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ON BOUNDEDNESS OF CHARACTERISTIC CLASSES VIA
QUASI-MORPHISMS

MORIMICHI KAWASAKI AND SHUHEI MARUYAMA

Abstract. In this paper, we characterize the second bounded characteristic
classes of foliated bundles in terms of the non-descendible quasi-morphisms on
the universal covering of the structure group. As an application, we study the
boundedness of obstruction classes for (contact) Hamiltonian fibrations and
show the non-existence of foliated structures on some Hamiltonian fibrations.

1. Introduction

Let G be a connected topological group which admits the universal covering
π : G̃ → G and Gδ denote the group G with the discrete topology. Cohomology
classes of the classifying spaces BG and BGδ are considered universal characteristic
classes of principal G-bundles and foliated G-bundles (or flat G-bundles), respec-
tively. In this paper, we concentrate our interest on the characteristic classes of
degree two. The identity homomorphism ι : Gδ → G induces a continuous map
Bι : BGδ → BG and a homomorphism

Bι∗ : H2(BG;R)→ H2(BGδ;R).

In this article, an element of Im(Bι∗) is simply called a characteristic class of
foliated G-bundles. Hence, in our terminology, if a characteristic class is non-zero
for a foliatedG-bundle E, the bundle E is non-trivial not only as a foliatedG-bundle
but also as a G-bundle.

Let H2
grp(G;R) and H2

b (G;R) be the second group cohomology and second
bounded cohomology of G, respectively. Then there exists a canonical map

cG : H2
b (G;R)→ H2

grp(G;R)

called the comparison map. A group cohomology class α ∈ H2
grp(G;R) is said to

be bounded if it is in the image of cG.
Since the cohomology groupH2(BGδ;R) is canonically isomorphic toH2

grp(G;R),
we can consider the intersection

Im(cG) ∩ Im(Bι∗)

as a subspace of H2
grp(G;R). This intersection Im(cG)∩ Im(Bι∗) is the vector space

of bounded characteristic classes of foliated G-bundles.
Our main theorem stated below characterizes the space Im(cG)∩Im(Bι∗) in terms

of the homogeneous quasi-morphisms on the universal covering G̃ of G. Let Q(G̃)

and Q(G) be the vector spaces of all homogeneous quasi-morphisms on G̃ and on
G, respectively (see Subsection 3.1 for the definition). Then let π∗ : Q(G)→ Q(G̃)

be the pullback induced by π : G̃→ G.

Theorem 1.1 (Theorem 6.4). There exists an isomorphism

Q(G̃)/
(
H1

grp(G̃;R) + π∗Q(G)
) ∼=−→ Im(cG) ∩ Im(Bι∗).
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2 M. KAWASAKI AND SHUHEI MARUYAMA

The following corollary, which is mainly used in applications, immediately follows
from Theorem 1.1.

Corollary 1.2 (Corollary 6.5). Let G be a topological group whose universal cov-
ering G̃ satisfies H1

grp(G̃;R) = 0. Then there exists an isomorphism

Q(G̃)/π∗Q(G)
∼=−→ Im(cG) ∩ Im(Bι∗)

(
⊂ H2

grp(G;R)
)
.

In particular, if µ ∈ Q(G̃) does not descend to G, i.e., µ /∈ π∗Q(G), then µ gives
rise to a non-trivial element of H2

grp(G;R).

In the present paper, we apply the above results to the group of (contact) Hamil-
tonian diffeomorphisms. As an important topic of symplectic and contact topology,
many researchers have studied quasi-morphisms on these groups (see, for example,
[EP03], [GG04], [Py06b], [FOOO19], [BZ15], and [FPR18]). By combining these
outcomes with our results (Theorem 1.1 and Corollary 1.2), we obtain some results
on the ordinary group cohomology of these groups. For example, see Corollaries
2.1 and 2.2, Examples 2.4, 2.6, 2.5, and 2.7, Corollary 2.9, and Propositions A.2
and A.3.

Remark 1.3. Let G = Homeo+(S1) be the group of orientation preserving homeo-
morphisms of the circle. From a theorem of Thurston [Thu74], we haveH2

grp(G;R) =

Im(Bι∗) ∼= R · e, where e is the Euler class of Homeo+(S1). It is known that
the space Q(G̃) is spanned by Poincaré’s rotation number rot : G̃ → R, that is,
Q(G̃) ∼= R · rot (see [Ghy01]). Therefore, we have Q(G̃) ∼= H2

grp(G;R). Note that
the cohomology H2

grp(G;R) is equal to Im(Bι∗) ∩ Im(cG), since the Euler class is

bounded. Moreover, the space Q(G̃) is equal to Q(G̃)/
(
H1

grp(G̃;R) + π∗Q(G)
)
,

since G is a uniformly perfect group and G̃ is a perfect group. Thus, Theorem
1.1 can be seen as a generalization of this isomorphism to an arbitrary topological
group.

2. Applications to symplectic and contact geometry

We apply Corollary 1.2 to symplectic and contact geometry. A symplectic man-
ifold (M,ω) has the natural transformation group Ham(M,ω) called the group of
Hamiltonian diffeomorphisms [Ban97, Definition 4.2.4.], [PR14, Subsection 1.2].
A contact manifold (M, ξ) also has the natural transformation group Cont0(M, ξ)
called the group of contact Hamiltonian diffeomorphisms [Gei08].

2.1. Boundedness of characteristic classes. It is an interesting and difficult
problem to determine whether a given characteristic class is bounded. The Milnor-
Wood inequality ([Mil58], [Woo71]) implies that the Euler class of foliated SL(2,R)-
bundles (and foliated Homeo+(S1)-bundles) is bounded. It has been shown that
every element of Im(Bι∗) is bounded for every real algebraic subgroups of GL(n,R)
([Gro82]) and for every virtually connected Lie group with linear radical ([CMPSC11]).

As far as the authors know, for homeomorphism groups and diffeomorphism
groups, in contrast, the boundedness of characteristic classes is known only as in
the following specific examples.

• The Euler class of Homeo+(S1) is bounded [Woo71].
• The Godbillon-Vey class integrated along the fiber, which is a second co-

homology class of Diff+(S1), is unbounded [Thu72].
• Every non-zero cohomology class of Homeo0(R2) is unbounded [Cal04].
• Every non-zero cohomology class of Homeo0(T 2) is unbounded, where T 2

is the two-dimensional torus [MR18].
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• Some cohomology classes of Homeo0(M) are unbounded, where M is a
closed Seifert-fibered 3-manifold such that the inclusion SO(2)→ Homeo0(M)
induces an inclusion of π1(SO(2)) as a direct factor in π1(Homeo0(M))
[Man20] (see also [MN21]).

Using Corollary 1.2, we will show the boundedness and unboundedness of char-
acteristic classes on (contact) Hamiltonian diffeomorphism groups. Let us consider
the symplectic manifold (S2 × S2, ωλ) and the contact manifold (S3, ξ). The sym-
plectic form ωλ is defined by ωλ = pr∗1ω0 + λ · pr∗2ω0, where ω0 is the area form on
S2 and prj : S2 × S2 → S2 is the j-th projection. The contact structure ξ is the
standard one on S3.

To simplify the notation, we set Gλ = Ham(S2×S2, ωλ) and H = Cont0(S3, ξ).
For 1 < λ ≤ 2, we have H2(BGλ;Z) ∼= Z and H2(BH;Z) ∼= Z (see Section 6). Let
oGλ ∈ H2(BGλ;Z) and oH ∈ H2(BH;Z) be the generators (or the “primary ob-
struction classes with coefficients in Z” of Gλ-bundles and H-bundles, respectively).

Using Corollary 1.2, we can verify the difference between these classes in terms
of boundedness. For every c ∈ H2

grp(G;Z), let cR ∈ H2
grp(G;R) denote the corre-

sponding cohomology class with coefficients in R.

Corollary 2.1. The following properties hold.
(1) The cohomology class

Bι∗(oGλ)R ∈ H2
grp(Gλ;R)

is bounded.
(2) The cohomology class

Bι∗(oH)R ∈ H2
grp(H;R)

is unbounded.

We will prove Corollary 2.1 in Section 6. In order to prove Corollary 2.1, we use
Ostrover’s Calabi quasi-morphism, which is a Hamiltonian Floer theoretic invariant.

Moreover, we will show the Milnor-Wood type inequality in Section 7 (Theorem
7.1). Applying it to the obstruction class (oGλ)R, we obtain the following corollary.

Corollary 2.2. Let Σh be a closed orientable surface of genus h ≥ 1. Then there
exist infinitely many isomorphism classes of Hamiltonian fibrations over Σh with
the structure group Gλ = Ham(S2×S2, ωλ) which do not admit foliated Gλ-bundle
structures.

Remark 2.3. The boundedness of c is equivalent to the one of cR; that is, the integer
cohomology class c is bounded if and only if the real cohomology class cR is bounded
(this can be shown by the same arguments as in [CMPSC11, Lemma 29]). Hence,
the statement in Corollary 2.1 holds for the integer coefficients cohomology classes
Bι∗(oGλ) and Bι∗(oH).

Corollaries 2.1 and 2.2 will be restated in more general forms (see Corollary 6.6
and Theorem 7.2, respectively).

2.2. Cohomology of (contact) Hamiltonian diffeomorphism group. Many
researchers have constructed non-trivial cohomology classes of Ham(M,ω) and
Cont0(M, ξ) as characteristic classes of certain (contact) Hamiltonian fibrations.
For example, see [Rez97], [JK02], [GKT11], [McD04], [SS20], [Mar20], and [CS16].
Here, Ham(M,ω) and Cont0(M, ξ) are associated with the discrete topology or the
C∞-topology. Many non-trivial homogeneous quasi-morphisms on Ham(M,ω) also
have been constructed in several papers (see, for example, [BG92], [EP03], [GG04],
[Py06b], [Py06a], [McD10], [FOOO19, Theorem 1.10 (1)], [Ish14], and [Bra15]).
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From these homogeneous quasi-morphisms on Ham(M,ω), we can construct non-
trivial elements of H2

b (Ham(M,ω);R) under the canonical map

d : Q(Ham(M,ω))→ H2
b (Ham(M,ω);R)

(for the map d, see Section 3). Note that the classes obtained by this map are
trivial as ordinary group cohomology classes in H2

grp(Ham(M,ω);R).
On the other hand, using Corollary 1.2, we can construct the non-trivial sec-

ond bounded cohomology classes of Ham(M,ω) and Cont0(M, ξ), which are also
non-trivial as ordinary cohomology classes. Note that the universal coverings
H̃am(M,ω) and C̃ont0(M, ξ) are perfect groups for closed symplectic and contact
manifolds ([Ban78], [Ryb10]). Therefore, these groups satisfy the assumption in
Corollary 1.2.

In the following cases, Corollary 1.2 provides non-trivial cohomology classes in
H2

grp(Ham(M,ω);R) and H2
grp(Cont0(M, ξ);R).

Example 2.4. Ostrover [Ost06] constructed quasi-morphism µλ on H̃am(S2 ×
S2, ωλ) for λ > 1. The homogeneous quasi-morphism µλ does not descend to
Ham(S2 × S2, ωλ) (Proposition 3.2). Hence, we obtain a non-trivial cohomology
class of Ham(S2 × S2, ωλ) from µλ.

Example 2.5. Ostrover and Tyomkin [OT09] constructed two homogeneous quasi-
morphisms µ1, µ2 : H̃am(M,ω) → R, where (M,ω) is the 1-point blow-up of CP 2

with some toric Fano symplectic form. The restrictions of µ1, µ2 to π1 (Ham(M,ω))
are linearly independent. Hence, Corollary 1.2 implies the dimension ofH2

grp (Ham(M,ω);R)
is greater than one.

Example 2.6. Fukaya, Oh, Ohta, and Ono [FOOO19, Theorem 1.10 (3)] con-
structed quasi-morphisms on H̃am(M,ω), where (M,ω) is the k-points blow-up of
CP 2 with some toric symplectic form, where k ≥ 2. Their quasi-morphisms do
not descend to Ham(M,ω) [FOOO19, Theorem 30.13]. Hence, we can construct a
non-trivial element of H2

grp (Ham(M,ω);R) from their quasi-morphisms.

Example 2.7. Givental [Giv90] constructed a homogeneous quasi-morphism µ

on C̃ont0(RP 2n+1, ξ) that is called the non-linear Maslov index (see also [Sim07],
[BZ15]). This quasi-morphism µ does not descend to Cont0(RP 2n+1, ξ). Hence, we
can obtain a non-trivial element of H2

grp(Cont0(RP 2n+1, ξ);R).

In Section 6, we also prove the following corollary.

Corollary 2.8. Let (M,ω) be a closed symplectic manifold. Then there exists an
injective homomorphism

db : Q(H̃am(M,ω))→ H2
b (Ham(M,ω);R).

In [She14], for every closed symplectic manifold (M,ω), Shelukhin constructed
a non-trivial homogeneous quasi-morphism µS : H̃am(M,ω) → R. Therefore, the
following corollary follows from Corollary 2.8.

Corollary 2.9. For every closed symplectic manifold (M,ω), the bounded coho-
mology group H2

b (Ham(M,ω);R) is non-zero.

Remark 2.10. Quasi-morphisms in [EP03], [Ost06], [OT09], [McD10], [FOOO19],
[Ush11], [Bor13], [Cas17], and [Via18] are constructed via the Hamiltonian Floer
theory. As good textbooks on this topic, we refer the reader to [PR14] and
[FOOO19].
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Disclaimer 2.11. Throughout the present paper, we tacitly assume that topo-
logical group G is path-connected, locally path-connected, and semilocally simply
connected. In particular, every topological group G in the present paper admits
the universal covering π : G̃→ G.

2.3. Organization of the paper. Section 3 collects preliminary facts. Section 4
and Section 5 are devoted to showing an isomorphism theorem (Theorem 5.4) for
an arbitrary group extension. In Section 6, we prove Theorem 1.1 by applying the
isomorphism theorem to a topological group and its universal covering. We provide
applications in Section 7 and Section 8. In Section 7, we prove a Milnor-Wood type
inequality and show the non-existence of foliated structures on Hamiltonian fibra-
tions. In Section 8, we consider an extension problem of homomorphisms on π1(G)

to G̃. In Appendix A, we provide examples of non-trivial (contact) Hamiltonian
fibrations.

3. Preliminaries

3.1. (Bounded) group cohomology and quasi-morphism. We briefly review
the (bounded) cohomology of (discrete) group and the quasi-morphism. Let G be
a group and A be an abelian group. Further, let Cngrp(G;A) denote the set of n-
cochains c : Gn → A. The coboundary map δ : Cngrp(G;A)→ Cn+1

grp (G;A) is defined
by

δc(g1, · · · , gn+1)

= c(g2, · · · , gn+1) +

n∑
i=1

(−1)ic(g1, · · · , gigi+1, · · · , gn+1) + (−1)n+1c(g1, · · · , gn),

where c ∈ Cngrp(G;A) and g1, · · · , gn+1 ∈ G. The cohomology H•grp(G;A) of the
cochain complex (C•grp(G;A), δ) is called the (ordinary) group cohomology of G.

It is known that the cohomology of group G is canonically isomorphic to the
cohomology of classifying space BGδ of discrete group Gδ. This isomorphism is
given by an isomorphism of cochains (see, for example, [Dup78]). Under this iso-
morphism, we identify H•(BGδ;A) with H•grp(G;A).

Let A = Z or R, and let Cnb (G;A) denote the set of bounded n-cochains, i.e.,
c ∈ Cngrp(G;A) such that

‖c‖∞ = sup
g1,...,gn∈G

|c(g1, . . . , gn)| < +∞.

The cohomologyH•b (G,A) of the cochain complex (C•b (G;A), δ) is called the bounded
cohomology of G. The inclusion map from C•b (G;A) to C•grp(G;A) induces the ho-
momorphism cG : H•b (G;A)→ H•grp(G;A), which is called the comparison map.

Definition 3.1. A real-valued function µ on a group G is called a quasi-morphism
if

D(µ) = sup
g,h∈G

|µ(gh)− µ(g)− µ(h)|

is finite. The value D(µ) is called the defect of µ. A quasi-morphism µ on G is
called homogeneous if µ(gn) = nµ(g) for all g ∈ G and n ∈ Z. Let Q(G) denote the
real vector space of homogeneous quasi-morphisms on G.

It is known that every homogeneous quasi-morphism is conjugation-invariant;
that is, µ ∈ Q(G) satisfies

µ(ghg−1) = µ(h)(3.1)

for every g, h ∈ G (see, for example, [Cal09, Section 2.2.3]).
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By definition, the coboundary δµ of a homogeneous quasi-morphism µ ∈ Q(G)
defines a bounded two-cocycle on G. This induces the following exact sequence:

0→ H1
grp(G;R)→ Q(G)

d−→ H2
b (G;R)

cG−−→ H2
grp(G;R)(3.2)

(see, for example, [Cal09, Theorem 2.50]).
The following property of homogeneous quasi-morphisms is important in the

present paper:

(3.3) µ(fg) = µ(f) + µ(g) = µ(gf) for every f, g ∈ G with fg = gf

(see, for example, [PR14, Proposition 3.1.4]).
In the present paper, we often use Ostrover’s Calabi quasi-morphism, so we

explain it here. Let (S2×S2, ωλ) be the symplectic manifold defined in Subsection
2.1. Entov and Polterovich [EP03] constructed a homogeneous quasi-morphism µ1

on H̃am(S2 × S2, ω1) using the Hamiltonian Floer theory. More precisely, µ1 was
constructed as the homogenization of Oh-Schwarz’s spectral invariants ([Sch00],
[Oh05]), which is a Hamiltonian Floer theoretic invariant. (See also Remark 2.10.)
They also proved that µ1 descends to Ham(S2 × S2, ω1).

After their work, Ostrover [Ost06] applied Entov and Polterovich’s idea to H̃am(S2×
S2, ωλ) for λ > 1 and studied a quasi-morphism µλ : H̃am(S2 × S2, ωλ) → R. In
contrast to Entov-Polterovich quasi-morphisms, Ostrover’s Calabi quasi-morphism
µλ does not descend to Ham(S2 × S2, ωλ).

Proposition 3.2 ([Ost06]). For λ > 1, there exists g̃ ∈ π1(Ham(S2×S2, ωλ)) such
that µ(g̃) 6= 0. In particular, µλ does not descend to Ham(S2 × S2, ωλ).

3.2. Characteristic classes. For a fibration, the primary obstruction class is de-
fined as an obstruction to the construction of a cross-section. We briefly recall the
definition of the obstruction class via the Serre spectral sequence (see [Whi78] for
details). Let F → E → B be a fibration. For simplicity, we suppose the follow-
ing: the base space B is one-connected, the fiber F is path-connected, and the
fundamental group π1(F ) is abelian. Further, let (Ep,qr , dp,qr ) be the Serre spectral
sequence with coefficients in π1(F ). Since B is one-connected, every local coefficient
system on B is simple, and therefore we have

Ep,q2
∼= Hp(B;Hq(F ;π1(F ))).

Hence, we obtain E2,0
2
∼= H2(B;π1(F )) and E0,1

2
∼= H1(F ;π1(F )). Since the co-

homology group H1(F ;π1(F )) is isomorphic to Hom(π1(F );π1(F )), the derivation
map d0,1

2 : E0,1
2 → E2,0

2 defines a map

d0,1
2 : Hom(π1(F ), π1(F ))→ H2(B;π1(F )),

where here we abuse the symbol d0,1
2 .

We are now ready to state the definition of the primary obstruction class of
fibrations.

Definition 3.3. Let F → E → B be a fibration such that B is one-connected,
F is path-connected, and π1(F ) is abelian. Further, let (Ep,qr , dp,qr ) be the Serre
spectral sequence of this fibration. The cohomology class o(E) = −d0,1

2 (idπ1(F )) ∈
H2(B;π1(F )) is called the primary obstruction class of E, where idπ1(F ) ∈ Hom(π1(F ), π1(F ))
is the identity homomorphism.

Remark 3.4. It is known that the above definition is equivalent to the classical
definition of the obstruction class for the construction of a cross-section (see, for
example, [Whi78, (6.10) Corollary in Chapter VI and (7.9*) Theorem in Chapter
XIII]).
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By the naturality of the spectral sequence, the primary obstruction class is a
characteristic class. Its universal element o is given as the primary obstruction
class of the principal universal bundle G → EG → BG. Note that the classifying
space BG is one-connected and π1(G) is abelian.

Remark 3.5. The class o is also obtained as follows. By taking classifying spaces
of the exact sequence 0→ π1(G)→ G̃→ G→ 1, we obtain the following fibration:

Bπ1(G)→ BG̃→ BG.(3.4)

Note that the fundamental group of Bπ1(G) is isomorphic to π1(G), which is
abelian. Then the primary obstruction class of fibration (3.4) is the class o ∈
H2(BG;π1(G)).

Let f : π1(G)→ R be a homomorphism and

f∗ : H•(−;π1(G))→ H•(−;R)

denote the change of coefficients homomorphism. Further, let (Ep,qr , dp,qr ) be the
Serre spectral sequence of (3.4) with coefficients in R. Since E0,1

2
∼= H1(Bπ1(G);R) ∼=

Hom(π1(G);R) and E2,0
2
∼= H2(BG;R), the derivation d0,1

2 : E0,1
2 → E2,0

2 defines a
homomorphism

d0,1
2 : Hom(π1(G),R)→ H2(BG;R).

Proposition 3.6. Let (Ep,qr , dp,qr ) be the Serre spectral sequence of (3.4) with coef-
ficients in R. For a homomorphism f : π1(G)→ R, the equality

−d0,1
2 (f) = f∗o ∈ H2(BG;R)

holds.

Proof. Let (E
′p,q
r , d

′p,q
r ) be the Serre spectral sequence of (3.4) with coefficients in

π1(G). Then the equality −d
′0,1
2 (idπ1(G)) = o holds. Since the derivation maps in

the Serre spectral sequence are compatible with the change of coefficients homo-
morphisms, we have the following commutative diagram:

Hom(π1(G), π1(G)) ∼= E
′0,1
2

d
′0,1
2 //

f∗

��

E
′2,0
2
∼= H2(BG;π1(G))

f∗

��
Hom(π1(G),R) ∼= E0,1

2

d0,12 // E2,0
2
∼= H2(BG;R).

Since f = f∗(idπ1(G)), we obtain

−d0,1
2 (f) = −d0,1

2 (f∗(idπ1(G))) = f∗(−d
′0,1
2 (idπ1(G))) = f∗o

and the proposition follows. �

Remark 3.7. Let (Ep,qr , dp,qr ) be the Serre spectral sequence of (3.4) with coefficients
in R. Then the map d0,1

2 is an isomorphism. Indeed, the E2-page of the spectral
sequence induces an exact sequence

0→ H1(BG;R)→ H1(BG̃;R)→ H1(Bπ1(G);R)

d0,12−−→ H2(BG;R)→ H2(BG̃;R).

Since G̃ is one-connected, the classifying space BG̃ is two-connected. Hence, the
cohomology groups H1(BG̃;R) and H2(BG̃;R) are trivial, which implies that the
derivation map d0,1

2 is an isomorphism. In particular, the class f∗o = −d0,1
2 (f) is

non-zero if and only if the homomorphism f is non-zero.
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4. Construction of group cohomology classes

Let us consider an exact sequence

1→ K
i−→ Γ

π−→ G→ 1(4.1)

of discrete groups.

Definition 4.1. A subspace C(Γ) of C1(Γ;A) is defined by

C(Γ) = {F ∈C1
grp(Γ;A)

| F (kγ) = F (γk) = F (γ) + F (k) for every γ ∈ Γ, k ∈ K}.(4.2)

We define a map D : C(Γ)→ C2
grp(G;A) by setting

D(F )(g1, g2) = F (γ2)− F (γ1γ2) + F (γ1),

where γj is an element of Γ satisfying π(γj) = gj .

Lemma 4.2. The map D : C(Γ)→ C2
grp(G;A) is well-defined.

Proof. Let γ′j be another element of Γ satisfying π(γ′j) = gj . Then there exist
k1, k2 ∈ K satisfying γ′1 = k1γ1 and γ′2 = γ2k2. By the definition of C(Γ), we have

F (γ′2)− F (γ′1γ
′
2) + F (γ′1)

= F (γ2k2)− F (k1γ1γ2k2) + F (k1γ1)

= (F (γ2) + F (k2))− (F (k1) + F (γ1γ2) + F (k2)) + (F (k1) + F (γ1))

= F (γ2)− F (γ1γ2) + F (γ1).

This implies the well-definedness of the map D. �

Lemma 4.3. For every F ∈ C(Γ), the cochain D(F ) is a cocycle.

Proof. Since π∗D(F ) = −δF by the definition of D(f), we have

π∗(δD(F )) = −δδF = 0.

From the surjectivity of π : Γ→ G, we have δD(F ) = 0. �

Definition 4.4. A homomorphism d : C(Γ)→ H2
grp(G;A) is defined by

d(F ) = [D(F )] ∈ H2
grp(G;A).

For an element F of C(Γ), the restriction F |K = i∗F to K is a homomorphism.
Moreover, F |K is Γ-invariant, since

F (γ−1kγ) = F (γ · γ−1kγ)− F (γ) = F (kγ)− F (γ) = F (k).

Let H1
grp(K;A)Γ denote the space of Γ-invariant homomorphisms from K to A.

Then the restriction to K defines a homomorphism i∗ : C(Γ)→ H1
grp(K;A)Γ.

Lemma 4.5. The homomorphism i∗ : C(Γ)→ H1
grp(K;A)Γ is surjective.

Proof. Let s : G→ Γ be a section of p : Γ→ G satisfying s(1G) = 1Γ, where 1G ∈ G
and 1Γ ∈ Γ are the unit elements of G and Γ, respectively. Since γ · s(π(γ))−1 is
in Ker(π : Γ→ G), we regard γ · s(π(γ))−1 as an element of K under the injection
i : K → Γ. For an element f of H1

grp(K;A)Γ, define fs : Γ→ A by

fs(γ) = f(γ · s(π(γ))−1).

Note that the restriction of fs to K is equal to f . Moreover, the equalities

fs(kγ) = f(kγ · s(π(kγ))−1) = f(kγ · s(π(γ))−1)

= fs(k) + fs(γ · s(π(kγ))−1) = fs(k) + fs(γ)
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and

fs(γk) = f(γk · s(π(γk))−1) = f(γk · s(π(γ))−1)

= f(γkγ−1) + fs(γ · s(π(kγ))−1)

= f(k) + fs(γ · s(π(kγ))−1)

= fs(k) + fs(γ · s(π(kγ))−1) = fs(k) + fs(γ)

hold, where we use the Γ-invariance of f in the second equalities. Hence, fs belongs
to C(Γ) and the surjectivity follows. �

For sequence (4.1), there is an exact sequence

0→ H1
grp(G;R)

π∗−→ H1
grp(Γ;R)

i∗−→ H1
grp(K;R)Γ

τ−→ H2
grp(G;R)

π∗−→ H2
grp(Γ;R)(4.3)

called the five-term exact sequence. This five-term exact sequence is obtained from
the Hochschild-Serre spectral sequence (Ep,qr , dp,qr ) of (4.1), and the map τ is the
derivation d0,1

2 : E0,1
2 = H1

grp(K;R)Γ → E2,0
2 = H2

grp(G;R).

Lemma 4.6. The diagram

C(Γ)

d

''
i∗

��
H1

grp(K;A)Γ
τ
// H2

grp(G;A).

commutes.

Proof. By Definition 4.4 and Proposition 4.7 below, the commutativity follows. �

Proposition 4.7 ([NSW08, (1.6.6) Proposition]). For every Γ-invariant homomor-
phism f ∈ H1

grp(K;A)Γ, there exist a one-cochain F : Γ→ A such that i∗F = f and
a cocycle c ∈ C2

grp(G;A) satisfying c(π(γ1), π(γ2)) = δF (γ1, γ2) for every γ1, γ2 ∈ Γ.
Moreover, the class τ(f) is equal to [c] ∈ H2

grp(G;A).

5. A diagram via bounded cohomology and quasi-morphism

From this section, we mainly consider cohomology with coefficients in R. In
this section, we refine the commutative diagram in view of bounded cohomology
and homogeneous quasi-morphism. Recall that a cohomology class α ∈ H2

grp(G;R)

is called bounded if α is in the image of the comparison map cG : H2
b (G;R) →

H2
grp(G;R).

Proposition 5.1. There is a commutative diagram

C(Γ) ∩Q(Γ)
db //

d

''
i∗

��

H2
b (G;R)

cG

��
H1

grp(K;R)G
τ
// H2

grp(G;R).

Proof. Let F be an element of C(Γ) ∩ Q(Γ). Then the cocycle D(F ) is bounded,
since F is a quasi-morphism and D(F )(g1, g2) = F (γ2) − F (γ1γ2) + F (γ1) for
every g1, g2 ∈ G and their lifts γ1, γ2 ∈ Γ. Hence, the homomorphism D : C(Γ) →
C2

grp(G;R) induces a homomorphism

db : C(Γ) ∩Q(Γ)→ H2
b (G;R).

By the definition of the comparison map cG, we have d = cG ◦ db. �
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Remark 5.2. An exact sequence

0→ A
i−→ Γ

π−→ G→ 1

(or simply Γ) is called a central extension if the image i(A) is contained in the
center of Γ. For a central extension Γ, the space Q(Γ) is contained in C(Γ). Indeed,
by definition, we have aγ = γa for every a ∈ A and γ ∈ Γ. Hence, by (3.3), every
homogeneous quasi-morphism µ ∈ Q(Γ) satisfies

µ(aγ) = µ(γa) = µ(a) + µ(γ).

This implies that Q(Γ) ⊂ C(Γ). Moreover, every homomorphism f : A → R is Γ-
invariant, since γ−1aγ = aγ−1γ = a for every γ ∈ Γ and every a ∈ A. From the
above together with Proposition 5.1, we obtain the following commutative diagram:

Q(Γ)
db //

d

&&
i∗

��

H2
b (G;R)

cG

��
H1

grp(A;R)
τ
// H2

grp(G;R)

for a central extension 0→ A→ Γ→ G→ 1.

Lemma 5.3. Let µ be a homogeneous quasi-morphism on Γ whose restriction to
K is a homomorphism. Then µ is contained in C(Γ).

Proof. For every γ ∈ Γ, k ∈ K, and n ∈ N, the equalities

(kγ)n = k · γkγ−1 · γ2kγ−2 · · · · · γn−1kγ−(n−1) · γn

and

(γk)n = γn · γ−(n−1)kγn−1 · · · · · γ−2kγ2 · γ−1kγ · k

hold. By (3.1), the restriction µ|K is Γ-invariant. Hence, we have

µ(k · γkγ−1 · γ2kγ−2 · · · · · γn−1kγ−(n−1)) = µ(kn)

and

µ(γ−(n−1)kγn−1 · · · · · γ−2kγ2 · γ−1kγ · k) = µ(kn).

These equalities imply that

n · |µ(kγ)− µ(k)− µ(γ)| = |µ((kγ)n)− µ(kn)− µ(γn)| < D(µ)

and

n · |µ(γk)− µ(γ)− µ(k)| = |µ((γk)n)− µ(γn)− µ(kn)| < D(µ).

From these, we obtain µ(kγ) = µ(k) + µ(γ) and µ(γk) = µ(γ) + µ(k). �

Theorem 5.4. The homomorphism d : C(Γ)→ H2
grp(G;R) induces an isomorphism

(C(Γ) ∩Q(Γ))/(H1
grp(Γ;R) + π∗Q(G))→ Im(τ) ∩ Im(cG).
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Proof. Let us consider the following commutative diagram whose rows and columns
are exact:

H1(K;R)Γ // Q(K)Γ // H2
b (K;R)Γ

H1(Γ;R)

OO

// Q(Γ)

OO

d // H2
b (Γ;R)

OO

// H2(Γ;R)

H1(G;R)

OO

// Q(G)

π∗

OO

// H2
b (G;R)

π∗

OO

cG // H2(G;R)

π∗

OO

0

OO

H1(K;R)Γ,

τ

OO

where the exactness of the third column was shown in [Bou95]. By the definition of
db, we have π∗db(µ) = d(µ) for µ ∈ C(Γ) ∩Q(Γ). Hence, the map π∗ : H2

b (G;R)→
H2
b (Γ;R) gives an isomorphism

π∗ : H2
b (G;R)

∼=−→ d(C(Γ) ∩Q(Γ)).

Then, in this diagram, the map d is given as the composite

cG ◦ (π∗)−1 ◦ d : C(Γ) ∩Q(Γ)→ H2
grp(G;R).

The equality Ker(d) = H1
grp(Γ;R) + π∗Q(G) is verified by a diagram chasing

argument. By Lemma 5.3 and a diagram chasing argument, the surjectivity of the
map d : C(Γ) ∩Q(Γ)→ Im(τ) ∩ Im(cG) also follows. �

Remark 5.5. For a central extension Γ ofG, the homomorphism d : C(Γ)→ H2(G;R)
induces an isomorphism

Q(Γ)/(H1
grp(Γ;R) + π∗Q(G))→ Im(τ) ∩ Im(cG),

since C(Γ) ∩Q(Γ) = Q(Γ) (see Remark 5.2).

6. On topological groups

6.1. General topological groups. Let G be a topological group and π : G̃ → G
be its universal covering. Since the exact sequence

0→ π1(G)
i−→ G̃

π−→ G→ 1(6.1)

is a central extension ([Pon86, Theorem 15])), Remark 5.2 gives the commutative
diagram

Q(G̃)
db //

d

''
i∗

��

H2
b (G;R)

cG

��
H1

grp(π1(G);R)
τ
// H2

grp(G;R)

.(6.2)

Moreover, from Remark 5.5, the homomorphism d : Q(G̃)→ H2
grp(G;R) induces

an isomorphism

Q(G̃)/(H1
grp(G̃;R) + π∗Q(G))→ Im(τ) ∩ Im(cG).(6.3)

In this section, we clarify the relation between the class d(µ) ∈ H2
grp(G;R) and

the primary obstruction class o ∈ H2(BG;π1(G)).
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By taking the classifying spaces of (6.1), we obtain a commutative diagram of
fibrations

Bπ1(G) // BG̃δ //

��

BGδ

Bι

��
Bπ1(G) // BG̃ // BG.

In what follows, we regard the pullback Bι∗ : H•(BG;R) → H•(BGδ;R) as a
homomorphism

Bι∗ : H•(BG;R)→ H•grp(G;R)

under the isomorphism H•(BGδ;R) ∼= H•grp(G;R).

Lemma 6.1. Let (Ep,qr , dp,qr ) be the R-coefficients cohomology Serre spectral se-
quence of the fibration Bπ1(G)→ BG̃→ BG. Then the equality

Bι∗ ◦ d0,1
2 = τ : H1

grp(π1(G);R)→ H2
grp(G;R)

holds, where we identify E0,1
2 = H1(Bπ1(G);R) with H1

grp(π1(G);R).

Proof. Let (δEp,qr , δdp,qr ) be the Hochschild-Serre spectral sequence of central ex-
tension (6.1). Note that the spectral sequence (δEp,qr , δdp,qr ) is isomorphic to the
Serre spectral sequence of the fibration Bπ1(G)→ BG̃δ → BGδ (see, for example,
[Ben91]). Since the map τ is equal to the derivation map δd0,1

2 by definition, the
naturality of the Serre spectral sequence implies that

Bι∗ ◦ d0,1
2 = δd0,1

2 = τ,

and the lemma follows. �

Corollary 6.2. Let o ∈ H2(BG;R) be the primary obstruction class for G-bundles.
Then, for every homogeneous quasi-morphism µ ∈ Q(G̃), the equality

d(µ) = −Bι∗((µ|π1(G))∗o)

holds.

Proof. Let (Ep,qr , dp,qr ) be the Serre spectral sequence as in Lemma 6.1. Using
Proposition 3.6, we obtain

Bι∗ ◦ d0,1
2 (µ|π1(G)) = −Bι∗((µ|π1(G))∗o).

On the other hand, using Lemma 6.1 and commutative diagram (6.2), we obtain

Bι∗ ◦ d0,1
2 (µ|π1(G)) = τ(µ|π1(G)) = τ(i∗(µ)) = d(µ).

Hence, the equality d(µ) = −Bι∗((µ|π1(G))∗o) holds. �

Corollary 6.3. If H1(G̃;R) is trivial, then the homomorphism

Bι∗ : H2(BG;R)→ H2
grp(G;R)

is injective.

Proof. From the five-term exact sequence

0→ H1
grp(G;R)→ H1

grp(G̃;R)→ H1
grp(π1(G);R)

τ−→ H2
grp(G;R)→ H2

grp(G̃;R),

the triviality of H1
grp(G̃;R) implies the injectivity of the map τ . Hence, Lemma 6.1

and Remark 3.7 imply that the map Bι∗ is injective. �
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Theorem 6.4. The homomorphism d : Q(G̃) → H2
grp(G;R) induces an isomor-

phism
Q(G̃)/(H1

grp(G̃;R) + π∗Q(G))→ Im(Bι∗) ∩ Im(cG).

Proof. The equality
Im(Bι∗) = Im(τ)

holds by Lemma 6.1 and Remark 3.7. Hence, isomorphism (6.3) implies the theo-
rem. �

The following corollary immediately follows from Theorem 6.4.

Corollary 6.5. If the first cohomology H1
grp(G̃;R) is trivial, then the homomor-

phism d induces an isomorphism

Q(G̃)/π∗Q(G)→ Im(Bι∗) ∩ Im(cG).

In particular, if µ ∈ Q(G̃) does not descend to G, then the class d(µ) ∈ H2
grp(G;R)

is non-zero.

By using Corollaries 6.2 and 6.3, and Theorem 6.4, we can obtain the following
corollary.

Corollary 6.6. Let G be a topological group and G̃ be its universal covering.

(1) Suppose µ : G̃ → R is a homogeneous quasi-morphism which does not de-
scend to G and denote the primary obstruction class of G by o ∈ H2(BG;π1(G)).
Then the cohomology class

Bι∗(((µ|π1(G))∗o)R) ∈ H2
grp(G;R)

is bounded. Here, (µ|π1(G))∗ : H2(BG;π1(G)) → H2(BG;R) is the change
of coefficients homomorphism induced by µ|π1(G) : π1(G)→ R.

(2) Assume that the space Q(G̃) is trivial. Then, for every non-zero element c
of H2(BG;R), the cohomology class

(Bι)∗(c) ∈ H2
grp(G;R)

is unbounded.

6.2. Hamiltonian and contact Hamiltonian diffeomorphism groups. We
set Gλ = Ham(S2×S2, ωλ) and H = Cont0(S3, ξ). For 1 < λ ≤ 2, it is known that
π1(Gλ) ∼= Z× Z/2Z× Z/2Z ([Anj02]) and π1(H) ∼= Z ([Eli92]). From Remark 3.7,
we have

H2(BGλ;Z) ∼= H1(Bπ1(Gλ);Z) ∼= Hom(π1(Gλ),Z) ∼= Z

and
H2(BH;Z) ∼= H1(Bπ1(H);Z) ∼= Hom(π1(H),Z) ∼= Z.

Let oH be the primary obstruction class of H-bundles, which is a generator of
H2(BH;Z). The primary obstruction class o ofGλ-bundles is defined as the identity
homomorphism in H2(BGλ;π1(Gλ)) ∼= Hom(π1(Gλ), π1(Gλ)). Let

φ : π1(Gλ) ∼= Z× Z/2Z× Z/2Z→ Z(6.4)

be the homomorphism sending (n, a, b) ∈ Z× Z/2Z× Z/2Z to n ∈ Z. We set

oGλ = φ∗o ∈ H2(BGλ;Z).

Then the class oGλ is a generator of H2(BGλ;Z).
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Proof of Corollary 2.1. First, we prove (1). Recall that the restriction µλ|π1(Gλ) of
Ostrover’s Calabi quasi-morphism is a non-trivial homomorphism to R (Proposition
3.2). Hence, there exists a non-zero constant a such that

φ = aµλ|π1(Gλ) : π1(Gλ)→ R,

where φ is the homomorphism given by (6.4). Therefore, we have

Bι∗(oGλ)R = a ·Bι∗((µ|π1(Gλ))∗o)R.

Since Ostrover’s Calabi quasi-morphism does not descend to Gλ, Corollary 6.6 (1)
gives that the class Bι∗(oGλ)R is bounded.

Next, we prove (2). Because the universal covering group H̃ = C̃ont0(S3, ξ) is
a uniformly perfect group (see [FPR18, Corollary 3.6 and Remark 3.7]), we have
Q(H̃) = 0. By Corollary 6.6 (2), the class Bι∗(oH)R is unbounded. �

In Section 7, we provide another proof of Corollary 2.1 (2) by using a Milnor-
Wood type inequality (Theorem 7.1) instead of Corollary 6.6 (2) (see Remark 7.4).

We end this section with the proof of Corollary 2.8. For this purpose, we need
the following lemma.

Lemma 6.7. For every topological group G whose universal covering group G̃ sat-
isfies H1

grp(G̃;R) = 0, the map

db : Q(G̃)→ H2
b (G;R)

is injective.

Proof. Using exact sequence (3.2) and the assumption H1
grp(G̃;R) = 0, we obtain

that the map Q(G̃)→ H2
b (G̃;R) is injective. Hence, for every homogeneous quasi-

morphism µ ∈ Q(G̃), the bounded cohomology class [δµ] ∈ H2
b (G̃;R) is non-zero.

Since
π∗(db(µ)) = [δµ] ∈ H2

b (G̃;R),

where π∗ : H2
b (G;R) → H2

b (G̃;R) is the homomorphism induced by the universal
covering π : G̃→ G, the class db(µ) is also non-zero. �

Proof of Corollary 2.8. Because H̃am(M,ω) is a perfect group ([Ban78]), Lemma
6.7 implies Corollary 2.8. �

7. Milnor-Wood type inequality and bundles with no flat structures

In this section, we show the existence of bundles over a surface which do not
admit foliated (flat) structures. To this end, first we introduce a Milnor-Wood type
inequality.

Let c be a universal characteristic class of foliated principal G-bundles. Then the
characteristic class c is given as an element in H2(BGδ;R). For a foliated principal
G-bundle G → E → B, the characteristic class c(E) of E associated with c is
defined by

c(E) = f∗c ∈ H2(B;R),

where f : B → BGδ is the classifying map of E.
Let Σh denote a closed oriented surface of genus h ≥ 1 and G → E → Σh be a

foliated G-bundle. Further, let ρ : π1(Σh)→ G be the holonomy homomorphism of
the bundle E. Then the classifying map of the bundle E is given by

Bρ : Σh ' Bπ1(Σh)→ BGδ.
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Theorem 7.1. Let c be an element of Im(cG) ∩ Im(Bι∗) and [Σh] ∈ H2(Σh;Z)
be the fundamental class of Σh. Further, let G → E → Σh be a foliated principal
G-bundle. Then

|〈c(E), [Σh]〉| ≤ D(µ)(4h− 4),

where µ ∈ Q(G̃) is a homogeneous quasi-morphism satisfying d(µ) = c.

Proof. By Theorem 6.4, there exists a homogeneous quasi-morphism µ ∈ Q(G̃)
satisfying d(µ) = [D(µ)] = c. Since π∗D(µ) = δµ, we have

‖D(µ)‖∞ = ‖δµ‖∞ = D(µ).

In particular, we have ‖d(µ)‖∞ ≤ D(µ). Let ρ : π1(Σh) → G be a the holonomy
homomorphism associated with the foliated bundle G → E → Σh. Since the
operator norm of ρ∗ : H2

b (G;R)→ H2
b (π1(Σh);R) is less than or equal to 1, we have

‖ρ∗(d(µ))‖∞ ≤ ‖d(µ)‖∞ ≤ D(µ).

Note that the bounded cohomology of a topological space X is isometrically isomor-
phic to the bounded cohomology of the fundamental group π1(X) [Gro82]. Hence,
we have

‖c(E)‖∞ = ‖ρ∗(d(µ))‖∞ ≤ D(µ).

Let ‖Σh‖ denote the simplicial volume of Σh. Then we have |〈c, [Σh]〉| ≤ ‖c‖∞‖Σh‖
([Fri17, Proposition 7.10]). Finally, we obtain the inequality

|〈c(E), [Σh]〉| ≤ ‖c‖∞‖Σh‖ ≤ D(µ)(4h− 4).

�

Theorem 7.2. Let G be a topological group and Σh be a closed surface of genus
h ≥ 1. Assume that there exists a homogeneous quasi-morphism µ ∈ Q(G̃) and γ ∈
π1(G) satisfying µ(γ) 6= 0. Then there exist infinitely many isomorphism classes of
principal G-bundles over Σh which do not admit foliated G-bundle structures.

Proof. We normalize the homogeneous quasi-morphism µ as µ(γ) = 1 by a non-zero
constant multiple. If we set c = d(µ) = Bι∗((µ|π1(G))∗o) ∈ H2(BGδ;R), then c
belongs to Im(cG) ∩ Im(Bι∗). Assume that a principal G-bundle E → Σh admits
a foliated structure. Then there exists a continuous map fδ : Σh → BGδ such that
f = Bι ◦ fδ, where f : Σh → BG is the classifying map of E. Let Eδ be the foliated
G-bundle on Σh induced by fδ. Then

c(Eδ) = f∗δ c = f∗δ (Bι∗µ∗o) = µ∗(f
∗
δBι

∗o) = µ∗(f
∗o) = µ∗o(E).

Hence, Theorem 7.1 gives that

(7.1) 〈(µ|π1(G))∗o(E), [Σh]〉 = 〈c(Eδ), [Σh]〉 ≤ D(µ)(4h− 4).

For each n ∈ Z, we now construct a principal G-bundle En over Σh whose
characteristic number 〈(µ|π1(G))∗o(En), [Σh]〉 = n. Let us fix a triangulation T
of Σh and take a triangle ∆ ∈ T . For n ∈ Z, we also take a loop {gt}0≤t≤1

in G which represents γn ∈ π1(G). Further, let E → Σh \ Int(∆) and E′ → ∆
be trivial G-bundles, where Int(∆) denotes the interior of ∆. Then we obtain a
bundle En by gluing the bundles E and E′ along ∂∆ ≈ S1 with the transition
function S1 → G; t → gt. Since the class o(En) is the primary obstruction to the
cross-sections (see Remark 3.4), we have 〈o(En), [Σh]〉 = γn and thereby obtain

〈(µ|π1(G))∗o(En), [Σh]〉 = µ(γn) = n.

Hence, from equation (7.1), for a sufficiently large n, En do not admit foliated
G-bundle structures, which completes the proof. �
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Remark 7.3. Any non-trivial principal G-bundle over the 2-sphere Σ0 does not
admit foliated structures, since the fundamental group of Σ0 is trivial. Hence, if
the order of π1(G) is infinite, there exist infinitely many isomorphism classes of
principal G-bundles over Σ0 which do not admit foliated structures.

Proof of Corollary 2.2. Ostrover’s Calabi quasi-morphism satisfies the assumption
in Theorem 7.2, so Theorem 7.2 implies the corollary. �

Remark 7.4. As an application of Theorem 7.1, one can prove Corollary 2.1 (2) by
explicitly constructing a foliated H-bundle with an arbitrarily large characteristic
number. Indeed, for every N ∈ Z = π1(H), there exist 2k elements g̃1, . . . , g̃2k of
H̃ such that the equality N = [g̃1, g̃2] . . . [g̃2k−1, g̃2k] holds, since H̃ is a uniformly
perfect group. Note that the number k does not depend on N . We set gj = p(g̃j) ∈
H for every j, where p : H̃ → H is the universal covering. Let Σk be a closed
surface of genus k and aj ∈ π1(Σk) be the canonical generators, with the relation

[a1, a2] . . . [a2k−1, a2k] = 1.

Let ϕ : π1(Σk) → Cont0(S3, ξ) be the homomorphism defined by ϕ(aj) = gj for
every j. Then the characteristic number of the foliatedH-bundle with the holonomy
homomorphism ϕ is equal to N (this computation of the characteristic number is
known as Milnor’s algorithm [Mil58]).

8. Non-extendability of homomorphisms on π1(G) to homogeneous
quasi-morphisms on G̃

In Section 2.1, we use the homogeneous quasi-morphisms on the universal cov-
ering G̃ to show the (un)boundedness of characteristic classes. In this section, in
contrast, we use the (un)boundedness of characteristic classes to study the exten-
sion problem of homomorphisms on π1(G) to G̃. There have been previous studies
on the extension problems of homomorphisms and homogeneous quasi-morphisms
(see, for example, [Ish14], [Sht16], [KK19], [KKMM20], [KKMM21] and [Mar22]).

Let T = S1 × S1 be the two-dimensional torus and Homeo0(T ) be the identity
component of the homeomorphism group of T with respect to the compact-open
topology. In [Ham65], it was shown that the fundamental group π1(Homeo0(T )) is
isomorphic to Z× Z.

Corollary 8.1. Any non-trivial homomorphism in Hom(π1(Homeo0(T )),R) can-
not be extended to H̃omeo0(T ) as a homogeneous quasi-morphism.

Proof. It is enough to show that the equality

Q(H̃omeo0(T )) = π∗Q(Homeo0(T ))

holds, where π : H̃omeo0(T ) → Homeo0(T ) is the universal covering. Because
H̃omeo0(T ) is a perfect group [KR11], Corollary 1.2 gives that

Q(H̃omeo0(T ))/π∗Q(Homeo0(T )) = Im(cG) ∩ Im(Bι∗).

Because all non-zero classes in Im(Bι∗) are unbounded [MR18], we haveQ(H̃omeo0(T ))/π∗Q(Homeo0(T )) =
0, and the corollary holds. �

Acknowledgments

The authors would like to thank Mitsuaki Kimura, Kevin Li, Yoshifumi Matsuda,
Takahiro Matsushita, Masato Mimura, Yoshihiko Mitsumatsu, and Kaoru Ono for
their comments.



ON BOUNDEDNESS OF CHARACTERISTIC CLASSES VIA QUASI-MORPHISMS 17

The first author is supported in part by JSPS KAKENHI Grant Numbers JP18J00765
and 21K13790. The second author is supported by JSPS KAKENHI Grant Number
JP21J11199.

Appendix A. Examples of (contact) Hamiltonian fibrations

Recall that Gλ = Ham(S2 × S2, ωλ), H = Cont0(S3, ξ), and the cohomology
classes

oGλ ∈ H2(BGλ;Z) and oH ∈ H2(BH;Z)

are the primary obstruction classes. Our main concern in this paper (e.g., Corollary
2.1) was the classes Bι∗(oGλ)R ∈ H2(BGδλ;R) and Bι∗(oH)R ∈ H2(BHδ;R). In
this appendix, we instead use the classes oGλ and oH to study (not necessarily
foliated) Hamiltonian fibrations and contact Hamiltonian fibrations.

Let G and K be topological groups and i : G → K be a continuous homomor-
phism. Then the map i induces the continuous map Bi : BG → BK between
the classifying spaces BG and BK. Let G → E → B be a principal G-bundle.
Then the map i : G → K induces a principal K-bundle K → Ei → B. More pre-
cisely, the bundle Ei is defined as the principal K-bundle whose classifying map is
Bi ◦ f : B → BK, where f : B → BG is the classifying map of E. We begin with
the following general proposition.

Proposition A.1. Let G and K be topological groups and i : G→ K be a contin-
uous homomorphism. Assume that the universal covering G̃ is a perfect group. If
there exists a non-trivial element g̃ of π1(G), then there exists a non-trivial princi-
pal G-bundle E over Σh. If we further assume that i∗(g̃) = 0 ∈ π1(K), then there
exists a non-trivial principal G-bundle E over Σh such that the principal K-bundle
Ei induced by i : G→ K is trivial.

Proof. Since G̃ is a perfect group, we can take g̃j ∈ G̃ (j = 1, . . . , 2h) such that
g̃ = [g̃1, g̃2] · · · [g̃2h−1, g̃2h]. Let us define a homomorphism ρ : π1(Σh) → G by
setting

ρ(aj) = π(g̃j)(A.1)

for every j, where π : G̃→ G is the universal covering. Then the principal G-bundle
G → Eρ → Σh associated with the holonomy homomorphism ρ is non-trivial (see
[Mil58]).

Let K → Ei◦ρ → Σh be the principal K-bundle associated with the holonomy
homomorphism i◦ρ : π1(Σh)→ K. Note that the maps Bρ : Σh ' Bπ1(Σh)→ BG
and Bi ◦ Bρ = B(i ◦ ρ) : Σh ' Bπ1(Σh) → BK are the classifying maps of the
bundles Eρ and Ei◦ρ, respectively. Hence the bundle Ei◦ρ is the principal K-bundle
induced by the map i. We show that the principal K-bundle Ei◦ρ is trivial. By the
assumption on g̃, we have

0 = i∗(g̃) = [i∗(g̃1), i∗(g̃2)] · · · [i∗(g̃2h−1), i∗(g̃2h)].

If we define ĩ ◦ ρ : π1(Σh)→ K̃ by

ĩ ◦ ρ(aj) = i∗(g̃j),

then this map ĩ ◦ ρ is a homomorphism satisfying π◦(ĩ ◦ ρ) = i◦ρ, where π : K̃ → K
is the universal covering. Thus, the classifying mapB(i◦ρ) : Bπ1(Σh)→ BG→ BK
factors as

B(i ◦ ρ) = Bπ ◦B(ĩ ◦ ρ) : Σh ' Bπ1(Σh)→ BK̃ → BK.

Since the fundamental group and second homotopy group of the classifying space
BK̃ are trivial, the map

B(ĩ ◦ ρ) : Σh → BK̃
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is null-homotopic and so is the classifying map B(i ◦ ρ) of the bundle Ei◦ρ. Thus,
the bundle Ei◦ρ is a trivial bundle. �

A.1. Contact Hamiltonian fibrations. Let M be a manifold with a contact
structure ξ and Cont0(M, ξ) be the group of contact Hamiltonian diffeomorphisms,
that is, the identity component of the group

Cont(M, ξ) = {g ∈ Diff(M) | g∗ξ = ξ}

with the C∞-topology. A fiber bundleM → E → B is called a contact Hamiltonian
fibration if the structure group reduces to the contact Hamiltonian diffeomorphism
group.

The orientation preserving diffeomorphism group Diff+(S3) of the 3-sphere is ho-
motopy equivalent to SO(4) ([Hat83]). Hence, the fundamental group π1(Diff+(S3))
is isomorphic to Z/2Z. Let ξ be the standard contact structure on the 3-sphere.
Then the fundamental group of Cont0(S3, ξ) is isomorphic to Z ([Eli92], [CS16]).
Further, let i : Cont0(S3, ξ) ↪→ Diff+(S3) be the inclusion. It follows that the
induced map

i∗ : π1(Cont0(S3, ξ)) ∼= Z→ π1(Diff+(S3)) ∼= Z/2Z

is surjective ([CS16]). If we let g̃ ∈ π1(Cont0(S3, ξ)) be a non-zero even number in
Z ∼= π1(Cont0(S3, ξ)), then i∗(g̃) = 0 ∈ π1(Diff+(S3)) ∼= Z/2Z. Since C̃ont0(S3, ξ)
is a perfect group ([Ryb10]), Proposition A.1 gives the existence of a non-trivial
principal Cont0(S3, ξ)-bundle over a closed surface that is trivial as a principal
Diff+(S3)-bundle. In other words, there exists a sphere bundle that is non-trivial
as a contact Hamiltonian fibration but trivial as an oriented sphere bundle.

For a contact Hamiltonian fibration S3 → E → Σh, let o(E) ∈ H2(Σh;Z) be the
obstruction class and χ(E) ∈ Z denote the characteristic number:

χ(E) = 〈o(E), [Σh]〉.

Then the following proposition can be shown.

Proposition A.2. Let S3 → E → Σh be a foliated contact Hamiltonian fibration.
If the characteristic number χ(E) ∈ Z is even, the bundle E is trivial as an oriented
sphere bundle. If χ(E) is odd, the bundle E is non-trivial as an oriented sphere
bundle.

Proof. Let ρ : π1(Σh) → Cont0(S3, ξ) be the holonomy homomorphism of E. Set
gj = ψ(aj) and take lifts g̃j ∈ C̃ont0(S3, ξ) of the gj ’s, where aj ∈ π1(Σh) are the
generators. Further, set g̃ = [g̃1, g̃2] · · · [g̃2h−1, g̃2h]. Then, by using the algorithm
([Mil58]) to compute the characteristic number of foliated bundles, we have

χ(E) = [g̃1, g̃2] · · · [g̃2g−1, g̃2g] = g̃ ∈ Z ∼= π1(Cont0(S3, ξ)).

If χ(E) is even, we have i∗(g̃) = 0 ∈ π1(Diff+(S3)) ∼= Z/2Z. Thus, the bundle E
is trivial as an oriented sphere bundle by the same arguments as in Proposition
A.1. If χ(E) is odd, we have i∗(g̃) = 1 ∈ π1(Diff+(S3)) ∼= Z/2Z. Since the
characteristic number of E is non-zero, the bundle E is non-trivial as an oriented
sphere bundle. �

A.2. Hamiltonian fibrations. LetM be a manifold with a symplectic form ω. A
fiber bundle M → E → B is called a Hamiltonian fibration if the structure group
reduces to the group Ham(M,ω) of Hamiltonian diffeomorphisms.

Let us consider the symplectic manifold (S2 × S2, ωλ) for λ > 1. We take a
non-zero element g̃ of π1(Ham(S2 × S2, ωλ)) such that the value µλ(g̃) is non-
zero (by Proposition 3.2). Since H̃am(S2 × S2, ωλ)) is a perfect group, there exist
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g̃1, · · · , g̃2h ∈ H̃am(S2 × S2, ωλ)) such that g̃ = [g̃1, g̃2] · · · [g̃2h−1, g̃2h]. We define a
homomorphism ρ : π1(Σh)→ Ham(S2 × S2, ωλ)) by

ρ(aj) = π(g̃j)

for every j = 1, · · · , 2h, where aj ∈ π1(Σh) are the generators and π : H̃am(S2 ×
S2, ωλ))→ Ham(S2×S2, ωλ)) is the covering map. Let p : Eρ → Σh be the Hamil-
tonian fibration whose holonomy homomorphism is ρ. Note that the Hamiltonian
fibration Eρ is non-trivial since g̃ is a non-zero element.

We can prove that the Hamiltonian fibration p : Eρ → Σh is stably non-trivial
in the following sense.

Proposition A.3. Let p : Eρ → Σh be the Hamiltonian fibration defined as above.
Further, let (N,ωN ) be a closed symplectic manifold and q : εN = Σh ×N → Σh be
the trivial N -bundle. Then the fiberwise product

Eρ × εN → Σh

is non-trivial as a Hamiltonian fibration.

To prove Proposition A.3, we use the following theorem essentially proved by
Entov and Polterovich.

Theorem A.4 (Theorem 5.1 of [EP09]). Let (N,ωN ) be a closed symplectic man-
ifold. For λ ≥ 1, we let ωλ,N denote the symplectic form pr∗1ωλ + pr∗2ωN where
pr1 : S2×S2×N → S2×S2 and pr2 : S2×S2×N → N are the first and second pro-
jections, respectively. Then there exists a function µλ,N : H̃am(S2×S2×N,ωλ,N )→
R such that

µλ,N (φ̃N ) = µλ(φ̃)

for every φ̃ ∈ H̃am(S2 × S2, ωλ,N ).
Here, φ̃N is the element of H̃am(S2 × S2 × N,ωλ,N ) represented by the path

{φtN}t∈[0,1] defined by φtN (x, y) = (φt(x), y), where {φt}t∈[0,1] is a path in Ham(S2×
S2, ωλ) representing φ̃.

Remark A.5. The function µλ,N satisfies the conditions of a “partial Calabi quasi-
morphism” ([Ent14, Theorem 3.2]). In particular, µλ,N maps the unit element
to 0. However, the authors do not know whether the restriction of µλ,N to the
fundamental group is a homomorphism.

Proof of Proposition A.3. Let {g̃t}t∈[0,1] be a path in Ham(S2 × S2, ωλ) which
represents g̃ ∈ π1(Ham(S2 × S2, ωλ)), and define a loop g̃N = {g̃tN}t∈[0,1] in
Ham(S2 × S2 × N,ωλ,N ) by g̃tN (x, y) = (gt(x), y). Then, by Theorem A.4, we
have that µλ,N (g̃N ) = µλ(g̃) 6= 0. Together with Remark A.5, we have that g̃N is a
non-trivial element of π1

(
Ham(S2 × S2 ×N,ωλ,N )

)
. Then Proposition A.1 proves

the proposition. �
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