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Intrinsic anomalous Hall effect under
anisotropic magnetic dipole versus conventional magnetic dipole

Satoru Ohgata! and Satoru Hayami'
! Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan.

We theoretically investigate the intrinsic anomalous Hall effect in two magnetically ordered sys-
tems: One is the ferromagnetic dipole system, and the other is the anisotropic magnetic dipole
system, the latter of which has been proposed as a microscopic indicator of the anomalous Hall
effect in antiferromagnets with the negligibly small magnetization. We show their similarity and
difference in the anomalous Hall effect by analyzing the fundamental tight-binding model on a two-
dimensional square lattice. We find that the magnitudes of the anomalous Hall effect in the two
systems are similar to each other, while the magnetization in the anisotropic magnetic dipole system
is much smaller than that in the ferromagnetic dipole system; this indicates that the microscopic
mechanisms are different from each other. We show that such a difference appears in the momentum-
resolved Berry curvature resulting from the different types of magnetic order parameters, giving rise
to distinct gap-opening behaviors. We also show that the anomalous Hall effect in the anisotropic
magnetic dipole system is enhanced when the magnitude of the spin-orbit coupling is smaller than
that of the magnetic mean field. Our results provide a possibility of the giant anomalous Hall effect

in collinear and coplanar antiferromagnetic systems with the anisotropic magnetic dipole.

I. INTRODUCTION

When an electric field is applied to a ferromagnetic
(FM) material, a current flows perpendicular to the elec-
tric field and the magnetization. This phenomenon,
known as the anomalous Hall effect (AHE), has been ex-
tensively studied in both theoretical and experimental
contexts [1-11]. Since the magnitude of the AHE is pro-
portional to the magnetization of the material, it has tra-
ditionally been regarded as a phenomenon unique to FM
materials. However, recent studies have demonstrated
that it can also manifest in antiferromagnetic (AFM) ma-
terials, despite their nearly negligible magnetization; for
instance, in collinear antiferromagnets (AFMs) [12-26]
and noncollinear AFMs [27-35]. These types of AFMs
have been attracting significant interest in the field of
spintronics, since they do not produce a stray field and
exhibit a fast switching speed of less than 10 picoseconds,
which is 100 times faster than in ferromagnets (FMs) [36].
These features make them promising candidate materi-
als for next-generation spintronic devices, offering high-
density integration and ultra-fast performance [37].

From a microscopic viewpoint, key electronic degrees
of freedom to induce the AHE in AFMs differ from those
in FMs. Based on the symmetry-adapted multipole rep-
resentation, which describes physical quantities using a
complete basis set of four types of multipoles [38, 39], it
was demonstrated that the anisotropic magnetic dipole
(AMD) is the key indicator for the AHE in AFMs [18].
The AMD is a time-reversal-odd rank-1 axial vector be-
longing to the same irreducible representation as conven-
tional magnetic dipoles such as spin and orbital angular
momenta, and is related to the T-vector in the context
of x-ray magneto-circular dichroism [40-47]. The opera-
tor expression of the AMD in an atomic scale is given as

follows [48]:

- %6], (1)
where & is the vector composed of the Pauli matrices,
which act on spin space and # is the position operator.

The AMD is decomposed as:

]\:4:; %Q}L + Qv . Asz . C?zr &m
Mz zZT Qyz ﬁQu Oz

(2)

where Qu, Qv, Qyz, sz, me are the electric quadrupole
operators with the functional forms of (322 —
72)/2,V/3(2% — 9°)/2,V30%,V/3%2,1/329, respectively.
Thus, the AMD is linked to a quadrupole distribution
of spins, which does not exhibit net magnetization. Also,
the expression in Eq. (2) indicates that the AHE can
even occur when the spin moments lie within a plane de-
fined by the input electric field and the output current,
provided the AMD has a perpendicular component. For
instance, the zxz(yz)-type spatial distribution of the spin
component s; (s,) results in an anomalous Hall conduc-
tivity tensor of o,y = —0y, owing to a finite AMD in the
z direction, where the magnetic symmetry is the same as
that in the FM state with the z-spin polarization. Fig-
ure 1 provides a schematic picture of this scenario. The
concept of the AMD can be applied from atomic scale
[48] to cluster scale [18]. In previous studies [18], it was
revealed that the AHE occurs in collinear AFMs without
the net spin magnetization when the magnetic structure
is characterized by the cluster-scale AMD [18]. Mean-
while, the effect of the atomic orbital degree of freedom,
which has been explicitly included in the expression of the
AMD in Eq. (1), is neglected. Since the experiment in
terms of x-ray magneto-circular dichroism directly gives
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the information about the atomic-scale AMD [44, 45], it
is highly desired to clarify the role of the atomic-scale
AMD in inducing the AHE in AFMs.

In the present study, we theoretically investigate the
role of the atomic-scale AMD in the AHE, emphasiz-
ing the similarities and differences compared to systems
with FM dipoles (FMD), i.e., the conventional magnetic
dipoles. We analyze the anomalous Hall conductivity
of a fundamental multi-orbital model that includes both
the FMD and AMD degrees of freedom on a square lat-
tice based on the linear response theory. Our findings
show that the AMD can achieve a large AHE compara-
ble to that under the FMD, with a much smaller mag-
netization. To understand this difference, we examine
the momentum-resolved Berry curvature in each case and
identify distinct trends associated with gap opening. Ad-
ditionally, we demonstrate that the essential model pa-
rameters for the magnetization under the AMD differ
from those under the FMD. Furthermore, we show that
the AHE under the AMD tends to be enhanced when
the spin-orbit coupling (SOC) is weaker than that of the
magnetic mean field. Our results provide insights into
realizing AFMs with a giant AHE.

The rest of this paper is organized as follows. In Sec. II,
we introduce the model Hamiltonian and lattice struc-
ture, along with the calculation methods for the magne-
tization, the Berry curvature, and the AHE. In Sec. TIT A,
we compare the calculation results of the AHE and mag-
netization under the FMD and AMD. By calculating the
densities of Berry curvature in each case, we demonstrate
that the source of the AHE in the AMD-ordered system
differs from that in the FMD-ordered system. Then, in
Sec. III B, we present the dependence of the AHE and
magnetization on SOC and magnetic mean field. Here,
we show that the peak values of the AHE in the two sys-
tems are similar, while the magnetization in the AMD-
ordered system is much smaller than that in the FMD-
ordered system. Additionally, we highlight that the AHE
in the AMD-ordered system is enhanced when the mag-
nitude of the SOC is smaller than that of the magnetic
mean field. Section IV is devoted to the summary of the
present paper. In Appendix A, we show the results for
different choices of Slater—Koster parameters.

II. MODEL AND METHOD

We construct a tight-binding model to investigate the
differences in the AHE under the FMD and AMD. To
this end, we employ a minimal multi-orbital model com-
posed of three p-orbitals (py,py,p.) with spin (1,1) on
a two-dimensional square lattice under the point group
Dy, which incorporates both the FMD and AMD de-
grees of freedom within a low-energy physical space. It
is noted that the following results can also be straight-
forwardly applied to d-orbital systems with three to, or-
bitals (dy.,d.s,dsy), since the active internal electronic
degrees of freedom are similar to those under three p

(a) Atomic FMD on a square lattice.
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(b) Atomic AMD on a square lattice.
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FIG. 1. (a)Schematic picture of ferromagnetic dipole (FMD)
ordering, where the spins s. are ordered at each site. (b)
Schematic picture of anisotropic magnetic dipole (AMD) or-
dering, which consists of the product of the orbital Q.. and
the spin s, i.e., M=) This ordering induces the anoma-
lous Hall conductivity o4y, just as the FMD ordering shown

in panel (a) does. These figures were drawn by QtDraw [49].

orbitals.
follows:

The tight-binding Hamiltonian is expressed as

H =H: + Hsoc + Hrmp + 7:1AMD, (3)
7:tt = Z 5kaa’é};agéka’aa (4)
kaa’oc
Hsoc = A (1-38)7%¢  raror, (5)
kaa’co’
Hemp = —hevp Z(éz)ZZéLMékao, (6)
kao

Hamp = —haup > (M) ko, (T)

kaa’co’

where é;rma (¢kao) 18 the creation (annihilation) operator
for electrons with wave vector k, p,-orbital (o = x,y, z),
and spin o =1,|. The first term, 7:lt, represents the ki-
netic Hamiltonian, which includes the Slater—Koster pa-
rameters t,,, and t,,, for the nearest-neighbor hopping
and t;,,, and t;,, for the next-nearest-neighbor hopping.
Specifically, erqos is related to these Slater—Koster pa-



rameters as follows:

Ekaz = 2tppo COS kg + 2tppr cOS Ky (8)
+2(t opo T tppﬁ) cos kg cos ky,
Ekyy = 2tppo COSky + 2tppn cOS Ky 9)
+ 2(tpy + typr) COS Ky cOS Ky,
Ekzz = 2ppr(cosky + cosky) + 4t cos ky, cos ky,
(10)
oy = —2tppo — tppr) SiN Ky sinky, (11)
Ekyx = Ekxy, (12)
€kaa’ = 0 (otherwise), (13)
where we set the lattice constant to unity. Note

that these satisfy the fourfold rotational symmetry of
the lattice structure. In the main text, the Slater—
Koster parameters are fixed to (tppes,tp pw,t;po,t;pﬂ) =
(1,-0.5,0.6,—0.3). In Appendix A, we discuss the re-
sults for different choices. It is noted that the next-
nearest-neighbor hopping is necessary to induce the AHE
in both FMD and AMD orderings, which is a characteris-
tic feature of the square lattice. The second term, Hsoc,
represents the relativistic SOC with the coupling con-
stant A; § = /2 and l represent the dimensionless spin
and orbltal angular momentum operators, respectively.

The third and fourth terms, Hemp and ’HAMD, de-
scribe the mean-field Hamlltonlan for the FMD and AMD
along the z direction, with hApyp and hayp represent-
ing the magnitude of each mean field. The microscopic
origin of the mean field is the two-body Coulomb inter-
action; the FMD mean field is related to the intraor-
bital Coulomb interaction, while the AMD mean field
is related to the interorbital Coulomb interaction and
Hund’s-rule coupling.

From the symmetry viewpoint, the FMD and AMD
belong to the same irreducible representation under the
point group Dyy. For the AMD, we consider the x-spin
contribution to M. in Eq. (2), specifically Q..5,, with
the collinear spin conﬁguratlon implicitly in mind; we
use the notation M/(‘””) = szs:c here and hereafter. It is
noteworthy that the AMD is regarded as the spin-orbital
entangled quantity, which results in a different tendency
of the gap opening from the conventional FMD case, as
will be discussed in Sec. III B. The schematic pictures of
the FMD and AMD are shown in Figs. 1(a) and 1(b),
respectively.

In order to understand the relationship between the
FMD and AMD, we show the expectation values of their
order parameters when either Arpyp or hanp is nonzero
in Figs. 2(a) and 2(b). We set the primary order param-
eter for the FMD as M., which is given by

1
Mz == Nik: Z f(/,b, Enk:)Mz,nk7 (14)
n

where N, is the number of the grid points in the Brillouin
zone, f(u,Eng) = 1/[exp{B(Enk — 1)} + 1] represents

(a) hevp #0, hanp =0 (b) henip =0, hanp #0
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FIG. 2. (a, b) Expectation values of the FMD and AMD,

M, and M;(S”), as functions of the magnetic mean field of (a)
the FMD hrmp and (b) the AMD hamvp. The SOC constant
and chemical potential are set to A = 0.05 and p = —1,
respectively.

the Fermi-Dirac distribution function with the chemical
potential p, the nth-band eigenvalue FE,j, the inverse
temperature § = 1/T (the Boltzmann constant is set to
unity), and

Mz,nk: - <'¢)nk‘,UfB(lAz + 2§z)|wnk>a (15)

where 1, is the eigenstate, and §, = 0,/2 and [, rep-
resent the z-components of spin and orbital angular mo-
mentum operators, respectively. M, corresponds to the
total magnetization of the system.

Meanwhile, the primary order parameter for the AMD
corresponds to M/(S“”) = szsm, as introduced above.
The calculation method for the expectation value of this
operator is the same as that used in Eq. (14), i.e.,

M=) = Zf 1, Ene) M55 (16)

where

We set up = 1 and i =1 in the following calculations.

As shown in Fig. 2(a), M) <« M. holds under the
FMD ordering, where hpyp # 0 and hayp = 0. This
indicates that M ;(s“) is the secondary order parameter
under the FMD ordering. The small but nonzero val-
ues of M;(Sl') are owing to the presence of the SOC,
which couples them at the microscopic level. The op-
posite behavior is found in the AMD ordering [Fig. 2(b)]
for hppmp = 0 and hayp # 0. It is noteworthy that these
secondary order parameters, either M, under the AMD
phase or M ;(S“) under the FMD phase, become zero when
the z component of the SOC, i.e., ll,;ém, is neglected [see
Eq. (28)].

In order to discuss the similarity and difference of the
AHE between the FMD and AMD orderings, we calcu-
late the anomalous Hall conductivity based on the linear



response theory, which is given by [10]
LS B (19)
Ogy = A Nk - My Lok )3 ixy nks

where e is the elementary charge and €, nx is the Berry
curvature given by

oyt = —21° Z Im[wmklﬁ(%ﬂ;pikgiz;wykwmk>]~

m#n

(19)

© = 0H/0(hk) denotes the velocity operator. Addition-
ally, to identify the eigenstates giving the dominant con-
tribution to o4y, we calculate the momentum-resolved
Berry curvature at each k in the Brillouin zone:

and the density of the positive and negative Berry cur-
vature at a energy level E:

1
,O[ny] = Ny Z(S(E = Enk)0(£Q0y,nk) Qay,nk,  (21)
nk

where ¢ and 6 represent the Dirac delta function and the
Heaviside step function, respectively. e is set to 1, Ng
is set to 4002, and T is set to 10~2. We especially focus
on the behavior of o, while varying the magnetic mean
fields hgpmp, havp and the SOC constant .

III. RESULTS

In Sec. III A, we compare the magnitude of o, and M,
under the FMD and AMD orderings. We also discuss the
origin of 0, by analyzing the momentum-resolved Berry
curvature Qg ke and its sign-resolved density p[Q3,]. In
Sec. III B, we present the dependence of ¢,, and M, on
the SOC (\) and the magnetic mean field (hpmp, hamb)-

A. Origin of the AHE

First, we analyze the behavior of o, and M, as func-
tions of u, and compare their magnitudes between the
FMD and AMD orderings. Figure 3(a) shows o, and M,
calculated for the FMD-ordered system at hpyp = 0.3
and A = 0.05. For almost all p, o,y and M, exhibit
nonzero values except for the p values at which o,
changes its sign. The maximum value of |o,,| is around
0.15 at = —0.25, with M, = 0.12.

On the other hand, a distinct feature appears in the
AMD-ordered system; the total magnetization M, al-
most vanishes over the entire range of y under the AMD
ordering, as shown in Fig. 3(b). Nevertheless, o, under
the AMD ordering can reach values comparable to those

under the FMD ordering. For instance, the maximum
value of |og,| is around 0.30 at p = —1.0 despite the
small magnetization M, = 0.0017. From these results, it
can be inferred that the AMD serves as a source of the
giant AHE with a negligibly small |M.|.

In order to understand the distinct behavior of o,
between the FMD and AMD orderings, we examine the
Berry curvature in each case. Figure 3(c) shows the den-
sity of Berry curvature in the FMD-ordered system cor-
responding to Fig. 3(a), where we decompose the density
of Berry curvature into the positive and negative parts
p[ny} at each energy (chemical potential); a significant
rate of change in o, with respect to u is expected when
the difference between the positive and negative densities
of Berry curvature (p[Q2f,] — [p[2;,]]) is large. We also
plot the corresponding band structure mapped with the
momentum-resolved Berry curvature 2, ., in Fig. 3(e)
in order to identify which eigenstates give dominant con-
tributions to o,,. One finds that the peaks of |0, | orig-
inate from the M point at £ = —0.25,—0.55 and the T’
point at E = 1.44,1.74, where the small gaps of 0.05(= \)
opens due to the SOC. The large enhancement of Berry
curvature in the small-gap region arises from the denomi-
nator in Eq. (19), which depends on the energy difference.
Meanwhile, it is noted that the small band gap does not
always lead to large o,,. For example, o, is suppressed
at p = —1, despite the presence of the band anticrossing
at Aj along the I'-X line. This is because the opposite
signs of Berry curvature are generated at almost the same
energy level close to the band gap, as shown in Fig. 3(e)
around A; and F = —1; see also Fig. 4(c) for an enlarged
view.

To understand the mechanism of gap opening and its
relation to the sign of Berry curvature in Fig. 4(c), we
consider the effective four-band model around A; and
E = —1 [50]. Starting from hpmp = A = 0, a four-fold
degeneracy occurs at Ay, which is a crossing point of g4
bands and p,4; bands. When hpyp is introduced, both
P+, bands and p,4; bands split by +hpyp/2 globally, in
accordance with the mean-field Hamiltonian of the FMD,
which can be written in an explicit form:

N h L 4
HrMmp = — F;\/ID Z (CLTC(XT - Clﬁai) . (22)
a=z,y,z
Thus, a rhombus shape is created around A;. Then,
when the y component of the SOC:
P Ao
Alysy = ) (Cﬁ‘%w - Cz¢ch> +h.c, (23)

is further introduced, the degeneracy is lifted by +\/2
from the crossing point between the p; -p.+ bands and
Pz1-P-, bands, forming a partially gapped rhombus hy-
bridizing the spin and orbital components, as shown in
Figs. 4(e) and 4(g). As shown in Fig. 4(c), these gaps
generate opposite signs of Berry curvature because the
éi 1ot and é;éx | components of Afyéy have opposite ef-
fects on each crossing. Since such gaps surround the I’
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FIG. 3. (a, b) Anomalous Hall conductivity o, and total magnetization M, as functions of the chemical potential u. (c, d)

Density of Berry curvature p[ny] as a function of Energy E. (e, f) Energy band mapped with the Berry curvature Qgy nk; see
the Brillouin zone in Fig. 4(a) for the notation of the horizontal axis. (a, ¢, e) are calculated under the FMD ordering with
magnetic mean fields hpvp = 0.3 and hamp = 0, while (b, d, e) are calculated under the AMD ordering with hrpmp = 0 and

hamvp = 0.3. The SOC constant is set to A = 0.05 for (a—f).

point, rings with positive and negative Berry curvature
are formed when g is set within these gaps, as shown in
Fig. 4(a). These rings cancel out each other, resulting in
the almost vanishing Hall conductivity, i.e., o4y =~ 0 , at

w=—1 [Fig. 3(a)].

Next, we discuss the behavior of 0., under the AMD.
In contrast to the FMD case, 0., under the AMD is
enhanced in the vicinity of the band anticrossing at low-
symmetry points in the Brillouin zone rather than high-
symmetry points. For example, o, is largely enhanced
around p = —1 [Fig. 3(b)], which arises from the band
anticrossings including the A; point [Fig. 3(f)]. This is
clearly illustrated in Fig. 4(d), where a pair of small gaps
with a large Berry curvature emerges at A;. Since such
gaps surround the I' point, a ring with positive Berry
curvature is formed when the p is set within the gap,
as shown in Fig. 4(b). This ring makes the dominant
contribution to o5y at u = —1.

The distinct behavior of Berry curvature around the
gap opening from the FMD is attributed to the difference
in the matrix elements of the order parameters for the
FMD and AMD orderings. The mean-field Hamiltonian

of the AMD can be explicitly written as:

. V/3h o o A

Hamp = % (CZTCN + CL%T) +h.c.,  (24)
This, in accordance with A3, [Eq. (23)], leads to the
vertical splitting of a four-fold degeneracy at the A; point
at ¥ = —1, where the spin and orbital components of the
four bands undergo hybridization, as shown in Figs. 4(f)
and 4(h). Indeed, the energy splitting from F = —1 at
the Ay point is calculated as follows:

E(A) ~ —1+ <_1\é§hAMD + ;)\> . (25)

When A # 0 and hayp = 0, the Berry curvatures are
generated but cancel out because the signs of the matrix
elements of 3, between éi ot and élTéw | are opposite
due to the presence of the time-reversal symmetry, as
shown in Eq. (23). However, when A # 0 and hayp #
0, the sign of the Berry curvature is modulated by the
AMD, resulting in a net Berry curvature, as shown in
Figs. 4(b) and 4(d). This arises from the difference in

sign of the matrix elements of A AMD between éi ¢éz’r and

¢liéo) in Eq. (24).
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FIG. 4. (a, b) Expectation values of the Berry curvature Q,,(k) at chemical potential 4 = —1, mapped in the Brillouin

zone. (c¢-h) Energy bands around the A; point mapped with the following quantities: (¢, d) Berry curvature Qgy nk, (e, f)
z-component of spin s.,,k = (Ynk|$:|¢nk), and (g, h) orbital component >°_ [(pac|tnk)|>. The SOC constant is set to A = 0.05
for (a—f). The magnetic mean fields are set to hrmp = 0.3, hamp = 0 for (a, c, e, g), and hrmp = 0, hamp = 0.3 for (b, d, f, h).

Similarly to the A; point, the Berry curvature is also
enhanced at the anticrossing band around F ~ 0.8 in
the low-symmetry regions in the Brillouin zone, located
along the I'-M line, as shown in Fig. 3(f). Meanwhile, the
Berry curvature tends to be canceled out in the vicinity
of the M point around F = —0.40 and the I" point around
E = 1.59, since the spin-degenerate pairs at these points
have the opposite signs of Berry curvature, as shown in
Figs. 3(d) and 3(f).

B. Parameter dependence of the AHE and
magnetization

Next, we investigate the model parameter dependence
of 05, and M, with an emphasis on the SOC and mag-
netic mean field. Figures 5(a, e) and 5(c, g) show oy
and M, as functions of pu, calculated for varying values
of hpyp under the FMD ordering for the small and large
SOC constants (A = 0.05 and X\ = 0.2). Both |o,,| and
M, monotonically increase with hgpyp irrespective of A,
and the peak positions of o, gradually shift. Figure 6
shows the mechanism of peak shifting behavior of o,y
in the highlighted regions of Fig. 5(e). As illustrated
in Fig. 6, this behavior stems from the spin splitting
of the energy band near the high-symmetry point. Fig-
ure 6(g) shows the energy band at around the M point
calculated under hpyp = 0.01, with the color indicating
the Berry curvature. Since the magnetic mean field is
small, the spin-up and spin-down bands are nearly de-
generate [Fig. 6(j)]. Meanwhile, the orbital degeneracy

of the py,4, and p, ¢y is split by +0.1 due to the SOC with
a coupling constant of A = 0.2 [Fig. 6(m)]. The den-
sity of Berry curvature is finite under the SOC, although
it almost cancels out, as shown in Fig. 6(d). This can-
cellation occurs because the SOC induces the opposite
signs of Berry curvature [Fig. 6(g)] in the spin 1 bands,
and their energy levels are nearly equal due to the small
magnetic mean field [Fig. 6(j)]. Consequently, o,, nearly
vanishes over —0.8 < 1 < 0.0, as shown in Fig. 6(a).
Then, as hpyp increases from 0.01 to 0.3, the band
splitting between the spin 1] states becomes more pro-
nounced [Figs. 6(j, k, 1)]. Correspondingly, the densities
of positive and negative Berry curvature are gradually
separated [Figs. 6(d, e, f)], resulting in an increase and
a peak shift of o,, [Figs. 6(a, b, ¢)]. It is noted that
the magnitude of momentum-resolved Berry curvature
Quy.nk remains unchanged at 6.3 for varying values of
hemp[Figs. 6(g, h, 1)]. This is because the energy differ-
ence between the spin 11 or || bands remains unchanged
[Figs. 6(j, k, 1)], and the orbital components of the rele-
vant bands remain the same [Figs. 6(m, n, o)] while the
magnetic mean field hpyp increases. Therefore, large o,
is achieved when the bands with large Berry curvature
are well separated, circumventing the cancellation be-
tween positive and negative contributions. Accordingly,
0.y Saturates when the spin splitting becomes sufficiently
large, minimizing the cancellation of Berry curvature.
On the other hand, o, under the AMD ordering shows
a step-function-like behavior with respect to the change
in hamp. Figures 5(b, ) and 5(d, h) illustrate o, and
M, as functions of u, respectively, for varying values of
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SOC constant is set to A = 0.05 for (a—d) and A = 0.2 for (e-h).
and (f) are analyzed in detail in Figs. 6 and 7, respectively.

hamp at A = 0.05 and 0.2. As shown in Fig. 5(f), where
the SOC is relatively strong (A = 0.2), 0, at p = —1
remains nearly zero for hayp < 0.6, increases sharply
around hayp ~ 0.6, and stays approximately constant
at 0.3 for hamp 2 0.6. Similarly, an abrupt increase in
Oy at 1t = —1 is seen at around hayvp = 0.1 to 0.2 in
Fig. 5(b) where the SOC is relatively weak (A = 0.05).
These abrupt change in 0., are presumably caused by
a competition between the magnetic mean field of the
AMD and the y component of the SOC, which can be
explicitly expressed as

N - V3 A
Hamp + Alysy = ( havp + = CZTCN

10 2

A
+ <_1OhAMD — 5 ch,CIT + h.C.7

(26)

where the sign change in the first term occurs at hayp =
5A/V3 ~ 2.9X\. In other words, there is a competi-
tion of the gap opening between the AMD mean field
and SOC, which is in contrast to the conventional FMD
case, where only the SOC becomes the origin of the
gap opening. This affects the sign of Berry curvature
at Ay to reverse, resulting in the cancellation of Berry
curvature for small hayp. This intuitive interpreta-
tion is confirmed in Fig. 7, which presents the cases of
havp = 0.4,0.58, and 0.8 as examples to demonstrate
the sign change in the Berry curvature and its impact on

The behaviors of 04y in the highlighted regions of panels (e)

Ogzy. When hayp = 0.4 and o = —1, the p,-p, crossing
in the |k, | < |k;| region leads to negative Berry curvature
[Fig. 7(g, m)], while the p,-p, crossing in the |k,| > |k;|
region leads to positive Berry curvature [Fig. 7(d)]. As a
result, Berry curvature between these two regions nearly
cancels out in the entire Brillouin zone, resulting in a
negligibly small o,, at p = —1 [Fig. 7(a)].

At hayp = 0.58 =~ 5 x 0.2/v/3 in Eq. (25), one of
the gap at A nearly closes; the magnitude of the Berry
curvature reaches approximately 10% at its maximum
[Fig. 7(h)]. Additionally, the region in the Brillouin zone
with negative Berry curvature shrinks [Fig. 7(e)], result-
ing in a finite value of o,y at p = —1 [Fig. 7(b)]. Then, as
hawmp increases to 0.8, Berry curvature in both |k, | < |kz|
and |k,| > |k;| regions becomes positive [Fig. 7(f)] result-
ing in a large o,y at 4 = —1 [Fig. 7(c)]. Note that during
the change in the Berry curvature, the spin components
[Fig. 7(j, k, 1)] and orbital components [Fig. 7(m, n, o)]
of the relevant bands remain nearly unchanged. Such
significant contributions to the anomalous Hall conduc-
tivity from the band crossings near the Fermi surface can
be applied to other models in AFMs when the low-energy
Hamiltonian resembles the present one. Especially, the
enhancement of the AHE when the magnitude of the SOC
is smaller than that of the magnetic mean field is a uni-
versal feature under the AMD ordering. We confirmed
that a similar qualitative tendency is obtained for dif-
ferent choices of the model parameters, as discussed in
Appendix A.
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(a—0).

As for M, its magnitude increases monotonically with
the magnetic mean field in both the FMD and AMD or-
derings [Figs. 5(c, d)]. Nevertheless, the magnitude of M,
in the AMD-ordered system is at least ten times smaller
than that in the FMD-ordered system. In contrast to
Oy, a step-function-like behavior is not observed in the
magnetization under the AMD ordering.

Figure 8 summarizes the data in Fig. 5 into the |M,|
and |o;y| in order to graphically show the overall ten-
dency of the magnetization and anomalous Hall conduc-
tivity under the FMD and AMD orderings. The overall
results clearly indicate that |o,,| under the AMD order-
ing is comparable to that under the FMD ordering, with
the much smaller [M,| in the former compared to that
in the latter. This means that large magnetization is not
necessary for the realization of a large AHE.

In addition, distinct trends are observed with changes
in A. For the weak SOC regime (A = 0.05) in Fig. 8(a),
the maximum values of |o,,| under the AMD ordering
exceed those under the FMD ordering for all the mag-
nitudes of the magnetic mean field (0.2, 0.5, and 0.8).
On the other hand, for the relatively large SOC regime
(A = 0.2) in Fig. 8(b), |04y| under the AMD tends to
be suppressed with its maximum values being smaller
than that under the FMD until the magnetic mean field
reaches 0.8. Besides, the magnetization under the AMD
ordering slightly increases with a larger SOC. This re-

sult implies that a small SOC, relative to the magnetic
mean field, is favorable for achieving a larger |og,| with
a smaller | M., |, under the AMD ordering.

Figure 9 shows 0,, and M. as a function of (X, hpmp)
or hamp at = —1. In the FMD-ordered system, o, in-
creases monotonically with respect to both hpyp and A,
as shown in Figs. 9(a) and 9(e). Meanwhile, M, increases
monotonically with hgpyp but is almost independent of
A, as shown in Figs. 9(c) and 9(g).

In contrast, in the AMD-ordered system, o, exhibits
an abrupt change at |hanp| = 5A/v/3, below which Oy 1S
canceled to zero, as shown in Figs. 9(b) and 9(f), which
presumably results from the competition between [yéy

and M. ;(SI), as discussed earlier in this section. For large
haMD, 04y takes constant values irrespective of A. These
features also hold for different choices of Slater—Koster
parameters, as shown in Appendix A, which indicate that
the abrupt change of the AHE at |hamp| = 5A/V/3 is
applicable for different situations when the Fermi surface
intersects the nodal rings, irrespective of their type (type-
I or type-II [51]). Here, a type-I (type-II) nodal ring
is characterized by a negative (positive) product of the
slopes of the crossing bands in the radial direction.

Finally, let us show the important model parameters
to induce the magnetization under the FMD and AMD

orderings by expanding the quantity M, = Tr[e_BﬁMz]



(a) hanp =0.4,A=0.2 (d) . Qyy (k) (2)
-0.5 ™ ~ v/ gloo 05
> 10
\Ay
2-1.0 <0 0 m-10
-10
-1.5 ; -7 -100 —15
0.2 0.0 0.2 0.4 - 0 ™
Oy k,
p= 1 oy
-0.5 ™ 5 v/ glooo 0.5
100
10
£ Ay
2-1.0 <0 # <110 ®-10
-10
-100
-1.5 ; -7 -1000 -15
0.2 0.0 0.2 0.4 - 0 P
Ty K,
(c) hanp =0.8,A=0.2 () . Q,,(k) (i)
-0.5 ™ 5 v/ gloo 0.5
10
= XAl
2-1.0 <0 : = 110 K10
-10
-1.5 : -7 -100 -15
0.2 0.0 0.2 0.4 -7 0 m
Oy k‘T
FIG. 7.

Doy ) 52k (m)
100 -0.5 0.5 -0.5 Pz
y
10 \ pl
- 1110 R-1.0 ,‘ 00 R-1.0
-10 V4 Dy
-100 —15 0.5 -15 D
'« A =X ' A =X ' A} =X
Q:ty. nk (k) sz, nk (Il)
10000 —0.5 ) 05 05 Da
/)
100 .
1110 R -1.0f 0.0 R-1.0
_ Dy
100 Va
-10000 —15 -0.5 -1.5 2
' A, =X ' A —X ' A —»X
Quy ik @ S- ik (0)
100 0.5 y 0.5 —05 Dz
/)
10 .
- 1110 R -1.0 . 1110.0 R -1.0
-10 / Py
4
-100  —ps5L2 0.5 -15 Pz
' A} =X ' A} —»X ' A} =X

(a, b, ¢) The anomalous Hall conductivity o4y as a function of the chemical potential p. (d, e, ) Momentum-resolved

Berry curvature 4y (k) at 4 = —1, mapped in the Brillouin zone. (g-0) Energy bands around the A; point mapped with the
following quantities: (g, h, i) the Berry curvature Qgy nk, (j, k, 1) the z-component of spin s. nk = (¥nk|3:|¥nk), and (m, n, o)
the orbital component >__ |(Pac|tnk)|*. The SOC constant is fixed at A = 0.2 for (a—0). The mean field of the FMD is set to
hrvp = 0 for (a—0). The mean field of the AMD is set to hamp = 0.4 for (a, d, g, j, m), hamp = 0.58 for (b, e, h, k, n), and

hamp = 0.8 for (c, £, i, 1, 0).

in terms of AH [52, 53]. The same technique has recently
been used to obtain the essential model parameters for
one-body physical quantities [54] and nonlinear conduc-
tivity tensors [55, 56]. In the FMD-ordered system, one
obtains

M pmp X hpmp. (27)
Meanwhile, in the AMD-ordered system, M, shows a dis-
tinct model parameter dependence as:

M, amp < haMD Az, (28)

where )\, represents the coefficient for the x component of
the SOC, i.e., we temporarily split the SOC Hamiltonian
into Za:%y,z Malad,. This is consistent with the results
shown in Figs. 9(d) and 9(h), where M, increases with
increasing hayp and A. Therefore, it is confirmed that
the SOC is essential for inducing magnetization under
the AMD ordering.

IV. SUMMARY

We theoretically investigated the AHE under the FMD
and AMD orderings by focusing on their similarity and

difference from the microscopic viewpoint. By examining
the momentum-resolved Berry curvature in each case, we
found that the dominant contributions to the AHE are
different, even though the magnitudes of Berry curva-
ture are similar. In the FMD-ordered system, the AHE
is dominated by the Berry curvature around the high-
symmetry points, such as the M and I" points, where the
spin splittings by the FMD order parameter give rise to
large AHE. On the other hand, in the AMD-ordered sys-
tem, o4, is enhanced when the band anticrossings occur
at the low-symmetry points. Accordingly, the chemical
potential dependence of the anomalous Hall conductivity
is different from each other. In addition, we found that
the total magnetization under the AMD ordering is much
smaller than that under the FMD ordering.

We also observed that in the FMD-ordered system, the
AHE increases with a larger FMD mean field but even-
tually saturates, whose behavior is accounted for by the
Zeeman-type spin splitting at high-symmetry points in
the Brillouin zone. When The mean field of the FMD is
small, the spin-degenerate bands with the opposite signs
of Berry curvature overlap and cancel out. As the mean
field of the FMD increases, the bands are well separated,
avoiding the cancellation of the Berry curvature, which
results in a large AHE. Meanwhile, the AHE saturates
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when the spin splitting is large enough since the mag-
nitude of AHE does not depend on the magnitude of
the mean field of the FMD. Therefore, the lifting of the
spin-degenerated bands is essential for inducing the AHE
under the FMD ordering. In other words, the emergence
of AHE is related to the uniform magnetization.

In contrast, in the AMD-ordered system, the AHE
shows a step-function-like behavior with the changes in

the magnetic mean field, hamp.

This behavior is at-

tributed to the opposite signs of the matrix elements of
the SOC and AMD mean field. As a result, the Berry cur-
vature at the band anticrossings changes its sign in part of
the Brillouin zone, depending on the relative magnitude

of the SOC and AMD mean field. Specifically, when the
SOC becomes smaller than the mean field of the AMD,
the AHE is enhanced, which can be larger than that un-
der the FMD ordering. Thus, one can expect a large
AHE without the total magnetization under the AMD

ordering.

Finally, let us discuss the candidate materials within

the present model.

One of the candidate materials is

EuZnSbs, which consists of a square-net layer of Sb p-
orbitals and Eu f-orbitals with opposite spins so as to
accompany the AMD with a @,,s, pattern. Since the
low-energy model of this compound is described as an
effective p-orbital model and a characteristic nodal ring is



found near the Fermi level [57, 58], the present result can
be applied to this material. The temperature-dependent
measurements of the T-vector and the AHE using x-ray
magneto-circular dichroism provide a test for the present
calculations.

Furthermore, our results can be applied to noncollinear
AFMs by considering the two-spin components in the
AMD expression. Since recent experiments have revealed
the ferroic alignment of T-vector in Mn3Sn with the non-
collinear AFM structure [45], the analysis of the AHE in
such a material from the AMD viewpoint would be useful
to understand the behavior of the AHE from the micro-
scopic viewpoint. Such an analysis for real materials can
be achieved by deriving the tight-binding model parame-
ters combined with the ab-initio calculations, which has
been recently developed based on the multipole represen-
tation [59]. Therefore, our findings will provide valuable
insights for future experiments in a wide range of AFM
materials, offering guidelines on controlling the anoma-
lous Hall conductivity in various magnetic materials, and
paving the way for new applications in AFM spintronics.
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Appendix A: Results for various Slater—Koster
parameters

In Figs. 10-13, we present results of the same type
of calculations as those in Fig. 9(b), including the
band structure, the chemical potential dependence of the
anomalous Hall conductivity, and its variation as a func-
tion of the magnetic mean field hayp and the SOC con-
stant A. These calculations are carried out for several rep-
resentative cases by varying the sets of Slater—Koster pa-
rameters. Specifically, Fig. 10 illustrates a case in which
the energy level of the nodal ring oscillates along its path.
In Fig. 11, the energy level at the M point aligns with that
of the nodal ring. Figure 12 presents a scenario where the
band crossing occurs at an oblique angle. Figure 13 shows
the emergence of two nodal rings on the Fermi surface.
Although the quantitative peak values of the anomalous
Hall conductivity differ among the figures, their quali-
tative behavior aligns with that described in Eq. (26),
particularly in the small-perturbation regime, provided
that the Fermi surface intersects the nodal rings.
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(a) Energy band mapped with the Berry curvature Q;y nk; see the Brillouin zone in Fig. 4(a) for the notation of the

horizontal axis. (b) Anomalous Hall conductivity oz, as a function of chemical potential p, calculated under AMD ordering
with Aamp = 0.6 and SOC constant A = 0.1. In panel (c), the chemical potential is set to u = 0.00. The Slater—Koster
parameters are fixed at tppe = 1.0, tppr = —0.01, t'ppo = 0.9, and t'ppm = —0.009.
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