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Anisotropic skyrmion crystal on a centrosymmetric
square lattice
under an in-plane magnetic field

Satoru Hayami

Graduate School of Science, Hokkaido University, Sapporo 060-0810, Japan

Abstract

We investigate the instability toward a skyrmion crystal under an in-plane mag-
netic field in centrosymmetric tetragonal magnets. By performing the simulated
annealing for a spin model on the square lattice, we find that the interplay
among the easy-plane two-spin anisotropic interaction, positive biquadratic in-
teraction, and high-harmonic wave-vector interaction plays an important role
in stabilizing the skyrmion crystal in the in-plane external magnetic field. The
obtained skyrmion crystal consists of a pair of vortex and antivortex with op-
posite polarization in terms of the out-of-plane spin component. We also show
that various multiple-@ states emerge depending on the model parameters. Our
results indicate the possibility of topological spin textures in centrosymmetric
tetragonal magnets with easy-plane magnetic anisotropy when the ground-state
spin configuration at zero field is characterized by a single-Q) in-plane cycloidal
spiral state.

Keywords: multiple-@) magnetic state, skyrmion crystal, square lattice,
noncoplanar spin texture, magnetic frustration

1. Introduction

A magnetic skyrmion, which is characterized by a swirling spin texture so
as to have an integer topological (skyrmion) number, has attracted many re-
searchers owing to its rich physical properties [II, 2 B [4 5 [6] [7]. Through
extensive studies in both theory and experiments, a magnetic skyrmion crys-
tal (SkX), which is a periodic array of the magnetic skyrmion, has been found
in materials with both noncentrosymmetric and centrosymmetric lattice struc-
tures [8, 9] [10] 11}, 12 [13] [14] (15 [16, [I7], and their stabilization mechanisms have
been elucidated; the Dzyaloshinskii-Moriya (DM) interaction becomes an impor-
tant source of the SkX in noncentrosymmetric magnets [18| [19, 20} 2], 22} 23] [24],
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while frustrated exchange interactions, multiple spin interactions, and/or sym-
metric anisotropic interactions play an important role in inducing the SkX in
centrosymmetric magnets [25] 26, 27], [28]. Here and hereafter, we refer to the
magnetic states with integer skyrmion number in the magnetic unit cell as the
SkX irrespective of constituent topological defects.

In addition to the exchange interactions that are inherent to the materials,
an external magnetic field is another essential ingredient to induce the SkX,
where the instability toward the SkX depends on the magnetic field direction;
the magnetic field perpendicular to the ordering wave vectors tends to stabi-
lize the SkX [20} 23] 29]. Meanwhile, it was shown that the SkX and similar
topological spin crystals can be stabilized even in the magnetic field parallel
to the ordering wave vectors. For example, a magnetic bimeron crystal, which
is formed by a periodic alignment of a pair of two merons, can appear under
the in-plane magnetic field in noncentrosymmetric magnets with the DM inter-
action [30, BI, 32]. Another example is the SkX in centrosymmetric magnets,
which is stabilized without the DM interaction by considering the easy-plane
magnetic anisotropy and a triangular-lattice geometry [33] [34]. Meanwhile, it
has not been clarified the possibility of the SkXs under the in-plane field on a
centrosymmetric square lattice, where the effect of geometrical frustration does
not appear. Although the emergence of the SkXs on such a square lattice in
the out-of-plane magnetic field has been shown by the theoretical model calcu-
lations [35], 36}, B7, B8] and experiments in GdRusySis [16, 39, 40, 41l 42] and
EuAly [43] [44] [45] (46l (47 (48] [49], its stabilization condition under the in-plane
magnetic field has been unclear yet.

In the present study, we investigate the stability of the in-plane field-induced
SkX in the centrosymmetric tetragonal system, which is different from the out-
of-plane field-induced SkX in previous work [41]. Through the numerical calcula-
tions based on the simulated annealing for the phenomenological spin model, we
find the conditions to stabilize the SkX on the square lattice under the in-plane
field. We show that the interplay among the easy-plane two-spin anisotropic
interaction, positive biquadratic interaction, and high-harmonic wave-vector in-
teraction is important in order to realize the SkX. The obtained SkX is charac-
terized by an anisotropic double-Q spin modulation, which reflects the lack of
the fourfold rotational symmetry under the in-plane field. We also find various
double-@ instabilities depending on the magnitude of the magnetic field and
easy-axis anisotropic interaction.

The rest of this paper is organized as follows. In Sec. we present the
effective spin model consisting of bilinear and biquadratic spin interactions on
the square lattice. We also outline the numerical simulated annealing. In Sec.
we show the results of the magnetic phase diagram at low temperatures. We
describe the spin and scalar chirality configurations in real and momentum
spaces in each phase. Section {4 is devoted to a summary of this paper. In

Appendix we show two magnetic phase diagrams calculated by

using different model parameters in the main text.
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2. Model and method

2.1. Model

In order to investigate the essence in terms of the stability of the in-plane
field-induced SkX at low temperatures, we analyze the spin model with the
momentum-resolved interaction on the two-dimensional centrosymmetric square
lattice. We suppose the clean system, where the effect of lattice defects or
impurities is negligible. We set the lattice constant of the square lattice as
unity. The model Hamiltonian is given by

H 2Z<Jr +Kr2>

v=1,2
! KI 2
2 —JT,+—T2)-HY 57 1
+§4( + 3T s 1)
with
v=8q, S_q, —I""85 5% ¢, (2)

The first term in Eq. represents the interaction at the wave vector Q1 =
(7/5,0) and Q2 = (0,7/5), where Sq, = (55,,5%,:55,) in I', corresponds
to the spin moment at wave vector Q,; Sq, is related to the classical localized
spin S; = (S¥,57,S87) with fixed length |S;| = 1 via the Fourier transformation.
N represents the number of sites in the system. The first term consists of the
bilinear exchange interaction with the coupling constant J > 0 and the positive
biquadratic interaction with the coupling constant K > 0, the latter of which
often appears when the Fermi surface is strongly nested by @, in the itinerant
electron systems [50} [51) [52]. The factor 2 stands for the contributions from
—Q1 and —Q5. The interaction J tends to favor the single-Q) spiral state with
Q1 or 2, while the interaction K tends to favor the multiple-Q) state composed
of the Q1 and Q5 modulations. In addition, we introduce the effect of the easy-
plane two-spin anisotropic interaction by setting the different form factors for
the xy and z spin components, as shown by I', in Eq. ; IFPA > (0 denotes
the degree of easy-plane magnetic anisotropy; the instability toward the SkX
in the case of I®PA < 0 has been investigated in [41]. We do not consider the
effect of the DM interaction, which often leads to the SkX [23] 53], owing to the
centrosymmetric lattice structure.

The second term in Eq. represents the momentum-resolved interaction
at the wave vector Q3 = (7/5,7/5) and Q4 = (—7/5,7/5). We set the different
interaction constants J’ and K’ for the bilinear and biquadratic exchange inter-
actions, respectively. The third term represents the effect of an external in-plane
magnetic field along the = direction, where H represents the magnitude of the
magnetic field. The spin model in Eq. can be used to investigate the insta-
bility toward the SkXs in other lattice structures by appropriately considering
the ordering wave vectors satisfying the lattice symmetry.
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In the following calculations, we parametrize the model parameters as J =
1, K =02, J = 06, and K' = (J'/J)?K, whereas we change " and
H; J is the energy unit of the spin model in Eq. . The relation J > J'
means that the interactions at @, and > are dominant, and those at Q3 and
Q. give the energy correction. Especially, the latter interaction J’ plays an
important role in inducing the multiple-Q states, since Q3 and Q4 correspond
to the high-harmonic wave vectors of @ and Qs, ie., Q3 = Q1 + Q2 and
Qi =—-Q1+ Q- [38 54, 41]. As will be discussed in Sec. |3} both K and J' are
important to stabilize the SkX under the in-plane magnetic field.

2.2. Method

We calculate the stable spin configurations of the model in Eq. by per-
forming the numerical simulated annealing following the manner in Ref. [52].
First, we start the simulations from a random spin configuration at a high tem-
perature Ty = 1.5. Then, we gradually reduce the temperature by the ratio of
Thy1 = o, with a = 0.999999 up to the final temperature T = 10~°, where T,
is the nth temperature. We update all the spins one by one in real space based on
the single-spin-flip Metropolis algorithm at each temperature. When we reach
the final temperature, we perform 10°-10° Monte Carlo sweeps for thermaliza-
tion and measurements. We perform the above procedure while changing I*FA
and H. When we optimize the spin configuration near the phase boundary, we
also start the simulations from the spin patterns obtained at low temperatures.
We set the system size with N = 10% under the periodic boundary condition.
We confirm that the following results are not altered for N = 602.

2.3. Physical quantities
We calculate the @, component of magnetic moments, which is given by

S¢"(Qy)
[/ — v 3
mQU N ) ( )
where n = z,y,z and S77(Q,) is the spin structure factor defined by
1 iQ (1 —1s
SIMNQu) = 5 D ST Sl ), (4)
4,J

Here, r; is the position vector at site ¢ on the square lattice. The net magneti-
zation is given by

1
_ n
M" = N % S, (5)
We also calculate the scalar chirality, which is given by
SC 1
X ToN Z 5527:1155/51' (Sitsz X Siverg), (6)

where 2 () represents a shift by lattice constant in the x (y) direction on the
square lattice. The nonzero x*¢ indicates the emergence of the topological spin
textures, which includes the SkX.
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Figure 1: (a) Magnetic phase diagram of the model in Eq. on the square lattice by changing
the easy-plane anisotropy I®FPA and the in-plane magnetic field H, which is obtained by the
simulated annealing at K = 0.2 and J' = 0.6. 1Q denotes the single-Q states, and 2Q’ and
2Q represent the anisotropic and isotropic double-@Q states, respectively. IS, OS, CS, F, VC,
and SkX stand for the in-plane spiral, out-of-plane spiral, chiral stripe, fan, vortex crystal,
and skyrmion crystal, respectively. Real-space spin configurations in (b) the 2Q’ CS I state
at IBPA = 0 and H = 0.05, (c) the 1Q OS state at I®PA = 0 and H = 1.2, (d) the 2Q’ CS
II state at I®PA = 0.06 and H = 0, (e) the SkX at I®PA = 0.06 and H = 0.7, (f) the 2Q F
state at T®PA = 0.06 and H = 1.85, (g) the 2Q’ I state at IFA = 0.12 and H = 0.5, (h) the
1Q IS state at I®PA = 0.4 and H = 0, and (i) the 2Q’ VC state at IEPA = 0.4 and H = 0.75.
In (b)—(i), the arrows represent the direction of the in-plane spin and the color shows its z
component. In (e), the triangle and square stand for the vortex and antivortex, respectively.

3. Results

By performing the simulated annealing for the model in Eq. , we obtain
the magnetic phase diagram in the plane of I®"A and H at low temperature
in Fig. a). Various phases appear depending on the model parameters; the
SkX appears in the intermediate I*F» and H. In the following, we distinguish
the obtained states by the Q1 and Q2 components of the magnetic moments
without referring to the Q3 and Q4 components, since the former amplitude
is larger than the latter one; we term a state with nonzero (mg )* or (mg,,)?
as a single-Q (1Q) state and that with both nonzero (mg, )* and (mf,)? as a
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Figure 2:
Q1 and Q2 components of squared magnetic moments (anl_z)Q for n = z,y,z at

H dependence of (a) the magnetization M", (b) the scalar chirality x*°, and (c)
TEPA =,

The vertical dashed line represents the phase boundary between different spin states; the
corresponding phases are presented above in (a).

double-Q (2Q)) state. We present the data in terms of the uniform magnetiza-
tion, scalar chirality, and the Q1 and @2 components of the magnetic moments
in Figs. for different I7FA,

For I¥PA = 0, the zero-field to low-field state corresponds to the 2Q’ CS I
state, where CS stands for the chiral stripe and Q' means the different ampli-
tudes of (mg,)* + (m,)* + (mg,)? and (m§,)* + (m,)* + (mg,)*. The spin
configuration in this state is characterized by (m%,)* and (mg,)? as the dom-
inant contribution and (m62)2 as the subdominant contribution, as shown in
Fig. c). In other words, this spin configuration is represented by a superposi-
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tion of the out-of-plane spiral wave at the Q1 component and the sinusoidal wave
at the Q2 component. The orthonormal relation of the spin oscillations between
the Q1 and Q2 components is due to preventing the energy loss under the spin
length constraint with |S;| = 1 [55]. Reflecting the double-Q superposition in
different spin components, the 2Q’ CS I state exhibits the noncoplanar spin tex-
ture, as shown by the real-space spin configuration in Fig. b), although they
do not show a net scalar chirality in Fig. b). Instead, this state accompanies
the chirality density wave along the Q- direction, as shown in Fig. [6(a) [56].

The emergence of the 2Q’ CS I state at I*FA = 0 is owing to the positive
biquadratic interaction K rather than J’; K tends to enhance the stability of
multiple-Q states [52]. Indeed, this state remains stable when J' = 0, as will be
discussed in Appendix

As H increases, M gradually increases and (m mo, )2 decreases, as shown in
Figs. Pa) and [2f(c), respectively. Then, the 2Q" CS I state shows the phase
transition to the 1Q) OS state at H ~ 0.98. The 1Q OS state corresponds to
the single-Q) out-of-plane spiral state, whose spiral plane lies in the yz plane in
order to gain the Zeeman energy; it is noted that the spiral plane is always fixed
in the yz plane irrespective of Qi 2 owing to the absence of the Q-dependent
anisotropy. The real-space spin configuration of the 1@ OS state is shown in
Fig. (c) The 1Q) OS state turns into the fully polarized state at H = 2.

When the effect of I®PA is considered, the 2Q’ CS I state at zero field
is replaced by the 2Q" CS II state, as shown in Fig. a . We show the H
dependence of physical quantities at T4 = 0.06 in Fig. The spin texture
of the 2Q" CS II state is characterized by (mg,)* and (m?éh)2 as the dominant
contribution and (mg, )* as the subdominant contribution, as shown in Fig. c).
In contrast to the 2Q)" CS I state, the spiral plane changes from the yz plane to
the zy plane in order to gain the energy by I®FA. Accordingly, the sinusoidal
modulation occurs for the z spin component along the Qs direction. The real-
space spin and scalar chirality configurations are shown in Figs. d) and |§|(b)
respectively, where the chirality density wave occurs along the Q> direction
similar to the 2Q" CS I state. It is noted that the uniform component of the
scalar chirality is zero in the 2Q’ CS II state [Fig. Bf(b)].

The 2Q’ CS II state changes into the 2Q’ CS I state with jumps of M?® and
mg at H ~ 0.23, as shown in Figs. |3 a and l(c This phase transition is
regarded as the spin-flop phase transition, where the spiral plane changes from
the xy plane parallel to the field direction to the yz plane perpendicular to the
field direction.

While further increasing H, we find that the SkX is stabilized for 0.63 < H <
0.83, which is characterized by nonzero scalar chirality x*¢ in Fig. (b) The
spin configuration of the SkX is expressed as the linear combination of the spiral
wave on the xzy plane along the @ direction and that on the yz plane along
the Q2 direction, as shown in Fig. c), where the amplitudes of the magnetic
moments at the Q1 and Q2 components are different owing to the lack of the
fourfold rotational symmetry under the in-plane field; this feature is different
from the SkX stabilized in the out-of-plane field, where the fourfold rotational
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Figure 3: H dependence of (a) M", (b) x*¢, and (c) (mz21 2)2 for n = x,y, z at IFPA = 0.06.
The vertical dashed line represents the phase boundary between different spin states; the
corresponding phases are presented above in (a).

spin texture appears.

As shown by the real-space spin configuration in Fig. (e), the SkX phase
consists of two vortices: One is the vortex with the positive z-spin polarization,
which is denoted as the triangle, and the other is the antivortex with the negative
z-spin polarization, which is denoted as the square. Since both the winding
number and z-spin polarization are opposite between the vortex and antivortex,
these vortices lead to the same sign of the scalar chirality, as shown in Fig. @(c)
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Figure 4: H dependence of (a) M", (b) x*¢, and (c) (m?91 2)2 for n = x,y,z at IFPA =0.12.
The vertical dashed line represents the phase boundary between different spin states; the
corresponding phases are presented above in (a).

Although the SkX in Fig. e) exhibits the positive scalar chirality, the state
with the negative scalar chirality is degenerate; the degeneracy between them
is lifted when the effect of bond-dependent magnetic anisotropy in Q1—Q4 is
taken into account [57]. The skyrmion core with S¥ = —1 is found between the
vortex and antivortex, which is located at the interstitial site rather than the
lattice site.

From the energetic viewpoint, the SkX is stabilized by the interplay among
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The vertical dashed line represents the phase boundary between different spin states; the
corresponding phases are presented above in (a).

K, J', I*PA and H in the model Hamiltonian in Eq. . Among them, we
find that J’, I®PA and H play an important role in inducing the SkX, while K
enhances the stability of the SkX region. In other words, the SkX remains stable
for K = 0, while it disappears for J' = 0, as shown in Appendix
[Al. This means that the SkX can be realized in both itinerant magnets and
insulating magnets, where the contribution from K is negligible for the latter.
Thus, the application of the in-plane external magnetic field to materials with
easy-plane magnetic anisotropy is one of the possibilities to induce the SkX in

10
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Figure 6: Real-space scalar chirality configurations in (a) the 2Q’ CS I state at I EPA — 0
and H = 0.05, (b) the 2Q’ CS II state at I*FA = 0.06 and H = 0, (c) the SkX at IPFPA = 0.06
and H = 0.7, and (d) the 2Q’ I state at IEPA = 0.12 and H = 0.5.

centrosymmetric systems irrespective of metals and insulators.

The SkX turns into the 2Q)" CS I state again by increasing H. Then, the 2Q’
CS I state changes into the 1Q OS state similar to the result at P4 = 0. The
increase of H in the 1Q) OS state leads to two additional phases before entering
into the fully polarized state: One is the 2Q’ II state and the other is the 2Q
F state, where F means the fan. In the 2Q’ II state, (mé2)2 becomes nonzero
in addition to (mg, )* and (mg,)*. Meanwhile, the 2Q F state is characterized

11
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by the double-Q structure in the y component with the same intensity, i.e.
(mg,)? = (mg,)?, as shown in Fig. c)7 where the spin configuration is shown
in Fig. [1}{).

By increasing I™FA, the regions of 2Q’ CS I and 1Q OS phases become
narrower, while those of the SkX, 2Q" CS II, and 2Q F phases become wider, as
shown in Fig. a). For IPPA > 0.1, the 2Q’ I state appears between the SkX and
2Q)" CS II state; the phase sequence in the case of I*PA = (.12 is shown in Fig.
The 2Q" T state is characterized by nonzero (mg, ), (m%l)Q, (mg,)* (md,)?,
and (mz?z)z, as shown in Fig. c); the spiral plane in the Q1 component lies
between the xy and yz plane. Accordingly, this state shows nonzero uniform
magnetization in the z component, M?, as shown in Fig. (a). The real-space
spin configuration of the 2@’ I state is shown in Fig. (g) Although this state
accompanies the noncoplanar spin texture similar to the SkX, the scalar chirality
becomes zero in the whole system in Fig. b); only the chirality density wave
is found, as shown in Fig. [6[d).

When IPA further increases, the SkX vanishes around I®PA ~ 0.33, and all
the phases are characterized by the coplanar spin textures in the zy plane. In
the case of I*PA = 0.4, the 1Q IS state is stabilized in the low-field region instead
of the 2Q)' CS 1II state; the spin configuration in the former state is obtained
by eliminating the Qo component in the z spin in the latter state. Since I¥FA
favors the in-plane spin texture, the phase transition from the 2Q" CS II state
to the 1Q IS state in increasing I®F* is reasonable. The spin configuration in
real space is shown in Fig. h).

The increase of H for I™A = 0.4 leads to the phase transition from the 1Q
IS state to the 2Q’ VC state with jumps of M* and mgu, as shown in Figs. a)
and c); VC means the vortex crystal. The 2Q" VC state is characterized by the
spiral wave in the zy plane along the Q; direction and the sinusoidal wave in the
x component along the Q- direction. Owing to the double-Q superposition in
terms of the z-spin component, the real-space spin configuration consists of the
vortex and antivortex, as shown in Fig. i), which is similar to that in the SkX.
Similar coplanar spin textures accompanying the vortex and antivortex have
been found in triangular magnets with the easy-plane magnetic anisotropy [58],
such as Y3CogSny [59]. Our results indicate that the coplanar vortex crystal
can be realized even in the centrosymmetric tetragonal host when the in-plane
magnetic field is applied.

4. Summary

To summarize, we have investigated the stability of the SkX in centrosym-
metric tetragonal magnets with easy-plane magnetic anisotropy by applying
the in-plane external magnetic field. The data were obtained by performing the
simulated annealing for the spin model including the biquadratic interaction,
high-harmonic wave-vector interaction, and easy-plane two-spin anisotropic in-
teraction. As a result, we have found that their synergy tends to favor the SkX
in the in-plane field. The SkX is stabilized in the intermediate-field region when

12



the strength of easy-plane anisotropy is moderate. We have also found that the
high-harmonic wave-vector interaction plays an important role in inducing the
SkX, while the biquadratic interaction enhances its stability. Our results sug-
x0  gest the importance of the applied field direction; the in-plane magnetic field is
essential to realize the SkX in centrosymmetric magnets with easy-plane mag-
netic anisotropy. Since the SkX in the out-of-plane magnetic field has been
found in centrosymmetric tetragonal itinerant magnets, such as GdRusSis with
the easy-axis magnetic anisotropy, the Gd-based compounds are typical candi-
x5 date materials. When the magnetic anisotropy is tuned from the easy axis to
the easy plane by the chemical doping, the emergence of the SkX induced by
the in-plane magnetic field is expected.
This research was supported by JSPS KAKENHI Grants Numbers JP21H01037,
JP22H04468, JP22H00101, JP22H01183, JP23H04869, JP23K03288, and by
20 JST PRESTO (JPMJPR20L8) and JST CREST (JPMJCR2304). Parts of the
numerical calculations were performed in the supercomputing systems in ISSP,
the University of Tokyo.

Appendix A. Phase diagrams for other model parameters

We briefly discuss the magnetic phase diagrams when the effect of the bi-
o5 quadratic interaction K or high-harmonic wave-vector interaction J’ is ignored.
Figure a) shows the phase diagram in the case of K = 0. As shown in the
phase diagram, the SkX is stabilized for intermediate I*A and H, although its
stability region becomes narrower compared to the phase diagram at K = 0.2 in
Fig. a). This result indicates that the high-harmonic wave-vector interaction
x0 J' is significant in stabilizing the SkX in Fig. [[[a), but its stability region is
narrow. Meanwhile, some of the other phases, 2QQ" CS II, 2Q’ 11, and 2Q F,
vanish in Fig. [A.7(a), which means that solely J’ is not enough to induce these
phases.
Next, Fig.|A.7[(b) shows the phase diagram in the case of J' = 0. In contrast
25 to the phase diagram in Fig. a)7 the SkX and 2Q" VC state do not appear in
the phase diagram. In other words, the biquadratic interaction K is not enough
to induce these two phases within the present model parameters.
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