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FREE PROBABILITY OF TYPE B PRIME

KATSUNORI FUJIE AND TAKAHIRO HASEBE

Abstract. Free probability of type B was invented by Biane–Goodman–Nica,

and then it was generalized by Belinschi–Shlyakhtenko and Février–Nica to
infinitesimal free probability. The latter found its applications to eigenval-
ues of perturbed random matrices in the work of Shlyakhtenko and Cébron–
Dahlqvist–Gabriel. This paper offers a new framework, called “free probability

of type B1 ”, which appears in the large size limit of independent unitarily in-
variant random matrices with perturbations. Our framework is related to
Boolean, free, (anti)monotone, cyclic-(anti)monotone and conditionally free
independences. We then apply the new framework to the principal minor of

unitarily invariant random matrices, which leads to the definition of a multi-
variate inverse Markov–Krein transform and asymptotic infinitesimal freeness
of principal minors.

1. Introduction

1.1. Backgrounds. Voiculescu initiated free probability theory in the 1980s to
attack the famous free group factor isomorphism problem in operator algebras.
This theory is an analogue of probability theory in which a probability space is
replaced by a noncommutative probability space (ncps for short) and independence
is replaced by free independence (or freeness), see Subsection 1.3. Intensive work
on free probability led to numerous connections to other fields, e.g., asymptotic
freeness in random matrix theory [23, 38] and theory of cumulants governed by
combinatorics of noncrossing partitions [35]. Note that noncrossing partitions may
be called of type A because it can be somehow associated with symmetric groups,
the Coxeter groups of type A [13].

On the other hand, in 1997 Reiner introduced noncrossing partitions of type B
associated with hyperoctahedral groups, the Coxeter groups of type B [33]. Moti-
vated by this work, in 2003, Biane et al. constructed a theory called free probability
of type B [14]. This was a new framework of noncommutative probability. They in-
troduced type B free cumulants and a notion of independence and then proved that
the vanishing of mixed cumulants is equivalent to independence. Combinatorics of
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2 KATSUNORI FUJIE AND TAKAHIRO HASEBE

free cumulants of type B are governed by noncrossing partitions of type B. When
contrasting the difference, we call the standard framework of free probability that of
type A in this paper. Free probability of type B has then attracted attention. Belin-
schi and Shlyakhtenko introduced the notion of infinitesimal ncps and infinitesimal
freeness and studied its relation to type B free probability [9]. Its analytic aspect
was intensively studied, where free subordination functions played a prominent role
to describe type B free convolution. Then Février and Nica developed infinitesimal
freeness from combinatorial aspects [24]: they defined the infinitesimal cumulants
and discovered the vanishing of them is equivalent to infinitesimal freeness; they
associated the infinitesimal ncps with a ncps of type B, in which situation infinites-
imal freeness and type B freeness are equivalent. Note that the terms “type B” and
“infinitesimal” are sometimes used for the same meaning due to the circumstances
described above, so attention should be paid to the context. In the present paper,
distinguishing these terms is crucial.

Infinitesimal free probability found its applications to random matrices. We
briefly overview known results. Random matrices perturbed by finite rank matri-
ces are known to show interesting behaviors: such a random matrix may have a
finite number of eigenvalues (“outliers”) away from the other eigenvalues. Out-
liers typically appear as soon as the perturbation is bigger than a certain threshold.
This phenomenon is called the BBP phase transition, named after Baik, Ben Arous,
Péché because of their seminal paper [6]. Finite rank perturbation of unitarily in-
variant random matrices was studied by Benaych-Georges and Nadakuditi [11],
whose results were later extended to the case of sums of spiked models by Belin-
schi et al. [5]. Shlyakhtenko found a connection between infinitesimal freeness and
random matrices with finite rank perturbation and gave an explanation of the ap-
pearance of outliers of random matrices [34]. Cébron, Dahlqvist and Gabriel [17]
proved a surprising relation between outliers of random matrices and conditional
freeness of Bożejko, Leinert and Speicher [15, 16] by using vector states. In 2018,
Collins, Hasebe, and Sakuma gave an abstract framework to Shlyakhtenko’s afore-
mentioned work and named the calculation rule of moments cyclic-monotone inde-
pendence because of its resemblance with monotone independence [20]. Not only
being similar, cyclic-monotone independence is directly connected to monotone in-
dependence: Arizmendi, Hasebe and Lehner proved that the canonical operator
model for monotone independence on the tensor product Hilbert space satisfies
cyclic-monotone independence with respect to the vacuum state and the trace [4];
Cébron, Dahlqvist, and Gabriel showed how monotone independence appears from
cyclic-monotone independence in an abstract setting [17]; Collins, Leid and Sakuma
constructed matrix models for monotone independence and cyclic-monotone inde-
pendence [21].

Although work on outliers of perturbed models is mainly devoted to sums and
multiplications, some results on polynomials on unitarily invariant random matri-
ces with perturbation are obtained by Belinschi, Bercovici and Capitaine [7]. For
models having only discrete spectra, Arizmendi and Celestino gave an algorithm
for computing eigenvalues of polynomials on asymptotically cyclic-monotone inde-
pendent random matrices [2], and Collins et al. gave an algorithm for computing
fluctuations of eigenvalues of polynomials on trivially independent1 random matri-
ces [19].

1See Definition 2.2 of the present paper.
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The purpose of the present paper is to offer a better understanding of the devel-
opments mentioned above.

1.2. Overview of main results and structure of the paper. In this paper, we
provide a comprehensive framework “type B 1 ncps” to describe random matrices
with perturbation. This framework arises from the random matrix models

tUiAiU
˚
i ` Fiui“1,2 and(1.1)

tUiAiU
˚
i ` ViFiV

˚
i ui“1,2,(1.2)

where Ai “ A
pNq
i and Fi “ F

pNq
i are deterministic matrices in MN pCq, Fi are of

uniformly bounded ranks and tU1, U2, V1, V2u are independent Haar unitary matri-
ces.2 We assume that, in the large N limit, the “main parts” UiAiU

˚
i converge in

distribution (with respect to the normalized trace) to elements ai in a unital algebra
A, and the “perturbation parts” Fi converge in distribution (with respect to the
nonnormalized trace) to elements fi in an A-algebra F . The sums UiAiU

˚
i ` Fi

then converge (in a suitable sense) to ai ` fi P A ‘ F , which we also denote by
pai, fiq to distinguish the main part and perturbation. The relationship between ai
and fi is described in a way quite similar to type B free probability (in the sense
of Biane, Goodman and Nica [14]) but slightly different. More precisely, in both
frameworks of type B and of type B1, a random variable consists of its main part
and perturbation part, denoted as a pair pa, fq P A ‘ F as above. The difference
appears in the multiplication rule. In the type B setting, the perturbation part f
is considered to be “infinitesimal”, so that multiplication is defined by

pa1, f1q ¨ pa2, f2q :“ pa1a2, a1f2 ` f1a2q.

By contrast, in our new framework of type B1, the second component f represents
a finite rank matrix, so that the multiplication rule is

pa1, f1qpa2, f2q :“ pa1a2, a1f2 ` f1a2 ` f1f2q,

i.e., the product of perturbations is not neglected. This is natural because the
product F1F2 of finite rank matrices F1, F2 might still be comparable with A1F2

and F1A2 in the large N limit, e.g., in case F1 “ F2 is a rank one projection and
A1 and A2 are the identity matrix. See Subsections 2.1 and 2.2 for further details.

The asymptotic behavior of the models (1.1) and (1.2) naturally yields two re-
spective notions of independence “weak B1-freeness” and “B1-freeness” for abstract
random variables pa1, f1q and pa2, f2q. The former notion stands for the situation
where a1 and a2 are free and pxa1, a2y, xf1, f2yq is cyclic-antimonotone.3 The latter
notion, B1-freeness, additionally requires that the product f1f2 behaves like the
zero element (in which case we call f1 and f2 to be trivially independent), but does
not require fni (n ě 2) to behave like zero. The asymptotic trivial independence
of tViFiV

˚
i ui“1,2 was already pointed out in [20, Proposition 4.11]. See Subsection

2.3 for detailed definitions of the two notions of independence and see Subsection
2.4 for asymptotic independence of our random matrix models (1.1) and (1.2).

2The setting here is simplified so that a core idea can be easily grasped; results in later sections
will be proved in a more general setting, e.g., the index is more general and the ranks of Fi are

not necessarily uniformly bounded.
3We mostly use the term “cyclic-antimonotone” instead of “cyclic-monotone”, see the texts

following Definition 2.4 for the reason.
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The framework of type B1 is intimately connected to infinitesimal freeness and
infinitesimally free cumulants. In Section 3 we prove that B1-freeness and its weak
version can be characterized in terms of infinitesimal freeness (Theorem 3.5).

Weak B1-freeness turns out to be connected to conditional freeness of Bożejko,
Leinert and Speicher [15, 16]. More precisely, in Section 4 we prove that if pa1, f1q

and pa2, f2q are weakly B1-free, then the conditional freeness of pa1, f1q and pa2, f2q

with respect to suitable linear functionals is equivalent to the Boolean independence
(instead of trivial independence) of f1 and f2 (Theorem 4.3). Note that several
different connections of infinitesimal freeness and conditional freeness are pointed
out in the literature [9, 17, 25].

As an application of type B1 free probability, in Section 5 we study the principal
submatrix of unitarily invariant random matrices. Février and Nica’s infinitesimal
analysis of free compressions fits very well in this model. The principal submatrix
of A P MN pCq can be written as PAP , where P “ diagp1, 1, . . . , 1, 0q. The projec-
tion P is almost the identity matrix in the large N limit, but in the infinitesimal
framework we can distinguish P from the identity matrix in the large N limit. It
is quite interesting that the inverse Markov–Krein transform appears in the cal-
culations of infinitesimal distributions.4 This was already observed in [27] for the
single variate case. In the present paper, we propose a notion of a “multivariate
inverse Markov–Krein transform.” We also prove an asymptotic infinitesimal free-
ness for the principal minors, which shows our type B1 setting is appropriate for
understanding principal minors.

In the rest of this section, we introduce preliminary materials required in this
paper.

1.3. Freeness. Throughout this paper, we assume that pA, φq is a noncommutative
probability space (abbreviated to ncps as already mentioned): A is an algebra over
C with unit 1A and φ is a unital linear functional on A. It is common to assume
additional structures on pA, φq, e.g., A is a ˚-algebra or C˚-algebra, φ is a state or
φ is tracial; however, a large part of this paper does not require these additional
structures.

Before going into discussions, we introduce technical notations which are useful
for simplifying various descriptions. For an index set I and natural numbers n P N,
we define the sets of alternating sequences

Ipnq :“ tpi1, i2, . . . , inq P In | i1 ‰ i2 ‰ ¨ ¨ ¨ ‰ inu pn ě 2q, Ip1q :“ I and

Ip8q :“
ď

nPN
Ipnq,

where i1 ‰ i2 ‰ ¨ ¨ ¨ ‰ in denotes the situation that the neighboring indices are
distinct, i.e., ik ‰ ik`1 for all 1 ď k ď n´ 1. Let pAiqiPI be a family of subalgebras
of A containing 1A. Every subalgebra Ai has the canonical decomposition Ai “

Åi ‘ C1A (as vector spaces) given by a “ å` φpaq1A for a P Ai, where Åi :“ ta P

Ai | φpaq “ 0u denotes the set of centered elements. We introduce the abbreviations

Ai :“ Ai1 ˆ Ai2 ˆ ¨ ¨ ¨ ˆ Ain and Åi :“ Åi1 ˆ Åi2 ˆ ¨ ¨ ¨ ˆ Åin

for i “ pi1, i2, . . . , inq P Ip8q.

4The Markov–Krein transform also appears in other contexts of random matrices, see [3, 30].
For more applications of Markov–Krein transform, the reader is referred to [27, 29] and the

references therein.
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Definition 1.1 ([37]). A family of subalgebras pAiqiPI of A containing 1A are
said to be freely independent (or free) in pA, φq if φpa1a2 ¨ ¨ ¨ anq “ 0 holds for any

i “ pi1, i2, . . . , inq P Ip8q and any pa1, a2, . . . , anq P Åi.

1.4. Boolean, monotone, antimonotone and c-free independences.

Definition 1.2 ([36]). Subalgebras pAiqiPI of A (not necessarily containing 1A)
are called Boolean independent if

(B) φpa1a2 ¨ ¨ ¨ anq “ φpa1qφpa2q ¨ ¨ ¨φpanq whenever i “ pi1, i2, . . . , inq P Ip8q and
pa1, a2, . . . , anq P Ai.

It immediately follows from the definition that Boolean independence demands
that φ is nontracial and each subalgebra Ai does not include 1A unless in trivial
situations.

Definition 1.3 ([31]). A pair of subalgebras pA1,A2q of A (not necessarily con-
taining 1A) is called monotonically independent if

(M) φpy0x1y1x2y2 ¨ ¨ ¨xnynq “ φpx1x2 ¨ ¨ ¨xnqφpy0qφpy1q ¨ ¨ ¨φpynq for all x1, x2,
. . . , xn P A1 and y0, y1, . . . , yn P xA2, 1Ay.

In this situation we also say that the reversed pair pA2,A1q is antimonotonically
independent.

Consider another unital linear functional ψ on A. A generalization of freeness
and Boolean independence was introduced in [16] referring to pA, φ, ψq.

Definition 1.4 ([15, 16]). Subalgebras pAiqiPI of A containing 1A are called con-
ditionally free (often abbreviated to c-free) if they are free with respect to φ and

(CF) ψpa1a2 ¨ ¨ ¨ anq “ ψpa1qψpa2q ¨ ¨ ¨ψpanq whenever n P N, pi1, i2, . . . , inq P Ipnq

and aj P Aij such that φpajq “ 0 (1 ď j ď n).

Note that if pAiqiPI are c-free then ψæxAi:iPIy is uniquely determined by tφæAi
|

i P Iu and tψæAi | i P Iu.

1.5. Infinitesimal freeness.

Definition 1.5 ([24]). Suppose that B is a unital algebra over C and φ,φ1 : B Ñ C
are linear maps with φp1Bq “ 1, φ1p1Bq “ 0. We call pB, φ, φ1q an infinitesimal ncps.

For each subalgebra B1 of B we denote by B̊1 the subspace tb P B1 : φpbq “ 0u.

Definition 1.6 ([24, Definition 1.1]). Let pB, φ, φ1q be an infinitesimal ncps and
let pBiqiPI be subalgebras of B containing the unit of B. We will say that pBiqiPI
are infinitesimally free with respect to pφ,φ1q if the following condition is satisfied:

(IF) For every i “ pi1, i2, . . . , inq P Ip8q and pb1, b2, . . . , bnq P B̊i we have
φpb1b2 ¨ ¨ ¨ bnq “ 0 and

(1.3) φ1pb1b2 ¨ ¨ ¨ bnq “

$

’

’

’

’

&

’

’

’

’

%

φ1pbpn`1q{2q

pn´1q{2
ź

k“1

φpbkbn´k`1q if n is odd and

i1 “ in, i2 “ in´1, . . . , ipn´1q{2 “ ipn`3q{2,

0, otherwise.

Biane, Goodman, Nica’s ncps of type B and the present paper’s new framework
ncps of type B1 will provide examples of infinitesimal ncps, see Subsection 2.2.
Moreover, the freeness of type B is equivalent to infinitesimal freeness [24, Formula
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(2.2)], and also the freeness of type B1 is closely related to infinitesimal freeness,
see Theorem 3.5.

1.6. Free cumulants and infinitesimal free cumulants. Let NCpnq denote the
set of noncrossing partitions of rns :“ t1, 2, . . . , nu and µn the Möbius function on
the poset NCpnq. The maximum and minimum elements are denoted by 1n “ trnsu

and 0n “ ttku | k P rnsu, respectively. More generally, we sometimes consider
the set of noncrossing partitions NCpLq on a finite linearly ordered set L, which is
defined in the obvious way.

Let pB, φ, φ1q be an infinitesimal ncps. Let G be the algebra Crεs{pε2q where ε
is an indeterminate and let rφ : B Ñ G be defined as follows:

rφpbq “ φpbq ` εφ1pbq, b P B.

The standard theory of free cumulants (see e.g. [32]) works for G-valued ncps pB, rφq

with the same arguments. Then one can define infinitesimal free cumulants by
looking at the coefficient of ε1 of the G-valued free cumulants. For the reader’s
convenience, an overview is provided below.

Definition of cumulants. We define the multilinear functionals rφn : Bn Ñ G by

rφnrb1, b2, . . . , bns :“ rφpb1b2 ¨ ¨ ¨ bnq

for n P N, bi P B (1 ď i ď n). Then the family p rφnqnPN is multiplicatively extended
to p rφπ : Bn Ñ GqnPN, πPNCpnq as follows:

(1.4) rφπ :“
ź

V Pπ

rφæV , where rφæV rb1, b2, . . . , bns :“ rφkrbi1 , bi2 , . . . , bik s

for a nonempty subset V “ ti1, i2, . . . , iku Ď rns with i1 ă i2 ă ¨ ¨ ¨ ă ik. The
coefficients ε0 and ε1 of rφ are denoted by pφπ : Bn Ñ Cq and pφ1

π : Bn Ñ Cq,
respectively:

(1.5) rφπ “ φπ ` εφ1
π, π P NCpnq.

This definition leads to the multiplicativity

φπ “
ź

V Pπ

φæV , π P NCpnq

that appears in type A free probability. By contrast, the formula for φ1
π is very

different and is given by

(1.6) φ1
π “

ÿ

V Pπ

φ1æV

ź

WPπztV u

φæW .

The prime operation thus behaves like differentiation. Since πztV u can be regarded
as a noncrossing partition on the totally ordered set rnszV , formula (1.6) can also
be written in the concise form

φ1
π “

ÿ

V Pπ

φ1æV φπztV u.

Let µn be the Möbius function on NCpnq. TheG-valued free cumulants prκπ : Bn Ñ

GqπPNCpnq,nPN are defined by

(1.7) rκπ :“
ÿ

σPNCpnq
σďπ

rφσµnpσ, πq, π P NCpnq.
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The multilinear functionals pκπ : Bn Ñ CqπPNCpnq,nPN and pκ1
π : Bn Ñ CqπPNCpnq,nPN,

defined by

(1.8) rκπ “ κπ ` εκ1
π,

are respectively called the free cumulants and infinitesimal free cumulants.

Moment-cumulant formulas. Imitating the proofs of the C-valued case, we obtain
the formulas

rφπ “
ÿ

σďπ

rκσ and(1.9)

rκπ “
ź

V Pπ

rκæV(1.10)

for all π P NCpnq. Equations (1.7) and (1.9) are called the (G-valued) moment-
cumulant formulas. Comparing the coefficients of ε0 and ε1 in formulas (1.7), (1.9)
and (1.10) yields the formulas

κπ “
ÿ

σďπ

φσµnpσ, πq and φπ “
ÿ

σďπ

κσ,(1.11)

κ1
π “

ÿ

σďπ

φ1
σµnpσ, πq and φ1

π “
ÿ

σďπ

κ1
σ,

κπ “
ź

V Pπ

κæV and κ1
π “

ÿ

V Pπ

κ1æV

ź

WPπ,W‰V

κæW .(1.12)

1.7. Distributions and convolutions. Let pB, φ, φ1q be an infinitesimal ncps.
A linear functional µ : Crxs Ñ C is called a distribution. If µ, ν : Crxs Ñ C are

linear functionals with µp1q “ 1 and νp1q “ 0 then the pair pµ, νq is called an
infinitesimal distribution.

For b P B the linear functional µb : Crxs Ñ C defined by µbpxnq :“ φpbnq, n P

N Y t0u is called the distribution of b with respect to φ. Moreover, together with
the linear functional µ1

b : Crxs Ñ C defined by µ1
bpxnq “ φ1pxnq, x P N Y t0u, the

pair pµb, µ
1
bq is called the infinitesimal distribution of b with respect to pφ,φ1q.

Suppose that b1, b2 P B have distributions µ1, µ2 with respect to φ, respectively.
If b1, b2 P B are free, monotone, antimonotone and Boolean independent with re-
spect to φ, then the distribution of b1`b2 is called the free, monotone, antimonotone
and Boolean convolution of µ1, µ2 and are denoted by µ1 ‘ µ2, µ1 ▷ µ2, µ1 ◁ µ2

and µ1 Z µ2, respectively. Note that µ1 ▷ µ2 “ µ2 ◁ µ1 by definition.
If b1, b2 P B are infinitesimally free with respect to pφ,φ1q having infinitesimal

distributions pµ1, µ
1
1q, pµ2, µ

1
2q, respectively, then the distribution of b1 ` b2 with re-

spect to φ1 is called the infinitesimal free convolution and is denoted by µ1
1 µ1

‘ 1
µ2
µ1
2.

We also call the binary operation pµ1, µ
1
1q ‘ pµ2, µ

1
2q :“ pµ1 ‘ µ2, µ

1
1 µ1

‘ 1
µ2
µ1
2q the

infinitesimal free convolution.
Likewise, let ψ be a unital linear functional on B and ν1, ν2 be the distributions

of b1, b2 with respect to ψ, respectively. If b1, b2 P B are c-free with respect to pφ,ψq

then the distribution of b1 ` b2 with respect to ψ is called the c-free convolution
and is denoted by ν1 µ1

‘µ2
ν2. In the above two cases the distribution of b1 ` b2

with respect to φ is the free convolution µ1 ‘ µ2.
In this paper we also work with another convolution called cyclic-antimonotone

convolution. It will be defined later in Corollary 3.2 since we need some more
preparation.
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For computing convolutions, useful machineries are the Cauchy transform Gµ

and its reciprocal Fµ of a distribution µ:

Gµpzq “

8
ÿ

n“0

µpxnq

zn`1
and Fµpzq “

1

Gµpzq
,

both defined as formal Laurent series. The formal compositional inverse of Fµpzq

is denoted by F´1
µ pzq. With the above notation, free, Boolean and monotone con-

volutions are characterized by

F´1
µ1‘µ2

pzq “ F´1
µ1

pzq ` F´1
µ2

pzq ´ z, [12, Corollary 5.8]

Fµ1Zµ2
pzq “ Fµ1

pzq ` Fµ2
pzq ´ z, [36](1.13)

Fµ1▷µ2
pzq “ Fµ1

˝ Fµ2
pzq. [31, Theorem 3.1](1.14)

According to [28, Proposition 5.2] or [8, Proposition 3] the following formula holds:

(1.15) Fν1µ1
‘µ2

ν2 “ Fν1 ˝ ω1 ` Fν2 ˝ ω2 ´ Fµ1‘µ2 ,

where ωi :“ F´1
µi

˝ Fµ1‘µ2 . Finally, infinitesimal free convolution is characterized
by [9, Proposition 20]

(1.16) Gν1 µ1‘ 1
µ2

ν2
pzq “ Gν1

pω1pzqqω1
1pzq `Gν2

pω2pzqqω1
2pzq.

2. Framework and random matrix models

2.1. Ncps of type B1, trivial independence and cyclic-antimonotone inde-
pendence.

Definition 2.1. (i) Let F be a C-algebra and Φ: F Ñ C be a linear functional.
The pair pF ,Φq is called a noncommutative measure space.

(ii) Let pF ,Φq be a noncommutative measure space such that F is an A-algebra,
i.e., F is an algebra having an A-bimodule structure consistent with F ’s own
multiplication. Then the tuple pA, φ,F ,Φq is called a noncommutative prob-
ability space of type B prime (abbreviated to ncps of type B 1).

As in the case of ordinary ncps, we may put more assumptions on F and Φ, e.g.,
Φ is positive if F is a ˚-algebra, or Φ is tracial. In this paper, however, we do not
need such assumptions.

A typical situation is that A is the ˚-algebra MN pCq of matrices of size N , F is
the ˚-algebra of matrices MN pCq of uniformly bounded rank, φ is the normalized
trace and Φ is the nonnormalized trace on MN pCq. In this case, of course F is
naturally a subalgebra (even an ideal) of A, but in the present paper it is very
important to treat A and F as separate algebras. By doing so we can distinguish
main part and perturbation part and then we can define appropriate two linear
functionals, see Definition 2.6.

We define two notions of independence.

Definition 2.2. Let pF ,Φq be a noncommutative measure space. Subalgebras
pFiqiPI of F are said to be trivially independent with respect to Φ if Φpf1f2 ¨ ¨ ¨ fnq “

0 holds for every n ě 2, i P Ipnq and every pf1, f2, . . . , fnq P Fi.

Remark 2.3. The notion of trivial independence already appeared in the work of
Ben Ghorbal and Schürmann [10] under the name of “degenerate product”, which
is an obvious example of associative universal product.
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Definition 2.4. Let pA, φ,F ,Φq be a ncps of type B1, A1 a subalgebra of A
containing 1A and F1 a subalgebra of F . The pair pA1,F1q is said to be cyclic-
antimonotone independent if

(2.1) Φpa0f1a1f2 ¨ ¨ ¨ an´1fnanq “ φpa0anq

«

ź

1ďiďn´1

φpaiq

ff

Φpf1f2 ¨ ¨ ¨ fnq

for n P N, a0, . . . , an P A1, f1, . . . , fn P F1.

The concept of cyclic-monotone independence was formulated by Collins, Hasebe
and Sakuma [20] abstracting calculations by Shlyakhtenko [34]. We have cho-
sen the term “cyclic-antimonotone” because we prefer to write pA1,F1q instead
of pF1,A1q, the latter of which would deserve to be called cyclic-monotone inde-
pendence, cf. Definition 1.3. Other models of cyclic-(anti)monotone independence
are provided by Collins, Leid and Sakuma [21] and Arizmendi, Hasebe and Lehner
[4]. Notably, the definition of cyclic-monotone independence in [4] was given for
any number of subalgebras, not limited to two subalgebras. However, in the present
paper we only discuss cyclic-antimonotone independence for a pair of subalgebras.

Remark 2.5. Some technical comments on cyclic-antimonotone independence are
worth noting here.

(a) Our definition is more or less the same as that of [17, Definition 2.15], but is
different from [4, Definition 7.2] because we select the factor φpa0anq instead
of φpana0q in (2.1). Of course, this does not matter if φ is tracial, which is
assumed in [20, 21]. However, in the operator model in [4, Example 7.1] φ can
be nontracial although Φ is tracial.

(b) Except for trivial cases, if F1 is closed with respect to the action of A1 then the
pair pA1,F1q cannot be cyclic-antimonotone independent. Assuming to the
contrary that pA1,F1q is cyclic-antimonotone independent and A1F1A1 Ď F1,
we deduce for a0, a1 P A1 and f P F1 that Φpa0fa1q “ φpa0a1qΦpfq; on the
other hand, due to the fact a0f P F1,

Φpa0fa1q “ Φppa0fqa1q “ φpa1qΦpa0fq “ φpa0qφpa1qΦpfq.

Therefore, either φæA1
is a homomorphism or ΦæF1

is the zero map.

(c) Except for trivial cases, if pA1,F1q is cyclic-antimonotone independent and Φ
is tracial on F1 then φ is tracial on A1. For example, if there exists f P F1

with Φpf2q ‰ 0 then for every a1, a2 P A1 we have

φpa1a2qΦpf2q “ Φpa1f
2a2q “ Φppfa2qpa1fqq “ φpa2a1qΦpf2q,

and hence φpa1a2q “ φpa2a1q. Note that this remark does not apply to the
definition of cyclic-monotone independence in [4], see also (a) above.

2.2. The infinitesimal ncps associated with ncps of type B1. To describe
a limiting behavior of random matrices with perturbation, we formulate a special
type of infinitesimal ncps.

Definition 2.6. Let pA, φ,F ,Φq be a ncps of type B1.

(i) We construct the unital algebra AxFy :“ A ‘ F with multiplication

(2.2) pa1, f1qpa1, f2q :“ pa1a2, a1f2 ` f1a2 ` f1f2q for pa1, f1q, pa2, f2q P A‘F .
Via the obvious embeddings of A and F into AxFy, we often regard A and F
as subalgebras of AxFy. With this convention, we may write a` f instead of
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pa, fq P AxFy and call a the main term and f the perturbation term of a` f .
It is clear that the unit 1A of A is also the unit of AxFy. In this paper AxFy

is often denoted by B and its elements are denoted by b “ a` f .

(ii) With a slight abuse of notation, we define

(2.3) φpa` fq :“ φpaq and φ1pa` fq :“ Φpfq for a` f P AxFy .

We call pAxFy, φ, φ1q the infinitesimal ncps associated with pA, φ,F ,Φq. The
definition of φ1 is motivated by a random matrix model, see Remark 2.12.

The definition of ncps of type B1 is quite similar to that of type B by Biane,
Goodman and Nica. For comparison, the definition of the latter is given below.
The main difference is (2.2) and (2.4): the multiplication of perturbation terms
always vanishes in the type B case although it need not in the type B1 case.

Definition 2.7 (Definition in [14, Subsection 6.1]). A ncps of type B is a system
pA, φ,V, fq, where

(1) pA, φq is a ncps,

(2) V is an A-bimodule and f : V Ñ C is a linear functional.

A ncps of type B pA, φ,V, fq associates the link-algebra, which is the vector
space M “ A ‘ V equipped with the associative product

(2.4) pa, ξq ¨ pb, ηq :“ pab, aη ` ξbq,

and the linear functionals E,E1 : M Ñ C by

Epa, ξq :“ φpaq and E1pa, ξq :“ fpξq.

Then pM,E,E1q is an infinitesimal ncps.

2.3. Weak B1-freeness and B1-freeness. We consider a mixture of freeness and
cyclic-antimonotone independence, abstracting the relationships between indepen-
dent, rotationally invariant random matrices and finite-rank (or trace-class) per-
turbations.

In this subsection, we keep the setting of Definition 2.6: pA, φ,F ,Φq denotes
a ncps of type B1 and pB “ A xFy, φ, φ1q the infinitesimal ncps associated with
pA, φ,F ,Φq.

Definition 2.8. Let pAiqiPI be subalgebras of A containing 1A and pFjqjPJ be
subalgebras of F . We say that the pair ppAiqiPI , pFjqjPJq is weakly B 1-free if

(F) pAiqiPI are free with respect to pA, φq and

(CM) the pair pxAi : i P Iy, xFj : j P Jyq of subalgebras generated by tAiuiPI and
tFjujPJ is cyclic-antimonotone independent with respect to pA, φ,F ,Φq.

If this is the case then at the level of infinitesimal ncps, the restriction of φ1 to the
subalgebra xAi,Fj : i P I, j P Jy Ď B is uniquely determined by φæAi , i P I and
φ1æxFj :jPJy.

Definition 2.9. Let pAiqiPI be subalgebras of A containing 1A and pFjqjPJ be
subalgebras of F . We say that the pair ppAiqiPI , pFjqjPJq is B 1-free if

(wB1) ppAiqiPI , pFjqjPJq is weakly B1-free and

(T) pFjqjPJ are trivially independent.

If this is the case then the restriction of φ1 to the subalgebra xAi,Fj : i P I, j P

Jy Ď B is uniquely determined by φæAi
, i P I and φ1æFj

, j P J .
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We often consider the case I “ J . In this case, we write pAi,FiqiPI instead of
ppAiqiPI , pFiqiPIq.

Definition 2.10. For a family of subsets pSiqiPI of A and subsets pTiqiPI of F ,
we say that the family pSi, TiqiPI is weakly B1-free if pAi,FiqiPI is weakly B1-free,
where Ai is the subalgebra of A generated by 1A and Si, and Fi is the subalgebra
of F generated by Ti. In the same way we also define B1-freeness for pSi, TiqiPI .

2.4. Models from perturbed random matrices. Throughout this subsection,

k P N is fixed and pX
pNq
i,j qiPrks,jPJi

and pG
pNq
i,j qiPrks,jPJi

are families of deterministic

matrices in MN pCq.5 Also, we assume that for each i P rks, the family pX
pNq
i,j qjPJi

converges in distribution with respect to the normalized trace trN . This means
that for any i P rks and j1, j2, . . . , jn P Ji, n P N, the following limit exists in C:

(2.5) lim
NÑ8

trN pX
pNq
i,j1

X
pNq
i,j2

¨ ¨ ¨X
pNq
i,jn

q.

Later, we will also put assumptions on pG
pNq
i,j qiPrks,jPJi

depending on random matrix
models.

To describe the limiting distributions of our random matrix models, we introduce
the unital algebra

B :“ Cxxi,j , gi,j : i P rks, j P Jiy,

where xi,j , gi,j pi P rks, j P Jiq are noncommuting indeterminates. Let A be the
subalgebra of B generated by t1B, xi,j : i P rks, j P Jiu and let F be the subalgebra
of B consisting of polynomials in B such that every monomial contains at least one
factor gi,j . We can also write F :“ Axgi,j : i P rks, j P Jiy0 in the notation of
Definition 4.1. Note that B can be naturally identified with AxFy.

Asymptotic weak B1-freeness. Moreover, let pU
pNq
i qiPrks be a family of independent

Haar unitary random matrices in MN pCq and suppose that for any i1, i2, . . . , in P

rks, j1 P Ji1 , . . . , jn P Jin , the limit

(2.6) lim
NÑ8

TrN pG
pNq
i1,j1

G
pNq
i2,j2

¨ ¨ ¨G
pNq
in,jn

q

exists, where TrN is the nonnormalized trace. For notational simplicity, we often
omit the superscripts pNq below.

Theorem 2.11. Assume conditions (2.5) and (2.6). For any P “ P pxi,j , gi,j : i P

rks, j P Jiq P B and Q “ Qpxi,j , gi,j : i P rks, j P Jiq P F the following limits exist:

φpP q :“ lim
NÑ8

E ˝ trN pP pUiXi,jU
˚
i , Gi,j : i P rks, j P Jiqq,(2.7)

ΦpQq :“ lim
NÑ8

E ˝ TrN pQpUiXi,jU
˚
i , Gi,j : i P rks, j P Jiqq.(2.8)

Convergences on the right-hand sides of (2.7) and (2.8) also hold almost surely
without taking the expectations. Moreover, the family ptxi,jujPJi

, tgi,jujPJi
qiPrks is

weakly B1-free in pA, φæA,F ,Φq.

5There is no difficulty in generalizing the results of this subsection to general index sets I

instead of rks. Nevertheless we prefer to choose rks for clear statements of asymptotic freeness.
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Proof. By (2.6), for any polynomial Rpgi,j : i P rks, j P Jiq without a constant term,

(2.9) lim
NÑ8

trN pRpGi,jqq “ 0.

Therefore, the family

ptU1X1,jU
˚
1 ujPJ1

, tU2X2,jU
˚
2 ujPJ2

, . . . , tUkXk,jU
˚
k ujPJk

, tGi,juiPrks,jPJi
q

is asymptotically free with respect to E ˝ trN (see [22, Corollary 3.4]) and hence
(2.7) exists. Note that the monomials of P containing some gi,j as a factor do not
contribute to the limit because of (2.9). Also, the almost sure version of (2.7) is
a consequence of almost sure asymptotic freeness [22, Theorem 3.7 and Remark
3.10]. The convergences (2.8) and its almost sure version are exactly [20, Theorem
4.8] and [20, Theorem 4.9], respectively. The last assertion follows from discussions
and calculations above. □

The previous theorem allows us to define the linear functionals φ : B Ñ C and
Φ: F Ñ C, thus providing a ncps of type B1 pA, φæA,F ,Φq. Because of (2.9) we
have φ “ φæA ‘ 0. This further associates the infinitesimal ncps pB, φ, φ1q. Recall
that φ1 is defined on B as φ1 “ 0 ‘ Φ.

Remark 2.12. The definition of φ1 can also be given by the limit

φ1pP q “ lim
NÑ8

TrN rP pUiXi,jU
˚
i , Gi,j : i P rks, j P Jiq´

P pUiXi,jU
˚
i , 0 : i P rks, j P Jiqs, P P B,

i.e., it is the limit of the nonnormalized trace computed after removing the main
part (the monomials of P that do not contain gi,j ’s).

The construction of infinitesimal ncps can also be done at the level of random
matrices, which leads to the following reformulation of Theorem 2.11. We only
state the almost sure version.

Corollary 2.13. Let BN :“ MN pCq ‘ MN pCq equipped with type B1 multiplication
(2.2). Then we have for all P “ P pxi,j , gi,j : i P rks, j P Jiq P B

lim
NÑ8

ptrN ‘ 0qpP pUiXi,jU
˚
i ‘ 0, 0 ‘Gi,j : i P rks, j P Jiqq “ φpP q a.s.,

lim
NÑ8

p0 ‘ TrN qpP pUiXi,jU
˚
i ‘ 0, 0 ‘Gi,j : i P rks, j P Jiqq “ φ1pP q a.s.

Remark 2.14. This result can be rephrased as follows: the k ` 1 subalgebras

xIMN pCq, UiXi,jU
˚
i : j P Jiy ‘t0u pi P rksq, CIMN pCq ‘ xGi,j : j P Ji, i P rksy

are asymptotically infinitesimally free with respect to pBN , trN ‘ 0, 0 ‘ TrN q, see
Theorem 3.5.

Asymptotic B1-freeness. Let pUi, Vi : i P rksq be a family of independent Haar
unitary random matrices in MN pCq. We now put the assumption (weaker than
(2.6)) that for any i P rks and j1, j2, . . . , jn P Ji, the following limit exists in C:

(2.10) lim
NÑ8

TrN pG
pNq
i,j1

G
pNq
i,j2

¨ ¨ ¨G
pNq
i,jn

q.
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Theorem 2.15. Under conditions (2.5) and (2.10), for any P “ P pxi,j , gi,j : i P

rks, j P Jiq P B and Q “ Qpxi,j , gi,j : i P rks, j P Jiq P F the following limits exist
in C:

φpP q :“ lim
NÑ8

E ˝ trN pP pUiXi,jU
˚
i , ViGi,jV

˚
i : i P rks, j P Jiqq,(2.11)

Φ̂pQq :“ lim
NÑ8

E ˝ TrN pQpUiXi,jU
˚
i , ViGi,jV

˚
i : i P rks, j P Jiqq.(2.12)

Convergences on the right-hand sides of (2.11) and (2.12) still hold almost surely
without taking the expectations. Moreover, the family ptxi,jujPJi

, tgi,jujPJi
qiPrks is

B1-free in pA, φæA,F , Φ̂q.

Remark 2.16. As the proofs show, the definitions (2.7) and (2.11) coincide.

Proof. For notational simplicity we denote Ĝi,j :“ ViGi,jV
˚
i . The proofs of (2.11)

and its almost sure version follow from asymptotic freeness of the family

ptU1X1,jU
˚
1 ujPJ1 , tU2X2,jU

˚
2 ujPJ2 , . . . , tUkXk,jU

˚
k ujPJk

,

tĜ1,jujPJ1
, tĜ2,jujPJ2

, . . . , tĜk,jujPJk
q.

Note that the monomials of P that contain at least one gi,j do not contribute to

the limit, i.e., Ĝi,j converges to zero, according to condition (2.10).
For (2.12), with the help of Fubini’s theorem E “ EVEU, one can first fix the

Haar unitaries Vi and apply (2.8). Note that the limit

(2.13) lim
NÑ8

EVrTrN pĜi1,j1Ĝi2,j2 ¨ ¨ ¨ Ĝin,jnqs

exists. The existence of this limit is exactly our assumption (2.10) when i1 “ i2 “

¨ ¨ ¨ “ in; otherwise the limit is zero by the proof of [20, Proposition 4.11]. Finally,
the almost sure version of (2.12) follows by combining the almost sure versions of
(2.8) and (2.13), see [20, Proposition 4.11].

The last assertion follows from the discussions and calculations above. □
This theorem allows us to define the linear functionals φ : B Ñ C and Φ̂ : F Ñ C,

thus providing a ncps of type B1 pA, φæA,F , Φ̂q and the associated infinitesimal ncps
pB, φ, φ̂1q. Note that φ̂1 can also be defined as the limit of trace in a similar manner
to Remark 2.12. The analogue of Corollary 2.13 can also be formulated with respect
to pBN , trN ‘ 0, 0 ‘ TrN q. We omit the precise statement.

3. B1-freeness and infinitesimal freeness

Throughout this section, we keep the setting of Definition 2.6: pA, φ,F ,Φq is
a ncps of type B1 and pB “ A xFy, φ, φ1q is the infinitesimal ncps associated with
pA, φ,F ,Φq. We first note a characterization of cyclic-antimonotone independence
in terms of infinitesimal freeness.

Proposition 3.1. Let A1 be a subalgebra of A containing 1A and F1 be a subalgebra
of F . Then pA1,F1q is cyclic-antimonotone independent in pA, φ,F ,Φq if and only
if A1

1 :“ A1 ‘ t0Fu and F 1
1 :“ C1A ‘ F1 are infinitesimally free in pB, φ, φ1q.

Proof. A slight modification of the proof in [20, Proposition 3.10] works. More
precisely, one has to replace [20, Equation (3.24)] with

rφpa0f1a1f2 ¨ ¨ ¨ fnanq “ rφpf1f2 ¨ ¨ ¨ fnq rφpa0anq

n
ź

i“1

rφpaiq, ai P A1
1, fi P F 1

1,
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where rφ :“ φ`εφ1 (remember that we are assuming ε2 “ 0). When proving this, it
might be more useful to use the moment-cumulant formula (1.9) and vanishing of
mixed cumulants, rather than using the product formula [32, Theorem 14.4]. The
other arguments are almost the same. □

Corollary 3.2. Let a P A and f P F be cyclic-antimonotone independent with
respect to pφ,Φq. If the distribution of a with respect to φ is µ and the distribution
of f with respect to φ1 is ν then the infinitesimal distribution of a`f with respect to
pφ,φ1q is given by pµ, ν̃q, where the distribution ν̃ is called the cyclic-antimonotone
convolution of µ and ν and is denoted by µ◁c ν. It has the expression µ◁c ν “

0µ‘ 1
δ0 ν and is characterized by

(3.1) Gµ◁cνpzq “ GνpFµpzqqF 1
µpzq.

Remark 3.3. Formula (3.1) is essentially the same as [4, Theorem 7.6] in which
cyclic-monotone convolution is defined without subtracting the main term. Note
that although our definition of cyclic-(anti)monotone independence is different from
that of [4] as mentioned in Remark 2.5, the difference does not appear in calculations
of convolution as easily seen from the proofs.

Proof. From the assumption of cyclic-antimonotone independence, b1 :“ a and
b2 :“ f are infinitesimally free in pB, φ, φ1q. Combining the facts that b1, b2 have
the infinitesimal distributions pµ, 0q, pδ0, νq, respectively, and that ω1pzq “ z and
ω2pzq “ Fµpzq we can deduce from (1.16) that

Gµ◁cνpzq “ 0 `Gνpω2pzqqω1
2pzq “ GνpFµpzqqF 1

µpzq

as desired. □

Corollary 3.4. Assume that pta1, a2u, tf1, f2uq is B1-free. Let bi “ ai ` fi P B, i “

1, 2. If ai has distribution µi with respect to φ and fi has distribution νi with respect
to φ1 for i “ 1, 2 then the infinitesimal distribution of b1 ` b2 with respect to pφ,φ1q

is pµ1 ‘ µ2, νq, where ν is characterized by

Gνpzq “ Gν1`ν2
pFµ1‘µ2

pzqqF 1
µ1‘µ2

pzq.

Proof. This follows from Corollary 3.2 and the fact that, by the trivial indepen-
dence, the distribution of f1 ` f2 with respect to φ1 is ν1 ` ν2. □

(Weak) B1-freeness and infinitesimal freeness are also closely related as follows.

Theorem 3.5. Let pAiqiPI be subalgebras of A containing 1A and pFjqjPJ be sub-
algebras of F . Let A1

i :“ Ai ‘ t0Fu Ď B and F 1
j :“ pC1Aq ‘Fj Ď B. The following

are equivalent.

(1) ppAiqiPI , pFjqjPJq is B1-free in pA, φ,F ,Φq;

(2) the subalgebras A1
i pi P Iq,F 1

j pj P Jq are infinitesimally free in pB, φ, φ1q.

Moreover, let F 1 :“ C1A‘xFj : j P Jy “ xF 1
j : j P Jy. The following two conditions

are equivalent.

(i) ppAiqiPI , pFjqjPJq is weakly B1-free in pA, φ,F ,Φq;

(ii) the subalgebras A1
i pi P Iq,F 1 are infinitesimally free.

Remark 3.6. Theorem 3.5 generalizes a known relation between cyclic-(anti)monotone
independence and infinitesimal freeness in [34], see also [20, Proposition 3.10].
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Proof. Note first that freeness of pAiqiPI in pA, φq and trivial independence of
pFjqjPJ in pF ,Φq are equivalent to infinitesimal freeness of pA1

iqiPI and of pF 1
jqjPJ

in pB, φ, φ1q, respectively. By Proposition 3.1, condition (CM) is equivalent to the
infinitesimal freeness of A1 and F 1, where A1 :“ xAi : i P Iy ‘t0Fu “ xA1

i : i P Iy .
Combining these facts and the associativity of infinitesimal freeness, we conclude
the equivalence of (1) and (2). The equivalence of (i) and (ii) is proved in a similar
manner. □

Corollary 3.7. In the setting of Theorem 3.5, we assume that I “ J . Let Bi be
the subalgebra of B generated by A1

i and F 1
i. If pAi,FiqiPI is B1-free in pA, φ,F ,Φq

then pBiqiPI are infinitesimally free in pB, φ, φ1q.

Corollaries 3.4 and 3.7 imply the interesting identity

(3.2) pµ1 ◁c ν1qµ1
‘ 1

µ2
pµ2 ◁c ν2q “ pµ1 ‘ µ2q ◁c pν1 ` ν2q .

The right-hand side comes from the fact that pa1`a2, f1`f2q is cyclic-antimonotone.
On the other hand, the left expression comes from the facts that pa1, f1q and
pa2, f2q are infinitesimally free and that the infinitesimal distribution of pai, fiq
is pµi, µi ◁c νiq.

4. Weak B1-freeness, Boolean independence and conditional freeness

As usual, in this section, we keep the setting of Definition 2.6: pA, φ,F ,Φq is
a ncps of type B1 and pB “ A xFy, φ, φ1q is the infinitesimal ncps associated with
pA, φ,F ,Φq. The following notion has already appeared in Corollary 3.7.

Definition 4.1. A type B 1 subalgebra of B is the subalgebra, denoted as A1xF1y,
generated by a subspace A1 ‘ F1 Ď B, where A1 is a subalgebra of A containing
1A and a subalgebra F1 of F . It has the form A1xF1y “ A1 ‘ pA1xF1y0q, where
A1xF1y0 Ď F is the A1-subalgebra generated by F1, i.e.,

A1xF1y0 :“ spanta0f1a1 ¨ ¨ ¨ an´1fnan | n P N, a0, . . . , an P A1, f1, . . . , fn P F1u.

Monomials a0f1a1 ¨ ¨ ¨ an´1fnan P A1xF1y0 are often denoted by capital letters, e.g.
by F . Note that we do not require F1 to be closed with respect to the bilateral
action of A1, cf. Remark 2.5 (b).

4.1. The main result and its consequences. Connections between c-freeness
and infinitesimal freeness were pointed out in [9] and [17]. In a similar view we find
a connection between our framework and c-freeness which roughly implies:

“weak B1-freeness + Boolean independence ùñ c-freeness”.

This is to be contrasted with Corollary 3.7 which says:

“weak B1-freeness + trivial independence ùñ infinitesimal freeness”.

Let us introduce a new linear functional φP induced from P P F satisfying
ΦpP q ‰ 0.

Definition 4.2. For P P F such that ΦpP q ‰ 0, we define a linear functional
φP : B Ñ C as follows:

φP pbq :“
ΦpPbq

ΦpP q
, b P B.
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Clearly, φP p1Bq “ 1. It is easy to see that if A and F are ˚-algebras (the two
˚’s should be compatible with respect to the action of A on F , i.e., pafa1q˚ “

pa1q˚f˚a˚), Φ is tracial and positive on F , and P “ p˚p for some p P F with
ΦpP q ą 0, then φP is a state. Of course this is the case for the random matrix
model in Subsection 2.4.

Theorem 4.3. Let pBi “ AixFiyqiPI be type B1 subalgebras of B. Let P be an
element of F with ΦpP q ‰ 0 and let FP :“ tcPn | n P N, c P Cu. Assume
that ppAiqiPI , pFiqiPI\tP uq is weakly B1-free. Then pBiqiPI are c-free with respect to
pφ,φP q if and only if pFiqiPI are Boolean independent with respect to φP .

Theorem 4.3 has the following immediate consequence for the sum.

Corollary 4.4. Let bj “ aj `fj P B “ A‘F pj “ 1, 2q and P P F with ΦpP q ‰ 0.
Assume that a1 and a2 are free with respect to φ, the pair pxa1, a2y, xP, f1, f2yq

is cyclic-antimonotone independent, and f1 and f2 are Boolean independent with
respect to φP . Let µj be the distribution of aj with respect to φ and also νj be the
distribution of fj with respect to φP for j “ 1, 2. Then b1 ` b2 has the distributions
µ1 ‘ µ2 with respect to φ and pµ1 ◁ ν1qµ1‘µ2 pµ2 ◁ ν2q with respect to φP .

Proof. Let λi be the distribution of bi with respect to φP . Theorem 4.3 implies that
b1 and b2 are conditionally free with respect to pφ,φP q, so that the distribution
of b1 ` b2 with respect to φ is the free convolution µ1 ‘ µ2 and the distribution
with respect to φP is λ1 µ1

‘µ2
λ2. It remains to show λi “ µi ◁ νi. Because pai, fiq

is cyclic-antimonotone independent with respect to pφ,Φq, it is antimonotonically
independent with respect to φP by Proposition 4.6; therefore the distribution of
bi “ ai ` fi is the monotone convolution of νi and µi (one can check easily that the
distributions of ai with respect to φP and φ are the same). □

According to (1.15) the following formula holds:

(4.1) Fpµ1◁ν1qµ1‘µ2pµ2◁ν2q “ Fν1 ˝ Fµ1‘µ2 ` Fν2 ˝ Fµ1‘µ2 ´ Fµ1‘µ2 .

Combining (1.13), (1.14) and (4.1) we can get another expression:

(4.2) pµ1 ◁ ν1qµ1
‘µ2

pµ2 ◁ ν2q “ pµ1 ‘ µ2q ◁ pν1 Z ν2q.

The latter expression can also be understood from b1 ` b2 “ pa1 ` a2, f1 ` f2q and
the following facts: a1 ` a2 has the distribution µ1 ‘ µ2 with respect to φ, f1 ` f2
has the distribution ν1 Zν2 with respect to φP , and the fact that pa1 `a2, b1 `b2q is
cyclic-antimonotone independent with respect to pφ,Φq and hence is monotonically
independent with respect to φP . Finally, it is worth noting the resemblance of (3.2)
and (4.2).

Example 4.5. (1) Let fi be trace class operators on a Hilbert space H and Φ :“
TrH be the canonical trace. Let P be a rank one projection satisfying fjP “

λjP, λj P C for j “ 1, 2, that is, P is a rank one projection onto a simultaneous
eigenvector space for f1 and f2. Then f1 and f2 are Boolean (also tensor)
independent with respect to φP .

(2) A canonical model for Boolean independence is as follows: take Hilbert spaces
Hi with unit vector ξi, i “ 1, 2, and take Ti P BpHiq and define f1 :“ T1 b P2

and f2 :“ P1 b T2, where Pi is the orthogonal projection Hi Ñ Cξi. Then
f1, f2 P BpH1bH2q are Boolean independent with respect to the vacuum state
corresponding to ξ1 b ξ2.
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(3) If F1 and F2 are trivially independent and P P F1, then F1 and F2 are Boolean
independent.

4.2. Proof of Theorem 4.3. We prove Theorem 4.3 in two ways. The first proof is
conceptual and it mainly depends on the associativity of c-freeness and the following
observations. We thank the anonymous referee for suggesting this proof.

Observation 4.6. For a subalgebra A1 Ă A that contains 1A and a subalgebra
F1 Ă F we use the notation A1

1 :“ A1 ‘ t0Fu Ă B and F 1
1 :“ pC1Aq ‘ F1 Ă B

below.

(i) Let pAiqiPI be subalgebras of A containing 1A. If P is cyclic-antimonotone
independent from xAi | i P Iy, then φP “ φ on xA1

i | i P Iy. Hence, in such a
situation, the subalgebras pAiqiPI are free in pA, φq if and only if pA1

iqiPI are
c-free in pB, φ, φP q.

(ii) Let pFiqiPI be subalgebras of F . The c-freeness of pF 1
iqiPI with respect to

pφ,φP q is equivalent to the Boolean independence of pFiqiPI with respect to
φP because φ “ 0 on F by definition.

(iii) Let A1 Ă A and F1 Ă F be subalgebras. If pA1,F1q is cyclic-antimonotone
independent and P P F1 (with ΦpP q ‰ 0) with respect to pφ,Φq then pA1

1,F 1
1q

is antimonotone independent with respect to φP , which is equivalent to that
A1

1 and F 1
1 are c-free with respect to pφ,φP q.

In the last observation, the fact that cyclic-antimonotone independence implies
the antimonotone independence was essentially proved by Cébron, Dahlqvist and
Gabriel, see [17, Proposition 2.15]. The equivalence of antimonotone independence
and c-freeness was observed by Franz [26].

First proof of Theorem 4.3. Let A1 :“ xA1
i : i P Iy Ă B and F 1 :“ xF 1

i : i P Iy Ă B.
From the assumption of weak B1-freeness, the algebras A1 and F 1 are c-free with
respect to pφ,φP q by Observation 4.6 (iii). Besides, the weak B1-freeness implies
that the algebras pAiqiPI are free with respect to φ, so that the algebras pA1

iqiPI
are c-free with respect to pφ,φP q by Observation 4.6 (i).

By the associativity of c-freeness and the facts discussed above, the c-freeness of
pBiqiPI is equivalent to the c-freeness of pF 1

iqiPI , the latter of which is equivalent to
the Boolean independence of pFiqiPI with respect to φP by Observation 4.6 (ii). □

The second proof is straightforward and it is done simply by moment calculations.

Lemma 4.7. Let pBi “ AixFiyqiPI be type B1 subalgebras of B. Let P be an
element of F with ΦpP q ‰ 0 and let FP :“ tcPn | n P N, c P Cu. Assume that
ppAiqiPI , pFiqiPI\tP uq is weakly B1-free. Then for any n P N, pi1, i2, . . . , inq P Ipnq,
bj “ aj ` Fj P Bij “ Ai ‘ pAixFiy0q with φpbjq “ 0 p1 ď j ď nq, one has

φP pb1b2 ¨ ¨ ¨ bnq “ φP pF1F2 ¨ ¨ ¨Fnq.

Proof. In the expansion

ΦpPb1b2 ¨ ¨ ¨ bnq “
ÿ

cjPtaj ,Fju

ΦpPc1c2 ¨ ¨ ¨ cnq,

cyclic-antimonotone independence and freeness imply that the term ΦpPc1c2 ¨ ¨ ¨ cnq

vanishes as soon as there exists j such that cj “ aj . This yields ΦP pb1b2 ¨ ¨ ¨ bnq “

ΦP pF1F2 ¨ ¨ ¨Fnq as desired. □
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Second proof of Theorem 4.3. It is easy to see that the latter condition is neces-
sary. We henceforth assume that pFiqiPI are Boolean independent with respect
to φP . Take any n P N, pi1, i2, . . . , inq P Ipnq, bj “ aj ` Fj P Bij “ Aij ‘

pAij xFij y0q with φpbjq “ 0 p1 ď j ď nq. The goal is to establish φP pb1b2 ¨ ¨ ¨ bnq “

φP pb1qφP pb2q ¨ ¨ ¨φP pbnq. By Lemma 4.7 this is equivalent to

(4.3) φP pF1F2 ¨ ¨ ¨Fnq “ φP pF1qφP pF2q ¨ ¨ ¨φP pFnq,

i.e., pAixFiy0qiPI are Boolean independent with respect to φP .
By linearity of φP , we may suppose without loss of generality that every Fj takes

the monomial form Fj “ a
pjq
0 f

pjq
1 a

pjq
1 f

pjq
2 ¨ ¨ ¨ f

pjq
nj a

pjq
nj pnj P N, apjq

k P Aij , f
pjq

k P

Fij , 1 ď k ď njq for 1 ď j ď n. By cyclic-antimonotone independence,

φP pFjq “
ΦpPa

pjq
0 f

pjq
1 a

pjq
1 f

pjq
2 ¨ ¨ ¨ f

pjq
nj a

pjq
nj q

ΦpP q
“ φP

¨

˝

ÝÑź

1ďkďnj

f
pjq

k

˛

‚

ź

0ďkďnj

φpa
pjq

k q,

where
ÝÑź

1ďkďnj

f
pjq

k is the ordered product f
pjq
1 f

pjq
2 ¨ ¨ ¨ f

pjq
nj . On the other hand, by

cyclic-antimonotone independence and freeness,

φP pF1 ¨ ¨ ¨Fnq “ φP

¨

˝

ÝÑź

1ďjďn

ÝÑź

1ďkďnj

f
pjq

k

˛

‚

ź

1ďjďn, 0ďkďnj

φpa
pjq

k q.

Because pFiqiPI are Boolean independent with respect to φP ,

φP

¨

˝

ÝÑź

1ďjďn

ÝÑź

1ďkďnj

f
pjq

k

˛

‚“
ź

1ďjďn

φP

¨

˝

ÝÑź

1ďkďnj

f
pjq

k

˛

‚.

Combining the above calculations completes (4.3). □

5. Principal minor of unitarily invariant random matrices

As an application of free probability of type B1, we present several results on
principal minors of rotationally invariant random matrices combining the type B1

setting and Février and Nica’s infinitesimal analysis of free compressions [24, Section
5].

5.1. A multivariate inverse Markov–Krein transform. Before going to prin-
cipal minors of random matrices, we give results on an inverse Markov–Krein trans-
form in an abstract setting. Throughtout this subsection, let pA, φ,F ,Φq be a ncps
of type B1 and pB “ A xFy, φ, φ1q be the associated infinitesimal ncps. We fix q P F
such that q2 “ q,Φpqq “ 1 and pA, tquq is cyclic-antimonotone independent, and
we set p “ 1B ´ q P B. For a P A we introduce the notation ã :“ pap P B.

Note that q, φ,Φ are generalizations of the large N limit of diagp0, 0, . . . , 0, 1q P

MN pCq, trN ,TrN , respectively, see Subsection 5.2. We, however, do not assume
the traciality of φ,Φ in the present subsection.

Theorem 5.1. For any a1, a2, . . . , an P A, the following formula holds:

φ1pã1ã2 ¨ ¨ ¨ ãnq “ ´
ÿ

πPNCpnq

|Krpπq|κπra1, a2, . . . , ans.
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This is a multivariate extension of [27, Theorem 1.3] and can be proven in three
ways. The first proof, which only works in the limited setting of Subsection 5.2, is
just to follow the lines of [27, Theorem 1.3]. This proof is omitted in this paper since
it is almost the same as [27, Theorem 1.3] and is lengthy (one needs Weingarten
calculus). The second proof is rather direct and is included in Appendix A for
interested readers. The last proof is most noteworthy and is provided below; it
connects our setting of type B1 and infinitesimal free compressions.

Remark 5.2 (Multivariate inverse Markov–Krein transform). Let µ : Crxs Ñ C be
the distribution of a P A with respect to φ. The inverse Markov–Krein transform
of µ is the distribution τ : Crxs Ñ C determined by

d

dz
Gµpzq “ ´Gτ pzqGµpzq,

see [29]. One can easily see that τp1q “ 1. In the special case of a1 “ a2 “ ¨ ¨ ¨ “

an “: a, [27, Theorem 1.3] implies

(5.1) ´ φ1pãnq “
ÿ

πPNCpnq

|Krpπq|κπra, a, . . . , as “ τpxnq, n ě 1.

Therefore, the multilinear functionals pMφ
n : An Ñ Cqně1 defined by

(5.2) Mφ
n ra1, a2, . . . , ans :“ ´φ1pã1ã2 ¨ ¨ ¨ ãnq “

ÿ

πPNCpnq

|Krpπq|κπra1, a2, . . . , ans

can be interpreted as a multivariate inverse Markov–Krein transform.
Note that essentially the same generalization was independently proposed by

Arizmendi, Cébron and Gilliers [1, Equation (13)]. They also introduce a mul-
tivariate generalization of Kerov’s operator model [29] that coincides with our
´φ1pã1ã2 ¨ ¨ ¨ ãnq in a special case. The basic idea is as follows. Let H be a Hilbert
space and ξ P H be a unit vector. Let Qξ : H Ñ Cξ be the orthogonal projection
and let Pξ :“ I ´Qξ. Then the multilinear functional on BpHqn

(5.3) pA1, A2, . . . , Anq ÞÑ TrH rA1A2 ¨ ¨ ¨An ´ PξA1PξA2 ¨ ¨ ¨PξAnPξs

is called the inverse Markov–Krein transform in [1]. The pair pBpHq, tQξuq is cyclic-
antimonotone independent with respect to pφξ,TrHq, where φξ is the vacuum state
x¨ ξ, ξy. Because of the common cyclic-antimonotone independence, our definition
(5.2) coincides with (5.3) when A “ BpHq, φ “ φξ and Φ “ TrH .

In free probability, an element of the form rar, where r is a projection free from a,
is called the free compression of a and is useful in some contexts, see e.g. [32, Section
14]. Free compressions in infinitesimal ncps were studied by Février and Nica in [24,
Section 5]. We can directly apply their results to our setting of type B1 to obtain
a nontrivial relation between (multivariate) inverse Markov–Krein transform and
infinitesimal free compression, which will complete the proof of Theorem 5.1 and
yield more results.

To apply the framework of Février and Nica, observe the critical fact that p is
infinitesimally free from A in pB, φ, φ1q, which is a direct consequence of Proposition
3.1. Then let us consider the subalgebra pBp Ď B with internal unit p and two linear
functionals ψ, ψ1 : pBp Ñ C defined as

ψ “ φ,(5.4)

ψ1 “ φ` φ1.(5.5)



20 KATSUNORI FUJIE AND TAKAHIRO HASEBE

Since φ1pqq “ 1 and φ1p1q “ 0,

ψ1ppq “ φppq ` φ1p1 ´ qq “ 1 ´ 1 “ 0.

Note that this definition coincides with [24, Definition 5.2] for α “ 1, α1 “ ´1.
Moreover, let κ1

n be the n-th infinitesimal cumulant with respect to pψ,ψ1q.

Proof of Theorem 5.1. Recall that, in the type B1 setting, κ1
nra1, a2, . . . , ans “ 0

because φ1 vanishes on A. Since p is infinitesimally free from A in pB, φ, φ1q,
applying [24, Formula (5.7)]6 yields

(5.6) κ1
nrã1, ã2, . . . , ãns “ p1 ´ nqκnra1, a2, . . . , ans.

This formula, combined with the moment-cumulant formula, readily yields

ψ1pã1ã2 ¨ ¨ ¨ ãnq “
ÿ

πPNCpnq

κ1
πrã1, ã2, ¨ ¨ ¨ ãns

“
ÿ

πPNCpnq

p|π| ´ nqκπra1, a2, . . . , ans
(5.7)

and hence, by the moment-cumulant formula and |π| ` |Krpπq| “ n` 1,

φ1pã1ã2 ¨ ¨ ¨ ãnq “ ψ1pã1ã2 ¨ ¨ ¨ ãnq ´ φpã1ã2 ¨ ¨ ¨ ãnq

“
ÿ

πPNCpnq

p|π| ´ n´ 1qκπra1, a2, . . . , ans

“ ´
ÿ

πPNCpnq

|Krpπq|κπra1, a2, . . . , ans.

□

Proposition 5.3. Let pAiqiPI be free subalgebras in pA, φq. Then ppAipqiPI are
infinitesimally free in ppBp, ψ, ψ1q.

Proof. This is a direct consequence of Equation (5.6) and the fact that infinitesimal
freeness can be characterized by vanishing of free cumulants and infinitesimally free
cumulants [24, Proposition 4.7]. □

We point out several interesting connections between infinitesimal free convolu-
tion and the inverse Markov–Krein transform.

Proposition 5.4. Let a P A. Let µ be the distribution of a with respect to φ and
τ the inverse Markov–Krein transform of µ. Then the infinitesimal distribution of
ã :“ pap with respect to ppBp, ψ, ψ1q is pµ, µ´ τq.

Proof. By definition, φpãnq “ φpanq “ µpxnq for all n ě 0. From Remark 5.2, if a
has distribution µ with respect to φ, then ψ1pã0q “ ψ1ppq “ 0 “ µp1q ´ τp1q and

ψ1pãnq “ φpãnq ` φ1pãnq “ µpxnq ´ τpxnq, n ě 1

as desired. □

6The original formula is erroneous; the correct one is

κ1
nrpx1p, px2p, . . . , pxnps “

pn´ 1qα1

α2
κnrαx1, αx2, . . . , αxns `

1

α
κ1
nrαx1, αx2, . . . , αxns, n P N,

which can be easily obtained by calculating the coefficient of ε in [24, Formula (5.8)].
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Proposition 5.5. Let µi pi “ 1, 2q be distributions with µip1q “ 1 and let µ :“
µ1 ‘µ2 be their free convolution. Let τi, τ be the inverse Markov–Krein transforms
of µi, µ (i “ 1, 2), respectively. Then

pµ1, µ1 ´ τ1q ‘ pµ2, µ2 ´ τ2q “ pµ, µ´ τq.

Proof. Let a1, a2 P A be free elements such that ai has distribution µi with re-
spect to φ, i “ 1, 2. By Proposition 5.3, pa1p and pa2p are infinitesimally free in
ppBp, ψ, ψ1q. Then the obvious formula pa1p` pa2p “ ppa1 ` a2qp and Proposition
5.4 yield the desired result. □

Surprisingly, the multiplicative version also holds but the proof is more involved.

Proposition 5.6. Let µi pi “ 1, 2q be distributions with µip1q “ 1 and let µ “

µ1 b µ2 be their free multiplicative convolution. Let τi, τ be the inverse Markov–
Krein transform of µi, µ, respectively. Then

(5.8) pµ1, µ1 ´ τ1q b pµ2, µ2 ´ τ2q “ pµ, µ´ τq.

To prove Proposition 5.6, we observe from the proof of Proposition 5.5 that
the left-hand side of (5.8) is the distribution of pa1pa2p and the right-hand side is
that of pa1a2p. Thus, it is sufficient to show that the infinitesimal distributions of
pa1pa2p and pa1a2p with respect to pψ,ψ1q coincide. For this it is sufficient to show

(5.9) φ1pppa1a2pqnq “ φ1pppa1pa2pqnq

for n P N. We here use Theorem 5.1 to calculate separately the left and right sides
of (5.9) as

φ1pppa1a2pqnq “ ´
ÿ

πPNCpnq

|Krpπq|κπra1a2, a1a2, . . . , a1a2s

φ1pppa1pa2pqnq “ ´
ÿ

ΠPNCp2nq

|KrpΠq|κΠra1, a2, a1, a2, . . . , a1, a2s.

Thus, the proof of Proposition 5.6 is completed by the following more general
combinatorial formula.

Lemma 5.7. Let A1,A2 be a pair of freely independent subalgebras. Then

(5.10)
ÿ

πPNCpnq

|Krpπq|κπra1b1, . . . , anbns “
ÿ

ΠPNCp2nq

|KrpΠq|κΠra1, b1, . . . , an, bns

for n P N, aj P A1, bj P A2 pj P rnsq.

Remark 5.8. The result can be extended to a family of freely independent subalge-

bras tAiu
k
i“1 and tuples pa

p1q
1 a

p2q
1 ¨ ¨ ¨ a

pkq
1 , a

p1q
2 a

p2q
2 ¨ ¨ ¨ a

pkq
2 , . . . , a

p1q
n a

p2q
n ¨ ¨ ¨ a

pkq
n q where

a
piq
j P Ai.

Proof. We recall that there exists a noncrossing partition Krπpσq called the relative
Kreweras complement for σ, π P NCpnq such that σ ď π, see [32, Definition 18.3].
This is just the union of the Kreweras complement of σV taken in each block
V P π. Thus, the relative Kreweras complement for 1n coincides with the normal
one: Kr1npπq “ Krpπq for π P NCpnq. Also, the formula n ` |π| “ |σ| ` |Krπpσq|
holds. Equivalently,

(5.11) |Krpπq| “ |Krpσq| ` |KrpKrπpσqq| ´ 1.
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Notably, the following poset isomorphism holds:

τ P rσ, πs » r0n,Krπpσqs Q Krτ pσq,

where rσ, πs “ tτ P NCpnq | σ ď τ ď πu, see [32, Exercise 18.26 (2)]. In particular,
we have

(5.12) π P rσ, 1ns » r0n,Krpσqs Q Krπpσq.

Let a “ pa1, a2, . . . , anq and b “ pb1, b2, . . . , bnq. By [32, Theorem 14.4], we
calculate

the l.h.s. of (5.10) “
ÿ

πPNCpnq

|Krpπq|
ÿ

σPNCpnq
σďπ

κσrasκKrπpσqrbs

“
ÿ

σPNCpnq

κσras
ÿ

πPNCpnq
σďπ

|Krpπq|κKrπpσqrbs.(5.13)

For the right-hand side of (5.10), thanks to the vanishing of mixed cumulants
(see [32, Theorem 11.16]), the nonzero contributions only come from the partitions
Π P NCp2nq that can be decomposed into a pair pπ1, π2q P NCpI1q ˆ NCpI2q with
I1 “ t1, 3, . . . , 2n´ 1u and I2 “ t2, 4, . . . , 2nu. Thus,

the r.h.s. of (5.10) “
ÿ

ΠPNCp2nq

p2n` 1 ´ |Π|qκΠra1, b1, a2, b2, . . . , an, bns

“
ÿ

π1,π2PNCpnq

π2ďKrpπ1q

p2n` 1 ´ |π1| ´ |π2|qκπ1
rasκπ2

rbs

“
ÿ

π1PNCpnq

κπ1ras
ÿ

π2PNCpnq

π2ďKrpπ1q

p|Krpπ1q| ` |Krpπ2q| ´ 1qκπ2rbs.(5.14)

The poset isomorphism (5.12) implies

(5.14) “
ÿ

σPNCpnq

κσras
ÿ

πPNCpnq
σďπ

p|Krpσq| ` |KrpKrπpσqq| ´ 1qκKrπpσqrbs.

By formula (5.11) the above expression amounts to
ÿ

σPNCpnq

κσras
ÿ

πPNCpnq
σďπ

|Krpπq|κKrπpσqrbs,

which coincides with (5.13) as desired. □

Yet remarkably, the analogue of Propositions 5.5 and 5.6 fails for (anti-) commu-
tators. A counterexample is presented below, only for the anti-commutator because
the commutator can be treated similarly. Let a1, a2 be free random variables and de-
fine x :“ Ća1a2`Ća2a1 “ pa1a2p`pa2a1p and X :“ ra1ra2`ra2ra1 “ pa1pa2p`pa2pa1p.
We shall prove the infinitesimal distributions of x and X do not coincide in general.
Their second infinitesimal moments are given by

φ1px2q “ φ1pĆa1a2Ća1a2q ` φ1pĆa1a2Ća2a1q ` φ1pĆa2a1Ća1a2q ` φ1pĆa2a1Ća2a1q,

φ1pX2q “ φ1pra1ra2ra1ra2q ` φ1pra1ra2ra2ra1q ` φ1pra2ra1ra1ra2q ` φ1pra2ra1ra2ra1q.



FREE PROBABILITY OF TYPE B PRIME 23

The first and fourth terms coincide between φ1px2q and φ1pX2q by Equation (5.9).
By Theorem 5.1, the sum of second and third terms of φ1px2q is

ÿ

πPNCp2q

|Krpπq|pκπra1a2, a2a1s ` κπra2a1, a1a2sq

“ κ1ra1a2sκ1ra2a1s ` κ1ra2a1sκ1ra1a2s ` 2pκ2ra1a2, a2a1s ` κ2ra2a1, a1a2sq

“ 2κ1ra1s2 κ1ra2s2 ` 4κ2ra1, a1sκ1ra2s2 ` 4κ1ra1s2 κ2ra2, a2s

` 4κ2ra1, a1sκ2ra2, a2s,

while that of φ1pX2q is
ÿ

ΠPNCp4q

|KrpΠq|pκΠra1, a2, a2, a1s ` κΠra2, a1, a1, a2sq

“ 2κ1ra1s2 κ1ra2s2 ` 4κ2ra1, a1sκ1ra2s2 ` 4κ1ra1s2 κ2ra2, a2s

` 6κ2ra1, a1sκ2ra2, a2s.

For example if a1 and a2 are the standard free semi-circular elements then 4 “

φ1px2q ‰ φ1pX2q “ 6.

5.2. Asymptotic infinitesimal freeness of principal minors. We work on a
special case of the abstract setting in Subsection 5.2 coming from random matrices.
Let B “ Cxxi,j , q : i P rks, j P Jiy be the unital polynomial algebra generated by
noncommuting indeterminates xi,j pi P rks, j P Jiq, q with relation q2 “ q, and let

A “ Cxxi,j : i P rks, j P Jiy, F “ Axqy0.

Note that B can be naturally identified with A‘F . Suppose that, for each i P rks,

pXi,j “ X
pNq
i,j qjPJi is a family of deterministic matrices in MN pCq which converge

in distribution with respect to trN , and pUi “ U
pNq
i qiPrks is an independent family

of Haar unitary random matrices. We consider the principal submatrices pX̃i,j “

X̃
pNq
i,j :“ PUiXi,jU

˚
i P qiPrks,jPJ , where P “ P pNq “ diagp1, 1, . . . , 1, 0q.

We define the unital linear functional

φ : B Ñ C, φpRq :“ lim
NÑ8

ErtrN pRpUiXi,jU
˚
i , P : i P rks, j P Jiqqs.

Note that pB, φq is a conventional setting of type A and trN pPnq Ñ 1 for any n P N,
so that one cannot observe any difference between pUiXi,jU

˚
i q and their submatrices

pX̃i,jq. In the framework of type B1, however, one can capture a difference between

them. The matrix Q “ QpNq :“ IMN pCq ´ P pNq obviously satisfies

lim
NÑ8

TrN pQnq “ 1

for any n P N and thus by Theorem 2.11 one can define a linear functional Φ: F Ñ C
by

ΦpRq :“ lim
NÑ8

ErTrN pRpUiXi,jU
˚
i , Q : i P rks, j P Jiqqs,

where R “ Rpxi,j , q : i P rks, j P Jiq is a polynomial in which every monomial
contains at least one q. Thus we obtain the ncps of type B1 pA, φæA,F ,Φq and the
associated infinitesimal ncps pB, φ, φ1q. In the space B we can define p :“ 1B´q P B.

By Theorem 2.11, the family ptxi,jujPJi
, tquqiPrks, which is the large N limit

of ptUiXi,jU
˚
i ujPJi

, tQuqiPrks, is weakly B1-free in pB, φ, φ1q. Recall that this fact
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can be reformulated as Corollary 2.13, which leads to an asymptotic infinitesimal
freeness of principal minors.

Theorem 5.9. Let BN :“ MN pCq ‘ MN pCq equipped with type B1 multiplication
(2.2). We interpret the projection P “ I ´ Q as P “ I ‘ p´Qq P BN . With this
interpretation, we consider the subalgebra PBNP Ď BN having internal unit P . Let
A0

i be the random sublagebra of BN generated by tUiXi,jU
˚
i ‘ 0 : j P Jiu. Then the

random subalgebras tPA0
iP uiPrks are almost surely asymptotically infinitesimally

free in the infinitesimal ncps pPBNP, trN ‘ 0, trN ‘TrN q.

Proof. The desired conclusion means that the subalgebras pxxi,j : j P Jiyp, i P

rks, are infinitesimally free in ppBp, ψ, ψ1q, where ψ,ψ1 are defined in (5.4), (5.5),
respectively. This follows from Proposition 5.3 applied to the subalgebras Ai :“
xxi,j : j P Jiy. □

As a final comment, a crucial idea in Theorem 5.9 was to regard the principal
minor X̃ of a matrix X P MN pCq as the element

X̃ “ P pX ‘ 0qP “ X ‘ r´QX ´XQ`QXQs

in the larger space BN . In BN we can define a nonnormalized trace on the whole
algebra BN as 0 ‘ TrN that converges in the limit.

Appendix A. Combinatorial proof of Theorem 5.1

We provide yet another straightforward proof of Theorem 5.1 in this appendix.
The proof depends only on the following combinatorial lemma.

Lemma A.1. For every σ P NCpnq,
ÿ

πďσ

κ1
πrp, p, . . . , ps “ ´|σ|.

Proof.

Step 1: σ “ 1n. Concerning moments with respect to φ or cumulants κπ, the pertur-
bation part q can be regarded as 0 and so the element p “ 1A´q is indistinguishable
with 1A. This implies that κæV rp, p, . . . , ps vanishes if V Ď rns contains more than
one element. Hence, by the Leibniz rule for κ1

π (the second formula of (1.12)), only
the noncrossing partitions π having at most one non-singleton block contribute to
the sum, i.e., the partitions 0n and πV :“ tV, tku | k P rnszV u for all V Ď rns with
|V | ě 2.

For each l P N, the moment-cumulant formula (1.12) and the fact that φ vanishes
on tqu readily yield

κ1
lrp, p, . . . , ps “ p´1qlκ1

lrq, q, . . . , qs “ p´1qlΦpqq “ p´1ql,

and hence, by the Leibniz rule,

κ1
0nrp, p, . . . , ps “ ´n and κ1

πV
rp, p, . . . , ps “ p´1q|V |.

Therefore,

ÿ

πPNCpnq

κ1
πrp, p, . . . , ps “ ´n`

ÿ

V Ďrns,|V |ě2

p´1q|V | “ ´n`
ÿ

2ďlďn

ˆ

n

l

˙

p´1ql “ ´1.
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Step 2: general σ. Let σ “ tV1, . . . , Vku P NCpnq. Then tπ P NCpnq | π ď σu is
naturally isomorphic to NCpV1q ˆ ¨ ¨ ¨ ˆNCpVkq, so that (with rp, p, . . . , ps omitted)

ÿ

πďσ

κ1
π “

ÿ

π1PNCpV1q

. . .
ÿ

πkPNCpVkq

pκπ1 ¨ ¨ ¨κπk
q1

“
ÿ

1ďjďk

ÿ

π1PNCpV1q

. . .
ÿ

πkPNCpVkq

κ1
πj

pκπ1
¨ ¨ ¨κπj´1

κπj`1
¨ ¨ ¨κπk

q

“
ÿ

1ďjďk

ÿ

πjPNCpVjq

κ1
πj

“ ´k;

from the second to the third line the fact that κπj
“ 0 for all πj ‰ 0Vj

is used; the
last computation follows from Step 1. □

Proof of Theorem 5.1. We can calculate as follows:

φ1pã1ã2 ¨ ¨ ¨ ãnq “ φ1ppa1pa2p ¨ ¨ ¨ panpq

“ φ1p1Apa1pa2p ¨ ¨ ¨ panpq

“
ÿ

πPNCp2n`2q

κ1
πr1A, p, a1, p, a2, p, . . . , an, ps

“
ÿ

πPNCpn`1q

κπr1A, a1, a2, . . . , ans
ÿ

σďKrpπq

κ1
σrp, p, p, . . . , ps

“ ´
ÿ

πPNCpn`1q

|Krpπq|κπr1A, a1, a2, . . . , ans.

The fourth line is based on the fact that A is infinitesimally free from p and the
fifth line is based on Lemma A.1. To the last summation only the subset tπ P

NCpn` 1q | t1u P πu contributes, which is isomorphic to NCpnq. This isomorphism
does not change the cardinality of the Kreweras complement, so that Theorem 5.1
follows. □
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