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Abstract 16 

Understanding the yielding and necking mechanisms of double network (DN) materials is 17 

crucial for establishing structure-property correlations. While previous studies have primarily 18 
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focused on how macro-yielding behavior changes with network structure and swelling, in this 19 

work, we study the local internal damage in the pre-yielding process to unveil the yielding and 20 

necking mechanisms for typical DN gels. Through birefringence retardation imaging during 21 

tensile deformation on DN gels of various sample geometries, our findings reveal the following 22 

key points: 1) Initiation and Growth of Damage Zones: Prior to macroscopic yielding, damage 23 

zones initiate from the sample edges and gradually grow towards the sample center with 24 

elongation. 2) Rapid Propagation and Yielding: Beyond a certain stress threshold, damage 25 

zones rapidly propagate under constant loading. Two damage zones eventually merge at the 26 

sample center, resulting in yielding. 3) Intrinsic Stress Determination: The stress at this point is 27 

intrinsic and determined by the structure of the two networks. 4) Pseudo Size-Dependency: 28 

Samples with insufficient width exhibit a pseudo size-dependency of yielding stress, as yielding 29 

occurs before reaching the critical stress.  To explain the origin of intrinsic yielding stress, we 30 

introduce an intrinsic effective crack length (cI) as a measure of stress concentration around the 31 

internal crack tip of the damaged zone in the first network. Beyond this length, the influence on 32 

internal stress concentration around the damage zone is effectively screened by the load-bearing 33 

effect of the stretchable second network. The estimated cI, dependent on the microstructure of 34 

the two networks, was approximately 10 times the mesh size of the first network for typical DN 35 

gels.  36 
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1. Introduction 43 

Hydrogels are hydrophilic polymer networks that can significantly swell in water, resulting 44 

in an elastic solid with high water content. Because of their similarities to the tissues that make 45 

up living organisms, there has been widespread interest in their application as artificial 46 

biomaterials; however, their weak mechanical properties limit their potential application range. 47 

Fortunately, over the last 20 years, several mechanically strong or tough hydrogels have been 48 

developed, including double network (DN) gels [1–3], nanocomposite gels [4–6], tetra-PEG 49 

gels [7–9], and slide-ring gels [10–12]. Notably, DN gels exhibit extremely high strength and 50 

toughness despite containing up to 90% water by mass. DN gels are composed of two 51 

asymmetric networks: the first network, made of short chains, is hard/brittle and ruptures at low 52 

strain and (relatively) low stress; and the second network, made of long chains, is 53 
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soft/stretchable and ruptures at high strain and (relatively) high stress. When force is applied to 54 

DN gels, the first network chains preferentially break over wide ranges (damage zones), 55 

whereas the second network chains carry the broken first network chains’ load, suppressing 56 

local stress amplification on the first network and preventing global material fracture [13–16]. 57 

This internal fracture mechanism leads to the dissipation of a large amount of energy at the 58 

crack tip through the formation of a damage zone, which enhances strength and toughness.  59 

The DN gel’s unique internal fracture mechanism results in a yielding-like phenomenon 60 

accompanied by necking during uniaxial stretching [17,18]. The material exhibits 61 

inhomogeneous macroscale deformation beyond the yielding stretch by forming a necked zone. 62 

The necked zone propagates by stretching the sample with an almost constant applied force 63 

until the entire sample is necked. Subsequently, the applied force increases again with further 64 

stretching.  65 

Because yielding is an important feature of tough DN gels, many researchers have 66 

experimentally [18–20] and theoretically [21–24] studied the yielding mechanism. By studying 67 

the yielding behaviors of DN gels with varied first network pre-swelling ratios, the yielding 68 

point, at which the applied stress reaches the local maximum with the applied stretch, is found 69 

to be proportional to the stretch limit of the first network strands, and the yielding stress is 70 

proportional to the first network strand areal density [18,20].  71 
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In terms of fracture mechanics, the inclusion of the second network in the DN gels 72 

significantly reduces the fracture singularity (stress concentration) of the brittle first network. 73 

The yielding stress of DN gels typically exceeds the breaking stress of the single first network 74 

alone by a factor of 100, highlighting the enhanced robustness of the double network structure, 75 

especially in contrast to the heightened flaw sensitivity exhibited by the single first network. 76 

The question that emerges is what governs the yielding stress of the DN gels and to what extent 77 

the stress concentration around the crack in the first network is dampened by the second 78 

network. Our findings reveal that the yielding stress falls within in the range of 5–10% of the 79 

ideal fracture stress of the first network, as predicted in cases where the stress concentration 80 

effect is absent [18,20]. It is worthy to note that, the relatively low yielding stress cannot be 81 

solely attributed to the heterogeneity of the first network, as even DN gels with homogeneous 82 

first network exhibited a comparable decrease in yield stress [18].  In light of this observation, 83 

we posit two potential explanations for the decrease in yielding stress. The first involves the 84 

influence of bulk geometry, specifically macroscopic stress concentration. The damage zone at 85 

the crack tip of a notched DN materials can extend to values ranging from 100 to 1000 μm 86 

[17,25,26]. The magnitude of internal damage of un-notched DN gels preceding yielding could 87 

surpass this size significantly and exceed the sample dimensions employed in prior studies, 88 

consequently leading to a yielding stress less than the intrinsic one. Such geometric effects on 89 
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yielding have been overlooked in previous studies. The second explanation is the influence of 90 

molecular structure, involving the microscopic stress concentration. Even after eliminating the 91 

macroscopic effect, stress concentration may still persist around the internal crack tip of the 92 

first network, resulting in an intrinsic yielding stress lower than the ideal fracture stress of the 93 

first network. The former effect can be investigated by changing the geometry of the DN gels, 94 

specifically the sample width, while the latter effect can be observed by varying the composition 95 

of the DN gels. 96 

In this study, we investigated the pre-yielding behavior of typical DN gels with varying 97 

sample geometries and network compositions through uniaxial tensile tests and real-time 98 

birefringence retardation measurements. These experiments enabled us to observe the initiation 99 

and growth process of the internal damage zone up to the yielding point, shedding light on the 100 

role of the second network in supporting the load and mitigating stress concentration around 101 

the damage zone tip. To quantify internal stress concentration, we introduced an intrinsic 102 

effective crack length (cI) at the DN gel yielding. Utilizing nonlinear elastic fracture mechanics, 103 

we estimated  cI from the intrinsic yielding point determined in samples with sufficient width. 104 

The outcomes of this study offer a comprehensive understanding of the yielding process in DN 105 

gels, laying the groundwork for the development of more robust and resilient gel materials. 106 

 107 
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2. Materials and Methods 108 

2.1. Preparation of DN gels. 109 

DN hydrogels comprising poly(2-Acrylamido-2-methylpropanesulfonic acid) (PAMPS) as 110 

the first network and poly(N,N-Dimethylacrylamide) (PDMAAm) as the second network were 111 

synthesized following established procedures [27]. Both networks were chemically crosslinked 112 

by N, N′-Methylenebisacrylamide (MBAA). The first network precursor solution was prepared 113 

by dissolving AMPS, MBAA, and 2-oxoglutaric acid (α-keto) in pure water. This solution was 114 

poured into a reaction mold consisting of a pair of glass plates separated by a silicone spacer 115 

(ranging from 0.3 mm to2.0 mm thick) and then exposed to UV light (peak wavelength of 365 116 

nm) within a sealed argon glovebox for 6 h, resulting in the formation of PAMPS gels. The 117 

PAMPS gels were then immersed for 1 d in the second network precursor solution, composed 118 

of DMAAm, MBAA, and α-keto in pure water. The PAMPS gel was then sandwiched between 119 

two glass plates, and exposed to UV light in a sealed argon glovebox for 8 h to yield sheet-like 120 

DN gels. The thickness of the DN gels (t) was controlled by the thickness of the silicone spacer 121 

used during the synthesis of the PAMPS gels. The compositions used for the synthesis of the 122 

DN gels are detailed in Table 1. Throughout the study, variations in the crosslinker 123 

concentration in the first network and the monomer concentration in the second network were 124 

explored. In Table 1, the mol% values are relative to the corresponding monomer concentration. 125 
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The DN gel samples were denoted as DNX-Y (X: MBAA crosslinker concentration in the first 126 

network, Y: DMAAm monomer concentration in the second network). Mechanical 127 

measurements were conducted on the DN gels in their as-prepared state.   128 

Table 2 displays the mechanical and structure parameters of the first network. The Young’s 129 

modulus (E0) of the as-prepared first network was determined through indentation tests using a 130 

rigid sphere indenter [28]. These tests were conducted with a mechanical tester (AGX-V, 131 

Shimadzu Co., Japan) at a compression strain rate of 1/600s−1.  E0 was estimated from the 132 

initial slopes of the compressive stress-strain curves. The number of monomer units between 133 

two crosslinks (𝑁) was estimated using the equation [29], 134 

𝐸0 =
3𝐶0𝑘𝐵𝑇

𝑁
 ,                                        (1) 135 

where 𝐶0, 𝑘𝐵, and T denote polymer concentration, the Boltzmann constant, and temperature, 136 

respectively. In our calculation for 𝑁, we assumed that all of the AMPS monomers in the 137 

precursor solutions were converted into the mechanically effective network, resulting in 𝐶0 ≃ 138 

1 M (M = 6.02 × 1026 m−3).  The N thus estimated represents an approximation of upper bound 139 

limit, assuming the absence of dangling chains or loops in the polymer network. In reality, for 140 

a PAMPS network formed from 1 M monomer and 1 mol% crosslinker, our TEM observations 141 

on the network structure revealed that only about 30% of the monomers contribute to 142 
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mechanically effective chains [30]. Considering the crosslinker concentration in the current 143 

study is 2~4 mol%, higher than 1 mol%, we posit that the percentage of monomers forming 144 

mechanically effective networks is likely elevated, ranging from approximately 40 to 60%. 145 

When factoring in this adjustment, the mesh size calculated using this method closely aligns 146 

with values observed from TEM images [30].   The average mesh size of the as-prepared first 147 

network gel (𝑅0) was estimated from the relationship [29],  148 

 𝑅0 ≃ 𝑏𝑘√𝑁𝑘 = √𝑁𝑎𝑏𝑘,   (2) 149 

where 𝑁𝑘  represents number of Kuhn monomer units between two crosslinks, a and 𝑏𝑘 150 

represent the monomer length and Kuhn monomer length, respectively. We adopted the Kuhn 151 

monomer length 𝑏𝑘 = 0.5 nm and a = 0.25 nm for PAMPS based on the literature [31].  Linear 152 

swelling ratio (λs) of the first network within the DN gels was estimated from the thickness ratio 153 

of the as-prepared DN gel to that of the as-prepared first network. The first network mesh size 154 

(R) in the as-prepared DN gels was estimated as follows assuming the affine deformation, 155 

𝑅 = 𝑅0 × 𝜆𝑠                                         (3) 156 

 157 

Table 1. Composition for the synthesis of DN gels coded as DNX-Y. 

First network Second network 
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AMPS MBAA (X) α-keto DMAAm (Y) MBAA α-keto 

1 M 2, 3, 4 mol% 1 mol% 3, 4 M 0.01 mol% 0.02 mol% 

 158 

Table 2. Young’s modulus (E0), number of monomer units between two crosslinks (𝑁), and 

mesh size (𝑅0) of the first network at its as-prepared state, along with the linear swelling ratio 

(λs) and mesh size (R) of the first network in the as-prepared DNX-Y. 

DNX-Y E0 (kPa) N 𝑅0 (nm) λs R (nm) 

DN2-4 16.2  462 7.6 3.2 24.3 

DN3-4 23.5  318 6.3 2.5 15.8 

DN4-4 33.6  224 5.3 2.2 11.7 

DN4-3 33.6  224 5.3 2.2 11.7 

 159 

2.2. Sample Geometry. 160 

Dumbbell-shaped samples of various geometries were used to perform uniaxial tensile tests 161 

(Figure 1). The gauge width w, root angle θ, gauge length L, and thickness t were varied, as 162 

shown in Table 3. Grip width (Gw), grip length (GL), junction length (JL), and total length (TL) 163 

are changed according to the change in w, θ, and L.GL + JL was fixed at 27.5 mm. 164 
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 165 

Figure 1. The geometry of dumbbell shaped sample. w, gauge width; θ, root angle; L, gauge 166 

length; t, thickness; JL, junction length; GL, grip length; Gw, grip width; TL, total length. GL 167 

+ JL = 27.5 mm, TL = L + 55 mm. 168 

 169 

Because the damage zone initiation is sensitive to the surface defects of the samples, we adopted 170 

a laser cutter (PLS 4.75, manufactured by Universal Laser Systems, Inc., USA) to obtain DN 171 

gels with a pre-set geometry. The laser cutter provided a relatively smooth surface, so that the 172 

DN gel yielding always began at the root of the dumbbell by stress concentration (for all the 173 

investigated samples of more than 100).  174 

 175 

Table 3. Geometries of DN samples used in this work. 

Dimension w 

(mm) 

θ 

(°) 

L 

(mm) 

t 

(mm) 

JL (mm) Gw (mm) 

 w-tuned 0.75–30 45 16 1.0 7.5 w + 15 

θ-tuned 10 15– 16 1.0 7.5 (θ ≤ 45), 10 + 15tanθ 
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 (w = 10) 75 7.5/tanθ (θ ≥ 45) (θ ≤ 45),  

25 (θ ≥ 45) 

θ-tuned 

 (w = 1.0) 

1.0 15–

75 

16 1.0 7.5 (θ ≤ 45), 

7.5/tanθ (θ ≥ 45) 

1.0 +15tanθ 

(θ ≤ 45),   

16 (θ ≥ 45) 

L-tuned 10 45 3.2–32    1.0 7.5 25 

t-tuned 10 45 16 1.0–5.0 7.5 25 

  176 

2.3. Tensile Measurements. 177 

Uniaxial tensile tests were performed using an RTC-1310A tensile tester (Orientec, Inc., 178 

Japan) at a sufficiently high tensile velocity (500 mm/min) to reduce the influence of sample 179 

dehydration in the air. The tests were performed at least five times for each sample. The nominal 180 

stress was calculated as the tensile force divided by the initial cross-sectional area (w × t) of the 181 

gauge region, and the nominal strain was calculated as the change in the jig distance divided by 182 

the initial gauge length L (Supporting Fig. 1(a)). It should be emphasized that because the 183 

deformation of the junction area also contributes to the obtained nominal strain, the nominal 184 

strain thus obtained contains a large error, especially in the case of a large sample width at a 185 

large strain. For typical samples, we calibrated the nominal strain to the actual strain in the 186 

gauge region using a video meter (Supporting Fig. 1(a)). Specifically, two dots, 8 mm apart, 187 

were drawn in the middle of the gauge region as markers, and the distance between the two dots 188 

at different stretching ratios was measured using a video camera. The actual strain was 189 

estimated from the ratio of the change in distance between the two dots divided by their initial 190 
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distance. We confirmed that the stress-strain curves before the initiation of the damage zone 191 

overlapped for different geometries when using the actual strain obtained (Supporting Fig. 192 

1(c)). For convenience, we use the nominal strain in a later text, unless specifically mentioned. 193 

 194 

2.4. Birefringence Retardation Measurement.  195 

The birefringence retardation was measured during tensile testing to visually capture the 196 

initiation and growth of damage zones in the yielding process. A polarized video camera 197 

(CRYSTA PI-1P, Photron Co., Ltd., Japan) was utilized for retardation measurements. The 198 

retardation values were represented in color, with color changes following a sequence from 199 

blue, light blue, green, yellow, and red as the retardation increased from 0 to 130 nm. 200 

Subsequent increases in retardation beyond 130 nm led to color changes in the reverse order. 201 

In the case of the DN gels, the observed birefringence retardation primarily stemmed from the 202 

orientation of the second network, given that the second network served as the dominant 203 

polymeric component [27]. The orientation of the second network was more pronounced in the 204 

damage zone where the first network broke compared to the undamaged zone. Consequently, 205 

the damage zone could be distinguished from the undamaged regions by the disparity in 206 

retardation color. However, in this study, we refrained from providing a quantitative analysis 207 
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of the retardation values. This decision was influenced by the strong dependence of retardation 208 

on gel thickness, and the accurate measurement of the actual thickness in the damage zone 209 

during stretching proved challenging.  210 

  211 

3. Results and Discussion  212 

3.1. Yielding Process and Width Dependence  213 

 214 

Figure 2. Effects of sample width (w) on the nominal stress-strain curves (a) and yielding 215 

stress (b) for DN gels of different first network cross-linker density. 216 

Initially, we observed the yielding process in samples with varying widths (w). The width 217 
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was systematically altered across more than one order of magnitude, ranging from 0.75 mm 218 

to 10 mm. The samples maintained a constant root angle (θ) of 45 degrees, a gauge length 219 

(L) of 16 mm, and a thickness (t) of 1.0 mm (refer to Table 2 for details). Tensile stress-strain 220 

curves for specific examples, such as DN2-4, DN3-4, and DN4-4 with widths of 1.0, 2.0, and 221 

10 mm, are illustrated in Fig. 2(a). In these examples, the stress increased proportionally with 222 

strain, reaching a plateau where the yielding phenomenon became evident. For a given 223 

composition, the nominal stress–strain curves exhibited nearly overlapping behavior at small 224 

strains, irrespective of w, indicating that the deformation before the occurrence of internal 225 

fracture in these DN gels is independent of the width. However, in the plateau region, the 226 

stress slightly increased with larger sample widths. The yielding point, defined as the point 227 

where the nominal stress reaches its maximum value before declining to the plateau stress, is 228 

highlighted in Fig. 2(b). The yielding stress is depicted as a function of w. It was observed 229 

that the yielding stress increased with w at small widths and then reached a constant value at 230 

larger widths for the three sets of DN gels. This constant yielding stress exhibited an increase 231 

with the crosslinker density in the first network. Additionally, the width (w) required to reach 232 

a constant yielding stress showed an increasing trend as the cross-linker density of the first 233 

network increases. These outcomes suggest that w plays a crucial role in determining the 234 

yielding behavior of DN gels. 235 
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It is crucial to note that the relatively distinct deviation in the nominal stress-nominal strain 236 

curves before yielding with widths of 10 mm and 1.0 mm (Fig. 2(a)) is attributed to 237 

differences in the deformation of the samples in the grip regions. Indeed, the two stress-strain 238 

curves overlapped when the nominal strain in the gauge region was corrected to the actual 239 

strain (see Supporting Fig. 1). Due to potential inaccuracies arising from the sample fixation 240 

position deviation and deformation in the grip regions, we opt to utilize nominal stress 241 

(proportional to the applied force) for subsequent discussions. 242 

 243 
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 244 

 245 
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Figure 3. Yielding process of DN gels in the w-independent (w = 10 mm) (a-c) and w-246 

dependent (w = 1.0 mm) (d-f) yielding regions.  (a, d) Stress-strain curves; (b, e) Retardation 247 

mapping images for each deformation point shown in the stress-strain curves (white scale 248 

bars are 10 mm (b) and 1.0 mm (e), respectively); (c, f) Schematics for damage zone geometry, 249 

network structure in damage zone, and force lines for each deformation point shown in (a, b) 250 

and (d, e). cI in (c) is introduced to characterize the intrinsic effective crack length at the tip 251 

of damage zone just before the yielding point of w-independent region.  Here, “Initial” 252 

indicates the point before tensile; “i”, indicates the point immediately before the damage zone 253 

appears; “Initiation” indicates the onset point that a pair of damage zones is initiated on the 254 

two edge surfaces at the root of grip; “ii” indicates the point at which two damage zones grow 255 

close to yielding; and “Yielding” indicates the point immediately after two damage zones 256 

merge and the yielding stress reaches the maximum. DN3-4 gels were adopted. Other 257 

geometry parameters were fixed at  𝜃 = 45°, L = 16 mm, and t = 1.0 mm.  258 

 259 

 260 

 261 
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  262 

 263 

Figure 4.  Damage zone length 𝐿𝐷  evolution with the increase of nominal strain (a) and 264 

nominal stress (b) for w-independent sample (w = 10 mm, 𝜃 = 45°, L = 16 mm, and t = 1.0 265 

mm).  𝐿𝐷  was measured as damage zone length of width direction for unloaded sample. 266 

Above a critical stress/strain, the damage zone length  𝐿𝐷 increases rapidly with very small 267 

changes in strain and stress, showing a transition from quasi-static fracture to dynamic 268 

fracture of the first network.  The critical damage zone length ( 𝐿𝐷,𝑐) corresponding to the 269 

transition and the yielding point corresponding to  𝐿𝐷 = 𝑤/2 are shown by two dashed lines.  270 

 271 

During the tensile tests, real-time birefringence retardation measurements were conducted, 272 

revealing the extension of the second network strands due to the internal fracture of the first 273 
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network strands [27]. DN3-4 was selected as a representative sample. Figs. 3(a) and (d) 274 

present the stress-strain curves, while Figs. 3(b) and (e) show representative retardation 275 

mapping images corresponding to the positions indicated in the stress-strain curves for 276 

samples in the width-independent region (w=10 mm) and in the width-dependent region 277 

(w=1.0 mm), respectively. For the wide sample (Fig. 3(a, b)), no internal damage zone was 278 

observed macroscopically in the initial stage of stretching (from point “Initial” to “i” in Fig. 279 

3(a)). When the strain reached a certain value, a pair of damage zones appeared at the two 280 

edge surfaces near the root of the dumbbell (at point “Initiation” in Fig. 3(a)). Subsequently, 281 

as the strain was further increased, the two damage zones grew into a triangle-like shape 282 

towards the center of the sample in the width direction (from point “Initiation” to “ii” in Fig. 283 

3(a)). During this process, the retardation in the triangular damage zone increased, indicating 284 

the extension of the second network. It was observed that when the loading was increased to 285 

a critical point, the damage zone growth became very fast, and immediately the two damage 286 

zones merged. 287 

To closely examine this auto-accelerated behavior, we investigated the damage zone length 288 

LD along the width direction in response to tensile loading, where LD was measured for unloaded 289 

samples. As depicted in Fig. 4(a, b),  LD gradually increases with loading initially,   and then 290 

increases rapidly at a certain critical loading, resulting in immediate merge of two damage zones 291 
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above a critical stress (or strain). The point labeled “Yielding” in Fig. 3(a) aligns with this 292 

transition point. This transition phenomenon can elucidate the width dependency of the yield 293 

stress observed in Fig. 2. The transition point corresponds to a critical damage zone length LD 294 

= LD,c, and samples with sufficient width (w > 2LD,c) facilitate the rapid growth of the damage 295 

zone consistently exhibit the intrinsic yielding stress. Conversely, samples with narrow width 296 

(w < 2LD,c) display a width dependency of yielding stress. 297 

Therefore, the process of DN gel yielding consists of three steps. The first step involves the 298 

initiation of a local damage zone at the edge surfaces near the root of the dumbbell-shaped 299 

samples where the stress is concentrated (initiation step). The second step involves the quasi-300 

static growth of the damage zone into the bulk of the hydrogel with further stretching (the 301 

growth step). The third step is an auto-accelerated growth of the damage zone above the critical 302 

stress/strain (yielding). A further increase in stretching leads to damage zone growth toward the 303 

longitudinal direction at constant stress, resulting in necking. In the initiation step, the key factor 304 

is the magnitude of stress concentration at the edges. In the growth steps, the key factor is the 305 

sample width for damage zone penetration. The latter was clearly observed in a narrow sample. 306 

For the narrow sample (Fig. 3(d, e)), the initiation of the two damage zones and their merging 307 

occurred almost simultaneously, and the points of damage zone initiation and yielding were 308 

almost overlapped.  309 
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Herein, we discuss the molecular-scale mechanisms. From the force curves and retardation 310 

images, we schematically illustrate the damage zone geometry, network structure in the damage 311 

zone, and applied force lines in Figs. 3(c) and (f) for the corresponding points indicated in Fig. 312 

3 (a, b) and Fig. 3 (d, e) for the wide and narrow samples, respectively. The yielding process 313 

is explained as follows: at some point between “i” and “Initiation,” the sample’s stress 314 

concentration near the gauge root makes the first network strands to break, and the crack 315 

opening of the first network results in the extension of the second network strands. With 316 

substantial extension, the second network strands exhibit strain hardening, which further break 317 

the first network in the longitudinal stretching direction along with the extension of the first 318 

network crack in the lateral direction, resulting in the formation of a damage zone in the 319 

longitudinal direction behind the opened crack (Fig.3(c) and Fig.3(f)). This process repeats 320 

from “Initiation” to “Yielding.” Notably, in w-independent samples (w > 2LD,c) (Fig.3(c), 321 

Fig.4(a, b)), after the damage zone grows to a certain size (LD = LD,c), the macroscopic stress 322 

concentration originating from the gauge root shape becomes adequately negligible due to the 323 

additional support from the second network. Subsequently, the destruction of the first network 324 

rapidly progresses at the critical stress, corresponding to “Yielding.” Therefore, this w-325 

independent yielding stress can be recognized as the fracture stress of the first network without 326 

the macroscopic stress concentration effect. However, we must additionally consider the effects 327 
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of microscopic stress concentration. The triangular shape of the internal damage zone tip and 328 

the single damage zone growth path around yielding point (Fig. 3(b) “ii”) suggest that some 329 

stress concentration remains near the damage zone’s tip where the second network could not be 330 

extensively stretched (Fig. 3(c) “ii”), even though the stress distribution becomes 331 

macroscopically homogeneous. In essence, for yielding point of w-independent DN gels, the 332 

stress concentration is fully eliminated above a certain distance from the damage zone tip but 333 

not below this distance. Here, we propose an intrinsic effective crack length cI for w-334 

independent samples to quantitatively characterize such local stress concentration effect. We 335 

postulate that the length scale of this critical distance is in the same order of cI of the damage 336 

zone tip at yielding point (Fig. 3(c), Fig. 4(a, b)). cI, which influences the intrinsic yielding 337 

stress, depends on the microstructure of the DN gels. We will estimate this length cI later. 338 

On the other hand, when w is small and the two damage zones merge before reaching 339 

transition point (Fig. 4(a, b)), a larger stress concentration in the undamaged central region of 340 

the first network results in a smaller yielding stress (Fig. 2) as a result of the sample geometry 341 

(macroscopic stress concentration). 342 

 343 

3.2 Root Angle Dependence 344 
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 345 

Figure 5. Effects of stress concentration at the gauge roots on the yielding stress and yielding 346 
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mechanism. (a) Stress-strain curves of DN gels in w-independent region (w = 10 mm) with 347 

various 𝜃. (b, c) Stress-strain curves, and retardation mapping images at each nominal stress of 348 

w-independent region with 𝜃 = 15° (b), and 𝜃 = 60° (c) (Scale bars are 10 mm). (d) Yielding 349 

stress and stress at yielding initiation (Initiation stress) vs 𝜃 in w-independent region. (e) Stress-350 

strain curves of w-dependent region (w = 1.0 mm) with various 𝜃. (f) Yielding (Initiation) stress 351 

vs 𝜃 in w-dependent region. In these experiments, we used DN3-4 gels with L = 16 mm, t = 1.0 352 

mm. 353 

 354 

In the previous sections, we found that damage zone initiation always occurs from the stress 355 

concentration area at the roots of dumbbell-shaped samples and that elongation of second 356 

network strands results in large damage zone formation, reducing the stress concentration. This 357 

stress concentration reduction effect is remarkable for enough wide w samples but becomes less 358 

effective for narrow w samples because the macroscopic stress concentration partially remained 359 

at the point where the two damage zones merge. Accordingly, the degree of the macroscopic 360 

stress concentration should not influence the intrinsic yielding stress of a wide sample, whereas 361 

the yielding stress of a narrow sample should be sensitive to the macroscopic stress 362 

concentration. We further verified this conjunction by varying the macroscopic stress 363 

concentration. As stress concentration occurs at the root of a dumbbell-shaped specimen [32] 364 
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and the root shape of the specimen determines the degree of stress concentration [33], we 365 

prepared specimens with five different root angles 𝜃 from 15° to 75° (see Table 2) to vary the 366 

stress concentration degree. The stress concentration at the edge increases as 𝜃 increases.  367 

The results of the tensile tests in the w-independent yielding region (w = 10 mm) are shown 368 

in Fig. 5 (a). The stress–strain curves before yielding and the yielding stress (~0.9 MPa) were 369 

similar, regardless of the degree of stress concentration. This is consistent with the previous 370 

results. Next, we performed birefringence measurements to identify the points of yielding 371 

initiation at 𝜃 = 15° (Fig. 5 (b)) and 𝜃 = 60° (Fig. 5 (c)). Stress at yield initiation (Initiation 372 

stress), which is obtained from the retardation mapping images, of the 𝜃 = 60° gel is lower than 373 

that of the 𝜃 = 15° gel. The value of the yielding stress and initiation stress as a function of 𝜃 374 

for the w-independent yielding region was plotted (Fig. 5 (d)). Based on the figure, the initiation 375 

stress decreases as 𝜃 increases; however, yielding stress is not affected by 𝜃. In summary, 376 

despite the dependence of the initiation stress on the macroscopic stress concentration, the final 377 

yielding stress was independent of the stress concentration for the w-independent samples. This 378 

result indicates that the surface defect, where stress can be highly concentrated, determines the 379 

initiation of yielding but does not change the yielding point of the wide samples. Therefore, the 380 

effect of defects on the yielding stress of large-width DN gels is negligible. This unique defect-381 

insensitive characteristic allows us to compare the yields of DN gels with different surface 382 
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roughness.  383 

We also investigated the effect of 𝜃 on the narrow samples in the w-dependent yielding 384 

region (w = 1.0 mm) (Fig. 5 (e)) and plotted the value of the yielding stress (= initiation stress) 385 

as a function of 𝜃 (Fig. 5 (f)). The yielding stress decreases with increasing 𝜃. This result is 386 

reasonable considering that the initiation and yielding of the narrow samples in the w-dependent 387 

yielding region nearly overlapped (Fig. 3(d)). As the stress concentration at the edge increases 388 

with the increase of 𝜃, the stress of damage zone initiation and thereby the yielding stress 389 

decrease. Therefore, the yielding stress is defect-sensitive for DN gels with a small w.   390 

These results imply that the sample gauge length and thickness do not influence the yield. 391 

This was confirmed by tensile tests of DN3-4 with varying L and t, as shown in Supporting 392 

Figs. 2 and 3. At least within the sample geometry of this study, these two parameters are 393 

negligible. This is because, yielding of DN gels is a local phenomenon and almost free to 394 

macroscopic aspect ratio. 395 

 396 

 397 

 398 

3.3. Effect of the Second Network Composition 399 
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 400 

Figure 6. Effects of the second network composition on the w dependence of yielding stress 401 

and mechanism. (a) Stress-strain curves of DN4-3 and DN4-4 with various w. (b) Yielding 402 

stress vs w. (c, d) Stress-strain curves, and retardation mapping images at each nominal stress 403 
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for the DN gels showing w-independent yielding (w = 10 mm) (c) and the w-dependent yielding 404 

(w = 1.0 mm) (d) (Scale bars are 10 mm (c) and 1.0 mm (d), respectively.).  405 

 406 

Next, we focused on the second network composition. We previously concluded that the 407 

second network stretching resulted in damage zone formation and later could suppress the 408 

macroscopic stress concentration at yielding point for large sample width (w-independent 409 

region). However, microscopic stress concentration around damage zone tip still remained and 410 

we speculated its magnitude related to the two network properties (Fig. 3 (c)). Based on this 411 

description, it can be inferred that the second network composition affects the yielding behavior. 412 

In this section, similar experiments (w = 0.75 ~ 30.0 mm, 𝜃 = 45°, L = 16 mm, t = 1.0 mm) 413 

were performed with different second network concentrations. In Figs. 2 (a) and (b), when the 414 

crosslinker density of the first network is 4 mol%, the largest difference in the yielding stresses 415 

of small w and large w was observed. From the viewpoint of visibility, we use this sample to 416 

study the effect of second network concentration. Fig. 6 (a) shows the stress-strain curves for 417 

gels fabricated with low (DN4-3) and high (DN4-4) second network concentrations with 418 

various w. Both sets of samples show a similar w dependence, intrinsic yielding stress for large 419 

w samples and a decreasing in yielding stress as w decreased before reaching an intrinsic value 420 

(Fig. 6 (b)). When w is less than 2 mm, both DN4-3 and DN4-4 exhibit almost same yielding 421 
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stress due to macroscopic stress concentration; however, when w is greater than 2 mm, DN4-4 422 

exhibits a higher yielding stress than DN4-3. Moreover, the minimum width required to show 423 

w-independent yielding stress slightly increased with the second network concentration.  424 

To investigate how the second network influences the intrinsic yielding stress shown in Fig. 425 

6(b), we conducted birefringence measurements with wide (w = 10 mm, Fig. 6(c)) and narrow 426 

(w = 1.0 mm, Fig. 6(d)) DN gels. Regardless of the second network concentration difference, 427 

the stress-strain curves of DN4-4 and DN4-3 fully overlapped before yielding initiation for both 428 

large and small w, confirming that the first network mainly carried the load before yielding 429 

initiation. During the damage zone growth process of w-independent samples, the damage zone 430 

tip opening angle of DN4-4 exceeded that of DN4-3, and the damage zone in DN4-4 propagated 431 

slower in the lateral direction than that in DN4-3 (see the retardation mapping image in Fig. 432 

6(c) ii). As a result, the critical point for the fast damage zone growth and the fusion of the 433 

damage zones, that is, the overall yielding, of DN4-4 occurred later than that of DN4-3. This 434 

result indicates that the higher-concentration second network of DN4-4 could carry more load 435 

once the first network strands ruptured, and the microscopic stress concentration at the damage 436 

zone tip decreased, thereby requiring a relatively larger critical stress and damage zone tip 437 

opening angle to propagate the damage zone. Consequently, DN4-4 showed more first network 438 

damage at the sample edges in the stretching direction and a higher intrinsic yielding stress than 439 
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DN4-3. This explains why DN4-4 exhibited a wider minimum width for w-independent 440 

yielding than DN4-3. In contrast, small w samples in the w-dependent region exhibited nearly 441 

simultaneous damage zone initiation and merging, as seen from the proximity of initiation and 442 

yielding in Fig. 6(d). The second network in the damage zone could not largely suppress the 443 

macroscopic stress concentration even at the yielding point. This explains why the yielding 444 

stress for the small-width samples did not change with the second network concentration.  445 

It's noteworthy to emphasize that our earlier investigations into the yielding behavior of DN 446 

gels utilized samples with w = 2 mm [18,20]. In these studies, the yielding points exhibited 447 

minimal variations with changes in the concentration of the second network, resulting in 448 

observed yielding stresses slightly below the intrinsic values, and independent of concentration 449 

of the second network. Building upon the insights from our current study, we propose that 450 

yielding in the prior research probably occurred within the w-dependent region.  451 

In summary, the intrinsic yielding point of DN gels is determined by both the fracture stress 452 

of first network and extent of the local stress dispersion facilitated by the second network. The 453 

structural characteristics of both networks play a crucial role in this governing mechanism.   454 

3.4. Estimation of Intrinsic Effective Crack Length 𝒄𝑰   455 

 456 

Based on the experimental observations, the quasi-static growth process of the damage zone 457 
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(step two) in the pre-yielding region homogenizes the stress distribution at the macroscale. 458 

When the macroscale stress concentration is fully eliminated, damage zones auto-acceleratingly 459 

propagate under constant stress/strain, resulting in intrinsic yielding stress/strain (step three) 460 

independent of sample width. However, a microscale stress concentration remains due to the 461 

insufficiently stretched second network around the damage zone tip. Consequently, the stress 462 

concentration is not completely eliminated, leading to a reduction in the intrinsic yielding stress, 463 

as schematically illustrated in Fig. 3(a-c). In Fig. 7, we illustrate the evolution of stress 464 

distribution with the increase in tensile strain in the pre-yielding region of a DN gel. In the 465 

damage zone, the stress is primarily carried by the second network, with the first network 466 

fragments acting as slidable crosslinkers. In the undamaged zone, the stress is mainly carried 467 

by the first network. Before yielding initiation (points i, ii), stress is fully carried by the first 468 

network. At the yield initiation point, the fracture of the first network disrupts the stress balance, 469 

causing the damage zone to rapidly advance until a certain distance where the stress balance is 470 

restored by the second network load-bearing. Once the damage zone is sufficiently expanded 471 

beyond the macroscopic stress concentration zone (point iv), the stress field at the damage zone 472 

tip stabilizes into a consistent shape. Therefore, from this point to yield, it is possible to rapidly 473 

expand the damage zone with a slight change in stress (Fig. 4(a, b)), leading to w-independence. 474 

This consistent microscopic stress concentration arises from the fact that the second network 475 

cannot strain harden near the damage zone tip (Fig. 3(c)). The magnitude of stress concentration 476 

is an intrinsic material property determined by the composition of the DN gels.  477 
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 479 
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Figure 7. Illustration of stress distribution evolution with the increase of tensile strain in the 480 

pre-yielding region of a DN gel. Since the stress distribution is symmetric, only the left half of 481 

the sample is shown. Upper: sample and damage zone shapes; middle: corresponding sample 482 

shapes at reference state; lower: stress distributions along the sample width direction. Each 483 

figure corresponds to the indicated strain (i to v) on the stress-strain curve shown at the top of 484 

the figure. The solid blue and red curves represent stress carried by the first network and the 485 

second network, respectively. The horizontal dashed lines indicate the maximum stress 486 

(breaking stress) of the first network (blue) and the second network (red). Although the critical 487 

point for the occurrence of fast damage zone growth (point iv) and the yielding point that the 488 

damage zones penetrate the whole sample almost overlapped in the stress-strain curve as 489 

observed in Fig. 4(a, b), here we showed these two points separately in the stress-strain curve 490 

on purpose for clarity.   The intrinsic effective crack length of the first network cI at the tip of 491 

damage zone is defined by Equation 5 for the yielding point. 492 

 493 

We estimate the intrinsic effective crack length cI at the tip of damage zone from the yielding 494 

point to quantitatively characterize this microscopic stress concentration effect. When a 495 

material has a crack with a length greater than its crack-insensitive length ξ, its strength 496 

decreases. According to non-linear elastic fracture mechanics [34,35], the critical energy per 497 

unit volume for material failure Wb is proportional to the fracture energy Γ of the material and 498 
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inversely proportional to the crack length c [34,35]. 499 

𝑊𝑏 ≃
𝛤

𝑐
                           (c  > ξ)       (4) 500 

In other words, once the crack propagates, Wb decreases with an increase in c, which accelerates 501 

crack propagation. This equation describes the brittle fracturing of a single network. We applied 502 

this theory to the internal fracture of DN gels to estimate cI. When the internal fracture of the 503 

first network occurs in the DN gels, the load-bearing of the second network effectively 504 

suppresses the stress concentration at the crack tip of the first network, which effectively 505 

reduces the internal crack length c. In w-independent samples near yielding point, the intrinsic 506 

effective crack length 𝑐𝐼 at the tip of damage zone, 507 

𝑐𝐼 ≃
𝛤1

𝑊𝑏,𝑦
                 (5) 508 

Here, Γ1 is the fracture energy of the first network, and Wb,y is the critical strain energy per unit 509 

volume of the first network at yielding.  Γ1 could be estimated by adopting the Lake-Thomas 510 

model [36]. The model proposes that the fracture energy is equal to the number density of 511 

polymer strands crossing the crack plane (𝑣𝑒R) multiplied by the energy required to break one 512 

bridging strand (= n𝑁𝑥𝑈𝑏), 513 

𝛤1 ≃ 𝑣𝑒𝑅𝑛𝑁𝑥𝑈𝑏          (6) 514 



36 

 

where 𝑣𝑒 is the number density of elastically effective strands, R is the end-to-end distance of 515 

the strands in the undeformed state, 𝑁𝑥 is the monomer number per strand, n is the bond number 516 

per monomer in the strand backbone, and 𝑈𝑏 is the energy required for breaking one covalent 517 

bond on the network backbone. Approximately, 𝑣𝑒𝑁𝑥 ≃ 𝐶0/𝜆𝑠
3
, where 𝐶0 is the monomeric 518 

concentration of the first network at its as-prepared state and 𝜆𝑠 is the length swelling ratio of 519 

the first network in DN gels in relative to its as-prepared state. Therefore, the intrinsic effective 520 

crack length 𝑐𝐼 relative to the end-to-end distance (mesh size) R of the first network in DN gel 521 

is 522 

 
𝑐𝐼

𝑅
≃

𝑛𝑈𝑏𝐶0

𝑊𝑏,𝑦𝜆𝑠
3                    (7) 523 

A smaller 𝑐𝐼/R value indicates more efficient suppression of stress concentration at the first 524 

network crack tip by the second network. Here, we estimate 𝑐𝐼/R using experimental parameters 525 

n = 2,  𝜆𝑠 in Table 2, and intrinsic 𝑊𝑏,𝑦 ≃
1

2
𝜎𝑦𝜀𝑦  for w-independent region (Table 4). Similar 526 

to the calculation of N in Table 1, we also assumed that 𝐶0 ≃ 1 M.  Regarding the energy for 527 

covalent bond breaking, 𝑈𝑏 , different values have been used previously [37–39]. Here, we 528 

adopt the Gibbs energy barrier ΔG‡ for force-activated bond cleavage [35]. Given a certain 529 

timescale of bond breaking (typically 10 s) under a tensile force, ΔG‡ is approximately 80 530 

kJ/mol at room temperature according to the Eyring equation [35]. We estimated 
𝑐𝐼

𝑅
 using 𝑈𝑏 = 531 

80 kJ/mol. As shown in Table 4, at the yielding point, the intrinsic effective crack length 𝑐𝐼 of 532 
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the first network was suppressed to microscopic values of approximately 10 times the mesh 533 

size R, independent of the macroscopic internal crack length or damage zone size. We observed 534 

that 
𝑐𝐼

𝑅
 increases as the first network cross-linker density increases for a fixed second network, 535 

whereas for a fixed first network,  
𝑐𝐼

𝑅
 slightly increases as the second network density decreases. 536 

These results further indicate that the increase in the second network’s relative strength could 537 

more efficiently eliminate the stress concentration at the internal crack tip of the first network 538 

and therefore enhance the yielding strength of the DN gels. By utilizing the R presented in 539 

Table 2, 𝑐𝐼 is estimated to be in the order of 100 nm for the studied DN gels (Table 4).   540 

Assuming that 𝑊𝑏  reaches the maximum 𝑊𝑏  = 𝑊∗  when the effective crack length reaches 541 

mesh size R of the network, then 𝑊∗=Γ/R. Thus,  542 

𝑊𝑏,𝑦

𝑊∗
=

𝑅

𝑐𝐼
               (8) 543 

 Equation (8) indicates that the yielding strength measured relative to the theoretical maximum 544 

strength of the first network is equal to the inverse of 
𝑐𝐼

𝑅
. As shown in Table 4, the yield strength 545 

was approximately 7–11.5% of the theoretical maximum strength. This result indicates that by 546 

increasing the microscopic load-bearing ability of the second network, the yield strength of the 547 

DN gel could further approach the maximum value, which provides insight into the design of 548 

DN gels. 549 
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 550 

 551 

 552 

 553 

4. Conclusion 554 

The pre-yielding process encompasses three distinct steps: (1) initiation of damage zone, (2) 555 

quasi-static growth of damage zone, and (3) auto-accelerated expansion of the damage zone. 556 

During the quasi-static growth step, the extensively stretched strands of the second network 557 

within the damage zone bear a significant load, effectively suppressing stress concentration on 558 

the first network near the tip of damage zone. As a result, a larger stress (indicated by a larger 559 

damage zone tip opening angle) is necessary for the propagation of the damage zone in the 560 

width direction, leading to the rupture of the first network in the stretching direction and the 561 

formation of extensive damage zones. In samples with sufficiently large widths, the second 562 

Table 4.  Intrinsic effective crack length cI of the first network at the tip of damage zone, 

estimated from  yield point of DN gels of various compositions in relative to its mesh size R. 

Nominal yield stress σy and actual yielding strain εy were taken from the w-independent 

region (w = 10 mm). εy was measured by video meter. 

DNX-Y σy (MPa) εy 𝑐𝐼

𝑅
 𝑐𝐼 (nm) 𝑊𝑏,𝑦

𝑊∗
 

DN2-4 0.44 2.55 8.7 2.1 × 102 0.115 

DN3-4 0.84 2.50 9.8 1.5 × 102 0.103 

DN4-4 1.23 2.35 10.4 1.2 × 102 0.096 

DN4-3 1.17 1.90 13.5 1.6 × 102 0.073 
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network fully supports the load within the damage zone, completely mitigating macroscopic 563 

stress concentration arising from the initial sample geometry of the first network. Further 564 

loading prompts auto-accelerated rapid growth of the damage zone under nearly constant stress 565 

and strain, culminating in yielding and necking. We define an intrinsic effective crack length 566 

(cI) in DN gels for the damaged first network, reflecting the microscopic stress concentration 567 

effect that persists in width-independent samples and determining the intrinsic elastic energy 568 

per unit volume of the first network at yielding (Wb,y). The value of cI is contingent upon the 569 

microstructure of the DN gels. For a fixed second network density, an increase in the first 570 

network density results in an elevation of cI relative to the mesh size (R) and a reduction in Wb,y 571 

relative to its theoretical maximum value (W*). Conversely, with a constant first network 572 

density, augmenting the second network concentration suppresses local stress concentration, 573 

leading to a lower cI/R or a higher Wb,y/W*. Although the DN gel strategy has achieved 574 

approximately 10% of the theoretical strength of the first network thus far, there remains room 575 

for improvement. The findings of this study contribute to a comprehensive understanding of 576 

the yielding process in DN gels and offer valuable insights for the development of even stronger 577 

and tougher DN gel materials. 578 
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 734 

Supporting Figure 1. (a) Definition of nominal and actual strain.  (b) Nominal stress vs. 735 

nominal strain and (c) nominal stress vs. actual strain curves for DN3-4 gels with widths w of 736 

10 mm and 1.0 mm, respectively.  For all samples, 𝜃 = 45°, L = 16 mm, and t = 1.0 mm. 737 
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  738 

 739 

Supporting Figure 2. Effects of sample gauge length L and thickness t on yielding behavior. 740 

(a) Stress-strain curves of DN-3,4 with various L (w = 1.0 mm, 𝜃 = 45°, t = 1.0 mm). (b) 741 

Yielding stress vs L. (c) Stress-strain curves of DN-3,4 gels with various t (w = 1.0 mm, 𝜃 = 742 
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45°, L = 16 mm). (d) Yielding stress vs t.  743 

Clearly, L and t have no significant effect on the yielding stress of the DN gels. This result is 744 

consistent with our observation that the yielding originates from the sample edge and then 745 

penetrates the width direction. However, L strongly influenced the strain before yielding. If we 746 

made nominal stress-actual strain curves with a length of 3.2 mm, 16 mm, and 32 mm 747 

(Supporting Fig. 3) to remove the effects of the grip region deformation to the strain, the three 748 

curves overlapped. Therefore, we can consider that the strain difference among the three 749 

samples with different lengths is derived from the dumbbell grip deformation, and L and t do 750 

not significantly change the yielding points. 751 

 752 

 753 

 754 

 755 

 756 

 757 
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Supporting Figure 3. (a) Nominal stress vs nominal strain curves and (b) nominal stress vs 758 

actual strain curves for a DN3-4 gel with different gauge length L of 32 mm, 16 mm and 3.2 759 

mm (w = 10 mm,  𝜃 = 45°, and t = 1.0 mm). 760 


