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Abstract 

Vibrations adversely affect mechanical systems, causing noise, worsening comfort, and even 

resulting in fatal fatigue destruction. To improve safety and the performance, vibration 

reduction technologies are indispensable to mechanical structures. Active vibration control 

(AVC) can outperform passive methods in terms of its vibration reduction performance. To 

take advantage of the virtue of AVC’s good vibration attenuation performance, proper 

selection of control law is indispensable. Excessive complexity of controller design and 

control system itself imposes huge development costs, diminishing the practicability of AVC. 

In general, model-based control (MBC) technique is the dominant technique for advanced 

AVC systems. The virtue of model-based AVC is that a controller exhibiting good 

performance can be obtained in a systematic manner using advanced MBC theories. However, 

model-based controller design is costly and burdensome due to the modeling procedure of 

actual controlled objects; a control system based on the model of the actual controlled object 

is fragile to modeling errors, which always exist between the physical system and the 

corresponding model, and changes in controlled objects.  

To overcome these problems, several model-free control (MFC) strategies have been 

examined. Nevertheless, the existing MFC methods have several difficulties such as 

complicated control system design procedures and lack of systematic approaches to define 

control actions. Such difficulties cancel out the virtue of MFC, namely, the simplicity of not 

needing mathematical models of actual controlled objects, significantly reducing its 

practicability. Therefore, conventional MFC mentioned above essentially cannot solve the 

problems of MBC and is difficult to implement in practice. For this reason, in the AVC field, 

conventional MFC is not suitable for replacing MBC. 

The main contribution of this study is the development of a simple and practical model-

free AVC strategy applicable to various vibration problems in mechanical systems. First, 

novel model-free AVC based a virtual controlled object (VCO) (VCO-MFC) is proposed. 
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The VCO, which is a designer-defined structure, is introduced between an actuator and an 

actual controlled object. The target vibration of the actual controlled object is indirectly 

suppressed by controlling the VCO. A state equation to design a model-free vibration 

controller is obtained by using only the actuator and the VCO. As an example of VCO-MFC, 

the VCO-based model-free controller is designed by applying mixed 𝐻2/𝐻∞ control theory 

to the state equation. VCO-MFC has much simpler design process than conventional MFC 

because it can employ systematic MBC theories after the introduction of the VCO. The VCO-

MFC technique is superior to the model-based AVC schemes in that it does not require 

mathematical models of actual controlled objects. The vibration suppression performance of 

the proposed method is examined by simulations and experiments. The experimental results 

reveal that VCO-MFC has strong robustness to changes in actual controlled objects. 

Second, VCO-MFC considering parameter uncertainties of the actuator is proposed. The 

actuator often has the parameter uncertainties due to aging and individual deference. Such 

uncertainty significantly affects the control performance and closed-loop stability of VCO-

MFC since this strategy utilizes the actuator model for controller design. Accordingly, 

consideration of the actuator uncertainty in VCO-MFC is indispensable for implementation 

in practice. The simple state equation for controller design via the VCO-MFC framework 

enables compensations of the uncertainty based on traditional model-based robust control 

theories. In this study, two different approaches are developed and compared: the linear 𝐻∞ 

synthesis approach and the sliding mode control approach.    

Third, an offline parameter tuning technique is developed for the VCO-controller. 

Focusing on the strong robustness of VCO-MFC to changes in actual controlled object, the 

proposed method utilizes a designer-defined SDOF structure called a reference controlled 

object (RCO) instead of actual object models. An offline iterative tuning procedure is 

developed based on vibration control simulations with the RCO and the simultaneous 

perturbation stochastic approximation (SPSA). This study employs SPSA because of its high 

calculation efficiency. The proposed tuning procedure can automatically determine 

appropriate controller parameters due to SPSA. Thanks to the RCO, this method does not 
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require mathematical models of actual controlled objects. Moreover, numerical and 

experimental studies reveal that the VCO-controller tuned by the proposed method is at the 

same level as ones tuned via conventional trial-and-errors. Consequently, the proposed 

tuning method is quite simple and can significantly reduce the burden on designers.  

Finally, an adaptive controller tuning mechanism is introduced to VCO-MFC because 

there may be some room for the improvement of control performance for each specific object 

unless the controller is retuned for each of them (although the RCO- and SPSA-based offline 

tuning technique can achieve fairly good performance, it is not always the best for each of 

them). The proposed self-tuning technique is constructed by utilizing only measured outputs 

and SPSA: resulting adaptive VCO-MFC is model-free. The measurement-based tuning 

method enables to improve control performance according to vibration characteristics of each 

controlled object. The control performance of proposed adaptive VCO-MFC is compared 

with that of conventional VCO-MFC via simulations with various controlled objects 

including time-varying properties, and outperforms the conventional one. 

The proposed model-free AVC approach has virtues of both MBC and MFC: it has the 

clear and systematic controller design like MBC because matured MBC theories can be 

applied after the introduction of the VCO; it has the simple development process and 

robustness to characteristic changes in actual controlled objects due to the model-free nature. 

The practicability of VCO-MFC is enhanced by the compensation technique of the actuator 

uncertainty, the offline parameter tuning strategy, and the online adaptive self-tuning 

mechanism. Consequently, this study provides a novel and powerful method to solve various 

vibration problems in mechanical systems. In addition, the proposed control methodologies 

also make academic contributions from the viewpoint of not only practicality method but 

also a control-theoretic perspective because VCO-MFC can be viewed as a novel control 

system architecture which bridges the gap between MBC and MFC. 

 

Keywords: Active vibration control, model-free control, virtual controlled object, robust 

control, optimization, simultaneous perturbation stochastic approximation, adaptive control. 
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Chapter 1. Introduction 

1. 1 Background 

Vibrations adversely affect mechanical systems, causing noise, worsening comfort, and even 

resulting in fatal fatigue destruction. For example, tragic collapse of the Tacoma Narrows 

bridge on 7 November 1940 was caused by resonant vibration induced by Kármán vortex 

shedding [1]. To improve safety and the performance, vibration reduction technologies are 

indispensable to mechanical structures. 

 

1. 1. 1 Passive vibration control and active vibration control 

Vibration reduction technologies can be roughly classified into two types: passive vibration 

control (PVC) and active vibration control (AVC). PVC dissipates vibration energy by 

passive mechanisms such as viscous, friction, and inerter dampers [2], and is characterized 

by the absence of an external source of power [3], [4]. Passive mechanisms are not restricted 

to pure mechanical elements, and various electric devices such as electromagnetic and 

piezoelectric shunt dampers are also used frequently [5]. Among them, a tuned mass damper 

(TMD) is a typical and effective PVC technique. For example, TMDs are utilized for seismic 

control of submerged floating tunnels [6]; reducing chatter of slender cutting tools [7]. A 

TMD is composed of a mass, a spring, and a damper, and is used by attaching it directly to a 

primary structure. A TMD is designed so that the natural frequency of the TMD is close to 

the primary structural mode of interest [3]. TMDs dissipate the vibration energy of the 

primary structure by resonating out of phase with the structure [3]. Multiple TMD (MTMD) 

systems have been widely studied to improve performance, and various applications have 

been proposed: chatter reduction in machine tools [8], suppression of time-varying vibration 

of ball screws [9], and multimode vibration reduction of offshore wind turbines under seismic 

excitation [10], to name a few. However, although TMDs are simple in that they can be easily 

implemented without external power units and computers, these methods have several 
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significant disadvantages: these cannot effectively mitigate vibrations in a wide frequency 

range [11], and often fail when the characteristics of the controlled objects change [11]. 

AVC systems introduce actuators, sensors, and control theories to reduce vibrations of 

controlled objects by actively inputting control forces or changing inherent parameters (e.g., 

stiffness and damping) via external power sources based on feedback signals [12]. AVC that 

changes inherent parameters is sometimes called semi-active vibration control [13]. A 

significant virtue of AVC is its control performance: compared with PVC, AVC exhibits 

much superior performance [13], [14]. Numerous studies have been focused on AVC. For 

example, AVC schemes are developed for a magnetic positioning system in hard disk drives 

[15]–[17]; planetary gearbox vibration is attenuated in AVC manner [18]; AVC is 

constructed for an elastic rotor by using its deformation an controlled variable [19]. One 

group has examined AVC for automotive drivetrain system with gear backlash [20], [21].  

In AVC design, one of the most important points is which feedback control law to use. 

AVC can be viewed as an interdisciplinary area between mechanical engineering and 

automatic control theory [22], and numerous control theories have been applied to AVC 

design and evaluated for effectiveness. AVC becomes more and more sophisticated as control 

theories are developed. Here, it should be noted that controller design of AVC is important 

not only for control performance but also for implementation aspect such as development 

cost. To take advantage of the virtue of AVC’s good vibration attenuation performance 

exhibited in various systems, proper selection of control law is indispensable. Excessive 

complexity of controller design and control system itself imposes huge development costs, 

diminishing the practicability of AVC. 

 

1. 1. 2 Overview of automatic control  

Automatic control systems are reported to have been used for more than 2000 years [23]. 

Among them, one important control system used during the dawn of automatic control was 

the centrifugal governor for steam engines [23], [24]. In 1868, Maxwell described a way to 

derive linear differential equations for various governors [25]. Since then, the relation 



3 

 

between the roots of characteristic polynomials and the stability of dynamical systems has 

been widely studied, yielding a stability criterion for linear systems now known as the Routh–

Hurwitz criterion [23]. The control law now known as proportional-integral-derivative (PID) 

control was clearly described in 1922 [26], [27]. In addition, Lyapunov developed a stability 

criterion for the equilibrium of an autonomous dynamical system based on a positive definite 

function with certain conditions — the Lyapunov function [28]. This method is very useful 

in that it does not require any explicit solutions of differential equations. 

Classical control theory was the first attempt at a rigorous and quantitative treatment of a 

feedback control system. This theory focuses on a transfer function, which is the relationship 

between system input and output in the frequency domain. The transfer function is obtained 

via Laplace transformation. The frequency domain viewpoint enables utilization of the rich 

knowledge of complex analysis, resulting in the Nyquist stability criterion [29], Bode’s gain 

and phase relation [30], gain phase margin [30], and the graphical expression of the frequency 

response of linear system so-called the Bode plot [24] (these achievements originate from 

the analysis of electric circuits such as feedback amplifiers [23]). In classical control theory, 

only a linear time-invariant (LTI) single-input single-output (SISO) system is considered, 

and so is insufficient for treating general multiple-input multiple-output (MIMO) systems. 

For example, the gain and phase margin cannot always be a good measure for MIMO systems 

[30]. Moreover, although various rigorous analysis methods for feedback systems were 

established in the classical control era, the theory lacks a systematic controller design 

methodology — the controller design largely depended on designers’ experiences and 

intuitions through trial-and-error using the Bode plot. In addition, the transfer function-based 

approach via Laplace transformation has trouble in dealing with time-varying and nonlinear 

systems. 

Modern control theory oversaw a paradigm for more general, systematic, and rigorous 

analysis and synthesis of feedback control systems. Modern control frameworks are 

developed by relying on a time-domain model of dynamical systems in a state-space 

representation, i.e., this theory employs analysis in the time domain. Unlike the classical 
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paradigm, this approach allows for the consideration of not only input/output relation but 

also various internal states of systems. Many representative results have been obtained during 

this era, including the notion of controllability/observability [31] and various duality relations 

(e.g., feedback regulation problems and feedback filtering problems) [31]. Among them, one 

of the most important milestones in this era is the exploration of optimality in feedback 

control: systematic methodologies were established to design a reasonable control policy 

exhibiting high performance (e.g., the linear quadratic regulator (LQR) [32]. In this era, the 

Lyapunov method was introduced to stability analysis of feedback control systems [33]. The 

modern control paradigm attracted much attention because of its mathematical elegance, 

generality, and deep implications.  

However, while the modern control framework up to the 1970s had spectacular success in 

terms of mathematical control theory, it encountered great difficulties in terms of control 

engineering in practice. Several attempts to implement modern control methods such as the 

linear quadratic Gaussian control failed tragically [34]. As a result of these outcomes, the 

importance of robustness in control systems was realized, introducing the paradigm of robust 

control theory. Considerations for various uncertainties in control system design were made 

by revisiting the frequency domain method and utilizing singular value analysis [34]. Among 

them, the small-gain theorem (at that time, it was still regarded as an exotic plaything for 

nonlinear system theorists) is a core concept for robust control [34]. Finally, the linear 𝐻∞ 

synthesis method for general LTI systems was established both in frequency [29] and time 

domains [30]. The structured singular value referred to as 𝜇  was introduced to improve 

control performance [30]. These results stand on tremendous achievements in control theory 

and mathematics such as parametrization of stabilizing controllers, model-matching problem 

formulation, linear fractional transformation (LFT), generalized Bode’s gain and phase 

relation, functional analysis and Hardy space, and more [29], [30]. 

Related to the control of mechanical systems, nonlinear control theory is an integral 

frontier in the field of automatic control. Some of its representative results include: exact 

linearization based on differential geometry [35], dissipativity and nonlinear 𝐻∞ control [36], 
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variable structure system (VSS) and sliding mode control (SMC) [37], [38], and the control-

Lyapunov function approach [39]. In addition, adaptive control [40], sampled-data control 

[41], and model predictive control (MPC) [42] are other powerful strategies for controlling 

mechanical systems. In particular, MPC can handle various constraints, although it incurs 

huge computational loads and long sampling times. Sampled-data control was utilized to 

handle the long control period due to actuator characteristics in automotive drivetrain control 

[21], [43]. 

In addition, many attempts are being made to utilize and mimic human intelligence and 

empirical knowledge for system control via various artificial intelligences, referred to as 

intelligent control. Control system construction using neural networks is a typical intelligent 

control technique (e.g., [44]). Some researchers have examined the training of control 

policies via reinforcement learning [45]. However, one of the most successful intelligent 

control methods may be fuzzy control. Fuzzy control was initiated by Mamdani [46] and is 

based on fuzzy theory proposed by Zadeh [47], [48]. In fuzzy control theory, system 

characteristics are modeled by fuzzy if-then rules linguistically, and corresponding control 

actions are designed based on the fuzzy plant model or experts’ knowledge. One of the most 

distinguished points of fuzzy theory is that it can reflect the knowledge, experiences, and 

thinking of human beings in control strategies [49]. There are various methodologies for 

designing fuzzy controllers and stability analysis of fuzzy systems [50], [51]. One successful 

technique for this is the Lyapunov function method (e.g., [52]–[55]). Intelligent methods 

explained above have various practical application examples: the adaptive neural network 

controller was investigated to suppress regenerative chatter in micromilling [56], and 

Tsukamoto-type fuzzy inference was utilized to compensate for time-varying control input 

update timing in automotive drivetrains [57], among others.       

Remark 1.1: In AVC as a practical engineering problem, one should keep in mind that the 

suitable control strategy significantly depends on each problem to be tackled. Employing 

advanced control theory is not necessarily a good choice. For example, MPC may not be 

suitable for mass-produced goods because this method often requires high-performance, 
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and hence expensive, digital signal processors (DSPs), meaning the price of the products 

would skyrocket.                                                                                                                 ∎ 

 

1. 1. 3 Model-based and model-free control  

Generally, control system design is mostly based on the information of actual controlled 

objects. Among them, exact mathematical models of actual plants (e.g., state equations, 

transfer functions of plant uncertainty, and Lyapunov functions) have been the most common 

forms of information to design a controller especially after the modern control period, and 

are regarded as the foundation of control system synthesis and analysis: 

Definition 1.1: A mathematical description is said to be a mathematical model of a 

dynamical system if it is sufficiently accurate to describe dynamic characteristics of the 

system; provided, however, that universal function approximators, linguistic expression, 

and observed data sets are not included in the mathematical model.                                 ∎ 

For example, equations of motion, state equations, transfer functions of plant uncertainty, 

and Lyapunov functions are typical mathematical models of systems. System identification 

via experimental modal analysis and finite element method are very common techniques to 

obtain mathematical models describing a structural vibration. It should be noted that 

obtaining a mathematical model of a system is usually costly and burdensome. In light of 

this, control system design methods can be classified in terms of what types of plant 

information the design procedure is based on: 

Definition 1.2: A control system construction procedure is said to be model-based if the 

control policy is analytically derived based on mathematical models of actual controlled 

objects. If a control system construction does not utilize such mathematical models of 

actual controlled objects to design the control policy, the design process is said to be model-

free.                                                                                                                                     ∎ 

In general, model-based control (MBC) technique is the dominant technique for advanced 

AVC systems. The virtue of model-based AVC is that a controller exhibiting good 
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performance can be obtained in a systematic manner using advanced MBC theories proposed 

since the modern control era. Focusing on such an advantage, many studies targeting model-

based AVC have been conducted: an AVC based on a class of passivity-based control was 

investigated for a nonlinear two-degree of-freedom (2-DOF) mechanical system [58]; the 𝐻∞ 

controller based on a state space model obtained by experimental modal analysis was applied 

to suppress vibration of membrane structures in a vacuum environment [59]; the event-

triggered AVC scheme for flexible mechanical structures was designed based on the partial 

differential equation model [60]; and the robust MPC scheme was developed to suppress 

structural vibration of high-raised towers [61]. However, model-based controller design is 

costly and burdensome due to the modeling procedure of actual controlled objects. Moreover, 

a control system based on the model of the actual controlled object is fragile to modeling 

errors, which always exist between the physical system and the corresponding model, and 

changes in controlled objects. Note that even model-based robust control and adaptive control 

sometimes fail due to modeling errors if there are mismatches between the prior uncertainty 

modeling assumptions and real-word conditions because these methods stand on the 

assumption (i.e., model) of the uncertainty [62].   

To overcome these problems, several model-free control (MFC) strategies have been 

examined. For example, a model-free constraint control method was constructed for flexible 

spacecraft with an unknown captured object [63]; a MFC scheme was developed for finger 

dynamics in prosthetic hands [64]; one study compared MBC and MFC for flexible-link 

robots [65]; a model-free finite-time tracking control method was proposed for vehicle 

suspension systems [66]; a model-free SMC was developed for 4-DOF tower cranes [67]; 

tube-based model-reference adaptive vibration control was investigated for active car 

suspension systems [68]; and an innovative MFC was proposed for an active suspension 

system based on bioinspired dynamics [69], [70]. They are developed for specific mechanical 

systems.  

Intelligent control schemes are a powerful MFC technique. Among them, neural networks 

are often utilized as universal function approximators for estimating unknown dynamics and 
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constructing control laws. AVC of flexible cantilevers using a piezoelastic actuator and 

neural networks was studied [71]. One group proposed an AVC for a flexible manipulator in 

the presence of input deadzone, approximating the effect of input deadzone via radial basis 

function neural networks [72]. Neural network based predictive control was applied to 

suppress vibration of tall buildings [73]. Intelligent control for semiactive suspension systems 

without prior knowledge of the dynamics of nonlinear dampers was constructed based on 

improved extreme learning machine [74]. A neural network controller for two-link flexible 

manipulator was developed using radial basis function neural networks [75]. An adaptive 

SMC based on a neural network was proposed for gyroelastic bodies [76]. A radial basis 

function was employed in a Nussbaum gain adaptive control to identify unknown plant 

nonlinearities [77]. Nevertheless, training neural networks requires a huge amount of training 

data and learning time, diminishing the practicability and increasing the development cost. 

Fuzzy control technique is also an effective intelligent control method to construct MFC 

systems because vague and qualitative information of plants can be treated because of its 

linguistic nature. For example, a semiactive vibration control scheme using TMD with time 

variable damping was proposed based on fuzzy logic [78]; structural vibration of a two-story 

building was reduced via a fuzzy PID controller [79]; a fuzzy Luenberger observer was 

developed for a two-mass drive system [80]; AVC for a structure with parameter uncertainty 

and actuator saturation was proposed based on a hedge-algebra-based fuzzy controller [81]; 

adaptive fuzzy SMC was proposed for vibration suppression of flexible structure [82]. 

Nevertheless, because fuzzy controller design often lacks systematic approaches to design 

membership functions and control laws, it relies heavily on the experience and intuition of 

the designer, imposing a heavy burden. 

Data-driven controller design is a controller design strategy which utilizes input/output 

raw data of a plant obtained by experiments rather than a mathematical model. For example, 

a data-driven control approach using a Taylor series and the differential mean value theorem 

was proposed for a discrete-time nonlinear system [83]. Virtual reference feedback tuning 

[84]–[86] and the fictitious reference iterative tuning [87] are powerful data-driven methods 
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because they require only one-shot experimental data. Several components of a gain-

scheduled controller such as look-up table and scheduling function were constructed based 

on the virtual reference feedback tuning [88], [89]. A PID controller for a slip control law 

between the engine and the clutch was tuned via the fictitious reference iterative tuning [90]. 

However, one-shot data-driven control is often too fragile for characteristic changes in actual 

controlled object because, and essentially these methods heavily rely on plant characteristics. 

On the other hand, an innovative data-driven control framework has been proposed based on 

a falsification procedure: unfalsified control [62], [91]. Nevertheless, this method requires a 

huge calculation time to falsify candidate controllers, and is difficult to implement into 

mechanical systems.    

Furthermore, an active disturbance rejection control (ADRC) proposed by Han [92] is an 

interesting and effective control scheme which does not require exact mathematical models 

of actual plants, i.e., it is model-free [93]. The key idea of the ADRC is simple but innovative: 

the unknown dynamics of a plant and external disturbances are lumped into “total 

disturbance”, estimated by an extended state observer (ESO), and directly canceled out. 

There are a lot of practical applications of the ADRC for AVC: two-inertia systems [94], 

piezoelastic beams [95], and all-clamped piezoelastic plates [96], to name a few. The 

formulation of the lumped disturbance, however, is not always straightforward depending on 

the system, complicating the design process of the ADRC. In addition, ADRC design requires 

relative degree as plant information, which is often challenging to identify for complex plants 

[92], [97]. 

Table 1. 1 lists the typical MFC strategies mentioned above. As discussed above and 

shown in Table 1. 1, the existing MFC methods have several difficulties such as complicated 

control system design procedures and lack of systematic approaches to define control actions. 

Such difficulties cancel out the virtue of MFC, namely, the simplicity of not needing 

mathematical models of actual controlled objects, significantly reducing its practicability. 

Therefore, conventional MFC mentioned above essentially cannot solve the problems of 
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MBC and is difficult to implement in practice. For this reason, in the AVC field, conventional 

MFC is not suitable for replacing MBC.  

Although each MFC strategy has unique problems in controller design, the complexity of 

conventional MFC seems to stem from the fact that they have totally different ideas to 

matured MBC which has highly systemized synthesis procedures. One way to tackle this 

issue is utilization of systematic controller design procedures for MBC, which have been 

established since the modern control era, in the MFC framework. Establishing a simple 

model-free AVC strategy should thrust the use of AVC forward, resolving various vibration 

problems in mechanical systems easily.   
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Table 1. 1 Representative MFC strategies. 

Strategies Examples Advantages Disadvantages 

Neural 

networks 

⚫ approximation of 

unknown and nonlinear 

dynamics via radial 

basis function neural 

networks [72], [77].  

⚫ neurocontroller for 

AVC for flexible 

structures [71]. 

It is applicable to 

various systems. 

It requires huge 

amount of training 

data and learning 

time. 

Fuzzy 

control 

⚫ semiactive vibration 

control using time 

variable TMD based on 

fuzzy logic [78]. 

⚫ structural vibration of 

two-story buildings via 

a fuzzy PID controller 

[79]. 

It can utilize experts’ 

knowledge. 

 

It lacks systematic 

approaches to 

determine control 

actions. 

Data-

driven 

control 

⚫ gain-scheduled 

controller constructed 

based on the virtual 

reference feedback 

tuning [88], [89].  

⚫ PID controller design 

for a slip control law 

between the engine and 

the clutch via the 

fictitious reference 

iterative tuning [90]. 

It has a systematic 

procedure to 

determine control 

laws. 

It is fragile to 

changes in plant 

characteristics. 

ADRC ⚫ AVC for piezoelastic 

beams [95]. 

⚫ AVC for all-clamped 

piezoelastic plates [96]. 

It is robust to various 

uncertainties. 

Design procedure is 

not straightforward. 
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1. 2 Contributions  

The main contribution of this study is the development of a simple and practical model-free 

AVC strategy applicable to various vibration problems in mechanical systems. In this study, 

an actuator and sensor for obtaining measured outputs are assumed to be mounted directly to 

a damping point of the actual controlled object. The actuator is assumed to be modeled as a 

single-degree-of-freedom (SDOF) system. Moreover, upper and lower frequencies of the 

controlled frequency band, where the vibrations to be reduced occur, are assumed to be 

known. Note that the controlled frequency band is very important plant information but not 

a mathematical model of an actual plant. Specifically, the contribution of this study consists 

of the following consecutive parts: 

First, a virtual controlled object (VCO), which is an SDOF structure, is defined between 

the actuator model and an actual controlled object. The target vibration at the damping point 

of the actual controlled object is indirectly suppressed by controlling the VCO. The design 

condition for the VCO is derived to realize the indirect vibration suppression. A state 

equation to design a model-free vibration controller is obtained by using a 2-DOF system 

composed of only the actuator and the VCO: this state equation represents a low-order LTI 

system. The model-free vibration controller is designed by applying mixed 𝐻2/𝐻∞ control 

theory, a traditional model-based robust control theory, to the 2-DOF plant. The model-free 

AVC based on the VCO (VCO-MFC) has a much simpler design process than conventional 

MFC schemes because it can employ systematic state-space based MBC theories after the 

introduction of the VCO. Obviously, VCO-MFC is superior to model-based AVC in that 

VCO-MFC does not require mathematical models of actual controlled objects. The vibration 

suppression performance of the proposed method is examined by vibration control 

simulations and experiments. The experimental results reveal that VCO-MFC has strong 

robustness to changes in actual controlled objects. 

Second, VCO-MFC considering parameter uncertainties of the actuator is proposed. In this 

study, the stiffness and damping of the actuator are assumed to have uncertainties since exact 

values are generally far more difficult to obtain than for the mass (large modeling errors and 
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individual differences of the mass of the actuator are quite rare because the mass can be easily 

measured). The actuator’s parameter uncertainty is quantitatively modeled. The effects of the 

actuator uncertainty are evaluated in the 2-DOF system of the actuator and the VCO from 

the viewpoint of the small-gain theorem, constructing a generalized plant to design VCO-

based MFC with robustness to the actuator uncertainty. A VCO-controller considering the 

actuator uncertainty is designed using linear 𝐻∞ control theory, one of the most successful 

robust control theories, and the generalized plant. The robustness to actuator uncertainties 

and vibration suppression performance of the proposed controller are examined by 

simulations and experiments. Moreover, to improve the control performance, another VCO-

MFC method considering the actuator uncertainty is developed based on SMC theory, 

verifying its superiority to linear 𝐻∞ synthesis based VCO-MFC. The actuator often has the 

parameter uncertainties due to aging and individual deference. Such uncertainty significantly 

affects the control performance and closed-loop stability of VCO-MFC since this MFC 

strategy utilizes the actuator model for model-free controller design, although VCO-MFC 

does not require mathematical models of actual objects. Accordingly, consideration of the 

actuator uncertainty in VCO-MFC is indispensable for implementation in practice. The 

simple state equation for controller design via the VCO-MFC framework enables 

compensations of the uncertainty based on traditional model-based robust control theories 

such as 𝐻∞ synthesis and SMC, clearly showing the simple and systematic manner of the 

design of VCO-MFC.    

Third, the controller tuning problem in VCO-MFC is addressed. After the introduction of 

the VCO, VCO-controllers are designed in the same way as in MBC, implying that there are 

some tuning parameters to be determined by designers (e.g., constant weighting matrices to 

design the LQR). These tuning parameters are usually determined by trial-and-errors through 

simulations using exact actual plant models and experiments using the actual plant itself, 

imposing a heavy burden on designers. Therefore, this study proposes a novel parameter 

tuning procedure for VCO-MFC. Focusing on the strong robustness of the VCO-MFC system 

to characteristic changes in the actual controlled object, the proposed method utilizes a 

designer-defined SDOF structure called a reference controlled object (RCO) instead of 
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mathematical models of actual objects. The RCO is designed so as to share the controlled 

frequency band with the actual controlled object. An offline iterative tuning procedure is 

developed based on vibration control simulations with the RCO and the simultaneous 

perturbation stochastic approximation (SPSA) method. SPSA is an optimization algorithm, 

and is employed in this study because of its high calculation efficiency. The control 

performance of the VCO-controller tuned by the proposed method is compared with that 

tuned by manual trial-and-errors, and exhibits the same performance. The proposed tuning 

procedure can automatically determine appropriate parameter values for the VCO-controller 

due to SPSA. Thanks to the RCO, this method does not require mathematical models of actual 

controlled objects, that is, this tuning procedure is also model-free. Moreover, the vibration 

control performance due to the VCO-controller tuned by the proposed method is at the same 

level as ones tuned via conventional trial-and-errors. Consequently, the proposed tuning 

method is quite simple and can significantly reduce the burden on designers.  

Finally, an adaptive VCO-MFC technique is developed by combining the VCO-based 

LQR with a novel online controller tuning mechanism. Conventional VCO-MFC tuned for 

some controlled object may not provide the best performance for other controlled objects 

which is different from the structure for tuning. This is because conventional VCO-MFC is 

designed without using mathematical models of the actual controlled object; there may be 

some room for the improvement of control performance for each specific object unless the 

controller is retuned for each of them (although the RCO- and SPSA-based offline tuning 

technique can achieve fairly good performance, it is not always the best for actual objects). 

To overcome this shortcoming, the online self-tuning mechanism is introduced to the VCO-

based LQR. The online tuning scheme is based on SPSA and measured outputs from the 

actual plant. While the control system is working, the online tuning algorithm ongoingly 

updates the VCO-controller according to the control result (i.e., measured outputs from the 

actual plant), adapting the controller to each controlled object and improving the vibration 

suppression performance. The controller fitting the given controlled object is searched online 

based on SPSA. The proposed self-tuning technique is constructed by utilizing only 

measured outputs and the SPSA algorithm. Therefore, the resulting adaptive VCO-MFC 
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system is model-free. The measurement-based tuning enables improved control performance 

according to vibration characteristics of each controlled object. The control performance of 

the proposed adaptive VCO-MFC scheme is compared with that of conventional VCO-MFC 

via vibration control simulations with various controlled objects including time-varying 

properties, and outperforms the conventional one. 

The proposed model-free AVC, namely VCO-MFC, has virtues of both MBC and MFC: 

it has the clear and systematic controller design of MBC because matured MBC theories can 

be applied after the introduction of the VCO; it has the quite simple development process and 

strong robustness to characteristic changes in the actual controlled object because of the 

model-free framework. Moreover, the practicability of VCO-MFC is enhanced by the offline 

parameter tuning strategy and the online adaptive self-tuning mechanism. Note that the whole 

of the proposed control system development in this study is totally model-free. Therefore, 

the model-free AVC strategies proposed in this study can be applied to various vibration 

control problems as long as the abovementioned assumptions hold, while the design and 

implementation are quite easy, simple, and low-cost. Consequently, this study provides a 

novel and powerful method to solve various vibration problems in mechanical systems.  

In addition, the proposed control methodologies also make academic contributions from 

the viewpoint of not only practicality method but also a control-theoretic perspective. This is 

because VCO-MFC utilizes MBC theories to design a controller although this method itself 

is model-free: VCO-MFC can be viewed as a novel control system architecture which bridges 

the gap between MBC and MFC. 

 

1. 3 Outline 

This thesis is structured as follows: 

Chapter 2 introduces the basic concept of VCO-MFC. The indirect vibration suppression 

via the VCO is described. The quantitative design condition to realize VCO-MFC is 

derived. The state equation for VCO-based controller design is constructed. As an 
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example of VCO-MFC, the VCO-based model-free mixed 𝐻2/𝐻∞  controller is 

designed using the state equation, and the vibration suppression performance of the 

control strategy is verified by vibration control simulations and experiments. 

Chapter 3 concerns the compensation for the actuator’s parameter uncertainty. The uncertain 

stiffness and damping of the actuator are modeled. The effects of the actuator 

uncertainty are qualitatively evaluated from the viewpoint of the small-gain theorem, 

and the generalized plant for controller design is derived considering the uncertainty. 

The VCO-based model-free 𝐻∞ controller is designed based on the generalized plant. 

The control performance and robustness to the actuator uncertainty of the proposed 

VCO-based model-free 𝐻∞ controller is examined via vibration control simulations 

and experiments. Moreover, to reduce the conservativeness of the 𝐻∞ synthesis based 

compensation, another VCO-based controller design method to address the actuator 

uncertainty is developed based on SMC theory. The performance and robustness of the 

VCO-based SMC strategy are compared with that of the VCO-based 𝐻∞ controller, 

exhibiting the superiority of the SMC based VCO-controller design. 

Chapter 4 develops offline parameter tuning technique for the VCO-controller. Focusing on 

the strong robustness to characteristic changes in actual controlled objects, the 

designer-defined controller object, the RCO, is proposed to tune the VCO-controller. 

A loss function is defined to evaluate the VCO-controller. The value of the loss 

function is calculated from a vibration control simulation using the RCO. The 

fundamentals of SPSA are briefly described. Using the RCO and SPSA, the offline 

iterative tuning procedure is developed for VCO-MFC by minimizing the loss function 

by SPSA. The control performance of the VCO-based model-free LQR tuned by the 

proposed method is compared with that of the VCO-based LQR tuned by manual trial-

and-errors. This comparison is conducted through vibration control simulations and 

experiments with controlled objects other than the RCO.  

Chapter 5 is devoted to enhancing the control performance of the VCO-MFC technique via 

online adaptive self-tuning — adaptive VCO-MFC. Previous studies concerning the 
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SPSA-based online controller tuning are discussed. SPSA with a norm-limited update 

vector (NLSPSA) is introduced focusing on calculation stability. Inspired by these 

studies, the online adaptive mechanism for VCO-MFC is developed based on the 

measured output from the actual plant and SPSA. The adaptive VCO-MFC system is 

constructed by combining the VCO-based LQR and the online self-tuning scheme. The 

effectiveness of the adaptive mechanism is confirmed through vibration control 

simulations with various controlled objects including structures having time-varying 

properties. 

Chapter 6 summarizes the conclusions of this study. Future directions related to this study 

are also discussed. 
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Chapter 2. Basic Concept of VCO-MFC 

2. 1 Introduction 

As discussed in Subsection 1. 1. 3, there are few model-free AVC systems without the 

complicated design process, which puts a burden on designers. From the perspective of 

control performance and implementation, incorporating a model-based optimal control 

technique into MFC design can yield systematic controller design and less calculation load. 

Herein VCO-MFC is proposed as one such technique. The proposed method enables MFC 

by inserting a VCO between the actuator and the actual controlled object. Specifically, setting 

appropriate parameters of the VCO defined as an SDOF structure in consideration of the 

frequency transfer function makes the vibration responses of the VCO equal to those of the 

actual object. The VCO-MFC system is robust against changes of the actual controlled object 

because a controller designed without using mathematical models of the actual object 

indirectly suppresses its vibrations. Unlike MBC and conventional MFC, the VCO-MFC 

system does not require the complex design processes and is easy to implement in that this 

technique is model-free and has a systematic controller design procedure. Since the model of 

the actuator with the VCO is a simple low-order LTI system, there are fewer design 

parameters and a smaller calculation load. In addition to being a simple practical method, it 

uses the same design process as traditional model-based optimal control after introducing the 

VCO. Hence, the proposed approach can easily realize a good control performance. The 

contents of this chapter are based on a series of previous studies [98]–[102]. 

 

2. 2 MFC System based on VCO 

2. 2. 1 Assumptions 

Throughout this study, the following conditions are assumed to achieve VCO-MFC: 
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(A1) The actuator for vibration control can be modeled as an SDOF structure. (Hereafter, 

the mass, stiffness, and damping of the actuator are denoted as 𝑚0 ∈ ℝ+, 𝑘0 ∈ ℝ+, 

and 𝑐0 ∈ ℝ+, respectively). 

(A2) Both the actuator and the sensor to obtain measured outputs are directly attached to a 

damping point of an actual controlled object.  

(A3) The lower and upper frequencies of the controlled frequency band, where vibrations 

to be reduced are occurring, are known. (Hereafter, such lower and upper frequencies 

are denoted as 𝛺𝑙𝑜𝑤𝑒𝑟 ∈ ℝ+  and 𝛺𝑢𝑝𝑝𝑒𝑟 ∈ ℝ+ , respectively. Obviously, 𝛺𝑙𝑜𝑤𝑒𝑟 <

𝛺𝑢𝑝𝑝𝑒𝑟). 

(A4) The undamped natural frequency of the actuator is lower than the lower frequency of 

the controlled frequency band, i.e., √𝑘0/𝑚0 < 𝛺𝑙𝑜𝑤𝑒𝑟. 

This study employs an electromagnetic proof-mass actuator shown in Fig. 2. 1, which 

satisfies (A1). In Fig. 2. 1, 𝑢 represents the control input force generated by the actuator. 

Specifically, a movable mass composed of coils vibrates vertically along the central axis and 

applies vertical excitation forces to the contact surface that suppresses the object’s vibration. 

The value of the excitation force is proportional to that of the current in the actuator circuit 

depending on the command value from the controller. From this mechanical principle, this 

actuator can be modeled as an SDOF system. Table 2. 1 lists the parameter values of the 

actuator employed in this study [98]. In this study, the controlled frequency band is set from 

50 Hz to 1000 Hz. 

 

Table 2. 1 Parameters for the actuator [98].  

Properties Value Units 

𝑚0 0.2031 kg 

𝑘0 3518 N/m 

𝑐0 1.186 Ns/m 
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Fig. 2. 1 Electromagnetic proof-mass actuator. 

 

2. 2. 2 State equation for model-free controller design based on VCO 

Model-free AVC is realized by introducing a VCO into the control system. Fig. 2. 2 shows 

the model of an actual AVC system. 𝑥1 indicates the displacement of the damping point of 

the actual controlled object. The structure of the actual controlled object is not specifically 

defined. The aim of the control is to suppress vibrations of displacement 𝑥1 of the actual 

object via control input 𝑢 generated from the actuator. For such system configuration, several 

approaches discussed in Subsection 1. 1. 3 (e.g., the neural networks [103]) can be candidates 

for designing a MFC system. However, all of them involve the complicated design processes 

with a lot of time and preparations, and their many parameter tunings by trial-and-error 

efforts are quite burdensome. In addition, the calculation loads when the control systems are 

implemented offline and work online are heavy. 
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Fig. 2. 2 Actual AVC system. 

 

In this study, a new model-free AVC approach that is fundamentally different from the 

other traditional MFC methods is developed to realize a simpler and easier design. A novelty 

of the MFC strategy proposed in this study is the idea of introducing the VCO into a control 

system. 

Fig. 2. 3 describes a system where the VCO is inserted between the actuator and actual 

object in order to design a MFC system. The mass, stiffness, and damping of the VCO are 

denoted as 𝑚𝑣 ∈ ℝ+, 𝑘𝑣 ∈ ℝ+, and 𝑐𝑣 ∈ ℝ+ ∪ {0}, respectively. The displacement of the 

point mass of the VCO is denoted as 𝑥𝑣. The basic idea of VCO-MFC is that the VCO is 

regarded as the controlled object instead of an actual controlled object and 𝑥1 is indirectly 

controlled by controlling 𝑥𝑣. The model-free controller is designed based on a traditional 

MBC theory for the 2-DOF system composed of the actuator and the VCO. 

 

Actual

controlled

object

Actuator
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Fig. 2. 3 System for model-free controller design. A VCO is inserted between the 

actuator and the actual controlled object. 

 

In Fig. 2. 3, the equations of motion for the actuator and the VCO are obtained from 

Newton’s second law as 

𝑚0𝑥̈0 + 𝑐0(𝑥̇0 − 𝑥̇𝑣) + 𝑘0(𝑥0 − 𝑥𝑣) = 𝑢 (2. 1) 

𝑚𝑣𝑥̈𝑣 + 𝑐𝑣(𝑥̇𝑣 − 𝑥̇1) + 𝑘𝑣(𝑥𝑣 − 𝑥1) + 𝑐0(𝑥̇𝑣 − 𝑥̇0) + 𝑘0(𝑥𝑣 − 𝑥0) = −𝑢 (2. 2) 

Laplace transforming (2. 1) and (2. 2) where all the initial conditions are zero yields: 

𝑚0𝑠
2𝑋0(𝑠) + 𝑐0𝑠(𝑋0(𝑠) − 𝑋𝑣(𝑠)) + 𝑘0(𝑋0(𝑠) − 𝑋𝑣(𝑠)) = 𝑈(𝑠) (2. 3) 

𝑚𝑣𝑠
2𝑋𝑣(𝑠) + 𝑐𝑣𝑠(𝑋𝑣(𝑠) − 𝑋1(𝑠)) + 𝑘𝑣(𝑋𝑣(𝑠) − 𝑋1(𝑠))

+ 𝑐0𝑠(𝑋𝑣(𝑠) − 𝑋0(𝑠)) + 𝑘0(𝑋𝑣(𝑠) − 𝑋0(𝑠)) = −𝑈(𝑠) 
(2. 4) 

where 𝑠 is the Laplace operator and the functions after the transformation are expressed by 

capital letters. From (2. 3) and (2. 4), the transfer function 𝑇𝑥𝑣𝑥1(𝑠) between 𝑥1 and 𝑥𝑣 can 

be written as 

Actuator

VCO

Actual

controlled

object

Utilized for 

controller 

design

Not utilized
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𝑇𝑥𝑣𝑥1(𝑠) ∶=
𝑋𝑣(𝑠)

𝑋1(𝑠)

=
(𝑐𝑣𝑠 + 𝑘𝑣)(𝑚0𝑠

2 + 𝑐0𝑠 + 𝑘0)

{𝑚𝑣𝑠2 + (𝑐𝑣 + 𝑐0)𝑠 + (𝑘𝑣 + 𝑘0)}(𝑚0𝑠2 + 𝑐0𝑠 + 𝑘0) − (𝑐0𝑠 + 𝑘0)2
 

=
(
𝑐𝑣

𝑘𝑣
𝑠 + 1) (𝑚0𝑠

2 + 𝑐0𝑠 + 𝑘0)

{
𝑚𝑣

𝑘𝑣
𝑠2 +

(𝑐𝑣 + 𝑐0)
𝑘𝑣

𝑠 + (1 +
𝑘0

𝑘𝑣
)} (𝑚0𝑠2 + 𝑐0𝑠 + 𝑘0) −

1
𝑘𝑣

(𝑐0𝑠 + 𝑘0)2

 

(2. 5) 

The parameters of the VCO are adjusted as design variables. Regarding (2. 5), if the 

stiffness of the VCO is designed as 𝑘𝑣 → ∞, and the mass 𝑚𝑣 becomes zero, the value of the 

transfer function 𝑇𝑥𝑣𝑥1 converges to 1. In this situation, 𝑥1 = 𝑥𝑣 holds: the vibrations of the 

damping point of the actual object can be indirectly controlled by suppressing the vibrations 

of the VCO. From the physical viewpoint, the condition realizes a vibration system in which 

the actuator and the actual controlled object are connected by a rigid massless rod. However, 

𝑘𝑣 cannot be designed as an infinite value because the controller is obtained via a numerical 

calculation; the value of 𝑚𝑣  cannot be zero because this setting yields an uncontrollable 

system without a mass point to give the control input. Therefore, the required transfer 

characteristic is established approximately in the controlled frequency band: 

𝑇𝑥𝑣𝑥1 ≈ 1 (2. 6) 

Designing 𝑘𝑣 as a sufficiently large finite value, 𝑚𝑣 as a sufficiently small finite value, and 

𝑐𝑣  as zero realizes (2. 6), which allows indirect vibration control to work well in the 

controlled frequency band. 

In (2. 1) and (2. 2), vibrations of the actual object are regarded as disturbances 𝑤: 

𝑤 = 𝑘𝑣𝑥1 + 𝑐𝑣𝑥̇1 (2. 7) 

Then using (2. 1), (2. 2), and (2. 7), the state equation of the 2-DOF system shown in Fig. 2. 

3, the actuator and the VCO, is derived as 

𝑥̇𝑣𝑎 = 𝐴𝑣𝑎𝑥𝑣𝑎 + 𝐵𝑣𝑎1𝑤 + 𝐵𝑣𝑎2𝑢 (2. 8) 
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where 

𝑥𝑣𝑎 ∶= [𝑥𝑣 𝑥0 𝑥̇𝑣 𝑥̇0]
𝑇 (2. 9) 

𝐴𝑣𝑎 =

[
 
 
 
 
 

0 0 1 0
0 0 0 1

−
𝑘0 + 𝑘𝑣

𝑚𝑣

𝑘0

𝑚𝑣
−

𝑐0 + 𝑐𝑣

𝑚𝑣

𝑐0

𝑚𝑣

𝑘0

𝑚0
−

𝑘0

𝑚0

𝑐0

𝑚0
−

𝑐0

𝑚0]
 
 
 
 
 

 (2. 10) 

𝐵𝑣𝑎1 = [0 0
1

𝑚𝑣
0]

𝑇

 
(2. 11) 

𝐵𝑣𝑎2 = [0 0 −
1

𝑚𝑣

1

𝑚0
]
𝑇

 
(2. 12) 

Here, the following theorem holds:  

Theorem 2.1: For (2. 8), (𝐴𝑣𝑎, 𝐵𝑣𝑎2) is controllable. 

Proof. It can be easily shown by a straightforward calculation of the controllability matrix 

[30] of (𝐴𝑣𝑎, 𝐵𝑣𝑎2) and its rank.                                                                                         ∎ 

From Theorem 2.1, there exists a feedback control law which can assign the closed-loop 

pole of the 2-DOF system composed of the actuator and the VCO freely. Such a control law 

can suppress the vibration of the actual controlled object, 𝑥1, because (2. 6) holds in the 

controlled frequency band. Therefore, indirect vibration suppression via controlling the VCO 

can be achieved in the controlled frequency band. Here, (2. 8) does not include any 

mathematical models of actual controlled objects. Consequently, a model-free AVC system 

can be realized by designing a controller using (2. 8), in which the VCO is used as a controlled 

object. The VCO-based controller can indirectly suppress vibrations of the actual structure 

since (2. 6) is established thanks to the design of the VCO. This independence of the 

mathematical models of actual object gives robustness with respect to the characteristic 

variations of the actual objects. 
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Remark 2.1: As a significant advantage of the VCO-MFC technique, defining the VCO as 

a simple SDOF system reduces the number of tuning parameters, the time required to 

implement the controller, and the calculation loads. This is because only the two design 

parameters, 𝑚𝑣 and 𝑘𝑣, are necessary to determine the VCO. On the other hand, the MFC 

approaches based on the neural networks such as [103] involve a lot of time and heavy 

calculation loads to implement a controller because an experimental system identification 

of an unknown plant and repeated training of the controller must be performed.              ∎ 

In the VCO-MFC scheme, closed-loop control is performed by feedback of the vibration 

of the VCO as the measured output. However, this vibration does not exist in the real system 

because the VCO is not a real structure. Therefore, vibration 𝑥1 of the actual object, which is 

almost equal to 𝑥𝑣  from (2. 6), is used as the measured output. When a multi-degree-of-

freedom systems and a continuous structure are employed as the actual object, 𝑥1  at the 

location where the actuator is installed should be measured by a sensor. This is the reason 

why condition (A2) is assumed.   

Remark 2.2: If the VCO is not employed, i.e., only the equation of motion of the actuator 

shown in Fig. 2. 2 is utilized for deriving a state equation which does not include actual 

controlled object models, a controller which can suppress the vibrations of the actual 

controlled object cannot be obtained. It is because the resultant system does not have any 

controlled objects related to the actual controlled object. Therefore, this study proposes the 

introduction of the VCO so as to overcome this problem as shown in Fig. 2. 3.               ∎ 

 

2. 2. 3 Quantitative design policy for VCO  

Since the model of the VCO cannot realize 𝑘𝑣 → ∞ and 𝑚𝑣 = 0, (2. 6) is established in a 

finite frequency band. The VCO must be designed to achieve (2. 6) in a controlled frequency 

band where vibration suppression is required. The characteristic equation 𝑅(𝑠) of the transfer 

function (2. 5) is given by 
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⁡𝑅(𝑠) = {𝑚𝑣𝑠2 + (𝑐𝑣 + 𝑐0)𝑠 + (𝑘𝑣 + 𝑘0)}(𝑚0𝑠2 + 𝑐0𝑠 + 𝑘0) − (𝑐0𝑠 + 𝑘0)2 

= 𝑚𝑣𝑚0𝑠
4 + (𝑚0𝑐𝑣 + 𝑚0𝑐0 + 𝑚𝑣𝑐0)𝑠

3 + (𝑚0𝑘𝑣 + 𝑚0𝑘0 + 𝑐𝑣𝑐0 + 𝑚𝑣𝑘0)𝑠
2

+ (𝑐𝑣𝑘0 + 𝑐0𝑘𝑣)𝑠 + 𝑘𝑣𝑘0 = 0 

(2. 13) 

This is also the characteristic equation of a well-known 2-DOF vibration system with 𝑥1 = 0 

in Fig. 2. 3. That is, the two resonance peaks of the frequency response |𝑇𝑥𝑣𝑥1(𝑗𝜔)| occur 

near the damped natural frequencies of the vibration system described by (2. 1) and (2. 2) 

with 𝑥1 = 0. Moreover, the system can be regarded as an undamped 2-DOF vibration system 

because the damping ratios of the actuator and the VCO are very small. Consequently, the 

following generalized eigenvalue problem is solved to investigate the resonance peaks of 

|𝑇𝑥𝑣𝑥1(𝑗𝜔)|. 

⁡det(−𝛺2
[
𝑚𝑣 0
0 𝑚0

] + [
𝑘𝑣 + 𝑘0 −𝑘0

−𝑘0 𝑘0
]) = 0 

(2. 14) 

The undamped natural angular frequencies 𝛺1 and 𝛺2 (𝛺2 > 𝛺1) are obtained by solving the 

eigenvalue problem of equation (2. 14). Note that 𝛺1 and 𝛺2 can be regarded as functions of 

𝑚𝑣 and 𝑘𝑣. 

⁡𝛺1
2(𝑚𝑣, 𝑘𝑣)

=
2𝑘𝑣𝑘0

(𝑚𝑣𝑘0 + 𝑚0𝑘𝑣 + 𝑚0𝑘0) + √(𝑚𝑣𝑘0 + 𝑚0𝑘𝑣 + 𝑚0𝑘0)
2 − 4𝑚𝑣𝑚0𝑘𝑣𝑘0

 

(2. 15) 

⁡𝛺2
2(𝑚𝑣, 𝑘𝑣)

=
2𝑘𝑣𝑘0

(𝑚𝑣𝑘0 + 𝑚0𝑘𝑣 + 𝑚0𝑘0) − √(𝑚𝑣𝑘0 + 𝑚0𝑘𝑣 + 𝑚0𝑘0)
2 − 4𝑚𝑣𝑚0𝑘𝑣𝑘0

 

(2. 16) 

On the other hand, 𝛺𝑙𝑜𝑤𝑒𝑟 and 𝛺𝑢𝑝𝑝𝑒𝑟, the lower and upper frequencies of the controlled 

frequency band, should satisfy 

⁡𝛺1(𝑚𝑣,  𝑘𝑣) < 𝛺𝑙𝑜𝑤𝑒𝑟 (2. 17) 

⁡𝛺2(𝑚𝑣,  𝑘𝑣) > 𝛺𝑢𝑝𝑝𝑒𝑟 (2. 18) 
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Accordingly, a qualitative policy for setting 𝑚𝑣 and 𝑘𝑣 are derived as (2. 19) and (2. 20). 

That is, 𝑚𝑣  and 𝑘𝑣  must satisfy (2. 19) and (2. 20) so as to achieve (2. 6) in the desired 

controlled frequency band. 

{(
(𝛺𝑙𝑜𝑤𝑒𝑟)

2

𝑘0
−

1

𝑚0
)𝑘𝑣 + (𝛺𝑙𝑜𝑤𝑒𝑟)

2}
1

𝑚𝑣
> (

(𝛺𝑙𝑜𝑤𝑒𝑟)
2

𝑘0
−

1

𝑚0
) (𝛺𝑙𝑜𝑤𝑒𝑟)

2 
(2. 19) 

{(
(𝛺𝑢𝑝𝑝𝑒𝑟)

2

𝑘0
−

1

𝑚0
)𝑘𝑣 + (𝛺𝑢𝑝𝑝𝑒𝑟)

2
}

1

𝑚𝑣
> (

(𝛺𝑢𝑝𝑝𝑒𝑟)
2

𝑘0
−

1

𝑚0
) (𝛺𝑢𝑝𝑝𝑒𝑟)

2
 

(2. 20) 

Regarding 𝑇𝑥𝑣𝑥1(𝑠) in (2. 5), fluctuations in the gain and the phase characteristic occur 

near the natural frequencies and above 𝛺2. On the other hand, the gain value is almost 1 with 

a negligible phase delay in the frequency band between 𝛺𝑙𝑜𝑤𝑒𝑟 and 𝛺𝑢𝑝𝑝𝑒𝑟. Setting 𝑘𝑣 to be 

a sufficiently large finite value and 𝑚𝑣 to be a small finite value so as to satisfy (2. 19) and 

(2. 20) realize model-free vibration suppression in the desired controlled frequency band. 

Practically, the parameters are adjusted using the Bode diagram of 𝑇𝑥𝑣𝑥1(𝑗𝜔) in advance. In 

this study, 𝑚𝑣, 𝑘𝑣, and 𝑐𝑣 are determined as Table 2. 2.  

 

Table 2. 2 Parameters for the VCO [98].  

Properties Value Units 

𝑚𝑣 10−5 kg 

𝑘𝑣 7.0 × 105 N/m 

𝑐𝑣 0.0 Ns/m 

 

Fig. 2. 4 shows the Bode diagram of 𝑇𝑥𝑣𝑥1(𝑗𝜔) for the control system validated in this 

study. The fluctuations in the gain and phase characteristics cannot establish (2. 6) near the 

natural frequencies and above 𝛺2. However, the required characteristics where the gain value 

is almost 1 with a negligible phase delay are achieved in the frequency band of 𝑓 ∈

(𝑓1 ≈ 20.6Hz, 𝑓2 ≈ 4.03 × 104Hz), which includes the controlled frequency band. 
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Remark 2.3: In fuzzy approaches such as [78], there is not clear design policy to determine 

the membership functions to construct a MFC system. On the other hand, VCO-MFC can 

be achieved in the systematic way because (2. 19) and (2. 20) give the clear determination 

policy of the 𝑚𝑣 and 𝑘𝑣 and traditional MFC methods can be directly used to design a 

controller after the introduction of the VCO.                                                                      ∎ 

Remark 2.4: The design conditions (2. 19) and (2. 20) include no mathematical model of 

actual object. Hence, the VCO can be designed based on only the actuator model and the 

controlled frequency band information.                                                                              ∎ 

Remark 2.5: The VCO is not a reduced order model of an actual controlled object. The 

VCO is not designed so that its natural frequency matches a resonant peak of an actual 

controlled object in a controlled frequency band. Rather, it is designed not to have a 

resonant peak in the controlled frequency band so as to achieve (2. 6).                           ∎ 

 

 

Fig. 2. 4 Bode plot of 𝑇𝑥𝑣𝑥1 [98]. 
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2. 3 Model-Free Controller Design  

In the proposed method, a controller with a good control performance is easily obtained 

because the design after introducing the VCO uses the same procedure as that of model-based 

optimal controllers [104]. This is one of the most important practical superiorities against the 

other traditional MFC techniques discussed in Subsection 1. 1. 3. 

In this chapter, linear mixed 𝐻2/𝐻∞  control theory, one typical model-based robust 

control theory, is applied to the 2-DOF plant composed of the actuator and the VCO to design 

a controller [105]. Fig. 2. 5 shows a block diagram of the control system design [98]. 𝑃(𝑠) is 

the plant composed of the actuator and the VCO. 𝐾(𝑠) is the controller. 𝑤 is the disturbance 

and 𝑢 is the control input. The measured output 𝑦 is the VCO acceleration 𝑥̈𝑣 that is fed back 

to the controller. 𝑧2 is the controlled variable with respect to the VCO velocity 𝑥̇𝑣, which is 

evaluated by 𝐻2 norm to achieve good vibration suppression over a wide frequency band. To 

avoid excessive control input and improve the robustness, another controlled variable is 𝑧∞ 

with respect to the control input evaluated by 𝐻∞ norm. Table 2. 3 shows the weighting 

constants 𝑊2 ∈ ℝ+  and 𝑊∞ ∈ ℝ+  for 𝑧2  and 𝑧∞ , respectively. The state equation of the 

generalized plant 𝐺(𝑠) is described as 

𝑥̇𝐺 = 𝐴𝐺𝑥𝐺 + 𝐵𝐺1𝑤 + 𝐵𝐺2𝑢 (2. 21) 

𝑧∞ = 𝐶𝐺∞𝑥𝐺 + 𝐷𝐺1∞𝑤 + 𝐷𝐺2∞𝑢 (2. 22) 

𝑧2 = 𝐶𝐺2𝑥𝐺 + 𝐷𝐺12𝑤 + 𝐷𝐺22𝑢 (2. 23) 

𝑦 = 𝐶𝐺𝑦𝑥𝐺 + 𝐷𝐺1𝑦𝑤 + 𝐷𝐺2𝑦𝑢 (2. 24) 

where 

𝑥𝐺 ∶= 𝑥𝑣𝑎  (2. 25) 

𝐴𝐺 = 𝐴𝑣𝑎  (2. 26) 

𝐵𝐺1 = 𝐵𝑣𝑎1 (2. 27) 



30 

 

𝐵𝐺2 = 𝐵𝑣𝑎2 (2. 28) 

𝐶𝐺∞ = 0 (2. 29) 

𝐶𝐺2 = [0 0 𝑊2
1/2

0] (2. 30) 

𝐶𝐺𝑦 = [−
(𝑘0 + 𝑘𝑣)

𝑚𝑣

𝑘0

𝑚𝑣
−

(𝑐0 + 𝑐𝑣)

𝑚𝑣

𝑐0

𝑚𝑣
] 

(2. 31) 

𝐷𝐺1∞ = 0 (2. 32) 

𝐷𝐺2∞ = 𝑊∞
1/2 (2. 33) 

𝐷𝐺12 = 0 (2. 34) 

𝐷𝐺22 = 0 (2. 35) 

𝐷𝐺1𝑦 =
1

𝑚𝑣
 

(2. 36) 

𝐷𝐺2𝑦 = −
1

𝑚𝑣
 

(2. 37) 

 

Table 2. 3 Parameters used to design the mixed 𝐻2/𝐻∞ controller [98].  

Properties Value 

𝑊2 5.0 × 10−1 

𝑊∞ 1.0 × 100 

 

For the closed-loop system, the controller is designed to minimize the 𝐻2 norm of the 

transfer function 𝑇𝑧2𝑤(𝑠) from 𝑤 to 𝑧2 under the 𝐻∞ norm constraint of the transfer function 

𝑇𝑧∞𝑤(𝑠) from 𝑤 to 𝑧∞. Specifically, (2. 38) is solved by the linear matrix inequality (LMI) 

approach to obtain the controller. The Control System Toolbox and the Robust Control 

Toolbox of MATLAB were used for numerical calculation. 
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minimize ‖𝑇𝑧2𝑤(𝑠)‖2 

subject to⁡‖𝑇𝑧∞𝑤(𝑠)‖∞ < 𝛾 

(2. 38) 

 

 

Fig. 2. 5 Generalized plant used to design the model-free mixed 𝐻2/𝐻∞ controller 

based on the VCO. 

 

Remark 2.6: In this chapter, linear mixed 𝐻2/𝐻∞ synthesis is utilized to design a VCO-

controller. However, the system (2. 8) for the VCO-MFC system design is a low-order LTI 

form. Therefore, in VCO-MFC, various model-based control theories can be utilized to 

design a controller according to the performance requirements.                                        ∎ 

Remark 2.7: Introducing the VCO and regarding the force provided by the actual 

controlled object as the excitation force to the VCO seem similar to considering unknown 

dynamics of the actual object as a “total disturbance.” In this point of view, VCO-MFC is 

similar to the ADRC. However, they have considerably different idea from each other in 

the control action. In particular, VCO-MFC only focuses on stabilizing the VCO and does 

not require explicit value of the total disturbance, whereas the ADRC explicitly estimate it 

through the ESO and cancel it out directly. 
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The ADRC directly cancels the total disturbance by estimating it via the ESO. In this 

point of view, the ADRC achieves MFC based on the disturbance estimation. VCO-MFC, 

on the other hand, indirectly suppresses the vibration of the actual controlled object by 

controlling the VCO, relying on the condition (2. 6). The implication of (2. 6) is that the 

VCO behaves as if it is a rigid body in the controlled frequency band. In fact, qualitatively, 

conditions (2. 19) and (2. 20) can be satisfied by setting 𝑚𝑣 and 𝑘𝑣 as small enough and 

large enough, respectively, as explained in Subsection 2. 2. 2. In this point of view, the 

VCO-MFC technique achieves MFC via physical perspective. Notably, the VCO-based 

model-free controller is designed in exact the same way as traditional model-based 

controllers after the introduction of the VCO. Hence, the control actions for the VCO itself 

remains the same as familiar MBC: simply stabilizing the VCO under a disturbance. 

Consequently, VCO-MFC and the ADRC have considerably different ideas each other. 

One important and useful advantage of VCO-MFC over the ADRC is its simplicity: the 

controller design of the VCO-MFC system is easier than that of the ADRC. In the ADRC 

design, a key point is how to identify the effects of the unknown dynamics and external 

disturbances and define them as the total disturbance, requiring deep insight into the plant 

characteristics. In addition, the order of the ADRC is determined according to the relative 

degree of the plant [92], [97]. Obtaining the relative degree of the plant is not always 

straightforward [92], and the relative degree of the plant significantly affects the design 

complexity [92]. Therefore, the ADRC design much relies on the expert knowledge and 

experiences, inflicting a heavy burden on designers. In contrasts, VCO-MFC can directly 

utilize familiar MBC theories after the introduction of the VCO. The VCO itself can be 

easily designed according to conditions (2. 19) and (2. 20). Notably, VCO-MFC requires 

only an actuator model and upper and lower bounds of the controlled frequency bands to 

design a controller, and such information can be obtained easily. Hence, the design of the 

VCO-based model-free controller is quite easy, systematic, and straightforward. 

Consequently, the VCO-MFC scheme has a significant advantage over the ADRC, which 

can provide a simple and practical AVC technique to many mechanical systems.             ∎ 
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2. 4 Experimental Verification 

2. 4. 1 Configuration of the experimental system and verification condition 

The proposed method was verified experimentally. Fig. 2. 6–Fig. 2. 9 show the controlled 

objects. Fig. 2. 6 describes a cantilever plate (190 mm × 248 mm × 10 mm) made of 

aluminum. Hereafter, the structure shown in Fig. 2. 6 is called as Structure#1. Structures 

shown in Fig. 2. 7 and Fig. 2. 8 are Structure#1 with 0.685 kg and 1.37 kg mass on it, 

respectively; they are called as Structures#2 and #3. Fig. 2. 9 describes a both-end-supported 

plate (548 mm × 100 mm × 10 mm) made of aluminum, and, hereafter, called as Structure#4. 

In Fig. 2. 6–Fig. 2. 9, the load cell was mounted at position A to measure the disturbance 

force from the shaker; the control input was applied by the actuator mounted at position B; 

the measured output was obtained by an accelerometer attached at position C on the back 

side of the plate at the same location as the actuator. The vibrations at position C were 

suppressed when the controlled objects were excited at position A. 

Fig. 2. 10 and Fig. 2. 11 show the experimental system for the closed-loop system and the 

experimental setup for Structure#1, respectively. The digital signal processor (DSP) 

calculates the control signal based on the measured output obtained by the accelerometer. 

The control input signal instructed from the DSP is amplified by the current amplifier after 

passing through the analog low-pass filter to prevent spillover. As disturbances, linear sweep 

sine signals (1 Hz–1000 Hz) are applied to the objects from the signal generator. The 

spectrum analyzer evaluates the frequency response between the load cell (disturbance) and 

the accelerometer (response) outputs. Consequently, the vibration control performance is 

evaluated based on the acceleration frequency responses of the structures. 
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Fig. 2. 6 Description of the controlled object: a cantilever plate (Structure#1). 

 

 

Fig. 2. 7 Description of the controlled object: a cantilever plate with 0.685 kg mass 

(Structure#2). 
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Fig. 2. 8 Description of the controlled object: a cantilever plate with 1.37 kg mass 

(Structure#3). 

 

 

Fig. 2. 9 Description of the controlled object: a both-end-supported plate (Structure#4). 
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Fig. 2. 10 System diagram of the experiments. 

 

 

Fig. 2. 11 Overall view of the experimental setup. 
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2. 4. 2 Results and discussion  

Fig. 2. 12–Fig. 2. 15 show the frequency responses from the disturbance (load cell output) to 

the measured acceleration (sensor output) for Structures#1–4, respectively. The same 

controller is used in all experiments. The blue and red lines denote the response without 

control and the closed-loop frequency response with control in each graph, respectively. The 

controller in this study was tuned so as to reduce the resonance peaks on the low frequency 

side, which are serious problems for practical systems. Table 2. 4 summarizes the typical 

vibration control results shown in Fig. 2. 12–Fig. 2. 15. 

Compared to the experiment without control, satisfactory vibration control performance is 

achieved for the cantilever plate, namely, Structures#1–3 (Fig. 2. 12–Fig. 2. 15Fig. 2. 14). 

Table 2. 4 shows the vibration reduction levels of major resonance peaks. The unique model-

free controller provides good vibration control characteristics at major peaks below 500 Hz, 

while the acceleration responses at other peaks between 500 Hz and 1 kHz do not deteriorate. 

Moreover, Fig. 2. 15 and Table 2. 4 shown the proposed model-free controller provides good 

vibration reduction effects not only to Structures#1–3 (i.e., the cantilever plate) but also to 

Structure#4 (i.e., the both-ends-supported-plate). Note that these results are obtained using 

the controller designed in the model-free manner based on the VCO. Therefore, the proposed 

model-free AVC technique, VCO-MFC, can reduce vibrations occurring at various structures 

even if the controller is designed without using any mathematical models of actual controlled 

object.  

All the experiments use the same controller, which is designed using the parameters in 

Table 2. 1–Table 2. 3, demonstrating the robustness of the proposed method against 

characteristic fluctuations in the actual object. Fluctuations in the natural frequencies and 

modes are induced in the controlled structure (Fig. 2. 12–Fig. 2. 14). In addition, the boundary 

conditions of the structure in Fig. 2. 15 completely differ from those in Fig. 2. 12–Fig. 2. 14. 

Consequently, the proposed method has two kinds of robustness: one against characteristic 

changes and one against structural changes. The VCO-MFC system is less susceptible to the 

modeling errors.  
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One of the unique characteristics of the VCO-MFC scheme is that the VCO-controller has 

strong robustness to various changes in actual objects. It should be noted that the VCO-

controller does not depends on the mathematical models of actual plants although some rough 

plant information, namely, the controlled frequency band, is used. Specifically, the VCO-

controller works relying on only the measured vibration response of the actual controlled 

object: the VCO-controller suppresses vibrations based on its amplitude regardless of the 

exact vibration characteristics such as mode shapes. This independence from the 

characteristics of the controlled object implies that the VCO-based controller can accept 

various controlled object as far as vibrations to be suppressed occur in the controlled 

frequency band. The exact dynamics of the actual plant does not critically affect the control 

action of the VCO-controller. Accordingly, the VCO-based model-free controller exhibits 

strong robustness to various changes in actual objects. 

 

Table 2. 4 Vibration suppression performance at major resonance peaks obtained by the 

proposed MFC method [98].  

Controlled 

object 

Structure#1 Structure#2 Structure#3 Structure#4 

Resonance 

frequency 

[Hz] 

114 257 105 225 190 215 224 

Vibration 

reduction 

amount 

[dB] 

−16.1 −12.6 −10.9 −9.6 −11.2 −17.2 −21.2 
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Fig. 2. 12 Experimentally obtained frequency responses from the disturbance to the 

acceleration of the damping point of Structure#1. 

 

 

Fig. 2. 13 Experimentally obtained frequency responses from the disturbance to the 

acceleration of the damping point of Structure#2. 
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Fig. 2. 14 Experimentally obtained frequency responses from the disturbance to the 

acceleration of the damping point of Structure#3. 

 

 

Fig. 2. 15 Experimentally obtained frequency responses from the disturbance to the 

acceleration of the damping point of Structure#4. 
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Essentially, (2. 6) enables effective AVC in the controlled frequency band without using 

a mathematical model of a plant. Fig. 2. 4 demonstrates that the required characteristics (i.e., 

|𝑇𝑥𝑣𝑥1(𝑗𝜔)| ≈ 1  (gain) and tan−1(Im(𝑇𝑥𝑣𝑥1(𝑗𝜔))/Re(𝑇𝑥𝑣𝑥1(𝑗𝜔))) ≈ 0  (phase)) are 

obtained from 50 Hz to 1000 Hz, resulting in indirect vibration suppression for the actual 

objects. Fig. 2. 16 shows the time responses of acceleration from the control experiments for 

the cantilever plates, where Fig. 2. 16 (a)–(c) corresponds to the controlled objects in Fig. 2. 

12–Fig. 2. 14, respectively. The black line denotes the acceleration measured as the measured 

output, and the magenta dashed line shows the acceleration 𝑥̈𝑣 of the VCO. Because the VCO 

does not exist in the real system, 𝑥̈𝑣 cannot be measured. Thus, the state vector (2. 9) was 

estimated using the linear Kalman filter designed for the system (2. 8). The magenta dashed 

line shows the estimated value of 𝑥̈𝑣. In Fig. 2. 16, the black and magenta lines almost overlap. 

Even if the characteristics of the cantilever plate change, both accelerations consistently 

match each other, indicating (2. 6) holds.  

 

 

Fig. 2. 16 Time responses of acceleration of the actual object and the VCO when the 

cantilever plates are controlled by the same controller: (a) Structure#1, (b) Structure#2, 

and (c) Structure#3. 
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Remark 2.8: As mentioned in Remark 2.4, the design of the VCO in independent of actual 

controlled object models. On the other hand, the VCO design utilizes the actuator model 

and the controlled frequency band information. Therefore, the accuracies of these 

information significantly connect the control performance and closed-loop stability of the 

VCO-MFC system.                                                                                                             ∎ 

 

2. 4. 3 Vibration control simulations 

To enhance the reliability of the proposed controller, verifications by numerical simulations 

were also performed, and those results very similar to the above experimental results were 

obtained. The controlled objects are Structures#1 and #4. Fig. 2. 17 shows the simulation 

results with Structure#1, and Fig. 2. 18 does these with Structure#4, where the color has the 

same meaning as Fig. 2. 12 and Fig. 2. 15. Here, based on the experimental modal analysis 

[59], [106], [107], the plant models in the simulations are obtained by applying system 

identification (curve fitting) to the frequency responses of the structures shown in Fig. 2. 6 

and Fig. 2. 9. The controller is the same as that used in the experiments. The fact that the 

same model-free controller provides good vibration suppressions for both structures confirms 

its robustness. 
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Fig. 2. 17 Frequency responses of the closed-loop system from the disturbance to the 

acceleration of the damping point obtained by simulations for Structure#1. 

 

 

Fig. 2. 18 Frequency responses of the closed-loop system from the disturbance to the 

acceleration of the damping point obtained by simulations for Structure#4. 

W/ control 

W/ control 



44 

 

2. 5 Conclusion 

This chapter proposed the basic concept of VCO-MFC. The proposed technique realizes 

indirect vibration control without using mathematical models of actual controlled objects by 

inserting the SDOF VCO between the actuator and the actual object. The state equation for 

controller design was derived, and the parameters of the VCO were determined by 

considering the frequency transfer function from the vibration of the actual object to that of 

the VCO. The VCO-based model-free mixed 𝐻2/𝐻∞ controller was designed by a traditional 

model-based approach for the derived system. The experiments verified the effectiveness of 

the proposed controller and confirmed the robustness of the controller by applying the unique 

controller to various structures. 
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Chapter 3. Compensation for Parameter Uncertainty of 

Actuator in VCO-MFC 

3. 1 Introduction 

A novel model-free AVC technique, VCO-MFC, is developed in Chapter 2. In the VCO-

MFC strategy, a model-free controller is designed using the SDOF actuator model and the 

VCO instead of a mathematical model of actual controlled object. Therefore, control 

performance and closed-loop stability of the VCO-MFC system significantly depend on 

accuracy of the actuator model for controller design as discussed in Remark 2.4 and Remark 

2.8. However, more or less, actuator models always have uncertainties derived from various 

factors such as modeling errors, individual differences, and aging. Especially, parameters of 

the actuator have such uncertainties because some of them cannot be directly obtained easily, 

affecting the performance of VCO-MFC.  

One way to tackle the issue of the actuator uncertainty may be complete independence 

from the actuator model in VCO-based model-free controller design. (Unfalsified adaptive 

control [91] might realize such controller design). Nevertheless, such framework will lead 

completely different controller design procedure from systematic MBC, complicating the 

control system design like traditional MFC discussed in Subsection 1. 1. 3. Here, one 

representative virtue of VCO-MFC is that various MFC theories can be directly utilized for 

controller design (see Remark 2.6). Focusing on this feature, the parameter uncertainty of the 

actuator should be compensated in VCO-MFC through various model-based robust control 

theories. In particular, this study proposes two approaches to design the VCO-MFC systems 

with robustness to actuator parameter uncertainty: one is based on the linear 𝐻∞ control, and 

the other is based on SMC 

This chapter is devoted to developing compensation methodologies for the actuator 

uncertainties in the VCO-MFC systems. The actuators in real mechanical systems often have 

parameter uncertainties that originate from their aging and their individual differences, 

significantly affecting the system performance. Therefore, compensation for parameter 
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uncertainties of actuator further thrusts VCO-MFC forward to the practical implementations. 

The contents of this chapter is based on a series of previous studies [99], [100], [108]. 

 

3. 2 Characterization of Actuator’s Parameter Uncertainty 

This study considers the uncertainties in an actuator’s stiffness and damping—𝑘0 and 𝑐0—

because their exact values are generally much more difficult to obtain than the actuator’s 

mass, 𝑚0. The uncertain stiffness 𝑘0𝑚 ∈ ℝ+ and damping 𝑐0𝑚 ∈ ℝ+ can be modeled as 

𝑘0𝑚 = 𝑘0𝑛 + ∆𝑘𝑘𝑒 (3. 1) 

𝑐0𝑚 = 𝑐0𝑛 + ∆𝑐𝑐𝑒 (3. 2) 

where 𝑘0𝑛 ∈ ℝ+  and 𝑐0𝑛 ∈ ℝ+  denotes the nominal values of the stiffness and damping, 

respectively, and 𝑘𝑒 ∈ ℝ+ and 𝑐𝑒 ∈ ℝ+ denotes the maximum error amounts occurring in the 

stiffness and damping, respectively. Both 𝑘𝑒 and 𝑐𝑒 are assumed to be known. ∆𝑘∈ [−1, 1] 

and ∆𝑐∈ [−1, 1]  are the normalized fluctuations. Then, the actual stiffness 𝑘0𝑚  and the 

actual damping 𝑐0𝑚 can be expressed as uncertain values, which are nominal values 𝑘0𝑛 and 

𝑐0𝑛 with fluctuations ±𝑘𝑒 and ±𝑐𝑒 at maximum [30]. In this study, the error range of the 

actuator to be compensated is ±50%. 

 

3. 3 VCO-MFC Considering the Actuator’s Parameter Uncertainty: the 

Linear 𝑯∞ Synthesis based Approach 

In this section, the VCO-MFC scheme considering the parameter uncertainty of the actuator 

is developed based on the linear 𝐻∞ control theory [30]. The linear 𝐻∞ control is the most 

successful and popular robust and optimal control method. The idea of this approach is to 

minimize the 𝐻∞ norm of the closed-loop system [30]. Minimization of the 𝐻∞ norm well 

suit to the evaluation with the small-gain theorem, enabling the system to be robust to the 

assumed uncertainty. The results in this section is mainly based on [99]. 
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3. 3. 1 Feedback-type fluctuation 

For the 2-DOF system composed of the actuator having uncertain stiffness and damping and 

the VCO, the following statement holds: 

Theorem 3.1: For the 2-DOF system 𝑃̃(𝑠) composed of the uncertain actuator and the 

VCO, the transfer function from the control input to the acceleration can be represented,  

𝑃̃(𝑠) ∶=
𝑠2𝑋𝑣

𝑈
=

𝑃(𝑠)

1 + ∆𝑊(𝑠)
 

(3. 3) 

where 

𝑃(𝑠) =
−𝑚0𝑠

4

𝑚0𝑚𝑣𝑠4 + (𝑚0 + 𝑚𝑣)𝑐0𝑛𝑠3 + {(𝑚0 + 𝑚𝑣)𝑘0𝑛 + 𝑚0𝑘𝑣}𝑠2

+𝑐0𝑛𝑘𝑣𝑠 + 𝑘0𝑛𝑘𝑣

 
(3. 4) 

𝑊(𝑠) = [
𝑊1(𝑠)

𝑊2(𝑠)
] =

1

𝑊𝑑𝑒𝑛(𝑠)
[
𝑊1𝑛𝑢𝑚(𝑠)

𝑊2𝑛𝑢𝑚(𝑠)
] 

(3. 5) 

𝑊𝑑𝑒𝑛(𝑠) = 𝑚0𝑚𝑣𝑠
4 + (𝑚0 + 𝑚𝑣)𝑐0𝑛𝑠3 + {(𝑚0 + 𝑚𝑣)𝑘0𝑛 + 𝑚0𝑘𝑣}𝑠

2

+ 𝑐0𝑛𝑘𝑣𝑠 + 𝑘0𝑛𝑘𝑣 

(3. 6) 

𝑊1𝑛𝑢𝑚(𝑠) = (𝑚0 + 𝑚𝑣)𝑐𝑒𝑠
3 + 𝑘𝑣𝑐𝑒𝑠 (3. 7) 

𝑊2𝑛𝑢𝑚(𝑠) = (𝑚0 + 𝑚𝑣)𝑘𝑒𝑠
2 + 𝑘𝑣𝑘𝑒 (3. 8) 

∆= [∆𝑐 ∆𝑘] (3. 9) 

Proof. Substituting (3. 1) and (3. 2) into (2. 1) and (2. 2), Laplace transforming, and some 

rearrangements yield the result.                                                                                          ∎ 

In (3. 3), 𝑃(𝑠) represents the transfer function from the control input to the acceleration of 

the VCO for the 2-DOF system composed of the nominal actuator and the VCO, 𝑊(𝑠) is the 

dynamical weighting matrix representing the effects of the actuator uncertainty, and ∆ is the 

fluctuation vector.  
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Remark 3.1: According to (3. 3), the 2-DOF plant with the actuator uncertainty can be 

represented as the 2-DOF plant with the nominal actuator with the feedback-type 

fluctuation. Fig. 3. 1 describes this fact as a block diagram.                                              ∎ 

 

 

Fig. 3. 1 Feedback-type fluctuation. 

 

3. 3. 2 The VCO-based 𝑯∞ controller design considering the actuator uncertainty 

For (3. 3), the generalized plant 𝐺 for a robust controller design is constructed as Fig. 3. 2 for 

the evaluation with the small-gain theorem [30]. Equations (3. 10)–(3. 16) show formulations 

of each property shown in Fig. 3. 2; 𝑤𝑑 is the disturbance; 𝑤𝑒 represents the effect due to the 

actuator uncertainty as a disturbance and can be defined from the small-gain theorem [30]; 

𝑧𝐻∞ is the controlled output.  

𝑃⁡:⁡{
𝑥̇𝑃 = 𝐴𝑃𝑥𝑃 + 𝐵𝑃1𝑤𝑝 + 𝐵𝑃2𝑢

𝑦 = 𝐶𝑃𝑥𝑃 + 𝐷𝑃1𝑤𝑝 + 𝐷𝑃2𝑢
 

(3. 10) 

𝑦𝑎 = 𝑦 − 𝑤𝑒 (3. 11) 

𝑊1⁡:⁡{
𝑥̇𝑤1 = 𝐴𝑤1𝑥𝑤1 + 𝐵𝑤1𝑦𝑎

𝑧𝑤1 = 𝐶𝑤1𝑥𝑤1 + 𝐷𝑤1𝑦𝑎
 

(3. 12) 

𝑊2⁡:⁡{
𝑥̇𝑤2 = 𝐴𝑤2𝑥𝑤2 + 𝐵𝑤2𝑦𝑎

𝑧𝑤2 = 𝐶𝑤2𝑥𝑤2 + 𝐷𝑤2𝑦𝑎
 

(3. 13) 

Nominal

plant

Normalized

fluctuation

Weighting

function
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𝑧1 = 𝑄𝑦𝑎 (3. 14) 

𝑧𝑢 = 𝑅𝑢 (3. 15) 

𝑧𝐻∞ = [𝑧𝑢 𝑧𝑤1 𝑧𝑤2 𝑧1]𝑇 (3. 16) 

Equation (3. 10) is the state-space realization of (3. 4) and is the state equation of the nominal 

actuator and the VCO. 𝑦 is the acceleration 𝑥̈𝑣 of the VCO when the actuator is nominal. 

Equations (3. 12) and (3. 13) are the state-space realizations of 𝑊1(𝑠) and 𝑊2(𝑠) in equation 

(3. 5), respectively. 𝑄 ∈ ℝ+ and 𝑅 ∈ ℝ+ in (3. 14) and (3. 15) are constant weights. In this 

study, they are set as 𝑄 = 3.2 × 10−1 and 𝑅 = 1.4 × 104. (These values were determined 

by actually conducting simulations and experiments and confirming the results demonstrated 

later. Some adjustments by trial and error were also involved). 

 

 

Fig. 3. 2 Generalized plant for the VCO-based 𝐻∞ controller design considering the 

actuator uncertainty. 

 

According to the linear 𝐻∞ control theory [30], 𝐾, the VCO-based model-free controller 

considering the actuator uncertainty, is designed such that ‖ℱ𝑙(𝐺(𝑠), 𝐾(𝑠))‖∞ is minimized 

where 𝐺(𝑠)  and 𝐾(𝑠) denote the transfer function representation of 𝐺  and 𝐾 . (Note that 
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ℱ𝑙(𝐺(𝑠), 𝐾(𝑠)), lower LFT of 𝐺(𝑠) with respect to 𝐾(𝑠), becomes the closed-loop transfer 

function from 𝑤𝑑 to 𝑧𝐻∞ [30]). In this study, the 𝐻∞ control problem is solved via the LMI 

approach. The Control System Toolbox and the Robust Control Toolbox of MATLAB were 

used for numerical calculation. 

 

3. 3. 3 Simulation study and discussion: the 𝑯∞ synthesis based approach 

A simulation study was performed to verify the robustness of the approach proposed in 

Subsection 3. 3. 2 with respect to uncertainty in the actuator’s stiffness and damping. In the 

simulation, which is a basic study, the controlled object was a simple SDOF vibration system 

shown in Fig. 3. 3, making it easier to evaluate the influence of actuator errors. In Fig. 3. 3, 

the point mass of the controlled object is excited. The model parameters of the controlled 

object in this verification are listed in Table 3. 1 [109]. Hereafter, an 𝐻∞ controller designed 

for (2. 8) without considering the actuator uncertainty is called as Controller#3.1, and the 

proposed controller described in Subsection 3. 3. 2 is called as Controller#3.2. For 

Controllers#3.1 and #3.2, the vibration control simulation was conducted by changing the 

parameter values of the actuator, and the robustness of Controller#3.2 was examined. 

Vibration control performance is evaluated based on the acceleration of the controlled object. 

 

Table 3. 1 Parameters for the SDOF controlled object.  

Properties Value Units 

𝑚1 1.2 kg 

𝑘1 1.0 × 106 N/m 

𝑐1 10.95 Ns/m 
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Fig. 3. 3 Simulation setup to verify the robustness of the proposed model-free 𝐻∞ 

controller based on the VCO. 

 

Fig. 3. 4 shows the frequency responses of the acceleration from the disturbance to the 

measured output obtained in the simulation. The blue line is the frequency response without 

control, the red line is the closed-loop frequency response of Controller#3.1, and the green 

line is the closed-loop frequency response of Controller#3.2. The symbols 𝐸𝑟𝐾 and 𝐸𝑟𝐶 

indicate that the actual values during the simulation have errors of 𝐸𝑟𝐾%  and 𝐸𝑟𝐶% , 

respectively, for the normal actuator stiffness and damping shown in Table 2. 1. Table 3. 2 

summarizes the results of vibration reduction for the parameter error of each actuator shown 

in Fig. 3. 4. 

In Fig. 3. 4(a), good control performance is obtained without instability in both 

Controllers#3.1 and #3.2 because the actuator does not include errors. On the other hand, in 

Fig. 3. 4(b), Controller#3.2 still exhibits good vibration reduction effect even though 

Controller#3.1 results in instability. These results originate from the consideration of the 

actuator error in the VCO-based controller design Subsection 3. 3. 2. Accordingly, the 

proposed method has strong robustness with respect to the uncertainty of the actuator used 

for VCO-MFC. 

 

Actuator

Controlled

object
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Table 3. 2 Results of vibration control simulations shown in Fig. 3. 4.  

Parameter errors of actuator Reduction amount [dB] 

𝐸𝑟𝐾 𝐸𝑟𝐶 Controller#3.1 Controller#3.2 

146 Hz peak 146 Hz peak 

0 0 −31.3 −31.6 

50 −50 unstable −31.3 

 

 

Fig. 3. 4 Frequency response obtained in the simulations: (a) results with 𝐸𝑟𝐾 =

0, 𝐸𝑟𝐶 = 0, and (b) results with 𝐸𝑟𝐾 = 50, 𝐸𝑟𝐶 = −50. 

 

(a)

(b)

W/ control (Controller#3.1)
W/ control (Controller#3.2)

W/ control (Controller#3.1)
W/ control (Controller#3.2)
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3. 3. 4 Experimental verification and discussion: applicability of the 𝑯∞  synthesis 

based approach to real mechanical system 

In this study, the main purpose of the experimental verification is to demonstrate the 

applicability of the proposed method to actual mechanical structures. (The advantage of the 

proposed method over the conventional VCO-MFC technique has been already revealed in 

Subsection 3. 3. 3). The experimental setup is described in Subsection 2. 4. 1 and the 

controlled object is Stcucture#1. To experimentally evaluate robust stability with respect to 

actuator uncertainty, it is difficult to use multiple actuators with various parameters. 

Therefore, in this study, the parameters of the actuator model shown in Table 2. 1, defined 

as nominal during controller design, were altered. When the controller is designed using that 

actuator model, the situation where parameter errors occur is created equivalently for the 

unique actuator used in the experiment. Based on the method shown in Subsection 3. 3. 2, 

the VCO-based 𝐻∞  controller was designed using various actuator parameters, and the 

vibration control experiment was performed on Structure#1. 

Fig. 3. 5–Fig. 3. 9 show the results of the control experiment. These are the frequency 

responses of the acceleration from the disturbance to the measured output. The blue line in 

each graph is the frequency response without control, and the red line is the closed-loop 

frequency response with control by the proposed controller. The symbols 𝐸𝑟𝐾 and 𝐸𝑟𝐶 the 

stiffness and damping of the actuator parameters used in the experiment had errors of 𝐸𝑟𝐾% 

and 𝐸𝑟𝐶%, respectively, with respect to the stiffness and damping of the actuator used for 

controller design. Table 3. 3 shows the results of vibration suppression for the parameter 

error of each actuator shown in Fig. 3. 5–Fig. 3. 9. 

As shown in Fig. 3. 5–Fig. 3. 9 and Table 3. 3, good vibration reduction effects are obtained 

for each mode up to 500 Hz in the control frequency band, despite the uncertainty in the 

actuator parameters. Therefore, the model-free controller proposed in Section 3. 3 has a good 

control performance for on actual mechanical structures. 

In this study, the parameters of each actuator used for controller design in Fig. 3. 5–Fig. 3. 

9 are different from each other for the sake of the experiment. However, the constant weights 
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𝑄 and 𝑅 in (3. 14) and (3. 15) were the same in all experiments: those shown in Subsection 

3. 3. 2. Therefore, there are better 𝑄 and 𝑅 for the parameters of each actuator used in the 

controller design, and the control performance may be improved by adjusting the parameters.  

In the proposed approach, when 𝑄 and 𝑅 need to be adjusted, the prototype controller has 

to be halted and reprogrammed with new control parameters before deployment. To make 

the proposed approach more practical in the real world, the controller parameters need to be 

adjusted dynamically as per the changes in the occurring dynamics. 

 

Table 3. 3 Results of vibration control experiments shown in Fig. 3. 5–Fig. 3. 9.  

Parameter errors of actuator Reduction amount [dB] 

𝐸𝑟𝐾 𝐸𝑟𝐶 114 Hz peak 257 Hz peak 

0 0 −12.8 −14.1 

50 50 −13.5 −11.4 

−50 50 −14.0 −14.8 

50 −50 −7.9 −6.4 

−50 −50 −7.5 −6.9 

 

 

Fig. 3. 5 Frequency response obtained in the experiments: 𝐸𝑟𝐾 = 0, 𝐸𝑟𝐶 = 0. 

W/ control
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Fig. 3. 6 Frequency response obtained in the experiments: 𝐸𝑟𝐾 = 50, 𝐸𝑟𝐶 = 50. 

 

 

Fig. 3. 7 Frequency response obtained in the experiments: 𝐸𝑟𝐾 = −50, 𝐸𝑟𝐶 = 50. 

 

W/ control

W/ control
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Fig. 3. 8 Frequency response obtained in the experiments: 𝐸𝑟𝐾 = 50, 𝐸𝑟𝐶 = −50. 

 

 

Fig. 3. 9 Frequency response obtained in the experiments: 𝐸𝑟𝐾 = −50, 𝐸𝑟𝐶 = −50. 

 

3. 3. 5 Summary: the 𝑯∞ synthesis based approach 

In this section, the VCO-MFC system considering the uncertainty of actuator parameters is 

proposed based on the linear 𝐻∞ synthesis. The proposed method achieves indirect vibration 

W/ control

W/ control
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control without using a mathematical model of the actual controlled object in the same way 

as the conventional VCO-MFC scheme proposed in Chapter 2. That is, MFC is achieved via 

inserting the VCO between the actuator modeled in the SDOF system and the actual 

controlled object. The uncertainties of the actuator parameters are modeled to achieve 

robustness to modeling error. This means that a controller design model with actuator 

uncertainty can be described by a plant set with feedback-type fluctuations. A controller that 

guarantees robustness to uncertainty of actuator parameters for the derived plant set was 

designed based on the linear 𝐻∞  control approach. The effectiveness of the proposed 

approach was verified by simulations and experiments. The results confirmed good 

robustness to actuator parameter error and a good vibration reduction effect in an actual 

system. 

Although the model-free controller proposed in this section has robustness to the parameter 

uncertainty of the actuator, its vibration suppression performance may have some rooms for 

improvement in some situations. The reason is that the linear 𝐻∞ synthesis in the proposed 

method merely guarantee that the control system does not become unstable in the 

predetermined range of the fluctuations in actuator parameters: it does not necessarily mean 

that the control performance is not deteriorated by the uncertainty. In other words, the 

proposed method in this section has conservativeness. Consequently, a novel compensation 

for the actuator uncertainty with less conservativeness should be developed for VCO-MFC. 

 

3. 4 VCO-MFC Considering the Actuator’s Parameter Uncertainty: the 

SMC based Approach 

As discussed in Subsection 3. 3. 5, the VCO-MFC technique considering the actuator 

uncertainty based on the linear 𝐻∞  control has conservativeness and hence the control 

performance should be improved. In this section, a novel compensation for the actuator 

uncertainty is developed to VCO-MFC based on SMC. A noteworthy point of VCO-MFC is 

that the parameter uncertainty of the actuator satisfies the matching condition of SMC. 
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Therefore, the control performance can be improved by eliminating conservativeness of the 

linear 𝐻∞ control based approach. The results in this section is mainly based on [100]. 

 

3. 4. 1 Why SMC? 

SMC [38] is a nonlinear robust control theory in the VSS framework [37]. Its fundamental 

concept was proposed by Emelyanov and Utkin [37]. The essence of SMC is that the state of 

the system is bound to a special set so-called sliding surface, which is a set of the desirable 

dynamics of the system, via switching control input; on the sliding surface, the state goes to 

an equilibrium point [38]. Many researches have examined to apply the SMC techniques to 

various mechanical systems due to its high control performance, robustness, and clear design 

process: the sliding mode boundary control for vibration suppression of an undamped 

pinned–pinned Euler–Bernoulli beam [110], chatter reduction in milling process by SMC 

and electromagnetic actuator [111], structural vibration attenuation of a seismically excited 

building by an active TMD mounted on its top floor via SMC [112], to name a few. 

The noteworthy advantage of SMC is that the system becomes invariant to the disturbances 

and uncertainties which satisfy a special condition so-called the matching condition when the 

state of the system is on the sliding surface. That is, the state is not affected by the matched 

disturbances and uncertainties at all as long as the state is bound on the sliding surface. 

Consider the following system 

𝑥̇ = 𝐴𝑥 + 𝐵𝑢 + 𝑓(𝑡, 𝑥, 𝑢) (3. 17) 

where the function 𝑓:ℝ × ℝ𝑛 × ℝ𝑚 → ℝ𝑛  represents the uncertainties, disturbances, and 

nonlinearities [38]. In SMC theory, the matching condition is defined as follows: 

Definition 3.1 [38]: The matching condition is that 𝑓(𝑡, 𝑥, 𝑢) can be written as  

𝑓(𝑡, 𝑥, 𝑢) = 𝐵𝜉(𝑡, 𝑥, 𝑢) (3. 18) 

where the function 𝜉:ℝ × ℝ𝑛 × ℝ𝑚 → ℝ𝑚 and is unknown but satisfies 
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‖𝜉(𝑡, 𝑥, 𝑢)‖ ≤ 𝑐1‖𝑢‖ + 𝛼(𝑡, 𝑥) (3. 19) 

where 0 ≤ 𝑐1 < 1 is a known constant and 𝛼(𝑡, 𝑥) is a known function.                          ∎ 

Nevertheless, uncertainties and disturbances in many practical systems do not match the 

matching condition, making it difficult to utilize the advantages of SMC [113], [114]. On the 

other hand, the parameter uncertainty of the actuator in the VCO-MFC system satisfies the 

matching condition as shown in Subsection 3. 4. 3. Therefore, the SMC framework well suits 

to compensate for the actuator parameter uncertainty in VCO-MFC, reducing the 

conservativeness. 

Remark 3.2: Intuitive implication of the matching condition is that the uncertainties, 

disturbances, and nonlinearities of the system come from the input channel. Here, the 

parameter uncertainty of the actuator in VCO-MFC obviously exists in the input channel. 

Therefore, the actuator uncertainty in the VCO-MFC system is expected to satisfy the 

matching condition.                                                                                                             ∎ 

 

3. 4. 2 VCO-based sliding mode controller design considering parameter uncertainty 

of the actuator: design of sliding surface 

In this study, the sliding surface 𝜎 = 0 is designed to the system and switching function 𝜎 

represented as (3. 20)–(3. 22) so that the fluctuation of the state of the system 𝑥𝑣𝑎  is 

minimized on the sliding surface, where 𝑆 ∈ ℝ1×4 [38]: 

𝑥̇𝑣𝑎 = 𝐴𝑣𝑛𝑥𝑣𝑎 + 𝐵𝑣𝑎2𝑢 (3. 20) 

𝐴𝑣𝑛 ∶=

[
 
 
 
 
 

0 0 1 0
0 0 0 1

−
𝑘0𝑛 + 𝑘𝑣

𝑚𝑣

𝑘0

𝑚𝑣
−

𝑐0𝑛

𝑚𝑣

𝑐0𝑛

𝑚𝑣

𝑘0𝑛

𝑚0
−

𝑘0𝑛

𝑚0

𝑐0𝑛

𝑚0
−

𝑐0𝑛

𝑚0]
 
 
 
 
 

 

(3. 21) 
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𝜎 ∶= 𝑆𝑥𝑣𝑎 (3. 22) 

Equation (3. 20) represents the 2-DOF system composed of the nominal actuator and the 

VCO where external disturbances do not exist in it. Then 𝐵𝑣𝑎2 is partitioned as 

𝐵𝑣𝑎2 = [
𝐵21

𝐵22
] 

(3. 23) 

where the dimension of 𝐵22 is equal to that of 𝑢. Equation (3. 24) shows the system where 

the coordinate transformed system of (3. 20) is given by the transformation matrix 𝑇 defined 

as (3. 25): 

[
𝑧1̇

𝑧2̇
] = [

𝐴11 𝐴12

𝐴21 𝐴22
] [

𝑧1

𝑧2
] + [

0
𝐵22

] 𝑢 
(3. 24) 

[
𝑧1

𝑧2
] ∶= 𝑇𝑥𝑣𝑎  (3. 25) 

𝑇 ∶= [𝐼 −𝐵21𝐵22
−1

0 𝐼
] 

(3. 26) 

[
𝐴11 𝐴12

𝐴21 𝐴22
] = 𝑇𝐴𝑣𝑛𝑇−1 

(3. 27) 

For (3. 20), the quadratic performance index 𝐽 is settled as  

𝐽 ∶= ∫ 𝑥𝑣𝑎
𝑇𝑊𝑥𝑣𝑎

∞

𝑡𝑠

𝑑𝑡 = ∫ (𝑧1
𝑇𝑄̂11𝑧1 + 𝑣𝑇𝑄22𝑣)𝑑𝑡

∞

𝑡𝑠

 
(3. 28) 

𝑣 = 𝑧2 + 𝑄22
−1𝑄12

𝑇𝑧1 (3. 29) 

[
𝑄11 𝑄12

𝑄21 𝑄22
] = 𝑇𝑇𝑊𝑇 

(3. 30) 

𝑄21
𝑇 = 𝑄12 (3. 31) 

𝑄̂11 = 𝑄11 − 𝑄12𝑄22
−1𝑄12

𝑇 (3. 32) 

where 𝑊 ∈ ℝ4×4 is a positive-definite weighting matrix and 𝑡𝑠 ∈ ℝ+ ∪ {0} is the time when 

the sliding motion commences [38]. Substituting (3. 29) into the first line of (3. 24) yields 
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𝑧̇1 = 𝐴̂11𝑧1 + 𝐴12𝑣 (3. 33) 

where 

𝐴̂11 = 𝐴11 − 𝐴12𝑄22
−1𝑄12

𝑇 (3. 34) 

For (3. 28) and (3. 33), 𝑣 to minimize 𝐽 is derived as 

𝑣 = −𝑄22
−1𝐴12

𝑇𝑃𝑧1 (3. 35) 

where 𝑃 ∈ ℝ4×4 is the unique positive-definite solution of the algebraic Riccati equation (3. 

36) [38]: 

𝑃𝐴̂11 + 𝐴̂11
𝑇
𝑃 − 𝑃𝐴12𝑄22

−1𝐴12
𝑇𝑃 + 𝑄̂11 = 0 (3. 36) 

Finally, 𝑆 in (3. 22) is designed as follows [38]: 

𝑆 = [𝐴12
𝑇𝑃 + 𝑄12

𝑇 𝑄22]𝑇 (3. 37) 

The sliding surface employed in this study is 𝜎 = 0 of (3. 22) [38]. 

 

3. 4. 3 VCO-based sliding mode controller design considering parameter uncertainty 

of the actuator: the matching condition 

Substituting (3. 1) and (3. 2) into 𝑘0 and 𝑐0 in (2. 8), respectively, yields the state equation 

of the 2-DOF system composed of the uncertain actuator and the VCO as 

𝑥̇𝑣𝑎 = 𝐴𝑣𝑛𝑥𝑣𝑎 + 𝑓𝑎(𝑥𝑣𝑎) + 𝐵𝑣𝑎1𝑤 + 𝐵𝑣𝑎2𝑢 (3. 38) 

where 

𝑓𝑎(𝑥𝑣𝑎) = ∆𝐴𝑥𝑣𝑎 (3. 39) 
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∆𝐴 =

[
 
 
 
 
 

0 0 0 0
0 0 0 0

−
∆𝑘𝑘𝑒

𝑚𝑣

∆𝑘𝑘𝑒

𝑚𝑣
−

∆𝑐𝑐𝑒

𝑚𝑣

∆𝑐𝑐𝑒

𝑚𝑣

∆𝑘𝑘𝑒

𝑚0
−

∆𝑘𝑘𝑒

𝑚0

∆𝑐𝑐𝑒

𝑚0
−

∆𝑐𝑐𝑒

𝑚0 ]
 
 
 
 
 

 

(3. 40) 

The term 𝑓𝑎(𝑥𝑣𝑎) in (3. 38) represents the effect of the actuator uncertainty in VCO-MFC. 

The actuator uncertainty satisfies the matching condition. 

Theorem 3.2: The actuator uncertainty 𝑓𝑎(𝑥𝑣𝑎)  in the VCO-MFC system satisfies the 

matching condition. 

Proof. The conclusion immediately follows from the following decomposition:                                             

𝑓𝑎(𝑥𝑣𝑎) = ∆𝐴𝑥𝑣𝑎 = 𝐵𝑣2𝐴̃𝑥𝑣𝑎  (3. 41) 

where 

𝐴̃ = [∆𝑘𝑘𝑒 −∆𝑘𝑘𝑒 ∆𝑐𝑐𝑒 −∆𝑐𝑐𝑒] (3. 42)⁡∎ 

Consequently, the actuator uncertainty in the VCO-MFC system can be compensated with 

less conservativeness by SMC. 

 

3. 4. 4 VCO-based sliding mode controller design considering parameter uncertainty 

of the actuator: reachability condition and control input design 

The control input is defined as (3. 43) to (3. 38) [113]: 

𝑢 ∶= 𝑢𝑙 + 𝑢𝑛𝑙  (3. 43) 

𝑢𝑙 ∶= −(𝑆𝐵𝑣2)
−1𝑆𝐴𝑣𝑛𝑥𝑣𝑎 (3. 44) 

𝑢𝑛𝑙 ∶= −𝑘|𝜎|−𝛼𝑠𝑔𝑛(𝜎) (3. 45) 

where 𝑘 is an appropriate gain and 𝛼 ∈ (0, 1) is a tuning parameter for chattering reduction 

[115].  
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The reachability condition [38] (i.e., existence condition of the sliding mode) is derived 

for (3. 43) based on the Lyapunov function method [38], [116], [117]. (That is, the condition 

for 𝜎 → 0 is derived). Note that 𝜎 is a scalar function. A candidate 𝑉 > 0 for a Lyapunov 

function of the dynamics of 𝜎 is defined as 

𝑉 ∶=
1

2
𝜎2 

(3. 46) 

The candidate 𝑉 becomes a Lyapunov function of the dynamics of 𝜎 if it satisfies 

𝑉̇ = 𝜎𝜎̇ < 0 (3. 47) 

for ∀𝜎 ≠ 0. Then the following result can be derived: 

Theorem 3.3: For (3. 22), (3. 37),and (3. 38), 𝑉 shown in (3. 46) is a Lyapunov function 

of the dynamics of 𝜎 if  

𝑢 = 𝑢𝑙 + 𝑢𝑛𝑙 = −(𝑆𝐵𝑣2)
−1𝑆𝐴𝑣𝑛𝑥𝑣𝑎 − 𝑘′′(𝑆𝐵𝑣2)

−1|𝜎|𝛼‖𝑥𝑣𝑎‖𝑠𝑔𝑛(𝜎) (3. 48) 

where 𝑘′′ ∈ ℝ+ satisfies 

‖𝑆‖{√2(
1

𝑚𝑣
2
+

1

𝑚0
2
) {𝑘𝑒

2 + 𝑐𝑒
2} +

𝑘𝑣

𝑚𝑣
} < 𝑘′′ 

(3. 49) 

Proof. The first-order derivative of 𝑉 can be written as  

𝑉̇ = 𝜎𝜎̇ = 𝜎𝑆𝑥̇𝑣𝑎 = 𝜎𝑆 {∆𝐴𝑥𝑣𝑎 + 𝐵𝑣1𝑤 − 𝑘𝐵𝑣2|𝜎|−𝛼
𝜎

|𝜎|
} (3. 50) 

Inequality (3. 51) must be established for (3. 50) to satisfy (3. 47): 

𝑠𝑔𝑛(𝜎)(𝑆∆𝐴𝑥𝑣𝑎 + 𝑆𝐵𝑣1𝑤) < 𝑘′ (3. 51) 

where 

𝑘′ = 𝑘|𝜎|−𝛼𝑆𝐵𝑣2 (3. 52) 

When the VCO is appropriately designed, i.e., (2. 6) holds, 𝑤 can be written as 
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𝑤 = 𝑘𝑣𝑥1 ≈ 𝑘𝑣𝑥𝑣 = 𝑘𝑣[1 0 0 0]𝑥𝑣𝑎 (3. 53) 

Using (3. 53), (3. 51) can be evaluated as 

𝑠𝑔𝑛(𝜎)(𝑆∆𝐴𝑥𝑣𝑎 + 𝑆𝐵𝑣1𝑤) ≤ |𝑆∆𝐴𝑥𝑣𝑎 + 𝑆𝐵𝑣1𝑤| ≤ ‖𝑆∆𝐴𝑥𝑣𝑎‖ + ‖𝑆𝐵𝑣1𝑤‖

≤ ‖𝑆‖{√2(
1

𝑚𝑣
2
+

1

𝑚0
2
) {𝑘𝑒

2 + 𝑐𝑒
2} +

𝑘𝑣

𝑚𝑣
}‖𝑥𝑣𝑎‖ 

(3. 54) 

Finally, for (3. 38), the control input and the condition for 𝜎 to satisfy (3. 47) are derived 

as (3. 48) and (3. 49) using (3. 51) and (3. 54).                                                                  ∎ 

One significant issue to implement the VSS framework in real systems is high frequency 

oscillation so-called the chattering [38], [118]. The chattering is caused by the time delay for 

switching the control input, and significantly deteriorate the system performance. Numerous 

chattering alleviation approaches have been proposed (e.g., fuzzy smoothing [119], adaptive 

strategy [120], and the super-twisting algorithm [121], [122]). Among them, one simple and 

practical approach is to approximate the switching term by a smooth function such as the 

sigmoid function [123]–[125]. Accordingly, in this study, the signum function in control 

input (3. 48) is approximated by the hyperbolic tangent [126]:   

𝑢 = 𝑢𝑙 + 𝑢̃𝑛𝑙  (3. 55) 

𝑢̃𝑛𝑙 ∶= −𝑘′′(𝑆𝐵𝑣2)
−1|𝜎|𝛼‖𝑥𝑣𝑎‖𝑇𝑎𝑛ℎ (

𝜎

𝛿
) (3. 56) 

where 𝛿 ∈ ℝ+ is a small constant for smoothing. Fig. 3. 10 describes the proposed control 

scheme. Table 3. 4 lists parameter values for the proposed control method used in this study 

[100]. They were determined by actually conducting simulations and experiments and 

confirming the results demonstrated later. Some trial-and-error adjustments were also 

involved. These parameters are used in all of the simulations and experiments below. 
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Fig. 3. 10 Block diagram of the VCO-based SMC. 

 

Table 3. 4 Parameters used to design the VCO-based SMC scheme [100].  

Properties Value 

𝑊 𝑑𝑖𝑎𝑔{10−20 10−20 10−20 10−30} 

𝑘′′ 1.0 × 101 

𝛼 1.2 × 10−2 

𝛿 5.0 × 10−5 

 

3. 4. 5 Simulation study and discussion: the 𝑯∞ approach vs. the SMC approach 

A simulation study was conducted to verify the vibration suppression performance and 

robustness to the actuator parameter uncertainty of the proposed method. As discussed in 

Subsection 3. 3. 5, the linear 𝐻∞  synthesis approach for compensation of the actuator 

uncertainty has the conservativeness issue. Hence, one of the goals of this study is to solve 

this problem: the 𝐻∞  controller may become too conservative, resulting in insufficient 

control performance. 

Actual mechanical 

system

Linear input

Nonlinear input

State

observer

Vibration of the

actual controlled object 
Disturbance

Model-free SMC (designed based on the VCO)
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The main purpose of this simulation studies is to confirm that the application of SMC can 

solve this conservative issue compared with the method proposed in Section 3. 3. That is, the 

simulation study is conducted to demonstrate that the proposed VCO-based model-free SMC 

scheme improves the control performance and robustness with respect to the actuator 

uncertainty, compared with the 𝐻∞ controller. Especially, the actuator uncertainty satisfies 

the matching condition in model-free SMC based on the VCO. It means that the strong 

advantage of SMC, which cannot be obtained by a 𝐻∞ controller in contrast, can be utilized. 

Hereafter, the 𝐻∞ controller proposed in Section 3. 3 and the SMC system proposed in this 

section are called as VCO-Hinf and VCO-SMC, respectively. Fig. 3. 11 shows the controlled 

object as a 2-DOF system, which is a time-varying system where both masses 𝑚1 and 𝑚2 

fluctuate sinusoidally in the range of ±20%. Table 3. 5 shows the model parameters. The 

aim of the simulation was to attenuate the vibration of point mass 𝑚1 when point mass 𝑚2 

is excited by a white noise disturbance. Upon changing the actuator’s stiffness and damping, 

the control performance and robustness to the actuator’s parameter uncertainty of VCO-SMC 

are compared with those of VCO-Hinf through the vibration control simulation. 

It is difficult to evaluate the control performance via frequency responses because the 

controlled object has time-varying property. In this simulation study, the vibration 

suppression performance is evaluated by the performance index 𝐿 defined as 

𝐿𝑖 ∶=
1

𝑓𝑠
∑ (𝑦[𝑘])2

𝑖𝑛

𝑘=(𝑖−1)𝑛+1

,⁡⁡⁡𝑖 = 1, 2,⋯ 
(3. 57) 

where 𝐿𝑖 indicates the performance index in the 𝑖-th evaluation interval, 𝑦[𝑘] represents the 

measured output at the 𝑘 -th sampling point from the start of the simulation and is the 

acceleration of the point mass 𝑚1 , 𝑛 ∈ ℕ  is the number of evaluation points in each 

evaluation interval, and 𝑓𝑠 ∈ ℝ+  is the sampling frequency. Consequently, performance 

index 𝐿 represents the mean-square value in each evaluation interval. Obviously, the smaller 

this performance index value is, the better the vibration suppression performance is. In this 
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study, 𝑛 and 𝑓𝑠 are set as 1000 points and 20 kHz, respectively. All simulations employ the 

same mean and variance values for the white noise disturbance. 

 

Table 3. 5 Parameters for the 2-DOF time-varying controlled object.  

Properties Value Units 

𝑚1, 𝑚2 3.6 ± 0.72 kg 

𝑘1, 𝑘2 1.0 × 106 N/m 

𝑐1, 𝑐2 1.9 × 101 Ns/m 

 

 

Fig. 3. 11 Simulation setup to verify the superiority of the VCO-based model-free 

SMC technique over the VCO-based 𝐻∞ control scheme. 

 

Fig. 3. 12 and Fig. 3. 13 show the results for an average of 50 simulations. In Fig. 3. 

12(a)(b) and Fig. 3. 13(a)(b), the black, blue, and red lines describe the time history response 

without control, the result from VCO-Hinf, and the result from VCO-SMC, respectively. The 

symbols 𝐸𝑟𝐾 and 𝐸𝑟𝐶 indicate that the actual values during the simulation have errors of 

𝐸𝑟𝐾% and 𝐸𝑟𝐶%, respectively, for normal actuator stiffness and damping shown in Table 

2. 1. Figs 6(c) and 7(c) show the time histories of the variations of the masses 𝑚1 and 𝑚2. 

Controlled

object

Actuator



68 

 

Both VCO-Hinf and VCO-SMC exhibit good control performance when the actuator does 

not have errors, and their performance is almost the same (Fig. 3. 12). However, when the 

actuator has parameter errors, VCO-SMC provides good vibration attenuation, whereas that 

for VCO-Hinf significantly deteriorates around 30 s even though neither controller is 

destabilized (Fig. 3. 13). This difference is attributed to the matching uncertainty (i.e., 

uncertainty of the actuator), which is unique to the sliding mode controller designed in 

Subsections 3. 4. 2–3. 4. 4. Consequently, the compensation via the SMC proposed in this 

section outperforms that via 𝐻∞ synthesis proposed in Section 3. 3 in terms of the control 

performance under the parameter errors of the actuator. In addition, the simulations also 

demonstrate the applicability of the proposed method to time-varying systems. 
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Fig. 3. 12 Simulation results (𝐸𝑟𝐾 = 0, 𝐸𝑟𝐶 = 0): (a) acceleration, (b) performance 

index, and (c) mass variations of 𝑚1 and 𝑚2. 

 

(a)

(b)

(c)(c)

W/o control

the VCO-Hinf

the VCO-SMC
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Fig. 3. 13 Simulation results (𝐸𝑟𝐾 = 50, 𝐸𝑟𝐶 = −50): (a) acceleration, (b) 

performance index, and (c) mass variations of 𝑚1 and 𝑚2. 

 

(a)

(b)

(c)(c)

W/o control

the VCO-Hinf

the VCO-SMC
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3. 4. 6 Experimental verification and discussion: the applicability of the SMC 

approach to real mechanical system 

The vibration control experiment was conducted for demonstrating the applicability of the 

proposed method to actual mechanical systems. (The aim of this experiments is not to 

compare VCO-SMC with VCO-Hinf because its superiority in terms of control performance 

has been already confirmed in Subsection 3. 4. 5). The experimental setup is shown in 

Subsection 2. 4. 1 and the controlled objects are Structures #1 and #4. As in Subsection 3. 3. 

4, the parameters of the actuator model shown in Table 2. 1, defined as nominal during 

controller design, were altered to examine the robustness with respect to the actuator 

uncertainty experimentally; situations where parameter errors occur for the unique actuator 

used in the experiment can be created equivalently.  

Fig. 3. 14–Fig. 3. 17 show the typical results of the vibration control experiments, which 

are the frequency responses of the acceleration from the disturbance to the observed output. 

The black and red lines indicate the frequency response without control and the closed-loop 

frequency response with control, respectively. 𝐸𝑟𝐾 and 𝐸𝑟𝐶 represent that the stiffness and 

damping of the actuator parameters employed in the experiment had errors of 𝐸𝑟𝐾% and 

𝐸𝑟𝐶%, respectively, with respect to the stiffness and damping of the actuator used for 

controller design. Table 3. 6 and Table 3. 7 summarize the main vibration attenuations results 

for various errors of the actuator parameters. In the experiment, any significant chattering 

phenomena are not observed. 

Despite the uncertainty in the actuator parameters, good damping effect were provided for 

the major vibration modes in the control frequency band (Fig. 3. 14–Fig. 3. 17, Table 3. 6 

and Table 3. 7). Hence, the controller achieved vibration attenuation effects without 

instability despite errors of ±50% in the stiffness and damping of the actuator. It is because 

the parameter error of the actuator satisfies the matching condition (Theorem 3.2). This is 

one of the advantages obtained by the application of SMC to VCO-MFC. That is, it is 

noteworthy contribution that the robustness to the actuator uncertainty can be ensured with 

the model-free controller design simultaneously. Consequently, the proposed model-free 
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SMC technique based on the VCO exhibits good control performance on actual mechanical 

structures. 

 

Table 3. 6 Results of experiments using VCO-SMC: Structure#1 [100].  

Parameter errors of actuator Reduction amount [dB] 

𝐸𝑟𝐾 𝐸𝑟𝐶 117 Hz peak 273 Hz peak 

0 0 −9.5 −9.4 

50 50 −10.0 −6.7 

−50 50 −8.3 −7.3 

50 −50 −9.8 −6.6 

−50 −50 −9.7 −6.5 

 

Table 3. 7 Results of experiments using VCO-SMC: Structure#4 [100].  

Parameter errors of actuator Reduction amount [dB] 

𝐸𝑟𝐾 𝐸𝑟𝐶 226 Hz peak 

0 0 −15.1 

50 50 −15.0 

−50 50 −14.6 

50 −50 −14.9 

−50 −50 −14.7 
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Fig. 3. 14 Frequency responses obtained in the experiments with Structure#1: 𝐸𝑟𝐾 =

50, 𝐸𝑟𝐶 = 50. 

 

 

Fig. 3. 15 Frequency responses obtained in the experiments with Structure#1: 𝐸𝑟𝐾 =

−50, 𝐸𝑟𝐶 = 50. 

 

W/o control
W/ control

W/o control
W/ control
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Fig. 3. 16 Frequency responses obtained in the experiments with Structure#4: 𝐸𝑟𝐾 =

0, 𝐸𝑟𝐶 = 0. 

 

 

Fig. 3. 17 Frequency responses obtained in the experiments with Structure#4: 𝐸𝑟𝐾 =

50, 𝐸𝑟𝐶 = −50. 

 

W/o control
W/ control

W/o control
W/ control
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3. 5 Discussion 

In Sections 3. 3 and 3. 4, two different approaches are proposed to treat the parameter 

uncertainty of the actuator in VCO-MFC: linear 𝐻∞ synthesis and SMC. The effectiveness 

of both of them is verified by numerical studies and experimental studies. As noted in Section 

3. 1, the actuator parameter always has uncertainties due to modeling error, individual 

difference, and aging. The consideration of the actuator parameter is necessary to implement 

VCO-MFC in real system. Accordingly, the proposed methods significantly enhance the 

practicability and reliability of VCO-MFC. Note that these compensations, which are based 

on the traditional model-based robust control theories, are enabled by the distinguished 

feature of the VCO-MFC technique: various state-space based control theories are directly 

applicable to design VCO-controllers after the introduction of the VCO. 

In the viewpoint of the control performance under the actuator error, the SMC approach 

outperforms the 𝐻∞  approach as shown in Subsection 3. 4. 5. It is because SMC has 

invariance with respect to the matched uncertainties when the system is in the sliding mode; 

indeed, the parameter uncertainty of the actuator in the VCO-MFC system satisfies the 

matching condition (Theorem 3.2). On the other hand, the SMC-based approach requires to 

tune many parameters compared with the 𝐻∞ approach. 

More than anything, SMC imposes one significant difficulty: the chattering. The chattering, 

more or less, is unavoidable in the SMC system because it utilizes discontinuous switching 

in control input. Switching the control input value in infinitely small time is impossible in 

real mechanical systems, resulting in time delay in the control input and, hence, the system 

oscillates. The high frequency oscillation often excites unexpected and harmful dynamics of 

the plant, resulting in significant deterioration of control performance and even in 

catastrophic fatigue fracture. Therefore, in the SMC implementation, the chattering must be 

reduced as much as possible. 

Although numerous VSS control algorithms have been proposed so as to reduce the 

chattering [119], [121], [122], they increase the complexity of the design and implementation. 
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In this study, the approximation of the signum function via the hyperbolic tangent is 

employed due to its simplicity, and it successfully attenuated the chattering. Nevertheless, 

this method still increases the number of tuning parameters. It may be effective to attenuate 

the chattering through devising the system equipment. For example, time delay in applying 

the control input may be improved by using actuators with very small time constants; 

employing high performance computer may decrease time delay in signal processing. 

However, modifications of equipment increase the development cost of the control system. 

Especially, the SMC implementation to a mechanical system is challenging due to the 

response of actuators and calculation burden depending on the system configuration.   

After all, which compensation approach is better? In the theoretical point of view, the SMC 

approach is more desirable due to the invariance property to matched uncertainties. However, 

the answer to this question from the perspective of control engineering as practical science 

seems to depend on specific applications and hence is difficult to conclude uniquely. Here, 

note that the one distinguished virtue of the VCO-MFC approach is its simplicity. If the 

compensations proposed in this chapter are employed in a practical application of VCO-MFC, 

one should carefully consider the nature of the configuration of the system, performance 

requirements, and the characteristics of VCO-MFC itself. 

In this chapter, two approaches, namely, the 𝐻∞ approach and the SMC approach, are 

developed so as to treat the actuator uncertainty. In addition to these, some compensation 

strategies, which can deal with the actuator uncertainty, have been proposed such as 

introducing a notch filter [127] and controller design via the linear mixed 𝐻2/𝐻∞ approach 

[108]. Especially, mixed 𝐻2/𝐻∞ synthesis may have ability to manage both good control 

performance and simple implementation. 

 

3. 6 Conclusion 

The accuracy of the parameter value of the actuator model is critical to the performance and 

stability of VCO-MFC because VCO-MFC utilize the actuator model in controller design. In 
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this chapter, two different VCO-MFC techniques considering parameter uncertainty of the 

actuator are proposed to tackle this issue. One method is based on the linear 𝐻∞ control 

theory and the other is based on SMC theory. The robustness of the proposed methods to the 

actuator uncertainty is revealed via numerical studies; the applicability of the proposed 

methods is examined through vibration control experiments. Although both methods exhibit 

excellent robustness and control performance, the SMC technique is superior to the 𝐻∞ 

approach in the viewpoint of control performance under the actuator error. It is because the 

actuator uncertainty satisfies the matching condition. However, the implementation of the 

𝐻∞ controller is easier than that of SMC.   
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Chapter 4. Offline Parameter Tuning for VCO-MFC 

4. 1 Introduction 

One distinguished feature of VCO-MFC is that the controller can be designed via exact the 

same manner as traditional MBC after the introduction of the VCO as demonstrated in 

Chapter 2 and Chapter 3, making the controller design procedure simple and systematic. 

However, one important issue remains to implement VCO-MFC: parameter tuning of the 

controller.  

Designers must determine tuning parameters in the traditional MBC design (e.g., constant 

weighting matrices to evaluate a state vector and a control input in the LQR design). 

Generally, such tuning parameters are determined manually by trial-and-errors through 

numerical simulations using a mathematical model of an actual controlled object and 

experiments on an actual plant. Indeed, in Chapter 2 and Chapter 3, parameter tuning for 

VCO-based controller was conducted by manual trial-and-errors based on vibration control 

experiments. Nevertheless, trial-and-error tuning via numerical simulations using a 

mathematical model of an actual controlled object significantly diminishes the model-free 

nature as the most important virtue of the VCO-MFC approach; parameter tuning based on 

experiments imposes possibilities to harm the actual systems and even dangerous in some 

situations. Accordingly, the design process of the VCO-MFC system can be further 

simplified by reducing such manual parameter tuning procedures, and the practicability can 

be significantly enhanced. 

In this chapter, a novel offline controller tuning procedure for VCO-MFC is developed 

based on SPSA and the strong robustness of the VCO-MFC system to changes in actual 

controlled object. The proposed procedure does not require any mathematical models of 

actual controlled object and can automatically search the appropriate parameter due to SPSA. 

Hence, the proposed tuning strategy significantly reduces the design burden of the VCO-

MFC system. The contents in this chapter are mainly based on [101], [128]. 
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4. 2 Controller Tuning Technique based on Optimization  

Let Θ be a set and let 𝐿:⁡Θ → ℝ be a mapping. Optimization is to find an element 𝜃∗ ∈ Θ such 

that 𝐿(𝜃∗)  is minimum/maximum. (In optimization, minimization problems and 

maximization problems are essentially equivalent to each other since the minimization of 𝐿 

can be converted to the maximization of – 𝐿). A mapping to be minimized/maximized is 

usually referred to as an objective function, a fitness, a loss function, and so on, depending 

on research fields. (In this study, it is called as a loss function). Roughly, optimization 

approaches can be classified in two types: analytical way (e.g., calculation of extremum via 

differentiation) and numerical approach. Although analytical approaches yield exact 

solutions, they cannot be applied to complex problems. On the other hand, numerical 

approaches can handle wide classes of problems, and some algorithms can treat various 

problems even if analytical properties of loss functions are unknown.  

Control engineering is closely related to optimization. In fact, many controller synthesis 

problems are a kind of optimization (e.g., the linear 𝐻2 control problem and the linear 𝐻∞ 

control problem [29], [30]). Optimization algorithms can be utilized to tune controllers by 

defining appropriate loss functions which express requirements for control systems. An 

optimization-based parameter selection can significantly reduce a controller implementation. 

One important thing to construct a controller tuning procedure based on an optimization is 

selection of an optimization algorithm. Several groups have examined controller tuning based 

on various optimization methods: random search [129], genetic algorithm (GA) [130]–[132], 

particle swarm algorithm [133]–[135], gravitational search algorithm [136], and grey wolf 

optimizer [137], to name a few. Metaheuristic optimization tools were developed for tuning 

a Gaussian adaptive PID controller [138]. Among them, SPSA [139] has been widely 

employed for controller tuning [140]–[143]. The most representative virtue of SPSA is its 

high calculation efficiency in the sense that SPSA requires very small number of loss function 

evaluations even for high-dimensional problems. Inspired by these studies, this study 

proposes a simple controller tuning procedure for VCO-MFC based on SPSA. 
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4. 3 SPSA  

This section briefly summarizes SPSA employed in the proposed tuning method. SPSA is a 

type of optimization algorithm in the stochastic approximation (SA) framework [144]. Let 

𝐿(𝜃):⁡ℝ𝑝 → ℝ+ ∪ {0} be a loss function to be minimized and 𝐿̂(𝜃) be its (possibly noisy) 

measured value at 𝜃. (𝐿̂(𝜃) = 𝐿(𝜃) + 𝜀 where the noise is denoted as 𝜀). Let 𝜃 ∈ ℝ𝑝 be a 

design variable of 𝐿(𝜃). Equation (4. 1) shows the 𝜃 update rule of the standard two-sided 

SPSA algorithm [139], where the index 𝑘 represents the 𝑘th iteration. Here, 𝑔̂𝑘(𝜃𝑘) ∈ ℝ𝑝 is 

an approximation of 𝑔(𝜃) ∶= 𝜕𝐿/𝜕𝜃, the gradient of 𝐿(𝜃), at the 𝑘th iteration. ∆𝑘∈ ℝ𝑝 is a 

simultaneous perturbation vector and is a random variable. ∆𝑘,𝑖, the 𝑖th component of ∆𝑘, is 

independent and symmetrically distributed about 0 with finite inverse moments 𝐸[|∆𝑘,𝑖
−1|] 

for all 𝑘, 𝑖  [139], [145]. A Bernoulli ±1 distribution with probability of 0.5 for each ±1 

outcome is often employed as ∆𝑘 [146]. 𝑎𝑘 ∈ ℝ+ and 𝑐𝑘 ∈ ℝ+ are gains. 

𝜃𝑘+1 = 𝜃𝑘 − 𝑎𝑘𝑔̂𝑘(𝜃𝑘) (4. 1) 

𝑔̂𝑘(𝜃𝑘) ∶=
𝐿̂(𝜃𝑘 + 𝑐𝑘∆𝑘) − 𝐿̂(𝜃𝑘 − 𝑐𝑘∆𝑘)

2𝑐𝑘
∆𝑘

(−1) 
(4. 2) 

Several sufficient conditions have been proposed for SPSA to converge 𝜃 to the optimal 

value (it is interesting that they include conditions similar to the finiteness of the inverse 

moment of ∆𝑘 mentioned above) [144]. The gains 𝑎𝑘 and 𝑐𝑘 are set to satisfy (4. 3)–(4. 6) in 

the typical convergence conditions for the standard SPSA algorithm [139], [144]. 

lim
𝑘→∞

𝑎𝑘 → 0 (4. 3) 

lim
𝑘→∞

𝑐𝑘 → 0 (4. 4) 

∑ 𝑎𝑘

∞

𝑘=1

= ∞ 
(4. 5) 
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∑
𝑎𝑘

2

𝑐𝑘
2

∞

𝑘=1

< ∞ 
(4. 6) 

Equations (4. 7) and (4. 8) show typical examples of 𝑎𝑘 and 𝑐𝑘 [139], [145], where 𝑎 ∈ ℝ+, 

𝐴 ∈ ℝ+ , 𝑐 ∈ ℝ+ , 𝛼 ∈ ℝ+ , and 𝛾 ∈ ℝ+ . The parameter selection of the standard SPSA 

algorithm has been explored in [146]. 

𝑎𝑘 =
𝑎

(𝐴 + 𝑘)𝛼
 (4. 7) 

𝑐𝑘 =
𝑐

𝑘𝛾
 (4. 8) 

SPSA has several representative characteristics. For example, SPSA requires only the 

measured values of the loss function and analytical properties of the loss function is 

unnecessary to drive the algorithm (i.e., SPSA is a model-free algorithm); SPSA has an 

ability to exit local minima because the poorness of the approximation of the gradient may 

work as injected noises (i.e., SPSA has the potential to become a global optimizer) [147], 

[148]; noisy measurements of the loss function can be used (i.e., SPSA has noise tolerance). 

Among them, a remarkable feature of SPSA is its high calculation efficiency: (4. 1) implies 

that only two measurements of 𝐿 are necessary per iteration, and it is independent of the 

dimension 𝑝  of the design variable 𝜃𝑘  [139]. Here, the finite-difference stochastic 

approximation (FDSA) shown in (4. 9), which is a traditional Kiefer–Wolfowitz type SA 

algorithm [149], [150], requires 2𝑝 measurements per iteration: 

𝜃𝑘+1 = 𝜃𝑘 − 𝑎𝑘𝑔̌𝑘(𝜃𝑘) (4. 9) 

𝑔̌𝑘,𝑖(𝜃𝑘) =
𝐿̂(𝜃𝑘 + 𝑐𝑘𝑒𝑖) − 𝐿̂(𝜃𝑘 − 𝑐𝑘𝑒𝑖)

2𝑐𝑘
 

(4. 10) 

where 𝑔̌𝑘,𝑖 is the 𝑖th component of 𝑔̌𝑘 and 𝑒𝑖 ∈ ℝ𝑝 is a vector having 1 in 𝑖th component and 

0 in the others. Therefore, SPSA has the potential for significantly saving the total number 

of loss function calculation compared with FDSA. In fact, the following statement has been 

proved: 
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Theorem 4.1: [139], [144], [145]: Under reasonably general conditions, 

𝑁𝑢𝑚𝑏𝑒𝑟⁡𝑜𝑓⁡𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡𝑠⁡𝑜𝑓⁡𝐿̂⁡𝑖𝑛⁡𝑆𝑃𝑆𝐴

𝑁𝑢𝑚𝑏𝑒𝑟⁡𝑜𝑓⁡𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡𝑠⁡𝑜𝑓⁡𝐿̂⁡𝑖𝑛⁡𝐹𝐷𝑆𝐴
→

1

𝑝
 

(4. 11) 

is achieved. 

Proof. See [139], [144], [145].                                                                                            ∎ 

In practical optimization problems, loss function measurements are the most burdensome 

[144]. Therefore, SPSA, which requires few loss function calculations at each iteration, is 

highly efficient, especially in multi-dimensional optimizations. 

Remark 4.1: The detailed analytical properties of the loss function and statistical 

properties of the noise in the measurements are required to theoretically check the 

sufficient conditions for the convergence of SPSA. In practical optimization problems, 

such properties are often difficult to access. Even if such properties do not fully satisfy the 

convergence conditions or such properties are not accessible, SPSA will work well in some 

cases because the theoretical conditions proposed so far are only sufficient conditions.  

However, note that the unverifiable of such convergence conditions formally does not 

imply that the theoretical conditions themselves are less important at all. In fact, in some 

practical situations, the theoretical conditions provide deep insights into the suitability of 

SPSA for problems at hand. Such importance is also true for other optimization algorithms 

such as FDSA [144]. (Unlike other optimization techniques such as the GA, one virtue of 

the SA framework including SPSA is its theoretical richness [144].)                                ∎ 

Focusing on its calculation efficiency, easiness of the implementation, and good searching 

ability, SPSA has been widely utilized in the control engineering field: control of a nonlinear 

stochastic system [151], adaptive PID controller [152], [153], adaptive tuning of a model-

based controller [107], [154], active noise control for periodic disturbance in a duct [155], 

ON–OFF iterative adaptive controller for microelectromechanical systems [156], adjusting 

weights of the LQR in MPC [157], online optimization for nonlinear MPC [158], quality 

control in manufacturing [159], a self-tuning LQR for inverted pendulum [160], broadcast 
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control of multi-agent system [161], [162], and source seeking using mobile robot with 

nonholonomic dynamics [163], to name a few. Especially, in the controller tuning field, one 

group examined to train a neural networks controller [140]; the PID controller for spool valve 

of electro-hydraulic valve system was optimized [141]; one study compared various SPSA 

algorithms for gain tuning of PID controllers [142]; the linear quadratic Gaussian controller 

was iteratively tuned by an innovative and effective data-based approach based on SPSA 

[143]. Inspired by these studies, this study proposes a simple controller tuning procedure 

based on SPSA. 

 

4. 4 The RCO  

The VCO-MFC system is robust to changes in structures and characteristics of actual 

controlled objects or even the actual controlled objects themselves, as shown in Chapter 2 

and Chapter 3. That is, the VCO-controller tuned for a certain controlled object can provide 

high damping performance for controlled objects with other structures and characteristics. 

Specifically, the same VCO-based model-free mixed 𝐻2/𝐻∞  controller (including its 

parameters) provided good damping performance for controlled objects with different 

structures and characteristics (e.g., a cantilever plate, a cantilever plate with weight, and a 

both-ends-supported plate) [98]. The VCO-based model-free 𝐻∞ controller, which provided 

a good damping effect for an SDOF controlled object in the vibration control simulations, 

suppressed the vibration of a cantilever plate in the vibration control experiments [99]. In 

addition, the VCO-based model-free controller with the same parameter provided high 

damping performance for a 2-DOF system with time-varying mass, a cantilever plate, and a 

both-ends-supported plate [100]. Such strong robustness of VCO-MFC originates from the 

independence of the controller from the mathematical models of actual controlled objects. 

Focusing on the strong robustness to controlled objects, this study proposes an evaluation 

model for the vibration suppression performance provided for the VCO-based controller 

tuning without manual trial-and-errors such as vibration control simulations with models of 
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actual controlled objects and vibration control experiments with actual plants. Fig. 4. 1 shows 

the evaluation model, which is a 2-DOF vibration system composed of an actuator model and 

an the RCO, where the RCO is excited by a disturbance. The RCO is an SDOF structure 

defined on behalf of an actual controlled object. 𝑚𝑟, 𝑘𝑟 ,⁡and 𝑐𝑟⁡represent the mass, stiffness, 

and damping of the RCO, respectively; 𝑥𝑟 is the displacement of the point mass of the RCO. 

The RCO design policies are as follows: 

(C1)  The scale of the RCO should be larger than that of the actuator employed for vibration 

suppression. Specifically, 𝑚𝑟  and 𝑘𝑟  must be larger than 𝑚0  and 𝑘0 , respectively. 

This condition is necessary because attaching an actuator to a controlled object should 

not significantly change the characteristics of the actual plant for employing a proof-

mass actuator. 

(C2)  Let 𝑓𝑟  be the natural frequency of the RCO. Then, 𝑚𝑟 , 𝑘𝑟 , and 𝑐𝑟  must be set to 

satisfy 𝛺𝑢𝑝𝑝𝑒𝑟 > 𝑓𝑟 > 𝛺𝑙𝑜𝑤𝑒𝑟 ≥ √𝑘0/𝑚0. A proof-mass actuator can be employed 

when the controlled frequency band is higher than √𝑘0/𝑚0, which is the undamped 

natural frequency of the actuator itself. Additionally, to establish VCO-MFC (i.e., (2. 

6)), 𝑓𝑟 must be in the controlled frequency band settled in the control system design 

(see Section 2. 2). 

The parameter values for the RCO used in this study are listed in Table 4. 1. 

Remark 4.2: Condition (C1) originates from the usage of a proof-mass actuator in practice, 

and hence it may be less significant in some applications. On the other hand, condition 

(C2) originates from the assumption so as to achieve VCO-MFC (see Section 2. 2). 

Therefore, essentially, condition (C2) seems to be more important than condition (C1). In 

addition, if possible, 𝑓𝑟 is desirable to be close to resonant frequency of the most harmful 

vibration to be reduced of the actual controlled object.                                                      ∎ 

Remark 4.3: Condition (C2) says that the RCO must have its natural frequency in the 

controlled frequency band which is aimed to be controlled by the VCO-MFC technique. 
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Note that the target vibrations of the actual controlled objects also exist in the frequency 

band. Therefore, the RCO and the actual controlled object share the frequency band where 

the vibrations to be attenuated by VCO-MFC. It should be noted that the VCO-controller 

tuned using the RCO can suppress the vibrations of the actual object due to the basis of 

VCO-MFC that (2. 6) holds in the controlled frequency band. Consequently, the RCO has 

an important relationship with the actual controlled object, although the RCO itself is not 

the same as the actual object.                                                                                              ∎ 

 

Table 4. 1 Parameters for the RCO.  

Properties Value Units 

𝑚𝑟 1.2 kg 

𝑘𝑟 1.0 × 106 N/m 

𝑐𝑟 10.95 Ns/m 

 

 

Fig. 4. 1 Evaluation model for the vibration suppression performance of VCO-MFC. 

Model consists of the actuator model and the RCO model. 

 

Actuator

RCO
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4. 5 Controller Tuning procedure for VCO-MFC based on SPSA and the 

RCO  

A novel parameter tuning scheme for the VCO-based model-free vibration controller is 

proposed based on SPSA and the RCO. Specifically, a parameter tuning scheme is 

constructed without manual trial-and-error procedures such as vibration control experiments 

for actual plants and vibration control simulations for concrete mathematical models of the 

actual controlled objects. Hereafter, the controller parameter to be determined is referred to 

as a tuning parameter, and the parameter to be updated directly by the SPSA algorithm 

described in (4. 1) during the tuning procedure is referred to as a design variable. The design 

variable at the 𝑘th iteration is denoted as 𝜃𝑘 ∈ ℝ𝑝. Consequently, the parameters of the VCO-

controller (i.e., the tuning parameters) are indirectly optimized through the transformed 

parameters (i.e., the design variables) via SPSA. In this study, the tuning parameter vector 

𝜓𝑘 ∈ ℝ𝑝, the vector having the tuning parameter in each component, at the 𝑘th iteration is 

expressed as  

𝜓𝑘 = Ψ0𝑎𝑏𝑠(𝜃𝑘) (4. 12) 

where Ψ0 ∈ ℝ𝑝×𝑝 denotes the initial tuning parameter matrix, a diagonal matrix having the 

initial tuning parameter in its diagonal element.  

Let 𝐽(𝜃𝑘)(=∶ 𝐽𝑘) ∶ ⁡ℝ𝑝 → ℝ+ ∪ {0}  be a loss function to evaluate the vibration 

suppression performance of the controller and 𝐽(𝜃𝑘)(=∶ 𝐽𝑘) be its measured value. 𝐽(𝜃𝑘) is 

obtained via a vibration control simulation for Fig. 4. 1 using the VCO-controller designed 

by 𝜃𝑘. That is, the loss function value is obtained via a vibration control simulation with the 

RCO. 𝐶𝑠𝑡𝑜𝑝 ∈ ℕ denotes the upper bound of the iteration number. Fig. 4. 2 describes the 

proposed controller tuning procedure for VCO-MFC. 

The proposed controller tuning technique can be conducted iteratively and automatically 

using a computer. An advantage of the proposed approach is that employing the RCO and 

SPSA realizes controller tuning without manual trial-and-error procedures using actual 

controlled object models and actual mechanical plants themselves. Moreover, the VCO-
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based model-free controller tuned by the proposed method suppresses the vibrations of not 

only the RCO but also actual mechanical structures with various characteristics because the 

RCO is designed to have a clear resonant peak in the controlled frequency band. That is, 

tuning the controller with the RCO appropriately evaluates the practical tuning situations. 

Consequently, the proposed parameter tuning scheme for the VCO-controller is simple, 

practical, and easy to implement. 

Remark 4.4: The proposed tuning strategy does not require mathematical models of actual 

controlled objects and actual plants themselves, utilizing the RCO instead of them. 

Therefore, the proposed tuning procedure is model-free. Compared with the SPSA-based 

controller tunings proposed in previous studies which requires simulations with actual 

object models and experiments with actual plants (e.g., [142], [143]), the proposed 

approaches is simpler than these previous methods due to the model-free nature.            ∎ 
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Fig. 4. 2 Flowchart of the proposed controller tuning for VCO-MFC based on SPSA 

and the RCO. 

 

4. 6 Validity of the Proposed Tuning Procedure: Tuning of the VCO-

based Model-Free LQR 

4. 6. 1 Model-Free LQR based on the VCO  

To verify the effectiveness of the proposed tuning approach, this study applies the proposed 

tuning scheme to the model-free LQR based on the VCO. Equation (4. 14) shows the 

Start

Design the RCO

Initialize , , and 

Determine and 

Generate , , and 

Vibration control simulation for the model shown in Fig. 4. 1 using 

the VCO-based controller designed based on 

Calculate using the simulation result.

Vibration control simulation for the model shown in Fig. 4. 1 using 

the VCO-based controller designed based on 

Calculate using the simulation result.

Update by Eq.(4.1)

Yes
No

End
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performance index for (4. 13), which is the 2-DOF system composed of the actuator and the 

VCO. 

𝑥̇𝑣𝑎 = 𝐴𝑣𝑎𝑥𝑣𝑎 + 𝐵𝑣𝑎2𝑢 (4. 13) 

𝐼𝑘 ∶= ∫ {𝑥𝑣𝑎
𝑇𝑄𝑘𝑥𝑣𝑎 + 𝑢𝑇𝑅𝑘𝑢}𝑑𝑡

∞

0

 
(4. 14) 

𝐼𝑘  in (4. 14) represents the quadratic performance index for controller design at the 𝑘th 

iteration. Equation (4. 14) is the same as (2. 8), except that the disturbance term 𝐵𝑣𝑎1𝑤 is 

removed to design the controller via the traditional LQR problem [31], [164]. In (4. 14), the 

positive-definite matrix 𝑄𝑘 ∶= 𝑑𝑖𝑎𝑔{𝑞𝑘,1 𝑞𝑘,2 𝑞𝑘,3 𝑞𝑘,4} ∈ ℝ4×4 is the constant weight 

to evaluate the vibration response and the positive scaler 𝑅𝑘 ∶= 𝑟𝑘,5 ∈ ℝ+ is that to evaluate 

the control input. Therefore, the tuning parameter expression (4. 12) can be written as 

𝜓𝑘 = Ψ0𝑎𝑏𝑠(𝜃𝑘) = [
𝑄0 0
0 𝑅0

] 𝑎𝑏𝑠(𝜃𝑘)

= 𝑑𝑖𝑎𝑔{𝑞0,1 𝑞0,2 𝑞0,3 𝑞0,4 𝑟0,5}𝑎𝑏𝑠(𝜃𝑘) 

(4. 15) 

Equation (4. 16) shows the control input to minimize 𝐼𝑘. This is derived by the traditional 

LQR theory [31], [164]. 𝑃𝑘 ∈ ℝ4×4 is the positive-definite solution of the algebraic Riccati 

equation (4. 17). The state vector 𝑥𝑣𝑎 for state feedback is obtained by the Kalman filter 

designed based on (2. 8).  

𝑢 = 𝐾𝑘𝑥𝑣𝑎 = −𝑅𝑘
−1𝐵𝑣𝑎2

𝑇𝑃𝑘𝑥𝑣𝑎 (4. 16) 

𝑃𝑘𝐴𝑣𝑎 + 𝐴𝑣𝑎
𝑇𝑃𝑘 − 𝑃𝑘𝐵𝑣𝑎2𝑅𝑘

−1𝐵𝑣𝑎2
𝑇𝑃𝑘 + 𝑄𝑘 = 0 (4. 17) 

This study proposes the novel controller parameter tuning technique to further simplify the 

design process of VCO-MFC. As an application to verify its effectiveness, the proposed 

approach is applied to the VCO-based LQR due to its simple controller structure. Here, the 

VCO-based model-free LQR, which is designed based on (4. 13) and (4. 14), can minimize 

the expectation of 𝑥𝑣𝑎
𝑇𝑄𝑘𝑥𝑣𝑎 + 𝑢𝑇𝑅𝑘𝑢 in (4. 13) when a white noise disturbance is applied 

to the closed-loop system. Therefore, the LQR can be employed to the vibration control 
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problem considered in this study. In this study, the initial values of the tuning parameters are 

set as 𝑄0 = 𝑑𝑖𝑎𝑔{1 1 1 1} and 𝑅0 = 1. 

Qualitatively, increasing the 𝑄𝑘  value increases the vibration suppression performance, 

while increasing the 𝑅𝑘 value reduces the excessive control input. Generally, designers must 

determine their concrete values in a trial-and-error manner. By contrast, this study determines 

𝑄𝑘 and 𝑅𝑘 automatically and quantitatively via the tuning scheme described in Section 4. 5. 

In this study, the Control System Toolbox and the Robust Control Toolbox in MATLAB are 

used for the numerical calculations to derive controllers. 

 

4. 6. 2 Loss function for the proposed scheme  

Equation (26) shows the loss function 𝐽(𝜃𝑘) employed in this verification: 

𝐽(𝜃𝑘) = 𝐽𝑘 ∶=
1

𝑁
{𝑊𝑦 (∑ 𝑦𝑘,𝑛

2

𝑁

𝑛=1

) + 𝑊𝑢 (∑ 𝑢𝑘,𝑛
2

𝑁

𝑛=1

)} 
(4. 18) 

where 𝑦𝑘,𝑛 ∈ ℝ represents the vibration response (measured output) at the 𝑛th sampling 

point at the 𝑘th iteration, 𝑢𝑘,𝑛 ∈ ℝ represents the control input at the 𝑛th sampling point at 

the 𝑘th iteration, 𝑁 ∈ ℕ is the number of sampling points in each simulation. The measured 

output is the acceleration of the RCO. 𝑊𝑦 ∈ ℝ+ and 𝑊𝑢 ∈ ℝ+ ∪ {0} are weights on 𝑦𝑘,𝑛 and 

𝑢𝑘,𝑛, respectively. In this study, they are set as 𝑊𝑦 = 𝑊𝑢 = 1 to simplify the proposed tuning 

technique. The specific values of 𝑊𝑦  and 𝑊𝑢  can be adjusted according to the designer’s 

requirements and control purposes. Hence, 𝐽(𝜃𝑘)  is the sum of the mean square of the 

vibration response 𝑦𝑘(𝜃𝑘) and that of the control input 𝑢𝑘(𝜃𝑘) obtained by the controller 

designed based on 𝜃𝑘. 

Remark 4.5: 𝐽  in (4. 18) has a completely different role from that of 𝐼𝑘  in (4. 14). 𝐽 

evaluates the vibration of the RCO in the plant composed of the actuator and the RCO, 

whereas 𝐼𝑘 evaluates the vibration of the VCO in the plant composed of the actuator and 
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the VCO. The VCO does not have clear resonant peaks in the controlled frequency band 

since it is designed to be a rigid body approximated by setting large 𝑘𝑣  and small 𝑚𝑣 

values. The purpose of using such VCO is to establish MFC, i.e., (2. 6). Conversely, the 

RCO is designed to emulate practical tuning situations and leads the tuned controller to 

have high vibration suppression performance for actual controlled objects in the controlled 

frequency band. Consequently, the RCO, not the VCO, is employed for controller tuning. 

That is, the controller should be tuned via 𝐽 in (4. 18).                                                       ∎ 

Remark 4.6: The controllers obtained via 𝐼𝑘  always stabilize the closed-loop system 

composed of the controller, the actuator, and the VCO since such controllers are 

constructed based on the solution of the algebraic Riccati equation (4. 17). On the other 

hand, if the controller gains are directly designed to minimize 𝐽, the closed-loop stability 

is not always guaranteed in this design process. This instability will negatively influence 

the vibration control simulations and prevents the iterative tuning procedure. Hence, the 

controller derivation itself should be conducted based on 𝐼𝑘 in (4. 14).                             ∎ 

 

4. 6. 3 Setting of the tuning scheme  

In this study, (4. 7) and (4. 8) are used as 𝑎𝑘  and 𝑐𝑘 , respectively. Table 4. 2 shows the 

parameters for SPSA. They are determined according to the previous study on SPSA 

implementation [146]. The disturbance to excite the RCO is white Gaussian noise with a 

mean of zero and a variance of one. The sampling frequency is 20 kHz. The simulation time 

in each simulation is 2.56 s. Here, this 2.56 s is not the real time required to run simulation 

once. Note that burdensome manual operations such as repeating trial-and-error experiments, 

modeling of actual controlled objects, and gathering a lot of data are unnecessary for the 

proposed controller tuning approach. 
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Table 4. 2 Parameters for SPSA for tuning the VCO-based LQR [101].  

Properties Value 

∆𝑘 Bernoulli ±1 distribution with probability of 0.5 for each ±1 outcome 

𝑎 1.0 × 101 

𝑐 3.0 × 10−1 

𝐴 1.0 × 101 

𝛼 0.602 

𝛾 0.101 

𝜃0 [1 1 1 1 1]𝑇 

𝐶𝑠𝑡𝑜𝑝 1500 

 

4. 6. 4 Tuning results  

The tuning results of the VCO-based model-free LQR obtained by the proposed method are 

discussed. These results are the mean of 16 trials in the same condition. Fig. 4. 3 shows the 

tuning histories for each tuning parameter and the value of 𝐽(𝜃𝑘) by iteration. Fig. 4. 3 

indicates that 𝑟𝑘,5  converges to a non-zero small positive value. Fig. 4. 4 describes the 

frequency responses from the disturbance to the acceleration of the RCO (i.e., measured 

output) obtained by the vibration control simulation for the evaluation model shown in Fig. 

4. 1. The blue, red, and green lines are the frequency response without control, the closed-

loop frequency response by the controller designed based on 𝑄0 and 𝑅0, and the closed-loop 

frequency response by the controller tuned by the proposed technique, respectively. The red 

and blue lines almost overlap. Thus, the proposed method properly tunes 𝑄𝑘  and 𝑅𝑘  and 

realizes a sufficient damping effect for the RCO. Table 4. 3 summarizes the tuning results 

described in Fig. 4. 3. 

 



93 

 

 
Fig. 4. 3 Tuning result (mean of 16 trials) for (a) 𝑞𝑘,1, (b) 𝑞𝑘,2, (c) 𝑞𝑘,3, (d) 𝑞𝑘,4, (e) 

𝑟𝑘,5, and (f) 𝐽𝑘 [101]. 

(a)

(b)

(c)

(d)

(e)

(f)
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Fig. 4. 4 Frequency responses obtained by the vibration control simulation for the RCO 

[101]. 

 

Table 4. 3 Tuning result of the model-free LQR (the mean of 16 trials) [101].  

Properties Value 

𝑄𝐶𝑠𝑡𝑜𝑝 𝑑𝑖𝑎𝑔{3.0521 4.0298 13.8072 4.1332} 

𝑅𝐶𝑠𝑡𝑜𝑝 0.0019 

𝐽0 2.0176 

𝐽𝐶𝑠𝑡𝑜𝑝 0.8462 

 

4. 7 Control Performance of the VCO-based LQR Tuned by the 

Proposed Method 

4. 7. 1 Numerical simulations 

This study compares the model-free LQR tuned by the proposed approach to that tuned by 

the manual trial-and-errors. Hereafter, the VCO-based LQR tuned via the proposed technique 

is called as LQR-SPSA and the VCO-based LQR tuned through trial-and-errors are called as 

LQR-Manual. The characteristics of LQR-SPSA are compared to those of LQR-Manual by 

applying them to different structures from the RCO. The parameters shown in Table 4. 3 are 

employed for designing LQR-SPSA. Below is the verification procedure:   
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Step 1) LQR-Manual is manually tuned via vibration control simulations with the RCO 

employed in Section 4. 6. The control performance of LQR-Manual to the RCO is 

set so that it is almost the same as that of LQR-SPSA to the RCO. 

Step 2) LQR-SPSA and LQR-Manual designed in Step 1) are applied to vibration control 

simulations with Structure#5, which is the structure with different characteristics 

from the RCO, and their vibration attenuation performance is compared. 

Here, in LQR-Manual, the weight 𝑄𝑚𝑎𝑛𝑢𝑎𝑙 for the state vector of the VCO is 𝑄𝑚𝑎𝑛𝑢𝑎𝑙 =

𝑑𝑖𝑎𝑔{1.0 1.0 1.5 1.0}, and the weight 𝑅𝑚𝑎𝑛𝑢𝑎𝑙  for the control input of the VCO is 

𝑅𝑚𝑎𝑛𝑢𝑎𝑙 = 1.0 × 10−4. Fig. 4. 5 shows that Structure#5 is a 2-DOF structure; Structure#5 is 

totally different from the RCO for controller tuning. The vibration 𝑥1 of the point mass 𝑚1 

is suppressed when the point mass 𝑚2  is shaken by a disturbance 𝑤. The parameters of 

Structure#5 are 𝑚1 = 𝑚2 = 2.0  kg, 𝑘1 = 𝑘2 = 5.0 × 106  N/m, and 𝑐1 = 𝑐2 = 3.1 × 101 

Ns/m. The sampling frequency of the simulation is 20 kHz. The disturbance is a 1–1000 Hz 

linear sweep sinusoidal signal. 

 

 

Fig. 4. 5 2-DOF controlled object (Structure#5). 

Fig. 4. 6 shows the frequency responses from the disturbance to the acceleration the 

damping point obtained by vibration control simulations. The blue, magenta, and green lines 

Structure#5

Actuator
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denote the frequency response without control, the closed-loop frequency response obtained 

by LQR-Manual, and the closed-loop frequency response obtained by LQR-SPSA, 

respectively. Table 4. 4 summarizes the representative vibration control results in Fig. 4. 6. 

Both LQR-Manual and LQR-SPSA significantly reduce the vibration of Structure#5, which 

has completely different characteristics and structures from the RCO (Fig. 4. 6(b)). This is 

because the VCO-MFC system is robust to changes in controlled objects [98]–[100], [109]. 

In addition, the vibration suppression performance for Structure#5 obtained by LQR-SPSA 

is almost the same as that obtained by LQR-Manual. Consequently, the proposed technique 

easily tunes the VCO-based model-free LQR and shows the same performance as the model-

free LQR tuned by manual trial-and-errors. 

 

Table 4. 4 Main vibration suppression results for the RCO and Structure#5.  

 

Controller 

Reduction amount [dB] 

RCO Structure#5 

146 Hz peak 156 Hz peak 407 Hz peak 

LQR-Manual −22.33 −18.21 −3.02 

LQR-SPSA −23.59 −19.35 −2.30 

 



97 

 

 

Fig. 4. 6 Frequency responses obtained by simulations for (a) the RCO, and (b) 

Structure#5. 

 

4. 7. 2 Vibration control experiments  

The vibration control experiments also compare LQR-SPSA to LQR-Manual. Structures#1–

#3 shown in Fig. 2. 6–Fig. 2. 8 are the controlled objects in this verification; the experimental 

system is described in Subsection 2. 4. 1. The vibration suppression performance is evaluated 

based on the acceleration of the controlled object. Note that Structures#1–#3 have totally 

different structures and characteristics from the RCO. Both LQR-Manual and LQR-SPSA 

are the same as the controllers used in Subsection 4. 7. 1. 

(a)

(b)

LQR-Manual

LQR-SPSA

LQR-Manual

LQR-SPSA
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Fig. 4. 7–Fig. 4. 9 show the experimentally obtained frequency responses from the 

disturbance to the acceleration of the controlled objects. The blue, magenta, and green lines 

denote the frequency response without control, the closed-loop frequency response obtained 

by LQR-Manual, and the closed-loop frequency response obtained by LQR-SPSA, 

respectively. Table 4. 5–Table 4. 7 summarize the main damping results in Fig. 4. 7–Fig. 4. 

9, respectively. Both LQR-Manual and LQR-SPSA provide good vibration suppression 

effects for Structures#1–#3, even though they have vastly different characteristics from the 

RCO. LQR-SPSA and LQR-Manual have almost equal vibration attenuation effects. Hence, 

the proposed tuning scheme provides the VCO-based model-free LQR with good control 

performance but without burdensome manual trial-and-errors. 

 

Table 4. 5 Main vibration suppression results for Structure#1.  

Controller Reduction amount [dB] 

116 Hz peak 256 Hz peak 

LQR-Manual −12.91 −5.88 

LQR-SPSA −13.70 −5.95 

 

Table 4. 6 Main vibration suppression results for Structure#2.  

Controller Reduction amount [dB] 

105 Hz peak 228 Hz peak 

LQR-Manual −7.60 −4.68 

LQR-SPSA −8.58 −4.64 

 

Table 4. 7 Main vibration suppression results for Structure#3.  

Controller Reduction amount [dB] 

97 Hz peak 216 Hz peak 

LQR-Manual −5.03 −4.77 

LQR-SPSA −5.65 −4.94 
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Fig. 4. 7 Experimentally obtained frequency responses for Structure#1: (a) overview of 

the frequency response, and (b) enlarged magnitude plot of (a) between 100 Hz and 300 

Hz. 

 

(a)

(b)

Frequency [Hz]

LQR-Manual

LQR-SPSA
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Fig. 4. 8 Experimentally obtained frequency responses for Structure#2: (a) overview of 

the frequency response, and (b) enlarged magnitude plot of (a) between 50 Hz and 300 

Hz. 

  

(a)

(b)

Frequency [Hz]

LQR-Manual

LQR-SPSA
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Fig. 4. 9 Experimentally obtained frequency responses for Structure#3: (a) overview of 

the frequency response, and (b) enlarged magnitude plot of (a) between 50 Hz and 300 

Hz. 

 

4. 8 Discussion 

The loss function value decreases as the iterations progress and the VCO-controller tuned by 

the proposed tuning strategy provides a good vibration attenuation effect for the RCO (Fig. 

4. 3 and Fig. 4. 4). Therefore, the proposed tuning scheme can yield VCO-controllers that 

suppress the vibration of the RCO without manual trial-and-error tuning procedures. 

Moreover, Section 4. 7 verifies that the VCO-controller tuned by the proposed method 

realizes good vibration reduction effects not only for the RCO but also for structures with 
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various characteristics (Fig. 4. 6–Fig. 4. 9). Specifically, the VCO-based LQR tuned by the 

proposed tuning approach provided good vibration attenuation effects to the 2-DOF structure 

(Structure#5), the aluminum cantilever plate (Structure#1), the aluminum cantilever plate 

with about 0.685 kg weight (Structure#2), and the aluminum cantilever plate with about 1.37 

kg weight (Structure#3). Note that Structures #1–#3 and #5 have totally different structures 

and characteristics from the RCO for controller tuning. These remarkable results are due to 

the strong robustness of the VCO-MFC system to changes in the controlled objects [98]–

[100], [109]. Accordingly, these verifications confirm the validity of using the RCO instead 

of actual plants. 

The proposed tuning technique shown in Fig. 4. 2 does not require concrete mathematical 

models of actual controlled objects. Moreover, the VCO-based model-free LQR tuned by the 

proposed strategy provides good vibration suppression performance and robustness to 

changes in the controlled objects at the same level as the manual-tuned model-free LQR 

based on the VCO. Considering these results demonstrated in Section 4. 7, the strong 

robustness to the changes in actual controlled objects originate from the VCO-MFC system 

design which does not require mathematical models of actual controlled objects. 

Thanks to the proposed tuning scheme, the vibration reduction effects of the manual-tuned 

controller can be achieved with less effort and trial-and-errors. Here, the proposed tuning 

scheme employs the RCO (designer-defined SDOF structure) instead of actual controlled 

object models for parameter tuning. Hence, not only the VCO-based LQR design but also the 

proposed SPSA- and RCO-based parameter tuning does not require actual controlled object 

models. In this sense, the novel VCO-controller parameter tuning is also a model-free 

procedure as noted in Remark 4.4. Both the controller design and the controller parameter 

tuning are completely free from mathematical models of actual controlled objects. 

Consequently, the proposed tuning technique significantly reduces the VCO-MFC system 

construction procedures [98]–[100], [109], [165]. 

This study, which is a fundamental investigation of a controller tuning method for VCO-

MFC, employs the SDOF structure as the RCO because of its simplicity. However, the 
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structures and characteristics of the RCO may affect the performance of the proposed method. 

If concrete mathematical models of the actual controlled objects can be easily acquired, 

setting such concrete models as the RCO may realize more detailed evaluations of the 

characteristics of the controllers. In the future, the influence of the structure and 

characteristics of the RCO on the proposed method and controller design will be examined. 

In this study, the tuning parameter expression by the design variable are simply defined as 

(4. 12) (i.e., (4. 15)). However, this expression should be improved because the resulting 

design variable values have very large scale differences each other according to Table 4. 3. 

It is because the scales of the design variables should be similar to each other in SPSA using 

a Bernoulli ±1 distribution with probability of 0.5 for each ±1 outcome as a simultaneous 

perturbation vector ∆𝑘 [146]. Thus, the tuning strategy described in Fig. 4. 2, which express 

the tuning parameter by the design variable as (4. 12), does not adequately take the 

characteristic of SPSA into account; its calculation efficiency has some room for 

improvement. In fact, a novel the RCO- and SPSA-based tuning algorithm for VCO-

controllers considering this scaling issue has been proposed and is remarkably faster than the 

tuning procedure shown in Fig. 4. 2 [128]. 

 

4. 9 Conclusion 

This chapter proposes a simple and practical controller tuning scheme for VCO-MFC. 

Although the proposed tuning technique does not require manual trial-and-errors, it 

effectively constructs a VCO-based model-free controller. Focusing on the strong robustness 

of the VCO-MFC system to characteristic changes in an actual controlled object, the 

proposed tuning technique utilizes the evaluation model for the vibration suppression 

performance, which is composed of the actuator model and the RCO instead of an actual 

controlled object model. A novel parameter tuning scheme is constructed based on the 

evaluation model and SPSA. The proposed tuning scheme is applied to the parameter tuning 

problem of the VCO-based model-free LQR. Vibration control simulations and experiments 
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compared the model-free LQR tuned by the proposed technique to that tuned by manual trial-

and-errors. The controlled objects employed in the comparative studies have totally different 

characteristics from the RCO. The model-free LQR tuned by the proposed method suppresses 

the vibrations of controlled objects with various characteristics at the same level as that tuned 

by manual trial-and-errors. 
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Chapter 5. Adaptive VCO-MFC 

5. 1 Introduction 

In VCO-MFC, the prior information of the actual controlled object to design a controller is 

much rougher than traditional MBC: the design of the VCO-controller requires only the upper 

and lower frequencies of the controlled frequency band as information of the actual 

controlled object (Section 2. 2). One of the challenges, however, is that the VCO-based 

controller design does not reflect detailed dynamical characteristics of the actual controlled 

object in the resulting controller. This implies that the resulting controller must be tuned so 

as to fit the characteristics of the actual controlled object. Moreover, due to the rack of 

reflection of the actual object characteristics on the controller design, even if a VCO-

controller is tuned so as to provide a very good control performance to a given controlled 

object, the controller will have some room for performance improvement for controlled 

objects other than the controlled object for tuning. (For example, the traditional VCO-MFC 

technique cannot provide the best vibration attenuation performance for a controlled object 

with time-varying properties because the most suitable controller for such a controlled object 

changes constantly). Consequently, evaluating the characteristics of the controlled object 

more explicitly via an online adaptive mechanism should improve the control performance 

of VCO-MFC.  

Remark 5.1: The existence of room for performance improvement due to changing 

controlled objects does not contradict the robustness of the VCO-MFC system to various 

changes in actual controlled object mentioned in Section 4. 4. Although the control 

performance is not the best, the identical VCO-controller including its parameters can 

provide fairly good vibration attenuations for various controlled objects as demonstrated 

in the previous chapters.                                                                                                     ⁡∎ 

In this chapter, a novel VCO-MFC system, which exhibits higher control performance for 

various controlled objects than the conventional VCO-MFC system, is proposed. The 
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proposed method designs a model-free controller based on the VCO offline and self-tunes 

the VCO-controller according to the control results (measured outputs of the actual plants) 

online. The initial controller, which is adaptively tuned in online manner, is a VCO-based 

model-free LQR. The adaptive self-tuning mechanism is constructed based on measured 

outputs and SPSA. The high calculation efficiency of SPSA realizes a simple and practical 

self-tuning mechanism. Neither the offline design of the model-free LQR nor the online self-

tuning mechanism requires mathematical models of the actual controlled object. The 

advantages of the proposed vibration control approach are its simplicity and good control 

performance. The contents in this chapter are mainly based on [102]. 

 

5. 1. 1 Benefits 

Compared with traditional MFC approaches mentioned in Subsection 1. 1. 3 and 

conventional VCO-MFC, the benefits of the novel AVC method proposed in this study are: 

(B1) Advantage over traditional MFC 

The proposed model-free adaptive controller (the combination of the VCO-based 

model-free controller and the SPSA- and measured output-based self-tuning) is 

simpler than traditional MFC. After introducing the VCO, the initial controller which 

will be adaptively tuned by the novel self-tuning mechanism can be designed in the 

same manner as familiar model-based controllers due to the VCO. In addition, the 

proposed self-tuning scheme is constructed based only on the measured outputs and 

SPSA. The proposed online self-tuning scheme can be implemented easily since 

SPSA is a highly efficient optimization algorithm. 

(B2) Advantage over conventional VCO-MFC 

The novel VCO-based model-free adaptive control strategy provides better vibration 

control performance for various controlled objects than conventional VCO-MFC. The 

VCO-based controller design does not consider detailed dynamical characteristics of 
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the actual controlled objects, implying that the conventional VCO-controller may not 

provide the best control performance for a given controlled object. By contrast, the 

proposed model-free adaptive controller self-tunes constantly to improve the 

vibration suppression performance for each controlled object by explicitly 

considering the control results. 

Especially, compared with conventional VCO-MFC [98], the contributions and technical 

novelties of the proposed control scheme in this chapter are as follows: 

(B-V1) The combination of the VCO-based controller and the self-tuning scheme produces 

a novel adaptive controller, which more explicitly considers the vibration 

characteristics of the actual controlled object. That is, the VCO-controller is 

automatically tuned online for a given controlled object. This online self-tuning 

controller achieves a better vibration suppression performance than previous VCO-

based model-free vibration controllers, which lack adaptive mechanisms. 

(B-V2) The proposed model-free adaptive vibration control system mentioned in (B-V1) is 

constructed without mathematical models of the actual controlled object. Although 

many groups have proposed adaptive control schemes [166]–[168], they require 

concrete mathematical models of the controlled objects to design the controllers and 

the adaptive schemes. By contrast, both VCO-based model-free LQR (initial 

controller to be self-tuned online) and the SPSA- and measurement-based self-

tuning mechanism in the proposed approach are constructed without such models. 

Hence, the proposed control system avoids burdensome procedures (e.g., 

mathematical modeling) on designers 

 

5. 2 Initial Controller for adaptive VCO-MFC 

In the proposed method, the initial controller is designed by applying LQR theory to the 

VCO-based controller design. Specifically, as Subsection 4. 6. 1, quadratic performance 

index (5. 1) is defined for (4. 13): 
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𝐼𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∶= ∫ {𝑥𝑣𝑎
𝑇𝑄𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑥𝑣𝑎 + 𝑢𝑇𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑢}𝑑𝑡

∞

0

 
(5. 1) 

where the positive-definite matrix 𝑄𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ ℝ4×4  is the constant weight to evaluate the 

vibration response and the positive scaler 𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ ℝ+ is that to evaluate the control input. 

In this study, 𝑄𝑖𝑛𝑖𝑡𝑖𝑎𝑙  and 𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙  are determined as 𝑑𝑖𝑎𝑔{1.0 1.0 1.2 1.0} and 1.0 ×

10−4, respectively. Then the control input 𝑢 to minimize 𝐼𝑖𝑛𝑖𝑡𝑖𝑎𝑙 is derived as 

𝑢 = 𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝑥𝑣𝑎  (5. 2) 

𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = −𝑅𝑘
−1𝐵𝑣𝑎2

𝑇𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙 (5. 3) 

where 𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ∈ ℝ4×4  is the unique positive definitive solution of the algebraic Riccati 

equation (5. 4) [164]: 

𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝐴𝑣𝑎 + 𝐴𝑣𝑎
𝑇𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙 − 𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙𝐵𝑣𝑎2𝑅𝑖𝑛𝑖𝑡𝑖𝑎𝑙

−1𝐵𝑣𝑎2
𝑇𝑃𝑖𝑛𝑖𝑡𝑖𝑎𝑙 + 𝑄𝑖𝑛𝑖𝑡𝑖𝑎𝑙 = 0 (5. 4) 

Note that 𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙 can be designed without a mathematical model of the actual controlled 

object. However, when applying the VCO-based controller to an actual controlled object, the 

controller should be tuned offline to achieve sufficient vibration attenuation performance 

[99], [100]. Although the VCO-based model-free controller exhibits a high robustness to 

various changes in actual controlled objects [98], its control performance may not always be 

best for them. In other words, regarding the controller tuned for a certain controlled object, 

its damping performance is still capable of further improvement for other types of controlled 

objects. Consequently, this study proposes an online self-tuning mechanism, which enhances 

the performance of the VCO-based model-free controller according to the vibration response 

of each controlled object. 

Remark 5.2: The RCO-based offline controller tuning technique proposed in Chapter 4 

can provide a VCO-controller exhibiting fairly good control performance for various 

controlled objects other than the RCO. Nevertheless, the performance for actual objects 

other than the RCO still has some room for improvements since the RCO is not the same 

structure as the actual controlled object in general.                                                           ⁡∎ 
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5. 3 Adaptive Self-Tuning based on SPSA 

SPSA is a powerful optimization technique [139]. The most remarkable features of SPSA are 

its high calculation efficiency and noise tolerance. Many groups have introduced SPSA to 

control systems as mentioned in Section 4. 3. Especially, focusing on the aforementioned 

remarkable virtues of SPSA, researchers have evaluated adaptive control methods based on 

SPSA. For example, an active noise control system has been proposed based on SPSA [155]; 

PID controller has been combined with the SPSA- and measurements-based adaptive scheme 

[152], [153]; one group has proposed an adaptive vibration control scheme, which tunes the 

poles of a model-based linear controller based on measured outputs and SPSA [107], [154]. 

Online adaptive controller tuning based on the measured outputs of the actual plant considers 

the actual controlled object characteristics more explicitly. Hence, introducing an SPSA-

based online self-tuning mechanism driven by the measured outputs of the actual plant into 

the VCO-MFC scheme can improve the damping performance for various controlled objects. 

 

5. 3. 1 Modification of the standard SPSA algorithm  

Although the standard SPSA algorithm, which is described as (4. 1), (4. 2), (4. 7), and (4. 8) 

and with ∆𝑘 be Bernoulli ±1 distribution with probability of 0.5 for each ±1 outcome, is an 

excellent optimization algorithm, several authors have noted that the calculation stability for 

SPSA should be improved in practical applications [169]. Various techniques to enhance the 

calculation stability of SPSA (e.g., iteration rejection [141], and normalization of gradient 

approximation [169]). Among them, one effective technique is to restrict the amount of 

design variable updates [170]. That is, the update amount of the design variable 𝑎𝑘𝑔̂𝑘(𝜃𝑘) is 

saturated as 

𝜃𝑘+1 = 𝜃𝑘 − 𝛿(𝑎𝑘𝑔̂𝑘(𝜃𝑘)) (5. 5) 

where 𝛿:⁡ℝ𝑝 → ℝ𝑝 in (5. 5) is the saturation function defined as 
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𝛿(𝑎𝑘𝑔̂𝑘) ∶=

[
 
 
 
 
𝑠𝑔𝑛(𝑎𝑘𝑔̂𝑘,1)𝑚𝑖𝑛⁡{|𝑎𝑘𝑔̂𝑘,1|, 𝑑}

𝑠𝑔𝑛(𝑎𝑘𝑔̂𝑘,2)𝑚𝑖𝑛⁡{|𝑎𝑘𝑔̂𝑘,2|, 𝑑}

⋮
𝑠𝑔𝑛(𝑎𝑘𝑔̂𝑘,𝑝)𝑚𝑖𝑛⁡{|𝑎𝑘𝑔̂𝑘,𝑝|, 𝑑}]

 
 
 
 

 

(5. 6) 

where 𝑑 ∈ ℝ+ is a limiting constant [170]. This update rule is called as NLSPSA. Moreover, 

the convergence of NLSPSA has been theoretically analyzed and its effectiveness was 

numerically evaluated [170]. Based on the key concept of NLSPSA [170], the update amount 

of design variable is restricted in the adaptive mechanism so to ensure the calculation stability. 

 

5. 3. 2 Online controller tuning scheme for VCO-MFC based on SPSA and measured 

outputs 

Focusing on the high calculation efficiency and strong noise tolerance of SPSA, an online 

self-tuning scheme is proposed to improve the performance of the VCO-based model-free 

vibration controller. Online tuning by SPSA is based on the loss function calculated from the 

measured output. Specifically, the state feedback gain of the VCO-based LQR is tuned online 

to minimize the loss function by SPSA. That is, the VCO-based controller is adjusted for the 

vibration characteristics of an actual controlled object. 

Fig. 5. 1 schematically describes the online tuning algorithm and control system. The loss 

function 𝐿(𝜃𝑘) is defined as the mean-square of the vibration response, where 𝜃𝑘 expresses 

the design variable at the 𝑘th iteration to be updated by SPSA. Then 𝐿̂(𝜃𝑘), which is the 

measurement of the loss function, is given as (5. 7) [107], [154], 

𝐿̂(𝜃𝑘) =
1

𝑓𝑠
∑{𝑦(𝑗)|𝜃𝑘

}
2

𝑚

𝑗=1

 
(5. 7) 

where 𝑓𝑠 ∈ ℝ+ indicates the sampling frequency, 𝑚 ∈ ℕ denotes the number of evaluation 

points for each evaluation interval, and 𝑦(𝑗)|𝜃𝑘
 is the measured output at the 𝑗th sampling 

point in the evaluation interval evaluating 𝜃𝑘 . In this study, the measured output is the 
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acceleration of the controlled object 𝑥̈1. Note that the smaller this loss function value is, the 

better the vibration suppression performance is. In this study, 𝑓𝑠 = 2.0 × 104 Hz. Equation 

(5. 8) defines the 𝑖th component of the tuned state feedback gain 𝐾𝑘 using 𝜃𝑘. 

𝐾𝑘,𝑖 = (1 + 𝜃𝑘,𝑖)𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙,𝑖 (5. 8) 

Both 𝑎𝑘 and 𝑐𝑘 in (4. 1) and (4. 2) are set to be constant gains because the system must be 

continuously tuned during vibration control [107], [154]. Table 5. 1 shows the parameters of 

SPSA employed in this study. They are empirically determined based on previous studies 

[107], [145]. 𝑑 ∈ ℝ+ is the restriction of maximum update amount for 𝜃𝑘,𝑖 (each component 

of 𝜃𝑘) inspired by NLSPSA [170]. That is, 𝑑 = 𝑚𝑎𝑥⁡(|𝜃𝑘+1,𝑖 − 𝜃𝑘,𝑖|) for all 𝑘, 𝑖. The search 

range of 𝜃𝑘,𝑖 is between −0.7 and 0.7. 𝜃0 is the initial condition of 𝜃𝑘.  

Hereafter, the conventional VCO-based model-free LQR, 𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙, without online tuning 

is called as VCO-LQR-C, while the state feedback controller with the proposed self-tuning 

mechanism is called as VCO-LQR-A. This study compares the vibration attenuation 

performance of VCO-LQR-A with that of VCO-LQR-C via vibration control simulations 

with various controlled objects. Note that the proposed adaptive mechanism is completely 

free from a concrete mathematical model of the controlled object because this mechanism 

tunes the controller based on SPSA and only the vibration responses from the actual plant. 

In this study, the state vector 𝑥𝑣𝑎  in (5. 2) for VCO-LQRs -A and -C is obtained by the 

Kalman filter designed based on (2. 8) [100].  

Remark 5.3: Equation (5. 8) implies that the proposed method directly tunes the state 

feedback gain of the VCO-based model-free LQR. However, if the steps in the gradient 

direction of SPSA are sufficiently small, it can be assumed to be safe to apply the update 

of the design variables to the closed-loop system since the updated closed-loop system is 

considered to be stable [143]. In the future, a more rigorous stability analysis of the 

proposed control system will be conducted.                                                                     ⁡∎ 



112 

 

Remark 5.4: Note that (2. 8) used for the Kalman filter design does not include any models 

of actual controlled objects. Measuring all the state variables of actual controlled objects 

by sensors is unnecessary. 𝑥𝑣𝑎, which can be estimated via the Kalman filter for the system 

(2. 8), is used to construct the proposed MFC system. The required condition to employ 

the proposed method is to measure the vibration responses at the damping point, not all the 

state variable of the actual controlled object.                                                                     ⁡∎ 

 

Table 5. 1 Parameter values used in the adaptive self-tuning [102].  

Properties Value 

∆𝑘 Bernoulli ±1 distribution with probability of 0.5 for each ±1 outcome 

𝑚 1000 

𝑎𝑘 1.0 × 10−3 

𝑐𝑘 6.0 × 10−2 

𝑑 5.0 × 10−2 

𝜃0 [0 0 0 0]𝑇 
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Fig. 5. 1 Adaptive VCO-MFC: (a) flowchart of the online tuning algorithm, (b) block 

diagram of the control system, and (c) overview of the online tuning algorithm. 

 

5. 4 Comparative Study via Vibration Control Simulations 

5. 4. 1 Simulation setting  

The control performance of VCO-LQR-A (VCO-MFC with the proposed self-tuning 

technique) is compared with that of VCO-LQR-C (conventional VCO-based model-free 
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regulator 𝐾𝑖𝑛𝑖𝑡𝑖𝑎𝑙 ) via vibration control simulations. The controlled objects are a time-

invariant SDOF controlled object (Structure#S1), an SDOF controlled object with time-

varying stiffness (Structure#S2), a 2-DOF controlled object with time-varying masses 

(Structure#S3), an aluminum cantilever plate (Structure#S4), and an aluminum both-ends-

supported plate (Structure#S5). Structures#S4 and #S5 are the numerical models of 

Structure#1 shown in Fig. 2. 6 and Structure#4 shown in Fig. 2. 9, respectively. Structures#S4 

and #S5 are typical examples of practical subjects in actual development sites. 

Fig. 5. 2 shows the configurations of Structures#S1–#S5. The disturbance (i.e., excitation 

force) is applied at position A. The control input generated by the actuator is at position B. 

The measured output is obtained at position C. Consequently, the vibration at position C is 

suppressed by the control input provided from position B when the structure is excited by the 

disturbance applied at position A. Note that in Fig. 5. 2(a)– Fig. 5. 2(c), positions C and B 

are the same, while in Fig. 5. 2(d) and Fig. 5. 2(e), position C is on the back side of the plate 

at the same location as position B. This is because both the actuator and the sensor for 

obtaining measured output must be mounted at the damping point to establish VCO-MFC 

(see Subsection 2. 2. 1). Table 5. 2 summarizes the parameters of Structures#S1–#S3. A 

random noise is employed as the excitation disturbance 𝑤. 

In this study, 𝐿̂(𝜃𝑘) shown in (5. 7) is employed as the performance index of the controllers. 

Then the performances of the controllers are evaluated by comparing the values of 𝐿̂(𝜃𝑘) in 

the simulations.  

The vibration attenuation effect of VCO-LQR-A is compared with that of VCO-LQR-C 

by applying them to the vibration control simulations with Structures#S1–#S5. MATLAB 

and Simulink (R2016a) were used for the control system design and numerical simulations. 

The computer used for this study was a DELL Precision 3630 Tower (Dell, CPU: Xeon E-

2224, Memory: 32GB DDR4). 
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Table 5. 2 Model parameters of Structures#S1–#S3 [102].  

 Structure#S1 Structure#S2 Structure#S3 

𝑚1 [kg] 1.5 1.5 1.0 ± 0.3 

(sinusoidally varying) 

𝑚2 [kg] - - 1.0 ± 0.3 

(sinusoidally varying) 

𝑘1 [N/m] 1.0 × 106 1.0 × 106 → 1.3 × 106 

(linearly increasing) 

1.0 × 106 

𝑘2 [N/m] - - 1.0 × 106 

𝑐1 [Ns/m] 1.2 × 101 1.2 × 101 1.0 × 101 

𝑐2 [Ns/m] - - 1.0 × 101 

 

 

Fig. 5. 2 Controlled objects employed in the simulations: (a) Structure#S1, (b) 

Structure#S2, (c) Structure#S3, (d) Structure#S4, and (e) Structure#S5. 
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5. 4. 2 Results  

Fig. 5. 3–Fig. 5. 7 demonstrate the simulation results. They are the time histories of the 

performance index 𝐿̂(𝜃𝑘) and are the mean results of ten trials. Blue, red, and green lines 

indicate the results without control, with control by VCO-LQR-C (the conventional VCO-

based model-free LQR), and with control by VCO-LQR-A (the proposed adaptive VCO-

based model-free state feedback controller), respectively. In Fig. 5. 4(b), the yellow line 

indicates the time-varying 𝑘1 value, while the cyan and magenta lines in Fig. 5. 5(b) show 

the time-varying 𝑚1 and 𝑚2 values, respectively. Table 5. 3 summarizes the results in Fig. 

5. 3–Fig. 5. 7. Fig. 5. 3–Fig. 5. 7 and Table 5. 3 demonstrate that VCO-LQR-A provides a 

better vibration suppression performance than VCO-LQR-C for all controlled objects. 

Additionally, vibration control simulations with Structure#4 are conducted using 𝑎𝑘, 𝑐𝑘, and 

𝑚, in which their values fluctuated ±10⁡% from the values listed in Table 5. 1. The obtained 

results are almost the same as the results shown in Fig. 5. 6 and Table 5. 3. Hence, the 

proposed self-tuning mechanism significantly improves the control performance of the VCO-

MFC technique for various controlled objects. 

 

Table 5. 3 Sum of the performance index values over the simulation time [102].  

Controlled 

object 

W/o control W/ control  

(VCO-LQR-C) 

W/ control  

(VCO-LQR-A) 

Structure#S1 4.7621 × 103 6.9335 × 102 5.4449 × 102 

Structure#S2 5.0806 × 103 7.3108 × 102 5.8717 × 102 

Structure#S3 4.7344 × 103 9.0758 × 102 7.5197 × 102 

Structure#S4 1.9502 × 103 1.0418 × 103 9.6920 × 102 

Structure#S5 1.7863 × 103 4.8124 × 102 4.0369 × 102 
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Fig. 5. 3 Simulation results (time histories of the performance index values) with 

Structure#S1. 

 

VCO-LQR-C

VCO-LQR-A
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Fig. 5. 4 Simulation results with Structure#S2: (a) time histories of the performance 

index values, and (b) stiffness variation of 𝑘1. 

 

(a)

(b)

VCO-LQR-C

VCO-LQR-A
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Fig. 5. 5 Simulation results with Structure#S3: (a) time histories of the performance 

index values, and (b) mass variations of 𝑚1 and 𝑚2. 

 

(a)

(b)

VCO-LQR-C

VCO-LQR-A
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Fig. 5. 6 Simulation results (time histories of the performance index values) with 

Structure#S4. 

 

 

Fig. 5. 7 Simulation results (time histories of the performance index values) with 

Structure#S5. 

 

VCO-LQR-C

VCO-LQR-A
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5. 5 Discussion 

VCO-LQR-A (the proposed approach) provides better vibration suppression performances 

for all controlled objects than VCO-LQR-C (the conventional method). These results are 

attributed to the proposed self-tuning mechanism based on the measured outputs and SPSA 

as previous studies [107], [154]. The adaptive tuning scheme properly tunes the gain of the 

VCO-based model-free regulator according to the vibration characteristics of the controlled 

object. Accordingly, these results reveal that the proposed self-tuning mechanism enhances 

the control performance of the VCO-MFC technique for various controlled objects 

The proposed self-tuning scheme tunes the VCO-based model-free controller using the 

vibration response of the controlled object, demonstrating that the VCO-controller is better 

suited to the vibration characteristics of the actual controlled object due to the adaptive 

mechanism. In previous studies on VCO-MFC [98], the VCO-based model-free method did 

not explicitly consider detailed dynamical characteristics of the actual controlled object in 

the control system design, and detailed controller tuning is often required to provide good 

vibration attenuation effect to each controlled object. This is because the initially obtained 

model-free controller may not always be best for a given actual plant. However, such 

controller tuning for each controlled object is burdensome for designers. Therefore, the 

proposed adaptive tuning technique, which automatically tunes the controller for each 

controlled object, can remarkably improve the practical applicability of VCO-MFC. 

An advantage of the proposed adaptive scheme is its simplicity. The self-tuning scheme 

does not require a concrete mathematical model of the actual controlled object since it is 

based on SPSA and the loss function measurements composed of the measured vibration 

responses of the actual plant. That is, the proposed self-tuning mechanism requires only the 

measured outputs from the actual controlled object. In this sense, not only the offline VCO-

based nominal controller design but also the online self-tuning scheme is model-free. Hence, 

the proposed self-tuning scheme can be constructed easily. Moreover, as noted in Remark 

5.4, the state variables for the VCO-based model-free adaptive controller proposed in this 
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study can be estimated using the Kalman filter designed based on (2. 8). Measuring all the 

state variables by sensors is unnecessary. 

The proposed self-tuning method gradually improves the vibration suppression 

performances of the controller as time passes (Fig. 5. 3–Fig. 5. 7). This tendency shows that 

SPSA properly and iteratively searches the appropriate state feedback gain for VCO-MFC. 

That is, the improved performance is due to SPSA. Therefore, the improvement in the control 

performance depends on the update speed of the controller. Although this study employs a 

two-measurement SPSA algorithm, a one-measurement SPSA algorithm [171] may further 

improve the performance of the proposed adaptive mechanism due to its faster update speed. 

In the future, the appropriate selection of the SPSA algorithm will be explored. 

The red lines in Fig. 5. 3–Fig. 5. 7 indicate that the traditional VCO-MFC scheme can 

suppress the vibrations of the various controlled objects although the suppression 

performance of the traditional VCO-controller is inferior to the proposed adaptive model-

free controller. Note that Structures#S1–#S5 have completely different structures and 

characteristics from each other. This is attributed to the strong robustness of the VCO-MFC 

system [98]. The proposed method is based on the strong robustness which originates from 

the VCO-based model-free controller, and the online self-tuning mechanism enhances the 

control performance of the VCO-controller for a given controlled object. 

 

5. 6 Conclusion 

A novel combination of an online self-tuning mechanism and a VCO-based model-free 

vibration controller is proposed. The self-tuning scheme is based on vibration responses of 

the actual controlled object and the SPSA algorithm. The VCO-based model-free LQR, 

which is the initial controller to be adaptively tuned, is designed based on the VCO-MFC 

framework. The online self-tuning mechanism based on SPSA and the vibration responses 

of the actual controlled object tunes the VCO-based model-free LQR adaptively. The 

proposed adaptive AVC method is applied to vibration control simulations with various 
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controlled objects: a time-invariant SDOF controlled object, an SDOF controlled object with 

time-varying stiffness, a 2-DOF controlled object with time-varying masses, a cantilever 

plate, and a both-ends-supported plate. The simulations verify that the novel adaptive 

mechanism significantly enhances the vibration attenuation performance of the VCO-based 

model-free controller. 

In real mechanical systems, to a greater or lesser degree, noise is mixed in measured 

outputs obtained by a sensor. On the other hand, the proposed self-tuning is expected to have 

noise tolerance due to the characteristic of SPSA. In fact, one study has demonstrated the 

noise tolerance of the adaptive mechanism proposed in this chapter. The self-tuning 

mechanism can enforce the control performance of the VCO-controller even if the measured 

outputs to drive the control system are significantly contaminated by noises [172]. 
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Chapter 6. Conclusions 

6. 1 Conclusions 

This thesis has developed a simple AVC technique without using mathematical models of 

actual controlled objects. In Chapter 1, the background of this study was described, and the 

problem to be tackled was stated. The importance of vibration attenuation in mechanical 

systems was explained, introducing two different vibration suppression approaches, namely, 

PVC and AVC, and discussing their advantages and disadvantages. The history of automatic 

control was outlined. The virtues and difficulties of MBC and existing MFC schemes were 

pointed out. The contributions of this study were illustrated, which were to develop a new 

model-free AVC technique which has a simple and systematic design process and applicable 

to various vibration control problems of mechanical systems.  

In Chapter 2, the basic concept of the proposed approach, VCO-MFC, was developed. The 

assumptions to develop the proposed method were mentioned. Indirect AVC via the VCO 

was illustrated. The quantitative design policy of the VCO was given considering the 

frequency transfer characteristic between the damping point of the actual controlled object 

and the VCO. The state equation for controller design was derived by using only the SDOF 

actuator model and VCO. As a design example of the VCO-MFC system, a model-free mixed 

𝐻2/𝐻∞  controller was designed based on the VCO-MFC framework. Vibration control 

experiments validated the effectiveness of the proposed approach. Moreover, the robustness 

of the VCO-MFC system to various changes in the actual controlled object was revealed; this 

robustness originates from the fact that the proposed method does not depend on 

mathematical models of actual controlled objects. 

In Chapter 3, the parameter uncertainty of the actuator was addressed in the VCO-MFC 

scheme because it utilizes a mathematical model of the actuator. Two different approaches 

to compensate for the actuator uncertainty were developed: one is based on linear 𝐻∞ 

synthesis and the other is based on SMC. The parameter uncertainty of the actuator was 
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quantitatively modeled. Then the effects of the actuator uncertainty were expressed as 

feedback-type fluctuation in a 2-DOF plant composed of the actuator and the VCO. The 

generalized plant for controller design was derived for the evaluation with the small-gain 

theorem. The VCO-based model-free linear 𝐻∞  controller was designed using the 

generalized plant so as to compensate for the actuator uncertainty. The robustness of the 

proposed 𝐻∞  controller to the actuator uncertainty was examined via vibration control 

simulations; the applicability of the proposed controller to actual mechanical systems was 

verified through vibration control experiments. On the other hand, SMC was also utilized for 

VCO-MFC to compensate for the actuator uncertainty using the fact that the uncertainty 

satisfies the matching condition. The numerical study compared the 𝐻∞  and the SMC 

approaches, revealing the superiority of the SMC approach in that it has stronger robustness 

to the actuator uncertainty. The experimental study confirmed the applicability of the 

proposed SMC to real mechanical systems. Finally, the practical superiority of the two 

approaches were discussed in detail. 

In Chapter 4, an offline controller tuning strategy was proposed for the VCO-controller so 

as to reduce the design burden of VCO-MFC. The advantage of the proposed strategy is 

represented by its simplicity: because of the RCO and SPSA, this tuning strategy does not 

require manual trial-and-errors such as vibration control simulations with models of actual 

controlled objects and vibration control experiments with actual plants. Focusing on the 

strong robustness of VCO-MFC to changes in actual controlled objects, the proposed tuning 

strategy utilizes the RCO instead of actual controlled object models to evaluate the controller; 

the appropriate controller parameter is automatically searched via SPSA. SPSA is employed 

due to its high calculation efficiency and simplicity. The effectiveness of the proposed 

strategy was examined by applying it to the tuning problem of the VCO-based model-free 

LQR. As a result, the proposed method successfully developed a VCO-based LQR which 

can attenuate vibration of the RCO. Furthermore, simulation and experimental studies 

revealed that the VCO-based LQR tuned by the proposed strategy can suppress vibration 

occurring in various structures other than the RCO. 
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In Chapter 5, the adaptive VCO-MFC technique was proposed to enhance the control 

performance of conventional VCO-MFC. The adaptive VCO-MFC scheme can fit dynamical 

characteristics of a given controlled object in more detail than the conventional VCO-MFC 

strategy, resulting in superior vibration attenuation performance. The adaptive self-tuning 

mechanism for the VCO-controller was developed based on only SPSA and measured 

outputs. Therefore, the adaptive mechanism does not require mathematical models of actual 

controlled objects (i.e., it is model-free). The adaptive VCO-MFC system was designed by 

combining the online adaptive mechanism and the VCO-based LQR. The vibration 

suppression performance of the adaptive VCO-MFC scheme was compared with that of the 

conventional VCO-MFC technique through numerical studies and found to strongly 

outperform it.  

Throughout the aforementioned results, the novel AVC method, which has a very simple 

and systematic design process and provides excellent vibration attenuation performance for 

various structures, has been realized. Consequently, this study has successfully established a 

simple, practical, and low-cost solution for vibration problems of various mechanical systems. 

 

6. 2 Future Work 

Future work related to this study is summarized as follows. 

(OP1)  The purpose of this study was to develop a novel model-free AVC scheme rather than 

solve vibration problems in specific applications. In the future, the VCO-MFC 

technique proposed in this study will be applied to more challenging vibration 

problems in practical mechanical systems. For example, the proposed method is 

expected to replace PVC with MTMD for machine tool chatter [8] and model-based 

AVC for floor structure via inertial actuators [173]. 

(OP2)  There are some assumptions made to employ VCO-MFC as mentioned in Subsection 

2. 2. 1. How can such assumptions be alleviated? Among them, the range of the 
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applicability of VCO-MFC could be significantly expanded if assumptions (A1) and 

(A2) are relaxed. 

(OP3)  VCO-MFC utilizes MBC theories to design a controller, although the method itself 

is model-free. Therefore, VCO-MFC can be viewed as a novel control system 

architecture which bridges the gap between MBC and MFC. However, the aim of 

VCO-MFC was vibration control in mechanical systems. Can a MFC framework 

based on the VCO be generalized to be apply to tracking control problems? If not, 

what kind of MFC techniques for tracking control could bridge the gap between MBC 

and MFC (note that such MFC methods should be adequately simple and systematic)? 
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