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Effect of external fields and currents on electronic
nematic ordering with quadrupole moments

Satoru Hayami

Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

Abstract

We theoretically investigate the effect of external fields and currents on elec-
tronic nematic orderings based on the concept of augmented multipoles con-
sisting of electric, magnetic, magnetic toroidal, and electric toroidal multipoles.
We show the relation between rank-2 electric quadrupoles and the other multi-
poles, the former of which corresponds to the microscopic order parameter for
the nematic phases. The electric (magnetic) field induces the rank-1 and rank-3
electric (magnetic) multipoles and rank-2 electric toroidal (magnetic toroidal)
quadrupoles, while the electric current induces the rank-1 and rank-3 magnetic
toroidal multipoles and rank-2 magnetic quadrupoles. We classify the active
multipoles under magnetic point groups, which will be a reference to explore
cross-correlation and transport phenomena in nematic phases. As a demonstra-
tion, we show that unconventional symmetric and antisymmetric spin splittings
are brought about by field-induced toroidal multipoles.

Keywords: multipole, nematic ordering, toroidal moment, cross-correlation
response

1. Introduction

The orbital degree of freedom in electrons has attracted much interest in
condensed matter physics, since it becomes a source of unconventional elec-
tronic orderings and their related physical phenomena [1, 2, 3]. Among them,
electronic nematic orderings, which appear through the spontaneous breaking
of rotational symmetry in solids, have been extensively studied in both the-
ory and experiments [4, 5]. In contrast to magnetic orderings, the breaking of
time-reversal (7)) symmetry is not necessary, and hence, qualitatively distinct
low-energy excitations and physical phenomena are expected. The electronic
nematic states have been discussed in various contexts, such as the Pomer-
anchuk instability [6, 7, 8], spin nematic state [9, 10, 11, 12, 13, 14, 15, 16], and
charge/orbital nematic state [17, 18, 19, 20, 21, 22, 23], which have been studied
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in d-electron materials like iron-based superconductors [24, 25, 26, 27, 28, 29],
SrsRupO7 [30, 31, 32], and BagMgReOg [33, 34, 35] and f-electron materials,
such as CeBg [36, 37, 38, 39], PrPbs [40, 41, 42], PrT5X5 (T = Ir, Rh, X =
Zn; T =V, X = Al) [43, 44, 45, 46, 47], and CeCoSi [48, 49, 50, 51, 52, 53, 54].
Recently, further exotic states coexisting spin and nematic orders have been
suggested, such as the CP? skyrmion [55, 56, 57, 58] and other multiple-Q
states [59, 60, 61, 62, 63].

The breaking of the rotational symmetry is related to the emergence of mul-
tipole moments, since the multipoles of rank 1 or higher describe the spatial
anisotropy. The microscopic order parameter in the nematic state can be de-
scribed by the multipole moment; the electric multipole characterized by the
polar tensor with time-reversal even corresponds to the order parameter. For
example, when the fourfold rotational symmetry of the tetragonal system in
Fig. 1(a) is broken, the order parameter is expressed as the zy component of the
electric quadrupole, @4, o xy, where the spatial charge distribution is shown
in Fig. 1(b). Such an electric quadrupole breaks neither the spatial inversion
(P) symmetry nor 7 symmetry.

In the present study, we investigate the effect of the breakings of P and
T symmetries under the electronic nematic orderings accompanying the elec-
tric quadrupole. Especially, we focus on further symmetry breakings by exter-
nal fields and currents. Based on symmetry and microscopic multipole repre-
sentation analyses [64, 65, 66], we show the coupling between rank-2 electric
quadrupole and external stimuli. As a result, we find that external stimuli in-
duce various multipole moments through P and/or 7 symmetry breakings; the
electric (magnetic) field induces the electric (magnetic) dipoles and octupoles,
and electric toroidal (magnetic toroidal) quadrupole, while the electric current
induces the magnetic toroidal dipoles and octupoles, and magnetic quadrupoles.
We discuss the relevant cross-correlation and transport properties in each case.
Furthermore, we classify the symmetry lowering under these stimuli in terms of
active multipoles. We also show the multipole couplings under external electric
and magnetic fields for the atomic model as an example. In addition, we show
the modification of the spin-split band structure under external fields, which
can be experimentally detected in spin- and angle-resolved photoemission spec-
troscopy. Our systematic investigation will provide the possibility of not only
acquiring functionalities related to the violation of P and 7 parities but also
generating and controlling multipole moments under nematic orderings.

The rest of this paper is organized as follows. In Sect. 2, we show active
multipoles induced by external fields and currents under electronic nematic or-
derings. Then, we classify such field-induced multipoles under magnetic point
groups in Sect. 3. We discuss the multipole couplings in the presence of ex-
ternal fields by considering the atomic model in Sect. 4. We show that the
field-induced magnetic toroidal and electric toroidal multipoles affect the sym-
metric and antisymmetric spin splittings in the band structure, respectively, in
Sect. 5. Section 6 is devoted to a summary of this paper.



Figure 1: (a) Example of the orbital state under the tetragonal symmetry, where its shape rep-
resents the spatial charge distribution. (b) The charge distribution of the electric quadrupole
Qzy, which appears as a result of the breaking of fourfold rotational symmetry. (c) The
conversion of the spatial inversion (P) and time-reversal (7)) parities for Qzy; the opposite P
(7) parity leads to the electric toroidal quadrupole G4y (magnetic toroidal quadrupole Tyy ),
and the opposite P and 7 lead to the magnetic quadrupole Mz,. The red and blue colors
represent the z component of the positive and negative orbital-angular momentum density,
respectively.

2. Active multipoles under external fields and currents

In this section, we show what types of multipoles emerge by applying the
external fields and currents to the nematic phases. We here focus on the
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electronic-origin nematic phases, which are induced by the ordering degrees
of freedom in electrons by supposing that the lattice distortion through the
phase transition is small. For that purpose, let us introduce four types of
multipoles for later discussion. Four types of multipoles correspond to the
electric multipole Qp,, with the P and T parities of (P,7T) = [(—1)},+1],
magnetic multipole M;,,, with (P,7T) = [(—1)"*!, —1], magnetic toroidal mul-
tipole Tj,, with (P,7) = [(—1)!, —1], and electric toroidal multipole Gy, with
(P,T) = [(—1)"*,+1], where | and m represent the rank of multipoles and
its component. These four types of multipole with distinct P and 7T parities
constitute a complete set in the Hilbert space in electron systems [67, 68]. In
terms of the P and T parities, the electric multipole @Qy,,, which are described
by the spherical harmonics, is related to Gy, by reversing P, T}, by reversing
T, and M}, by reversing both P and T [69, 64, 65]. For example, the coun-
terparts of the electric quadrupole @, in the other three multipoles are given
by the electric toroidal quadrupole G, magnetic toroidal quadrupole T, and
magnetic quadrupole My, respectively, whose spatial distributions in terms of
the charge and orbital-angular momentum densities are schematically shown in
Fig. 1(c) [64]; it is noted that the P (7) symmetry is lost in G,y (T%y), while
both P and 7 symmetries are lost in My,,.

Among these multipoles, the electric quadrupole Q2 = (Qu, Qv, Qyz; Qzzy Quy) X

(322 —r2 2% — 9%, yz, 2z, xy) under invariant P and T corresponds to the order
parameter under electronic nematic orderings. For example, the spin-nematic
order parameter S,S3 for a, 8 = x,y,z is described by a linear combination
of the electric quadrupole. In other words, the rotational symmetry breaking
and its related directional-dependent physical phenomena are attributed to the
appearance of Qa,.

In the following, we show the coupling between the electric quadrupole and
other multipoles via external fields and currents. First, we show the specific
expressions of their coupling in Sect. 2.1. Then, we apply the results for the
electric field in Sect. 2.2, the magnetic field in Sect. 2.3, and the electric current
in Sect. 2.4.

2.1. Effect of vector fields

We consider the coupling between the electric quadrupole Qs2,, and the ex-
ternal vector fields/currents F' = (F,, Fy, F,) based on the group theory, which
becomes sources of anisotropic responses. Since Qa,,, and F correspond to the
rank-2 and rank-1 quantities, their product leads to the rank-1 dipole, rank-2
quadrupole, and rank-3 octupole quantities, which are denoted by (D, D, D),
(Qu; Qu, Quz;s Qaa, Quy)s and (Oyy, OF, Oy, OF, o8, (95, 09), respectively.

The rank-1 dipole-type coupling is given by

D, = <_\}§Qu+Qv> F, +meFy +szan (1)
Dy = QuFs (5 Qu+ Q) B+ QuuF )
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Table 1: The relationship between the external vector fields F' = (Fy, Fy, F.) and the rank-

1-3 multipoles under the electric quadrupole (EQ) Q2m = (Qu, Quv, Qyz, Qzz, Quy)-

EQ

Qu
Qv
Qyz
Qza
Quy

F, F, F,
(Dx> Qyz~, Og’ﬁ) (Dy7 sz~, Og,ﬁ) (Dz7 O?)
(Das Qyzy O57)  (Dy, Quw, O5F)  (Quy, OF)
(Qus Qu, Onyz)  (Dz, Quy, O2F)  (Dy, Qza, OFF
(Dzy Quy, @g,ﬁ) (Qus Qv, Ozyz)  (Day Qe @g,ﬁ
(Dy, Qia; OFF)  (Dy, Quz, OFF)  (Qu, Ouy2)

)
)

2

D, = Q.o Fy + Qysz + \/g

QUFZ7

(3)

where (Dg,D,,D,) represent the nonuniform field distinct from the uniform
wo field (Fy, Fy, F), which is referred to as an anisotropic dipole [70]. The rank-2

quadrupole-type

and the rank-3 o

Oa:yz

0,
ol

z

coupling is given by
Qu = \/ngzFx - \/ngngp
Qv = Qyze + szFy - Qeran
Qyz = _(\/gQu + Qv)Fac - waFy + szF27
sz = QquI - (_\/gQu + Qv)Fy - QyZsz
me = _Qza:Fx + Qysz + 2Qsza
ctupole-type coupling is given by

= QyzFl + szFy + waFZa
3|V3

52
= g _waFm - ?(Qu + \/ng)Fy - Qyze

= \/§ :_szFz - Qysz + \/gQqu:| )

= _%(\/gQu + Qv)Fm + erFy - szF27

1
= _Qxsz + 5(\/§Qu - Qv)Fy + Qyzea
= szFx - Qysz + Qsza

(_Qu + \/ng)Fa: - meFy - szFz

)

)

N

oo

(9)

(10)

(11)

(12)
(13)

(14)
(15)

where the overall numerical coefficient is appropriately taken in each rank for
notational simplicity. D, Q, and O denote any of electric multipole @, magnetic
multipole M, magnetic toroidal multipole T', and electric toroidal multipole G

according to the

P and T parities in F.
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From these couplings, one finds what types of multipole degrees of freedom
are induced when the external fields and currents are applied under electronic
nematic orderings. The different types of multipoles can be induced depending
on the types of electric quadrupoles and field direction. For example, when the
expectation value of @4, is nonzero, the rank-1 dipole Dy, the rank-2 quadrupole
Q.., and the rank-3 octupoles (Oy, (95 ) are induced by the z-directional field
F,, while the rank-2 quadrupole Q, and the rank-3 octupole O, are induced
by the z-directional field F,. We summarize the relationship between F' and
induced multipoles under (2, in Table 1. We discuss the specific multipoles
induced by external fields and currents in the following subsections.

2.2. Electric field

When F' corresponds to the electric field E with the spatial inversion and
time-reversal parities of (P,7) = (—1,+1), D, Q, and O correspond to the
electric dipole Q)1,,, electric toroidal quadrupole Gs,,, and electric octupole
Qsm, respectively. We discuss several characteristic features by applying FE.

For the dipole component ()1,,, the transverse electric polarization appears
for (Qyz, @:z, Qzy) in addition to the conventional longitudinal one. For ex-
ample, the y(x)-directional electric polarization related to @, (Q.) appears for
Qzy under E, (Ey). It is noted that this transverse response is symmetric by
interchanging F, and E,, which is in contrast to the antisymmetric rotational
response under the ferroaxial ordering; @, (@) is induced by E, (E,) for the
Qzy ordering, while Q, (—Q) is induced by E, (E,) for the ferroaxial or-
dering [71, 72, 73]. Since the electric dipole Q1,, leads to the antisymmetric
spin splitting in the electronic band structure, the Edelstein effect, where the
magnetization is induced by the electric current, can be expected.

Depending on @2, and E, the dipole component vanishes, but the quadrupole
component is finite, as shown in Table 1. One of the examples is the situa-
tion where E, is applied to the Q. state; the electric toroidal quadrupole G,
is induced. This result indicates that the electric field becomes a conjugate
field of the electric toroidal quadrupole under the electronic nematic orderings.
Thus, physical phenomena brought about by the electric toroidal quadrupole,
such as the nonlinear Hall effect based on the Berry curvature dipole mecha-
nism [74] and Edelstein effect discussed in materials hosting the electric toroidal
quadrupole [75, 76, 77, 78], are expected.

2.8. Magnetic field

In the case of the magnetic field F = H with (P,T) = (+1,—1), the rel-
evant multipoles are rank-1 magnetic dipole Mi,,, rank-2 magnetic toroidal
quadrupole T5,,, and rank-3 magnetic octupole M3,,. Similarly to the electric
field, the transverse magnetization related to the magnetic dipole (M, M,, M)
is expected for the orderings with (Qy., Q:z, Qzy). In addition, the magnetic
toroidal quadrupole T5,, is induced depending on Q2,, and H. Since the mag-
netic toroidal quadrupole becomes the origin of the directional-dependent spin
current generation arising from the symmetric-type momentum-dependent spin
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Table 2: The correspondence between external fields/currents and induced multipoles.

F = (F,,F,,F.) D (rank1) Q (rank2) O (rank 3)

Electric field E Qim Gam Qsm
Magnetic field H Mim, Tom M3y,
Electric current J Tim Moy, T3m

splitting in the band structure [79, 80], similar phenomena are also expected
when the magnetic field is applied to the electronic nematic orderings. More-
over, the rank-3 magnetic octupole is induced through the coupling between
Q2 and H | which has been proposed and observed in CeBg hosting the elec-
tric quadrupole ordered state [81, 82, 83, 84, 85, 86, 87].

2.4. EBlectric current

Finally, we consider the case of the electric current, i.e., F' = J. Since the
electric current corresponds to the polar vector with time-reversal odd to satisfy
(P, T)=(—1,-1), the corresponding multipoles to D, Q, and O are the mag-
netic toroidal dipole T},,, magnetic quadrupole Ms,,, and magnetic toroidal oc-
tupole T3,,, respectively, where the magnetic toroidal dipole becomes the origin
of the linear antisymmetric magneto-electric effect [88, 89, 90, 91] and nonre-
ciprocal transport [92, 93], the magnetic quadrupole leads to the linear sym-
metric magneto-electric effect, current-induced distortion, and nonlinear Hall
effect [94, 95, 96, 97, 98, 99, 100], and magnetic toroidal octupole gives rise to
nonreciprocal transport owing to the asymmetric band structure [101].

In this way, electronic nematic orderings acquire various functionalities ac-
cording to the emergence of multipoles when the external fields and currents
are applied. We summarize the relationship between external fields/currents
and induced multipoles in Table 2. It is noted that the above results can be
applied to other vector fields and currents. For example, the spin current in the
form of J x o (o is the spin polarization vector) is categorized into the case of
F = E. When F' corresponds to the time-reversal-even axial vectors, such as
the static rotational distortion, the corresponding multipoles are given by the
electric toroidal dipole for D, electric quadrupole for Q, and electric toroidal
octupole for O.

3. Classification of field-induced multipoles under point group

In this section, we classify the induced multipoles by external fields and
currents under magnetic point groups by using the group theory; a similar
point-group classification of multipoles in a nematic liquid crystal has also been
performed [102, 103]. We here consider five magnetic point groups, 4/mmml’,
6/mmm1’, 3m1’, mmm1’, and 2/m1’, where any of electric quadrupoles Qa,,
belong to the totally symmetric irreducible representation; the results for other
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Table 3:  Multipoles induced by the electric field E = (E;, Ey, E.), the magnetic field
H = (Hg,Hy, H.), and the electric current J = (Jz, Jy, J.) under the tetragonal magnetic
point group (MPG) 4/mmml’. We omit the multipoles for the electric monopole and the
electric toroidal octupole for simplicity.

F MPG multipoles

—  4/mmml’ Qu

E:z: 2mm1' me Qv7 gv ng Gyz
E, m2m1’ Qy, Qu, %, QF, Gz
E, dmm1’ Q:, Q2

H, mm'm’ Qu, My, Mgv Mﬁ’ T?!Z
Hy m'mm’  Qu, My, Mg, M, T.,
H, 4/mm'm’ M., M7

J, m'mm Quy Tn, T, Ty, My,
Jy mm'm Qm Ty7 Tya7 Tyﬂ7 M.y
J. 4/m'mm T, 17

Table 4: Multipoles induced by E = (Ey, Ey,E.), H = (Hz,Hy,H), and J = (Jz, Jy, J>)
under the hexagonal magnetic point group (MPG) 6/mmm1’. We omit the multipoles for the
electric monopole and the electric toroidal octupole for simplicity.

F MPG multipoles

—  6/mmml’ Qu

E, 2mml’ Quzy Qu, Q%, QP G,
E,  m2ml’ Qy, Qu, @3, QY. Gz
E, 6mm1’ Q., Q2

H, mm’m’ Qu, My, M2, M5, T,.
H, m'mm'  Q,, My, My, M}, T.,
H, 6/mm'm/ M., M2
I m'mm Qu, Ty, TS, TP, M,
Jy mm'm Qu, Ty, T, TP, M.,
J.  6/m'mm T, T

magnetic point groups can be straightforwardly obtained by using the compat-
ible relations between the above groups and subgroups [104]. In each point
group, we show the symmetry reduction by the electric field E = (E,, E,, E.),
the magnetic field H = (H,, Hy, H), and the electric current J = (J, Jy, J.),
and present the induced multipoles. The notations of the crystal axes and the
multipoles are followed by Ref. [104]. We show the results for the tetragonal
magnetic point group 4/mmm1’ in Table 3, the hexagonal magnetic point group
6/mmm1’ in Table 4, the trigonal magnetic point group 3m1’ in Table 5, the
orthorhombic magnetic point group mmm1’ in Table 6, and the monoclinic
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Table 5: Multipoles induced by E = (Ey, Ey,E.), H = (Hz,Hy,H.), and J = (Jz, Jy, J2)
under the trigonal magnetic point group (MPG) 3m1’. We omit the multipoles for the electric
monopole, the electric toroidal dipole, and the electric toroidal octupole for simplicity.

F  MPG multipoles

—  3ml/ Qu

E.ZI ml’ Qrm Q27 Qm Qza:7 :7 (;7 an sz Gy2~, Gmy
E, 2U Qy» Qus Qzzy Quyz, QF, QF, Go, Gu, Goy, Gy
E. 3ml' Q:, QY, Qsa

2/m’ Qu, Qupy My, M., M®, M®, MP MP T,. T,,
2/m Qv7 sz7 ]Wy, ]wzyz: A17?7 A157 T()7 Tu» Tm Tzz
3m/ M., M%, Ms,

2'/m Qus Qug, Ty, T, TS, T, TP, T5, M,., My,
2/m’ Qus Qzz, Ty, Tuysz, Ty, Tf, Mo, My, My, M.,
3'm T,, T®, Tsq

DR

Table 6: Multipoles induced by E = (Ey, Ey,E.), H = (Hz,Hy,H), and J = (Jz, Jy, J2)
under the orthorhombic magnetic point group (MPG) mmm1’. We omit the multipoles for
the electric monopole and the electric toroidal octupole for simplicity.

F MPG multipoles
—  mmml’ Qu, Qu

E, 2mml’ Qz, QF, ng Gy-
E, m2m1’ Qy, g, Q57 Gra
E. mm2l' Q. Q% QF, Gy

mm'm’ M, M&, MP T,.
m'mm’ M, M, Mf, T,
4 M,, M2, M8, T,,
m'mm T, TS, TP
mm'm T, Tya,
mmm T, T,

S&EsEEER
=,
s
s

9 Myz
Tf? MZ(L‘
Tzﬁ’ Mﬂcy

magnetic point group 2/m1’ in Table 7.

We discuss the result for 4/mmm1’ in Table 3, where the electric quadrupole
@, belongs to the totally symmetric irreducible representation. When the
z-directional electric field E, is applied, the electric dipole @, the electric

quadrupole Q,, the electric octupoles (Q2, @?), and the electric toroidal quadrupole

Gy, are induced. Among them, (Q, Gy, Qg,Qy) results from the coupling
between @, and FE,, as shown in Table 1. Meanwhile, the remaining @, is
secondary induced through the symmetry lowering by the breaking of the four-
fold rotational symmetry. When the z-directional magnetic field H, is applied,
the multipoles with opposite P and T parities, (M, T, MZ, M?5), are induced
except for Q,. Similarly, the z-directional electric current J, induces the multi-
poles with the opposite T parity, (T, M., T, T#), are induced except for Q.
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Table 7: Multipoles induced by E = (Ey, Ey,E.), H = (Hz,Hy,H), and J = (Jz, Jy, J2)
under the monoclinic magnetic point group (MPG) 2/ml’. We omit the multipoles for the
electric monopole, the electric toroidal dipole, and the electric toroidal octupole for simplicity.

F MPG multipoles

- Q/ml/ qu Qm sz

L, E, ml’ Qam sz gv (z)I’ ng ng Gyzv Gmy
Ey 21 Qy: sz27 ng ng GO7 GU? va Gzz
H,, H, 2/m M,, M., M2, M2, MP, MP, T,., Ty,
H, 2/m My, My, Mg, MP, Ty, Ty, Ty, Tes
Jor J. 2/m Ty, T., T2, T°, TP, TP, M,., M,,
Jy 2/m' Ty, Tuys, T3, T, Mo, My, My, M,

These results are consistent with the results in Sect. 2. In this way, Egs. (1)-
(15) provide useful information to deduce the multipoles by external fields and
currents under the electronic nematic orderings with the electric quadrupole.

4. Multipole couplings in atomic model

In this section, we briefly discuss the symmetry-allowed multipole couplings
induced by external fields in Sect. 2 by using an atomic model. We consider the
single-site atomic Hamiltonian under the point group mmml’, which is given
by

H=-AQ,-h®.Q-n™. M, (16)

where the first term represents the effect of the crystalline electric field under
mmm]1’; we ignore the effect of @), for simplicity. The second term represents
the effect of the external electric field with h(®) = (hch),hg(,E),O), where we
mimic such an effect as the coupling to the electric dipole Q. The third term
represents the effect of the external magnetic field (M) = (hC(L-M), hl(,M)7 0), which
couples to the magnetic dipole M.

First, we consider the effect of the electric field by setting h(™M = 0. We
consider the p-d orbital system so that the electric dipole (@, @) and the elec-
tric toroidal quadrupole (G,.,G;,) are included in the physical Hilbert space.
The matrix elements for these multipoles as well as the electric quadrupole @,
are given by

V3 0 0 0 0 0 0 0
0 —-7v/3 0 0 0 0 0 0
0 0 0 0 0 0 0 0
1 0 0O 0 0 -10 0 0 0
Q“‘% 0 0 0 —-10 0 0 o o |’
0 0 0 0 0 =5V/3 0 0
0 0 0 0 0 0 53 0
0 0 0 0 0 0 0 0



Figure 2:

Electric field dependence of electric dipoles (Qz,Qy) and electric toroidal
quadrupoles (Gyz,G,z) in the model in Eq. (16) for M) = 0 and A = 1. The field di-
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0 0 0 —/3 —-1.0 0 0
0O 0 0 0 0 00 -1
0O 0 0 0 0 01 0
. - 2 | -v3 00 0 0 00 0
T3y -1 00 0 0 00 0 |’
0O 0 0 0 0 00 O
0 0 1 0 0 00 O
0 -1 0 0 0 00 O
0 0 0 0 0 0 01
0 0 0 vV3 -1 0 00
0 0 0 0 0 -1100
2 0v3 0 0 0 0 00
G”‘gm 0 -1 0 0 0 0 00| (17)
0 0 -1 0 0 0 00
0 0 0 0 0 0 00
1 0 0 0 0 0 00

where the basis is represented by {6z, 6y, @z Gus us Gyss ducs ay i (s 041 02)
denotes the three p-orbital wave functions and (¢u,¢)v,q’>yz,¢m7¢wy) denotes
the five d-orbital wave functions. The subscript v and v stand for 322 — r? and
x? — 32, respectively.

We show the expectation values of the electric dipole @), and the electric
toroidal quadrupole G,., (@) and (G,.), against h in Fig. 2(a). We set
A =1, h_,(,E) = 0, and the temperature 7' = 0.1. One finds that (G,.) becomes

nonzero for h{" # 0, which indicates that the external electric field induces
the electric toroidal quadrupole, as expected from the symmetry argument in
Sect. 2 [105]. We also show the results under the y-directional electric field in
Fig. 2(b) by setting h =0 and hl(,E) # 0, where (Q,) and (G.,) are induced
instead of (@) and (G,.). The different values of (Q,) and (Q,) are attributed
to the fourfold symmetry breaking under the orthorhombic crystalline electric
field @,. Indeed, we confirm that (@Q,) under A s equal to (Q,) under h?(,E)
when A = 0.

Next, we consider the effect of the magnetic field by setting h(F) = 0. We
consider the s—d orbital system, where the relevant multipole matrix elements
in the following calculations are given by

0 0 7 0 0 0
0 0 -2v5 0 0 0
o.— L |7 -2v5 0 0 0 0
YT r/5]1 00 0 0 —vi5 0 o0 [’
0 0 0 0 V15 0
0 0 0 0 0 0
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Figure 3: Magnetic field dependence of magnetic dipoles (Mg, My) and magnetic toroidal
quadrupoles (Tyz, Tzz) in the model in Eq. (16) for h(®) = 0 and A = 1. The field direction
is taken along the x direction in (a) and the y direction in (b).
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where the basis is represented by {¢s, du, dv, Oyzs G2z, Pay}; ¢s represents the

s-orbital wave function.

Figure 3(a) shows the a-directional magnetic field dependence of expectation
values of the magnetic dipole M, and magnetic toroidal quadrupole T, for
A =1, hz(,M) = 0, and T = 0.1. The magnetic toroidal quadrupole (T,.)
becomes nonzero for th) # 0 as expected from the symmetry argument in
Sect. 2.1 [105]. Furthermore, one finds that a different component of magnetic
toroidal quadrupole, T, is induced when the magnetic field direction changes
from the x direction to the y direction, as shown in Fig. 3(b). Similarly to
the case of the electric field, the behaviors of M, and M, are different from
each other owing to the lack of fourfold rotational symmetry under @,. In this
way, the coupling between the magnetic field and magnetic toroidal quadrupole
occurs in the microscopic model when the orbital degrees of freedom are taken
into account.

Let us comment on a candidate system to realize such a situation. Since
both electric toroidal quadrupole and magnetic toroidal quadrupole are active
in the hybridized-orbital space, the situation with a small energy splitting be-
tween p and d or s and d orbitals is desirable. This indicates that the materials
containing heavier elements with a smaller energy difference are candidate ma-
terials. On the other hand, the above electric toroidal quadrupole and magnetic
toroidal quadrupole are also activated by other degrees of freedom in solids.
For example, a particular type of bond modulation is related to the electric
toroidal quadrupole as found in CdsRe;O7 [106, 76, 107, 108] and that of anti-
ferromagnetic structure is related to the magnetic toroidal quadrupole as found
in CoF5 [109, 79]. Thus, one has a possibility of searching for the emergence
of these active multipoles through not only the atomic-scale but also cluster
electronic degrees of freedom.

5. Spin splitting under external fields

Although the direct observation of the higher-order and/or toroidal-type
multipoles under external fields and currents is often difficult in experiments,
one can find the appearance of these multipoles by looking into electronic band
structures and physical phenomena. In order to demonstrate that, we consider
a fundamental tight-binding model consisting of the s and two (pg,p,) orbitals
on a two-dimensional square lattice (the lattice constant is set as unity), which
is given by

H= Y Choldoe Ho(k) + 00orhoHy — 05 HHFy — EHR]YY Chiyror,  (19)

kvv'oo’
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Figure 4: Isoenergy surfaces under (a) the 4/mmml’ symmetry for h, = 0 and (b) the
mmm1’ symmetry for h, = 0.5 at the chemical potential u = 3.3. The other model parameters
are to = 1, tx = 0.5, tzy = 0.3, ts = 0.8, tsp = 0.6, and A = 0.2.

where CLW and cg,, are creation and annihilation operators at wave vector k,
orbital v = s, pg, py, and spin o, respectively. The 3 x 3 matrix H, (k) appearing
in the first term in Eq. (19) is represented by

2ts(cos kg + cosky) —2itgp, sinky —2itsy, sink,
H,(k) = 2itgp sin kg 2(t, cosky +trcosky) 2ty sink,sink, —ioA
2itsp sinky, 2ty sink, sink, +i0X  2(t, cosky + tr cosky)
(20)

where the basis is given by (¢s¢, @zo, Pyo), which denotes the s-, pg-, and p,-
orbital wave functions with the spin degree of freedom o, respectively. tg, tsp,
(to,tr), tuy, and A represent the hopping between s orbitals, hopping between
s and (pg,p,) orbitals, hopping between p, or p, orbitals, hopping between
p. and p, orbitals, and atomic spin-orbit coupling, respectively. We omit the
atomic energy term for s and p orbitals, since it does not affect the following
result. The second term in Eq. (19) represents the symmetry-lowering crystalline
electric field to the mmm1’ symmetry, which split the energy levels in terms of
the p, and p, orbitals. The matrix H, is given by

00 0
H=01 0 |. (21)
00 -1

It is noted that the symmetry of the model corresponds to 4/mmm]1’ for h, =0
and mmm1’ for h, # 0. The third term in Eq. (19) represents the effect of the
magnetic field along the z direction. We consider the Zeeman coupling for the
s orbital without loss of generality, whose Hamiltonian matrix H3, is given by

Hi =

o o9

0 0
00 |. (22)
0 0
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Figure 5: Isoenergy surfaces under (a, c, €) the 4/mmml’ symmetry for h, = 0 and (b, d,
f) the mmm1’ symmetry for h, = 0.5 at the chemical potential 4 = 3.3. The results in (a,
b) show the symmetric spin splitting induced by the magnetic field H = 0.2, while those in
(c, d, e, f) show the antisymmetric spin splitting induced by the electric field E = 0.2. The
other model parameters are to = 1, tx = 0.5, tyy = 0.3, ts = 0.8, tsp = 0.6, and X\ = 0.2. The
color map shows the spin polarization of (a, b) the z, (¢, d) z, and (e, f) y components at
each wave vector.

The fourth term in Eq. (19) represents the effect of the electric field along the z

direction. We mimic the effect of the electric field as the coupling to the electric

dipole degree of freedom in the system for simplicity, which is included in the
s s-p-orbital space as a spin-dependent form [110]. The matrix H is given by

00 0 0 1 —i
00 0 -1 0 0

. o o o i 0 o0

HE=10 1 = 0 o0 o | (23)
1 0 0 0 0 O
i 0 0 0 0 0

where the basis is given by (¢s, @ut, Pyt sis Pays Pyy)-
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Figure 4(a) shows the isoenergy surfaces under the 4/mmml’, i.e., h, = 0.
The other model parameters are set as t, = 1, t, = 0.5, t5, = 0.3, t; =
08, tgp = 06, A = 02, H = 0, and £ = 0. The isoenergy surfaces are
fourfold symmetric owing to the tetragonal symmetry. When the effect of the
orthorhombic distortion is introduced by taking h, # 0, the symmetry of the
system is lowered into mmml’; the isoenergy surfaces are deformed so as to
break the fourfold rotational symmetry, as shown in Fig. 4(b).

We show the change of the isoenergy surfaces when either the magnetic field
H or the electric field E is applied in Fig. 5. Both results in Figs. 5(a) and
5(b) in the presence of H exhibit the symmetric spin splitting in terms of the
z-spin component in the isoenergy surface, although their functional forms are
different from each other. In the case of 4/mmm]l’ in Fig. 5(a), the symmetric
spin splitting is fourfold-symmetric, while it is twofold-symmetric in the case
of mmm1’ in Fig. 5(b). Especially, one finds that the small isoenergy surface
with the negative z-spin polarization around k = (0,0) is elongated along the
y direction in Fig. 5(b), which means that an additional component from the
Zeeman splitting inducing the uniform spin splitting happens. Indeed, such
a symmetric spin splitting is understood by considering the emergence of the
magnetic toroidal quadrupole 7T7,, which becomes the origin of the symmetric
spin splitting in the form of —(k? — k2)o, for k. = 0 [65]; the result is consistent
with the symmetry analysis in Table 6. Thus, the application of the magnetic
field to the electronic nematic ordering leads to unconventional symmetric spin
splitting, which can be an indirect probe of the magnetic toroidal quadrupole.

Next, we discuss the result when the electric field F is applied. As shown in
Figs. 5(c) and 5(e), the Rashba-type antisymmetric spin splitting in the form
of kyoy — kyo, is found under the 4/mmml’ symmetry. This is attributed to
the activation of the electric dipole degree of freedom, which is directly coupled
to the electric field. On the other hand, one finds an additional antisymmetric
spin splitting in the case of the mmm1’ symmetry according to the inequivalence
between k, and k, directions, as shown in Figs. 5(d) and 5(f), which indicates
the contribution from the electric toroidal quadrupole G, with the functional
form of ko, + kyo,. This is also consistent with the symmetry analysis in
Table 6. Thus, the emergence of the electric toroidal quadrupole can be detected
by looking into the antisymmetric spin-split band structure in spin- and angle-
resolved photoemission spectroscopy.

6. Summary

We have investigated the nature of the electronic nematic orderings by fo-
cusing on the effect of external fields and currents accompanying the breakings
of the spatial inversion and/or time-reversal symmetries. Based on the multi-
pole representation consisting of four-type multipoles, we showed the conditions
to activate rank-1 dipole, rank-2 quadrupole, and rank-3 octupole moments
with distinct spatial inversion and time-reversal parities. In contrast to the
conventional isotropic system, the nematic states characterized by the electric
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quadrupole exhibit peculiar responses to external stimuli according to the in-
duced unconventional multipoles; the electric toroidal quadrupole, the magnetic
toroidal quadrupole, and the magnetic quadrupole are induced by the electric
field, magnetic field, and electric current. We also summarized the classifica-
tion of multipoles under several magnetic point groups in a systematic way. We
demonstrate the emergence of unconventional multipole moments in external
fields by analyzing the atomic multi-orbital model. Moreover, we show that
the effect of the field-induced multipoles can be detected by the spin-split band
structure. Our results provide further exploration of characteristic physical phe-
nomena under electronic nematic orderings by external fields and currents.
This research was supported by JSPS KAKENHI Grants Numbers JP21H01037,

JP22H04468, JP22H00101, JP22H01183, JP23H04869, JP23K03288, and by
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