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Abstract This study proposed a stochastic link capacity in mixed flows, considering heterogeneous stochastic headways
for autonomous vehicles (AVs) and human-driven vehicles (HVs), respectively. Using this link traffic capacity, a multi-
class traffic assignment problem considering mixed flows is proposed. Though previous study assumed an approximation
of random variable computation to derive mixed link capacity, by assuming lognormally distributed stochastic headway,
we showed the mixed link capacity model that ensure the link capacity analytically following lognormal distribution
without any approximate computation of stochastic variables. Furthermore, the analytical relationship between the mean
and standard deviation of the stochastic link capacity and the market penetration rate of AVs in a link is derived. We also
showed the conditions for the mean and variance of the link travel time to be monotonically increasing with the link flow.
The proposed traffic assignment model assumes that AVs and HVs follow UE and SUE, respectively. Numerical
calculations were performed to validate the proposed model using a test network.

Keywords autonomous vehicle, stochastic mixed traffic, travel time reliability, multiclass traffic assignment

1 Introduction

In recent years, automatic driving technology has been
developing. The various benefits from the adoption of the
autonomous vehicles (AVs) have been discussed in the
literature (e.g., Fagnant and Kockelman [1]). Especially,
it is expected that the spread of autonomous vehicles
(AVs) mitigates congestion and reduces travel time
because the critical headway (CH) of AVs can be smaller
than that of human-driven vehicles (HVs). In the large
penetration rate of AVs in a link, the road space can be
utilized efficiently and the link capacity of the mixed flow
of AVs and HVs increase resulting in the mitigation of
congestion and the reduction of travel time.

It is expected that AVs and HVs share the same
road space for a long time after the first appearance of
AVs. To represent the mixed flow of AVs and HVs, the
link capacity under the mixed flow is studied in the static
models (e.g., Levin and Boyles [2]; Seo and Asakura [3];
Liu and Song [4]; Wang et al. [5-7]; Tani et al. [8]) and
the dynamic models (e.g., Levin and Boyles [9]; Ghiasi et
al. [10]; Zhou and Zhu [11]; Guo et al. [12]; Chen et al.
[13]). The existing studies mentioned above can be
classified into two categories: those that assume
deterministic traffic capacity and those that assume
stochastic traffic capacity. Levin and Boyles [2] proposed
a traffic capacity model based on the speed-density
relationship proposed by Greenshields et al. [14], where
the heterogeneous and deterministic headways of AVs
and HVs are considered. van den Berg and Verhoef [15]

analyzed how the dissemination of AVs might affect
traffic capacity and the driver’s value of time. Le Vine et
al. [16] analyzed the variability of link capacity during the
dissemination of AVs, focusing on the driving behavior
of AVs. Wang et al. [5] proposed a link capacity model
under mixed flow. The similarity of the above studies is
to assume the deterministic traffic capacity. However, the
stochastic nature of traffic capacity has been widely
pointed out by the reliability studies of the road network
(e.g., Chen et al. [17]; Uchida [18]), and exists in the
mixed flow of AVs and HVs.

There exist two causes of the stochastic nature of
traffic capacity in the literature: (i) stochastic order of
AVs and HVs in a platoon and (ii) heterogeneity of
stochastic headway between leading and following
vehicle. Ghiasi et al. [10] considered the stochasticity of
the traffic capacity under the mixed flow based on the first
cause, the stochastic vehicle order in platoon. Ghiasi et al.
formulated the stochastic traffic capacity with two
different deterministic headways of AVs and HVs in the
dynamic traffic flow. The stochasticity of their traffic
capacity results from the uncertainty of the platooning
patterns of AVs and HVs in a traffic flow. The model
proposed in their study requires the platooning intensity
of AVs which is given exogenously. Because their
proposed model is used in the dynamic flow, their model
cannot be applied to network-level static traffic
assignment model. Zhou and Zhu [11] considered the
second cause, the stochastic headway in the mixed flow.
Zhou and Zhu proposed a dynamic capacity model for the



stochastic mixed flow of AVs and HVs in a corridor
network. To consider the uncertainty of travel times under
the mixed flow in the static network equilibrium, Tani et
al. [8] proposed a variable and stochastic link capacity
under the mixed traffic. Their link capacity model is based
on Wang et al. [5], and assumes the traffic capacities of
pure-AV flow and pure-HV flow to compute the traffic
capacity of the mixed flow. As far as the authors know,
Tani et al. [8] is the only study to apply the stochastic
traffic capacity under the mixed flow to a network model.
However, their model was not explicitly deduced from the
heterogeneous CHs of AVs and HVs.

To fill in the research gap, this study formulates
the stochastic traffic capacity under the mixed flow
considering the heterogeneous CHs of AVs and HVs. The
traffic capacity can be applied to the network-based traffic
assignment problem. The CHs of AVs and HVs are
represented as random variables, respectively. The
heterogeneity of mean and variance of CHs of AVs and
HVs can be addressed in the proposed traffic capacity
model.

The path choice principles of AVs and HVs have
been also discussed in the literature addressing the traffic
assignment models considering the traffic capacity under
the mixed traffic flow. Bagloee et al. [19] and Zhang and
Nie [20] assumed that some demands followed user
equilibrium and others followed system optimum, where
AVs were controlled by the central agent to decrease the
total travel time. On the other hand, Chen et al. [21] and
Liu and Song [4] assumed both AVs and HVs followed
user equilibrium principle. Wang et al. [5, 6] assumed that
AVs could acquire more accurate traffic information than
HVs so that AVs and HVs follow user equilibrium
principle and cross-nested logit principle, respectively.
Following Wang’s studies, this study focuses on the
difference in the accuracy of the travel time information
between AVs and HVs and assumes AVs and HVs follow
user equilibrium principle and stochastic user equilibrium
principle, respectively.

When the stochastic link capacity is incorporated
into a traffic assignment model, the travel times of link
and path become stochastic variables, where the drivers
choose their paths based on the stochastic travel time. In
order to address the uncertainty of the mixed traffic of
AVs and HVs, the outcomes developed in the literature
addressing the traffic assignment model considering the
travel time reliability, of course in the pure HV network
can be utilized. In the literature on the network-based
model considering the travel time reliability, the
stochastic traffic capacity as well as the stochastic traffic
flow were addressed and treated as the source of the
uncertainty of the travel time. Some studies proposed
traffic assignment models that introduced stochastic
traffic demand following normal distributions to express
stochastic travel times (Nakayama and Takayama [22];
Clark and Watling [23]; Lam et al. [24]; Uchida [25]). If
the traffic demand follows a normal distribution and the
link travel time is expressed by a polynomial function of

the stochastic link flow, then an approximation method is
needed to calculate the mean and variance of the
stochastic link travel time. Traffic flow assignment
models in which traffic demand is assumed to follow a
log-normal distribution were proposed (Zhou and Chen
[26]; Sumalee and Xu [27]; Tani et al. [8]). Some studies
addressed stochastic traffic capacity in order to express
stochastic travel times (Chen et al. [17]; Tani et al. [8]).
The former assumed that the link capacity follows a
uniform distribution, whereas the latter assumed that the
link capacity follows a log-normal distribution. Especially
in Tani et al. [8], since traffic demand and traffic capacity
both follow log-normal distributions, the corresponding
link travel time follows a shifted log-normal distribution.
The empirical studies of Uno et al. [28] and Srinivasan et
al. [29] reported that link travel times in road networks
can fit to a shifted log-normal distribution from the
observed data of travel times. Based on their studies, it is
reasonable to represent the travel time distribution as such
a nonnegative and asymmetric distribution in a traffic
assignment model.

Thereby, this study proposes a novel traffic
assignment model incorporating the heterogeneous
stochastic headways of AVs and HVs. The traffic
assignment model simultaneously addresses stochastic
network variables, i.e., traffic flow, travel time, traffic
capacity, and the path choice behavior under the uncertain
network.

The contributions of this study are twofold. First,
we formulate a stochastic link capacity of the mixed flow
considering the heterogeneous stochastic CHs of AVs and
HVs, which was not explicitly addressed in the existing
study (Tani et al. [8]). It not only improves the realism of
the mixed traffic behavior but also enables the evaluation
of the impact of the changes in the mean and variance of
AV CH on the network performance, such as flow
patterns and path travel time.

The remainder of this paper is organized as
follows. Section 2 presents the formulation of the
stochastic network variables, i.e., traffic flow, link
capacity, and travel time, under the stochastic mixed flow
of AVs and HVs. Section 3 presents a multiclass traffic
assignment model under the stochastic mixed flow.
Section 4 shows the results of numerical experiments
carried out to demonstrate the model described in Section
3. Finally, we conclude this paper in Section 5.

2 Flows and travel time

In this section, we formulate the stochastic traffic flow,
link capacity, and travel time. As assumed in the literature
(Zhou and Chen [26]; Sumalee and Xu [27]; Tani et al.
[8]), the traffic demand in this study follows a log-normal
distribution. Following Tani et al. [8], the traffic capacity
in this study follows a log-normal distribution. This
assumption can be supported by the insight shown by
Chen et al. [13] that a log-normal distribution is one of the
better-fitting distributions of link capacity. As will be
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shown later, these two assumptions are consistent with the
evidence shown by Uno et al. [28] and Srinivasan et al.
[29] that link travel times in road networks follow a
shifted log-normal distribution. Notations used in the
formulation are summarized in Appendix A.

2.1 Traffic flow
The network flows in this study are represented as random
variables to express uncertainties of travel times in the
network. Total traffic demand Q in the network is a
random variable that follows the following log-normal
distribution (Tani et al. [8]):

Q~LN(uq, 04) €]
If a random variable X follows a log-normal distribution
LN (py,02), then E[X] and Var[X] are calculated as
exp (uy + 07 /2) and exp(2uy + 0%) - (exp(o7) — 1) ,
respectively. The total traffic demand of type-z vehicles
Q, is represented as:

Q:=p,"Q Vz € {ha} ()
where ¥ c(nq;p, = 1 and p, = 0 (vVz € {h,a}). p, and
pp, are the penetration rates of AVs and HVs of the total
traffic demand in the entire road network, respectively.
Thereby, p, and p, can be interpreted as the market
penetration rates of AVs and HVs in the entire road
network, respectively. To express OD demand, we
introduce the ratio of OD demand for type z vehicles to
Q denoted by p,,,. Then, the traffic demand of type z
vehicles between OD pair w, Q,,, is:

Qz,w =DPzw" QZ vz € {h, a}, vw ew (3)
where

z DPow =1 (pz‘w > 0) vz € {h,a} )

wEeEW

The flow of type z vehicles on path k between OD pair w,
Fpw ks 18:

Fowie = Pzwi * Qzw = Pzwik " Pzw " Pz Q ®)
vz € {h,a},Yw € W,Vk € K,,
where  Yyek, Prwi = 1 (Yw € W,vz € {h,a}) and
Pzwk = 0 (Vk € K,,,Yyw € W,Vz € {h,a}) . The link
flow is then expressed as the sum of all path flows that
pass through the link given by:

Vs = Z Z 6w,k,s ' F ©)

zZw,k
WEW k€K,

= Z Z 6w,k,s "Pzwik” Qz,w

WEW K€Ky,
= ﬁz,s ‘QVvzE {h,a},VS ES
where

ﬁz,s = Z Z 5w,k,s Pz Dzw " Pzwk vz 7

WEW K€Ky,
€{h,al,Vs€S
The link flow is represented as the product of the scaler
P.s and the total traffic demand Q. Thereby, the total link
flow, I, for both types of vehicles is given as the sum of
the link flows of AVs and HVs.

Vs = Vh,s + Vh,s = ﬁh,s "Q+ ﬁa,s Q (3)
=ps-Q VsES
where
Ds = ﬁh,s + p\a,s VsE€S ©)

Here, p, s and P are the proportions of , ; and V; to total
traffic demand Q. Hereafter referred to as link flow
proportion.

From (8), V; follows a log-normal distribution shown as:

Vi~LN(uy,, 0¢.) VS €S (10a)

where
Hv, = to + In(Ps) (10b)
oy, = 0§ (10c)

The traffic flow formulation shown in this section enables
the analytical representation of the link flow distribution.
The link flow in this study follows a log-normal
distribution, and its mean and variance can be calculated
using the distribution parameters, u, and 05, of the total
demand. This calculation requires neither the enumeration
of all paths that pass through the link nor the calculation
of covariance between two path flows. This mathematical
property comes from the assumption shown by (1) and
contributes to reducing the calculation load in traffic
assignments or network design problems. When
calculating the variance of a link flow, it should be noted
that if OD flows are represented by independent random
variables, then all paths that pass through the link need to
be enumerated in order for the path flow covariance to be
calculated (Lam et al. [24]). In addition, the
corresponding link flow no longer follows the same
distribution as assumed in OD flows due to the covariance
of two path flows. Therefore, in the literature, the
distribution is approximated by a theoretical distribution,
e.g., when OD flows follow independent normal
distributions, link flows are assumed to follow normal
distributions (Lam et al. [24]). As shown in a later section,
this mathematical property also helps the link travel time
distribution to be calculated correctly. Namely, the link
travel time in this study follows a shifted log-normal
distribution. It is also noted that when the link flow
follows a normal distribution, in general, no
corresponding theoretical distribution of the link travel
time exists. Therefore, in the literature, the distribution is
assumed to follow a theoretical distribution with
statistical parameters.

2.2 Link Capacity

The link capacity can be calculated as the inverse of the
corresponding CH. The CH is the minimum headway time.
The headway time is defined as the time elapsed between
the front of the lead vehicle passing a point on the
roadway and the front of the following vehicle passing the
same point. The link flow in this study follows a log-
normal distribution. Therefore, the link capacity in this
study also follows a log-normal distribution since the link
capacity is the maximum link flow that follows a log-
normal distribution. In addition, all AVs in the network
can use the control system to engage in the same driving



maneuvers. In contrast, since HVs are controlled by a
human, their driving maneuvers vary from individual to
individual. In the mixed traffic flow of AVs and HVs, the
headway times vary due to HV maneuvers. To represent
such variation in headway times, we introduce stochastic
CH. As a result, the link capacity, i.e., the inverse of the
stochastic CH, in this study is calculated as a stochastic
variable, as shown below.

The CH for the type z vehicle in this study is
calculated as the basic CH, h,, times the ratio of the CH
for a type z vehicle to the basic CH of R,. We consider
then a vehicle platoon that consists of AVs and HVs. The
AV penetration rate in the platoon is w, s € [0, 1]. Each
AV/HV in this study has a CH ratio that is randomly
sampled from the log-normal distribution of
LN (“Rz' a;%z) (z € {h, a}). Now we consider the CH ratio
of a vehicle that is randomly selected from the platoon.
The ith sampled CH ratio for each type of vehicle z €
{h,a} is denoted as r;}. The number of samplings is n;.
The geometric mean of the sequence of the sampled CH
ratios, 15, is given by:

£l oo b
s = (fa,s 'fh,s)ns = (fa,s) ’ (fh,s)ns
where 7,5 = ]_[?fl T, Pus = ]_[?51 r) and ng =ngs +
nys. In (11), n, ¢ and ny, ¢ are the numbers of AVs and
HVs sampled, respectively. Note that the geometric mean
is the appropriate measure of the central tendency
calculated using the sampled values from a log-normal
distribution. According to (11), 7, and f,; can be

regarded as random samplings from Ra,5(=
as 2 o

RZ “)~LN (na,s " UR,» (na,s) : 01%,1) and Rh,s(=

R"™)~LN (nhys * Urp» (n,LS)2 - a,%h) , respectively. R,

represents the n,¢ order moment of R, . If ng is

sufficiently large, then % = wgs. Therefore, 7y can be
S

regarded as a sample generated from Ry~LN (“RS'GI%S)
where Up. = Wq s Ug, + (1 - was) ‘Ug, and of =
(a)a‘s)z op +(1- wa‘s)z -op, . If the samplings of
i and rhj and the calculation of 7; from the samples are
repeated in sufficiently numerous times, then the

stochastic ratio of CH on link s, R, is obtained from the
numerous samples of 7y, shown as:

R, = R;Ua,s ) Rfll_wa's (12a)
where
oy = Vas _ ﬁf's (12b)
TV Ds

Therefore, the ratio of the CH for the mixed flow of AVs
and HVs to the basic CH on link s, R, has the following
log-normal distribution:
Re~LN (jig,, 0%) (13)
Consequently, the CH of vehicles on link s is calculated
as:
Hg = hg " R; (14)

From the definition of the hourly capacity of link s, if the
unit of CH is second, it is represented as:
3600 (15)
Cs =
Hy
From (13)-(15), Cs; has the following log-normal
distribution:

Co~LN (ug,, 02.) (16a)

where
te, = n(3600) — In (o) — g, (16b)
0, = of, (16¢)

Thereby, the parameters of link capacity, C; vary with the
AV penetration rate of link s, w,s. Note that the
mathematical properties of the link capacity are given in
Appendix B.

2.3 Travel time

The model proposed in this paper falls within the category
of static models for long-term planning at the strategic
level. Therefore, both the uniqueness and the stability of
a solution by the proposed model should be discussed.
Although the uniqueness of the solution may not be
guaranteed due to the asymmetric effect of mixed flow on
the link capacity, the stability of the solution may be
guaranteed under a continuously differentiable link travel
time function that increases monotonically with respect to
the link flow. Considering this, we use a BPR function to
calculate the link travel time. The link travel time in this
study is calculated by the following BPR function:

/A Bs (17)
Te(Vps Vas) =0 | 1+ ay - (C—> VSES
S
where Cg is the link capacity shown by (16). By
substituting (8) and (16) into (17), we obtain:

Ts(V;z,s: Vh,s) = t.g + Ts, (18)
where
50 - HPs (19)
ngtg-as-(%> VsES

(18) is composed of a free-flow travel time term (the first
term, t0) and a delay time term due to congestion (the
second term, TJ ). T, has the following log-normal
distribution:
Ti~LN(prs, 02) (202)
where
pry =In(td) + In(a) + Bs - {ug + K, (20b)
+ In(ps) + In(hy)
—1n(3600)}

072.5 = (B5)? (0§ + 0} (20¢)
Accordingly, the link travel time in this study follows a
shifted log-normal distribution and is consistent with the
evidence shown by Uno et al. [28] and Srinivasan et al.
[29]. Then, the mean link travel time, the link travel time
variance, and the covariance of two link travel times are
respectively represented as:

E[T] =t + E[T{] 21

0 1,
=1t +exp ‘uTS’+E.O-Ts,
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Var[T,] = Var|[T{] (22)
= exp (ZuTSr + O'ér) (exp (aé) - 1))
Cov|Tsy, Tsp] = Cov[Ts, Ts,] (23a)

1
_ L2
=exp (MTs’rTs’z + E 0-7“5’1'Ts,2)
1 -2 2
—exp| g, + g, +5- (o7, + o7,
Vsl,s2 €S
where

s = In(as) + In(ag) + In(e (23b)

+In(tg,) + By - In(Psy)
+Bsz ln(ﬁsz)
+(Bs1 + Bs2) Hq — Bs1 Heyy — Bsz Hc,
021 1 = Boa + Be2)? 03 + B0k, (230)
+B%, * 0t
Figures 1 and 2 respectively show the changes in mean
and standard deviation of link travel time when the link
flow proportion and the penetration of AVs in the link
change. The free-flow travel time of the link is set as 5
[min]. The parameters of the BPR function of the link, a
and f3,, are set as 0.15 and 4, respectively. The mean and
the coefficient of variation of the total traffic demand are
respectively set as 18,000 [pcu/hour] and 0.10
(Q~LN(9.79,9.95 x 1073) ), where pcu represents a
passenger car unit. We set h, fig, , and a,%h as 2.0 [sec],
0.14, and 0.04, respectively. The corresponding mean HV
CH is calculated as 2.35 [sec]. We set yg, and o,ga as 0
and 0.03, respectively. The parameter settings of the link
capacity hold the conditions shown in Appendix C, which
ensure that the link travel cost in this study, E[T;] + vy -

Var[T,] (y >0) , increases monotonically with
increases in the mean link flow. As an example, the
parameters are set following the results of Appendix C for
the numerical calculation. However, in practice, these
parameters should be estimated from the observation of
the real road network and the expected AV performance
rather than freely set by the analyst. In these figures, the
mean link travel time seems not to change much at a low
link flow proportion. The mean link travel time is
calculated by (21). At a low link flow proportion, the
numerator of the second term, i.e., link flow V;, takes a
small value. On the other hand, the denominator of the
second term, i.e., link capacity Cj, is calculated depending
only on (the relative ratio of AVs and HVs in a total link
flow) its link AV penetration rate w, s, not depending on
the link flow proportion itself. Therefore, the change in
mean link travel time is small at a low link flow
proportion. The link travel cost corresponds to the path
travel cost in this study, which is defined later in this
section.

40

Mean link travel time [min]

_//‘1

08
06

012 S~ -
008 n\oa\h“ -
\U\‘f 02 AV penetration rate

Link flow proportion 0 in the link

Figure 1. Mean link travel time

=]

= 3 8
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Sta rgavd deviation of link travel time [min]
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02 AV penetration rate
Link flow proportion inthe link

Figure 2. Standard deviation of link travel time

The path travel time is expressed as the sum of the travel
times of the links that comprise the path:

PT, . = Z Ty 8yps YWEW,VEEK, 4

SES
The mean and variance of path travel time are respectively

represented as:

E[PTw,k] = Z E[Ts] ) 6w,k,s (25)
SES
Var[PT,, ;| = Z Var[T,] - 8, es + 2 (26)

SES

’ Z Z 6w,k.sl ' 6w,k,52

S1€S s2(#s1)eS
- Cov|Tsy, Ty, ]
By considering risk-averse driving behavior (Sumalee
and Xu [27]), the path travel cost ¢, in this study is
defined as:

27
cwi = E[PTy ] +7- /Var[PTw‘k] @7)

vw e W,vk € K,
where Y is a positive parameter.

3 Multiclass traffic assignment model

In this section, we formulate a multiclass traffic
assignment model under the stochastic mixed flow of AVs
and HVs. This model introduces the stochastic network
variables formulated in the previous section. Moreover,
we formulate an optimal AV CH-setting problem by
utilizing the proposed traffic assignment model.



It is reasonable to suppose that AVs can acquire
more precise travel time information than HVs can
acquire, since the AVs in this study are connected to each
other by ICT technology. In this study, the path choice
behavior of HVs is expressed by the logit-based stochastic
user equilibrium (SUE) principle, whereas that of AVs is
expressed by the user equilibrium (UE) principle. Without
a loss of generality, the UE principle applied to AV path
choice behavior can be replaced by the SUE principle
with less precision of path travel cost information than
that for HVs. According to Wang et al. [5], the
generalized path travel cost for HV is defined as follows:

1 Trwk (28)
Ihwik = Cwi T 9 In
qh,w

vw e W,vk € K,
where fi k= E[Fowi] and qu,w = E[Qn,]. 6 in (28)
is a dispersion parameter of the SUE assignment, and it
shows that the larger the parameter is, the more precise
the path travel cost information is. The equilibrium
conditions for OD pair w are that the generalized path
travel costs for used paths g, all be all equal.

Additionally, gy, , , of used paths are less than or equal to
those of unused paths. These conditions are formulated as
the following variational inequality problem (VIP)
(Nagurney [30]):

Z Z Inwic - Fnwie = Frwie) =0 (29)

WEW kEKy,
s.t.
Z fowk = Quw YW EW (30)
KEKyy
fowr = 0VW € W,Vk €K, (1)

In (29), frwx is the fy . at the equilibrium state. The
path choice behavior of AVs that is expressed by the UE
principle is formulated as the following VIP:

Z Z Cwk (fa.w,k - fa*,w.k) =0 (32)

WEW k€K,
S.t.
Z fa,W,k = qa_w vywew (33)
KeK,
fa,w,k =>0vw e W,Vk € K, (34)

From (29) and (34), the traffic assignment problem for the
mixed flow of HVs and AVs can be formulated as the
following VIP:

Z Z Inwic* Frwie = Frwi) (35)

WEW k€K,

+ Z Z Cwik " (fa,w,k - fa*,w,k) =0

WEW k€K,
s.t. (30), (31), (33), and (34)
Note that at an AV market penetration rate of p,, the
corresponding AV penetration rate for each link wg in
(12a) is endogenously calculated from (35) and the
corresponding path-link incident matrices. Therefore,

there is no need to set the AV penetration rate
exogenously to each link in the network.

4 Numerical experiments

In this section, we show the results of numerical
experiments carried out to demonstrate the proposed
models in a test network.

We analyze the impact of the AV penetration
rate on the change in total travel time of the entire road
network. The total travel time is represented as stochastic
variable corresponding to link flow and link travel time
defined above shown as:

TT, =V, T,=V,-t+V,-T. Vs€S (36)
The mean and variance of total link travel time are
respectively represented as:

E[TT,] = E[V, T, = 2 E[V] + E[V;- TJ] ~ (37)
Var[TT,] = Var[V; - T,] (38)
=D -Var[V] +Var[V,-T{] + 2 -t
- Cov[Vy, Vi - T¢]
The total travel time for all drivers in the network is

calculated as:
T = Z TT, (39)

SES
Its mean and variance are represented respectively as:

(40)
E[TT] =E TT,| = ) E[TT,]
Var[TT] 41)
= Z Var[TT,] + 2

SES

Cov|[TTyy, TTs,]
S1€ES s2(#s1)ES
We use the Sioux Falls network shown in Figure 3. We
define three origin nodes and three destination nodes. This
network has nine OD pairs, and each OD pair has four
paths. The free-flow travel times for links 1, 37, 38, 56,
and 60 are set as 15 [min], and those for the others are set
as 5 [min]. The parameters of the BPR function for all
links, a; and S, are set as 0.15 and 4, respectively. The
mean and the coefficient of variation for total traffic
demand are respectively set as 18,000 [pcu/hour] and 0.10
(Q~LN(9.79,9.95 x 10~3)). Each mean OD demand is
set as 2,000 [pcu/hour] (OD demand
Qw~LN(7.60,9.95 x 1073)). In this analysis, we set the
parameter ¥ in (27) as 1.0. We set the dispersion
parameter 6 in (28) as 0.1. In setting the CH for each
vehicle, it is reasonable to suppose that the link travel

cost, E[T;] +y -+/Var[T,], increases as the link flow
increases, regardless of the vehicle type. However, this
relationship does not always hold depending on the
parameters of the distributions. Appendix C shows the
conditions of the parameters that result in the
monotonicity of the link cost function in the stochastic
mixed flow. Based on the results of Appendix C, we set
ho, Ug,, and of, as 2.0 [sec], 0.14 [sec], and 0.04 [sec’],
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respectively. The corresponding mean HV CH is
calculated as 2.35 [sec]. We set aga as 0.03 [sec?]. Figure
4 shows the total travel cost in the network, E[TT] + y -

Var[TT], when the market penetration rate of AVs, p,
in (2), and E[R,] vary. Figure 5 shows the probability
density functions (pdf) of the path flows between OD pair
1, which is from node 1 to 7, when the mean AV CH is
2.01 [sec] and p, = 0.5.

From Figure 4, it is known that the total travel
cost decreases with a decrease in the mean CH or with an
increase in the AV penetration rate in the network. The
general trend is that the mean travel times of the paths that
carry AV flow are shorter than those that carry no AV
flow. This is caused by the mean link capacity increase
brought by the AV flow. The spread of AVs ultimately
contributes to reductions in the total travel cost in the
network. Figure 5 shows the path flow distributions of O-
D pair 1, which is from node 1 to node 7 and has four
paths. The link path sequence of paths 1-4 of O-D pair 1
are respectively represented as 1-4-16-20, 2-6-9-12-16, 2-
6-9-13-24-20, and 1-4-15-13-24-20. As shown in Figure
5, it is known that the variance of path flow increases as
the mean path flow increases. This relationship shown in
the figure is consistent with (10). The difference in path
choice patterns of AVs and HVs can result from the
differences in the exogenous assumptions (i.e., path
choice criteria) and the parameters (i.e., the AV
penetration ratios of O-D pairs; the parameters of
headway of AVs and link capacity model). For example,
in general, vehicles following SUE will also choose paths
with non-minimal travel times that vehicles following UE
will not choose due to the assumption of perception errors.
Figure 6 compares the path flows of y =0and y = 1.
Differences in drivers' risk preferences affect their
recognition of path choice costs and path choice behavior.
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Figure 6. Mean path flows of risk-neutral case and risk-
averse case

5 Concluding remarks

This study proposed a multiclass traffic assignment model
under the stochastic mixed traffic flows of AVs and HVs.
A stochastic link capacity model was introduced to these
models. The mean and variance of the stochastic link
capacity proposed in this study is expressed as a function
of the AV penetration rate for the link. The proposed
model introduces stochastic variables to represent travel
time uncertainty. We assume that the mean and standard
deviation of travel time affect route choices in the road
network. To wverify the proposed multiclass traffic
assignment model, we performed numerical calculations
in a test network. The results showed that when the AV



penetration increases, the total travel cost of the whole
road network decreases. Additionally, it is shown that the
improvement of AV CH brings about a reduction in total
travel cost.

For the future works, firstly, we will analyze the
properties of other path choice principles. As shown in the
literature, various path choice principles have been
proposed for each vehicle type. We need to analyze
transitions of travel cost when we assume different
principles. Secondly, the effect of the stochastic platoon
order can be considered in link capacity model. One of the
authors proposed the way to consider stochastic platoon
order in static equilibrium framework (Hu and Kato, [31]).
Thirdly, the proposed network equilibrium model can be
used for the policy analysis in the AV era. For example,
the parking choice behavior of AVs in congested areas is
an interesting problem to be formulated as a network
equilibrium problem. A limitation of the model proposed
in this study is that it does not take these into account in
setting the AV CH. Fourthly, the relationship between the
equilibrium solutions and the initial solutions should be
studied more. An equilibrium solution of the traffic
assignment problem considering the mixed flow depends
on the initial solution and the parameters of link capacity
model and link cost function. When applying the traffic
assignment model to a real road network, the variability
of the equilibrium solutions depending on the initial
solutions should be investigated like a previous study (e.g.,
[6]). For the applicability of the proposed model to the
real road network, the impact of road network and AV
performances on the -characteristics of equilibrium
solutions should be clarified. Finally, the causes of the
differences in route choice patterns of AVs and HVs need
to be studied using a quantitative rather than qualitative
approach. Identifying the causes of the differences is
meaningful to develop the method to guide the routes of
AVs or HVs by setting the congestion charge or the road
space dedicated for AVs.

List of Abbreviations AV: Autonomous Vehicle; HV:
Human-driven Vehicle; CH: Critical Headway; UE: User
Equilibrium; SUE: Stochastic User Equilibrium.
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Appendix A: Notations

w Set of origin-destination (OD) pairs
Ky, Set of paths serving OD pair w
S Set of links
Q Stochastic total traffic demand
Parameters of random variable X following
a lognormal distribution
Q, Stochastic total traffic demand for type z €
{h, a} vehicles where h and a represent HV
and AV, respectively
Pz Penetration rate of type z vehicles
Qzw Stochastic traffic demand of type z vehicles
between OD pair w
Qzw Mean of stochastic traffic demand of type z
vehicles between OD pair w
Daw Ratio of traffic demand of type z vehicles to
total traffic demand of the same type of
vehicles between OD pair w
Stochastic flow of type z vehicles on path k
between OD pair w
fzwrx  Mean of stochastic flow of type z vehicles
on path & between OD pair w

Fz,w,k

Powk Ratio of the flow of type z vehicles on path
k between OD pair w to total traffic demand
of the same type vehicles and OD pair

V,s Stochastic flow of type z vehicles on link s
Vgs Mean of stochastic flow of type z vehicles

on link s
Ow ks Variable that equals 1 if link s is part of path
k between OD pair w and 0 otherwise
Dzs Ratio of the flow of type z vehicles on link s
to total traffic demand
74 The total link flow for both vehicle types
Ds Ratio of the flow on link s to total traffic
demand
ho Basic CH for all vehicles
R, Stochastic ratio of the CH for type z
vehicles to the basic CH
W s AV penetration rate on link s
r} The ith sampled CH ratio for vehicle type z

Ty The geometric mean of the sequence of the
sampled CH ratios on link s
Ty s The product of all samples of 7} on link s
Ny The sample number for vehicle z on link s
ng The sample number on link s

Ry Stochastic ratio of the CH for the mixed
flow of AVs and HVs to the basic CH on
link s

R,  Then,, order moment of Ry
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H; Stochastic CH for vehicles on link s
C Stochastic capacity of link s

T Stochastic travel time of link s
t? Free-flow travel time of link s
as, Ps Parameters of BPR function of link s
Ty Stochastic delay time due to congestion on
link s
PTyx Stochastic travel time of path k between OD
pair w
Cwk Travel cost of path k between OD pair w
y Parameter of risk-aversion degree
TT, Total travel time of link s
T Total travel time of the entire road network
Inwi Generalized travel cost of path k between

OD pair w defined for HV
6 Dispersion parameter of logit model

Appendix B: Mathematical properties of link capacity

From (16), the mean of link capacity E[C] is represented
as:
E[C] (42)
_ 3600

=

—Wq,;s " g, — (1 - wa,s) *Ury,

1
+§{(w“'5)2 i +(1- wa,S)Z . Ugh}
OE|[Cs]
From —= =
dwgs

E[Cq] is given by:

- exp
0, the AV penetration rate minimizing

g~ by + )
The resultant distribution parameters of Cy are then:
e, @
= [n(3600) — In (hy)
( Hr, * (Hrg — Mgy, + OF,) >

+ig, * (—Ur, + Ury, + U}%a)

* —
Wq,s =

2 2
aRa+0'Rh
2
2 .2 _ (45)
v2_ .o Ok, 0R, + (Hr, — Hr,)
Oc, = Op, = 2 | 52
ok, t Og,

The coefficient of variation of a stochastic variable is

defined as the ratio of the standard deviation and the mean.

CV|[C,] is then defined as:
SD[C,] (46)
CV[Cs] = E[C.]

where

SD[C,] = /Var[C,] = E[C,] - /exp(ags)—1 @7

Substituting (47) into (46), we obtain:

CV[Cs] (48)
2 2
= \/exp ((wa,s) “of, + (1—was) - agh) -1
From 22051 — ¢ , the AV penetration rate at which

dwd
CV[Cq] is minimized is given by:

2 49
s = — )
T Og, T O,
The resultant distribution parameters of C, are then:
ué, = In(3600) — In (hy) (50)
_ MRa ' G}%h + nuRh ' o-l%a
2 2
A,
+2 42 OR,"ORy Gh
acs - aRs - L2 + 2
Og, T 0%,

In (49), if R, is a stochastic variable, namely a,%a >0,
then there exists an AV penetration rate w/ (> 0) that
minimizes CV[C;]. If R, is a deterministic variable,
namely o4 = 0, then CV[C;] monotonically decreases in
wg s € [0,1].

It is impossible to derive an analytical expression
of w, s that minimizes the standard deviation of link
capacity /Var[C,]. Therefore, we will discuss next the
existence range of w,; which minimizes the standard
deviation of link capacity. We consider first a case when

Hr, — Hr, > 0, ie., wy s < wg. Hereinafter, /Var([C],
E[C;], and yrar

@rlCal e represented as f(wqs), 9(Was)
E[Cq] g g

and h(ways), respectively. f(ways), g(wa_s), and h(wa_s)
hold the following relationship:

f(wa,s) = g(wa,s) ' h(wars) (52)
The first derivative of f (a)a‘s) with respect to wg, ¢ is
calculated as:

f’(wa.s) = g’((l)a‘s) ' h(wa.s) (53)
+g(wa,s) ) h’(wa's)

dar dg dh
where f' = ,9 =——,and b’ =
dwgs dwgs dwg s

g(wa‘s) and h(wa_s) are non-negative convex functions
and hold g'(wgs) =0 and f'(wis)=0. Therefore,
g'(wajs) . h(wajs) is a continuous increasing function that
holds g'(wgs) - h(was) = 0. Also, g(wgs) - h'(wgs) is
a continuous increasing function that holds g(a); S)-
R’ (wgs) = 0. From the above discussion, it is shown that
f ’(a)als) is a continuous increasing function. Since
f(wys) <0< f'(wf), there exists w,s such that
f'(was) =0 and wgs € (w5 wis) . Namely, there
exists wg ¢ € (Pé,s, wg S) that minimizes the standard

deviation of link capacity. In the same manner, when
Hr, —Hr, <0 , ie, wis>wis , the results of

. Note that

f’(ways) =0and w,; € (w;s, w;_s) are obtained.
Appendix C: Monotonicity of link travel cost

The increase in AV penetration rate increases the traffic
capacity of a link. However, it is reasonable to suppose
that the link travel cost increases monotonically with
respect to link flow in a road network. We will derive
parameter-setting conditions for AV CH that guarantee
that the link travel cost increases monotonically with



respect to the link flow. We do not address the case of
KRy, — Br, < 0. When pg, — pp, <0, the mean AV CH
can be larger than the mean HV CH even if the standard
deviation of AV CH is less than that of HV CH. However,
such parameter setting of AVs is irrational since it does
not motivate road users to use AVs. Therefore, we only
address the case of g, — ug, = 0.

We will find conditions that ensure that the mean
link travel time increases monotonically with respect to
the mean link flow of AV, v, = E [l/;l‘s]. Hereinafter, the
mean values of V ¢, V;, and C are represented as v, v,
and ¢, respectively. In the following discussion, the
variables are pp  and a,ga, i.e., the other parameters such
as Bs, Ug,, and aﬁh are now assumed as given calibration
parameters. The partial derivative of mean link travel time
with respect to v, ¢ is represented as:

OE[T]  _|oT, oV, (54)
0ves |0V Wasl,
+FE % 9C;
aCS aVa’S Va,s=Va,s

Although some approximate computation of random
variables is required in the process of computing the right-
hand side of (54), the condition under which the mean of
link travel time increases monotonically with respect to
the link flow can be obtained under the approximate
computation as follows:
1> (HRh - #Ra) (33)

Next, we will find conditions that ensure that the variance
of the link travel time increases monotonically with
respect to link AV flow v, . The partial derivative of
mean link travel time with respect to v, s is represented
as:

dVar[Ts]  dVar[TJ]| (56)
ava’s aVa’S |Va s=Va,s
_ 0BT
9 [/;1,5 Va,s=Va,s
., OE[TS]
- 2E [TS] ava's

Suppose (55) and Sy = 1 holds, then the conditions that
ensure that the variance of link travel time Var[T,]
increases monotonically with respect to v, are
represented as:

2
aj{sz > (F— 1) -4
N
Finally, from (55) and (57), the monotonicity condition of
link cost can be represented as:

2
1> G- mand o> (1)
N

(57)

(58)
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