξ. A(ξ), for all LK-formulae A(α).

Based on [41, Section 5.2.2], we now formalise the closed total term model of
KFUPI within FID([POS,QF]). First, we define a translation ? : L → L′. Fixing
some Gödel-numbering, each closed term t is assigned the corresponding natural
number ptq; thus, the domain of CT T can be seen as a subset of N, which is
expressed by some arithmetical formula. Thus, the quantifier symbols are rela-
tivised to this formula. The translation App? of the application function is defined
to be the standard Kleene bracket {x}(y), which returns the result of the partial
recursive function {x} at y if it has a value. Each constant symbol c is interpreted
as a code e such that {e}(ptq) ' pctq for each closed term t. Similarly, N?(x) is
an arithmetical formula expressing that x is the code of a numeral, and an arith-
metical formula x =? y is true when x and y have the same reduct. Under this
interpretation, every theorem of TON is derivable in PA (cf. [14, Theorem 4.13]).
Next, to expand ? to the language LFS, we need to define the extension of the
truth predicate T.

We define the operator form A0(X, a) ∈ POS to be the disjunction of the
following:

1. ∃b, c. a = (b=̇c) ∧ b = c

2. ∃b, c. a = ¬̇(b=̇c) ∧ b 6= c

3. ∃b. a = (Ṅb) ∧ N(b)

4. ∃b. a = ¬̇(Ṅb) ∧ ¬N(b)

5. ∃b. a = ¬̇(¬̇b) ∧ b ∈ X
6. ∃b, c. a = (b∧̇c) ∧ b ∈ X ∧ c ∈ X
7. ∃b, c. a = ¬(b∧̇c) ∧ [¬̇b ∈ X ∨ ¬̇c ∈ X]

8. ∃b, c. a = (b→̇c) ∧ [¬̇b ∈ X ∨ c ∈ X]

9. ∃b, c. a = ¬̇(b→̇c) ∧ b ∈ X ∧ ¬̇c ∈ X
10. ∃f. a = ∀̇f ∧ ∀b. fb ∈ X
11. ∃f. a = ¬̇(∀̇f) ∧ ∃b. ¬̇(fb) ∈ X
12. ∃f. a = lf(0=̇0) ∧ ∀b. fb ∈ X ∨ ¬̇fb ∈ X

Note that the last clause is given to record that f is a class at the stage. Next, let
an operator form A1(X, a) ∈ QF be the disjunction of the following:

1. ∃f, b. a = lfb ∧ lf(0=̇0) ∈ X ∧ lf(Ṅ0) /∈ X ∧ b ∈ X.
2. ∃f, b. a = ¬̇(lfb) ∧ lf(0=̇0) ∈ X ∧ lf(Ṅ0) /∈ X ∧ b /∈ X.
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It should be clear that A1 can be given as a quantifier-free formula. The condition
that f is a class is now given by the quantifier-free formula lf(0=̇0) ∈ X, so
A1(X, a) can dispense with quantifier symbols. The condition lf(Ṅ0) /∈ X is used
to ensure that every term of the form lfu or ¬̇(lfu) is simultaneously determined
to be true or false at some stage (see Lemma 153). Finally, the operator form A
is defined, as explained above:

A(X, a) := A0(X, a) ∨ ([∀x. A0(X, x)→ x ∈ X] ∧ A1(X, a)).

To complete the definition of the translation ?, let T?(t) be PA(t), and U?(u) be
∃f. u = lf ∧ ∀x.PA(fx) ∨ PA(¬̇(fx)). Under the interpretation ?, we want to
derive all the theorems of KFUPI in FID([POS,QF]). For that purpose, we use the
following lemma, which shows that when f is a class, lfb is determined to be true
or false at some stage α, and the truth value never changes at the later stages.

Lemma 153. We work in FID([POS,QF]).
Assume ∀x. PA(fx) ∨ PA(¬̇(fx)). Then, there exists an ordinal α such that

Pα
A(lf(Ṅ0)) ∧ ¬P<α

A (lf(Ṅ0)). Furthermore, for this α, we have the following:

1. ∀b. PA(lfb)↔ Pα
A(lfb),

2. ∀b. PA(¬̇(lfb))↔ Pα
A(¬̇(lfb)).

Proof. We assume that ∀x. PA(fx)∨PA(¬̇(fx)). Firstly, we prove PA(lf(Ṅ0)). For
a contradiction, we suppose ¬PA(lf(Ṅ0)). Since (OP.2) implies that PA is closed
under A0, we have PA(lf(0=̇0)). Again by (OP.2), it follows that ∀a. A1(PA, a)→
PA(a). Therefore, by the supposition ¬PA(lf(Ṅ0)), we obtain PA(lf(Ṅ0)), a con-
tradiction. Thus, PA(lf(Ṅ0)) is proved. By the transfinite induction schema, we
also have an ordinal α such that Pα

A(lf(Ṅ0)) ∧ ¬P<α
A (lf(Ṅ0)).

Next, we show PA(lfb) → Pα
A(lfb). Note that the right-to-left direction is

obvious. Since P<α
A (0=̇0), it suffices to consider the case b 6= (0=̇0). Now, we

assume PA(lfb), and hence we can take a least β such that Pβ
A(lfb). Then, β is

clearly equal to α, and thus we have Pα
A(lfb), as required. We can similarly verify

the second item PA(¬̇(lfb))↔ Pα
A(¬̇(lfb)). �

Lemma 154. For every LFS-formula A, if KFUPI ` A, then FID([POS,QF]) ` A?.

Proof. If A is an axiom of TON or (UG), we already have PA ` A?. Thus, it
suffices to deal with the axioms displayed in Definition 137 and the schema (PI).

Compositional axioms in U. We consider the axiom (U∀) :

U?(u)→ ∀g. T?(u(∀̇g))↔ ∀x. T?(u(gx)).
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Thus, we assume U?(u), so we can take a closed term f such that u = lf ∧
∀x. PA(fx) ∨ PA(¬̇(fx)). By Lemma 153, there exists an ordinal α such that
Pα
A(lf(Ṅ0)) ∧ ¬P<α

A (lf(Ṅ0)). Moreover, for any closed term g, we have:

PA(u(∀̇g))↔ Pα
A(u(∀̇g)) (∵ Lemma 153)

↔ P<α
A (∀̇g) (∵ def. of A)

↔ ∀xP<α
A (gx) (∵ P<α is A0-closed)

↔ ∀xPα
A(u(gx)) (∵ def. of A)

↔ ∀xPA(u(gx)). (∵ Lemma 153)

Therefore, we obtain ∀g. T?(u(∀̇g))↔ ∀x. T?(u(gx)). The other compositional
axioms are similarly treated.

Consistency in U. We consider the axiom (U-Cons):

U?(u)→ ∀x. ¬[T?(ux) ∧ T?(u(¬̇x))].

As above, from the assumption U?(u), we take a closed term f such that u =
lf ∧∀x. PA(fx)∨PA(¬̇(fx)). Also, we get an ordinal α such that Pα

A(lf(Ṅ0))∧
¬P<α

A (lf(Ṅ0)). In order to get a contradiction, we further take any closed term
x such that PA(ux) and PA(u(¬̇x)). Then, Lemma 153 implies Pα

A(ux) and
Pα
A(u(¬̇x)), and thus we also have the inconsistency P<α

A (x) ∧ ¬P<α
A (x) by the

definition of A1.

Structural properties of U. We consider the axiom (Lim):

C?(f)→ U?(lf) ∧ (f @ lf)?.

We assume C?(f), then U?(lf) is clear from the definition. Thus, we show the
translation of f @ lf :

1. ∀x. PA(fx)→ PA(lf(fx)),

2. ∀x. PA(¬̇(fx))→ PA(lf(¬̇(fx))).

As to the first item, we take any x satisfying PA(fx), and show PA(lf(fx)).
By the assumption C?(f), Lemma 153 implies that there exists a least α such
that Pα

A(lf(Ṅ0)). Thus, by the definition of A, it follows that ∀y. P<α
A (fy) ∨

P<α
A (¬̇(fy)). By the consistency of PA, we obtain P<α

A (fx). Therefore, we get
Pα
A(lf(fx)), and thus PA(lf(fx)). The second item is similar.

The other structural axioms are similarly proved.

Propositon induction. The proof is almost the same as that of Proposition 150.
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�

Theorem 155. KFUPI and T0 are proof-theoretically equivalent.

Proof. The lower bound of KFUPI is given by Theorem 149. As for the up-
per bound, Lemma 154 showed that KFUPI is proof-theoretically reducible to
FID([POS,QF]), which is known to be proof-theoretically equivalent to T0 [36].
�

5.4 Proposition Induction for Aczel-Feferman: DTUPI
In the present section, we consider another theory, PT, based on Aczel’s original
Frege structure [1]. Since the notion of propositions in PT is different from that in
KF, we need to change the definition of proposition induction slightly. Nevertheless,
almost the same proof-theoretic analysis as for KFUPI can be applied to PT, and
hence we obtain the theory PTUPI, which is proof-theoretically equivalent to T0

(Theorem 162).

5.4.1 System PT and Universes

Whereas KF is based on Strong Kleene logic, Aczel’s original Frege structure [1] is
essentially based on Aczel–Feferman logic, a variant of Weak Kleene logic which
has the following truth tables, as given in Definition 11:

¬
T F
U U
F T

∨ T U F
T T U T
U U U U
F T U F

∧ T U F
T T U F
U U U U
F F U F

→ T U F
T T U F
U U U U
F T T T

Note that while A∨B is definable as ¬(¬A∧¬B), → cannot be defined by ¬ and
∧.

Similar to Definition 11, the theory PT (proposition and truth) is defined as
follows.

Definition 156. (cf. [19]) The LFS-theory PT has TON and (the universal closure
of) the following axioms:

Compositional axioms.

• T(x=̇y)↔ x = y
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• T(¬̇(x=̇y))↔ x 6= y

• T(Ṅx)↔ N(x)

• T(¬̇(Ṅx))↔ ¬N(x)

• T(¬̇(¬̇x))↔ T(x)

• T(x∧̇y)↔ T(x) ∧ T(y)

• T(¬̇(x∧̇y))↔ [T(¬̇x) ∧ T(¬̇y)] ∨ [T(¬̇x) ∧ T(y)] ∨ [T(x) ∧ T(¬̇y)]

• T(x→̇y)↔ [T(x) ∧ T(y)] ∨ T(¬̇x)

• T(¬̇(x→̇y))↔ [T(x) ∧ T(¬̇y)]

• T(∀̇f)↔ ∀x. T(fx)

• T(¬̇(∀̇f))↔ [∀x. T(fx) ∨ T(¬̇(fx))] ∧ ∃x. T(¬̇(fx))

Consistency.

• ¬[T(x) ∧ T(¬̇x)]

In Aczel’s Frege structure, propositions can be naturally characterised induc-
tively. Recall the notation P(x) := T(x) ∨ T(¬̇x). Then, the following holds.

Lemma 157. (cf. [1]) PT derives the following:

1. P(x=̇y) ∧ P(Ṅx),

2. P(¬̇x)↔ P(x),

3. P(x∧̇y)↔ P(x) ∧ P(y),

4. P(x→̇y)↔ P(x) ∧ (T(x)→ P(y)),

5. P(∀̇f)↔ ∀x. P(fx).

The proof-theoretic analysis of PT is found in, e.g., [6, 15, 34, 22]:

Fact 158. PT and EM have the same L-theorems.

Definition 159. The LFS-system PTU consists of TON and the following axioms:

Compositional axioms in U.

• U(u)→ ∀x, y. T(x=̇y)↔ x = y

• U(u)→ ∀x, y. T(x ˙6=y)↔ x 6= y

• U(u)→ ∀x. T(Ṅx)↔ N(x)

• U(u)→ ∀x. T(¬̇(Ṅx))↔ ¬N(x)

• U(u)→ ∀x. T(¬̇(¬̇x))↔ T(x)

• U(u)→ ∀x, y. T(x∧̇y)↔ T(x) ∧ T(y)
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• U(u) → ∀x, y. T(¬̇(x∧̇y)) ↔ [T(¬̇x) ∧ T(¬̇y)] ∨ [T(¬̇x) ∧ T(y)] ∨ [T(x) ∧
T(¬̇y)]

• U(u)→ ∀x, y. T(x→̇y)↔ [T(x) ∧ T(y)] ∨ T(¬̇x)

• U(u)→ ∀x, y. T(¬̇(x→̇y))↔ T(x) ∧ T(¬̇y)

• U(u)→ ∀f. T(∀̇f)↔ ∀x. T(fx)

• U(u)→ ∀f. T(¬̇(∀̇f))↔ [∀x. T(fx) ∨ T(¬̇(fx))] ∧ ∃x. T(¬̇(fx))

Consistency in U.

• U(u)→ ∀x. ¬[T(x) ∧ T(¬̇x)]

Structural properties of U.

• U(u)→ C(u)

• U(u)→ ∀x. T(ux)→ T(x)

• C(f)→ U(lf) ∧ f @ lf

As far as the author knows, the system PTU has not been explicitly formu-
lated in the literature, though Fujimoto [23, pp. 933-935] formulated and analysed
transfinite iterations of the truth theory DT (Definition 11), which is essentially
PT formulated over Peano arithmetic. Fujimoto’s proof can be adapted to the
proof-theoretic analysis of PTU. As a result, we obtain the following:

Corollary 160. PTU and EMU have the same L-theorems.

5.4.2 PTU with Proposition Induction

In order to define the proposition induction for PT, we now use another oper-
ator A PT, which is based on the inductive characterisation of propositions in
Lemma 157. For each LFS-formulaB and a free variable x, the formula A PT(B(•), x)
is the disjunction of the following:

1. ∃y, z. x = (y=̇z) ∧ y = z

2. ∃y. x = (Ṅy) ∧ N(y)

3. ∃y. x = ¬̇y ∧B(y)

4. ∃y, z. x = y∧̇z ∧B(y) ∧B(z)

5. ∃y, z. x = y→̇z ∧B(y) ∧ [T(y)→ B(z)]

6. ∃g. x = ∀̇g ∧ ∀y. B(gy)

7. ∃f, y. x = lfy ∧ ∀z. B(fz)
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Then, the proposition induction schema (PIPT) is given by:

[∀x. A PT(B(•), x)→ B(x)]→ ∀x. P(x)→ B(x),

for all LFS-formulas B(x).

Definition 161. The LFS-theory PTUPI is PTU with the schemata (UG) and
(PIPT).

As for the proof-theoretic strength of PTUPI, exactly the same lower-bound
proof of Section 5.3.2 can be given in PTUPI; thus, we have T0 ≤ PTUPI.Moreover,
Kahle’s model construction in Section 5.3.3 and, thus, the upper-bound proof of
KFUPI in Section 5.3.4 are easily modified for PTUPI. As a result, we also obtain
the upper bound.

Theorem 162. PTUPI and T0 are proof-theoretically equivalent.

5.5 Extension by Least Universes
In Sections 5.3 and 5.4, we extended theories of Frege structure by using the induc-
tion principle on propositions, in analogy with name induction in [38]. In the same
paper, Jäger, Kahle and Studer further proposed the idea of least universes, based
on which they formulated the theory LUN. As LUN is proof-theoretically equiva-
lent to T0 [38, Conclusion 25], we can expect to obtain a strong theory of Frege
structure by requiring some kind of leastness on universes. In fact, Burgess [10]
proposed a truth theory KFµ with impredicative strength, in which the truth pred-
icate is intended to denote the least fixed point of the Kripke operator. Therefore,
in this section, we aim to extend KF by least universes.

In Kahle’s model MKF in Section 5.3.3, each universe of the form lf reflects
a class f and is a fixed point of the Kripke operator. Thus, one could naturally
introduce leastness by defining a universe lf as the least set that reflects f and is
closed under the Kripke operator.5 However, we can easily observe that universes
so defined violate natural structural properties in Remark 151, similar to [38,
Theorem 14]. This means that such universes are incompatible with MKF. To
make matters worse, these universes are not generally fixed points of the Kripke
operator, so they do not sufficiently serve as truth predicates. This definition of
leastness does not capture universes inMKF because universes inMKF may contain
other small universes. Therefore, in order to define a least universe lf compatible
with MKF, we also need to accommodate smaller universes lg such that lg @ lf

5In LUN, the least universe lt(a) for a name a is defined to be the least set that contains a
and is closed under the set constructions of EMU.
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holds. Taking these into consideration, we shall define the least universe lf for a
class f as the least set that reflects f and other smaller universes, and is closed
under the Kripke operator. In addition, to get a strong system, we characterise
least universes in terms of proposition as in Lemma 140, rather than truth.

Let Clf (x) := ∀y. Plf (xy) := ∀y. T(lf(xy)) ∨ T(lf(¬̇(xy))). Thus, this means
that x is a class within lf. Then, for each term f , LFS-formula B and a free variable
x, the formula A LU(f,B(•), x) is defined to be the disjunction of the following:

1. ∃y, z. x = (y=̇z) ∧ y = z

2. ∃y. x = (Ṅy) ∧ N(y)

3. ∃y. x = ¬̇y ∧B(y)

4. ∃y, z. x = (y∧̇z) ∧ {[B(y) ∧B(z)] ∨ [B(y) ∧ T(lf(¬̇y))] ∨ [B(z) ∧ T(lf(¬̇z))]}
5. ∃y, z. x = (y→̇z) ∧ {[B(y) ∧B(z)] ∨ [B(y) ∧ T(lf(¬̇y))] ∨ [B(z) ∧ T(lfz)]}
6. ∃g. x = (∀̇g) ∧ {[∀y. B(gy)] ∨ ∃y. B(gy) ∧ T(lf(¬̇(gy))}
7. ∃y. x = fy

8. ∃g, y. x = lgy ∧ Plf (x)

The least universe schema (LU) is given by:

[C(f) ∧ ∀x. A LU(f,B(•), x)→ B(x)]→ ∀x. Plf (x)→ B(x), (LU)

for all LFS-formulas B(x).

Definition 163. The LFS-theory KFLU is KFU with the schemata (UG) and (LU).

As an immediate consequence of the definition, we can show that each least
universe is closed under the operator A LU :

Corollary 164. KFLU ` C(f)→ ∀x. A LU(f,Plf (•), x)→ Plf (x).

For the lower bound of KFLU, we can interpret T0 into KFLU using the same
translation as for KFUPI. Moreover, the proof is almost the same as for KFUPI,
except that Lemmata 147 and 148 for the derivation of (IG.2)′ are now replaced
by the following lemmata:

Lemma 165. For any LFS-formulaA, recall thatBA(u, v, w) is the formula ∀x. T(acc(u, v)x)→
FA(u, v, w, x), where FA(u, v, w, x) is the conjunction of the following formulas:

1. w = t(u, v, x) → A(x),

2. ∀z. w = {(⊕(u, v)(1, (z, x)))→̇t(u, v, z)} → T(⊕(u, v)(1, (z, x)))→ A(z),
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3. ∀z. w = {⊕(u, v)(0, z)→̇(⊕(u, v)(1, (z, x))→̇t(u, v, z))} → T(⊕(u, v)(0, z))→
T(⊕(u, v)(1, (z, x)))→ A(z).

Then, KFLU derives the following:

C(u)∧C(v)∧Closed′(u, v, A(•))→ ∀w.A LU(⊕(u, v), BA(u, v, •), w)→ BA(u, v, w).

Lemma 166. KFUPI derives the following:

C(a) ∧ C(b) ∧ Closed(a, b, A)→ ∀x. T(acc(a, b)x)→ A(x).

Proof. We assume C(a),C(b), Closed(a, b, A) and T(acc(a, b)c) for an arbitrary c.
Then, we have to derive A(c). From the assumptions and Lemma 165, we ob-
tain C(l(⊕(a, b))) and ∀w. A LU(⊕(u, v), BA(u, v, •), w)→ BA(u, v, w). Thus, (LU)
yields:

∀x. Pl(⊕(a,b))(x)→ BA(a, b, x).

Letting x := t(a, b, c), we want to show Pl(⊕(a,b))(t(a, b, c)), from which we have
BA(a, b, t(a, b, c)), and thus we can immediately obtain the conclusion A(c) by the
assumption T(acc(a, b)c) and the definition of BA.

In order to prove Pl(⊕(a,b))(t(a, b, c)), it suffices to derive the following:

∀y. T(⊕(a, b)(0, y))→ T(⊕(a, b)(1, (y, c)))→ T(l(⊕(a, b))(t(a, b, y))). (5.4)

In fact, this formula implies T(l(⊕(a, b))(t(a, b, c))) and Pl(⊕(a,b))(t(a, b, c)), because
⊕(a, b) is a class within l(⊕(a, b)).

However, the formula (5.4) follows from the assumption T(acc(a, b)c). �

As for the upper bound, we can interpret KFLU into FID([POS,QF]) in a similar
manner as for KFUPI. So, we only observe that the schema (KFLU) is satisfied in
MKF.

Proposition 167. MKF |= KFLU.

Proof. By Proposition 150, we concentrate on the schema (LU):

[C(f) ∧ ∀x. A LU(f,B(•), x)→ B(x)]→ ∀x. Plf (x)→ B(x).

So, we take any class f and assume that MKF |= ∀x. A LU(f,B(•), x) → B(x).
Now, we prove by induction on α that if x ∈ Zα or ¬̇x ∈ Zα, then B(x).

For example, consider the case where x is of the form lgy. Then, since B is
A LU-closed, it follows that B(lgy). The other cases are shown by the subinduction
on the construction of Zα (cf. Proposition 150). �

In conclusion, we obtain the proof-theoretic strength of KFLU :



5.5. Extension by Least Universes 115

Theorem 168. KFLU and T0 are proof-theoretically equivalent.

Similarly to KFLU, we can also consider least universes for PT. As for the
Aczel-Feferman schema, we can naturally characterise least universes in terms of
truth only; thus, we define an operator A PTLU as follows: For each term f , LT-
formula B and a free variable x, the formula A PTLU(f,B(•), x) is the disjunction
of the following:

1. ∃y, z. x = (y=̇z) ∧ y = z

2. ∃y, z. x = (¬̇(y=̇z)) ∧ y 6= z

3. ∃y. x = (Ṅy) ∧ N(y)

4. ∃y. x = (¬̇(Ṅy)) ∧ ¬N(y)

5. ∃y. x = ¬̇(¬̇y) ∧B(y)

6. ∃y, z. x = (y∧̇z) ∧B(y) ∧B(z)

7. ∃y, z. x = (¬̇(y∧̇z)) ∧ {[B(¬̇y) ∧B(¬̇z)] ∨ [B(y) ∧B(¬̇z)] ∨ [B(¬̇y) ∧B(z)]}
8. ∃y, z. x = (y→̇z) ∧ [T(lfy) ∨ T(lf(¬̇y))] ∧ [T(lf(y))→ B(z)]

9. ∃y, z. x = (¬̇(y→̇z)) ∧B(y) ∧B(¬̇z)

10. ∃g. x = (∀̇g) ∧ ∀y.B(gy)

11. ∃g. x = (¬̇(∀̇g)) ∧ [∀y.B(gy) ∨B(¬̇(gy))] ∧ ∃y.B(¬̇(gy))

12. ∃y. [x = fy ∨ x = ¬̇(fy)] ∧ T(x)

13. ∃g, y. [x = lgy ∨ x = ¬̇(lgy)] ∧ T(lfx)

The least universe schema (LUPT) is given by:

[C(f) ∧ ∀x. A PTLU(f,B(•), x)→ B(x)]→ ∀x. T(lfx)→ B(x), (LUPT)

for all LFS-formulas B(x).
Thus, the schema (LUPT) informally says that T(lfx) is the least truth set

satisfying each clause of A PTLU.

Definition 169. The LFS-theory PTLU is PTU with the schemata (UG) and
(LUPT).

In exactly the same way as for KFLU, we can determine the proof-theoretic
strength of PTLU:

Theorem 170. PTLU and T0 are proof-theoretically equivalent.
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5.6 Universes for Supervaluation: VFU

In this section, we consider the supervaluational Frege structure. Kripke ini-
tially sketched a semantic theory of truth based on the supervaluation schema [46,
p. 711]. Based on Kripke’s semantic definition, Cantini [12] defined and studied a
formal theory VF (van Fraassen) over Peano arithmetic. In particular, Cantini [12]
proved that VF is proof-theoretically equivalent to the theory ID1 of arithmetical
monotone inductive definition. In [14, 40], the system VF as a theory of Frege
structure is formulated and found to be proof-theoretically equivalent to the one
over Peano arithmetic. For future research, Kahle [40, p. 124] suggested extending
VF by adding universes, similar to KFU and PTU. Given that KFU is roughly a
transfinite iteration of KF, it is natural to expect VF with universes to have the
strength of a transfinite iteration of VF. Thus, Kahle conjectured that such a
theory would have at least the strength of IDα for some ordinal α (cf. [40, 42]).
The purpose of this section is to implement the idea of universes for VF and to
verify Kahle’s conjecture. In particular, we will show that VF with universes is
proof-theoretically equivalent to T0.

5.6.1 System VF and Universes

In this section, we add a constant symbol Ṫ to LFS for technical reasons (see
Remark 172). Following [40, 41], we inductively define a corresponding term Ȧ for
each formula A.

•
˙︷ ︸︸ ︷

s = t := (s=̇t),
˙︷︸︸︷

N(s) := Ṅs,
˙︷︸︸︷

T(s) := Ṫs;

•
˙︷︸︸︷
¬A := ¬̇Ȧ,

˙︷ ︸︸ ︷
A ∧B := Ȧ∧̇Ḃ,

˙︷ ︸︸ ︷
A→ B := Ȧ→̇Ḃ;

•
˙︷︸︸︷
∀xA := ∀̇(λx.Ȧ).

Similar to Definition 13, we define the LFS-theory VF[TON], the formulation
of which is essentially based on [12, 14, 40].

Definition 171. The LFS-theory VF[TON] consists of TON and the following ax-
ioms:

(T-Out) T(Ȧ)→ A;

(T-Elem) P → T(Ṗ ), for any L-literal formula P ;

(T-Imp) T(
˙︷ ︸︸ ︷

A→ B)→ (T(Ȧ)→ T(Ḃ));
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(T-Univ) ∀xT(Ȧ)→ T(
˙︷︸︸︷
∀xA);6

(T-Log) T(Ċ) for any logical theorem C;

(T-Cons) ¬[T(x) ∧ T(¬̇x)];

(T-Self) [T(x)↔ T(Ṫx)] ∧ [T(¬̇x)↔ T(¬̇(Ṫx))].

Here, A and B are any LFS-formulas.
In this chapter, we express VF[TON] simply as VF, for there is no room for

confusion with that of Definition 13.

Remark 172. In Kahle’s formulation of VF (called SON in [40]), the constant Ṫ
is defined to be an identity function λx.x, so Ṫs is β-equivalent to s itself. Con-
sequently, the axiom (T-Self) becomes trivial [40, pp. 111–112]. While this defini-
tion is not problematic in KF (Definition 135) and PT (Definition 156), it causes
a contradiction in VF. In fact, for every LFS-sentence A, we have T(Ȧ∨̇(¬̇Ȧ)) by
(T-Log), which is, according to Kahle’s definition, equivalent to T((ṪȦ)∨̇(Ṫ(¬̇Ȧ))).
Therefore, (T-Out) implies T(Ȧ)∨T(¬̇Ȧ). However, it is well known that VF with
the schema T(Ȧ) ∨ T(¬̇Ȧ) is inconsistent (see, e.g., [20]). That is the reason we
explicitly introduced the constant Ṫ and instead required the axiom (T-Self).

As is often said, VF has a non-compositional nature, and thus, it is not suitable
for the inductive characterisation of proposition or truth, unlike KF and PT.7
Alternatively, we show in the next subsection that simply adding the axiom (Lim)
(Definition 137) to the universe-relative version of VF gives the same strength as
T0. So, analogously to KFU and PTU, we propose the system VFU.

Recall that C(f) :≡ ∀x. T(fx) ∨ T(¬̇(fx)).

Definition 173. The LFS-theory VFU consists of TON and the following axioms:

VF-axioms in U.

(U-Out) U(u)→ [T(u(Ȧ))→ A];

(U-Elem) U(u)→ [P → T(u(Ṗ ))], for any L-literal formula P ;

(U-Imp) U(u)→ [T(u(
˙︷ ︸︸ ︷

A→ B))→ {T(uȦ)→ T(uḂ)}];
6One might prefer the single axiom (∀x.T(fx))→ T(∀̇f) similarly to (K∀) in Definition 135.

The reason the author choses the schematic form is just to simplify the upper-bound proof
in Section 5.6.4. Nevertheless, the author believes that this single axiom does not affect the
proof-theoretic strength of both VF and VFU (Definition 173).

7Note that Stern’s supervaluation-style truth [59] is an attempt to overcome this difficulty of
VF.
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(U-Univ) U(u)→ [∀xT(u(Ȧ))→ T(u(
˙︷︸︸︷
∀xA))];

(U-Log) U(u)→ T(u(Ċ)) for any logical theorem C;

(U-Cons) U(u)→ ∀x. ¬[T(ux) ∧ T(u(¬̇x))];

(U-Self) U(u)→ [T(ux)↔ T(u(Ṫx))] ∧ [T(u(¬̇x))↔ T(u(¬̇(Ṫx)))];

Here, A and B are any LFS-formulas.

Structural properties of U.

(U-Class) U(u)→ C(u);

(U-True) U(u)→ ∀x. T(ux)→ T(x);

(Lim) C(f)→ U(lf) ∧ f @ lf.

Similarly to Fact 138, we can prove the following:

Lemma 174. VF is a subtheory of VFU.

5.6.2 Lower Bound of VFU

In this subsection, we determine the lower bound of VFU. The proof proceeds in a
similar way as for KFUPI and PTUPI. Thus, we define a translation ′ : LEM → LFS.
The interpretation of L is exactly the same as in Theorem 149. Each generator of
T0 is interpreted as a term of LFS. In particular, the interpretation of the inductive
generation i is essentially a generalisation of Cantini’s original lower-bound proof
of VF [12, 14].

The following two lemmata are essentially by way of [14, Lemma 59.2].

Lemma 175. An LFS-formula A is T-positive if each truth predicate T in A
occurs only positively. Then, for every T-positive LFS-formula A,

VFU ` T(Ȧ)↔ A.

Lemma 176. In VFU, the following are derivable:

1. T(Ȧ) ∧ T(Ḃ)↔ T(
˙︷ ︸︸ ︷

A ∧B);

2. T(Ȧ) ∨ T(Ḃ)→ T(
˙︷ ︸︸ ︷

A ∨B);

3. (T(Ȧ) ∨ T(
˙︷︸︸︷
¬A ))→ [{T(Ȧ)→ T(Ḃ)} ↔ T(

˙︷ ︸︸ ︷
A→ B)];



5.6. Universes for Supervaluation: VFU 119

4. [∀xT(Ȧ)]↔ T(
˙︷︸︸︷
∀xA);

5. [∃xT(Ȧ)]→ T(
˙︷︸︸︷
∃xA);

6. [T(a) ∨ T(¬̇a)]→ [¬T(Ṫa)↔ T(¬̇(Ṫa))].

Using these lemmata, VFU can interpret each generator except i. Here, as an
example, we only deal with join j, but the other generators can be similarly treated.

Lemma 177. Let a term j be such that j(x, f) = λz.
˙︷ ︸︸ ︷

∃v, w. z = (v, w) ∧ T(xv) ∧ T(fvw).
Then, VFU ` (join)′, that is,

VFU ` C(x) ∧ [∀y. T(xy)→ C(fy)]→ C(j(x, f)) ∧ Σ
′
(x, f, j(x, f)),

where, Σ
′
(x, f, j(x, f)) is the following:

∀z. T(j(x, f)z)↔ ∃v, w. z = (v, w) ∧ T(xv) ∧ T(fvw).

Therefore, the term j interprets the join axiom in VFU, where recall that R(x) and
x ∈ y are interpreted as C(x) and T(yx), respectively.

Proof. Suppose that C(x) and ∀y(T(xy) → C(fy)). As the second conjunct is
obvious from Lemma 175, we show that C(j(x, f)). Take any z and assume that
¬T(j(x, f)z), then T(¬̇(j(x, f)z)) is derived with the help of Lemma 176:

¬T(
˙︷ ︸︸ ︷

∃v, w. z = (v, w) ∧ T(xv) ∧ T(fvw))

=⇒ ¬∃v, w. T(
˙︷ ︸︸ ︷

z = (v, w) ∧ T(xv) ∧ T(fvw))

⇐⇒ ¬∃v, w. T(z = (v, w)) ∧ T(xv) ∧ T(fvw)

⇐⇒ ∀v, w. ¬T(z = (v, w)) ∨ ¬T(xv) ∨ ¬T(fvw)

⇐⇒ ∀v, w. T(¬̇(z=̇(v, w))) ∨ T(¬̇(xv)) ∨ T(¬̇(fvw))

=⇒ ∀v, w. T(¬̇(Ṫ(z=̇(v, w)))) ∨ T(¬̇(Ṫ(xv))) ∨ T(¬̇(Ṫ(fvw)))

=⇒ ∀v, w. T(
˙︷ ︸︸ ︷

¬(T(z = (v ,w)) ∧ T(xv) ∧ T(fvw)))

⇐⇒ T(¬̇(j(x, f)z)).

�

To complete the interpretation of T0, we have to give the interpretation of
inductive generation i. We define i as the following term acc :
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acc(a, b) := λz.
˙︷ ︸︸ ︷

TI[a, b, z], where
WF [a, b, f ] := ∀x. T(ax) → [∀y. T(ay) → T(b(y, x)) → T(la,b(fy))] →

T(la,b(fx));
TI[a, b, z] := T(az) ∧ ∀f. WF [a, b, f ]→ T(la,b(fz)).

The term la,b is defined below. Informally speaking, acc(a, b) is the intersection
of every set f that includes the <b-accessible part of a.

Lemma 178. For each class u and v, we can take a universe lu,v that reflects on
both u and v. That is,

VFU ` ∀u, v. C(u) ∧ C(v)→ [U(lu,v) ∧ u @ lu,v ∧ v @ lu,v].

Proof. Taking any classes u and v, we define a term ⊕ such that

u⊕ v = λx.
˙︷ ︸︸ ︷

N((x )0)→ T(dN(u(x )1)(v(x)1)((x)0)0),

for which we further let lu,v := l(u ⊕ v). First, to show that lu,v is a class, we
prove that u⊕ v is a class. Thus, taking any object x, we prove that (u⊕ v)x is a

proposition. If ¬N((x)0), then we have T(
˙︷ ︸︸ ︷

N((x )0)→ T(dN(u(x )1)(v(x)1)((x)0)0)),
hence P((u ⊕ v)x). Thus, we can assume N((x)0). If (x)0 = 0, then we have
dN(u(x)1)(v(x)1)((x)0)0 = u(x)1. As u is a class, (u ⊕ v)x is a proposition, as
required. Similarly, if (x)0 6= 0, then dN(u(x)1)(v(x)1)((x)0)0 = v(x)1, and thus
(u⊕ v)x is a proposition. Thus, in any case, (u⊕ v)x is a proposition. Therefore,
u ⊕ v is a class, and thus (Lim) yields that lu,v is a class. Second, we show that
u @ lu,v. For an arbitrary object x, assume T(ux). Then, since (u ⊕ v)(0, x) =

˙︷ ︸︸ ︷
N(0)→ T(ux ), it follows that T((u⊕v)(0, x)); thus, we obtain T(lu,v((u⊕v)(0, x))),
which, by (U-Log), (U-Imp), and (U-Self), implies T(lu,v(ux)). Similarly, T(¬̇(ux))
implies T(lu,v(¬̇(ux))). Thus, the conclusion u @ lu,v is obtained. In the same way,
we also have v @ lu,v. �

Lemma 179. 1. VFU ` C(a) ∧ C(b)→ C(acc(a, b));

2. VFU ` C(a) ∧ C(b)→ Closed′(a, b, acc(a, b));

3. VFU ` C(a) ∧ C(b) ∧ Closed′(a, b, A(•))→ ∀x. T(acc(a, b)x)→ A(x), for each
LFS-formula A.

Proof. We assume that C(a) and C(b).
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1. Take any z; then we have to prove P(acc(a, b)z). Therefore, supposing ¬T(acc(a, b)z),
we show T(¬̇(acc(a, b)z)). For that purpose, we prove that WF [a, b, f ] is a
proposition for any f . First, by repeated use of Lemma 176, we observe that

˙︷ ︸︸ ︷
∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy)) is a proposition:

¬T(
˙︷ ︸︸ ︷

∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy)))

⇐⇒ ¬∀y. T(
˙︷ ︸︸ ︷

T(ay)→ T(b(y , x ))→ T(la,b(fy)))

⇐⇒ ¬∀y. T(
˙︷ ︸︸ ︷

T(ay))→ T(
˙︷ ︸︸ ︷

T(b(y , x ))→ T(la,b(fy)))

⇐⇒ ¬∀y. T(
˙︷ ︸︸ ︷

T(ay))→ T(
˙︷ ︸︸ ︷

T(b(y , x )))→ T(
˙︷ ︸︸ ︷

T(la,b(fy)))

⇐⇒ ∃y. T(
˙︷ ︸︸ ︷

T(ay)) ∧ T(
˙︷ ︸︸ ︷

T(b(y , x ))) ∧ ¬T(
˙︷ ︸︸ ︷

T(la,b(fy)))

⇐⇒ ∃y. T(
˙︷ ︸︸ ︷

T(ay)) ∧ T(
˙︷ ︸︸ ︷

T(b(y , x ))) ∧ T(
˙︷ ︸︸ ︷

¬T(la,b(fy)))

⇐⇒ ∃y. T(
˙︷ ︸︸ ︷

¬(T(ay)→ T(b(y , x ))→ T(la,b(fy))))

=⇒ T(
˙︷ ︸︸ ︷

¬∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))).

Therefore, it follows that WF [a, b, f ] is a proposition:

¬T(
˙︷ ︸︸ ︷

WF [a, b, f ])

⇐⇒ ¬∀x. T(
˙︷ ︸︸ ︷

T(ax )→ [∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))]→ T(la,b(fx )))

⇐⇒ ¬∀x. T(
˙︷ ︸︸ ︷

T(ax ))→ T(
˙︷ ︸︸ ︷

[∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))]→ T(la,b(fx )))

⇐⇒ ∃x. T(
˙︷ ︸︸ ︷

T(ax )) ∧ ¬T(
˙︷ ︸︸ ︷

[∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))]→ T(la,b(fx )))

⇐⇒ ∃x. T(
˙︷ ︸︸ ︷

T(ax )) ∧ T(
˙︷ ︸︸ ︷

[∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))] ∧ ¬T(la,b(fx )))

⇐⇒ ∃x. T(
˙︷ ︸︸ ︷

T(ax ) ∧ [∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))] ∧ ¬T(la,b(fx )))

=⇒ T(
˙︷ ︸︸ ︷

¬WF [a, b, f ]).

Using this, we can similarly get T(¬̇(acc(a, b)z)) from ¬T(acc(a, b)z).

2. Assume that T(ax) and ∀y[T(ay) → (T(b(y, x)) → T(acc(a, b)y))]; then we
want to derive T(acc(a, b)x):
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T(
˙︷ ︸︸ ︷

∀f. WF [a, b, f ]→ T(la,b(fx )))

⇐⇒ ∀f. T(
˙︷ ︸︸ ︷

WF [a, b, f ]→ T(la,b(fx )))

⇐⇒ ∀f. T(
˙︷ ︸︸ ︷

WF [a, b, f ])→ T(
˙︷ ︸︸ ︷

T(la,b(fx ))).

To show the last formula, we take any f and suppose T(
˙︷ ︸︸ ︷

WF [a, b, f ]). Then, we

need to derive T(
˙︷ ︸︸ ︷

T(la,b(fx ))). By the assumption, for any y such that T(ay)

and T(b(y, x)) we have T(acc(a, b)y). Thus, the supposition T(
˙︷ ︸︸ ︷

WF [a, b, f ])

implies that T(
˙︷ ︸︸ ︷

T(la,b(fy))). As y is arbitrary, this implies that

T(
˙︷ ︸︸ ︷

∀y. T(ay)→ T(b(y , x ))→ T(la,b(fy))).

Combining this with the assumption T(ax), the desired conclusion T(
˙︷ ︸︸ ︷

T(la,b(fx )))

follows from T(
˙︷ ︸︸ ︷

WF [a, b, f ]).
3. Take any x and assume that Closed′(a, b, A(•)) and T(acc(a, b)x); we show
A(x). LetA′(x) := Closed′(a, b, A(•))→ A(x), then we easily have Closed′(a, b, A′(•))

by logic. Thus, in VFU, we also obtain T(la,b(
˙︷ ︸︸ ︷

Closed′(a, b,A′(•)))). Next, we
can derive Closed′(a, b,T(la,b(A

′(•)))) in the following way:

T(la,b(
˙︷ ︸︸ ︷

Closed′(a, b,A′(•))))

=⇒ ∀x. T(la,b(
˙︷ ︸︸ ︷

T(ax )))→ T(la,b(
˙︷ ︸︸ ︷

∀y. T(ay)→ T(b(y , x ))→ A′(y)))→ T(la,b(
˙︷ ︸︸ ︷

A′(x)))

⇐⇒ ∀x. T(ax )→ T(la,b(
˙︷ ︸︸ ︷

∀y. T(ay)→ T(b(y , x ))→ A′(y)))→ T(la,b(
˙︷ ︸︸ ︷

A′(x)))

⇐⇒ ∀x. T(ax)→ [∀y. T(la,b(
˙︷ ︸︸ ︷

T(ay)→ T(b(y , x ))→ A′(y)))]→ T(la,b(
˙︷ ︸︸ ︷

A′(x)))

⇐⇒ ∀x. T(ax)→ [∀y. T(ay)→ T(b(y, x))→ T(la,b(
˙︷ ︸︸ ︷

A′(y)))]→ T(la,b(
˙︷ ︸︸ ︷

A′(x))).

Letting f := λx.
˙︷ ︸︸ ︷

A′(x), the assumption T(acc(a, b)x) implies in VFU the

formula Closed′(a, b,T(la,b(A
′(•)))) → T(la,b(

˙︷ ︸︸ ︷
A′(x))). Therefore, we obtain

T(la,b(
˙︷ ︸︸ ︷

A′(x))), which yields A′(x) by (U-Out). Finally, combining this with
the assumption Closed′(a, b, A(•)), the conclusion A(x) follows.
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�

Theorem 180. For each LFS-sentence A, if T0 ` A, then VFU ` A′. In particular,
every L-theorem of T0 is derivable in VFU.

5.6.3 Truth-as-Provability Interpretation of VFU

In this subsection, we give a model of VFU by generalising Cantini’s truth-as-
provability interpretation for VF [12, 14], which is formalisable in a suitable set
theory, and thus the upper-bound of VFU is obtained (see subsection 5.6.4). The
idea of our truth-as-provability interpretation is that the truth predicate T(x) is
intepreted as the derivability of x in the indexed infinitary sequent calculus, as is
displayed on the table below. Then, each axiom of VFU is shown to be true under
this interpretation. Here, a sequent Γ is a finite set of closed terms, each of which
is β-equivalent to Ȧ for some sentence A. To present the system in the form of
Tait calculus, we consider only negation normal sentences. Therefore, the negation
symbol ¬ may come only in front of atomic sentences, and then the global negation
¬A becomes a defined expression with the help of De Morgan’s law. Note that the
conditional A → B is defined by ¬A ∨ B. For simplicity, we do not distinguish
terms which have the same reduct, thus we can suppose that every term is of the
form Ȧ for some negation normal sentence A. For readability, we often simply
write A instead of Ȧ. Moreover, since we also consider terms of the form lab, it is
useful to treat them as if they were sentences. Thus, we introduce a new binary

predicate symbol Lx(y) and we let
˙︷ ︸︸ ︷

La(b) := lab. Similarly, let
˙︷ ︸︸ ︷

¬La(b) := ¬̇(lab).
Next, we explain the calculus in more detail. In the calculus, the predicate

α,β,γ
Γ means that Γ is derived in the system with the U-rank α, the T-rank β,

and the derivation length γ. We introduce several notations:

• α
Γ means

α,β,γ
Γ for some α, β, γ;

• <α
Γ means

α0
Γ for some α0 < α;

•
α,β

Γ means
α,β,γ

Γ for some γ;

•
α,β,<γ

Γ means
α,β,γ0

Γ for some γ0 < γ;

•
α,<β,<γ

Γ means
α,β0,γ0

Γ for some β0 < β and γ0 < γ;

•
≤α,≤β,≤γ

Γ means
α0,β0,γ0

Γ for some α0 ≤ α, β0 ≤ β and γ0 ≤ γ;

• Γ means α
Γ for some α;
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• if ¬ comes to the left of one of the above expressions, it negates the whole
expression. For example, ¬ Γ means that it is not the case that Γ .

Under these conventions, each rule is explained as follows. The rule (Lit) says
that an L-literal P that is true in the closed term model CT T is derivable. The
rules (Log), (∧), (∨)i, (∃), (∀) are given similarly to the standard sequent calculus.
In particular, (∀) has infinitely many premises for each closed term a. The rules
(T) and (¬T) respectively introduce T and ¬T, with an increase in the T-rank.
Note that the context of the premise of (T) and (¬T) must be empty; otherwise,
the system would be inconsistent according to the liar paradox. The rule (Weak)
assures the monotonicity of the derivability with respect to the U-rank. Similarly
to the operator Φ inMKF, the rules (U) and (¬U) have the side condition †, which
consists of the following conditions. First, α needs to be a successor ordinal (cf.
the operator Φ inMKF). Thanks to this condition, we can assure that <α is closed
under (Lit), (Log), (∧), (∨)i, (∃) and (∀). In particular, if <α

Γ,A(b) for all b,
then <α

Γ, ∀x. A(x) holds. Second, a must satisfy the following:

<α
ac or <α ¬̇(ac) holds for all closed terms c.

Thus, it roughly says that a is a class, provably in <α
. We express this property

as <α
a : Class. The third condition is that neither La(b) nor ¬La(b) are derived

in <α
:

¬ <α
La(b), and ¬

<α ¬La(b).

Thus, it roughly says that La(b) is not a proposition in <α
. We express this as

¬ <α
La(b) : Prop.

By transfinite induction, we easily obtain the following:

Lemma 181. (Consistency) The empty sequent is not derivable: ¬ ∅.

(Weakening) If
≤α,≤β,≤γ

Γ, then
α,β,γ

Γ,∆.

We now show the cut-admissibility of the calculus. For a formula A, the logical
complexity co(A) is defined as usual: if P is any literal of L∪ {T(x),Lx(y)}, then
co(P ) := 0; co(A ∧ B) := co(A ∨ B) := max(co(A), co(B)) + 1; co(∀x.A(x)) :=
co(∃x.A(x)) := co(A(x)) + 1.

Lemma 182. (Cut-admissibility) If
α,β,γ

Γ,A and
δ,ε,ζ

∆,¬A, then
max(α,δ)

Γ,∆.

Proof. We show the claim by septuple induction on α, δ, β, ε, co(A), γ, and ζ.
The case where either Γ,A or∆,¬A is obtained by (Weak) is clear by the induction
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Table 5.2: Sequent system
α,β,γ

CT T |= P
α,β,γ

Γ, P
(Lit)

α,β,γ
Γ,T(a),¬T(a)

(Log)

α,β,<γ
Γ,A0 ∧ A1, A0

α,β,<γ
Γ,A0 ∧ A1, A1

α,β,γ
Γ,A0 ∧ A1

(∧)

α,β,<γ
Γ,A0 ∨ A1, Ai (i ≤ 1)
α,β,γ

Γ,A0 ∨ A1

(∨)i

α,β,<γ
Γ, ∃xA(x), A(a)

α,β,γ
Γ, ∃xA(x)

(∃)
α,β,<γ

Γ, ∀xA(x), A(a), for all a
α,β,γ

Γ, ∀xA(x)
(∀)

α,<β,<γ
A

α,β,γ
Γ,T(Ȧ)

(T)

α,<β,<γ ¬A
α,β,γ

Γ,¬T(Ȧ)
(¬T)

<α
Γ

α,β,γ
Γ

(Weak)

<α
b

α,β,γ
Γ,La(b)

(U)†
¬ <α

b
α,β,γ

Γ,¬La(b)
(¬U)†

hypothesis. Thus, we can rule out such a case. If A or ¬A is not principal in the
last rule, then the conclusion follows by the induction hypothesis. For example,
assume that ∆,¬A is derived by (∀) from the premises

δ,ε,ζa
∆a,¬A with ζa < ζ

for all closed terms a, then the induction hypothesis yields
max(α,δ)

Γ,∆a. Then,

(∀) derives
max(α,δ)

Γ,∆, as required.
Finally, we consider the case where both A and ¬A are principal. The induc-

tive case co(A) > 0 is proved by a standard cut-elimination argument (cf. [14,
Theorem 62.1]). Thus, we confine ourselves to the base cases A ≡ T(Ḃ) and
A ≡ La(Ḃ).

A ≡ T(Ḃ) First, if Γ,A is an instance of (Log), then ¬T(Ḃ) is contained in Γ,
hence we have ¬T(Ḃ), ∆ ⊆ Γ,∆. Therefore, Lemma 181 implies the conclusion.
The case where ∆,¬A is (Log) is similar. Secondly, we assume that Γ,A and
∆,¬A are respectively obtained by (T) and (¬T):
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α,β′,γ′

B
α,β,γ

Γ,T(Ḃ)
(T)

δ,ε′,ζ′ ¬B
δ,ε,ζ

∆,¬T(Ḃ)
(¬T)

,

where β′ < β, γ′ < γ, ε′ < ε and ζ ′ < ζ. Since β′ < β, the induction hypothesis
for the premises yields that

max(α,δ)
∅, which contradicts Lemma 181. Thus,

this case cannot occur.

A ≡ La(b) As a crucial case, we suppose that Γ,La(b) and ∆,¬La(b) are obtained
by (U) and (¬U), respectively:

<α
b

α,β,γ
Γ,La(b)

(U)†
¬ <δ

b
δ,ε,ζ

∆,¬La(b)
(¬U)†

.

Here, we have the following side conditions:

¬ <α
La(b) : Prop (5.5)

¬ <δ
La(b) : Prop (5.6)

By (5.5) and (5.6), we clearly have α = δ. Therefore, the premise <α
b is

identical with <δ
b, which contradicts the other premise ¬ <δ

b. Thus, this
case cannot occur.

�

Using the cut-admissibility, we can give a model of VFU. The LFS-modelMVFU

is an expansion of CT T , in which the vocabularies of L and the additional constant
symbols of LFS are interpreted in the same way as forMKF in Section 5.3.3. Then,
T(x) is interpreted as {x′}, where {x′} is the singleton of the negation normal
form x′ of x. For simplicity, we write x instead of {x′}. Similarly, U(x) is
interpreted as the statement that for some closed term a, x is of the form la and
a : Class holds.
The next lemma verifies the VF-axioms in U of Definition 173.

Lemma 183. Let a and b be any closed terms and suppose a : Class. Then,
the following hold inMVFU:

(U-Elem) If CT T |= P , then La(Ṗ ), for each L-literal sentence P.

(U-Imp) If La(
˙︷ ︸︸ ︷

A→ B) and La(Ȧ), then La(Ḃ).
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(U-Univ) If La(
˙︷︸︸︷

A(c)) for every closed term c, then La(
˙︷ ︸︸ ︷

∀x. A(x)).

(U-Log) La(Ȧ) for each logical theorem A.

(U-Cons) It is not the case that both La(b) and La(¬̇b).

(U-Self) La(b) if and only if La(
˙︷︸︸︷

T(b)). Similarly, La(¬̇b) if and only if

La(
˙︷ ︸︸ ︷

¬T(b)).

Proof.

(U-Elem) Assuming MVFU |= P, we show that La(Ṗ ). From the supposition,
we can take the least successor ordinal α such that <α

a : Class. Then, we
obviously have ¬ <α

La(Ṗ ) : Prop. In addition, we have 0
P by (Lit); thus,

by (U), we can deduce α
La(Ṗ ), as required.

(U-Imp) Assuming La(
˙︷ ︸︸ ︷

A→ B) and La(Ȧ), we have to prove La(Ḃ). Simi-
larly to the above, we take the least successor ordinal α such that <α

a : Class.

Then, we clearly have ¬ <α
La(Ȧ) : Prop and α

La(Ȧ) : Prop. Here, if
α ¬La(Ȧ), then the assumption La(Ȧ) implies ∅ by Lemma 182, which
contradicts Lemma 181. Thus, α

La(Ȧ), which yields <α
A. Similarly, we also

have <α
A → B. Therefore, again by Lemma 182, it follows that <α

B, and
thus we obtain α

La(Ḃ) by (U).

(U-Univ) Assuming La(
˙︷︸︸︷

A(c)) for any closed term c, we show La(
˙︷ ︸︸ ︷

∀xA(x)).

Similarly to the above, we take the least successor ordinal α such that <α
a :

Class. Then, for all c, we clearly have α
La(

˙︷︸︸︷
A(c)), and thus <α

A(c). Since α is
a successor ordinal, we also have α−1

A(c) for all c, which implies α−1 ∀xA(x)

by the rule (∀). Thus, it follows that La(
˙︷ ︸︸ ︷

∀xA(x)).

The other cases are similarly proved. �

Similarly to Lemma 183, the structural properties of VFU are satisfied in
MVFU :

Lemma 184. Let a and b be any closed terms and suppose a : Class. Then,
the following hold inMVFU:
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(U-Class) La(b) or ¬La(b).

(U-True) If La(Ȧ), then A.

(Lim) If ab, then La(ab). If ¬̇(ab), then La(¬̇(ab)).

Finally, we verify the axiom (U-Out) :

Lemma 185. Let a be any closed term and suppose a : Class. Then, the
following is satisfied inMVFU :

(U-Out) La(Ȧ) impliesMVFU |= A for any LFS-sentence A.

Proof. Since we observed that (U-True) is satisfied inMVFU, it suffices to show that
A impliesMVFU |= A. Then, in exactly the same way as for [14, Theorem 63.4],

we can prove, by transfinite induction, that if Γ for a sequent Γ which consists
only of LFS-sentences, then at least one sentence of Γ is true inMVFU. �

In conclusion, every theorem of VFU is satisfied inMVFU.

Theorem 186. MVFU |= VFU.

Remark 187. Similar to Remark 151, we can also verify the axioms (U-Tran),
(U-Dir), (U-Nor) and (U-Lin) inMVFU.

5.6.4 Upper Bound of VFU

To determine the upper bound of VFU, we want to formalise the modelMVFU of
the previous subsection. However, the theory FID([POS,QF]) of Section 5.3.4 is
not expressive enough to formalise the cut-admissibility argument of Lemma 182.
Thus, we will constructMVFU within the Kripke-Platek set theory KPi, which is
proof-theoretically equivalent to FID([POS,QF]), and hence it follows that VFU ≤
T0.

For the formulation of KPi, we follow [36]. For the language L′ of first-order
Peano arithmetic, let L∗ := L′∪{∈,N, S,Ad}, where ∈ is the membership relation
symbol; N is the set constant for the natural numbers; S is the unary predicate
symbol, expressing that a given object is a set; and the unary predicate symbol
Ad says that an object is an admissible set. Moreover, we assume that L∗ contains
restricted quantifiers ∀x ∈ y and ∃x ∈ y as primitive symbols. In L∗, the equality
symbol = is defined as the following formula: (a = b) := [a ∈ N ∧ b ∈ N ∧ a =N

b]∨[S(a)∧S(b)∧(∀x ∈ a. x ∈ b)∧(∀x ∈ b. x ∈ a)], where =N is a primitive recursive
equality on natural numbers, and thus is contained in L′. An L∗-formula A is ∆0
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if A contains no unrestricted quantifiers. Let Tran(x) be a defined ∆0-predicate
that expresses that x is a transitive set. For the L∗-formula A, let Aa be the result
of replacing each unrestricted quantifier ∃x.() and ∀x.() in A by ∃x ∈ a.() and
∀x ∈ a.(), respectively.

Definition 188. (cf. [36]) The L∗-theory KPi consists of the following axioms:

N-Induction and foundation. For all L∗-formulas A,

• A(0) ∧ [∀x ∈ N. A(x)→ A(x+ 1)]→ ∀x ∈ N. A(x);
• [∀x. (∀y ∈ x. A(y))→ A(x)]→ ∀x. A(x).

Ontological axioms. For all terms a, b and ~c of L∗, all function symbols h and
relation symbols R of L′ and all axioms A(~x) of Set-theoretic axioms whose free
variables belong to ~x,

• a ∈ N↔ ¬S(a);

• ~c ∈ N→ h(~c) ∈ N;

• R(~c)→ ~c ∈ N;

• a ∈ b→ S(b);

• Ad(a)→ [N ∈ a ∧ Tran(a)];

• Ad(a)→ ∀~x ∈ a. Aa(~x).

Number-theoretic axioms. For all axioms A(~x) of Peano arithmetic whose free
variables belong to ~x,

• ∀~x ∈ N. AN(~x).

Set-theoretic axioms. For all terms a and b and all ∆0-formulas A(x) and
B(x, y) of L∗,

Pair. ∃x. a ∈ x ∧ b ∈ x;

Transitive Hull. ∃x. a ⊂ x ∧ Tran(x);

∆0-Separation. ∃y. S(y) ∧ y = {x ∈ a : A(x)};

∆0-Collection. [∀x ∈ a.∃y. B(x, y)]→ ∃z. ∀x ∈ a. ∃y ∈ z. B(x, y);

Limit axiom. ∀x. ∃y. x ∈ y ∧ Ad(y).

Now, we describe how MVFU is formalised in KPi. Since KPi contains Peano
arithmetic, the interpretation of L and the constant symbols of LFS can be given
by using fixed Gödel numbering. Thus, the remaining task is to formalise the
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sequent calculus in the previous subsection for the interpretation of T and U.

For that purpose, in which T-ranks and the derivation lengths are omitted
is firstly formalised via the operator Φ(X, pΓq) defined below, where Γ is (the
code of) a sequent in the sense of the previous subsection. Since expressions of
LFS ∪ {Lx(y)} are coded as natural numbers, Φ can be given as a formula of L∗:

The ∆0-formula Φ0(X,Γ ) is defined to be the disjunction of the following:

• P ∈ Γ , for an L-literal P true in CT T ,
• A ∧B ∈ Γ , for some A,B such that Γ,A ∈ X and Γ,B ∈ X;

• A ∨B ∈ Γ , for some A,B such that either Γ,A ∈ X or Γ,B ∈ X;

• ∀xA(x) ∈ Γ , for some ∀xA(x) such that Γ,A(a) ∈ X for all closed terms a;

• ∃xA(x) ∈ Γ , for some ∃xA(x) such that Γ,A(a) ∈ X for some closed term a;

Similarly, the ∆0-formula Φ1(X,Γ ) is defined to be the disjunction of the fol-
lowing:

• T(Ȧ) ∈ Γ, for some A ∈ X;

• ¬T(Ȧ) ∈ Γ, for some ¬A ∈ X;

Finally, the ∆0-formula Φ2(X,Γ ) is defined to be the disjunction of the follow-
ing:

• La(b) ∈ Γ, for some a, b such that b ∈ X and (?) holds;

• ¬La(b) ∈ Γ, for some a, b such that b /∈ X and (?) holds,

where the condition (?) consists of the following:

1. ∀c. ac ∈ X or ¬̇(ac) ∈ X;

2. La(b) /∈ X and ¬La(b) /∈ X.

Thus, the operator Φ(X,Γ, α) roughly means that X contains the premise of
one of the rules of . Next, we want to characterise the set of derivable sequents,
i.e., the set {Γ : Γ}. Let Fun(f) be a ∆-predicate meaning that f is a
function; let a unary ∆-predicate On(x) express that x is an ordinal number;
we use α, β, γ, α0, β0, γ0, . . . as variables ranging over On; a Σ-operation Dom(f)
denotes the domain of f . Then, we define a ∆0-predicate H (s, f), which roughly
means that for each α, β, γ ∈ s, the value of f at (α, β, γ) is the set {Γ :

α,β,γ
Γ}.

H (s, f) := Ad(s) ∧ Fun(f) ∧ ∀α, β, γ ∈ s. f(α, β, γ) = S,

where the set S is the union of the following:
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1. f(< α,∈ s,∈ s) ∪ f(α,≤ β,≤ γ),

2. {Γ : Φ0(f(α, β,< γ), Γ ) ∨ Φ1(f(α,< β,< γ), Γ )},
3. {Γ : α ∈ Suc ∧ Φ2(f(α− 1,∈ s,∈ s), Γ )}.

Here, we used the following notations:

• f(< α,∈ s,∈ s) :=
⋃
α0<α,β∈s,γ∈s f(α0, β, γ);

• f(α,≤ β,≤ γ) :=
⋃
β0≤β,γ0≤γ f(α, β0, γ0);

• f(α, β,< γ) and f(α,< β,< γ) are similarly defined;

• ClΦi(X) :↔ ∀x. Φi(X, x)→ x ∈ X, for i ∈ {0, 1}.

The next lemma shows that H (s, f) determines the set f(α, β, γ) for each
α, β, γ ∈ s regardless of the particular choice of s and f .

Lemma 189. (in KPi) Assume H (s, f) and H (s′, g). Then the following hold
for all α, β, γ ∈ s ∩ s′:

1. ClΦ0(f(α,∈ s,∈ s)) and ClΦ1(f(α,∈ s,∈ s)),
2. f(α,∈ s,∈ s) = g(α,∈ s′,∈ s′).
3. f(α, β, γ) = g(α, β, γ),

Proof. For the item 1, we show ClΦ0(f(α,∈ s,∈ s)). Thus, taking any sequent
Γ and assuming Φ0(f(α,∈ s,∈ s), Γ ), we show Γ ∈ f(α,∈ s,∈ s). The proof is
divided into cases according to the clauses of Φ0. As the crucial case, suppose that
a sentence ∀x. A(x) is contained in Γ and ∀a ∈ Term. Γ, A(a) ∈ f(α,∈ s,∈ s).
Since s is admissible, by Σ-reflection within s, we can take an ordinal δ ∈ s
such that ∀a ∈ Term. Γ, A(a) ∈ f(α,< δ,< δ). Thus, by applying Φ0 we obtain
Γ ∈ f(α,< δ, δ), and hence Γ ∈ f(α,∈ s,∈ s). The other cases are similar.
Moreover, ClΦ1(f(α,∈ s,∈ s)) is similarly proved.

As to item 2: f(α,∈ s,∈ s) = g(α,∈ s′,∈ s′), we show f(α, β, γ) ⊆ g(α,∈
s′,∈ s′) by induction on α, β and γ. Therefore, assuming Γ ∈ f(α, β, γ), we have
to show Γ ∈ g(α,∈ s′,∈ s′). By H (s, f), the proof is divided by cases according
to the construction of f(α, β, γ). If Γ ∈ f(< α,∈ s,∈ s) or Γ ∈ f(α,≤ β,≤ γ),
then the claim is obvious by the side-induction hypothesis. If Φ0(f(α, β,< γ), Γ ),
then since Φ0 is positive, we have Φ0(g(α,∈ s′,∈ s′), Γ ) by the side-induction
hypothesis. As g(α,∈ s′,∈ s′) is Φ0-closed by the item 1, it follows that Γ ∈
g(α,∈ s′,∈ s′), as required. The case Φ1(f(α, β,< γ), Γ ) is similar. The last
case is where α ∈ Suc and Φ2(f(α − 1,∈ s,∈ s), Γ ). Then, the main-induction
hypothesis yields Φ2(g(α− 1,∈ s′,∈ s′), Γ ), thus Γ ∈ g(α,∈ s′,∈ s′). In summary,
we have f(α,∈ s,∈ s) ⊆ g(α,∈ s′,∈ s′). The converse direction is similar, and
thus the proof of item 3 is complete.
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Item 3: f(α, β, γ) = g(α, β, γ) is easily proved by induction on α, β and γ,
with the help of item 2. �

We further introduce the following notations:

• Iα,β,γ(x) := ∃s, f. {α, β, γ} ⊆ s ∧H (s, f) ∧ x ∈ f(α, β, γ),

• Iα,≤β,<γ(x) := ∃β0 ≤ β. ∃γ0 < γ. Iα,β0,γ0(x),

• Iα(x) := ∃β, γ. Iα,β,γ(x),

• I<α(x), Iα,≤β,≤γ(x), Iα,β,<γ(x) and Iα,<β,<γ(x) are similarly defined.

We show that the Σ-predicate Iα,β,γ(x) expresses the desired class {Γ :
α,β,γ

Γ}.

Lemma 190. The following are derivable in KPi.

1. ∀α. ∃s, f. α ∈ s ∧H (s, f).

2. Iα,β,γ(Γ ) if and only if one of the following holds:

(a) I<α(Γ ) ∨ Iα,≤β,≤γ(Γ ),

(b) Φ0(Iα,β,<γ, Γ ) ∨ Φ1(Iα,<β,<γ, Γ ),

(c) α ∈ Suc ∧ Φ2(Iα−1, Γ ).

Proof.

1. By the limit axiom of KPi, let s be an admissible set that contains α. Then,
from the definition of the ∆0-predicate H (s, f), we can construct a required
function f by ∆-recursion, available in KPi (cf. [54, p. 256]).

2. For the left-to-right direction, we assume Iα,β,γ(Γ ); thus, we take sets s and
f such that {α, β, γ} ⊆ s ∧ H (s, f) ∧ Γ ∈ f(α, β, γ). For instance, we
consider the case where Γ ∈ f(α, β, γ) is obtained from Φ2, then we have
α ∈ suc and Φ2(f(α − 1,∈ s,∈ s), Γ ). By Lemma 189, we can easily show
that ∀x. x ∈ f(α − 1,∈ s,∈ s) ↔ Iα−1(x). Therefore, we get Φ2(Iα−1, Γ ), as
required. The other cases are similarly proved by using Lemma 189.
As for the converse direction, we, for example, assume α ∈ Suc∧Φ2(Iα−1, Γ ).
By item 1, we take sets s and f such that max(α, β, γ) ∈ s and H (s, f). Then,
again by Lemma 189, we have ∀x. Iα−1(x)↔ x ∈ f(α−1,∈ s,∈ s). Therefore,
we obtain Φ2(f(α − 1,∈ s,∈ s), Γ ), and hence it follows that Γ ∈ f(α, β, γ).
Thus, we obtain Iα,β,γ(Γ ). The other cases are similarly proved.

�

Let I∞(x) :↔ ∃α. Iα(x). We now define an interpretation + of VFU into KPi.
The vocabularies of L are interpreted in exactly the same way as in Lemma 154.
Then, we let T+(x) :≡ I∞(x); let U+(x) :↔ ∃a. x = la ∧ ∀b. I∞(ab) ∨ I∞(¬̇(ab)).
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Lemma 191. For each LFS-formula A, if VFU ` A, then KPi ` A+.

Proof. The proof is by directly running the proof of Theorem 186 within KPi.

(U-Class) We want to show KPi ` (U(u)→ C(u))+. Thus, taking any term f such
that u = lf and ∀a. I∞(fa) ∨ I∞(¬̇(fa)), we show ∀a. I∞(lfa) ∨ I∞(¬̇(lfa)).
Then, since I∞ is a Σ-predicate, we can, by Σ-reflection, take the least successor
ordinal α such that ∀a. I<α(fa) ∨ I<α(¬̇(fa)). Therefore, Lemma 190 implies
that ∀a. Iα(lfa) ∨ Iα(¬̇(lfa)), and thus we obtain ∀a. I∞(lfa) ∨ I∞(¬̇(lfa)).

(U-True) Similar to the above.

(U-Out) Since KPi ` (U-True)+, it suffices to verify (T-Out)+, that is, KPi `
I∞(Ȧ)→ A+ for each LFS-formulaA. For that purpose, we formalise Lemma 185
within KPi, similarly to [12, Lemma 5.8.2]. In particular, we can show the fol-
lowing for each natural number k:

KPi ` ∀Γ ∈ Seqk. I∞(Γ )→ ∃x ∈ Γ. Tk(x),

where Γ ∈ Seqk means every sentence in Γ has the logical complexity ≤ k; the
predicate Tk(x) is a partial truth predicate such that KPi ` Tk(Ȧ) ↔ A+ for
each LFS-formula A with the logical complexity ≤ k. Then, we have KPi `
I∞(Ȧ)→ A+ for each LFS-formula A, as required.

The other cases are similarly proved by using Lemma 190. �

Combining Theorem 180 with Lemma 191, we obtain the proof-theoretic strength
of VFU:

Theorem 192. VFU and T0 are proof-theoretically equivalent.





Chapter 6
Conclusion

In Chapter 3, we modify Leigh and Rathjen’s ordinal analysis for the Friedman–
Sheard systems E,F,G, and I. As a result, we show that truth-as-recursive-
provability interpretation can be given for those systems, and we verify Leigh
and Rathjen’s results. In addition, we observe that a similar technique can be
applied to the analysis for FS.

Theorem 34 (cf. [50, Corollary 3.27]) G ≤ PA + TI(< ϕ20).

Theorem 48 (cf. [50, Corollary 3.35]) I ≤ PA + TI(< ϕ20).

Theorem 63 (cf. [50, Theorem 3.15]) F ≤ PA + TI(< ϕω0).

Theorem 73 (cf. [50, Theorem 3.45]) E ≤ PA + TI(< ϕω0).

Theorem 83 ([28]) FS ≤ PA + TI(< ϕ20).

It is not clear whether this truth-as-recursive-provability can be used to analyse
other theories, such as KF.

In Chapter 4, we formulate a formal theory of Krivine’s classical realisability.
We first define a first-order theory CR of compositional realisability (Definition 90).
Next, we observe that our classical number realisability can realise every theorem
of PA, which is formalisable in CR (Theorem 96). As for proof-theoretic strength,
CR is shown to be conservative over PA (Proposition 97). On the other hand,
we formulate a kind of reflection principle under which CR essentially amounts
to CT (Proposition 100). We also consider a weaker reflection principle that is
sound with respect to any pole, and we prove that the principle can make CR as
strong as CT (Theorem 103). We further generalise CR to a Friedman–Sheard-
style system FSR for realisability (Definition 115). Then, we prove that FSR has
a nice property, self-realisability (Theorem 125). We also observe that FSR is
conservative (Proposition 126). Finally, the proof-theoretic strength of GCR+ and
GCR++ remains open (Conjecture 128).
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Interestingly, our theories CR and FSR are both conservative over PA. Perhaps,
this fact may be useful for arguing that although CT and FS are not conservative,
they still have the spirit of deflationism. Also, our realisability theories might help
to construct verificationism of classical logic.

In Chapter 5, we formulate five systems of Frege structures. The results are
summarised as follows: all the following theories are proof-theoretically equivalent
to T0:

• KFUPI (Theorem 155) and PTUPI (Theorem 162),

• KFLU (Theorem 168) and PTLU (Theorem 170),

• VFU (Theorem 192).

The author suggests two directions for future studies. First, given that most of
the truth theories have been studied over Peano arithmetic, it would be desirable
to find systems over Peano arithmetic that corrrespond to our theories. Second, we
can consider extending our systems further by stronger universe-generating axioms.
One example by Cantini [14] is the Mahlo principle, which is an analogue of the
recursively Mahlo axiom in Kripke–Platek set theory. Therefore, the question
is how strong the systems of Frege structure will be with the addition of such
a principle. Furthermore, Jäger and Strahm [39] formulated an even stronger
principle in explicit mathematics; thus, it may be possible to give its counterpart
in the framework of Frege structure. Of course, philosophical discussions would
also be required on how well these are motivated as truth-theoretic principles.
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